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Deep Fully-Connected and Residual
Neural (ResNet) Network-Based
Adaptive Control: A Lyapunov-Based
Approach




Jg.\w/, Connected DNN Architecture

x) 4+ u

r — xq(t) = 0 as t — oo where x4(t) € 2, a known

* Dynamics z = f

> —

Control objective : e
compact set

* Fully-Connected DNN with some input n
(I)<777 V07 V17 i Vk) (VkT¢k C. V1T¢1> (VOTT]>

* Recursive Representation

¢j (‘/jjllgpj—l)a ] S {1 }7

® =V op pj & _
n, 7 =0.

* Universal Approximation Property

F@a) = D(wa, Vi, Vi Vi) +e(a)  subyyeq lle(ea)] < =
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»%"\«.'/, Control Design

* Adaptive Feedforward DNN Term

A

i)é<b(:cd,%,...,vk)

e Control Law DNN

N
!
P

u=2q— p(|le])e — kie — kesgn (e) —

where | f(z) — f(za)ll < p(llel]) [le]

* Let

P = goj(md,Vo,...Vj)
Q= %(flﬁ‘d,Vo,--- f
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»%"\«.'/, Adaptation Law

e Adaptation Law (analysis allows for ReLU activation functions)
0 £ proj (T@™e)
where & £ g‘g is computed using the chain rule as

5~ () ()
o6 dvec(Vo) ) 77777 \ dvec(Vy)

. Ak
o 7T
Frect75) (HH v%z) (I, © )

. ~k
P _ T AT
dvec(Vy) (Hl_j+1 Vi SOl) Iz, ® SOj)
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Jg.\w/, ResNet Architecture

e ResNets contain shortcut connections

. Shortcut Connection
* A ResNet can be modeled using Fa & .t
. l” [0)) 1 (Dzz, b 3
fully-connected blocks as m=xa o R
o 2 g% (H02 (G 0:
@ (/'71) _ ¢3 (¢2 (¢1 (T]l)) _|_ ¢1 (771)) / ‘? 5\.? ."T‘g_: Eﬂl&-gg;r;ected
* Each fully-connected block can be NI e
expressed using the recursive relation
_ /T
T Vk,pgpk‘7p
o ¢p3( p.j—1¥Pp,j— 1), JE{L ... k),
p,J .
Mp ] = 0.

where k), denotes the depth of the pt" block
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»%"\«.'/, Control Design

* Adaptive Feedforward DNN Term
(i) é @(xd,%,...,vk)
ResNet

 Control Law t
w2 ig—p(lle])e — kre — kysgn (e) — @9 (2y)

* Let
b2 4r or 6T
L V1 2 3
~ i ~ n T
Gy 2 [vec(Vpo)T, ., vee(Vir, )7 |

~ A ~ - -
Yp,j — Pp,j <77p» Vpos--s Vp,j)

A A

Al A A ,
Spp,j _ Spp,j (77197 Vp707 Tt VP;])
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-‘%"\w/, Adaptation Law

* Adaptation Law
A 0 £ proj (T®'"e)
where @’ 2 22°(za) can be computed using the chain rule as

o0
O = [ @ (O +Ir,,) Ay DhAs As ]
Ap = [ Ao Ap1 ... Ap,kp ]
. (
Ap,j —
<I>;j =
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-%"\wj , Stability Analysis

Theorem. The designed controller and adaptation law ensure global asymptotic

tracking error convergence in the sense that 7tlim le(t)|| = 0, provided the gain
—00

condition o5 > € + A is satisfied.

Proof:
e Candidate Lyapunov Function
Vi (z) £ LeTe+ %éTF_lé
. a.a.t. T 9 ~ 2
VL€ T (f(2) = flwa) + 02 (||0])) +2(za) = plllelle) = o le]
—oseT K [sgn] (e) + eT®'0 — 67T~ K [proj] (T®Te)
. a.a.t. ~
VLS o lell® e (02 ([|0])) + 2(za)) o el

a.t.

* Upper-bounding yields v, "< —a, ||
* Invoking LaSalle-Yoshizawa theorem for nonsmooth systems yields

lim |le(?)|| =0

t—00
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\/’, Simulation Results

* System . -

ResNet  kq ko ks  Width ||e||RMS I s

o I 1 1 2 2.400 5.180

flz) = { x1x2 tanh(xs) + sech”(x1) ] T 1 1 1 10 165 4337

= 2 2 I 5 1 b 1.687 3734

sech (551 =+ 552) — sech (332) v 10 1 2 1541 3431

v 78 2 3 810 3.800

VI 36 3 3 1,020 1053

VI T4 4 2 2.002 1199

Width is the number of nodes in each hidden layer, and k1. k2, and k3 denote
the depth (i.e.., number of hidden layers) of the fully-connected DNN blocks
Py, $o, and P3, respectively.

