with Hybrid Signals

A. Saoud', M. Maghenem?, and R. G. Sanfelice3

IDepartment of Electrical and Computer Engineering,
University of California, Berkeley

2CNRS, Gipsa lab, Grenoble, France

3Department of Electrical & Computer Engineering,
University of California Santa Cruz

Email: asaoud@berkeley.edu

Review meeting

AFOSR Center of Excellence on Assured Autonomy

_Baskin
Fngineering

A. Saoud, M. Maghenem & R.G. Sanfelice - 1/16



____Gradient descent
Definition

A linear regression model is of the form
y(t)=0"Tpt) teRsy or teNxg

» y:R>9 — R: the known output
> 0* € R™: the unknown constant parameter to identify

> ¢ :R>o — R™ the known regressor

1. Consider the estimator of the form §(t) = 6 (t)¢(t)
1 the estimated output.
0 the estimate of the unknown parameter.

2. Consider the estimation error
ei=G—y=0"¢ 6:=6— 6%

3. Consider the cost function J(e) := 1e2.

4. Use the gradient-descent algorithm
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Conti _Time Gradient-D Alooritl

We continuously update 6 as follows
B(t) = 6(t) = VT (e(t) = —6()6" (DA(2).

Definition
¢ : R>p — R™ is continuous-time persistently exciting (PE) if
3T, 10> 0s.tVityg>0, we have

to+T
[ s Wade = u,.

to

If ¢ is PE and bounded, then the origin for

B(t) = —(t)o" (10(1)

is uniformly exponentially stable [K. S. Narendra and A. M. Annaswamy.
1JC, 87].

A. Saoud, M. Maghenem & R.G. Sanfelice - 3/16



Di _Time Gradient-D Alooritl

We discretely update 6 as follows

¢(t)o" (t) -
O(t+1)=0(t) — VgJ(e) =0(t) — —-—50(1).
(11) = 000) = VT (e) = 0(8) = S 60
Definition
¢ : N>g — R" is Discrete-time PE if 3 J,u > 0s.t V jo > 0, we
have
Jot+J
> e0)st)" > ply.
t=jJo

If ¢ is PE and bounded, then the origin for
~ N qﬁ(t)qﬁT(t)] i
Ot+1)= [In 71+]¢(t)|2 0(t)

is uniformly exponentially stable [G. Tao. John Wiley Sons, 03].
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What if ¢ has both continuous and discrete evolutions?

(e.g., ¢ collects data from a physical system with impacts, a cyber-physical system, or

network of systems with discrete and continuous interactions)
Formally, what if ¢ is a hybrid arc?
A hybrid arc ¢ is a function parameterized by hybrid time (¢, j):
» Flows parameterized by ¢ € R>q := [0, +00)
» Jumps parameterized by j € N> :={0,1,2,...}
Then, ¢ is defined on a hybrid time-domain of the form
(10,2] x {01 U ([t1, 2] x {11 U (ftg, 1] x G U ..

» A hybrid linear regression model is of the form

y(t,j) =0""¢(t,5)  (t,j) € dom¢ = domy.

Approach: During the continuous evolution of ¢, we update 6
using the continuous gradient descent. During the discrete
evolution of ¢, we update 0 using the discrete gradient descent.
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Hvbrid eradi |

The hybrid gradient algorithm is defined by the hybrid system

0 —o(t, ot )T
i = 1 (97t7]) € Cg
j 0
Hy:
it i o(t)td)T 5
0 0- e ?
tt| = ¢ (0,t,5) € Dy
j* j+1

Dy :={(0,t,j) €R" x dom ¢ : (t,§ + 1) € dom ¢}
Cy == (R" x dom ¢)\ D,.

Under which conditions we can guarantee uniform
exponential stability of the set A?

A:={(0,t,j) € R" x dom ¢ : § = 0}.
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Hvbrid Persi f Excitation (hybrid PE

Definition
A hybrid arc ¢ is hybrid PE if there exist £ > 0 and p > 0 such
that, for each (t,,j,) € dom ¢ and for each hybrid time domain

E = UL, ([tj-tj1] x {7}) C dom ¢

with ¢, :=t, and (tj41 —to) + (J — jo) > k, the following holds:

J+1 qbt t ‘)T

T 41, g+1,J
E d g > ul,.
/ elesalilehd) e, 1+r¢ )

» When ¢ is eventually continuous, hybrid PE reduces to
continuous PE.

> When ¢ is eventually discrete or Zeno, hybrid PE reduces to
discrete PE.
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C R f the Hvbrid Gradient D

Theorem: Let ¢ be bounded (by ¢) and hybrid PE, i.e

J+1 ¢ AT
T 41, J g+1,J)

d > ul,.

