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Autonomous systems are often constrained by time-critical mission constraints and
limited power. Such constraints motivate optimality in mission execution. Reinforcement
learning (RL) has become a tool to facilitate learning of a desired optimal control
policies online, which achieve a desired objective. Approximate dynamic programming
(ADP) is a RL-based techniques that generates a forward-in-time approximation of the
optimal optimal value function (and in-turn the control policy) for dynamical systems
with continuous state and action spaces. Developments in regional model-based RL
(R-MBRL) facilitate improved online approximation of the value function. R-MBRL
approximates the value function over a compact set of the state space and facilitates
learning by approximating and evaluating the optimal value function at multiple points
on this compact set. This dissertation investigates numerous modifications to R-

MBRL ADP to improve computational efficiency, for application to a broader class of
dynamical systems, and to incorporate different function approximation techniques.
These modifications introduce discontinuities into the otherwise smooth signals, which
are analyzed via Lyapunov-based techniques.

Chapter 3 presents a technique to reduce the computational expense of performing
R-MBRL across an arbitrarily large number of points in the state space. Without
modification, existing R-MBRL algorithms evaluate the quality of the value function

approximation at many user-defined points on the state space using a conventional
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neural network (NN). The method presented in Chapter 3 improves on the existing
techniques by segmenting the state space and using sparse neural networks (SNNs)

to facilitate learning. By segmenting the state space, the cognitive agent can switch
between different subsets of the state space over which to evaluate the optimal policy.
Furthermore, using a SNN reduces the overall number of operations needed to evaluate
the optimal policy. Combined, these two modifications improve the computational
efficiency of R-MBRL.

Chapter 4 builds upon the result in Chapter 3 by modifying the state space with
barrier function (BF) transformations. The BFs, which are described by invariant
sets, transform the dynamics and cost of the state space. The system is penalized
significantly more as the state moves closer to the boundary of the user-defined
invariant set(s). This technique develops safety certificates for R-MBRL, i.e., formal
guarantees that the state will not leave the user-defined invariant set.

Chapter 5 investigates the application of R-MBRL ADP to a finite family of switched
systems with a countably infinite number of arbitrary switches. This chapter outlines
additional constraints that must be imposed on the system to guarantee stability of the
overall switching sequence. In doing so, a minimum dwell-time condition is developed.
The dwell-time condition is a conservative condition that dictates the minimum time that
one subsystem must be active before switching to another subsystem. The technique
developed in Chapter 5 enables the application of ADP onto a larger class of systems,
such as path planning in static, but unknown, environments, and functional electrical
stimulation (FES) control.

Existing results show that, despite having no knowledge (or uncertainty) of a
system’s dynamics a priori, online system identifiers can be used to approximate the
model of a system, which can be used in conjunction with ADP to approximate the
optimal control policy. Chapter 6 leverages an online deep neural network (DNN)-based

system identifier to simultaneously approximate the system dynamics and optimal
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control policy. The DNN identifier updates in two timescales. The output-layer weights
update in real-time, and the inner-layer features update discretely via batch updates.
While existing results propose a multi-timescale DNN system identifier, convergence of
the output-layer weights is not guaranteed. This chapter modifies the output-layer weight
update policy with a concurrent learning (CL)-based term, which enables convergence

of the overall ADP algorithm, i.e., approximately optimal trajectory tracking is achieved.
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CHAPTER 1
INTRODUCTION

1.1 Background

RL is a technique that facilitates learning in many computational problems, including
robotics, video game playing, supply chain management, and automatic control. Gener-
ally, RL-based techniques interact with an environment, sense the state of the system,
and perform an action that seeks to minimize or maximize a cost function [1]. The cost
depends on the environment, state, and previous action(s) of the system. RL, unlike
other supervised learning methods, can evaluate the performance of a particular action
without a teacher. This makes RL well-posed to determine policies in which examples,
or models, of desired behavior do not exist. Leveraging function approximation archi-
tectures, RL-based techniques have been developed to approximately solve optimal
control problems for continuous-time and discrete-time deterministic systems with finite
state-spaces and stationary environments by computing the optimal control policy based
on an approximation of the optimal cost-to-go function, i.e., the value function [2—13].

Optimal control problems can be solved via the Hamilton-Jacobi-Bellman (HJB)
equation; the solution is the optimal value function, which is used to determine the
optimal control policy [14]. However, the HJB equation is a nonlinear partial differential
equation that lacks a general solution. To combat the difficulty of solving the HJB for
the optimal value function, ADP is used to approximate the value function online [15]
and [16]. If the value function is successfully approximated, then a stabilizing optimal
control policy can be determined. ADP uses parametric methods, such as NNs, to
approximate the solution of the HJB, i.e., the value function.

In RL-based online approximate optimal control, the HJB equation, along with an
estimate of the state derivative [7] and [10], or an integral form of the HJB [17] and [18],

is used to measure the quality of the value function approximation evaluated at each
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visited state along the system trajectory. This measurement is called the Bellman error
(BE).

In online RL-based techniques, approximations of the uncertain parameters in
the value function are updated using the BE as a performance metric. Hence, the
approximated value function parameters are updated based on the evaluation of the
BE along the system trajectory. Online RL-based techniques can be implemented in
either model-based or model-free form. Generally speaking, both approaches have
their respective advantages and disadvantages. Model-free approaches learn optimal
actions without requiring knowledge of the system [19]. Model-based RL approaches
improve data efficiency by observing that if the system dynamics are known, then
the state derivative, and hence the BE, can be evaluated at any desired point in the
state-space [19].

Methods that seek online solutions to optimal control problems are comparable
to adaptive control (see [3, 8,10, 12,20, 21] and the references therein), in which the
approximations of the uncertain parameters in the plant model are updated using
the tracking error as a performance metric. Similarly, in ADP the BE is used as a
performance metric. Parameter convergence has long been a focus of research in
adaptive control.

Least-squares and gradient-based update laws are used in RL-based techniques
to solve optimal control problems online [19] and [22]. Such update laws generally
require the persistence of excitation (PE) condition in the system state to guarantee
convergence (i.e., value function approximation), which cannot be generally verified
for nonlinear systems. Hence, a challenge exists that that the update law must be
persistently exciting so that the system trajectory sufficiently explores the state-space
to sufficiently approximate the optimal value function over the domain of operation.
However, excessive exploration of the state space prohibits a cognitive agent from

completing its desired task. This challenge, referred to as the exploration versus
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exploitation problem, is often addressed in the related literature [5, 8, 10, 23-29] by
adding an exploration signal to the control input. However, no analytical methods exist to
compute the appropriate exploration signal for a nonlinear dynamical system. Existing
ADRP literature [19] proposes a method that simultaneously evaluates the BE at on- and
off-trajectory points in the state space. This process is called BE extrapolation. R-MBRL
uses BE extrapolation on user-defined regions of the state space. BE extrapolation can
be used to relax the PE condition and circumvent the need for an exploration signal.
However, the benefits of R-MBRL come at a significant computational expense.

Dynamic programming-based methods suffer from the curse of dimensionality (i.e.,
exponential growth of computational complexity with the increased number of states).
This curse is necessitated by the need to explore the state space to obtain a sufficiently
accurate approximation over the state space. Parametric methods, such as NNs, ap-
proximate functions over a compact set of the state space. Increasing the size of this
compact set may require additional neurons in the value function approximation. Fur-
thermore, neurons must be placed with appropriate density to sufficiently approximate
the value function. Without knowledge of the system, a large number of neurons must
be used to approximate the value function. In the aforementioned BE extrapolation tech-
nique, a large number of extrapolation points must be used to facilitate learning over the
desired region of the state space. Hence, it is computationally demanding to use a large
number of neurons for value function approximation in tandem with BE extrapolation.
While R-MBRL has advantages over PE-based ADP methods, there are computational
issues that limit its deployment.

SNNs are a tool to facilitate learning in uncertain systems [30-33]. SNNs have
been used to reduce computational complexity in NNs by decreasing the number of
active neurons. By reducing the number of active neurons, then the number of overall
computations is also reduced. SNN-based adaptive controllers have been developed to

activate a smaller number of neurons in certain locations of the state space [32]. Making
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a NN more sparse, i.e., sparsification, encourages local learning through intelligently
segmenting the state space [31]. Sparsification enables local approximation within each
segment, which characterizes regions with significantly varying dynamics or unknown
uncertainties. Furthermore, SNNs yield computational benefits due to activating fewer
active neurons in comparison to traditional NNs. Motivated by the method in [31], the
developed method simultaneously uses a segmented state space and SNNs to reduce
computational loads due to intelligent switching, segmentation, and sparsification.

A longstanding problem in the development of machine learning-based algorithms
is the difficulty to guarantee system performance. Notably, in uncertain environments,
BFs have been used to generate safety certificates for control systems [34] and [35].
Such certificates guarantee safety in implementation by proving that they will not leave
an invariant set, i.e., they will stay within a region defined by the BF(s). BFs have a
natural relationship with Lyapunov-like functions, set invariance, and multi-objective
control. BFs have been previously used with ADP [36], but not always in the context of
safety certificates. The results in [37] and [38] provide a united framework for solving
the optimal control problem online while providing formal performance guarantees.
However, these existing results rely on the PE condition to guarantee convergence,
which may be undesirable in practice.

At a high level, optimal control solutions guarantee system convergence and
provide varying performance (e.g., rise time, overshoot, etc.). Gain scheduling is
a method in which different classes of controllers are used to govern a dynamical
system in different scenarios (potentially with differing dynamics) [39] and [40]. For
example, an aircraft may use different controllers (or control gains) depending on its
speed, angle of attack, and altitude. The controller associated with a certain state is
active when the aircraft visits that state. It may be impossible to design controllers
for unknown or uncertain environments. Or, in the case of gain scheduling, it may be

impossible to design a family of controllers for unknown or uncertain environments.
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Existing ADP results, such as [19, 22, 41], generate stabilizing control policies in
unknown environments; however, these methods lack the ability to switch between
different optimal control policies. The inability to switch between different optimal control
policies may be due to the inability to account for switching between multiple dynamic
models and cost parameters. Previous results such as [42—46] use optimal control
methods to minimize cost function(s) of a switched system. These methods use a

fixed mode sequence (see [42,45-47]) or fixed switching instances [44]. In unknown
environments, switching may occur arbitrarily — either by the user’s design or from
environmental effects. The aforementioned methods do not account for an arbitrary
switching sequence.

Existing ADP methods have accounted for uncertain dynamics (e.g., [19]) or com-
pletely unknown dynamics (e.g., [48]). In [48] an additional NN is used to characterize
the unknown model of the dynamic system online, which facilitates approximation of the
value function. However, this online system identification method uses a single hidden-
layer NN. Recent advancements in adaptive control [49-52] use DNNs instead of single
or double hidden-layer NNs to approximate the dynamics online. DNN function approxi-
mation methods empirically show improved performance, but these methods often lack
performance guarantees. Hence, DNN-based methods may have limited adoption for
safety-critical applications. Results in [49] and [50] leverage a multi-timescale deep
model reference adaptive controller. The method in [52] uses a multi-timescale DNN to
estimate the unknown system dynamics, which facilitates a trajectory tracking objec-
tive. Specifically, in [52], the output-layer weights of the DNN are estimated using an
unsupervised learning algorithm to provide responsiveness and guaranteed tracking
performance with real-time feedback. The inner-layer features of the DNN are trained
with collected data sets, which are collected in real-time, to increase performance. The
inner-layer features are updated once a large amount of data is collected. The output-

layer weights are updated with a gradient-based adaptation policy in real-time. Hence,
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simultaneous to real-time execution, input-output data is stored and used to iteratively
update the inner-layer features using traditional offline DNN function approximation
methods. In ADP, the ideal NN weights of the system identifier must be exactly learned.
However, the method in [52] does not guarantee convergence of the weight approxima-
tions to their ideal values. Hence, the technique in [52] cannot be trivially extended to
ADP.

1.2 Outline of the Dissertation

In Chapter 2, the infinite-horizon optimal control problem and the value function
approximation technique are introduced.

Chapter 3 presents a framework for improving the computational efficiency of
R-MBRL methods by using SNNSs to facilitate BE extrapolation. The BE is used as a
performance metric in ADP. BE indirectly measures the quality of the estimation of the
value function along the system trajectory. Previous works (e.g., [19] and [48]) show
that if the system dynamics are successfully estimated, then the BE can be evaluated
at an arbitrary number of points in a system’s state space. This process is called BE
extrapolation. Results such as [22] and [53] perform BE extrapolation in a neighborhood
of the current state, which facilitates value function approximation in that neighborhood.
Since a value function approximation is sought over a large region of the state space,
BE extrapolation is sometimes performed over large regions of the state space, which is
computationally expensive. Increasing the number of basis functions may improve value
function approximation; however, this comes at a high computational cost. Together,

BE extrapolation and a high-dimension basis functions for value function approximation
place a significant computational load on the computing resource.

The contribution of Chapter 3 is to analyze the stability of using a sparse, switched
BE term with a NN-based estimator within the existing R-MBRL ADP framework. This
chapter extends beyond previous results by considering the optimal tracking problem

with completely unknown drift dynamics and by quantifying the benefit of using SNNs in
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R-MBRL via simulations. There are two simulations in Chapter 3 . The first simulation
study demonstrates the ability to simultaneously estimate the system dynamics and
optimal control policy. The second simulation assumes knowledge of the system
dynamics to isolate the benefit of using sparse BE extrapolation; numerous simulation
cases are studied to quantify the benefit of using sparse BE extrapolation compared
existing results.

Chapter 4 leverages the BF transformation developed for the ADP controller in [38]
in the development of an R-MBRL ADP controller. The model-free result in [38] evalu-
ates the BE only along the system trajectory, resulting in the typical exploration versus
exploitation tradeoff. A contribution of Chapter 4 is the development of a framework
for sparse BE extrapolation (motivated by [19, 53, 54]) for off-trajectory learning of the
value function, while also adhering to BF constraints (unlike [19, 53, 54]). Specifically,
Chapter 4 provides an investigation of sparse BE extrapolation using a state-constraint
BF transform. The unique combination of BE extrapolation with the use of a BF raises
new questions such as — which states should be transformed? Is there a computa-
tional penalty for each state transformation? Should the BF transformation be applied
before or after the BE extrapolation (i.e., in which space should the extrapolation be
performed)? What are the implications of extrapolation stack updates in the transformed
state-space? The subsequent design and Lyapunov-based stability analysis provides
the first exploration of such questions in a manner that yields uniformly ultimately
bounded (UUB) convergence of the transformed states and approximation of the optimal
control policy. Simulation results are presented for a two-state dynamical system to
compare the developed method to existing model-free and model-based ADP methods.
Specifically, the developed R-MBRL approach with BFs, segmentation, and sparse BE
extrapolation can be applied to systems to achieve online approximate optimal control

with additional safety guarantees.
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In Chapter 5 a switched ADP method is developed. ADP-based controllers directly
tune system performance by assigning costs to the state and control variables. Altering
the parameters of the cost function in an ADP-based controller affects system perfor-
mance by modifying the reward gained from the system trajectory. Chapter 5 proposes
a method by which the parameters of the cost function and the system dynamics can
be discretely varied, and the corresponding optimal controllers can be simultaneously
learned and implemented in a way that maintains closed-loop stability during the learn-
ing phase. That is, different controller properties can be achieved by varying the cost of
the states.

Previous ADP results consider fixed state and control cost matrices within the
reward function, such as [19, 22, 41]. Works such as [55] and [56] examine the use of
ADP-based methods for switched discrete-time nonlinear systems. Previous results
such as [42—46] use optimal control methods to minimize cost function(s) of a switched
system. These methods use a fixed mode sequence (see [42,45—47]) or fixed switching
instances (see [44]). In comparison, the developed method considers an arbitrary
switching sequence that satisfies a dwell-time condition to approximate the value
functions of a finite number of continuous-time subsystems. Unlike the aforementioned
methods, Chapter 5 develops a Lyapunov-based framework to prove convergence of
a control policy to the neighborhood of an optimal policy while maintaining closed-loop
stability. While Chapter 5 focuses on a framework for switching between multiple ADP-
based controllers and modifying control system performance by using different rewards
and dynamical models, it does not address the optimality of the overall switched system.

A complication in Lyapunov-based analyses for switched systems is the growth
and discontinuity of Lyapunov functions at switching instances. To overcome this issue,
a dwell-time analysis is performed to prove stability of the overall switching sequence.
The included dwell-time analysis accounts for the worst-case growth and discontinuity

between multiple Lyapunov-like functions during switching instances by explicitly

21



determining the minimum time required before the system can switch to a different
subsystem. Overall stability of the system for an arbitrary switching sequence of UUB
stable subsystems is established using the developed technique.

Chapter 6 develops a DNN-based system identifier for ADP. Results in [49] and [50]
leverage a multi-timescale deep model reference adaptive controller. Similarly, the
method in [52] uses a multi-timescale DNN to estimate the unknown system dynamics,
which facilitates a trajectory tracking objective. In [52], a gradient-based adaptation
policy is used to estimate the output layer weights of the DNN in real-time. Simultaneous
to real-time execution, input-output data is stored and used to update the inner-layer
weights using traditional offline DNN function approximation methods.

However, the adaptive update policy in [52] cannot be trivially extended to system
identification within the ADP framework. To prove stability of the overall system with an
ADP controller, the adaptive update policy of the output-layer DNN weights must include
the CL modification from [57], which complicates the stability analysis (cf., model-based
ADP analyses in [19] and [48]). Furthermore, iteratively updating the DNN introduces
nonsmooth signals, meaning that a more rigorous Lyapunov-like analysis must be
performed [58].

