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Asynchronous Zeroth-Order Distributed 
Optimization with Residual Feedback



Optimization with Complex or Unknown Models

Computation management in IoT systems

Adversarial attacks and defense in DRL✓  ✓ + ↵r✓J(✓)Policy search in RL

Human-in-the-loop robot planning

Policy gradient
becomes
difficult to 

compute due to
partially

observed states



Zeroth-Order (Derivative-Free) Optimization

Optimization problem:

Zeroth-order gradient estimators:

Gradient is unavailable, 
incomputable, private

The one-point estimator is subject to large variance and, therefore, slow 
convergence rate.

The two-point estimator has less variance but requires the 
objective function to be time-invariance.

min
x2Rn

f(x)
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Asynchronous Distributed Optimization

Distributed Optimization Problem: min
x

f(x)
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where the decision vector                                             concatenates local decision variables.  x = [xT
1 , x

T
2 , . . . , x

T
N ]T
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Synchronous Gradient Estimator:
Require synchronous

perturbation and updatesG�(xt) =
f(x1,t + �u1,t, ..., x1,N + �u1,N )� f(x1,t, ..., x1,N )

�
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Asynchrony Model

Definition: (Asynchrony Model) At each time step, one agent is independently and randomly 
selected according to a fixed distribution . The selected agent i can 
query the value of the cost function once and update its local decision variable, while the 
decisions of the other agents are fixed. 

P = [p1, p2, . . . , pN ]
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<latexit sha1_base64="WXX/30HoljSpJhUZ/yeqnFBPT20=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0VwY0iaxNpdwY3LCvYBbSiT6aQdOjMJMxOhhH6EGxeKuPV73Pk3Th+Cih64cDjnXu69J0oZVdpxPqzC2vrG5lZxu7Szu7d/UD48aqskk5i0cMIS2Y2QIowK0tJUM9JNJUE8YqQTTa7nfueeSEUTcaenKQk5GgkaU4y0kTrxINcXfDYoVxzbqfmB50HHvqx6QVA3pF71PN+Hru0sUAErNAfl9/4wwRknQmOGlOq5TqrDHElNMSOzUj9TJEV4gkakZ6hAnKgwX5w7g2dGGcI4kaaEhgv1+0SOuFJTHplOjvRY/fbm4l9eL9PxVZhTkWaaCLxcFGcM6gTOf4dDKgnWbGoIwpKaWyEeI4mwNgmVTAhfn8L/Sbtqu74d3PqVhrOKowhOwCk4By6ogQa4AU3QAhhMwAN4As9Waj1aL9brsrVgrWaOwQ9Yb5++ko/O</latexit>

ft

<latexit sha1_base64="J0siys48BL/96AOnn1cRsTWGHmw=">AAAB7HicdVDLSsNAFJ34rPVVdelmsAiuwqRJrN0V3LisYNpCG8pkOmmHTiZhZiKU0G9w40IRt36QO//G6UNQ0QMXDufcy733RBlnSiP0Ya2tb2xubZd2yrt7+weHlaPjtkpzSWhAUp7KboQV5UzQQDPNaTeTFCcRp51ocj33O/dUKpaKOz3NaJjgkWAxI1gbKYgHhZ4NKlVko7rnuy5E9mXN9f2GIY2a63oedGy0QBWs0BpU3vvDlOQJFZpwrFTPQZkOCyw1I5zOyv1c0QyTCR7RnqECJ1SFxeLYGTw3yhDGqTQlNFyo3ycKnCg1TSLTmWA9Vr+9ufiX18t1fBUWTGS5poIsF8U5hzqF88/hkElKNJ8agolk5lZIxlhiok0+ZRPC16fwf9Ku2Y5n+7detYlWcZTAKTgDF8ABddAEN6AFAkAAAw/gCTxbwnq0XqzXZeuatZo5AT9gvX0ChxKPIA==</latexit>



Asynchrony Residual-Feedback
Gradient Estimator

Asynchronous Gradient Estimator:

In the asynchronous setting, only perturbs the local decision of agent , who is
activated at time . The other decision variables in can be different from those in .

xi,t

<latexit sha1_base64="Vr09/5blKiRLAd7iWRqmRZBINSs=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFclJDE0Meu4MZlBfuANpTJdNIOnTyYmYgl9CPcuFDErd/jzr9x0lZQ0QMXDufcy733+AlnUlnWh7G2vrG5tV3YKe7u7R8clo6OOzJOBaFtEvNY9HwsKWcRbSumOO0lguLQ57TrT69yv3tHhWRxdKtmCfVCPI5YwAhWWureDzNWUfNhqWyZjXrVcavIMi2rZjt2Tpyae+kiWys5yrBCa1h6H4xikoY0UoRjKfu2lSgvw0Ixwum8OEglTTCZ4jHtaxrhkEovW5w7R+daGaEgFroihRbq94kMh1LOQl93hlhN5G8vF//y+qkK6l7GoiRVNCLLRUHKkYpR/jsaMUGJ4jNNMBFM34rIBAtMlE6oqEP4+hT9TzqOabtm48YtNyurOApwCmdwATbUoAnX0II2EJjCAzzBs5EYj8aL8bpsXTNWMyfwA8bbJ8Npj9A=</latexit>

i

<latexit sha1_base64="xCSoXPvZRCjZ6WWucR7s66pPsvU=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgQkISQx+7ghuXLdgHtKFMppN2dPJgZiKU0C9w40IRt36SO//GSVtBRQ9cOJxzL/fe4yecSWVZH0ZhbX1jc6u4XdrZ3ds/KB8edWWcCkI7JOax6PtYUs4i2lFMcdpPBMWhz2nPv7vK/d49FZLF0Y2aJdQL8SRiASNYaanNRuWKZTbqVcetIsu0rJrt2Dlxau6li2yt5KjACq1R+X04jkka0kgRjqUc2FaivAwLxQin89IwlTTB5A5P6EDTCIdUetni0Dk608oYBbHQFSm0UL9PZDiUchb6ujPEaip/e7n4lzdIVVD3MhYlqaIRWS4KUo5UjPKv0ZgJShSfaYKJYPpWRKZYYKJ0NiUdwten6H/SdUzbNRttt9K8WMVRhBM4hXOwoQZNuIYWdIAAhQd4gmfj1ng0XozXZWvBWM0cww8Yb58s3Y0l</latexit>

