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Distributed Learning for Control

Find the optimal policy for each agent to maximize the network-wide accumulated rewards.

Coupled local 
state transitions 

and rewards Shared Vehicle Allocation

ACTION

STATE & REWARD



Problem

Learning for Control

maxθ J(θ) ! E[s0,a0]∼ρ0 [r(s0, a0) +
∑T

t=1 γ
tr(st,πθ(st))]

<latexit sha1_base64="CM3QcSCLcetJVuRcH0BsUruH//0="></latexit>

Environment

s, r

Actor

Critic

a

s, rraQ

Improve the current policy by policy gradient: ✓(t+ 1) = ✓(t) + ↵r✓⇡
✓(st)ratQ

w(st, at)

Estimate the accumulated reward given the current policy: Qw(st, at)
Policy evaluation 
algorithms to find w, 
e.g., TD learning

Compute policy gradient using, 
e.g., backpropagation, if NN



Distributed Learning for Control

[Zhang et al., 2018] [Suttle et al., 2019] [Zhang & Zavlanos, 2019]

Require every
agent to observe
global state and

action
informationCritic Actor

Critic Actor

a1
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s, a, r1

s, a, r2

Local Critics

Qw1
1 (s, a)

Qw2
2 (s, a)

⇡✓1(s)

⇡✓2(s)

Critic Environment

ActorQw1(s, a)

Critic Qw2(s, a) Actor

a1
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Local Actors

⇡✓1
1 (s)

⇡✓2
2 (s)



Partial Observations
Local value/policy

functions are based on
local observations that

have different meanings, 
so the parameters of

these local functions do
not need to be equal.

Can not enforce 
consensus and, 

therefore, do not have 
access to the global 

policy and value 
functions!

Critic Qw1(s, a)

Critic Qw2(s, a)

w1 w2

Consensus Critics

Actor

Actor

✓1 ✓2

Consensus Actors

⇡✓1(s)

⇡✓2(s)

oi,t = h([s1, s2, . . . , sN ], wi,t)
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Critic

Partial Observations

Actor

Actor

Qw1(o1, a1)

Qw2(o2, a2)

⇡✓1(o1)
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SO WHAT 

CAN WE 

DO???

Full Observations



Zeroth-Order (Derivative-Free) Optimization

Optimization problem: min
x2Rd

f(x) = E⇠[F (x, ⇠)]
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Complex or unknown models: 
Gradient is unavailable, 
uncomputable, private

Zeroth-order gradient estimators:

The one-point estimator requires that the function               is bounded,
it is subject to large variance and, therefore, slow convergence rate.

F (x, ⇠)
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erf(x) =
u

�
F (x+ �u, ⇠)
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The two-point estimator requires that the function
evaluations at       and                are subject to the same noise vector . It is impossible to use if the 
objective function is time varying.

erf(x) =
u

�

�
F (x+ �u, ⇠)� F (x, ⇠)

�
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erf(xt) :=
ut

�

�
F (xt + �ut, ⇠t)� F (xt�1 + �ut�1, ⇠t�1)

�
<latexit sha1_base64="qNJmAyrnKX1Ic08EY/7r+AfTyoQ="></latexit><latexit sha1_base64="qNJmAyrnKX1Ic08EY/7r+AfTyoQ="></latexit><latexit sha1_base64="qNJmAyrnKX1Ic08EY/7r+AfTyoQ="></latexit><latexit sha1_base64="qNJmAyrnKX1Ic08EY/7r+AfTyoQ="></latexit>

New residual-feedback zeroth-order gradient estimator:
Reduce the variance
of one-point gradient
estimator using the 

previous iterate
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Zeroth-Order Distributed Policy Gradient 
Optimization

Distributed zeroth-order policy gradient optimization

Centralized zeroth-order residual-feedback policy gradient optimization

✓i,k+1 = ✓i,k + ↵
J(✓k + �uk, ⇠k)� J(✓k�1 + �uk�1, ⇠k�1)

�
ui,k

<latexit sha1_base64="IN0G9ErvuXJ+B6+M7HoqKMR7Vt8="></latexit>

is the global return of
implementing policy at the end of episode k, which can
be computed in a decentralized way using consensus.

J(θk + δuk, ξk) =
∑N

i=1 Ji(θk + δuk, ξk)

<latexit sha1_base64="ozQWn1CoVjBkJIgbiV6hZ4U10Xw="></latexit>

πθk+δuk

<latexit sha1_base64="gJn7jzMXj8hl8fht0fkfGeUARJ0=">AAACAnicdVBNS8NAEN34bf2KehIvi0UQhJLUYvVW8OKxglWhiWGzndqlmw92J0IJxYt/xYsHRbz6K7z5b9y0FVT0wcDjvRlm5oWpFBod58Oamp6ZnZtfWCwtLa+srtnrGxc6yRSHFk9koq5CpkGKGFooUMJVqoBFoYTLsH9S+Je3oLRI4nMcpOBH7CYWXcEZGimwt7xUXOce9gBZ0N/3OiCR0SzoDwO77FSOjw6rtUPqVByn7lbdglTrtYMadY1SoEwmaAb2u9dJeBZBjFwyrduuk6KfM4WCSxiWvExDynif3UDb0JhFoP189MKQ7hqlQ7uJMhUjHanfJ3IWaT2IQtMZMezp314h/uW1M+we+bmI0wwh5uNF3UxSTGiRB+0IBRzlwBDGlTC3Ut5jinE0qZVMCF+f0v/JRbXi1irHZ2654UziWCDbZIfsEZfUSYOckiZpEU7uyAN5Is/WvfVovViv49YpazKzSX7AevsErr2XlQ==</latexit>

The return in the past iteration reduces the variance of
the zeroth-order policy gradient estimate, similar to the
baseline effect used in the Actor Critic method.