The primary contribution of Chapter 6 is to analyze the stability of the ADP tracking
problem while using the multi-timescale DNN system identification approach. Simu-
lation results are included to illustrate the effectiveness of the developed technique in
comparison to existing optimal control and ADP-based results.

Chapter 7 concludes the dissertation by highlighting the contributions of each

chapter and proposing future extensions of the work in this dissertation.
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CHAPTER 2
PRELIMINARIES

2.1 Notation

Let R, Z, and N denote the set of real numbers, integers, and natural numbers,
respectively. Furthermore, let Ry = [0,00), Rog = (0,00), Zso = RooNZ, Zso = RogNZ,
Nso £ R NN, Nog 2 Rog N N. Generally, let a matrix A € RP*“ be a real-valued p x ¢
matrix where p,q € Z-,. If p = g and A has real eigenvalues, then the maximum and
minimum eigenvalues of A are denoted by \,..x {4} € R and A\, {A} € R, respectively.
The positive definite (PD) and positive semi-definite (PSD) square matrices A, B € RP*P
are denoted by A > 0 and B > 0, respectively. Negative definite and negative semi-
definite matrices are denoted similarly.

Unless otherwise noted, the domain of all functions is assumed to be Rx,.
Functions with the domain R, are defined with abuse of notation using only their
image, e.g., z : R>g — R"isinstead defined as » € R". Generally, the gradient

T T .
[8};(;,?;) L ] is denoted by V.. f (z,v) .

The Euclidean norm of a vector r € R? is denoted by ||7|| £ v/+Tr. The Frobenius
norm of a matrix A € R™*™ is denoted by ||A|| £ \/tr (ATA). ||-|| denotes both the
Euclidean norm for vectors and Frobenius norm for matrices. tr (-) denotes the trace
operator.

The diagonal matrix whose entries consist of = £ [z, 2y, ..., ¥,] € R is denoted by
diag (21, z2, ..., x,) € RP*P.

The Moore-Penrose pseudoinverse of A € RP*? is denoted by A" € R7*P,

The p x ¢ zero matrix and the p x 1 zero vector are denoted by 0,., and 0,,
respectively. Let 1, € R? denote a column vector with all entries being 1. The p x p

identity matrix is denoted by I,,.
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2.2 Approximate Dynamic Programming
This dissertation focuses on obtaining online approximate solutions to infinite-

horizon optimal control problems. Consider a class of nonlinear control-affine systems

= f(x)+g(x)u, (2-1)

where = € R™ denotes the system state, u € R™ denotes the control input, f : R* — R”
denotes the drift dynamics, and g : R” — R™*" denotes the control effectiveness matrix,
where n > m and the pseudoinverse of g (z) exists.

The assumptions in this section facilitate the formulation of the approximate optimal
controller and stability analyses in Chapters 3-6.

Assumption 2.1. The function f is locally Lipschitz and f (0) = 0. Furthermore,

V.f: R* — R™ " is continuous.

Assumption 2.2. The function g is a locally Lipschitz function, has full column rank for
all z € R", and is bounded such that ||g (x)|| < g, where § € R is the maximum singular
value of g (z).

The control objective is to solve the infinite-horizon optimal regulation problem for
each subsystem, i.e., determine a control policy « that minimizes the infinite horizon cost
functional, J : R" x R™ — R, defined as

J (@) 2 /Oor(x (7) (7)) dr, (2-2)
to
subject to (2—1) while regulating the system states to the origin (i.e., ||| = 0), where
r: R x R™ — Ry is the instantaneous cost defined as r (z,u) £ Q (x) + u” Ru, where
Q@ : R" — Ry is a user-defined PD function, and R € R™*™ is a constant user-defined
PD symmetric matrix.

Property 1. The function @ satisfies ¢ (||z||) < Q (z) <G (||z||) for ¢,7 : R>o — Rxo.
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The infinite horizon value function (i.e., the cost to go) is denoted by V* : R™ — R,
and given by

V*(z) = min /too r(z(7),u(r))dr, (2-3)

u(T)eU, TERS 4

where U C R™ denotes the action space. Provided an optimal control policy exists, the

value function is characterized by the corresponding HJB equation

with the boundary condition V* (0) = 0. Generally, the HJB equation cannot be solved
analytically, with the exception of a few special cases, specifically, linear and scalar
systems.
Assumption 2.3. The value function V* is continuously differentiable.

Provided the HJB in (2—4) admits a continuously differentiable PD solution, then the

optimal closed-loop control policy v* : R — R™ is
1 .
u' (2) = =5 R (2)" (Va V" (2))" (2-5)

Remark 2.1. Under Assumptions 2.1-2.3, the optimal value function can be shown to
be the unique PD solution of the HJB equations. Approximation of the PD solution to
the HJB equation is guaranteed by appropriately selecting initial weight estimates and
Lyapunov-based update laws [59].

The HJB equation in (2—4) requires knowledge of the optimal value function, which,
generally, is an unknown function for nonlinear systems. Parametric methods can be
used to approximate the value function over a compact domain. To facilitate the solution
of (2—4), let 2 C R" be a compact set containing the origin. The universal function
approximation property of single-layer NNs is used to represent the value function V* for

all z € Q as

V*(x) = WTo (2) +e(x), (2-6)
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where W* € R’ is an unknown bounded vector of weights, o : R* — R is a user-
defined vector of basis functions, and ¢ : R* — R is the bounded function approximation
error. Substituting (2—6) into (2-5), the optimal control policy u* can be expressed in

terms of the optimal value function V* gradient as
* _ 1 —1 T * T
u (2) = =5 R (x) <Vz0 (@) W* + Ve (2) ) . (2-7)

Property 2. There exists a set of constants that bound the unknown ideal weight
vector W*, the user-defined activation function o, and function reconstruction error e,

from above such that |W*|| < W*, sup,cq |lo (2)|| < 7, sup,cq | V2o ()] < V.0,

SUD,eq € (2)]| <€ sup,eq [[Vae ()] < Ve, where W+, @, V0, € Ve € Rxo [60].
2.2.1 Value Function Approximation

Since the ideal weights 1W* are unknown, a parametric estimate, called the critic
weight vector IV, € RZ, is substituted to approximate the optimal value function in (2—6)

to yield V : R" x RL — R, where
1% (x W) = W0 (2). (2-8)

An actor weight vector 1, € RZ, is used to provide an approximate version of (2—7), the

approximate optimal control policy @ : R® x R — R is given by
~ 2 o _1 —1 T T 1% _
a (x Wa) = 3R () (vﬁa () Wa) . (2-9)
2.2.2 Bellman Error
The HJB equation in (2—4) is equal to zero under optimal conditions; however,

substituting (2-8) and (2—9) into (2—4) results in a residual term § : R® x RY x RY — R,

which is referred to as the BE, defined as

5 (2 W ) 2 9,0 (2,90 (£ (@) + g (@)t (2,9,)) + (o Wa>TRa (2.71) + Q).
(2-10)
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where V,V (x, WC> — WTV,0 (z). The BE is indicative of how close the actor and
critic weight estimates are to the ideal weights. By defining the mismatch between the
estimates and the ideal values as W, £ W* — W, and W, £ W* — W,, substituting (2—6)
and (2—7) in (2—4), and subtracting from (2—-10) yields

1 ~ - -
5= ZWGTGUWQ —WI'W.+ 0 (z), (2-11)

where w : R” x RY — R" is defined as

w (W) 2 Voo (@) (f (@) + g (@)@ (2.72)) (2-12)
and O (z) £ W*TV,0 (z) GV, + 1G. — V,ef (z). G, G,, and G, are defined
asG = G(x) 2 V,0(z)G(z)Vyo (z)", and

£ g@)Rg(@) Gy = G, (2)
G. = G, (z) 2 Ve () g (x) Ve (x)", respectively.
Remark 2.2. The expressions in (2—10) and (2—11) are equivalent for the BE. However,
(2—10) is used in implementation, while (2—11) is used in the Lyapunov-based stability
analysis.
2.3 Extension to Tracking Problems

Following the development in [61], the following section modifies the above ADP
problem formulation to facilitate a trajectory tracking objective. The control objective is
to track a time-varying continuously differentiable signal x; € R™ bounded such that
SUPyer., |4 (1)[| < Za. To quantify the tracking objective, the tracking error is defined as
e=r— 1y,
Assumption 2.4. The desired trajectory is bounded from above by an positive constant
T4 € Rx such that sup;ep_, [|za]l < Za.
Assumption 2.5. There exists a locally Lipschitz function #; : R* — R", such that
ha(zq) = 2gand g (zq) g% (24) (ha (v4) — f (xa)) = ha(xq) — f (z4), Vt € Rsp, Where
g™ :R" — R™" is defined as g™ (z) £ (¢7 (2) g (95))_1 g’ (z).
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Based on Assumptions 2.1-2.5, the control policy u, : R — R™, which tracks
the desired trajectory (i.e., trajectory tracking component of the controller), is uy (14) =
9" (xa) (ha (z4) — [ (za)).

Define the transient portion of the controller as 1 2 u — uy (z4) . Following the

development in [61] and [48], the concatenated state dynamics are written as

C=F()+G)n (2-13)

where ¢ € R?" is the concatenated state vector ¢ £ [e”, xdT]T, F : R? — R*" is defined

as

F()= [f (e424)" = hg(xa)" +ug(za)" gle+x0)" hy (de)T} ' , (2-14)

and G : R?" — R?"*™ js defined as

A T T
G() = |gle+xa) ,Omun| (2—15)
where 0,,«,, is @ matrix of zeros with m rows and n columns.
The control objective is to solve the infinite-horizon optimal tracking problem, i.e. to

find a control policy « that minimizes the cost functional

o0

J(Cop) = / r(C(r) i (7)) dr, (2-16)

0
subject to (2—13) while eliminating tracking error, where r : R*® x R™ — Ris the
instantaneous cost, which is defined as r (¢, 1) = Q (¢) + p"Ru , where Q € R?" — R,
is defined as Q (¢) = Q (e) ,where Q : R* — Ry, is a user-defined PD function and
R € R™*™ is a constant user-defined PD symmetric matrix.

Property 3. The function @ satisfies ¢ (|le]|) < @ (¢) <G (|le]|), where ¢, G : R>o — Rxo.
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The scalar infinite-horizon value function for the optimal solution, i.e. the cost-to-go,

denoted by V* : R?" — Ry, is given by

o0

Vi =, min, [ ) @-17)

where U C R™ denotes the action space. If the optimal value function is continuously
differentiable, then the optimal control policy u* : R?*® — R™ is the unique solution to the

corresponding HJB equation

0=VV (Q)FQ+G)u)+Q )+ () R (Q), (2-18)

which has the boundary condition V* (0) = 0.
Value Function Approximation

The HJB equation in (2—18) requires knowledge of the optimal value function. To
facilitate the solution of (2-18), let 2 c R?" be a compact set. The universal function

approximation property of NNs is used to represent the optimal value function as
VO =W (0) +e(C), (2-19)

where W* ¢ R’ is an unknown bounded weight vector, o : R** — R’ is a user-defined
vector of basis functions, and = : R — R is the bounded function approximation error.
Like the regulation case, the optimal control policy 1* can be expressed in terms of the

optimal value function V* gradient as
1
W Q) = =5 RGO (Veo (O W+ Vee ()T (2-20)

Remark 2.3. Like ADP for state regulation, under Assumptions 2.1-2.5, the optimal
value function can be shown to be the unique PD solution of the HJB equations.
Approximation of the PD solution to the HJB equation is guaranteed by appropriately

selecting initial weight estimates and Lyapunov-based update laws [59].
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The ideal weights W* in (2—19) and (2—20) are unknown, hence, an approximation
of W* is sought. Specifically, the critic estimate, W, € R~ is substituted to estimate the

value function V : R2" x RX — R denoted as
V(¢W) =wle (). (2-21)

Using an actor-critic approach [16, 62, 63], an actor estimate, IV, € R~ is substituted to

estimate the optimal control policy /i : R** x R* — R defined by
N T N 1 -1 T T 13 _
i (6 W) 2 =5RG Q" (Ve (O ). (2-22)

The omitted development of the BE follows that of (2—10) but the notation used to
facilitate the optimal tracking problem formulation. Similarly, Property 6 holds for the NN

parameterization in (2—19).
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CHAPTER 3
REINFORCEMENT LEARNING WITH SPARSE BELLMAN ERROR EXTRAPOLATION
FOR INFINITE HORIZON APPROXIMATE OPTIMAL CONTROL

This chapter and the work in [64] and [65] provide an approximate online adaptive
solution to the infinite-horizon optimal tracking problem for control-affine continuous-
time nonlinear systems with uncertain drift dynamics; computational demands are
reduced through the use of state space segmentation and SNNs. A model-based ADP
approach, which is facilitated by the use of a CL-based system identifier, is used to relax
the PE condition. To reduce computational complexity the state space is segmented
into a user-defined number of segments. In addition, within each segment a SNN
can be used instead of a conventional NN for BE extrapolation. Off-policy trajectories
are selected over each segment to facilitate learning of the value function weight
estimates. SNNs enable a framework for switching and state space segmentation as
well as computational benefits due to the a smaller number of neurons being activated.
Within each sparse segment, off-policy trajectories are used to extrapolate the BE
across their respective segments to provide an optimal policy for each segment.
Discontinuities occur in the weight update laws since different groupings of extrapolated
BEs are active in certain regions of the state space. A Lyapunov-like stability analysis is
presented to prove boundedness of the overall system in the presence of discontinuities.
Three simulation results are included to demonstrate the performance and validity of
the developed method. An additional simulation result shows that using the sparse,
switched BE extrapolation method developed in this chapter reduces the computation
time by 85.6% when compared to traditional BE extrapolation.

3.1 Online System Identification

On any compact set C ¢ R™, the tracking drift dynamics f can be represented
usinga NN as f (z) = 070y (Y7xq (z)) + € (z), where z, : R® — R™™ is defined
as zg (z) = [1, xT}T, 9 € Rr+Dxm s g constant, unknown output-layer weight matrix,

Y e R*+Dxr denotes a hidden-layer weight matrix, oy : R? — RP*!is a NN basis
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function, ¢y : R® — R™ is the NN reconstruction error, and p € N is the user-defined
number of neurons in the NN. Using the universal function approximation property of

single layer NNs there exists constant weights 6 and known finite constants @, €, and

V.€ € Rs, such that |0 < 0, sup ||eg ()| < &, and sup || Ve (2)]| < Vaeo [60].
zeC zeC
Let § € R®t)x" be an estimate of the ideal weight matrix 6. The drift dynamics
f are approximated by the function f : R™ x R®+Dxn _y R» defined as f (x,é) £

0Toq (Y7xg (2)) . Hence, a state estimator can be developed as

~

£:f<x,0)+g(x)u+k:i, (3-1)

where # £ r — 2 and k € R is a user-selected estimator learning gain. The update
law of the system identification NN weight estimates are updated using the CL-based

update law

. M ' ) T
0 =Tyoy (YT:EQ (xj)) T+ kol Z Tp; (fj —g(xj)u; — 9T09j> , (3-2)

j=1
where I'y € Re+Dx(+1) and k, € R, are constant user-selected adaptation gains.
Assumption 3.1. A history stack of input-output data pairs {z;, uj}j]‘il and history stack
of numerically-computed state derivatives {Ej}j\il which satisfies A\, {Z?ﬁ 1 agjagTj} >
0and ||z; — @;|| < d Vj are available a priori, where d € R, is a known constant,
i = f(x;) + g () uy, 095 = 09 (YT (2;)) [66].
Remark 3.1. The availability of the system identification history stack a priori is not
necessary [48]. Assumption 3.1 is used to focus the scope of this chapter and simplify
the stability analysis.
3.2 Bellman Error
Recall, the HJB equation in (2—18) is equal to zero under optimal conditions;

however, substituting (2—21), (2—22), and the approximated drift dynamics F (x, é) as

F () in (2-18) results in a residual term, § : R2" x R®+Dx" x RE x RE — R, which is
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referred to as the BE, defined as

5 (c.0.w) £ 4 (¢ ) R (¢ W) +Q (0
+ VeV () (B (60) + R Q+ GO a (¢ W) (3-3)

where Fj : R?" x RPtDxn 5 R2" jg defined as

Fy (Q,é) = [f <x,é> —g(x)g" (zq) f (ZL’d,é> , Onxl} , (3-4)
and F} : R — R?" is defined as

T

F Q) 2 [(~haea) + 9 () g (ra (0) P (a)) " ha ()] (3-5)

The BE in (3—3) indicates how close the actor and critic weight estimates are to their
respective ideal weights. The mismatch between the estimates and their ideal values
are defined as W, £ W* — W, and W, £ W* — W,. Substituting (2-21) and (2—22) into

(3-3), and subtracting from (3-3) yields the analytical form of the BE, given by

5 (C0. W W) = =WTVco (Fy (¢.0) = Fy (¢6)) —w W+ iVVaT G, W, +0(0),
(3-6)

where w : R?" x RE x ReHDxn _y RL js defined as w ((, Wa,é) 2 Vo () Fy (C,é) +
Voo (O F1 Q) + Veo (O G ()t (¢, Wa) ,and O(C) 2 1Vee () GrVeo™ (O)W* + 4G —
W TVeo (C) €5 (¢) = Vee (O) Fy (¢, 0) — Vee (Q) e (€) — Vee (€) Fi (C) . The notation
Gr, Gy, and G, isdefinedas G = G (¢) 2 G(OR'G()",G, = G,(¢) &
Vo (¢)Gr () Veo (), and Ge = G (¢) £ Ve (¢) G (¢) Ve (€)', respectively.
Sparse Bellman Error Extrapolation

At each time instant ¢t € R, the estimated BE in (3-3) and policy in (2-22) are
evaluated using the current system state, critic estimate, and actor estimate to get the

instantaneous BE and control policy, which are denoted by § £ § (g, 6, W,, Wa> and
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(C, a), respectively. However, using only the on-trajectory BE and control policy

requires the traditional PE condition to be satisfied to show exponential convergence.