t

<latexit sha1_base64="iwpVxoBrlJZHvdCmH6Z1mQBp4Wc=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwISGJoY9dwY3LFuwD2lAm00k7OnkwcyOU0C9w40IRt36SO//GSVtBRQ9cOJxzL/fe4yeCK7CsD6Owtr6xuVXcLu3s7u0flA+PuipOJWUdGotY9n2imOAR6wAHwfqJZCT0Bev5d1e537tnUvE4uoFZwryQTCIecEpAS20YlSuW2ahXHbeKLdOyarZj58SpuZcutrWSo4JWaI3K78NxTNOQRUAFUWpgWwl4GZHAqWDz0jBVLCH0jkzYQNOIhEx52eLQOT7TyhgHsdQVAV6o3ycyEio1C33dGRKYqt9eLv7lDVII6l7GoyQFFtHloiAVGGKcf43HXDIKYqYJoZLrWzGdEkko6GxKOoSvT/H/pOuYtms22m6lebGKo4hO0Ck6RzaqoSa6Ri3UQRQx9ICe0LNxazwaL8brsrVgrGaO0Q8Yb589iY0w</latexit>

xt

<latexit sha1_base64="ZE8JG9A/SOZGITHZJBIHQ9M4G68=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgQkISQx+7ghuXFW0rtKFMppN26OTBzEQsoZ/gxoUibv0id/6Nk7aCih64cDjnXu69x084k8qyPozCyura+kZxs7S1vbO7V94/6Mg4FYS2ScxjcetjSTmLaFsxxeltIigOfU67/uQi97t3VEgWRzdqmlAvxKOIBYxgpaXr+4EalCuW2ahXHbeKLNOyarZj58SpuecusrWSowJLtAbl9/4wJmlII0U4lrJnW4nyMiwUI5zOSv1U0gSTCR7RnqYRDqn0svmpM3SilSEKYqErUmiufp/IcCjlNPR1Z4jVWP72cvEvr5eqoO5lLEpSRSOyWBSkHKkY5X+jIROUKD7VBBPB9K2IjLHAROl0SjqEr0/R/6TjmLZrNq7cSvNsGUcRjuAYTsGGGjThElrQBgIjeIAneDa48Wi8GK+L1oKxnDmEHzDePgHOjY4b</latexit>

xt�m

<latexit sha1_base64="KLr6FkyyhcennEP8QtGt4zM0MY0=">AAAB7nicdVDLSsNAFJ34rPVVdelmsAguNCQx9LEruHFZwT6gDWUynbRDZyZhZiKW0I9w40IRt36PO//GSVtBRQ9cOJxzL/feEyaMKu04H9bK6tr6xmZhq7i9s7u3Xzo4bKs4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTTq5yv3NHpKKxuNXThAQcjQSNKEbaSJ37QaYv+GxQKjt2vVbx/Ap0bMepup6bE6/qX/rQNUqOMliiOSi994cxTjkRGjOkVM91Eh1kSGqKGZkV+6kiCcITNCI9QwXiRAXZ/NwZPDXKEEaxNCU0nKvfJzLElZry0HRypMfqt5eLf3m9VEe1IKMiSTUReLEoShnUMcx/h0MqCdZsagjCkppbIR4jibA2CRVNCF+fwv9J27Nd367f+OXG+TKOAjgGJ+AMuKAKGuAaNEELYDABD+AJPFuJ9Wi9WK+L1hVrOXMEfsB6+wTLGY/V</latexit>

Gi,�(xt) =
ui,t

�
(f(xt + �ui,t)� f(xt�m + �ui,t�m))

<latexit sha1_base64="y7lvleW6OatL/L7dYUSuz7tB06E="></latexit>

ui,t

<latexit sha1_base64="O0UNWAGQH6U35MNKZNMDulxIO3M=">AAAB7nicdVDJSgNBEO2JW4xb1KOXxiB4CMPMZPUW8OIxglkgGUJPpydp0rPQXSOEIR/hxYMiXv0eb/6NPUkEFX1Q8Hiviqp6Xiy4Asv6MHIbm1vbO/ndwt7+weFR8fikq6JEUtahkYhk3yOKCR6yDnAQrB9LRgJPsJ43u8783j2TikfhHcxj5gZkEnKfUwJa6iWjlJdhMSqWLPOqWXdqDrZMy2o4lXpGnEbVqWBbKxlKaI32qPg+HEc0CVgIVBClBrYVg5sSCZwKtigME8ViQmdkwgaahiRgyk2X5y7whVbG2I+krhDwUv0+kZJAqXng6c6AwFT99jLxL2+QgN90Ux7GCbCQrhb5icAQ4ex3POaSURBzTQiVXN+K6ZRIQkEnVNAhfH2K/yddx7SrZu22WmqV13Hk0Rk6R5fIRg3UQjeojTqIohl6QE/o2YiNR+PFeF215oz1zCn6AePtE8Bdj8s=</latexit>

x3,t�n + �u3,t�n, n < m

<latexit sha1_base64="dASu19r2SyQ6rhItosOUlKWzKeY=">AAACDnicbVDLSgNBEJz1GeNr1aOXwRAQjGFXAyp4CHjxGME8IFmW2ckkGTI7u8z0imHJF3jxV7x4UMSrZ2/+jZMHookFDUVVN91dQSy4Bsf5shYWl5ZXVjNr2fWNza1te2e3pqNEUValkYhUIyCaCS5ZFTgI1ogVI2EgWD3oX438+h1TmkfyFgYx80LSlbzDKQEj+Xb+3k9PCxiO5RAf4VabCSA4+dEKWOJLHPp2zik6Y+B54k5JDk1R8e3PVjuiScgkUEG0brpODF5KFHAq2DDbSjSLCe2TLmsaKknItJeO3xnivFHauBMpUxLwWP09kZJQ60EYmM6QQE/PeiPxP6+ZQOfcS7mME2CSThZ1EoEhwqNscJsrRkEMDCFUcXMrpj2iCAWTYNaE4M6+PE9qJ0W3VLy4KeXKzjSODNpHB+gQuegMldE1qqAqougBPaEX9Go9Ws/Wm/U+aV2wpjN76A+sj2/PxZli</latexit>