Step 1: Perturb local policy parameters, collect local rewards,
and compute local return .Ji =

∑T
t=1 γ

t−1ri,t

<latexit sha1_base64="1a5fRLgv840XdRbX21pUI5DTj60="></latexit>

Step 2: Let , then run local averaging
steps

µk
i (0) = Ji

<latexit sha1_base64="JN+T4iIv4Sbi3oOTRBS+0KTVqDg=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAYhXsKuCCoiBLyIp4jmAcm6zE4myZDZ2WVmNhKW/IkXD4p49U+8+Qd+hAcnj4MmFjQUVd10dwUxZ0o7zqeVWVhcWl7JrubW1jc2t+ztnaqKEklohUQ8kvUAK8qZoBXNNKf1WFIcBpzWgt7lyK/1qVQsEnd6EFMvxB3B2oxgbSTftpth4rP7XsE5RBfo2me+nXeKzhhonrhTki9lv79uz+2Hsm9/NFsRSUIqNOFYqYbrxNpLsdSMcDrMNRNFY0x6uEMbhgocUuWl48uH6MAoLdSOpCmh0Vj9PZHiUKlBGJjOEOuumvVG4n9eI9HtUy9lIk40FWSyqJ1wpCM0igG1mKRE84EhmEhmbkWkiyUm2oSVMyG4sy/Pk+pR0T0unt24+VIBJsjCHuxDAVw4gRJcQRkqQKAPj/AML1ZqPVmv1tukNWNNZ3bhD6z3H7n1lVo=</latexit>

µk
i (m+ 1) =

∑
j∈Ni

Wijµk
j (m).

<latexit sha1_base64="RPzjd0C7d6tANrUrqiG590tazxQ="></latexit>

Nc

<latexit sha1_base64="xZMqzX3zkpP+X7misPV5UGc7YgE=">AAAB6nicbZC7SgNBFIbPxFuMt6ilzWAQUoVdEdTKgI2VRDQXSJYwO5lNhszOLjOzYliCT2BjoYitrW/gI1jZ+S4WTi6FRn8Y+Pj/c5hzjh8Lro3jfKLM3PzC4lJ2Obeyura+kd/cqukoUZRVaSQi1fCJZoJLVjXcCNaIFSOhL1jd75+O8vo1U5pH8soMYuaFpCt5wCkx1ro8b9N2vuCUnLHwX3CnUDj5en+tv93eVNr5j1YnoknIpKGCaN10ndh4KVGGU8GGuVaiWUxon3RZ06IkIdNeOh51iPes08FBpOyTBo/dnx0pCbUehL6tDInp6dlsZP6XNRMTHHkpl3FimKSTj4JEYBPh0d64wxWjRgwsEKq4nRXTHlGEGnudnD2CO7vyX6jtl9yD0vGFWygXYaIs7MAuFMGFQyjDGVSgChS6cAcP8IgEukdP6HlSmkHTnm34JfTyDXVXklU=</latexit>

Step 3: Update local policy parameter

θi,k+1 = θi,k + α
µk
i (Nc)−µk−1

i (Nc)
δ ui,k

<latexit sha1_base64="KlSZErV5DSe9cyAvwGefdtyzAb8="></latexit>

Actor 1

Environment

Actor 2
µ1

µ2

{a1,t}Tt=1 {a2,t}Tt=1 {r2,t}Tt=1{r1,t}Tt=1

{o1,t}Tt=1 {o2,t}Tt=1

Avoid Critic Altogether



Convergence Analysis
Assumption 1: For all agents, the local policy evaluation is unbiased and subject to bounded variance. That 
is, and for .E⇠

⇥
Ji(✓, ⇠)

⇤
= Ji(✓)

<latexit sha1_base64="n8CaVSzvZpgdpKfx39sDIIu7uqw=">AAACI3icbVDJSgNBFOyJW4zbqEcvjUFIQMKMBFxACIggniKYBTLD0NPpJE16FrrfiGHIv3jxV7x4UIIXD/6LneUQEwsaiqr3eF3lx4IrsKxvI7Oyura+kd3MbW3v7O6Z+wd1FSWSshqNRCSbPlFM8JDVgINgzVgyEviCNfz+zdhvPDGpeBQ+wiBmbkC6Ie9wSkBLnnnlBAR6vp/eDj3nmWPH590Wvvd4wYEeA3KKtVqcyC6+njOK2DPzVsmaAC8Te0byaIaqZ46cdkSTgIVABVGqZVsxuCmRwKlgw5yTKBYT2idd1tI0JAFTbjrJOMQnWmnjTiT1CwFP1PmNlARKDQJfT44TqUVvLP7ntRLoXLgpD+MEWEinhzqJwBDhcWG4zSWjIAaaECq5/iumPSIJBV1rTpdgL0ZeJvWzkl0uXT6U8xVrVkcWHaFjVEA2OkcVdIeqqIYoekFv6AN9Gq/GuzEyvqajGWO2c4j+wPj5BQeZopA=</latexit>

E
⇥
(Ji(✓, ⇠)� Ji(✓))