Motivated to increase computational efficiency, local BE extrapolation has been
performed in [22] and [53] around unexplored areas of the state space by using more
efficient computational capabilities compared with previous methods. Similarly, using
SNNs improves computational efficiency and use segmentation for BE extrapola-
tion. This allows the BE to be estimated across a larger, combined region of the state
space. Therefore, leveraging the increased computational efficiency of SNNs and seg-
mentation to extrapolate the BE, the BE can be estimated across the entire operating
region within the state space without the computational burden of nonsparse methods.
The use of BE extrapolation provides simulation of experience, which provides excitation
via off-policy learning.

To facilitate the sparse BE extrapolation, let the operating domain 2 be partitioned
into S € N segments such thatS £ {;j € N|j < S} defines the set of segments in
the operating domain as 2 = Usf ;. To simulate PE and extrapolate BE over off-
policy trajectories, the segments {¢; : (; € Q; } 7. are selected, where N; € N denotes
the number of extrapolated states in each segment (2;. Each segment is assigned a
certain number of off-policy trajectories. The segments are predetermined by the user
and are state dependent (e.g. in [32] the states: altitude, angle of attack, and Mach
number determine segment activation). Using the extrapolated trajectories ¢; € ;
for j € 9, the BE in (3-3) is evaluated such that §; £ § (Q,é, W, Wa). For a given

j € S, the tuple (%7,%7 Ej) is defined as the extrapolation stacks corresponding to €;

suchthat 3y £ L Yo% f, w2 Lyob e ool and ¥ & =300 AL where
w; 2w (Q, 9, Wa> i =p (Q, 9, Wa) =1+ Vw;rfwi, I e Ri*lis a subsequently defined
user-initialized learning gain, and Assumption 3.2 is provided to facilitate the subsequent

stability analysis.
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Assumption 3.2. Over each segment j € S, there exist a finite set of trajectories
{G: G e} suchthat 0 < ¢ 2 infier.,, jes Amin {5} for all ¢ € Ry,
Remark 3.2. The constant c is the lower bound of the value of each input-output data

pairs’ minimum eigenvalues.

Remark 3.3. The BE extrapolations can be performed in parallel if needed (i.e., BE
extrapolation across multiple segments can be performed simultaneously). Since
SNNs are used to improve computational efficiency, the extrapolation within multiple
segments can be performed at once. For certain systems, parallel computing may
be more computationally efficient in time and power when compared to methods that
use traditional NNs for BE extrapolation across the entire state space. One difference
in the developed technique compared to previous results is that the actor and critic
update laws take a new form in which switching extrapolation stacks are introduced.
The extrapolation stacks, ¥/, X/, and %/ correspond to user-defined segments of the
state space. Upon entering a new segment of the state space, the extrapolation stacks
will recall data previously recorded from when the system was last operating in that
segment. This allows the user to use separate analysis tools (e.g., machine learning
tools) to select segment properties (e.g., size, spacing, quantity, etc.). Switching
extrapolation stacks introduces discontinuities in the time-derivative of the candidate
Lyapunov function, requiring a more nuanced stability analysis with generalized solution
to differential inclusions.
3.3 Actor and Critic Weight Update Laws
Using the instantaneous BE 6 and extrapolated BEs é;, the critic and actor weights

are updated according to

W, = — T2 — nal'sd, (3-7)
p
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Fww r

F = ()‘F M1 - F77C2 (Z ) > ]‘{F<HF||<F} (3_8)

A

Wa = — N1 <Wa _Wc> _na2W +M

W +nc22 Wm (3_9)
4p

where 1.1, 12, N1, a2, A € Rsq are constant learning gains, Fand ' € R., are upper
and lower bound saturation constants, and 1., denotes the indicator function. ||I" ()| is
upper and lower bounded by user-defined saturation constants, I and I, respectively.
Using (4-25) ensures that I < ||T'(¢)|| < T for all t € R.,. The indicator function in
(4—25) can be removed with additional assumptions and modifications outlined in [22].
3.4 Stability Analysis

To facilitate the stability analysis, let§ £ 6 — §, and Z € R"3+P)+2L denote a
concatenated state Z 2 |7, W7 W7, z7, vec (é) T} T. The function @ is PSD, therefore
V* () is also PSD. Hence, V* is not a valid Lyapunov function. The result in [61] can be
used to show that a nonautonomous form of V*, denoted as V', : R* x R, — R and
defined as V¥, (e,t) = V*(¢), is PD and decrescent. Furthermore, V¥ (0,t) = 0Vt € Rxg
and there exist class K, functions v,7 : R>g — Ry thatbound v (|le||) < V* (e, t) <
v (Jle||) Ye € R™,t € Rsq. Hence, V¥, (e, t) is a valid Lyapunov function candidate. Let

vy, RPG+)+2L 5 R., — R be a candidate Lyapunov function defined as
1.~ - - N
Vi (Z,8) 2 V*(e,t) + e NGO IAOE: %Wa )" W, (t)
1 1 ~ ~
+5EO7 (1) + St (9 ()" T;'0 (t)> . (3-10)

Using the properties of V (e, t) and [67, Lemma 4.3], then (3—10) be bounded as
ar ([|Z]]) < Vi (Z,t) < as(||Z]]) for class K functions a;, as @ Rsg — Rso. Using

and

(3—8), the normalized regressors “ and ‘L%' can be bounded as supcq

w
p

1
< o=

< 2\/_ The matrices G and G, can be bounded as sup g ||Gr| <

SUP¢,eq;, jes

Amax { R} G2 £ Gr and supgq |G, || < (VCO'G) max {71} £ G, respectively.
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Theorem 3.1. Provided the dynamics in (2—13), Assumption 3.2, and the sufficient gain

conditions

1
Na1 + Na2 Z \/T_E (ncl + 77(:2) W*Gaa (3_1 1)

a1 3 ((Mer + 1e2) VV*GU)2 N 9 ((Ner + Me2) W*Vcagb)Q

(3-12)
e AL (1) sy okgr {1 6507 }

vt (1) <oy (an (r)), (3-13)

where | and r are positive constants, then the system state (, weight estimation errors
W. and W,, state estimation error &, output-layer weight matrix error 6, and control policy

i are UUB.

Proof. Let r € R., be the radius of a compact ball y ¢ R"3+P)+2L centered at the origin.
Let Z (t) for t € Rx, be a Filippov solution to the differential inclusion Z € K [h] (Z),
where K [] is defined in [68] and / : R4+ +2L+L* _y Rre(+p)+2L+1* ig defined as

he (T vT/Z, Wf,vec (F—l)T 2T vec (é)T] T. Due to the discontinuity in the update
laws in (3-7)-(3-9), the time derivative of (3—10) exists almost everywhere (a.e., i.e.,
for almost allt € Rsg) and V; (2) B X7L (Z), where X7L is the generalized time-
derivative of (3—10) along the Filippov trajectories of Z = h (Z) [69]. Using the class of
dynamics in (2—1); the calculus of K [-] from [69]; V* (¢) = YV V* (¢) (F (¢) + G (¢) w);
substituting (3—1), (3—2), and (3-6)-(3—-9); using Young’s Inequality and nonlinear
damping; Assumption 3.1 and 3.2; and substituting the sufficient conditions in (3—11)
and (3-12) yields V;, < —u (| ZII). Yo' (1) < 1Z]] < a3 (o (1)) where uq (|| Z]]) 2

2 4 M g sT 12 ..
g(”;”) | omac I + ksxmm{zﬁjzl ;97 } Hvec (6) H . Since (3-10)

Wa

~ 2
WC + 770.1;!‘6”112

is a common Lyapunov-like function across each segment j € S, [67, Theorem 4.18]

can be invoked to conclude that Z is UUB such that limsup,_, || Z]| < a7 (a2 (v, (1))
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and /i converges to a neighborhood around the optimal policy ;*. Furthermore, since

7 € L., it follows that e, W., W,, 7,0 € L., hence x, W.,W,,0 € L., and u € L... O

Remark 3.4. The sufficient condition in (3—11) can be satisfied by increasing the
gains 7,2 and v, and selecting a penalty weight matrix R such that ... { R~} is small.
Selecting a R with a large minimum eigenvalue and a large gain v will also help satisfy
the gain condition in (3—12) by decreasing the right-hand-side. The sufficient condition
in (3—12) can be satisfied by selecting off-policy trajectories for sparse BE extrapolation
in each ©; such that the minimum eigenvalue ¢ < ¢; £ inf,er. {Z (¢)} is large enough
for each j € S. The minimum eigenvalue of each /. (t) can be increased by collecting
redundant data, i.e., selecting N; > L for each segmented neighborhood €2; C €2 and
j € S. Provided the basis functions used for approximation are selected such that Vo,
¢, and Ve are small, and 7., Amax { R}, v, and c are selected sufficiently large, then the
sufficient condition in (3—13) can be satisfied [48].
3.5 Simulation Results

Simulations were performed in MATLAB® Simulink®. The simulation PC has an
Intel® Core™ i7-8750H CPU @ 2.20 GHz with 16 GB DDR3 RAM.
3.5.1 2-State System with Unknown Dynamics

In the following section, the developed technique is applied and compared to a
linear quadratic tracking problem. The cost function is selected as r (¢, ) = €7 Qe +

ur Ry The linear system
i = z+ u (3-14)

is leveraged in this simulation due to the fact that an analytical solution to the HJB
equation in (2—18) can be calculated. The system in (3—14) was selected because it

has been used in previous ADP works [48]. The control objective is to track the desired
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trajectory
24 (t) = [4sin (t),4cos (t) + 4sin (t)]" (3-15)

and to minimize the infinite horizon cost function in (2—-17), where = 10 x I, and R = 1.

For value function approximation, the basis is selected as
2 2 T
o ()= [61; €1€2, €1%41, €142, €g, €2X41, 62%2} . (3—-16)

The drift dynamics are unknown, but are approximated using the developed method.

The unknown drift dynamics are approximated with the linear basis oy (z) = [z, 25]" . To
facilitate the sparse BE extrapolation, two segments are defined: ; ¢ R? and Q, C R?,
where Q) £ {e € R?: 6 < |e;] < 15,6 < |eg] < 15} and Q, = {e € R? : |e;| < 6, |ea| < 6} .

The basis used over ), is
() = [e2 o 1Tt i e T 2 e LY € Q 3-17
0 (Cz) — [61,7;7 €1,i€2,i, €1:Td1,i5 €1,iLd2,i, 6271‘7 €2,iTd1,, e2,z$d2,z} Cz SIRVJ] ( )
with N; = 150 extrapolated trajectories. The basis used over ), is
() = [e2 e 0. 0. 2 I R = o) 3-18
g; (Cz) - [6171‘7 €1,:€24, U, U, 6271" €2:Td1 i, 62,zxd2,z} Cz S ( )

with Ny = 90 extrapolated trajectories. The initial conditions used for the simulated
system are z (0) = [—10, 10]", W, (0) = 10 - 17, W, (0) = 5 - 17, T'(0) = 1000 - I;, and
0 (0) = 0,,' where 1, and 0, are vectors of ones and zeros with n entries, respectively.
The gains were selected as 7., = 0.5, 7.0 = 10, 1,1 = 10, 52 = 0.001, A = 0.1, v = 0.005,
T =10 T =1, ky = 500, and 'y = 0.01 x I;.
3.5.2 2-State System Simulation Results

Figure 3-1 illustrates the convergence of the error trajectories to zero (Figure 3-1(a))

and the state space portrait for the two-state system in (3—14) (Figure 3-1(b)). The

" From (3-14), 6 = [-1,1, -1, - 1]".
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value function and control policy weight estimates are shown in Figure 3-2. The critic
NN weights converge within approximately 3 seconds. The actor NN weights converge
within approximately 3.5 seconds. The actor is expected to converge slower than the
critic because the actor tracks the critic weights. Figure 3-3 presents the trajectories
of the system identification NN weights compared to their actual values. Note that
the NN system ID weight converge faster than the actor-critic ADP weights converge.
Figure 3-4 indicates that the ADP control policy converges to the optimal control policy
in approximately 0.5 seconds. The optimal value function is analytically determined
by solving the HJB equation for the linear system in (3—14). Figure 3-5 presents the
optimal control policy compared the estimated optimal control policy, which takes
approximately 4.5 seconds to converge. It is shown in this simulation example that
the approximated optimal control policy converges close to the optimal control policy.
This simulation illustrates the ability to use a sparse basis for BE extrapolation while
switching extrapolation stacks to achieve trajectory tracking, convergence to the optimal
control policy, and convergence to the optimal value function.
3.5.3 Two-Link Manipulator with Exact Model Knowledge Simulation
To further validate the performance of the developed technique, an additional

simulation is performed on a two-link robotic manipulator, in which the dynamics
are known. In this simulation case the dynamics are assumed to be known. The
two-link manipulator dynamics are described using Euler-Lagrange dynamics as
u = M(q)§+ Vin(q)q+ Fag + Fy(4) Where ¢ £ [q1,q5]" , ¢ = [d1,G2]" ,and § =
[, qg]T are the angular positions in radians, the angular velocities in radians per
second of each link, and the angular acceleration in radians per second squared of
each link, respectively. The inertia matrix M : R? — R?*? s defined as M (¢) =

p1+ 2pscos(g2) p2 + pscos (g2)

: the centripetal-Coriolis matrix V,, : R? — R?*2is
P2 + D3 cos (¢2) D2
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: —p3sin(qz) g2 —p3sin(gz2) (1 + ¢ : -
defined as V,, (¢) = s5in (g2) g2 sin (q2) (61 + 42) ; the viscous friction term

pasin(q2) G1 0
F; € R**?is defined as F; = diag (fa1, fa2) , and the static friction term F, : R> — R?is
defined as F, (§) £ [f. tanh (1), fs2 tanh (¢2)]" . In this simulation p; = 3.473, p, = 0.196,
p3 = 0.242, fi = 5.3, feo = 1.1, fo = 8.45, and f,, = 2.35.
The objective is to determine a policy i to ensure that the state = = [¢1, ¢2, ¢, q'g]T
tracks the desired trajectory x4 = [cos (0.5t), 2cos (t), —0.5sin (0.5t), —2sin (¢)]" while
minimizing the cost function, which is selected as r (¢, 1) = ¢’ Qe + p” Ru. The dynamics

for the two-link robotic system can be rewritten in the form

f @)= ] (3-19)
g(z) = “0 or, [o, or,<M-1<q>>T] K (3-20)

9" (za) = “0 O]T, {0, O}T,MT(xd)], (3-21)

hg (xq) = [Ta3, Tas, —0.25241, a:dg]T ,which, using the development in (2—13)-(2—15), can
be written in the form (2-13), where ¢ £ [¢7, xdT}T

Simulations were run in Simulink using a discrete-time differential equation solver
at a frequency of 100 Hz on the same machine. Each simulation case is run for 150
seconds of simulated time. For each simulation case the cost parameters are Q =
20,20,2,2] - I1xa, R = 10 - I, the gains are 7., = 0.6, 1.2 = 0.075, 741 = 0.5, 142 = 0.005,
T=10-103T =1, A = 0.002, v = 0.005, and the initial conditions are W, (0) = 10 - 13,
W, (0) = 6- 193, T' (0) = 200 - I3, and = (0) = [1.8, 1.6, 0, 0]" .
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The basis selected for value function approximation is a polynomial basis with 23

elements given by [61]

7 () = 5 G G GG 1o G G CICE. GGG G2, GG G
GG GG G GE GG GG GG G366 e ¢ (3-22)

where, generally, ¢; refers to the i*" entry of ¢. The basis in (3—22) was used in each
simulation case. A total of eight different test cases were performed.
Case 1 uses the result from [61], which requires the PE condition to be satisfied. To

ensure that the PE condition is satisfied, a probing signal

2.55 tanh (20 sin v/2327t) cos (v/20rt)

+6 sin (18€%t) + 20 cos (40t) cos (21t)
p(t) = (3-23)
0.01 tanh (2t) (20 sin v/1327t cos (v107t))

+6sin (8et) + 20 cos (10¢) cos (11t)

is added to the first 37.5 seconds of the simulation (see [61]).

Cases 2-8 are model-based and do not require a probing signal. Instead, Cases
2-8 use BE extrapolation. More specifically, Case 2 (the method in [22]) uses traditional
BE extrapolation, Cases 3-7 use sparse BE extrapolation, and Case 8 uses sparse BE
extrapolation and switches the extrapolation stacks.

In the R-MBRL methods, a total of 576 extrapolation points were used in each case.
The extrapolation points were selected from the interval (; € [—-1.5,1.5] Vi = 1,2,...,8.
Table 3-1 lists which nodes were eliminated in each case. Case 8 uses a total of 576
unique extrapolation points. However, not all 576 points are simultaneously used in the
extrapolation stack. If |(;] < 0.75 or |(] < 0.75, then the extrapolation point was assigned
to 2;. Otherwise it was assigned to 2,. Furthermore, in the assignment of extrapolation

points, every sixth point was also assigned to Qs (i.e., Q3 C (©2; N Qs)). Furthermore, the
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CEC3, CRC2, CBC3, C3C2, (3¢2 nodes are eliminated in Q; and s, but Q3 uses a nonsparse
basis.