ft�n

<latexit sha1_base64="yhJmdotoCRyGmBdSOA2Y3M5SV1s=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0VwY5g0ibW7ghuXFewD2lAm00k7dDIJMxOhhH6EGxeKuPV73Pk3Th+Cih64cDjnXu69J0w5UxqhD6uwtr6xuVXcLu3s7u0flA+P2irJJKEtkvBEdkOsKGeCtjTTnHZTSXEcctoJJ9dzv3NPpWKJuNPTlAYxHgkWMYK1kTrRINcXYjYoV5CNap7vuhDZl1XX9+uG1Kuu63nQsdECFbBCc1B+7w8TksVUaMKxUj0HpTrIsdSMcDor9TNFU0wmeER7hgocUxXki3Nn8MwoQxgl0pTQcKF+n8hxrNQ0Dk1njPVY/fbm4l9eL9PRVZAzkWaaCrJcFGUc6gTOf4dDJinRfGoIJpKZWyEZY4mJNgmVTAhfn8L/SbtqO57t33qVBlrFUQQn4BScAwfUQAPcgCZoAQIm4AE8gWcrtR6tF+t12VqwVjPH4Aest0/AF4/P</latexit>

x1,t�m + �u1,t�m

<latexit sha1_base64="4AF6uXvXqV11bM3I8ysOOMkFefs=">AAACB3icbVDLSsNAFJ3UV62vqEtBBosgqCWRgroruHFZwT6gDWEymbRDJw9mbsQSunPjr7hxoYhbf8Gdf+O0DaKtBy4czrmXe+/xEsEVWNaXUVhYXFpeKa6W1tY3NrfM7Z2milNJWYPGIpZtjygmeMQawEGwdiIZCT3BWt7gauy37phUPI5uYZgwJyS9iAecEtCSa+7fu5l9guE0HOFj3PWZAILTH801y1bFmgDPEzsnZZSj7pqfXT+macgioIIo1bGtBJyMSOBUsFGpmyqWEDogPdbRNCIhU042+WOED7Xi4yCWuiLAE/X3REZCpYahpztDAn01643F/7xOCsGFk/EoSYFFdLooSAWGGI9DwT6XjIIYakKo5PpWTPtEEgo6upIOwZ59eZ40zyp2tXJ5Uy3XrDyOItpDB+gI2egc1dA1qqMGougBPaEX9Go8Gs/Gm/E+bS0Y+cwu+gPj4xv+Spdz</latexit>

x1,t + �u1,t

<latexit sha1_base64="KAA2HdUf/H5uQJQ/3hpNUETOb78=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgEQSmJFNRbwYvHCvYD2hA2m227dLMJuxOxhIIX/4oXD4p49U9489+4bXPQ1gcDj/dmmJkXJIJrcJxvq7C0vLK6VlwvbWxube/Yu3tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHweuK37pnSPJZ3MEqYF5G+5D1OCRjJtw8e/Mw9wzDGp7gbMgEEp7ni22Wn4kyBF4mbkzLKUfftr24Y0zRiEqggWndcJwEvIwo4FWxc6qaaJYQOSZ91DJUkYtrLpj+M8bFRQtyLlSkJeKr+nshIpPUoCkxnRGCg572J+J/XSaF36WVcJikwSWeLeqnAEONJIDjkilEQI0MIVdzciumAKELBxFYyIbjzLy+S5nnFrVaubqvlmpPHUUSH6AidIBddoBq6QXXUQBQ9omf0it6sJ+vFerc+Zq0FK5/ZR39gff4AdH6WFw==</latexit>

ft�m

<latexit sha1_base64="WXX/30HoljSpJhUZ/yeqnFBPT20=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0VwY0iaxNpdwY3LCvYBbSiT6aQdOjMJMxOhhH6EGxeKuPV73Pk3Th+Cih64cDjnXu69J0oZVdpxPqzC2vrG5lZxu7Szu7d/UD48aqskk5i0cMIS2Y2QIowK0tJUM9JNJUE8YqQTTa7nfueeSEUTcaenKQk5GgkaU4y0kTrxINcXfDYoVxzbqfmB50HHvqx6QVA3pF71PN+Hru0sUAErNAfl9/4wwRknQmOGlOq5TqrDHElNMSOzUj9TJEV4gkakZ6hAnKgwX5w7g2dGGcI4kaaEhgv1+0SOuFJTHplOjvRY/fbm4l9eL9PxVZhTkWaaCLxcFGcM6gTOf4dDKgnWbGoIwpKaWyEeI4mwNgmVTAhfn8L/Sbtqu74d3PqVhrOKowhOwCk4By6ogQa4AU3QAhhMwAN4As9Waj1aL9brsrVgrWaOwQ9Yb5++ko/O</latexit>

ft

<latexit sha1_base64="J0siys48BL/96AOnn1cRsTWGHmw=">AAAB7HicdVDLSsNAFJ34rPVVdelmsAiuwqRJrN0V3LisYNpCG8pkOmmHTiZhZiKU0G9w40IRt36QO//G6UNQ0QMXDufcy733RBlnSiP0Ya2tb2xubZd2yrt7+weHlaPjtkpzSWhAUp7KboQV5UzQQDPNaTeTFCcRp51ocj33O/dUKpaKOz3NaJjgkWAxI1gbKYgHhZ4NKlVko7rnuy5E9mXN9f2GIY2a63oedGy0QBWs0BpU3vvDlOQJFZpwrFTPQZkOCyw1I5zOyv1c0QyTCR7RnqECJ1SFxeLYGTw3yhDGqTQlNFyo3ycKnCg1TSLTmWA9Vr+9ufiX18t1fBUWTGS5poIsF8U5hzqF88/hkElKNJ8agolk5lZIxlhiok0+ZRPC16fwf9Ku2Y5n+7detYlWcZTAKTgDF8ABddAEN6AFAkAAAw/gCTxbwnq0XqzXZeuatZo5AT9gvX0ChxKPIA==</latexit>



Second Moment of the
Asynchronous Gradient Estimator

Consider the asynchronous update at agent , who is activated at time :

where

i

<latexit sha1_base64="RpMYLytrMxyiHvlvhntOFzVzAm0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSkw9KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyterXLbrJXr1TyOApzDBVyBB9dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBzo2M6Q==</latexit>

t

<latexit sha1_base64="qFFjI/Nq3YtFPhK1zd770pgznxs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFS0wxKZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyterXLbrJXr1TyOApzDBVyBB9dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwB3zmM9A==</latexit>

Lemma Under the Asynchrony Model, and define by

Then, running the asynchronous updates, we have that

E[kG�(xt)k2] := Eit

⇥
E[kr̃if(xt)k2|it = i]

⇤
.