2
⇤
 �2

<latexit sha1_base64="G6p4L1dQsXgf0JQDojBQYzMKtwM="></latexit>

i = 1, 2, . . . , N

<latexit sha1_base64="zVtUScl2iuH64MoU+rYfp2bmH+Y=">AAAB+3icbVBNS0JBFL3Pvsy+XrZsMyRBC5H3RKgWgdCmVRikCfqQeeM8HZz3wcx9kYh/pU2LItr2R9r1bxr1LUo7MHA45x7uneMnUmh0nG8rt7a+sbmV3y7s7O7tH9iHxZaOU8V4k8UyVm2fai5FxJsoUPJ2ojgNfckf/NH1zH945EqLOLrHccK9kA4iEQhG0Ug9uyjIFXHLpFom3X6Mukxue3bJqThzkFXiZqQEGRo9+8tEWRryCJmkWndcJ0FvQhUKJvm00E01Tygb0QHvGBrRkGtvMr99Sk6N0idBrMyLkMzV34kJDbUeh76ZDCkO9bI3E//zOikGF95EREmKPGKLRUEqCcZkVgTpC8UZyrEhlClhbiVsSBVlaOoqmBLc5S+vkla14tYql3e1Ut3J6sjDMZzAGbhwDnW4gQY0gcETPMMrvFlT68V6tz4WozkryxzBH1ifPyrQkeo=</latexit>

Assumption 2: The local values are upper and lower bounded by and for all 
and all policy parameters .

Ji(✓, ⇠)

<latexit sha1_base64="XRzl4aRDVQPliATn8ufftJOsSqU=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQQUoiBXVXcCOuKtgHNCFMppN26OTBzI1aYj/FjQtF3Pol7vwbp20W2nrgwuGce7n3Hj8RXIFlfRuFldW19Y3iZmlre2d3zyzvt1WcSspaNBax7PpEMcEj1gIOgnUTyUjoC9bxR1dTv3PPpOJxdAfjhLkhGUQ84JSAljyzfOPxqgNDBuQUO4/8BHtmxapZM+BlYuekgnI0PfPL6cc0DVkEVBCleraVgJsRCZwKNik5qWIJoSMyYD1NIxIy5Waz0yf4WCt9HMRSVwR4pv6eyEio1Dj0dWdIYKgWvan4n9dLIbhwMx4lKbCIzhcFqcAQ42kOuM8loyDGmhAqub4V0yGRhIJOq6RDsBdfXibts5pdr13e1isNK4+jiA7REaoiG52jBrpGTdRCFD2gZ/SK3own48V4Nz7mrQUjnzlAf2B8/gB4MZLN</latexit>

Ju

<latexit sha1_base64="aF6qoBCl2t0z+8532mAYDp2wPl0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXsRTRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpn57SdUmsfy0UwS9CM6lDzkjBorPdz103654lbdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzyMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiWti6pXq17f1yp1N4+jCCdwCufgwSXU4RYa0AQGQ3iGV3hzhPPivDsfi9aCk88cwx84nz8rIo2w</latexit>

Jl

<latexit sha1_base64="IpJLP7av9Nrr7nsH5bVOUmiNpuI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXsRTRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpn57SdUmsfy0UwS9CM6lDzkjBorPdz1Rb9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5LWRdWrVa/va5W6m8dRhBM4hXPw4BLqcAsNaAKDITzDK7w5wnlx3p2PRWvByWeO4Q+czx8dfo2n</latexit>

i = 1, 2, . . . , N

<latexit sha1_base64="zVtUScl2iuH64MoU+rYfp2bmH+Y=">AAAB+3icbVBNS0JBFL3Pvsy+XrZsMyRBC5H3RKgWgdCmVRikCfqQeeM8HZz3wcx9kYh/pU2LItr2R9r1bxr1LUo7MHA45x7uneMnUmh0nG8rt7a+sbmV3y7s7O7tH9iHxZaOU8V4k8UyVm2fai5FxJsoUPJ2ojgNfckf/NH1zH945EqLOLrHccK9kA4iEQhG0Ug9uyjIFXHLpFom3X6Mukxue3bJqThzkFXiZqQEGRo9+8tEWRryCJmkWndcJ0FvQhUKJvm00E01Tygb0QHvGBrRkGtvMr99Sk6N0idBrMyLkMzV34kJDbUeh76ZDCkO9bI3E//zOikGF95EREmKPGKLRUEqCcZkVgTpC8UZyrEhlClhbiVsSBVlaOoqmBLc5S+vkla14tYql3e1Ut3J6sjDMZzAGbhwDnW4gQY0gcETPMMrvFlT68V6tz4WozkryxzBH1ifPyrQkeo=</latexit>

✓

<latexit sha1_base64="9tkjrj6Fs+0zRdMa0K3qbmd2+S8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxGMA9IljA7mSRjZmeWmV4hLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKJHCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDo1jDeYltq0I2q5FIo3UKDk7cRwGkeSt6Lx7cxvPXFjhVYPOEl4GNOhEgPBKDqp2cURR9orV/yqPwdZJUFOKpCj3it/dfuapTFXyCS1thP4CYYZNSiY5NNSN7U8oWxMh7zjqKIxt2E2v3ZKzpzSJwNtXCkkc/X3REZjaydx5DpjiiO77M3E/7xOioPrMBMqSZErtlg0SCVBTWavk74wnKGcOEKZEe5WwkbUUIYuoJILIVh+eZU0L6rBZfXm/rJS8/M4inACp3AOAVxBDe6gDg1g8AjP8ApvnvZevHfvY9Fa8PKZY/gD7/MHom2PIg==</latexit>