Z/ $(u, )e(u, j) du+ 3 Z 1+’¢ tir1, )2 = Hin

Then, for the hybrid system H,, representing the hybrid gradient
descent algorithm, the set A := {(6,t,j) € R* x dom ¢ : § = 0} is
uniformly exponentially stable, i.e,

’f(t, ]) ‘.A < Hei)\(tJrj) ‘5(07 0) |A

for any solution £ to H, and for all (¢, j) € dom¢ = dom ¢, where
the convergence rate A satisfies

N _log(l —a) o 24
: — 0, . 2"
(1+ (kb + 2V (@ +2) 12+ 6k + 1))

k
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C R f the Hvbrid Gradient D

Sketch of proof

The hybrid gradient algorithm

0| [-olt.ioti)o]
i = 1 (Gatu?) € Cg
j 0

Hy -
~ ~ o(t, )f)([)—r )
o1 19— TRer?|
t+ — t ('9; tv.]) € Dg
it j+1
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Sketch of proof
The hybrid gradient algorithm is defined by the hybrid system

0 —A(t, 5)0 )
il = 1 (0,t,5) € Cy
j 0
Hy -
ot 0—DB(tj)o]
tt| = t (0,t,5) € Dy
gt j+1

Structural properties of the matrices A and B:
1. For each (t,j) € dom A =dom B =S,
At,j) = A(t,5)" >0 B(t,j) = B(t,j)" >0
2. Foreach (t,5) € S, |B(t,5)| <1
3. There exists A > 0 such that
esssup{|A(t,7)| : (t,7) € S} < A.
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Sketch of proof: uniform stability

We consider the Lyapunov function candidate
V(z) = %éTé - %|m|A. (1)
Now for each z € C, we have
(VV(2), F(2)) = it j) z(t,j)
= —a(t,j) At j)=(t,j) < 0.
For each (t,j) € S such that (t,7 +1) € S,
Viz(t,j+1)) = V(z(t,5)) = V(G(x(t, 7)) = V(x(t, )
= —alt, ) B(t.§)a(t.9) <0,
Hence, for each maximal solution z to H, we conclude that
(£, j)la < [2(0,0)la  V(tj) € domuz,

which concludes uniform stability of the set A.
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Sketch of proof: exponential attractivity (1)

To show exponential stability of the closed set A, we show that,
for each (., j,) € S and for each hybrid domain

E:=Ul_, (tjtj) x {j}) S

with (ty41 —tj,) + (J — Jo) > k, the following holds
V(z(t+1,Jd)) = V(z(to, Jo)) < (1 —a)V(z(to, Jo)),  (2)
To prove (2), we note that
J
V= V($(t]+1, J)) - V(l‘(to,jo)) = Z [VF(tja tj+1aj) + VG(tj+l7j7j -
J=Jo
where
VF(tjat]-‘rlvj) = V(x(t]-‘rl?])) - V(w(tﬁ]))
Va(tjvr, d,d +1) = V(z(tjt1,7 + 1)) = V(z(tj+1, 7))
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C R f the Hvbrid Gradient D

Sketch of proof: exponential attractivity (2)

J
V= V(@(tsrn, J) = V(@(te,jo) = > [Velts,tisr,§) + Valtisn, b, J -

J=Jo

Lemma (Variation during flow intervals)

For each p > 0, the function V satisfies

Vi(tj tit1,5) < —pA(A+2)(2(j — jo) + 1)(tj41 — t;)°V
2

p ti+1 AL .
A(S7]) Qx(tm]o) ds,

]‘+p tj
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C R f the Hvbrid Gradient D

Sketch of proof: exponential attractivity (2)

J
V= V(a(ti, J) = Vit jo) = > [Vt tjr1,4) + Valtjs. b, j -

J=Jo

Lemma (Variation at jumps)

For each p > 0, the function Vg satisfies

. 1 . - ~
Va(tj+1, 4,5 +1) < 5p(2(7 = Jo) + D(A+2)V

1 p N L E

*§m B(thrla])zﬂf(tho) )

The result holds by combining the two Lemmas
A. Saoud, M. Maghenem & R.G. Sanfelice - 13/16



Consider the hybrid linear regression model with

L [[sin(®) 07 if te(2jm2(G+1)nm), jEN
o(t,J) = { 0.5 17 ! othéjrwise. !

» The continuous-time evolution of ¢ not continuous-time PE
since, for each t, > 0 and T" > 0, we have

/ o ¢(s,7)0(s,4) " ds = [ﬁo"+T S[i)n(s)zds 8] |
to

» The discrete-time evolution of ¢ is not discrete-time PE since
the matrix
. . 0.25 0.5 .
(2jm, )27, 5) " = {0_5 1 } , JEN,

is constant and not full rank.
> However, ¢ is hybrid PE with kK = 27 4+ 1 and g = 0.21.
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Consider the hybrid linear regression model with

{gb(t,j):[sin(t) 0" if te(2m,2(j+ 1)7)
o(t,j) =[-05 17 if t =247

—— discrete gradient descent
continuous gradient descent
— hybrid gradient descent i

o

Norm of the parameter estimation error
n w S o
T T T T
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____Conclusion and future work
» A hybrid gradient algorithm for linear regression model is
proposed;

» Uniform exponential stability is proved under a hybrid PE
condition;

» Exploring new approaches to check the hybrid PE;

> A first step towards a general hybrid adaptive-control
framework, which is more suitable for cyber-physical systems,
exhibiting both continuous and discrete evolutions.
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