<latexit sha1_base64="HskeCepovb8NXeiHcwfng3iT/hM="></latexit>

E[kG�(xt)k2] 
2n̄L2

0↵
2t

µ2

t�1X

m=0

(1� pmin)
mE[kG�(xt�m�1)k2] + 4L2

0

�
(4 + n̄)2 + n̄2

�

<latexit sha1_base64="I7ayc53btjJKnG+8NBDYhuSayaQ="></latexit>

The second moment at time depends on the whole history of the algorithm.t

<latexit sha1_base64="iwpVxoBrlJZHvdCmH6Z1mQBp4Wc=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwISGJoY9dwY3LFuwD2lAm00k7OnkwcyOU0C9w40IRt36SO//GSVtBRQ9cOJxzL/fe4yeCK7CsD6Owtr6xuVXcLu3s7u0flA+PuipOJWUdGotY9n2imOAR6wAHwfqJZCT0Bev5d1e537tnUvE4uoFZwryQTCIecEpAS20YlSuW2ahXHbeKLdOyarZj58SpuZcutrWSo4JWaI3K78NxTNOQRUAFUWpgWwl4GZHAqWDz0jBVLCH0jkzYQNOIhEx52eLQOT7TyhgHsdQVAV6o3ycyEio1C33dGRKYqt9eLv7lDVII6l7GoyQFFtHloiAVGGKcf43HXDIKYqYJoZLrWzGdEkko6GxKOoSvT/H/pOuYtms22m6lebGKo4hO0Ck6RzaqoSa6Ri3UQRQx9ICe0LNxazwaL8brsrVgrGaO0Q8Yb589iY0w</latexit>

Gi,�(xt) =
ui,t

�
(f(xt + �ui,t)� f(xt�m + �ui,t�m))

<latexit sha1_base64="y7lvleW6OatL/L7dYUSuz7tB06E="></latexit>

xi,t+1 = xi,t + ↵Gi,�(xt)

<latexit sha1_base64="n94e2cVtObygwX4LneeSUEcHSZw=">AAACE3icbZDLSgMxFIYz9VbrrerSTbAI9UKZEUU3QsGFLhVsFTrDcCZNbWjmQnJGLMO8gxtfxY0LRdy6cefbmF4Wav0h8OU/55CcP0ik0GjbX1Zhanpmdq44X1pYXFpeKa+uNXWcKsYbLJaxuglAcyki3kCBkt8kikMYSH4d9E4H9es7rrSIoyvsJ9wL4TYSHcEAjeWXd+79TOzhrpOfjCjfdUEmXaBng6vb5hIhr977uO2XK3bNHopOgjOGChnrwi9/uu2YpSGPkEnQuuXYCXoZKBRM8rzkpponwHpwy1sGIwi59rLhTjndMk6bdmJlToR06P6cyCDUuh8GpjME7Oq/tYH5X62VYufYy0SUpMgjNnqok0qKMR0ERNtCcYaybwCYEuavlHVBAUMTY8mE4PxdeRKa+zXnoHZ4eVCp2+M4imSDbJIqccgRqZNzckEahJEH8kReyKv1aD1bb9b7qLVgjWfWyS9ZH9/OLp1w</latexit>



Convergence Analysis

Theorem Under the Asynchrony Model, and run the asynchronous updates for iterations.
Let be uniformly randomly selected from iterations. Selecting the step size
and the smoothing parameter , we have that

T

<latexit sha1_base64="kdeOtb2f0EIAK9m7TsCgMzs+TG8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLePGYQF6QLGF20knGzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSy4Nq777eS2tnd29/L7hYPDo+OT4ulZW0eJYthikYhUN6AaBZfYMtwI7MYKaRgI7ATT+4XfeUKleSSbZhajH9Kx5CPOqLFSozkoltyyuwTZJF5GSpChPih+9YcRS0KUhgmqdc9zY+OnVBnOBM4L/URjTNmUjrFnqaQhaj9dHjonV1YZklGkbElDlurviZSGWs/CwHaG1Ez0urcQ//N6iRnd+imXcWJQstWiUSKIicjiazLkCpkRM0soU9zeStiEKsqMzaZgQ/DWX94k7UrZq5bvGtVSrZLFkYcLuIRr8OAGavAAdWgBA4RneIU359F5cd6dj1VrzslmzuEPnM8frrmM1A==</latexit>

x̃

<latexit sha1_base64="5S2L9z0KvGaMF6GSH9BGq6+4kBA=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU1FvBi8cK9kPaUDababt0dxN2N2IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemHCmjed9O2vrG5tb24Wd4u7e/sFh6ei4peNUUWzSmMeqExKNnElsGmY4dhKFRIQc2+H4Zua3H1FpFst7M0kwEGQo2YBRYqz00DOMR5g9Tfulslfx5nBXiZ+TMuRo9EtfvSimqUBpKCdad30vMUFGlGGU47TYSzUmhI7JELuWSiJQB9n84Kl7bpXIHcTKljTuXP09kRGh9USEtlMQM9LL3kz8z+umZnAVZEwmqUFJF4sGKXdN7M6+dyOmkBo+sYRQxeytLh0RRaixGRVtCP7yy6ukVa34tcr1Xa1cr+ZxFOAUzuACfLiEOtxCA5pAQcAzvMKbo5wX5935WLSuOfnMCfyB8/kDQm2Qrg==</latexit>