Theorem: (Learning Rate) Let Assumptions 1 and 2 hold and define , and

. Then, we have that

� =
✏Jp
dL0

<latexit sha1_base64="2zzUZVYppwe5/V14+SxO6upG1PE=">AAACEHicbVA9S8RAEN347fkVtbRZPEQLORI5UAvhwEbEQsE7hUs4NpuJLm4+3J0IR8hPsPGv2FgoYmtp579x76PQOx8MPN6bYWZekEmh0XG+rYnJqemZ2bn5ysLi0vKKvbrW0mmuODR5KlN1HTANUiTQRIESrjMFLA4kXAV3xz3/6gGUFmlyid0M/JjdJCISnKGROva2F4JERo+oFynGCw8yLaRxTsvC0/cKi7A86zhlx646NacPOk7cIamSIc479pcXpjyPIUEumdZt18nQL5hCwSWUFS/XkDF+x26gbWjCYtB+0X+opFtGCWmUKlMJ0r76e6JgsdbdODCdMcNbPer1xP+8do7RgV+IJMsREj5YFOWSYkp76dBQKOAou4YwroS5lfJbZoJBk2HFhOCOvjxOWns1t147vKhXG7vDOObIBtkkO8Ql+6RBTsg5aRJOHskzeSVv1pP1Yr1bH4PWCWs4s07+wPr8ATdwnU4=</latexit>

↵ =
✏1.5J

4d1.5L2
0

p
K

<latexit sha1_base64="koDl5XJVoV/LfO0wHfoZo/bUyaE="></latexit>

Nc � log(

p
✏✏Jp

2d1.5L0(Ju � Jl))
)/ log(⇢W )

<latexit sha1_base64="ELdzAVxsLKvwL9faa87mbri4axY="></latexit>

1

K

K�1X

k=1

E[krJ�(✓k)k
2]  O(d1.5✏�1.5

J K�0.5) +
✏

2
.

<latexit sha1_base64="mqp0f8Lp7jjOkRfET97FFDZvECA="></latexit>

The number of consensus steps run per episode depends on
the upper and lower bounds of the value functions.

Bounded bias in the local 
policy gradients due to 

consensus errors

Given the desired solution accuracy ,
we can select the smoothing parameter ,

the step size and the number of 
consensus steps       per episode, so that the

solution is found after K episodes.

✏, ✏f

↵
�

Nc
✏� ✏f



Distributed Resource Allocation

16 agents on a 4 x 4 grid

Local demand at agent i

di(t) = Ai sin(!it̄(t) + �i) + wi(t)
<latexit sha1_base64="z4uQnOeZTMH9FW/LWp1CvKC57AA=">AAACIXicbVDLSgMxFM34rPU16tJNsAgVocyIYDdCxY3LCvYBnWHIpGkbmskMyR2lDP0VN/6KGxeKdCf+jJm2C209EDg55x6Se8JEcA2O82WtrK6tb2wWtorbO7t7+/bBYVPHqaKsQWMRq3ZINBNcsgZwEKydKEaiULBWOLzN/dYjU5rH8gFGCfMj0pe8xykBIwV2tRvwMpzha3wTcOxpLsteHLE+yW8hURmMc/sce8mABzxnT9NEYJecijMFXibunJTQHPXAnnjdmKYRk0AF0brjOgn4GVHAqWDjopdqlhA6JH3WMVSSiGk/m244xqdG6eJerMyRgKfq70RGIq1HUWgmIwIDvejl4n9eJ4Ve1c+4TFJgks4e6qUCQ4zzunCXK0ZBjAwhVHHzV0wHRBEKptSiKcFdXHmZNC8qrlNx7y9LNWdeRwEdoxNURi66QjV0h+qogSh6Rq/oHX1YL9ab9WlNZqMr1jxzhP7A+v4BpNugpQ==</latexit><latexit sha1_base64="z4uQnOeZTMH9FW/LWp1CvKC57AA=">AAACIXicbVDLSgMxFM34rPU16tJNsAgVocyIYDdCxY3LCvYBnWHIpGkbmskMyR2lDP0VN/6KGxeKdCf+jJm2C209EDg55x6Se8JEcA2O82WtrK6tb2wWtorbO7t7+/bBYVPHqaKsQWMRq3ZINBNcsgZwEKydKEaiULBWOLzN/dYjU5rH8gFGCfMj0pe8xykBIwV2tRvwMpzha3wTcOxpLsteHLE+yW8hURmMc/sce8mABzxnT9NEYJecijMFXibunJTQHPXAnnjdmKYRk0AF0brjOgn4GVHAqWDjopdqlhA6JH3WMVSSiGk/m244xqdG6eJerMyRgKfq70RGIq1HUWgmIwIDvejl4n9eJ4Ve1c+4TFJgks4e6qUCQ4zzunCXK0ZBjAwhVHHzV0wHRBEKptSiKcFdXHmZNC8qrlNx7y9LNWdeRwEdoxNURi66QjV0h+qogSh6Rq/oHX1YL9ab9WlNZqMr1jxzhP7A+v4BpNugpQ==</latexit><latexit sha1_base64="z4uQnOeZTMH9FW/LWp1CvKC57AA=">AAACIXicbVDLSgMxFM34rPU16tJNsAgVocyIYDdCxY3LCvYBnWHIpGkbmskMyR2lDP0VN/6KGxeKdCf+jJm2C209EDg55x6Se8JEcA2O82WtrK6tb2wWtorbO7t7+/bBYVPHqaKsQWMRq3ZINBNcsgZwEKydKEaiULBWOLzN/dYjU5rH8gFGCfMj0pe8xykBIwV2tRvwMpzha3wTcOxpLsteHLE+yW8hURmMc/sce8mABzxnT9NEYJecijMFXibunJTQHPXAnnjdmKYRk0AF0brjOgn4GVHAqWDjopdqlhA6JH3WMVSSiGk/m244xqdG6eJerMyRgKfq70RGIq1HUWgmIwIDvejl4n9eJ4Ve1c+4TFJgks4e6qUCQ4zzunCXK0ZBjAwhVHHzV0wHRBEKptSiKcFdXHmZNC8qrlNx7y9LNWdeRwEdoxNURi66QjV0h+qogSh6Rq/oHX1YL9ab9WlNZqMr1jxzhP7A+v4BpNugpQ==</latexit><latexit sha1_base64="z4uQnOeZTMH9FW/LWp1CvKC57AA=">AAACIXicbVDLSgMxFM34rPU16tJNsAgVocyIYDdCxY3LCvYBnWHIpGkbmskMyR2lDP0VN/6KGxeKdCf+jJm2C209EDg55x6Se8JEcA2O82WtrK6tb2wWtorbO7t7+/bBYVPHqaKsQWMRq3ZINBNcsgZwEKydKEaiULBWOLzN/dYjU5rH8gFGCfMj0pe8xykBIwV2tRvwMpzha3wTcOxpLsteHLE+yW8hURmMc/sce8mABzxnT9NEYJecijMFXibunJTQHPXAnnjdmKYRk0AF0brjOgn4GVHAqWDjopdqlhA6JH3WMVSSiGk/m244xqdG6eJerMyRgKfq70RGIq1HUWgmIwIDvejl4n9eJ4Ve1c+4TFJgks4e6qUCQ4zzunCXK0ZBjAwhVHHzV0wHRBEKptSiKcFdXHmZNC8qrlNx7y9LNWdeRwEdoxNURi66QjV0h+qogSh6Rq/oHX1YL9ab9WlNZqMr1jxzhP7A+v4BpNugpQ==</latexit>

