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• Autonomous rendezvous, proximity 
operations, and docking (ARPOD) are 
becoming increasingly important as space 
becomes increasingly crowded. 

• Original 2D version was introduced as a 
challenge problem by Chris Petersen, Sean 
Phillips, Kerianne Hobbs, and Kendra Lang in 
2020. 

• 3D version of problem (where deputy is out-of-
orbital plane) presents significant increase in 
dimensions and coupled dynamics. 

• Legendre-Gauss-Radau (LGR) collocation 
was shown to be a promising approach. 

Motivation: Autonomous Docking Procedure On-Board 
Underactuated Deputy



• Reference frame 𝒪𝒪 is fixed to the center of mass of the Chief 
(Hill’s Frame)

• Frame 𝒞𝒞 aligns with the principal axes of the Chief

• The Deputy has full attitude control and a unilateral thrust

• Let the control-input be defined as
𝑢𝑢𝑑𝑑𝒟𝒟 = fx, 0,0

• The entire state space is defined as
ξ ≔ 𝛿𝛿𝑥𝑥, 𝛿𝛿𝑦𝑦, 𝛿𝛿𝑧𝑧, δ�̇�𝑥, δ�̇�𝑦,δ�̇�𝑧, ζ1, ζ2, ζ3,ω1,ω2,ω3, ν𝑥𝑥 , ν𝑦𝑦, ν𝑧𝑧

𝑇𝑇

𝑥𝑥 ≔ δ𝑥𝑥, δ𝑦𝑦, δ𝑧𝑧, δ�̇�𝑥,δ�̇�𝑦, δ�̇�𝑧 𝑇𝑇 ∈ 𝑅𝑅6
�̇�𝑥 = 𝐴𝐴𝑥𝑥 + 𝐵𝐵ℛ𝒟𝒟

𝒪𝒪𝑢𝑢𝑑𝑑𝒟𝒟

• where

𝐴𝐴 =

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

3η2 0 0 0 2η 0
0 0 0 −2η 0 0
0 0 −η2 0 0 0

𝐵𝐵 =
𝟎𝟎𝟑𝟑×𝟑𝟑
1
𝑚𝑚
ℐ3

Hill’s Frame and MRPs
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Attitude and Translation Coupling

ζ̇ = −1
2

1
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1 − ζ𝑇𝑇ζ 𝐼𝐼3 − 𝒮𝒮 ζ + ζζ𝑇𝑇 ω𝒪𝒪𝒟𝒟
𝒟𝒟

̇𝜔𝜔1 = 𝜔𝜔2𝑏𝑏 𝜁𝜁 − 𝜔𝜔3𝑎𝑎 𝜁𝜁 +
𝐽𝐽𝑤𝑤
𝐽𝐽1

𝜈𝜈2 𝜔𝜔3 + 𝑏𝑏 𝜁𝜁 − 𝜈𝜈3 𝜔𝜔2 + 𝑎𝑎 𝜁𝜁 − 𝑢𝑢1 +
1
𝐽𝐽1

𝐽𝐽2 − 𝐽𝐽3 𝜔𝜔2 + 𝑎𝑎 𝜁𝜁 𝜔𝜔3 + 𝑏𝑏 𝜁𝜁

�̇�𝜔2 = 𝜔𝜔3𝑐𝑐 𝜁𝜁 − 𝜔𝜔1𝑏𝑏 𝜁𝜁 +
𝐽𝐽𝑤𝑤
𝐽𝐽2

𝜈𝜈3 𝜔𝜔1 + 𝑐𝑐 𝜁𝜁 − 𝜈𝜈1 𝜔𝜔3 + 𝑏𝑏 𝜁𝜁 − 𝑢𝑢2 +
1
𝐽𝐽2

𝐽𝐽3 − 𝐽𝐽1 𝜔𝜔3 + 𝑏𝑏 𝜁𝜁 𝜔𝜔1 + 𝑐𝑐 𝜁𝜁

̇𝜔𝜔3 = 𝜔𝜔1𝑎𝑎 𝜁𝜁 − 𝜔𝜔2𝑐𝑐 𝜁𝜁 +
𝐽𝐽𝑤𝑤
𝐽𝐽3

(𝜈𝜈1 𝜔𝜔2 + a 𝜁𝜁 ] − 𝜈𝜈2[𝜔𝜔1 + 𝑐𝑐 𝜁𝜁 ] − 𝑢𝑢3 +
1
J3

J1 − J2 𝜔𝜔1 + 𝑐𝑐 𝜁𝜁 𝜔𝜔2 + 𝑎𝑎 𝜁𝜁

where

The Dynamics are Coupled!