T

<latexit sha1_base64="kdeOtb2f0EIAK9m7TsCgMzs+TG8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLePGYQF6QLGF20knGzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSy4Nq777eS2tnd29/L7hYPDo+OT4ulZW0eJYthikYhUN6AaBZfYMtwI7MYKaRgI7ATT+4XfeUKleSSbZhajH9Kx5CPOqLFSozkoltyyuwTZJF5GSpChPih+9YcRS0KUhgmqdc9zY+OnVBnOBM4L/URjTNmUjrFnqaQhaj9dHjonV1YZklGkbElDlurviZSGWs/CwHaG1Ez0urcQ//N6iRnd+imXcWJQstWiUSKIicjiazLkCpkRM0soU9zeStiEKsqMzaZgQ/DWX94k7UrZq5bvGtVSrZLFkYcLuIRr8OAGavAAdWgBA4RneIU359F5cd6dj1VrzslmzuEPnM8frrmM1A==</latexit>

↵ =
p
pmin/T

2
3

<latexit sha1_base64="CpvhbAGgM5xx0L0gK3O9226B9wM=">AAACEXicbVC7SgNBFJ2NrxhfUUubwSCkirsxoBZCwMYyQl6QXZfZyWwyZHZ2nZkVwrC/YOOv2FgoYmtn5984eRSaeODC4Zx7ufeeIGFUKtv+tnIrq2vrG/nNwtb2zu5ecf+gLeNUYNLCMYtFN0CSMMpJS1HFSDcRBEUBI51gdD3xOw9ESBrzphonxIvQgNOQYqSM5BfLLmLJEMEr6Mp7oXTiazeiPMtOm3faDQXCuprpsyzziyW7Yk8Bl4kzJyUwR8Mvfrn9GKcR4QozJGXPsRPlaSQUxYxkBTeVJEF4hAakZyhHEZGenn6UwROj9GEYC1Ncwan6e0KjSMpxFJjOCKmhXPQm4n9eL1XhhacpT1JFOJ4tClMGVQwn8cA+FQQrNjYEYUHNrRAPkYlBmRALJgRn8eVl0q5WnFrl8rZWqlfnceTBETgGZeCAc1AHN6ABWgCDR/AMXsGb9WS9WO/Wx6w1Z81nDsEfWJ8/BSWdwQ==</latexit>

� = 2L0

p
n̄/T

1
6

<latexit sha1_base64="JgRLzEG1+q8djOqRxu8JzV0XX1E=">AAACF3icbVA9SwNBEN2L3/ErammzGASreBeCH4Ug2FhYREhUyMWwt7enS/b2zt05ISz3L2z8KzYWithq579xE6/QxAcDj/dmmJkXpIJrcN0vpzQ1PTM7N79QXlxaXlmtrK1f6CRTlLVpIhJ1FRDNBJesDRwEu0oVI3Eg2GXQPxn6l/dMaZ7IFgxS1o3JjeQRpwSs1KvU/JAJIBgf4fpZz/X1nQLjB0QZmed4F7eujR8pQo2Xm70871Wqbs0dAU8SryBVVKDZq3z6YUKzmEmggmjd8dwUuoYo4FSwvOxnmqWE9skN61gqScx014z+yvG2VUIcJcqWBDxSf08YEms9iAPbGRO41ePeUPzP62QQHXQNl2kGTNKfRVEmMCR4GBIOuWIUxMASQhW3t2J6S2wMYKMs2xC88ZcnyUW95jVqh+eN6nG9iGMebaIttIM8tI+O0Slqojai6AE9oRf06jw6z86b8/7TWnKKmQ30B87HN6opnwA=</latexit>

E[krf(x̃)k2]  O(n̄2T� 1
3 ).

<latexit sha1_base64="2I/kupml57LIMVwLg9fPejeGX/4="></latexit>

Deterministic asynchronous algorithm achieves the
same convergence rate as the stochastic synchronous

algorithm. The asynchrony can be thought as one
source of function evaluation noise at local agents.



Numerical Experiments

Distributed Feature Learning Problem

For each patient , different types of data are collected at heterogenous data collectors. These
data are used collaboratively to make predictions.

dj,1 = �1(Dj,1, x1)

<latexit sha1_base64="LUWyHZgev3Iq3WDoD8bcRHuSlFM=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgYhQgg7IaAWQkALywjmAcmyzE4myZjZBzOzYli2tPFXbCwUsfUT7PwbZ5MtNPHAhcM593LvPW7ImVSW9W3klpZXVtfy64WNza3tHXN3ryWDSBDaJAEPRMfFknLm06ZiitNOKCj2XE7b7vgy9dv3VEgW+LdqElLbw0OfDRjBSkuOedh34rsySuAF7IUj5qDSVSpAlJThg4NOHLNoVawp4CJBGSmCDA3H/Or1AxJ51FeEYym7yAqVHWOhGOE0KfQiSUNMxnhIu5r62KPSjqePJPBYK304CIQuX8Gp+nsixp6UE8/VnR5WIznvpeJ/XjdSgzM7Zn4YKeqT2aJBxKEKYJoK7DNBieITTTARTN8KyQgLTJTOrqBDQPMvL5JWtYJqlfObWrFezeLIgwNwBEoAgVNQB9egAZqAgEfwDF7Bm/FkvBjvxsesNWdkM/vgD4zPH7WKlzA=</latexit>

dj,2 = �2(Dj,2, x2)

<latexit sha1_base64="105D/vNoGy19cLQNXz8adULaXsY=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahQilJKKgLoaALlxXsA9oQJpNpO3byYGYilpClG3/FjQtF3PoJ7vwbJ20W2nrgwuGce7n3HjdiVEjD+NYKS8srq2vF9dLG5tb2jr671xZhzDFp4ZCFvOsiQRgNSEtSyUg34gT5LiMdd3yZ+Z17wgUNg1s5iYjto2FABxQjqSRHP/Sc5K5qpfAC9qMRdazKVSZAK63CB8c6cfSyUTOmgIvEzEkZ5Gg6+lffC3Hsk0BihoTomUYk7QRxSTEjaakfCxIhPEZD0lM0QD4RdjJ9JIXHSvHgIOSqAgmn6u+JBPlCTHxXdfpIjsS8l4n/eb1YDs7shAZRLEmAZ4sGMYMyhFkq0KOcYMkmiiDMqboV4hHiCEuVXUmFYM6/vEjaVs2s185v6uWGlcdRBAfgCFSACU5BA1yDJmgBDB7BM3gFb9qT9qK9ax+z1oKWz+yDP9A+fwC7ypc0</latexit>

dj,3 = �3(Dj,3, x3)