Table 3-1. Simulation Case Parameters

’ Simulation Case ‘ Nodes Eliminated Extrapolation Segments (©2;) | Total Extrapolation Points
Case 1 ([61]) N/A 0 0
Case 2 ([48]) N/A 1 576
Case 3 ¢Gei2=o0 2 576
Case 4 €2¢2,¢2¢2 =0 2 576
Case 5 C2¢2,¢3¢3,¢3¢2=0 2 576
Case 6 C2¢2,(3¢3,C3¢2,¢3¢2 =0 2 576
Case 7 B2 33 B2 3¢, 3¢ =0 2 576
Case8 | (P2, (P2, (32, 32, GG =0 3 576

3.5.4 Two-Link Manipulator Simulation Results

The median computation time, integral of error (i.e., [,*° |l () d7), 5% rise time,
and root mean squared (RMS) error are shown in Table 3-2. The computation time
varied between multiple instances of the same simulation case. To better measure
the computation time of each case, the median computation time was determined by
running each case 10 times. The median was selected to eliminate the affect of outliers
because the computation times are skewed toward higher computation times. For each
case, the integral of error, 5% rise time, and RMS steady-state error of each case were
identical between multiple simulation trials. l.e., only the computation time differed.

Table 3-2. Simulation results for the two-link robotic manipulator tracking problem.

Controller Case 1 ([61]) | Case 2 ([48]) Case 3 Case4 | Case5 | Case6 | Case7 | Case8
Median Computation
Time (s) 21.70 120.40 117.41 114.81 90.51 7112 65.4 25.90
Integral of Error (rad-s) 54.96 33.72 32.99 23.25 25.12 27.11 26.25 27.97
5% Rise Time (s) 133.06 33.33 69.61 40.65 41.34 41.57 41.44 44.29
RMS Steady-state
Error (rad) 34.29e-3 6.92e-3 11.18e-3 | 5.69e-3 | 7.86e-3 | 6.45e-3 | 6.61e-3 | 5.57e-3

Case 8 has the shortest computation time. By combining the switched extrapolation
stacks and sparse BE, the computation time is reduced by 78.4% with respect to the
non-sparse BE extrapolation method (cf., [22]).The computation time is the amount

of real-world time it takes to run 150 seconds of simulation time. There is a clear
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trend in the computation times of each case. Case 1 has the lowest computation time
since no BE extrapolation is performed. Case 2 has the highest computation time
because it performs the highest amount of BE extrapolation. As the BE extrapolation
becomes more sparse (from Case 3 to Case 7) the computation time significantly
decreases. Case 8 uses a switched extrapolation stack with a mix of sparse and non-
sparse BE extrapolation. By decreasing the number of points in each extrapolation
stack, the computation time is greatly decreased. Furthermore, by performing sparse
BE extrapolation on the smaller extrapolated stacks, the computation time is further
reduced. As the BE extrapolation becomes more sparse and switching extrapolations
tacks occurs, the computation time significantly decreases.

The integral of error for Case 1 is high because of the probing noise. Generally, as
the BE extrapolation becomes more sparse, the integral of error slightly decreases.

The 5% rise time is the amount of time it takes for the error to reach 5% of its
initial value. The rise time of Case 1 is the highest because the controller uses the
least amount of data. The rise time of Case 2 is the smallest because it uses the most
amount of data. While there is no clear correlation for the rise time between Cases 3-8.
Generally, as the BE extrapolation becomes more sparse, the rise time improves.

The RMS steady-state error is highest for Case 1 due to the probing noise. Cases
2 and 4-8 have similar RMS steady-state error. From this fact, we can conclude that the
amount of sparsity has little impact on the RMS steady-state error. Figure 3-6 illustrates
the performance of the ADP method in Case 2 applied to the robot manipulator.

Figure 3-7 illustrates the performance of the ADO method in Case 8 applied to the
robot manipulator. Noticeably, the error decreases more steadily in Case 8, however

Case 2 has faster overall convergence.
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3.5.5 Euler-Lagrange System with Unknown Dynamics
In this section the developed technique is applied to a linear quadratic tracking

problem, which has a cost function r (¢, 1) = e? Qe + u Ru. The Euler Lagrange system
U = a1y + aqy, (3—24)

where y,7,4 € R2, is leveraged in this simulation due to the fact that an analytical

solution to the HJB equation in (2—18) can be calculated. The concatenated state =

1
is defined as = £ [y, yT}T. The matrix a; € R?>*? is defined as a; £

all= Ot

N[

1
and a, € R?*2 s defined as a, = . The objective is to determine a polic
L policy

2 2
1 online to ensure that the concatenated state x tracks the desired trajectory z, =

[cos (0.5t) , 2cos (t), —0.5sin (0.5t) , —2sin (¢)]” while minimizing the cost function, which
is selected as r (¢, 1) = eT' Qe + p Ry

The dynamics in (3—24) can be rewritten in the form A = O Lo , f(x) =

02,2 a;'as

Ar, 9(2) =[085, (a)"] 7 4% (1) = [O0uo, ] b () = [, 7as, 025001, ~)"
which can be expressed as in (2-13), where ¢ £ [e”, xdT]T

To achieve the desired objective, the developed value function approximation
method is used. The basis selected for value function approximation is (3—22). The drift
dynamics are unknown, but are approximated using the developed system identification
method. The unknown drift dynamics are approximated with the linear basis function
¢ () = [x1, 29, 73, x4]T. Five separate simulation cases were performed that use identical
gains, initial conditions, and basis function for system identification and on-trajectory
BE. The differences between the simulations is that BE extrapolation is performed with

different NNs, which have varying sparsity, which are specified in Table 3-3. Case 1

(i.e., [48]) uses traditional BE extrapolation, Cases 2-4 use sparse BE extrapolation, and
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Case 5 uses sparse BE extrapolation and switches the extrapolation stacks depending
on the system state. Each simulation case was executed in Simulink using a discrete-
time differential equation solver at a frequency of 100 Hz on the same machine. Each

simulation case is executed for 120 seconds of simulated time.

Table 3-3. Simulation Case Parameters
| Simulation Case | Nodes Eliminated | Extrapolation Segments (€2,) |

Case 1 ([48]) N/A 1
Case 2 (36 =0 1
Case 3 (56,6567, =0 1
(368, G367,

Case 4 1
GG =0,
CICHCICE

Case 5 2
(3¢ =0

For Cases 1-4, BE extrapolation is performed over the domain ©; £
{CeR®: -5 < ( <5Viell,8]} with Ny = 64 extrapolated trajectories. How-
ever, for Case 5, two segments are defined: Q;, ¢ R*and Q, C R* where
O = {CeR¥: —5<( <5Vie (1,8} with N, = 64 extrapolated trajectories. The
second segment is defined such that Q, = Q; with N, = 32 extrapolated trajectories. In
Case 5, both ©; and 2, use the same basis, which is defined in the subsequent Table
3-3. The active BE extrapolation stack (2, is selected via the policy

1 [le]| > 2
ja . (3-25)

2 le <2

For each simulation case the cost parameters are @ = [1000, 1000, 0.2, O.2]T - I, and
R =10 - I,, the gains are 1., = 0.012, 1. = 0.001, 1,1 = 0.005, 742 = 0.005, A = 0.075,
v = 0.005, kg = 100, Ty = 0.02-I,.T = 10°, ' = 10, and the initial conditions are
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W, (0) = 10 - 1g3, W, (0) = 6 - 1o, [ (0) = 200 - Ip3, 8 (0) = 044,2 &(0) = 04, and
z(0) = [15,—15,0,0]" .
3.5.6 Euler-Lagrange Simulation Results

The tracking errors for Case 1 and Case 5 are compared in Figure 3-8. The
purpose of Figure 3-8(a) is to show the performance of an existing, non-sparse result.
To contrast Figure 3-8(a), Figure 3-8(b) presents the performance of the most sparse
simulation case. These figures, when paired with Table 3-4, exhibit the benefits and
drawbacks to using the techniques described in Case 1 and Case 5. Case 1 may take
slightly longer to converge, but it has a lower steady-state error, which indicates that the
use of additional BE extrapolation data results in improved value function approximation.
The convergence rate of Case 5 (SNN with switched BE extrapolation stack) is better
than that of Case 1 (standard BE extrapolation from [48]).

For this class of dynamics and cost function, the solution to the HJB equation can
be determined analytically by solving the Algebraic Riccati Equation offline. Hence, the
approximate value function V/ <C, VVC> can be compared to the optimal value function
V*(¢) . This comparison is shown in Figure 3-9.

To examine the effects of increased sparse BE extrapolation, data was collected
from each simulation case to facilitate a quantitative comparison. The computation
time varied between multiple instances of the same simulation case. To better measure
the computation time of each case, the median computation time was determined by
running each case 10 times. The median was selected to eliminate the affect of outliers
because the computation times are skewed toward higher computation times. For each
case, the integral of error, 5% rise time, and RMS steady-state error of each case were

identical between multiple simulation trials. The median computation time, integral of

2 From (3-24), 6 = A”.
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error (i.e., [*" ||le (7)|| dr), 5% rise time, and RMS error for each case are shown in Table

3-4.

Table 3-4. Simulation results for simulation Cases 1-5.

Controller Case 1 ([48]) | Case 2 | Case 3 | Case 4 | Case 5

Median Computation Time (s) 66.09 13.66 | 13.56 | 13.49 9.55
Integral of Error 802.88 593.97 | 580.36 | 595.13 | 594.91

5% Rise Time 55.96 37.88 | 37.57 | 37.90 | 37.90

RMS Steady-state Error 0.80 0.92 0.96 0.93 0.93

The computation time is the amount of real-world time it takes to run 120 seconds
of simulation time. The computation times were measured by a built-in function in
MATLAB. There is a clear trend in the computation times of each case. Case 1 has the
highest computation time because it performs the highest amount of BE extrapolation.
Case 5 has the shortest computation time. By combining the switched extrapolation
stacks and sparse BE, the computation time is reduced by 85.6% compared to the
non-sparse BE extrapolation method in [48]. As the BE extrapolation becomes more
sparse (from Case 2 to Case 4) the computation time significantly decreases. Case
5 uses a switched extrapolation stack with sparse BE extrapolation (the same SNN
as Case 4). By decreasing the number of points in each extrapolation stack, the
computation time is decreased. Additionally, by performing sparse BE extrapolation on
the smaller extrapolated stacks, the computation time is further reduced. Hence, as the
BE extrapolation becomes more sparse and more switching extrapolations stacks are
used, the computation time significantly decreases.

The 5% rise time is the amount of time it takes for the error to reach 5% of its initial
value (i.e., |le (t)|| < 0.05 - ||e (0)]]). The 5% rise time was used as a performance metric
to better compare the convergence of the test cases. If a 10% rise time were used, the
performance difference between Case 1 and Cases 2-5 would not be as pronounced.
While the rise time is the worst for Case 1, there is no clear explanation. Increasing

sparsity seems to have a minor effect on rise time. The RMS steady-state error is
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lowest for Case 1. This is likely due to the fact that Case 1 uses the most data and
computations; however, this has a negative effect on computation time. Cases 2-5 have
similar RMS steady-state error; we can conclude that the increasing amount of sparsity
has little impact on the RMS steady-state error.

3.5.7 Ease of Sparsification

As the processing power of modern computing platforms increases, the need
for computational efficiency gradually decreases. For the industrial application of
the developed sparse BE extrapolation, one may be required to make a decision to
either purchase additional man-hours for a designer to implement this technique or to
purchase more sophisticated hardware. Like many product implementation decisions,
there is a break-even point (or possibly many points) at which it may be more cost-
effective to purchase upgraded computing hardware instead of paying a designer.
While there are many parameters used to determine the most cost-effective solution,
the general trend is not clear. However, once a designer is familiar with the developed
technique, modifying [48] to include sparse BE extrapolation should take less than one
man-hour.

In many applications it is not possible to use a faster processor due to architecture
(PC104, Controller Area Network bus) restrictions, qualifications of the processor (e.g.,
for military or space applications, or processing power demands. In such applications,
the developed sparse BE extrapolation method will be beneficial because the reduced
computational load reserves computational capabilities for other processes.

3.6 Concluding Remarks

In this chapter, an online approximate optimal tracking controller is developed for an
initially unknown dynamical system. The value function is approximated by performing
sparse BE extrapolation over segments of the state space. Motivated by reducing the
computational complexity of BE extrapolation, sparse BE extrapolation is performed

over user-defined subsets of the state space. Using SNNs in BE extrapolation yields
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computational benefits due to the smaller number of active neurons. UUB tracking of
each agent’s state to the neighborhood of the desired state and convergence of the
control policy to the neighborhood of the optimal policy are proven using a Lyapunov-like
stability analysis in the presence of discontinuities. One simulation example for a two-
state dynamical system shows that this method enables the system to track a desired
trajectory while approximating the value function and optimal control policy to their
optimal values. A third simulation example is used to show that using sparse, switched
BE extrapolation reduces the computation time by 85.6% when compared to the method

in [48].

10
1 10/
l;/ \ — € E 0 0
‘ ——
101, 21 0
0 5 10 -10 0 10
Time (s) z1(t)

(a) (b)

Figure 3-1. Error trajectories and state space portrait of the two-state simulation
example. Figure (a) shows the error trajectories. Figure (b) shows the state
space portrait for the two-state dynamical system described in (3—14). In
figure (b) the blue boxed area represents where the €2, segment is active,
whereas the visible area outside of the box represent where the €2, segment
is active.
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Figure 3-2. . Critic and actor weight values of the two-state simulation example. Figure
(a) shows the trajectories of the critic weights 1V, (¢). Figure (b) shows the
trajectories of actor weights 1, (¢) . The dashed vertical line indicates the
time at which the extrapolation stack is switched from €2, to €.

1.5 | -
1 —01(75)
1'( —0y(t)"
05 | —05(t) |
—_ | 04(t)
= TN |
-0.5 L
|
|
1r i
15— ‘
0 5 10

Figure 3-3. Estimate of the drift dynamics. This figure illustrates that system
identification is completed around the 4 second mark.
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Figure 3-4. Comparison of the optimal value function V* ({) to the approximated optimal
value function V/ (g, Wc) .

0 2 4 6 8 10

Figure 3-5. Comparison of the optimal value function «* (¢) to the approximated optimal
value function @ (g, Wa> .
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Figure 3-6. Errors ey, ey é, é, for Case 2.
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Figure 3-7. Errors ey, ey é1, é; for Case 8. The dashed vertical lines indicate the time at
which the extrapolation stack is switched from 2, to Q, to Q3, respectively.
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Figure 3-8. Error signals ey, ey, é1, é; for Case 1 and Case 5 as outlined in Table 3-4.
Figure (a) shows the errors for Case 1. Figure (b) shows the errors for Case
5. The vertical line represents the time at which the system switched BE
extrapolation data stacks due to (3—25). Case 5 has faster convergence than
Case 1; however, Case 1 has a smaller steady-state error.

><1O6 |

— V)
—V(t)

0 20 40 60 80 100 120
Time (s)
Figure 3-9. Comparison of the optimal value function V* () to the approximated optimal

value function V (C, Wc> for Case 5. The vertical line represents the time at
which the system switched BE extrapolation data stacks due to (3—-25).
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CHAPTER 4
SPARSE LEARNING-BASED APPROXIMATE DYNAMIC PROGRAMMING WITH
BARRIER CONSTRAINTS

This chapter and the result in [64] provide an approximate online adaptive solution
to the infinite-horizon optimal control problem for control-affine continuous-time non-
linear systems while formalizing system safety using barrier certificates. The use of
a BF transform provides safety certificates to formalize system behavior. Specifically,
using a BF, the system is transformed to aid in developing a controller which maintains
the system state in a user-defined constrained region. To aid in online learning of the
value function, the state-space is segmented into a number of user-defined segments.
Off-policy trajectories are selected in each segment, and sparse BE extrapolation is
performed within each respective segment to generate an optimal policy within each
segment; the process of state space segmentation for BE extrapolation is detailed in
Chapter 3. A Lyapunov-like stability analysis is included which proves UUB regulation in
the presence of the BF transform and discontinuities. Simulation results are provided for
a two-state dynamical system to compare the performance of the developed method to
existing methods.