Dynamics of local resources

mi(t+ 1) = mi(t)�
X

j2Ni

aij(t)mi(t) +
X

j2Ni

aji(t)mj(t)� di(t)

<latexit sha1_base64="waOoktZDD1JljIlyGnmkOeVeJPU="></latexit>

Local reward

ri(si(t)) = {
0  if mi(t) > 0,
−(−mi(t))3  if mi(t) < 0.

Local observation oi(t) = [mi(t), di(t)]

<latexit sha1_base64="+o4UiYVh1955V6oxdYj5uXLqmT0=">AAACAnicbZDLSgMxFIbPVKu13kZdiZtgESpomRFBu1AKblxWsBeYDiWTZtrQzIUkI5ShuPFV3LhQxK1P4c63MZ12oa0HQj7+/xyS83sxZ1JZ1reRW1rOr6wW1orrG5tb2+bOblNGiSC0QSIeibaHJeUspA3FFKftWFAceJy2vOHNxG89UCFZFN6rUUzdAPdD5jOClZa65n7UZWV1jK6QE2R0gnrZ7XbNklWxskKLYM+gVDMhf33qVetd86vTi0gS0FARjqV0bCtWboqFYoTTcbGTSBpjMsR96mgMcUClm2YrjNGRVnrIj4Q+oUKZ+nsixYGUo8DTnQFWAznvTcT/PCdR/qWbsjBOFA3J9CE/4UhFaJIH6jFBieIjDZgIpv+KyAALTJROrahDsOdXXoTmWcU+r1Tv7FLNgmkV4AAOoQw2XEANbqEODSDwCM/wCm/Gk/FivBsf09acMZvZgz9lfP4AhNSWXw==</latexit>



Distributed Resource Allocation

Performance improvement of distributed zeroth-order policy optimization algorithms

Faster policy 
improvement. Less 

variance. Only partial 
observations.



Zeroth-Order Online Learning for Control

Computation management in IoT systems

Adversarial attacks and defense in DRL✓  ✓ + ↵r✓J(✓)Policy search in RL

Human-in-the-loop robot planning

Avoid critic 
function 

approximation 
which 

introduces bias 
in the policy 

gradient 
estimate

Non-stationary 
environments: The reward
and dynamic functions

are time-varying.



Online Optimization

Time-varying non-convex optimization

Performance measure

Gradient Size Regret: RT
g :=

T�1X

t=0

E[krft(xt)k2]

<latexit sha1_base64="//7+xF/ZN64Z2roYcTyITkeB1Sc="></latexit>

Tracking the time-varying 
stationary points

min
{xt}

T�1X

t=0

ft(xt)

<latexit sha1_base64="x32CkUyfHN6yrHuJrQZoFtxYVOs=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoC0sigroQCm5cVmi10NQwmU506MwkzNyIJeQX3Pgrblwo4tadO//G6WPh68CFwzn3cu89USq4Ac/7dEozs3PzC+XFytLyyuqau75xYZJMU9amiUh0JyKGCa5YGzgI1kk1IzIS7DIanI78y1umDU9UC4Yp60lyrXjMKQErhW4tkFyFeZDfhRAUBQ5MJsMcTrziKm/t+QWOQ6hZbzd0q17dGwP/Jf6UVNEUzdD9CPoJzSRTQAUxput7KfRyooFTwYpKkBmWEjog16xrqSKSmV4+/qjAO1bp4zjRthTgsfp9IifSmKGMbKckcGN+eyPxP6+bQXzUy7lKM2CKThbFmcCQ4FE8uM81oyCGlhCqub0V0xuiCQUbYsWG4P9++S+52K/7B/Xj84NqY38aRxltoW1UQz46RA10hpqojSi6R4/oGb04D86T8+q8TVpLznRmE/2A8/4FM66dLw==</latexit>