<latexit sha1_base64="ZN8frmS+7yONP3cqHlX/uLktJkw=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahQilJU1AXQkEXLivYB7QhTCbTduzkwcxELCFLN/6KGxeKuPUT3Pk3TtoutPXAhcM593LvPW7EqJCG8a3llpZXVtfy64WNza3tHX13ryXCmGPSxCELecdFgjAakKakkpFOxAnyXUba7ugy89v3hAsaBrdyHBHbR4OA9ilGUkmOfug5yV3ZSuEF7EVD6lilq0yAVlqGD4514uhFo2JMABeJOSNFMEPD0b96XohjnwQSMyRE1zQiaSeIS4oZSQu9WJAI4REakK6iAfKJsJPJIyk8VooH+yFXFUg4UX9PJMgXYuy7qtNHcijmvUz8z+vGsn9mJzSIYkkCPF3UjxmUIcxSgR7lBEs2VgRhTtWtEA8RR1iq7AoqBHP+5UXSqlbMWuX8plasV2dx5MEBOAIlYIJTUAfXoAGaAINH8AxewZv2pL1o79rHtDWnzWb2wR9onz/CCpc4</latexit>

j

<latexit sha1_base64="udAdT/XRd1tQRhutw+Jwq4npZPk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLePGYgHlAsoTZSW8yyezsMjMrhCVf4MWDIl79JG/+jZPHQRMLGoqqbrq7gkRwbVz328ltbe/s7uX3CweHR8cnxdOzlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A4m93O//YRK81g+mmmCfkSHkoecUWOlxrhfLLlldwGySbwVKcEK9X7xqzeIWRqhNExQrbuemxg/o8pwJnBW6KUaE8omdIhdSyWNUPvZ4tAZubLKgISxsiUNWai/JzIaaT2NAtsZUTPS695c/M/rpia89TMuk9SgZMtFYSqIicn8azLgCpkRU0soU9zeStiIKsqMzaZgQ/DWX94krUrZq5bvGtVSrbKKIw8XcAnX4MEN1OAB6tAEBgjP8Apvzth5cd6dj2VrzlnNnMMfOJ8/0BGM6g==</latexit>

dj,1

<latexit sha1_base64="g1y1lSPFPWImDkNuk4FjYLT2f/U=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKUgnorePFYwX5AG8pms23XbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl3321lb39jc2i7sFHf39g8OS0fHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmt5+4NiJWDzhJuB/RoRIDwShaqR32s8dLb9ovld2KOwdZJV5OypCj0S999cKYpRFXyCQ1puu5CfoZ1SiY5NNiLzU8oWxMh7xrqaIRN342P3dKzq0SkkGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuioNrPxMqSZErtlg0SCXBmMx+J6HQnKGcWEKZFvZWwkZUU4Y2oaINwVt+eZW0qhWvVrm5r5Xr1TyOApzCGVyAB1dQhztoQBMYjOEZXuHNSZwX5935WLSuOfnMCfyB8/kD4gmPPg==</latexit>

dj,2

<latexit sha1_base64="QKNFO1icK94h+Mcdqi6xcXBO/dE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKUgnorePFYwX5AG8pms23XbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl3321lb39jc2i7sFHf39g8OS0fHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmt5+4NiJWDzhJuB/RoRIDwShaqR32s8fL6rRfKrsVdw6ySryclCFHo1/66oUxSyOukElqTNdzE/QzqlEwyafFXmp4QtmYDnnXUkUjbvxsfu6UnFslJINY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFAfXfiZUkiJXbLFokEqCMZn9TkKhOUM5sYQyLeythI2opgxtQkUbgrf88ippVSterXJzXyvXq3kcBTiFM7gAD66gDnfQgCYwGMMzvMKbkzgvzrvzsWhdc/KZE/gD5/MH446PPw==</latexit>

dj,3

<latexit sha1_base64="p6VIaG8CbDfZO4j0OSFU6anO/vs=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBg5TdWlBvBS8eK9gPaJeSzWbb2GyyJFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpBwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVYS2iORSdQOsKWeCtgwznHYTRXEccNoJxrczv/NElWZSPJhJQv0YDwWLGMHGSp1wkD1eXE4H5YpbdedAq8TLSQVyNAflr34oSRpTYQjHWvc8NzF+hpVhhNNpqZ9qmmAyxkPas1TgmGo/m587RWdWCVEklS1h0Fz9PZHhWOtJHNjOGJuRXvZm4n9eLzXRtZ8xkaSGCrJYFKUcGYlmv6OQKUoMn1iCiWL2VkRGWGFibEIlG4K3/PIqadeqXr16c1+vNGp5HEU4gVM4Bw+uoAF30IQWEBjDM7zCm5M4L86787FoLTj5zDH8gfP5A+UTj0A=</latexit>

lj

<latexit sha1_base64="7wmzc1j2m+rdXrDvKhWOx8BqZdk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48V7Qe0oWy2k3btZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6HSPJYPZpKgH9Gh5CFn1FjpXvQf+6WyW3HnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbSqFa9Wub6rlevVPI4CnMIZXIAHl1CHW2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AFO3I3J</latexit>

lj

<latexit sha1_base64="7wmzc1j2m+rdXrDvKhWOx8BqZdk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48V7Qe0oWy2k3btZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6HSPJYPZpKgH9Gh5CFn1FjpXvQf+6WyW3HnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbSqFa9Wub6rlevVPI4CnMIZXIAHl1CHW2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AFO3I3J</latexit>

lj

<latexit sha1_base64="7wmzc1j2m+rdXrDvKhWOx8BqZdk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48V7Qe0oWy2k3btZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6HSPJYPZpKgH9Gh5CFn1FjpXvQf+6WyW3HnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbSqFa9Wub6rlevVPI4CnMIZXIAHl1CHW2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AFO3I3J</latexit>

min
x1,x2,x3

l({dj,1:3, yj}) :=
X

j

log
�
�(yi

X

i

Widj,i)
�

<latexit sha1_base64="ZQZ+/eP6gBG8U9O//mop6BXhcew="></latexit>

Data collector 1 collects raw bio-signal data
for patient , extracts low dimensional biomarker
feature through feature extraction function
with parameter .