4.1 Barrier Functions

Consider the continuous-time control-affine nonlinear dynamical system

t=f(z)+g(z)u (4-1)

with initial condition = (0) = zo € R", where z € R" denotes the system state, u € R™
denotes the control input, f : R” — R™ denotes the drift dynamics, and g : R* — R™"*™ is
the control effectiveness. The goal is to design a control policy u for the system in (4—1)
while regulating the system state, x = [z4, ... ,:cn]T , to the origin while also ensuring the
states lie within distinct user-specified sets (i.e., within the user-defined barriers) such

that
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z; () € (a;, A;) Vi=1,...,nand t € R, (4-2)

where a € R™ and A € R" represent the vectors of all lower and upper bounds of the
sets, respectively, with a; € R and A; € R being the i** row of « and A, respectively,

where i € {1,...,n}. Let alogarithmic BF, b : R x R x R — R, be defined as

b (Zi, a;, AZ) é In (é i T ci

i Ay — %4

) ,VZZ' c (ai,Ai), (4_3)

such that the constants a; and A; satisfy a; < 0 < A;, z; € R, and the inverse of the BF in
(4-3), is

es —1

e*ia; — A
T T

b_l (Zi, a;, Az) = aiAi (4—4)

The logarithmic BF in (4—4) is as a tool to ensure the system remains within the
user-defined barriers. To this end, the derivative of (4—4) is taken with respect to z; to

yield

db_l (Zi7 a;, Al) - a?AZ — azAZQ (4—5)
dz; - aferi — 2Aa; + Alem

Let s; € R be the state-space to barrier-space coordinate transformed state such that
S; = b (l‘i, a;, AJ) . (4—6)
Using (4—4), the transformation from the barrier-space to the state-space is

T = b_l (Si7 i, A 1) ) (4_7)

Taking the time-derivative of (4—7) and rearranging yields

(a2e® — 2A;a; + A?e*‘”)i
2 2 i
a; Az - CLz‘Ai

5.2':
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Using (4—1) in (4—-8) results in the transformed state

s;=F; (31'7 ag, Ai) +G; (Sia Qs Ai) u (t) ) (4_9)
where
a [aje’ —2A,a; + Ase™% _1
F; (Si,auAi) = ( aiAn — anAfl ) - fi (b (Si,ai,A,i)) ) (4_1 0)
2 _s; 2 _—s;
A a; et — QAZCM + Aie 5i 1
Gilowon ) 2 (TR ) 0 0 o)) )

and b1 (s;,a;, A;) with f; : R — R and g, : R — R>™ being the i"* row of the functions f
and g in (4-1), respectively. The transformed states s 2 [s;,...,s,]" € R" can be written

using (4-8) in a compact form as
s=F(s)+G(s)ul(t), (4-12)

where F (s) 2 [Fi(s1,a1,41),...,Fy (50, a0, A,)]" and G (s) £
(G1 (s1,a1,A1),...,Gp (Sp, an, An)]T )

The drift dynamics F' is assumed to be a locally Lipschitz function with ' (0) = 0,
where V,F : R* — R™" is continuous. There exists a constant b, such that for s € ,
|F (s)]| < bslls]l, where @ C R™is a compact set containing the origin. The system is
assumed to be controllable over the compact set €2, and the control effectiveness, G,
is assumed to be a locally Lipschitz function and bounded such that 0 < |G (2)| < G,
where G € Rx,.

4.2 Approximate Optimal Controller Development

The development in this section follows that in Chapter 2, however, this section
presents the ADP problem formulation for the barrier states in (4—6). The control
objective is to solve the infinite-horizon optimal regulation problem, i.e., determine a

control policy, u, that minimizes the infinite horizon cost function, J : R™ x R™ — R,
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defined as
T2 [ ris)u(m)dr (4-13)
to
subject to (4—12) while regulating the system states to the origin (i.e., s = 0,,), where
r . R® x R™ — R, is the instantaneous cost defined as r (s,u) = s7Qs + u' Ru,
@ € R™" is a constant user-defined symmetric PD matrix, and R € R™*™ is a constant
user-defined PD symmetric matrix.’
Remark 4.1. The state cost matrix, @, satisfies ¢/, < Q) < ql,, where ¢,q € R.
The infinite horizon value function (i.e, the cost to go) for the optimal solution is
denoted by V* : R” — R, and given by
V*(s) = min / r(s(7),u(r))dr, (4-14)
u(r)GU,-rE]RZt t

where U C R™ denotes the action space. Provided and optimal control policy exists, the

value function is characterized by the corresponding HJB

0= min (V,V*(s)(F (s)+ G (s)u) +s"Qs +u" Ru), (4-15)

u(T)eU
with the boundary condition V* (0) = 0. Provided the HJB in (4—15) admits a continu-
ously differentiable PD solution, then the optimal closed-loop control policy u* : R* — R™
is

W (s) = —%RlG ()T (Vo1 ()7 . (4-16)

4.2.1 Value Function Approximation
The HJB in (4—15) requires knowledge of the optimal value function, which, gen-

erally, is an unknown function for nonlinear systems. Parametric methods can be used

! As in Chapter 2, the matrix PD @ can be replaced with a PD function Q (s).
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to approximate the value function over a compact domain. To facilitate the solution of
(4—-15), let 2 C R™ be a compact set containing the origin with s € Q. The universal
function approximation property of single-layer NNs is used to parameterize the value

function V* as
V*(s) = WTo (s) +e(s), (4-17)

where W* ¢ R’ is an unknown bounded weight, o : R* — R’ is a user-defined
vector of basis functions, and ¢ : R* — R is the bounded function approximation error.
Solving (4—15) for v and using (4—17), the approximate optimal control policy «* can be

expressed in terms of the gradient of the value function V* as
* . 1 —1 T * T
u'(s) = —3R7'G(s) (vsa ()T W™ + Ve (s) ) . (4-18)

Property 4. There exists a set of constants that upper bound the unknown weight
vector, W*, the user-defined basis vector, o, and approximation error, ¢, such that
W] < W*, sup,eq lo ()| < 7, sup,eq Vo (s)]] < Vo, supyeq lle(s)l| < &
SUP,cq || Vse (8)|| < Ve, where W, &, Vo, € Ve € Ry [60].

Since the ideal weights are unknown, a parametric estimate, called a critic weight,

W, e R’ is substituted to estimate the optimal value function, V :R" x R — R where
v (s, W) — o (s). (4—19)

An actor weight estimate, 1, € RZ, is used to provide an estimated version of (4—18),

@ : R* x RE — R™, given by

i (s, W) - —%RlG (s) (Vsa ()" Wa) . (4—20)

4.2.2 Bellman Error
The HJB in (4—15) is equal to zero under optimal conditions; however, substituting

(4-19) and (4—20) into (4—15) results in a residual term, § : R® x RY x R — R, which is
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referred to as the BE, defined as
J (s, W, Wa) L2V, V (s, Wc> (F (s) +G(s)u (s, Wa>) +r (S, 0 (3, Wa>> (4-21)

where V,V/ (s, VT/C> = W7V,0 (s) denotes the gradient of the value function estimate.
The BE is indicative of how close the actor and critic weight estimates are to the ideal
weights. By defining the mismatch between the estimates and the ideal values as

W, 2 W —W,and W, £ W — W,, substituting (4—19) and (4—20) in (4-15), and
subtracting from (4—21) yields

6= EWEGUWQ —WI'W,+0(s), (4-22)
where w : R* x R* — R" is defined as
w (5,W2) 2 Vo (5) (F(5) + G ()i (5, W) ) (4-23)

and O (s) 2 1W*TV, o (s) GrVe (s)" + 1G. — Ve (s) F. The notation G, G, and G. is
defined as G = G (s) 2 G(s)R7'G(s)" , Gy = Gy (s) £ V40 (s)Gr(s) Vso (s)”, and
G. = G.(s) 2 V,e(s) G (s) Ve ()", respectively.
4.2.3 Sparse Bellman Error Extrapolation

At each time instant, the BE in (4-21) is calculated using the control pol-
icy given by (4—18) evaluated using the current system state, critic weight esti-
mates, and actor weight estimates to obtain the instantaneous BE denoted by
S(t) 26 (s (t), W, (t), W, (t)) and control policy denoted by u (t) £ 4 (s (t), W, (t)) . Our
previous work in [33] explored using the computational efficiency of SNNs and segmen-
tation to extrapolate the BE, so that the BE can be active across the active state-space,
thereby relaxing the traditional PE condition. The benefit to performing BE extrapolation
across multiple segments is that the process can be performed in parallel. Since SNNs

are more efficient than traditional full-weight neurons in this application, BE extrapolation

within multiple segments can be computed simultaneously.
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To relax the strictness of the PE condition, virtual excitation using BE extrapolation
is performed. The state-space is divided into a user-specified number of segments. Let
the operating domain (2 be a partition into S € N segments such that S = {;j € N|j < S}
defines the set of segments in the operating domain as 2 = Ule Q.

Each segment is assigned a user-specified number and location of off-trajectory
points, {s;; : s, € Qj}f;fl , where N, € N denotes the user-specified number of points
in the segment Q;, and x; ; = b~! (s;;, a;, A;). Using the extrapolated barrier-space
trajectories, s; ; for a given j € S, the tuple (zg, ¥ E]F) is defined as the history stack
corresponding to ©; where X7 £ - 371, 286, (1), T £ -0 G"TJZZ—W, ¥ A
o i %a wij (t) £ w (Sz’,j» Wa) = V.0 (si5) (F (sij) + G (sij) G (51',;‘7 Wa)) :
pij(t)=1 +uwfj (1) (t)w;; (t), and v € Ry, are user-defined gains. Recall, the notation
Gr = G(s)R'G(s)",Gy = Gy (s) 2 V0 (s)Gr(s)Veo(s)',and G. = G.(s) £
Ve (s) G (s) Voe (s)"

Remark 4.2. BE extrapolation is performed in the barrier-space since function approxi-
mation is taken in a compact set over the barrier-space.
Assumption 4.1. Over each segment j € S, there exists a finite set of trajectories
{sij:si; €} suchthat0 <c £inf, ., A {1} forall ¢ € Ry,
Remark 4.3. The constant c is the lower bound of the value of each input-output data
pair's minimum eigenvalues.
4.2.4 Update Laws for Actor and Critic Weights

Using the instantaneous BE § (), policy « (¢), and extrapolated BEs ¢, ; (t), the critic

and actor weights are updated according to

W () = — a6 (1) — o 1) (4-24)

p(t)

— T (t) 9L (1) > 1{£§||F||§f}’ (4-25)
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Wa (t) - - 77(11 Wa (t) - Wc (t) Wa (t) + Wc (t) + TICQZ‘Z;WC (t) )

: ( ; : > i NGy (1) Wa () w' (1)
(4-26)

where 1.1, 12, a1, Na2, A are positive constant learning gains, I', I € R, are upper and
lower bound saturation constants, and 1, denotes the indicator function. ||I" (¢)|| is
upper and lower bounded by user-defined saturation constants, T and I, respectively.
Using (4-25) ensures that I’ < ||T'(¢)|| < T for all t € R.,. The indicator function in
(4—25) can be removed with additional assumptions and modifications outlined in [22].

4.3 Stability Analysis

To facilitate the analysis, the notation (-) is defined as () £ sup,.q (+). Letr £

~ ~ T
[sT,WCT ,Wr ] denote a concatenated state, and let V;, : R"*2L x R., — Rbea

candidate Lyapunov function defined as

1 - 1
Vi (r8) = V7 (s) + gWITH () We + S W W, (4-27)

which, using the positive definiteness of I/* and [67, Lemma 4.3], can be bounded as

v (JIr]]) < Vi (r,t) <75 (||r]]) for class K« functions v;,7; : R>y — Rsq. Using (4-25), the

normalized regressors “ and ‘;% can be bounded as sup;cp_

%H < 1 _foralls e Q

1,5 24/vDl
and sup;cp_, °[j—]7 < 2\}E forall s; € ; for all j € S. The matrices G and G, can be

bounded as sup,cq |Gl < Amax {R} G and sup,cq |Gyl < (Voo G)” Amax {R '}
Theorem 4.1. Provided the class of dynamics in (4—12), Assumption 4.1, and the

sufficient gain conditions

1
a w2 > —F—= ("¢ ) W*G,, 4-28
Na1 + 7a2 \/E(ﬂ1+772) ( )

377a1 + 3 (7701 + 7702)2W2G_0'2
T)e2 16V£7762 (nal + na2) ’

(4-29)

vl_l (1) < El_l (ﬂ (7’)) , (4-30)
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hold, then the system state s(t) in (4—6), weight estimation errors W, (t) and W, (t), and

policy u(t) are UUB.

Proof. Let z (t) fort € R, be a Filippov solution to the differential inclusion

: € K [h](z), where K [] is defined in [68] and /. : R*2L+1* — R2L+L% g de-
finedas h & |37, ﬁ/CT, Wg,vec (1'“—1>Tr. Due to the discontinuity in the update
laws in (4—24)-(4—26), the time derivative of (4—27) exists almost everywhere and
Vi (2) 5 X7L (z), where XL/L is the generalized time-derivative of (4—27) along the
Filippov trajectories of 2 = h (z) [69]. Using the calculus of K [-] from [69], and
V*(s) = V,V*(s) (F (s) + G (s)u(t)), then substituting (4—24)-(4—26) yields

B C VLV (F 4 Gu) — WIT-! (_ndrgs ok [zz})

TwwIT

—~ %WCT r ()\1“ — Tt — e K [24] r) W,
- Wg <_77a1 <Wa (t) — I/Vc (t)> - 77a2Wa (ﬂ)

T nchZ (t) Wa (t) w?” (t> ' YARY
i ( 0 W (1) + e K [57] WC> . (4-31)

Using the class of dynamics in (4—12), Assumption 4.1, and substituting the

sufficient conditions in (4—28) and (4—29) yields

Vi < —u(|lrl]). Yl = vt (1), Yt € Ry, (4-32)
where
v (HTH) < QHZ‘HQ + (na1+na2) ’W 2_'_7]022 W 2 (4_33)
: =9 16 @ 12 el

where [ is a known positive constant. Since (4—27) is a common Lyapunov-like function
across each segment j € S, [67, Theorem 4.18] can be invoked to conclude that r

is UUB such that limsup,_, . ||| < v;' (v (v; ' (1)) . Since r € L, it follows that

s, Wo, W, € Lo W, W, € Lo, and u € L. Moreover, if s € Lo, by (4—4) z € L., and

satisfies z; € (a;, A;) foreachi € {1,--- ,n}. O
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Remark 4.4. See Remark 3.4 for details on satisfying Assumption 4.1.
4.4 Simulation Results
To demonstrate the performance of the developed method for a nonlinear system,
simulation results are performed for the two-state dynamical system described in [70].

The simulation is performed with the system given in (4—1) where = = [21, 23] ,

Fla) = e , (4-34
—ga1 — 55 (1 — (cos (221) +2)°)
and

0
g(x)= . (4-35)
cos (2z1) + 2

The control objective is to minimize (4—13), where Q = diag (0.01,0.1) and R = 0.1. To
approximate the value function, a polynomial basis is selected as o (s) = [s2, 5152, 52"
The barrier sets as defined in (4-2) are z; € (—5.25,0.25) and z» € (—0.25,5.25).

To facilitate the sparse BE extrapolation, two segments are selected as 2; ¢ R? and

Q, C R? where

0 2 {s € R?: b(—-5.25,-5.25,0.25) < s; < b(—3.5,—5.25,0.25)

b(3.5,—0.25,5.25) < s5 < b(5.25, —0.25,5.25)} (4-36)
and

Q£ {s e R* : b(—3.5,-5.25,0.25) < s < b(0.25, —5.25,0.25) ,

b(—0.25,—0.25,5.25) < s5 < b(3.5,—0.25,5.25)} . (4-37)

The basis used over segment 1is o; (s;) = [s7,, 51,52, sgﬂ.]T forall s; € Q; with, = 16
extrapolated trajectories, while in segment 2 the second element is turned off such that

o (s;) = [sii,o,sg,i]T for all s; € Q, with N, = 144 extrapolated trajectories used for
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BE extrapolation. The initial conditions for the system (i.e., t = 0) are x (0) = [-5, 5],
W, (0) = W, (0) = [£,1,1]" T (0) = 250 x L. The gains were selected as 7, = 0.001,
Nee =5, A = 0.5, a1 = 25, 1z = 0.1, v = 0.005.

Figure 4-1 shows that the state converge to the origin while staying within the user-
specified barriers. System parameters were selected to show the impact of the barriers
on the system. As shown, as the state nears x; (t) = 0, but does not cross over the
boundary at A; = 0.25. By design, the state trajectory comes close to the barrier without
intersecting it. As x, (¢) approaches as, the controller forces the system trajectory away
from the boundary, and toward the origin. The developed method and the method
from [38] obey the barrier constraints, whereas the methods in [33] and [53] do not.
Figure 4-2 illustrates the convergence of the systems’ states to the origin with respect
to the barriers. The colors and line styles correspond to those in Figure 4-1. All of the
simulated methods converge to the origin. The developed method converges first. The
noisy behavior of the simulation of [38] is partially due to added noise in the controller to
satisfy the PE condition. The initial control input in [38] is high since the state is close to
the barriers and due to the structure of (4-35).

Table 4-1 compares the developed method to [33, 38, 53] in terms of execution
time of a 15 second simulation. Each method was simulated in MATLAB. Based on this
simulation, BFs constrain an ADP algorithm that uses sparse BE extrapolation, which
enables the system to converge to the origin while switching history stacks between
active segments, thus formalizing system safety constraints. The developed method

converges faster than [33, 38, 53] but is more computationally expensive.

Table 4-1. Simulation Execution Time

| Method | Computation Time (s) |
Sparse BE Extrapolation with BF 3.39
Sparse BE Extrapolation [33] 2.58
StaF ADP [53] 2.71
Standard ADP with BF [38] 1.97
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4.5 Concluding Remarks

This chapter presents a framework that combines the use of sparse BE extrapola-
tion with BFs. Using this framework, a dynamic model can be used to evaluate the BE
over unexplored areas of the state-space when the states have been transformed using
BFs. An online approximate optimal controller is developed using sparse, segmented BE
extrapolation and BFs to optimally regulate a dynamical system while providing formal
safety guarantees. A BF transform is applied to a fully-constrained dynamical system to
generate an unconstrained optimization problem. RL is used to solve the optimization
problem online, leading to the development of an approximate optimal controller. The
value function is approximated via sparse BE extrapolation over segments of the state-
space. A Lyapunov-like stability analysis in the presence of discontinuities shows UUB
regulation of the system states to the neighborhood of the origin and convergence of
the control policy to the neighborhood of the optimal policy. A simulation of a two-state
dynamical system compares the developed method to related existing methods.