Online zeroth-order gradient estimators

Two-point estimator:

Traditional one-point estimator:

u

�

⇣
ft(x+ �u)� ft(x)

⌘

<latexit sha1_base64="FZKqirNs+A5u5fE16DXdHbSKg64=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARWsSSSPGyK7pxWcFeoAllMp20QycXZk7EEvombnwVNy4UEXd9GydpF9p6YODn+8/hzPndSHAFpjk1ciura+sb+c3C1vbO7l5x/6ClwlhS1qShCGXHJYoJHrAmcBCsE0lGfFewtju6Tf32I5OKh8EDjCPm+GQQcI9TAhr1ihfY9iShSTxJ7D4TQCbYvuGDsteD8hM+xTOI4wo+wxmrpHalVyyZVTMrvCysuSiheTV6xW+7H9LYZwFQQZTqWmYETkIkcCrYpGDHikWEjsiAdbUMiM+Uk2T3TfCJJn3shVK/AHBGf08kxFdq7Lu60ycwVIteCv/zujF4V07CgygGFtDZIi8WGEKchoX7XDIKYqwFoZLrv2I6JDov0JEWdAjW4snLonVetWrV6/taqW7O48ijI3SMyshCl6iO7lADNRFFz+gVvaMP48V4Mz6Nr1lrzpjPHKI/ZUx/AKmgoMg=</latexit>

u

�
ft(x+ �u)

<latexit sha1_base64="tju7DmklxOHhHPsGXFXjsRSjzJc=">AAACC3icbVDLSsNAFJ3UV62vqEs3g0WoCCWRgroruHFZwT6gCWEymbRDJw9mbsQSunfjr7hxoYhbf8Cdf+O0zUJbD1w4c869zL3HTwVXYFnfRmlldW19o7xZ2dre2d0z9w86KskkZW2aiET2fKKY4DFrAwfBeqlkJPIF6/qj66nfvWdS8SS+g3HK3IgMYh5ySkBLnnnshJLQPJvkTsAEkAkOPag94DM8f+Ps1DOrVt2aAS8TuyBVVKDlmV9OkNAsYjFQQZTq21YKbk4kcCrYpOJkiqWEjsiA9TWNScSUm89umeATrQQ4TKSuGPBM/T2Rk0ipceTrzojAUC16U/E/r59BeOnmPE4zYDGdfxRmAkOCp8HggEtGQYw1IVRyvSumQ6LDAR1fRYdgL568TDrndbtRv7ptVJtWEUcZHaFjVEM2ukBNdINaqI0oekTP6BW9GU/Gi/FufMxbS0Yxc4j+wPj8AesYmkQ=</latexit>

Impractical to use because
can only be evaluated once.ft

<latexit sha1_base64="NYtWS2LsedqPT0Sv0zF1rxt9FBA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPYQDHJQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVa9WvbmvVRpuHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP1RGjcs=</latexit>

Does not track the non-
stationary points well

because of large variance.



Residual-Feedback Online Optimization

Theorem: (Regret for Smooth Nonconvex Problems) Assume that with Lipschitz 
constant and smoothness constant and that is bounded below by for all t . Run ZO with 
residual feedback for T iterations with and . Then, 

L0

<latexit sha1_base64="KlIp2SfUuoFxPwKuCBAIK8zdh7c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHYBGwuLiOYDkiPsbeaSJXt7x+6eEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxjczv/2ESvNYPppJgn5Eh5KHnFFjpYe7vtsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IRXfsZlkhqUbLEoTAUxMZn9TQZcITNiYgllittbCRtRRZmx6ZRsCN7yy6ukdVH1atXr+1ql7uZxFOEETuEcPLiEOtxCA5rAYAjP8ApvjnBenHfnY9FacPKZY/gD5/MHxYuNbQ==</latexit>

ft(x) 2 C0,0 \ C1,1

<latexit sha1_base64="9Vxco/H8/lNjcCTb37ITao0Jmpo=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVCglkYK6K3TjsoK9QBPDZDpph04mYWYilpCVG1/FjQtF3PoM7nwbJ20X2vrDwMd/zuHM+f2YUaks69sorKyurW8UN0tb2zu7e+b+QUdGicCkjSMWiZ6PJGGUk7aiipFeLAgKfUa6/riZ17v3REga8Vs1iYkboiGnAcVIacszjwNPVR7OHMph8y61qlbmYBTnbFftzDPLVs2aCi6DPYcymKvlmV/OIMJJSLjCDEnZt61YuSkSimJGspKTSBIjPEZD0tfIUUikm07PyOCpdgYwiIR+XMGp+3siRaGUk9DXnSFSI7lYy83/av1EBZduSnmcKMLxbFGQMKgimGcCB1QQrNhEA8KC6r9CPEICYaWTK+kQ7MWTl6FzXrPrtauberlhzeMogiNwAirABhegAa5BC7QBBo/gGbyCN+PJeDHejY9Za8GYzxyCPzI+fwBZd5cY</latexit>