* Simulations were performed with seven ResNet configurations, each with a
different depth or width. Hyperbolic tangent activation function was used.

* Based on ResNets I-1V, increasing the depth or width provided improved
tracking and function approximation

* Given ResNets IV-VII with the same total depth, ResNets with deeper ®,, i.e.,
shortcut connections across more layers yielded better tracking and function
approximation
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\/,
* ResNet VIl has a slower adaptation than ResNet IV, due to vanishing gradient

in @, and ®3.

* Although @, is deeper in ResNet IV, the shortcut connection in ResNets
circumvents vanishing gradient that occurs due to depth @, .

Simulation Results
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Normalized tracking and function approximation errors with ResNet IV

UF [FLORIDA

Time (s)

Weight Estimates of ResNet IV




Ny

* First result on Lyapunov-derived weight adaptation laws for
ResNets

« ResNets with shortcut connections across more layers were
found to yield better tracking and function approximation

 In future work, recurrent residual neural network
architectures can be explored
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Accelerated Gradient Decent
for Adaptive Control




g‘\*/’, Motivation

» Nesterov’s Accelerated Gradient

 Add “momentum” to the update law by adding the current step a weighted
version of the prev10us step

|

| ‘|
1

| ||||'||'|
}I||.I

* GD converges in 5574 iterations
* NAG converges in 447 iterations

* %

. : : i85~ By

« Connections to continuous time analogues* 0+ 50 = N Vi)

« Dynamical systems perspective and analysis h ~~

 Insights and heuristics on adaptation design o= %/,V 7 (0)
Technical Challenges :

L . 0=-B0-v)N

« Can not naively implement in closed-loop control
 Convergence of parameter estimations wouBoyd Candes, 2019

Wibisono.Wilson. J ordan, 2016
Wilson.Recht.Jordan, 2021
**Gaudio. Annaswamy.et2021

£ 06 onNTH Gl

3
=

UFIFLORIDA

iy

=7
Fk
(

/
-a%&(



-‘%"\v/, Problem Formulation

 Control objective
» Trajectory tracking
» Real-time parameter estimation

Assumption. The uncertain dynamics are linear-in-the-parameters (LIP)
and can be expressed as

M (Q) q+ Vi (q, Q) q+ G (q) + Fg =|W (C], q, q*g*_ Unknown

Parameters
I
. . . Regressor
» Tracking and filtered tracking errors Matrix
€ =dqd — (g
r=e+ ae

 Parameter estimation errors
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Control Design

» Control Input TE2kr+Y0+e—2Y (é — V)

» Higher-order adaptation laws (implementable form)
N
vET (YTr + k1 Z \IJ?Z (Tf,i — W?ﬂ/))
i=1
. A N
)£ -T <k2 (9 - y) —ky Y UT, (1 - \If};iu)>
1=1
» Higher-order adaptation laws (analysis form)

N
=TI (YTT + kl Z \P?’Z\Iff,z (9* — V)>

1=1
. N
f=-T <k2 (0-v) =k D WF 0 (07 - u)>
=1

Theorem. Consider a general FEuler-Lagrange system that satisfies the stated properties. Let the
stated assumptions hold. The controller and ICL-based higher-order adaptive update laws ensure the
equilibrium point z = Qg4 1S globally exponentially stable, 1.e.

Iz (@) < = [z (0)[| exp (AT) exp (= A1) ,

UNIVERSITY o iﬂwmm
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« Simulation 1 — Standard Adaptive « Simulation 2 — ICL Adaptive
T2 kr+Y60+e : N .
. 02T | YTr+k Y OT, (1, — U0
02Ty r < 1; f’( ! )>

» Simulation 3 — Developed Method

Tékr+Yé+e—2Y(é—V>

N
vET (YTr + k1 Z ‘IJ?Z (T4, — W}iﬂ/))

=1

. N
g2 T <k2 (é _ u) — k> UF, (1 - qf};iy)>
1=1
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\/’, Simulations