Future research thrusts in the combination of optimal control and BFs can examine
the use of more complicated (e.g., coupled) state constraints. While multiple variations
of ADP have been used to impose constraints on individual states, the problem of
implementing more complex combined state constraints exists. While it is possible
to place BF-based constraints on i in (4—20), such a constraint would invalidate the
optimality objective. A more complicated (and currently open problem) is how to perform
a BF-based transformation of the state (e.g., the one developed in (4-2)-(4—12)) to

include more complex state constraints.
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Sparse BE Extrapolation with BF
= = = Sparse BE Extrapolation

---------- Hybrid StaF

6r 0 |memam Standard ADP with BF a

Figure 4-1. State-space portrait for the system in (4-35). The black dashed lines
represent the barriers. The solid red line denotes the trajectory of the
developed method, the dashed blue line denotes the trajectory using the
method in [33], the dotted green line denotes the trajectory using the method
in [53], the dash-dotted magenta line denotes the trajectory using the
method in [38] without input saturation. Each method is simulated with the
same () and R values.
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Figure 4-2. State trajectory for the system in (4—35). The black horizontal dashed lines
represent the barriers of each state. The developed method is shown to
converge to the origin first. The legend for this figure is omitted since it is the
same as Figure 4-1.
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CHAPTER 5
MODEL-BASED REINFORCEMENT LEARNING FOR OPTIMAL FEEDBACK
CONTROL OF SWITCHED SYSTEMS

This chapter and the results in [71-73] examine the use of RL-based controllers to
approximate multiple value functions of specific classes of subsystems while following
a switching sequence. Each subsystem may have varying characteristics, such as
different cost or different system dynamics. Stability of the overall switching sequence is
proven using Lyapunov-based analysis techniques. Specifically, Lyapunov-based meth-
ods are developed to prove boundedness of individual subsystems and to determine
a minimum dwell-time condition to ensure stability of the overall switching sequence.
UUB regulation of the states, approximation of the value function, and approximation
of the optimal control policy is achieved for arbitrary switching sequences provided the
minimum dwell-time condition is satisfied. Simulation results for a three-state dynamical
system are presented to demonstrate the performance of the developed technique.

5.1 Switched ADP Development

In the subsequent chapter, the ADP problem is outlined again for a family of
dynamical systems. The development of an ADP controller for each subsystem is
identical to that in Chapter 2, except a separate ADP policy governs each subsystem.
Generally, the subscript p denotes the p'" subsystem (e.g., f, represents the drift
dynamics for the p'" subsystem).

Letp € P, where P C N and |P| < oo, represent a family of switched subsystems.
Consider the p*™* continuous-time control-affine nonlinear dynamical system & =
f» (z) + g, (x) u where z € R™ denotes the system state, u € R™ denotes the control
input, f, : R* — R™ denotes the drift dynamics, and g, : R* — R"*™ is the control

effectiveness, where n > m and the pseudoinverse of ¢ (x) exists. The control objective
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is to track a time-varying continuously differentiable signal =, € R™." To quantify the
tracking objective, the tracking error is defined as e £ x — 4. Using the technique
in [48] to transform the time-varying tracking problem into an infinite horizon regulation

problem, the control-affine dynamics can be rewritten as

é = F, (¢) + G, (C) pp, (5-1)

where ( € R*" is the concatenated state vector ¢ £ [e”, xdT}T, fy = U — ugy (T4)
is the transient portion of the controller, o; : R" — R”" is subsequently-defined,
uq, @ R" — R™ is the subsequently-defined trajectory tracking component of the

controller, F}, : R** — R*" is defined as

B2 fole+xa) = hap (24) + gp (€ + Ta) uayp (a) | (5-2)

hap (Id)

and G, : R?" — R?"*™ s defined as

Cp Q)2 [0 (@) O] (5-3)
The action space for 1, is U C R™. The following assumptions facilitate the development
of the approximate optimal tracking controller [48].
Assumption 5.1. The function f, is continuously differentiable and f, (0) = 0 for all
peP.
Assumption 5.2. Each function g, is locally Lipschitz and bounded such that 0 <
g, ()] < g,, Wwhere g, € R+ is the known constant maximum singular value of g, (x). It
follows that 0 < ||G, (¢)|| < G, where G, € R. is a known constant.
Assumption 5.3. There exist locally Lipschitz functions h4, : R* — R" that define

the desired trajectories such that hq,, (z4) £ 4 and g, (za) g (24) (hap (xa) — fp (24)) =

! 24 need not be continuously differentiable at the switching instances.
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hap (z4) — fp (ra) Vt € Ry and p € P, where g7 : R* — R™ " is defined as g, (v) =
-1
(9 () gp (2)) " gy (2).
The control objective is to solve the infinite-horizon optimal tracking problem for
each subsystem, i.e., determine a transient control policy ., that minimizes the infinite

horizon cost functional, J, : R* x R™ — R, defined as

T (Copp) 2 / Q,(O) + 1" Ry, dr, (5-4)

subject to (5.1) while tracking the desired trajectory of the p** mode, where @p € R —
R, is @ PSD user-defined state cost function p'™ subsystem, and R, € R™*™ is user-
defined PD symmetric input cost matrix for the p™ subsystem. Let @, () £ @, (¢),
where @), : R* — R is a PD user-defined cost function that penalizes the error e and
not the desired trajectory z,.
Property 5. Each state cost function @, is PSD and satisfies 4, (lel) < @, () <
9, (lel)) vp € P, where ¢ g, : Rq — R,

The infinite horizon value function (i.e., the cost-to-go) for the p™ mode V* : R*" —

R, is defined as

V2 (¢) £ min / Q ) + i, TRy, dr, (5-5)

MPEU

which has the boundary condition V* (0) = 0. If the optimal value function is continu-
ously differentiable, then the optimal control policy p; : R?" — R™ can be obtained from

the corresponding HJB equation

0=V, Q) (Fp(C) +Gp(C) 1) +Q, () + " Rppus, (5-6)

with the boundary condition V¥ (0) = 0. Provided the HJB in (5-6) admits a continuously

differentiable PD solution, then the optimal closed-loop transient control policy s, :
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R2" —» R™ is
e (Q) = == R'GL (OT (Ve () (5-7)

Value Function Approximation

The HJB in (5-6) requires knowledge of the optimal value function, which is
unknown for general nonlinear systems. Parametric NN-based methods can be used
to approximate the optimal value function over a compact domain.? To facilitate the
solution of (5-6), let 2, € R*" be a compact set 2, C R** be a compact set such that
¢ € Q,. The universal function approximation property of single-layer NNs is used to

represent the value function of the p'™ mode V* as

Vo (z) = W;T¢p Q)+ & (), (5-8)

where W € R” is an unknown bounded vector of weights, ¢, : R*" — R is a user-
defined vector of basis functions, and ¢, : R* — R is the function approximation error.
Each subsystem p can have finitely many neurons L. The number of neurons in each
subsystem’s NN can be different (e.g., L for subsystem 2 need not be the same as

L in subsystem 1). However, to focus the subject of this manuscript and to minimize
the amount of notation, generally, L represents the number of neurons in ¢, Vp € P.
Substituting (5-8) into (5-7), the transient optimal control policy of the p'* mode 1, IS

expressed as

T

b (G) = —3 B Gy (O) (W3 ¥y (€) + Vi (0) (5-9)

Property 6. There exists a set of constants that bound each unknown ideal weight

vector W, the user-defined activation functions ¢, and function reconstruction error ¢,

2 The subsequent stability analyses proves that if ¢ is initialized within a compact set,
then it will remain in that compact set.
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from above such that HW;” < W;: SUP¢eq, [op (O < ¢_p’ SUD¢eq, Vo (Ol < Veoy,

supceq, lep () < & subceo, Ve, (Ol < Vaey, Where Wy, 6, Voo, &, Vee, € Rag
[60].

The ideal weights W in (5-8) and (5-9) are unknown; hence, an approximation of
W is sought. Specifically, the critic estimate, qu € R” is substituted to estimate the

value function V, : R*" x R* — R denoted as

Uy (¢ W) 2 W50, (C) (5-10)

Similarly, another estimate for 1V, called the actor weight vector 17, ,, € R, is used
to provide an approximate version of (5-9), the approximate optimal control policy
i, s R" x RF — R is given by
i (6 W) = 5 By G ()7 (Ve () W) (5-11)
5.2 System Identification

One contribution of this chapter is the extension of ADP to certain classes of
switched systems. In many cases, a model of the drift dynamics f,, and therefore F,,
may be known a priori. However, if the drift dynamics contain uncertainty (i.e., contains
parametric uncertainties), then online system identification must be performed to
estimate the system model in real-time.

To facilitate the system identification objective, let fp : R™ x R* — R™ be a parametric
estimate of the drift dynamics f,,. The number of parametric uncertainties s € N
represents the number of uncertain parameters for each subsystem p. Each subsystem
p may have a different number of uncertainties and, therefore, different value of s. For
notational brevity, let s = s, Vp € P represent the number of parametric uncertainties
for each subsystem. Let f, be linearly parameterizable, i.e., f, (z) £ Y, (x)0,, where

Y, : R* — R"**is a constant regression matrix and ¢, € R* denotes the unknown
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constant parameters of f,. The developed technique can be extended to a linear-in-
the-parameters NNs [48] or DNNs [52] to capture a larger class of nonlinear systems.

To contain the scope of this manuscript, the dynamics are assumed to be linear-in-the-
parameters. Using an approximation of the uncertain parameter vector ép € R® an
approximation of the p'" mode’s uncertain drift dynamics fp :R™ x R* — R™ is defined as

f (x, ép> 2 Y, (z) 6,. The parameter estimates are updated using the ICL-based update
policy

_ M
Op £ —Ipo Z yg:j (x (tj) - (tj — At) — Upj — ypu‘ep) (5-12)
=1

from [74], where I',, € R***is a PD learning gain, V,; = Y, (t;), Up; = U, (t;),

Vo (6) 2 frae—avg Yo (z (M) dr,and Uy (1) £ [0 5, 99 (@ (7)) u(r)dr.

Assumption 5.4. An history stack of recorded state and control inputs {z (¢;), u (t;)}}"

j=1
that satisfy ) 2 Amin {ij‘il ypT,jyp,j} > ( are available a priori for all subsystems p € P.
Remark 5.1. To relax the common PE condition, the update law in (5—-12) uses a history
stack of recorded state and input data. The finite excitation condition (Assumption
5.4) from [74] is necessary to facilitate parameter convergence in the subsequent
stability analysis. With a minor modification to the parameter update law in (5-12), the
availability of the history stack a priori is not necessary [48]. Assumption 5.4 is used to
focus the scope of this manuscript and simplify the subsequent stability analysis.

To facilitate the subsequent stability analysis, define 6, 2 6, — 6,. The update law in

5-12 can be rewritten in an analytical form as

. M
Op = —kicLolpo > Vi Vil (5-13)
j=1
If fis unknown, then the trajectory tracking component of the controller u, (z4)
contains uncertainty. An approximation of the trajectory tracking component u, :

R" x R* — R™ is defined as g4, (md,é) 2 gt (24) (hd,p (24) — [, (m,é)) . Hence, the
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applied control policy is
w2, (c, Wp) + gy <xd, ép) . (5-14)

5.3 Bellman Error
The HJB equation in (5—-6) is equal to zero under optimal conditions; however,
substituting (5-10) and (5-11) into (5-6) results in a residual term §, : R x RL x RY — R,

which is referred to as the BE, defined as

Sp (C> ép’ Wc,p’ Wa,p) = VCVP (C’ Wc,p) (FO,p <C> ép) + Fip (C) + Gy (C) fp (Ca Wa,p))
£ Q)+ i (€ W) Rt (€. Vo). (5-15)

T

whete Fiy (C.0,) & [(5 (5.0,) =00 )55 () o (50:0)) 00| and Fip () 2
[(—hd,p (za) + 9p () g (2a) hayp (xd))T, ha, (xd)T]T. The BE is in indirect measure of
the proximity of the actor and critic weight estimates to the ideal weights. By defining
the mismatch between the estimates and the ideal values as W, £ Wy — W,, and
Wam = Wy — Wa,p, substituting (5—8) and (5-9) in (5-6), and subtracting from (5—15)
yields the analytical form of the BE, which is used in the subsequent stability analysis,

as

Oy (GO Weps Wap) = =WV, () (Fi (€. 0,) = Fi (€.00) ) — i Wy

1 . N
W GonWas + 0,(0). (5-16)
where w, : R?" x R x R® — R?" is defined as
Wp (47 Wa,pa ép) £ VC(bp (C) (FP,G (C7 ép) + Fl,p (C) + Gp (C) ,& <Ca Wa,p)) ) (5_1 7)

) (C) = %VCEp (C) GR,va¢p (C)T W; + gllGE,p - VCEp (C) Fp,@ (Cv Hp) - VCEp (C) Fl,p (C) )
GR,p = GR,p (C) < Gp (C) R;IGP (OT ) G¢,p = G¢>,p (C) = v(¢p (C) GR,p (C) vdbp (C)T’ and
Gep = Gep (Q) £ Veey (O Gy () Ve ()
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Remark 5.2. The expressions in (5—15) and (5—16) are equivalent for the BE. However,
(5—15) is used in implementation, while (5—16) is used in the stability analysis.
Bellman Error Extrapolation

At each time instant, the BE in (5—15) is calculated using the control policy given
by (5—11) evaluated using the current system state, critic weight estimates, and actor
weight estimates to obtain the instantaneous BE denoted by 9, £ 4, (g O W, Wa,p> .

A classical problem in learning-based control is exploration versus exploitation.
Results such as [26] add an exploration signal to sufficiently explore the operating
domain. However, no analytical methods exist to compute the appropriate exploration
signal. Alternatively, results such as [19] evaluate the BE along the system trajectory
and at any desired point in the state space (i.e., so-called BE extrapolation). The BE
extrapolation technique provides simulation of experience to avoid using an exploration
signal.

Specifically, BE is extrapolated from a user-specified number and location of off-

trajectory points {G;, : G, € ,}27, , where N, € N denotes a user-specified number

=1
of points in the compact set (2,,. The data is represented by the tuple (X.,, ¥, ,, Xr,)

H A 1 Np Wi p A 1 NP O'ZpWapw
defined as %, £ -3, = p&p, ap = Wy 2uimt

e Ty 2 LS e,
where 4, , £ 0, (Cap, ép, W,p, Wa,p> L Wip = Wy <C¢7p, Wop: ép> ,and p;, = 1+ vpw!, Tpwip,
v, € R.gis auser-defined gain, and " : R — RX* is a time-varying least-squares
gain matrix. Each subsystem, p, must have distinct sets of data, gain values, and update
laws.

Assumption 5.5. Over the compact set, (2, a finite set of off-trajectory points

{Gp: Gip € Q)07 exists such that 0 < ¢, 2 inf,ce_, Amin {1, (1)} forall ¢ € Rag

and p € IP, where ¢, is a constant scalar lower bound of the value of each input-output

data pair's minimum eigenvalues for the p'" subsystem.
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5.4 Update Laws for Actor and Critic Weights
Using the extrapolated BEs &m, the critic and actor weights are updated according
to the following policies. In the following definitions, 7., 741, Ma2,p, Ap € R are positive
constant learning gains, and [, T, € R., are upper and lower bounds of the least-

squares learning gains of subsystem p. The critic update law of the p** mode is

A

Wep = —1eplpSep (5-18)

The actor update law of the p'" mode is

A

Wa,p = —MNal,p (Wa,p - WC,p) - naQ,pWa,p + 7702,p2a,pVT/c,p- (5_1 9)
The least-squares gain matrix update law of the p'" mode is

I.‘p 2 (Apl'y = Mepl'pErply) - 1{£p§||Fp\\§fp}v (5-20)

where 1y, denotes the indicator function, and fp,Lp € R, are user-defined saturation
gains that bound ||T, || such that ', < [T, (¢)|| < T, forallt € R,y and p € P.

The update policies in (5—12) and (5—18)-(5—20) are distinct for each subsystem.
However, to prove stability of the overall switched system, each update policy must
be active simultaneously. Note that the aforementioned update policies do not rely on
the current state of the system to update the learning parameters. The update policy
in (5—12) relies on the history stack of state-action data, and the update policies in
(5—18)-(5—20) depend on the values of other parameters and data collected from BE
extrapolation.