j

<latexit sha1_base64="DMDosSCIAl9Y6R9bc4K/ILX7MVU=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kGEmDlluAS8eEzALJEPo6fQknfQsdPcIYcgXePGgiFc/yZt/Y08SQUUfFDzeq6KqnhdzJpVlfRi5jc2t7Z38bmFv/+DwqHh80pFRIghtk4hHoudhSTkLaVsxxWkvFhQHHqddb3aT+d17KiSLwjs1j6kb4HHIfEaw0lJrOiyWLLNeq5SdCrJMy6raZTsj5apz7SBbKxlKsEZzWHwfjCKSBDRUhGMp+7YVKzfFQjHC6aIwSCSNMZnhMe1rGuKASjddHrpAF1oZIT8SukKFlur3iRQHUs4DT3cGWE3kby8T//L6ifJrbsrCOFE0JKtFfsKRilD2NRoxQYnic00wEUzfisgEC0yUzqagQ/j6FP1POmXTdsx6yyk1rtZx5OEMzuESbKhCA26hCW0gQOEBnuDZmBqPxovxumrNGeuZU/gB4+0TLmGNJg==</latexit>

dj,1

<latexit sha1_base64="1R9e3ECFdYUtvpaoIJc+ODhE2wI=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFclJDU0Meu4MZlBfuANpTJZNKOnTyYmQgl9CPcuFDErd/jzr9x0lZQ0QMXDufcy733eAlnUlnWh7G2vrG5tV3YKe7u7R8clo6OuzJOBaEdEvNY9D0sKWcR7SimOO0nguLQ47TnTa9yv3dPhWRxdKtmCXVDPI5YwAhWWur5o+yuYs9HpbJlNhu1qlNDlmlZdbtq56Rady4dZGslRxlWaI9K70M/JmlII0U4lnJgW4lyMywUI5zOi8NU0gSTKR7TgaYRDql0s8W5c3SuFR8FsdAVKbRQv09kOJRyFnq6M8RqIn97ufiXN0hV0HAzFiWpohFZLgpSjlSM8t+RzwQlis80wUQwfSsiEywwUTqhog7h61P0P+lWTdsxmzdOuVVZxVGAUziDC7ChDi24hjZ0gMAUHuAJno3EeDRejNdl65qxmjmBHzDePgFAWY96</latexit>

Dj,1

<latexit sha1_base64="VB7I/5StCkD+k5qz2580+2fQMRk=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4CMNMHLLcAnrwGMEskAyhp9OTtOlZ6O4RwpCP8OJBEa9+jzf/xp4kgoo+KHi8V0VVPS/mTCrL+jBya+sbm1v57cLO7t7+QfHwqCOjRBDaJhGPRM/DknIW0rZiitNeLCgOPE673vQy87v3VEgWhbdqFlM3wOOQ+YxgpaXu1TC9K9vzYbFkmY16teJUkWVaVs2u2Bmp1JwLB9layVCCFVrD4vtgFJEkoKEiHEvZt61YuSkWihFO54VBImmMyRSPaV/TEAdUuuni3Dk608oI+ZHQFSq0UL9PpDiQchZ4ujPAaiJ/e5n4l9dPlF93UxbGiaIhWS7yE45UhLLf0YgJShSfaYKJYPpWRCZYYKJ0QgUdwten6H/SqZi2YzZunFKzvIojDydwCudgQw2acA0taAOBKTzAEzwbsfFovBivy9acsZo5hh8w3j4BDxmPWg==</latexit>

�1

<latexit sha1_base64="OTUuTrL3Db76BOfKEqE2QgQnUpA=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwISGJoY9dwY3LCvYBbSiT6aQdO5kJMxOhhP6DGxeKuPV/3Pk3TtoKKnrgwuGce7n3njBhVGnH+bAKa+sbm1vF7dLO7t7+QfnwqKNEKjFpY8GE7IVIEUY5aWuqGeklkqA4ZKQbTq9yv3tPpKKC3+pZQoIYjTmNKEbaSJ1BMqFDd1iuOHajXvX8KnRsx6m5npsTr+Zf+tA1So4KWKE1LL8PRgKnMeEaM6RU33USHWRIaooZmZcGqSIJwlM0Jn1DOYqJCrLFtXN4ZpQRjIQ0xTVcqN8nMhQrNYtD0xkjPVG/vVz8y+unOqoHGeVJqgnHy0VRyqAWMH8djqgkWLOZIQhLam6FeIIkwtoEVDIhfH0K/ycdz3Z9u3HjV5oXqziK4AScgnPgghpogmvQAm2AwR14AE/g2RLWo/VivS5bC9Zq5hj8gPX2CZiXjxs=</latexit>

x1

<latexit sha1_base64="dlw6w/8rWyFYZd0Yo47oAkJsJJg=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgQkISQx+7ghuXFW0rtKFMppN26OTBzEQsoZ/gxoUibv0id/6Nk7aCih64cDjnXu69x084k8qyPozCyura+kZxs7S1vbO7V94/6Mg4FYS2ScxjcetjSTmLaFsxxeltIigOfU67/uQi97t3VEgWRzdqmlAvxKOIBYxgpaXr+4E9KFcss1GvOm4VWaZl1WzHzolTc89dZGslRwWWaA3K7/1hTNKQRopwLGXPthLlZVgoRjidlfqppAkmEzyiPU0jHFLpZfNTZ+hEK0MUxEJXpNBc/T6R4VDKaejrzhCrsfzt5eJfXi9VQd3LWJSkikZksShIOVIxyv9GQyYoUXyqCSaC6VsRGWOBidLplHQIX5+i/0nHMW3XbFy5lebZMo4iHMExnIINNWjCJbSgDQRG8ABP8Gxw49F4MV4XrQVjOXMIP2C8fQJpAY3Y</latexit>



Numerical Experiments
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Comparison to an asynchronous two-point gradient estimator

Asynchronous residual-feedback
framework converges faster compared to

the two-point scheme, due to its low
gradient estimate variance and twice the

number of updates.