ICL Adaptive

8 6
Standard Adaptive 4
= 7 ———— ICL Adaptive i
= Developed Method 2
.
Ho6r 1
z 2
A | 4
ke 0 5 10 15
? 4+ B Time [s]
B e Developed Method
i 4t
=)
& 27 2},
El =0
:2 1+ 2
_4 .
0 Il 1 1 ]
0 5 10 15 20 25 30 0 5 10 15
Time 3| Time [s]
Evolution of the normalized parameter estimation error (top): Parameter estimation error using the ICL adaptive
trajectories for each simulation. The red line represents the method. (bottom): Parameter estimation error using the
simulation using the standard adaptive method. The blue developed method.

line represents the simulation using the ICL adaptive
method. The black line represents the simulation using the
developed method.
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\/’, Neural Network Extension

Dynamics
* Unknown/unstructured model = f(xr)+u
uncertainty (i.e., does not satisfy the
LIP assumption) HIDDEN LAYER
Neural Network Model

f (wd) = W*Tqg (V*de) + & (xd) Vg € Q)

W* denotes the ideal output-layer weights
V* denotes the ideal hidden-layer weights

Assumption. The ideal NN weights can be bounded as [|[W*| p < W and
|V*||» <V, where W,V € Ry are known constants.
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Jg.\w/’, ntroller and Adaptation Laws

Input layer . Hidden layer Output layer

Higher-order output-layer weight adaptatic

o2 proj (Fwa (Vde) eT)
ﬁ/ £ _proj (FwFWW>
Higher-order hidden-layer weight adaptation laws X

U 2 proj (F,,fdeTVAVTJ’ (‘A/de)>

‘> £ _proj (F,,I’Vf/>
Control input
uZig—kee—kesgn(e)—p(le])e— W7o (Vde) + p

w L QWTO' (Vde) + QWTU/ (‘A/de> ‘N/de
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»%"\«.'/, Sketch Proof

Theorem. Consider a general uncertain nonlinear system that satisfies the stated assumptions. The
control input and higher-order weight adaptation laws in ensure global asymptotic tracking in the

sense that lim ||e(t)|| = 0, lim Hvec (W)‘ = 0, and lim Hvec (V)H = 0, provided ks > ¢1 and
. t— 00 t—o0 t—o00
e C2.

Lyapunov Function
~\T ~
Vi (2) 2 %eTe + ;VGC (W) (Ip+1 ®@T,") vec <W) + %Vec (JJ*)T (Ip4+1 ®TLT) vee (@0F)
1Vec Vv ' Iny1 ®@T, ) vee (V) + lvec (7*)" (Ins1 @ T, 1) vee (7)
+ 5 9

Vo= K] vee (W) vee (5 [IV]) vee (V) vee (17 [7])
¢ e (_VT/* - QW)TveC (Fcle [GJD 1 vec (_f/* _ 2{~/>Tvec (F;lK [ﬁ])

- a.e. 9 ~ 112 ~ 112
Vi < —\e| —AWHWHF—AV

F

Invoke LaSalle-Yoshizawa theorem extension for nonsmooth systems
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Dynamics. f( )_ —T1 + T2
@ =] ta— e (1 (cos (200) +27)

Desired trajectory: zq(t) = [ zg; <(?) ]
Simulations:

1. Developed method

2. Standard gradient-based NN adaptive controller

- AN A~ A A _ a ~ A . = ~
W ETwoel VEADyzeWTs  u=iq— WL —kee — kysgn (e)

Table 1: Simulation Parameters
Adaptation Law r, I, ' I'v k. ks

Standard NN Adaptive - - 507 5013 5 0.5
Developed Method 50]21 50]3 0.9121 0913 5 0.5

13‘::: W
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Simulations

C
"\

25 . . .

----- Standard NN Adaptive
Developed Method

(a) Standard NN Adaptive

Output-layer Weight Estimates W

Normalized Function Approximation Error

0 0.5 1 15 2 25 3 3.5 4 4.5 5
Time [s]

Time [s . . .
ime [s] Output-layer weight estimates using the

Function approximation error for each simulation developed method and the standard NN
adaptive controller
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Switched Approximate Dynamic
Programming and Applications to
Hierarchical Reinforcement
Learning
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* Model-Based Reinforcement Learning for Optimal
Feedback Control of Switched Systems
* Time-Based Switched ADP
 Facilitate Trajectory Tracking
e Switched Multiple Lyapunov UUB Stability Theorem

* Hierarchical Reinforcement Learning-based Supervisory
Control of Unknown Nonlinear Systems
* Builds on Switched ADP Result
* Switch Between Multiple Control Policies
* Optimal Value Function-Based Hierarchical Policy