L1

<latexit sha1_base64="4HV4syF0hiK5agp8N3fywzGQR3k=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHYBGwuLiOYDkiPsbeaSJXt7x+6eEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxjczv/2ESvNYPppJgn5Eh5KHnFFjpYe7vtcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IRXfsZlkhqUbLEoTAUxMZn9TQZcITNiYgllittbCRtRRZmx6ZRsCN7yy6ukdVH1atXr+1ql7uZxFOEETuEcPLiEOtxCA5rAYAjP8ApvjnBenHfnY9FacPKZY/gD5/MHxw+Nbg==</latexit>

ft

<latexit sha1_base64="NYtWS2LsedqPT0Sv0zF1rxt9FBA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPYQDHJQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVa9WvbmvVRpuHkcRzuAcLsGDOjTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP1RGjcs=</latexit>

f⇤
t

<latexit sha1_base64="al25uU7yiRE/AVHorMUX6wu0LHM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjxWsB/QxrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqHicJ9yM6VCIUjKKVOmEfH3rUYL9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/8TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHq16vVdrVJ38ziKcAKncA4eXEIdbqEBTWAg4Rle4c15dF6cd+dj0Vpw8plj+APn8wciBI//</latexit>

⌘ = (2
p
2L0d

4
3T

1
2 )�1

<latexit sha1_base64="9sy5XoHUKei1cRvKqeJKB5kUG+w="></latexit>

� = (d
5
6T

1
4 )�1

<latexit sha1_base64="GqGwbr2baRmpMqbC8KvtmcRgCls=">AAACGXicbVDLSgMxFM34rPVVdekmWIS6sMxIfS2EghuXFfqCzrRkMpk2NPMgyQgl5Dfc+CtuXCjiUlf+jeljoa0HLpyccy+59/gpo0La9re1tLyyurae28hvbm3v7Bb29psiyTgmDZywhLd9JAijMWlIKhlpp5ygyGek5Q9vx37rgXBBk7guRynxItSPaUgxkkbqFWw3IEwieANLKugqN+QIq3OtLrSG9e706WhV0fqkq04dDXuFol22J4CLxJmRIpih1it8ukGCs4jEEjMkRMexU+kpxCXFjOi8mwmSIjxEfdIxNEYREZ6aXKbhsVECGCbcVCzhRP09oVAkxCjyTWeE5EDMe2PxP6+TyfDKUzROM0liPP0ozBiUCRzHBAPKCZZsZAjCnJpdIR4gk4Y0YeZNCM78yYukeVZ2KuXr+0qxas/iyIFDcARKwAGXoAruQA00AAaP4Bm8gjfryXqx3q2PaeuSNZs5AH9gff0AGAafsQ==</latexit>

RT
g = O(d

4
3L0WTT

1
2 + d

4
3L1L0

�1fWT ).

<latexit sha1_base64="LFxmt6foFDb4hD31AL/+5nb+8dg="></latexit>

xt+1 = xt � ⌘
ut

�

�
ft(xt + �ut)� ft�1(xt�1 + �ut�1)

�

<latexit sha1_base64="qdHlcH++DbEC8rh27CojvOdhN3Q="></latexit>

The algorithm tracks the path of the non-stationary points
within a neighborhood, the size of which is given by the

bound on the variation of the objective function.

Assumption: (Bounded Regularity) There exist constants such that the sequence of 
functions satisfies the following two conditions.

WT ,fWT > 0

<latexit sha1_base64="B99qLZeeIAP5YLeDIvYwSN20zUU=">AAACAXicbVBNS8NAEN34WetX1IvgZbEIHqQkUlAvUvDisULbFNoQNptJu3Tzwe5GKaFe/CtePCji1X/hzX/jts1BWx8MPN6bYWaen3ImlWV9G0vLK6tr66WN8ubW9s6uubfflkkmKLRowhPR8YkEzmJoKaY4dFIBJPI5OP7wZuI79yAkS+KmGqXgRqQfs5BRorTkmYeO1zzDvQcWgGI8gNwZe018bWHPrFhVawq8SOyCVFCBhmd+9YKEZhHEinIiZde2UuXmRChGOYzLvUxCSuiQ9KGraUwikG4+/WCMT7QS4DARumKFp+rviZxEUo4iX3dGRA3kvDcR//O6mQov3ZzFaaYgprNFYcaxSvAkDhwwAVTxkSaECqZvxXRABKFKh1bWIdjzLy+S9nnVrlWv7mqVulXEUUJH6BidIhtdoDq6RQ3UQhQ9omf0it6MJ+PFeDc+Zq1LRjFzgP7A+PwBqDyVsg==</latexit>

{ft}t=0,...,T�1

<latexit sha1_base64="DUhAE4L/9eZal/4W2OZlsCEDIl8=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXNSSSEFdCAU3Liv0BU0Ik+mkHTp5MHMjlFA3/oobF4q49S/c+TdO2yy09cDA4Zx7uHOPnwiuwLK+jcLK6tr6RnGztLW9s7tn7h+0VZxKylo0FrHs+kQxwSPWAg6CdRPJSOgL1vFHt1O/88Ck4nHUhHHC3JAMIh5wSkBLnnnkZIEHzsTL4MaqOP0YVAU3z+2JZ5atqjUDXiZ2TsooR8Mzv3SapiGLgAqiVM+2EnAzIoFTwSYlJ1UsIXREBqynaURCptxsdsEEn2qlj4NY6hcBnqm/ExkJlRqHvp4MCQzVojcV//N6KQRXbsajJAUW0fmiIBUYYjytA/e5ZBTEWBNCJdd/xXRIJKGgSyvpEuzFk5dJ+6Jq16rX97Vy3crrKKJjdILOkI0uUR3doQZqIYoe0TN6RW/Gk/FivBsf89GCkWcO0R8Ynz8WJJX2</latexit>

2.
TX

t=1

E[|ft(x)� ft�1(x)|2]  fWT 7Q` �HH t �M/ x.