Gi,�(xt) =
ui,t

�
(f(xt + �ui,t)� f(xt�m))

<latexit sha1_base64="2msHfGfEiRAYjw4XB59/jZka+2o="></latexit>



Summary

We proposed an asynchronous zeroth-order gradient
estimator using residual feedback, proved that the converge 
rate is the same as stochastic synchronous cases, and
validated it in an asynchronous distributed feature learning
problem.
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Outline

Few-Shot RL in Heterogeneous Action Spaces using Subgoal Mapping
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Motivation for Transfer RL



Outline

Few-Shot RL in Heterogeneous Action Spaces using Subgoal Mapping
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Transfer RL with Heterogeneous Agents



Problem Formulation

Terminology:

Problem statement:
Define a source data set          with expert and learner demonstrations for some tasks sampled from 
distribution      , with expert demonstrations in action space         and learner demonstrations in action 
space       . The goal is to transfer knowledge from expert to learner so the learner can quickly solve 
unseen tasks in      using       .

As
<latexit sha1_base64="2m6m/FkFNPWmlEYSECjgULLGtnI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj14rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9XPd0r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqvcX5dpNHkcBjuEEzsCDS6jBHdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gAdPI2v</latexit>

Al
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Task sampled from overall distribution d ⇠ D(p)
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Trajectory of an agent for a task ⌧(d) = [(s0, a0), (s1, a1), ...(sT , aT )]
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Knight and bishop have 

different action spaces 

but similar tasks on the 

chessboard



Previous Approaches
Neural Network Architectures: [M. Wan, 2020]

Modular Approaches: [C. Devin, 2016]

Handcoded Mappings: [J. Karttunen, 2019]

• Uses a fixed teacher policy to share policy parameters with a student policy
• Blending policies can be complex in many environments, especially if action spaces are so different
• If there is little overlap between different agents, then sharing of parameters is not as useful

• Uses modular blocks that represent policies to solve tasks to combine with agent blocks
• Requires explicit meshing of blocks
• Has similar limitation to architecture based heterogeneous transfer 

• Human expert maps between two action spaces that are different
• Can be subject to bias, accuracy is not guaranteed
• Not scalable
• Mappings are most agnostic to very differing action spaces

Can we learn this 

mapping instead?
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Intuition Behind Algorithm

Varying primitive action sequences

Red agent: Moves diagonally
Blue agent: Moves vertically and horizontally

Action sequences are 

different lengths

Solution: use trajectories of subgoals instead of primitive actions to break policy hierarchically



Hierarchical Algorithm Design

Hierarchical Policy Functions

Mapping Function

Primitive Action Function (Low Level)

Subgoal Function (High Level)

⇡µ : ({gexpert}Tt=0, p) ! {glearner}Tt=0
<latexit sha1_base64="hwkTmrZQiI8cWR+xSbh2C7Zkos0="></latexit>

⇡h : {glearner}Tt=0 ! glearner
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⇡� : (slearner, glearner) ! {alearner}Tt=0
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Subgoal Sequence as a LSTM
LSTM Neural Network Model and Training

Sequence to Sequence

Bidirectional LSTMs: take 
input sequence in order and 

reverse

Predefined set of subgoals to 

choose from

⇡µ : ({gexpert}Tt=0, p) ! {glearner}Tt=0
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Algorithm Design
Warm Initializing High Level Learner Policy 

• LSTM output for an unseen task is a sequence of predicted subgoals for the learner agent
• However, LSTM output might not always be accurate: how can we extract useful subgoal information if 

there are any errors?
• Solution: warm initialize the high level learner policy with supervised learning, as the goal is to bias the 

weights initially towards the LSTM model’s subgoal predictions 

Learning Optimal Policy from Warm Initialized High Level Policy

• Once the high level learner policy is warm initialized, we use a standard reinforcement learning algorithm 
to train the high level and low level policies for that unseen task

• If LSTM output is correct, then the training time to converge onto the optimal policy must be faster than 
training the policy without any transfer
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Numerical Experiments
Example of a task within overall set

Assume same fixed position for 
both agents

Global coordinates for each square 
go from left to right, bottom to top

Pawns always on dark squares to 
accommodate dark square bishop

Goal is to take both pawns within episode (10 timesteps). -1 for an empty square, +10 for a pawn



LSTM Training and Output
Training the LSTM Model

Compute bishop and knight expert trajectories 
using Djikstra’s algorithm

One-hot encode both trajectories

Input through LSTM Neural Network Model and 
train with categorical cross entropy loss function

LSTM Output on Unseen Task
Padding built in to allow for variable 

output lengths



Numerical Experiments
LSTM Correctly Predicts Learner Sequence of Subgoals 

Policy learns much quicker 

using correctly transferred 

knowledge!



Numerical Experiments
LSTM Makes 1 Error in Prediction of Learner Sequence of Subgoals 

Policy still able to use 

partially correct transferred 

knowledge to learn!



Numerical Experiments
LSTM Makes 2+ Errors in Prediction of Learner Sequence of Subgoals

Policy has slightly better 

performance to vanilla 

learning



Summary

• Transferring across heterogeneous agents with different action spaces is difficult 
because there is no explicit mapping that is known between the expert and learner 
agent

• Our method seeks to learn this mapping and use its predictions on unseen tasks to 
give the learner agent an initial biased high level policy which can better direct the 
agent’s exploration towards an optimal policy

• Our experimental results in a discrete space show that our method is viable in 
transferring across agents with heterogeneous action spaces

• Future works include extending this work to a continuous case and discovering 
subgoals rather than predefining them
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