UF [FLORIDA



g‘\w/” Switched ADP

Dynamical System

Given a control affine nonlinear dynamical system:

{=F(+ 6

Control Objective

Design a controller, i, which minimizes a cost function:

(¢ w) = min j ) =)
0

u(r)eu

Cost-to-Go

Optimal value function:

V() = min ft 0({(®) + @) Ru(x) dr
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dg\‘?/’ Switched ADP

Optimal Value Function and Optimal Control Policy:

V@ =WTo(Q)+eQ)  u(@Q) =—3RIGQOT (Vo)W + Vze(@)T)

: ~ W.: Critic weight
Unknown: Neural weight -
W Hral WEIghts We, Wo = W W,: Actor weight

Value Function and Optimal Control Policy Approximation

SN B NS 1, A

VW) =W, a()) A5 Wa) =—5RTGE (Vo (D) W,)
Bellman Error (BE): Residual from HJB

8 (6.0 W) 2 QO + (S, W) RA(S, Wa) + VeV (6, W) (Fi(9) + G(OA(S, W) )
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4,.\?/, Switched ADP

« ADP Subsystem Stability is Well-Understood
» Switched ADP is More Complicated

Vy,i(ri,t) K

e Each subsystem must remain active until it has decayed past its
subsequent jump.
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g\wj’ Switched ADP

 Initial Result:
 Analyze Subsystems Separately

) 1> 7 1 7
Vii(rt) =Vi(et) + Wei Iy W, + S Wai Wa,
« Switched Lyapunov-Based Analysis

* Problem #1: Unknown Value Function V}
 Common Lyapunov Function?

* Problem #2: Lyapunov Function Decay Rate

« Assumptions on quadratic bound on Lyapunov function required for
exponential stability

* Problem #3: Subsystem State Vector r;
« “Discontinuous” States (i.e., r;(t) # r;41(t))?

UF [FLORIDA



‘%'\*.*/ , Switched ADP

Switched UUB Theorem (Informal)

Given that each subsystem is UUB in the sense of Theorem 4.18 of Khalil
and let t, = {t,, t1, t,, ... } represents a switching sequence. If the minimum
dwell-time con(dition

2,0t T @D = @y o) Ulr €D _
(£ > + o Ve (160, t) >

>0 Voep(rt), t) < a

\

is satisfied, then the trajectories of the switched system converge to a
bounded region given by tlim r(t) < mealgmi 5 (@).
—00 D
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g\w/’) Switched ADP

* F-16 Longitudinal
Dynamics

» [Stevens, Lewis, Johnson, 2016]

[ -1 0.9 —0.002 0
Mode 1, Unaltered Model t=1]08 —-11 —02 |z+]| 0 |u
| 0 0 —1 1
—0.8 02 —0.01 0
Mode 2, Altered Model t=| 06 —-13 —01 [z+[ 0 |u
0 0 —1 1
[ -1 0.5 —0.02 0
Mode 3, Altered Model t=109 —08 —04 |z+]|0 |u
0 0 . 1
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Jg.\w/ , Switched ADP

* Switch between multiple

dynamical systems 20 | '; i i —
 Arbitrary switching sequence i i T
10}
* Satisfies minimum dwell-time 7 N | | | |
condition % - | | | |
A O0f . Bl ] I T
— 1 [ \ | | I
ORI 1 | | |
* Switching Sequence "ol
* {1,2,3,1,3,2} | | |
20 ! i | | |
o 5 10 15 20 25 30
Time (s)
UNIVERSITY of 3 \ Ao
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Hierarchical Reinforcement
Learning-based Supervisory Control
of Unknown Nonlinear Systems
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\/, Hierarchical ADP

 Hierarchical ADP

. . o | RL-based Supervisory Agent
* Hierarchical Agent o= argninyc {1 .,

¢ SWitChing Logic System Identifier S e T

 Approximation of Optimal Value ;
Function Lovi L‘eve_'fe__n_t@_'_e_rs_:___; _______________ e R o __1
ADP ADP ADP :
. . Controller 1 Controller 2 || Controller |P| :
* ADP Sub-Policies I ]
« Each ADP Policy Learning Separately : o [Ty
. . : : ﬂH(WH) _____ e )" :
¢ 1 ContrOI POlICy IS SeIeCted by HRL ﬁ:(x'Wal)i _______ % 2_(flIZT/,“'_Z_):_L::::::::::::::::::::::E::.IL‘(’ e '
Agent TR
Applied '
Controller :
 System Identification : i
ystem Dynamics @ Pl
e Approximation of Drift Dynamics L ] |
H H . Dynamics ; . {T;’p]'f} : :
e Approximation used to Update i Ul §
Model-Based ADP Weights [ s | |
ey, [