<latexit sha1_base64="/5i393pPfBT6pW/Gy9Q/m8/ayd4="></latexit>

1.
TX

t=1

E[ft(x)� ft�1(x)]  WT ;

<latexit sha1_base64="24rMMbMiWYzW3LGu0Ov8Px76dIc="></latexit>

measure the total variation
of the objective value at any fixed policy.
WT ,fWT

<latexit sha1_base64="oDsmz/ic7g0p33Be2wG9B1C0A6E=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwUUoiBXVXcOOyQtsU2hAmk5t26OTBzESpofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/gpZ1JZ1rexsrq2vrFZ2ipv7+zu7ZsHhx2ZZIJCmyY8EV2fSOAshrZiikM3FUAin4Pjj26mvnMPQrIkbqlxCm5EBjELGSVKS5557HitKu4/sAAU4wHkzsRreWbFqlkz4GViF6SCCjQ986sfJDSLIFaUEyl7tpUqNydCMcphUu5nElJCR2QAPU1jEoF089n1E3ymlQCHidAVKzxTf0/kJJJyHPm6MyJqKBe9qfif18tUeOXmLE4zBTGdLwozjlWCp1HggAmgio81IVQwfSumQyIIVTqwsg7BXnx5mXQuana9dn1XrzSqRRwldIJO0Tmy0SVqoFvURG1E0SN6Rq/ozXgyXox342PeumIUM0foD4zPH+u6lNg=</latexit>



Non-Stationary LQR

Dynamical system: xk+1 = Atxk +Btuk + wk

<latexit sha1_base64="Dp6mna4SDHErkPSwvspQyKIOMy0=">AAACCnicbZDLSsNAFIYnXmu9RV26GS2CUCiJFNSFUHXjsoK9QBvCZDpph0wmYWaiLaFrN76KGxeKuPUJ3Pk2TtMstPWHgY//nMOZ83sxo1JZ1rexsLi0vLJaWCuub2xubZs7u00ZJQKTBo5YJNoekoRRThqKKkbasSAo9BhpecH1pN66J0LSiN+pUUycEPU59SlGSluueTB006Bsj+EFvHQVHLoBLMMrTUlGD27gmiWrYmWC82DnUAK56q751e1FOAkJV5ghKTu2FSsnRUJRzMi42E0kiREOUJ90NHIUEumk2SljeKSdHvQjoR9XMHN/T6QolHIUerozRGogZ2sT879aJ1H+mZNSHieKcDxd5CcMqghOcoE9KghWbKQBYUH1XyEeIIGw0ukVdQj27Mnz0Dyp2NXK+W21VLPyOApgHxyCY2CDU1ADN6AOGgCDR/AMXsGb8WS8GO/Gx7R1wchn9sAfGZ8/NJuYAw==</latexit>

Objective function: Vt(K) := E
⇥H�1X

k=0

�k(xT

k
Qxk + uT

k
Ruk)

⇤

<latexit sha1_base64="t5hD1U+N8hoouf9bjZ5YPd0f0jE="></latexit>

Policy function: uk = Ktxk

<latexit sha1_base64="ClSHClfV59ifEDepJwTkV1lopJ8=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoB6EgBfBSwTzgGRZZiezyZDZhzO9wbDkO7x4UMSrH+PNv3GS7EETCxqKqm66u/xECo22/W0VVlbX1jeKm6Wt7Z3dvfL+QVPHqWK8wWIZq7ZPNZci4g0UKHk7UZyGvuQtf3gz9VsjrrSIowccJ9wNaT8SgWAUjeSm3pBckzsPyZM39MoVu2rPQJaJk5MK5Kh75a9uL2ZpyCNkkmrdcewE3YwqFEzySambap5QNqR93jE0oiHXbjY7ekJOjNIjQaxMRUhm6u+JjIZaj0PfdIYUB3rRm4r/eZ0Ug0s3E1GSIo/YfFGQSoIxmSZAekJxhnJsCGVKmFsJG1BFGZqcSiYEZ/HlZdI8qzrn1av780rNzuMowhEcwyk4cAE1uIU6NIDBIzzDK7xZI+vFerc+5q0FK585hD+wPn8Abi6RMg==</latexit>

Dynamical matrices change
over each episode t

Policy parameter applied
during episode t

Objective function at episode t



Non-Stationary LQR

Applying the one-point residual feedback estimator
achieves the same level of accumulated suboptimality as
the impractical two-point feedback, both much lower than

that of the conventional one-point feedback scheme.



Non-Stationary Resource Allocation
Dynamical system:

Reward function:

mi(k + 1) = mi(k)�
X

j2Ni

aij(k)mi(k)

+
X

j2Ni

aji(k)mj(k)� di(k)

<latexit sha1_base64="j8GB1u8h8RktrBHDoxoj3z+5AlM="></latexit>

ri,t(k) =

⇢
0, r?2M mi(k) � 0,
⇣tmi(k)2, r?2M mi(k) < 0.

<latexit sha1_base64="nYXkjq8DPC01AAyeLg/y23BCSxM="></latexit>

Sensitivity to the shortage of resources
change over each episode t.

Objective function: Jt(✓t) =
NX

i=1

HX

k=0

�kri,t(k)

<latexit sha1_base64="ZdkGpgRtgWr7nUo/GZ1S64BCTrU="></latexit>

Policy function: ⇡i,t(oi; ✓i,t) : Oi ! [0, 1]|Ni|

<latexit sha1_base64="i1ifYwc8slyl4RMsavuYGv6G6Kw="></latexit>



Non-Stationary Resource Allocation

Applying the one-point residual feedback estimator can
maintain low costs in non-stationary environments as well

as the impractical two-point feedback, both much lower
than that of the conventional one-point feedback scheme.
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