5.5 Stability Analysis

Generally, the trajectory of a switched system can diverge even when all the

subsystems that compose the switched system are stable. Hence, the switching signal

must be properly designed to keep the overall system stable. Before the switching

signal is designed, the stability of each subsystem must be analyzed. In the following
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development, p subsystems, each with a class of dynamics in (5—1), will be analyzed
with the control policy and update laws outlined in (5—1) and (5—-18)-(5-20).
5.5.1 Subsystem Stability Analysis

Recall from Property 5 that the function @ and, therefore, the optimal value function
V*in (5-8) is PSD. Hence, V* is not a valid Lyapunov function. The result in [61] can be
used to show that a nonautonomous form of V*, denoted as V,, : R* x R>, — R and
defined as V¥, (e,t) = V*(¢), is PD and decrescent. Hence, V* (0,t) = 0 and there

na,p

exist class Ko, functions v, v : R>o — R, that bound v, (|le]|) < V.

na,p

(e,t) <7y ([lell) Ve €

R” t € R > 0. Hence, V,*, (e, t) is a valid Lyapunov function. Let Z € R"*IFI2L+5) denote

~ ~ ~ - - .. 1T
a concatenated state defined as Z £ [eT, wh,. .. owrhwl, ... owler,. .. ,HT} . Let

Vip: Z € RHFICLE) « RS - — R be a candidate Lyapunov function defined as
) 1 . - 1= s n 1= =~
Vi (Z,t) 2 V5 (e t) + 5 STWID, () Wey + 5 > W Wa, + 5 > 07T, 6, (5-21)
peP peP peP
Using the properties of V* (e, t) and [67, Lemma 4.3], then (5—21) be bounded as

ar, (| Z)) < Vi, (Z,t) < agy, (]| Z]]) using class K functions a; p, as, 1 Rsg — Rsp. Using

1

(5—-20), the normalized regressors “;’ and % can be bounded as sup;cp_, < 57—
e = pl.

w.
Pp

P
We,p
Pe,p

forall ¢, € Q, and sup,cp_,

< 57— forall ¢, € Q,. The matrices G, and

= 24/l
_2 —_—
Gop can be bounded as sup, cq, [Grll < Amax (B,') G, = Grpand supg cq [|Gopll <

(VedpGp)” Amax (R,') £ G,,, respectively. Furthermore, define R, € R, as the radius

of a compact ball centered at the origin Bz, C R FICL+s),

Theorem 5.1. Provided Assumptions 5.4 and 5.5 hold, the weight update laws in
(5—18)-(5—-20) are used, and the gain conditions

c + Ne2ps5ma—
Nal,p + Na2,p > MW;Gqs’p, (5—22)
L,
—2—2
3nal,p 377?7PW1;< G¢,p

, (5-23)
Tle,p 16Vp£p (nal,p + 77a2,p) Ne2,p
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L, < 0‘2_,;17 (1, (Ry)) (5—24)

are satisfied for all p € P, where L, and R, are positive constants, then the tracking error
e, weight estimation errors W,,, and W, ,,, and parameter estimation error §, are UUB.
Hence, the error between the transient control policy for each mode ji, in (5-11) and its

respective optimal control policy yi;, in (5-7) is UUB.

Proof. Taking the time derivative of (5-21), the fact £T'~! = I-'I'T-!, along with
Assumptions 5.1-5.5 and the sufficient conditions in (5-22)-(5-24) yields V;,,, <
—vr, (IZ1), Yor, (Lp) < 1ZI1 < gy (0, (R)), where vr, (1 Z])) = 5q, (llell) +

|P| Ne,pCp 2 2
Zp:l 12

+ Nal,p+Na2,p
While each individual subsystem is active, [67, Theorem 4.18] can be invoked to

6

p

= x krer,pYp
Wep Wapll + T

20

2
} and L, is a positive constant.

conclude that Z is UUB such that limsup, . [|Z (t)|| < o5, (a2, (vg,, (Ly))). Hence,
it can also be shown that /i, converges to a neighborhood of the optimal policy ;.
Furthermore, since Z € L., it follows that e, We.1, ..., Wejp|, War, ..., Ways), 01, ..., O €

L, hence z, We.1,...,Wep|, War,...,Wap|.th,...,0p € Loocand u € L. O

5.5.2 Dwell-Time Analysis

Theorem 5.1 indicates that each subsystem is UUB. However, this does not account
for switching between subsystems. Switching between control policies may result in
instantaneous growth when switching between multiple Lyapunov-like functions. To
ensure that the switched system is stable, a dwell-time must be designed to switch
between subsystems. Hence, continuity is not guaranteed between Lyapunov-like
functions V, , across all subsystems.
Remark 5.3. The notation in this subsection is meant to be self-contained. To generalize
the following development, the conventional notation used in Lyapunov-based analyses

is introduced.
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Suppose we have a family f,,, p € P of functions from f, : R* x R>; — R™ where P is

a switching index set. This yields a family of systems
&= fp(v,t), peP (5-25)

that evolve on R". o : R, — P is a piecewise constant switching signal that is
continuous from the right everywhere (o (¢) = lim, 4+ o (7) for each 7 > 0). To simplify

notation and denote switching, let
T = fg(t) (I, t) , P € P. (5—26)

This stability analysis approach relies on multiple Lyapunov functions. While
each candidate Lyapunov function V), for p € P is continuous, the general candidate
Lyapunov function V;,) is discontinuous (i.e., the value of the Lyapunov-like function
may instantaneously change value at the switching instances). While each V,, (z, t)
decreases or is bounded within a defined UUB region while active, V,, (x,t) may increase
when the p'" system is inactive.
Definition 5.1. Given an infinite sequence of switching times ¢, =S {to, t1,. .., ti, tj,. ..},
the dwell-time 7 € R is defined as the time between switching instances. Specifically,
T (ti,t;) = t; —t; such that o (t;) # o (¢;).
Theorem 5.2. Leti = f,(x,t) be a finite family of UUB stable subsystems and

V, : R" x R>g — R be a family of corresponding Lyapunov-like functions that satisfy

arp ([lzf]) < Vp (2,1) < asp ([[2])) (5-27)
v, v,
~_ P, P < — -
BT + o fp(x,t) < =W, (), (5—-28)
and
max az () < minen, () (5-29)
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forallz € A,,p € P,andt > 0, where A, = {z|0 <y, < |z| <7}, a1y, ag,p :
[0,7] — Rsq are class K functions, and W,, : R" — R, is a continuous PD function.
Furthermore, lett, = {to,t1,1s,...} represent a sequence of switching times. If the
conditions in (5—-27)-(5—29) and the minimum dwell-time condition

i

(e (el =a, (- (latel)

vvcrt- 1)y U e}
() ; (0 (T (t) ;) > @ 5-30)

>0 \V/VU(ti) (CL’ (tz) 7tz) <«

v
V

are satisfied for all p € P and for every switching instantt; < t,, where V; represents
the Lyapunov-like function of the j*" subsystem, « is a subsequently defined positive
constant, andt; € t, represents a general switching instance, then the trajectories of
the switched system i = f, (x,t) initialized in the set {x | ||z|| < min, gep oy, (1,4 (7)) }

converge to a bounded region given by lim, . ||z ()| < max, qep o1, (2,4 (11q))-

Proof. Consider a pair of switching times {to,¢,} C t, suchthatt, <t;,0(t) =p e PVt e
[to, t1). Let ¢ € P represent the subsystem active before p, i.e., o (t;) = ¢.
If (5-29) holds and if s, (11,) < V,(x,t) < ay,(r),thenz € A, and
V, (z,t) < 0from (5-28). As a result, if (5-29) holds and if V,, (z (t,) ,t0) < o, (1),
then V, (x (¢),t) < o, (u,) forallt € [to,t1]. Similarly, if (5—29) holds and if
V, (z (to) ,t0) < @ = maxyep {aa, (1)}, then either V, (x (ty) ,t0) < oy (11,) OF
z (ty) € A,. In either case, (5-28) implies that V, (z (¢) ,t) < max{V, (z (to).t0), a2, (1tp)}
forallt € [ty,t1]. Thus, if (5—29) holds, then the @-sublevel set and the o, (7)-
sublevel set of V,, are forward invariant over [ty,t,]. From (5—28), whenever x € A,,
V, (2,t) < —W,(z) < —minyepminges, W, (z) £ k. Using forward invari-
ance of oy, (r) and az, (11,), and sublevel sets of V,,, it can be concluded that
Vo (z(t),t) < max{V,(z(to),t0) — Kk (t —to), a2, (1y)} Vt € [to,t1] Wwhenever
Vo (z (to)  t0) < aup (7).
The difference between the Lyapunov-like functions of the ¢'" and p'" subsys-

tems, at the time of exit, is bounded from above as V), (x (t1) ,t1) — AV, (x (to) . t0) <

81



max {‘/;, (ZL‘ (to) 7t0) — )\V;] (ZE (to) ,to) — K (tl — to) s a— )\‘/q (l’ (to) ,to)} fOI’ some \ € (0, 1]

If the inequality
Vo (2 (to) ;o) — AVq (2 (fo) o) — K (t1 —t0) <0 (5-31)
is satisfied, then
Vi (z (t1) ,t1) — AV (x (to) s to) < max {0, @ — AV, (z (to) ;o) } - (5-32)

Ifa — V,(z(to),t0) > 0,thena — AV, (z (to),to) > 0. Thus, (5-32) implies that
Vo (z(t1),t1) <a. lfa— AV, (z(t),t) < 0 (i.e., the value of the Lyapunov-like function
is bounded within @), then (5-32) implies that V,, (x (¢1) ,t1) < AV, (x (to) . to) (i.e. that the
value of the Lyapunov-like function has not increased at the time of exit).

In conclusion, V,, (x (t9) ,t0) < a1, (r) and (5-31) imply that V, (z (t1) ,t1) <
max {a, AV, (z (t) , to)}. If it can be guaranteed (by (5-29)) that

a < ai,(r) and AV, (z(t) ,to) < az, (1) (5-33)

then, recursively, V,,.,.) (z (tir1) , tiv1) < max{a@, AV, (z (¢;),t;)} forall ¢; € ¢,.
That is, the sequence of Lyapunov-like functions decays to @, and since a-sublevel
sets are forward invariant over [t;,t; 1] under (5-29), the trajectories decay to
Uper &1V, (2 (),1) <@} € {z] o] < maxyep ) (@)}

Sufficient conditions for (5-33) can be derived as z (ty) €
{z ]y, (lz(t)]]) < a1y, (r) VpePand @ < min,ep oy, (1), and a sufficient dwell-time

condition to satisfy the inequality in (5—31) can be derived as

) > 7 (1) — @22 U ()]) = g (o)) 534

)
K
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The dwell-time restriction in (5—-34) can be relaxed if the state at the switching time is
inthe set {z |V, (z,t) <aVp e P} C {x|as, (||z||) <@ Vp e P}, which yields the final
dwell-time condition in (5-30). O

5.5.3 Application to Switched ADP

From Theorem 5.1, every individual subsystem is UUB; i.e., each subsystem
satisfies (5—27)-(5-29). Hence, given that the dwell-time condition in (5-34) is sat-
isfied, then Theorem 5.2 can be trivially applied to show that lim; ,, [|Z (¢)|| <
max, .cp a7, (2,4 (1q)). Hence, it can also be shown that each /i, converges to a
neighborhood of the respective optimal policy 4., for all p € P. Furthermore, since
Z € L, itfollows that e, We.1,...,Weip|, War, ..., Wapp, 01, ..,0p € Lo, hence
e, Wets ooy Weypl, Wats oo, Wapl, 01, - -, 0p) € Lo @nd u € Lo

5.6 Simulation Results

To demonstrate the performance of the developed method, the ADP controller is
applied to a family of dynamical systems. The simulation is performed on the control-
affine systems in (5-35)-(5—37). The dynamic models are based on the continuous-time

F-16 longitudinal dynamics from [18]. The dynamics of the first mode are

—1 09 —0.002 0
t=108 —-11 -02 |x+]|0 |u, (5-35)
0 0 -1 1

the dynamics of the second mode are

—0.8 02 —0.01 0
t=1| 06 -13 —-01 |z+| 0 |wu (5-36)
0 0 -1 0.5

and the dynamics of the third mode are
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-1 05 —0.02 0
r=109 —-08 —04 |+ |0 |u
0 0 -1 1

T
where x = {xl, Ty, Ty } ,r € Ris measured in radians, and u € R. The ini-

tial condition is = (0) =

[0.35 0.26 —0.35

T

. The mode described by (5-35)

(5-37)

is the closest to the dynamic model given in [18]. (5—36) and (5-37) vary from
(5—35). A different mode was arbitrarily selected every 5 second as the active sub-
system to highlight this method’s ability to switch between different dynamical sys-

tems. The simulated switching sequence is {1,2,3, 1, 3,2} . The basis function is
T

op () =

2 2 2
xl? XT1T2, T1T3, ‘1'27 XToT3, 1’3

for all p € P. Modes 1-3 have different

cost matrices and gains, which alters V,,and hence, the performance. The simulation

parameters for each mode are listed in Table 5-1.

Table 5-1. Switched Subsystem Simulation Parameters

| Parameter | Mode1 | Mode2 | Mode3
Qy diag(1, 1, 1) | diag(5, 5, 5) | diag(3, 3, 3)
R, 0.5 2 1
I, 10° 103 103
Lp 500 500 50
A 0.4 05 05
Vp 0.005 0.005 0.005
Tle1,p 3 1 1
Nezp 5 25 5
Natp 20 10 5
Tazp 1 0.75 1
N, 10 10 10

Figure 5-1 illustrates that the system states are driven to the origin with an arbitrary

switching sequence and sulfficiently long dwell-time. Since the dynamical systems are

linear, the analytical value function can be determined by solving the Algebraic Riccati

Equation. Solving the Algebraic Riccati Equation provides a matrix which corresponds
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to the value function weights W, and, hence, the value functions V7 (x) . Figure 5-2
compares the value of the approximate value function to analytical value function while
switching between modes. Figure 5-3 presents the evolution of the critic weights Wc,p,
while switching. A mode’s weights update regardless of mode (in)activity. Note that the
weights of mode 1 and 2 converge before switching to another mode for the first time,
while mode 3 is switched before it finishes learning. This illustrates that the weights do
not need to be learned before the switching occurs.
5.7 Concluding Remarks

A set of online approximate optimal controllers are developed for an arbitrary
sequence of subsystems. Each controller is proven to regulate the state to within a
neighborhood of the origin. Furthermore, the control policies are shown to converge to
the neighborhood of the optimal policy using a Lyapunov-based analysis, while switching
between different dynamic models and cost matrices. Simulation results show that
switching according to an arbitrary sequence yields different tracking performance while

maintaining overall system stability.
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Figure 5-1. System states. The vertical dashed lines represent the time instances at
which the mode was switched.

Figure 5-2. Comparison of the analytical value functions, V,’ (z) , and the approximate
value functions, V,, <x, Wc,p> . The vertical dashed lines represent the time
instances at which the mode was switched.
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Figure 5-3. Critic weight estimates of each mode, 1, ,. The vertical dashed lines
represent the time instances at which the mode was switched. The active
vector of critic weights is denoted with a solid instead of a dashed line.
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CHAPTER 6
DEEP NEURAL NETWORK-BASED APPROXIMATE OPTIMAL TRACKING FOR
UNKNOWN NONLINEAR SYSTEMS

Results in [49] and [50] leverage a multi-timescale deep model reference adaptive
controller. Similarly, the method in [52] uses a multi-timescale DNN to estimate the
unknown system dynamics, which facilitates a trajectory tracking objective. In [52], a
gradient-based adaptation policy is used to estimate the output layer weights of the DNN
in real-time. Simultaneous to real-time execution, input-output data is stored and used
to update the inner-layer weights using traditional offline DNN function approximation
methods.

However, the adaptive update policy in [52] cannot be easily extended to system
identification within the ADP framework. To prove stability of the overall system with an
ADP controller, the adaptive update policy of the output-layer DNN weights must include
the CL modification from [57], which complicates the stability analysis (cf., model-based
ADP analyses in [19] and [48]).

The primary contribution of this chapter is to analyze the stability of tracking
problem while using the multi-timescale DNN system identification approach. Simulation
results are presented to illustrate the effectiveness of the developed technique in
comparison to existing ADP-based results.

6.1 DNN-based System Identification

There exist numerous DNN architectures can approximate continuous functions on

a compact set; the ability to do so is based on universal approximation theorems that

can be invoked case-by-case for specific DNN architectures [75]. The drift dynamics f
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can be approximated on a compact set C ¢ R” as'
f(z)=0"¢ (2" (2)) + ¢ (z) Vo €C, (6-1)

where # € R"*" is an unknown bounded ideal output-layer weight matrix, ¢ : R? — R"
is an vector of activation functions, ®* : R™ — RP? is the ideal unknown inner-
layer features of the DNN, and ¢;, : R" — R is a bounded function approx-
imation error. For example, the unknown ideal DNN ®* can be expressed as
O* () = Vior (Vi—1, 0k—1 (Vi—2, 0k—2 (...x))) , where k € N denotes the number of
inner-layers of the DNN, V;, and ¢y (-) denote the corresponding inner-layer weights and
activation functions of the DNN, respectively.

Based on the DNN representation in (6—1), the i** DNN-based estimate of the drift

dynamics f; : R® x R"" — R~ is defined as
fi <5E> é) = éTCb <(i)z (93)> 5 (6-2)

where § € R"*" is the estimate of the ideal output-layer weight matrix 6, and ®; :
R? — R" is the ' iteration selection of the inner features with user-selected activation
functions and estimated internal-layer weights. To facilitate the convergence of the

DNN-based online system identifier, (6—2) can be used to develop an estimator
i=f; (x, é) + g (z)u+ k,Z, (6-3)

where # £ 2 — %, and k, € R, is a user-selected estimator learning gain.
Using the universal function approximation property of NNs [60], there exists
constant weights 6* and known finite constants 6+, ¢, and V¢, € R, such that

16| < &, sup [l (x)]| < €, and sup || Ve (2)]| < Vaep.
zeC zeC

! The subsequent stability analysis in Theorem 4.1 proves that if = is initialized within
an appropriately-sized subset of C, then it will remain in C.
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Assumption 6.1. The i*" user-selected inner-layer features of the DNN &* and ®;
are selected such that & (z) — ®; (z) < ®; (z), where ®; : R* — R? is the inner-

layer DNN function reconstruction error of the i'! iteration, and sup
z€C,ieN

@ (@) < @,
where ¢ € R is a bounded constant for all i. Using the Mean Value Theorem,

6@ @) -6 (& @) < V.00.