UFfioRibA € TEXAS & @[ SANTA EAUL




.g\.;,j’ Hierarchical ADP

Hierarchical ADP Stability Analysis (Sketch)

Each ADP Subsystem Learns Separately
Simultaneous System Identification
Each Subsystem is UUB in the Sense of Khalil Thm. 4.18

HRL Agent Switches Active Policy
« Based on Optimal Value Function Appx. & Dwell-Time

Leverage Switched ADP Stability Result

> ®

4

6. The trajectories of the switched system converge to a

bounded region given by tlim r(t) < maxa;, (@)
—> 00 p
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Jg\‘:’/} Hierarchical ADP

e Simulation Performance

e Cost of Implementing Time (s)
Each Controller HRL Controller 1073 2.08
* HRL Costs Less by 37% Controller 1 2683 2.97
* Rise Time Controller2 1701 4.11
* Time to Reach 1%ofthe (. jier 3 1940 3.07

Initial State Error
* HRL Faster by 30%

UNIVERSITY o 5{4&‘{@“&%‘*\%\}
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High Order Control Barrier
Functions
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\ 4 . :
'_%,\'/’ er Control Barrier Functions

t e F(x,u) Si ={xeR": By (z) <0}

 Previously, we have developed control barrier functions (CBF) for
situations where safety-ensuring control inputs exist:

K. (2) 2 {fu e R™: Ty (z,u) < -y (2)} T1i(z,u) £ (S (VB (2), f)

« High-order CBFs are used when safety cannot be assured in certain
regions of the safe set

e Often occurs because barrier : —

. j Trajectories
function does .not depend on a state  ° «— starting with
whose dynamics depend on the : positive velocity
control input » o near the

& 0 O1 N boundary will
. A 1 always exit the
L1 = X2 Bi(z) = o z safe set

'ij:u 81:{$€R22$1§0}
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ler Control Barrier Functions

-aer'\.,./,
« Assuming I; doesn’t depend on the control input, we define a new
CBF
Biyi () 2T (2) + i (2) + €

* Definesasafeset S;,1 ={x € R":T'; (z) < —v; () — ¢;} where
K;(z)={ueR™:T;(z) < —v; (z)} is nonempty

» The parameter €; > 0 provides some robustness and is needed for theoretical
reasons

Bs(x) =« Kyx € St

2( ) 2 T KpT1 T € R Problem states
N < areremoved

2f from the safe set

Sy = {x € R? : By (x) < 0}

05

x2

S=85NS;
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\/’, ler Control Barrier Functions

» Recursively define multiple CBFs until for some k > 1 the following
set i1s nonempty

Ki(z) = {u e R™ : T} (z,u) < —7 ()}
in which case the set S £ N*_, S, can be made forward invariant
using any control law x(x) € Ki(x)

 Our results apply to a more general class of dynamics than current
HOCBF formulations
 Apply to problems with additional HOCBFs and traditional CBFs

UFIFORIDA €



	Adaptation, Optimality and Constrained Systems
	Deep Fully-Connected and Residual Neural (ResNet) Network-Based Adaptive Control: A Lyapunov-Based Approach
	Fully-Connected DNN Architecture
	Control Design
	Adaptation Law
	ResNet Architecture
	Control Design
	Adaptation Law
	Stability Analysis
	Simulation Results
	Simulation Results
	Conclusion
	Accelerated Gradient Decent �for Adaptive Control
	Motivation
	Problem Formulation
	Control Design
	Simulations
	Simulations
	Neural Network Extension
	Controller and Adaptation Laws
	Sketch Proof
	Simulations
	Simulations
	Switched Approximate Dynamic Programming and Applications to �Hierarchical Reinforcement Learning
	Outline
	Switched ADP
	Switched ADP
	Switched ADP
	Switched ADP
	Switched ADP
	Switched ADP
	Switched ADP
	Switched ADP
	Hierarchical Reinforcement Learning-based Supervisory Control of Unknown Nonlinear Systems
	Hierarchical ADP
	Hierarchical ADP
	Hierarchical ADP
	Hierarchical ADP
	High Order Control Barrier Functions
	High Order Control Barrier Functions
	High Order Control Barrier Functions
	High Order Control Barrier Functions