𝑊𝑊1 𝜁𝜁 =
4

𝜁𝜁2 + 1 2 −2𝜁𝜁22 − 2𝜁𝜁32 +
𝜁𝜁2 + 1 2

4

𝑊𝑊2 𝜁𝜁 =
4

𝜁𝜁2 + 1 2 2𝜁𝜁1𝜁𝜁2 + 𝜁𝜁3 𝜁𝜁2 − 1

𝑊𝑊3 𝜁𝜁 =
4

𝜁𝜁2 + 1 2 2𝜁𝜁1𝜁𝜁3 − 𝜁𝜁2 𝜁𝜁2 − 1

𝑎𝑎 𝜁𝜁 ≔
4𝜂𝜂

𝜁𝜁2 + 1 2 2𝜁𝜁2𝜁𝜁3 + 𝜁𝜁1 𝜁𝜁2 − 1

𝑏𝑏 𝜁𝜁 ≔
4𝜂𝜂

𝜁𝜁2 + 1 2
𝜁𝜁2 + 1 2

4
− 2 𝜁𝜁12 + 𝜁𝜁22

𝑐𝑐 𝜁𝜁 ≔
4𝜂𝜂

𝜁𝜁2 + 1 2 2𝜁𝜁1𝜁𝜁3 − 𝜁𝜁2 𝜁𝜁2 − 1

and



Let the deputy be defined as ξ ≔ 𝛿𝛿𝑥𝑥, 𝛿𝛿𝑦𝑦, 𝛿𝛿𝑧𝑧, δ�̇�𝑥, δ�̇�𝑦, δ�̇�𝑧, ζ1, ζ2, ζ3,ω1,ω2,ω3, ν𝑥𝑥 , ν𝑦𝑦 , ν𝑧𝑧
𝑇𝑇 ∈ ℝ15

The underactuated ARPOD problem is solved if, given prescribed 
state constraint set 𝒳𝒳 ⊆ ℝ15 and input constraint set 𝒰𝒰 ⊆ ℝ4,
a control trajectory 𝑢𝑢(𝑡𝑡):ℝ≥0 → 𝒰𝒰 can be found such that
𝜉𝜉 ∈ 𝒳𝒳 ∀ 𝑡𝑡 ≥ 0 and 𝜉𝜉 → 0 as 𝑡𝑡 → ∞.

Problem Definition



• Methematical concept is the 
interpolation of state variables 𝑥𝑥(𝑡𝑡) and 
control input 𝑢𝑢(𝑡𝑡) at collocation points 
within the time interval [𝑡𝑡0, 𝑡𝑡𝑓𝑓). 

𝑥𝑥 𝜓𝜓𝑖𝑖 = �
𝑘𝑘=0

𝑁𝑁

𝑥𝑥𝑘𝑘𝑃𝑃𝑘𝑘(𝜓𝜓𝑖𝑖)

𝑢𝑢 𝜓𝜓𝑖𝑖 = �
𝐾𝐾=0

𝑁𝑁

𝑢𝑢𝑘𝑘𝑃𝑃𝑘𝑘 𝜓𝜓𝑖𝑖

Radau points 𝜓𝜓1, … ,𝜓𝜓𝑖𝑖 , … ,𝜓𝜓𝑁𝑁
LeGendre polynomials 𝑃𝑃1, … ,𝑃𝑃𝑖𝑖 , … ,𝑃𝑃𝑁𝑁

Methodology: LGR Collocation



Min Time Collocation Results-Single Trajectory

•64 Radau Points
•Polynomial factor of 2
•Convergence tol: 10−8
•Singular Arc



Min Ctrl-Input Collocation Results-Single Trajectory

• 64 Radau Points
• Polynomial factor of 2
• Convergence tol: 10−8
• Oscillations are present in prior works as well

• Due to underactuation
• Leverages non-linearities in the system
• It’s timing the thrust to match the right attitude





• Model Based Reinforcement Learning
• Dynamics discovery
• Real time planning\replanning
• Zeroth order MPC can handle non-

differentiable objectives and complex 
constraints 

Future Work

Neural net iteration



Questions
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