Assumption 6.2. A history stack of input-output data pairs {z;, uj}j]‘il and his-

tory stack of numerically-computed state derivatives {Ej}jil , which satisfies

Amin {Zﬁl &; (CDZ (xj)) o; ((I)Z (a:j)>T} > 0and |[z; — ;|| < d V4, are available a priori
for each index j of z;, where d € R., is a known constant and i; £ f (z;) + g (z;) u; [57].
Remark 6.1. Availability of the system identification history stack (i.e., the tuple

{z;, uj,ij}jf‘il) a priori is not necessary [48]. Assumption 6.2 is used to focus the

scope of this chapter and simplify the subsequent stability analysis. A traditional,
PE-based ADP controller (e.g., [10]) can be used during the initial stage in which As-
sumption 6.2 cannot be verified. Provided that the system is sufficiently exited and

the history stack is recorded within a finite time, then the developed controller can be
used. Switching between a PE-based controller and the developed controller results in a
switched subsystem with one switching event. In this case, stability of the overall system
is determined from the stability of the individual subsystems.

In the developed method, a DNN with uncertain output-layer parameters 6 is used
to facilitate system identification in the sense that £ approximates F. To enable con-
vergence of [’ to F, CL-based parameter update laws are developed that use recorded
data for learning. This CL strategy is leveraged to modify the output-layer weight update
law in [52]. As shown in the subsequent stability analysis, this modification enables 6 to
converge to a region containing 0. The output-layer DNN weight estimates are updated

using a CL-based update law

o— Log (‘AI% (CU)) "+ kol'g ﬁ: ¢ (‘AI% (%’)) (f%j — g; (x;)u; — "¢ <$z (%‘)))T ,  (6-4)
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where I'y € R™" and k, € R, are constant user-selected adaptation gains.
Remark 6.2. While the contribution of this section focuses on updating the output layer
weights in real-time, (re)training of the DNN system identifier is key to the DNN system
identifier framework outlined in [52]. The history stack can be collected a priori and/or
online. The history stack, which is also used to update the output layer weights in (6—4),
can simultaneously be used to update the inner-layer features and weights of the DNN
(i.e., update ¢ (cbz (a:)) from i to i + 1) iteratively. To improve the DNN estimate of the
dynamics, additional data should be collected online and used to update the inner-layer
features and weights.
6.2 Bellman Error

The HJB equation in (2—18) is equal to zero under optimal conditions; however,
substituting (2—21), (2—22), and the approximated drift dynamics f; (x, é) into (2—18)
results in a residual term ¢ : R2" x R x RL x RL — R, which is referred to as the BE,

defined as

ii
(£ (c.0)+c©n(cmn)). (6-5)

where F}; : R2 x RP*n — R2?7 i defined as

T

£ (g, é) S [ f (e + 74, é)T — ha(20)" + ug (z2)" g (e + 20)7 , ha (xd)T] . (6-6)

The BE in (6-5) indicates how close the actor and critic weight estimates are to
their respective ideal weights. The mismatch between the estimates and their ideal
values are defined as W, £ W* — W, and W, £ W* — W,. Substituting (2—21) and (2—22)

into (2—18), and subtracting from (6-5) yields the analytical form of the BE, given by

5 (C0.We W) = "W = W0 (F(O) — £ (.0)) + WEC W +0 (e, Veerp).
(6-7)
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wherew : R2" x RL x R — Rhis defined as w (C, W, é) 2

Veo () (£ (¢.0) + G Qi (¢.Wa) ) 0(0) 2 1Vee(0) GaVeo ()T W™ + 4G. —
W Vo () € (e +2a) = Vee (O F(Q), Gr = Gr(() £ G(ORT'G(Q)",

Gy =Gy ()2 V0 (Q)Gr(¢) Ver (()',and G. = G. (¢) £ Vee (() G (§) Vee (¢)
Bellman Error Extrapolation

At each time instant ¢ € R, the estimated BE in (6-5) and policy in (2-22) are
evaluated using the current system state, critic estimate, and actor estimate to get the
instantaneous BE and control policy, which are denoted by § £ § (g, 6, W., Wa> and
= (C, Wa>, respectively. However, using only the on-trajectory BE and control policy
requires the traditional PE condition to be satisfied to show convergence.

To simulate PE and extrapolate BE over off-policy trajectories, the off-policy trajec-
tories {¢. : (. € Q}év:1 are selected, where N € N denotes the number of extrapolated
trajectories in Q2. The extrapolation points are selected a priori by the user and are state
dependent. Using the extrapolated trajectories (. € (2, the BE in (6-5) is evaluated
such that o, £ § <Ce,9, W, Wa>. Let the tuple (., 2., Xr) define the extrapolation
stacks corresponding to Q such that . £ LN ¢4 5, £ L5V Gatld gng

e=1 p

EF é % Zévzl w;tg’ Whel'e We é W (Ce, é? Wa) y Pe é p <<€7 éa Wa) =1 + VWZFCUG, r < RLXL

is a subsequently defined user-initialized learning gain, and Assumption 6.3 is provided
to facilitate the subsequent stability analysis.

Assumption 6.3. There exist a finite set of trajectories {(. : ¢, € Q}., such that

0 < ¢ = infiep,y Amin {Er} for all t € R.

Remark 6.3. The constant ¢ is the lower bound of the value of each input-output data
pairs’ minimum eigenvalues.

Remark 6.4. The computational expense of BE extrapolation can be reduced by using

the sparse BE extrapolation method in [64].
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6.3 Actor and Critic Weight Update Laws
Using the instantaneous BE § and extrapolated BEs 4., the critic and actor weights

are updated according to

W, = — ndr%i — TS, (6-8)

: Tww!T
['= ()\F — Na p2 - FT]C2EFF) 1{£§||FHSF}’ (6_9)

GTW,wT
4p

A

Wa = — Na1 (Wa - Wc) - 77(12Wa + Tlc1 Wc + UCQZGWC7 (6_1 0)

where 1.1, ez, a1, N2, A € R+ are constant learning gains, T and I € R- are upper and
lower bound saturation constants, and 1., denotes the indicator function. ||I" (¢)| is up-
per and lower bounded by two user-defined saturation constants, I' and I, respectively.
Using the indicator function in (6—9) ensures that ' < ||T' (¢)|| < T for all t € R, where
I' € R.,. The indicator function in (6—9) can be removed provided additional conditions
are met [53].
6.4 Stability Analysis

Note that the function @ and, therefore, V* are positive semidefinite. Hence,
V* is not a valid Lyapunov function. However, the result in [61] can be used to show
that a nonautonomous form of V*, denoted as V), : R” x R>, — R and defined as
vV (e,t) = V*(¢),is PD and decrescent. Hence, V* (0,t) = 0 and there exist class K,
functions v,7 : R>g — Rxp thatbound v (|le]|) < V* (e, t) < T (|le]]) Ve € R",t € Rxy.
Hence, V*, (e, ) is a valid Lyapunov function. Let Z € R***2L+h" denote a concatenated
state defined as Z £ |7, WT, W7, &7 vec (9) T} T. Let V, : R2+2L+hn w RS — Rbea

candidate Lyapunov function defined as

1 1o
Vi(Z,t) £V, (e.t) + SWIT (1) We + i+ St (GTF;10> . (6-11)
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Using the properties of V* (e,t) and [67, Lemma 4.3], then (6—11) be bounded as
v, (1IZ]]) < VL (Z,t) <7 (]| Z]]) for class K functions v;,7; : R>y — R>o. Using (6-9), the

)g—forallgeﬁ

/oL

. € . The matrices Gy and GG, can be bounded as

normalized regressors = and “: can be bounded as sup,cp_,

Wy

and sup;cp_,

Pi

= 2\/l/_£
SupCEQ ||GRH < /\max {R_l}a2 £ G_Rand SupCGQ HGUH < (VCUG)Q/\maX {R_l} £ G_cm

respectively. Furthermore, g} can be bounded as sup;cs_, ||, || < g4 -
Theorem 6.1. Given the dynamics in (2—1), given that Assumptions 6.2 and 6.3 are

satisfied, and given that the sufficient gains conditions

WG,
Na1 + 7](12 (77(:1 + 7]c2) /—VE ’ (6_1 2)
99 /— —_— 2
Nal (Uc1 + 7)(;2)2 WQG_UQ 3 (7701 + 7702)2 W VCU <¢ + g(J{(?g)

, (6—13)

N +
Ne2 4T (77a1 + 77a2) 277€2k39V£)\min {Zj\/ll gb <EI\)1 (l’j)> Qb ((/I;z ($])>T}

v () <7 (g (121), (6-14)

are satisifed, where | is a known positive constant, then the system state (, weight
estimation errors W, and W,, state estimation error &,and output-layer weight matrix
error § are UUB. Hence, the applied control policy . converges to a neighborhood of the

optimal control policy u*.

Proof. Letr € R. be the radius of a compact ball y c R?**2L+m centered at the
origin. Using (2-13), V* (¢) = V(V* () (F () + G (¢) ), (6-3), (6-4), (6-8)-(6-10),
Young’s Inequality, nonlinear damping, Assumption 6.2, Assumption 6.3, the sufficient
conditions in (6-12) and (6—13) yields Vi, < —v, (|| Z]]) . Vo, " (1) < [|Z]| <5, (v (7)) Vt €

~ |12 ~n2
R-o,where v, (||Z]) 2 Lq(|le])) + 1617020‘ . + K 12)* +

mmm{ ]lqb( 5) ( )}
), a

date laws in (6-3), (6— d (6—8)-(6—10) are piecewise continuous in time and (6—11)

1_16 (nal +77a2) ‘ ~a

~ 2
vec (0) H . Since the discontinuities in the up-
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is a common Lyapunov-like function across each DNN iteration i, [67, Theorem 4.18]
can be invoked to conclude that Z is UUB such that lim sup,_, || Z]] < v; " (7 (v; ' (1))
and /i converges to a neighborhood around the optimal policy n*. Since Z € L, it
follows that e, W,, W,, #,0 € L.: hence, z, W,,W,,0 € L. and u € L.

The result in [67, Theorem 4.18] can be invoked to show that every trajectory 7 (¢)
that satisfies the initial condition ||Z (0)|| < o, (v, (r)) is bounded for all t € Rs,. That
is, Z € xVt € Rs¢. Since Z € y it follows that the individual states of Z lie on compact
sets.? Furthermore, since 7, < 7y, then ¢ € Q and z € C, where ( is the compact
set that facilitates value function approximation, and C is the compact set that facilitates

DNN-based system identification. ]

Remark 6.5. For insight into satisfying the conditions in (6—12)-(6—14), see [48].
6.5 Simulation Results
The following section will apply the developed technique to a linear quadratic
tracking (LQT) problem, which has a cost function r (¢, ) = e" Qe + u” Ru. The linear

system

= T+ u (6-195)

is studied in the following simulation. Since linear system dynamics are used, an
analytical solution to the HJB equation in (2—18) can be calculated for comparison
purposes. The linear system in (6—15) was selected because it has been used in
previous ADP works (e.g., [48]) and an analytical solution to the HJB equation in (2—18)
can be calculated for comparison purposes. The control objective is to track the time-
varying desired trajectory x4 (t) = [4sin(t), 4 cos(t) + 4sin(t)]" and to minimize the infinite

horizon cost function in (2—16).

2 See [16, Algorithm A.2] for discussion on establishing the compact set y.
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The drift dynamics are unknown and approximated using the developed DNN-
based system identification method. The DNN used in this simulation was composed
of 4 layers, each with 10, 6, 7, and 2 neurons, respectively. The DNN architecture is
illustrated in Figure 6-1. Note that the DNN architecture utilizes jump connections that
are often seen in residual NNs. Since the developed framework is constructed to permit
DNN structures with a linear output layer, this parameterization matches that in (6—1).
The first, second, and third layers use Elliot symmetric sigmoid, logarithmic sigmoid, and
tangent sigmoid activation functions, respectively. Additionally, biases are included in
the first, second, and third layers. The learning rate (i.e., the learning gain parameter
used to determine the step size in retraining the DNN weights at each iteration) was
fixed as n = 0.001. The mean squared error was used as the loss function for training.
The Levenberg-Marquardt algorithm was used to train the weights of the DNN. For
each DNN training iteration, 70% of the data was used for training, 15% was used for

validation, and 15% was used for testing.

Layer Layer x Layer
Input < Output
= c = =
« - <
: b b :
10 7 2

Figure 6-1. The DNN is composed of 4 layers, each with 10, 6, 7, and 2 neurons,
respectively.

The cost function in (2—17) is selected asr (¢, ) = €T Qe + u’ Ru, where Q =
5-I,and R = 1. The basis selected for value function approximation is o (¢) =
(€2, e1e9, €1T41, €1T 42, €3, €2T g1, GQZL’dQ]T. N = 50 BE extrapolation points were uniformly
selected across 2 = {( € R*: —15 < €15 < 15, —4 < wg1 5 < 4, } . The initial conditions
used for the simulated system are z (0) = [—1, 1]", 2 (0) = 17, W, (0) = 15, W, (0) = 17,
I'(0) = 2500 - I;, and 0 (0) = 1,3.,. The gains were selected as 7.; = 0.005, .o = 0.1,
Nar = 10, Nas = 0.1, A = 0.4, » = 0.005, T = 10%, L = 0.1, ky = 30, k, = 10 and T’y = 20 - I.
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The following simulation results are divided into two sections. Section 6.5.1 pro-
vides qualitative and quantitative comparisons between the different ADP methods
and the analytical optimal control policy; to focus the presented figures, none of the
DNN methods update their inner features online. Section 6.5.2 provides a more direct
comparison between the randomly initialized DNN ADP methods; one updates the
inner-layer weights online and the other does not.

6.5.1 ADP Simulation Comparisons

This section presents simulation results for an analytical (Analyt.) optimal control
policy, exact model knowledge (EMK) ADP, linearly parameterizable (LP) ADP, randomly
initialized DNN ADP, transfer learning DNN ADP, and pretrained DNN ADP. All of the
ADP methods in this simulation comparison are model-based (i.e., use BE extrapo-
lation). The analytical optimal control policy calculates feedback gains a priori and
is a baseline measurement for the best possible optimal control performance. EMK
ADP uses exact model knowledge of f (x), so the results present the best possible
performance for an ADP-based controller. LP ADP assumes that f (z) is linearly pa-
rameterizable (i.e., f (x) = Y (x) 6, where Y (x) exactly parameterizes the dynamics),
as typically seen in adaptive control literature [76]. LP requires some, but not exact
model knowledge. Furthermore, LP dynamics are a special class of dynamics. Since
the dynamics in this simulation happen to be LP, and LP is common in adaptive control
literature, it is included in this comparison study. Pretrained DNN ADP pretrains the
DNN on the actual dynamics f (x) (e.g., (6—15)).This method requires some data from
the system a priori, which may not always be possible. Transfer learning DNN ADP
pretrains the DNN on a dynamical system that is similar, but not exactly the same,

as the one it will be implemented on (e.g., (6—15)). Specifically, for this training case
-2 =2

A= and B is identical. The pretraining can be done on a similar system or
-1 -2

from prior experiments a priori. However, transfer learning DNN ADP does not require
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exact model knowledge. Randomly initialized DNN ADP uses the developed DNN ADP
controller, but there is no pretraining. The initial values of the inner and output-layer
weights are arbitrarily selected from the interval [—1, 1]. This simulation case shows that
without any model knowledge, the desired trajectory can still be tracked.

Figure 6-2 compares the above methods qualitatively. The analytical and EMK ADP
methods were expected to perform best, and are used for comparison purposes. Both of
these methods require exact model knowledge, whereas the other methods do not. The
LP ADP performs very well, but also requires some knowledge about the model. The
pretrained DNN ADP method performs well, but does not perform as well as EMK ADP.
The transfer learning ADP performs slightly better than the randomly initialized ADP,
but both are noticeably worse than the other methods, specifically around the transient
changes in error caused by a rapid change in the desired trajectory. The random and
transfer learning DNN cases did not successfully identify the dynamics in regions with a
rapidly changing desired trajectory.

Table 6-1 quantitatively compares the performance of each method. Column one

15+1

compares the total error of each simulation (i.e., |,

e (1) dr). Recall that the analytical
and EMK ADP were expected to have the best performance. Pretrained DNN ADP
performs the best out of the methods without model exact model knowledge, followed by
LP ADP, transfer learning DNN ADP, and random DNN ADP, in that order. The second
column of Table 6-1 compares the ADP methods with the integral of the difference
between their state trajectory and the EMK ADP state trajectory. Similarly pretrained
DNN ADP performs the best, followed by LP DNN ADP, transfer learning DNN ADP, and
random DNN ADP, in that order. A noticeable trend in Table 6-1 is that if a system has

more model knowledge a priori, then performance improves.
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Table 6-1. Simulation Results and ADP Comparison

Control Type Total Integral Error | Integral Error from EMK
Analytical Solution 3.43 -
EMK ADP 5.04 -
LP ADP 5.19 0.27
Pretrained DNN ADP 4.93 0.22
Transfer Learning DNN ADP 7.00 2.91
Random DNN ADP 10.57 6.33

6.5.2 Multi-Timescale Simulation Results

This simulation section presents a simulation case in which the inner-layer weights
are updated. This section will present the performance improvements that occur after
online retraining. For comparison purposes, all of the gains, costs, etc. are identical to
those in Section 6.5.1. Both cases are initialized as the random DNN ADP. The internal
weights of one controller are updated in one case, which is henceforth referred to as
“retrained DNN.” The internal weights of the other controller are not updated in the
other case, which is henceforth referred to as “random DNN.” A history stack of DNN
training data is collected for 5 seconds. The time of 5 seconds was arbitrarily selected.
Collecting more data, generally, should result in improved training of the inner-layer
weights at the expense of additional computation time. After 5 seconds, the internal
DNN weights begin retraining. Once retraining is complete, the new internal weights
are implemented, at which point the difference between the retrained DNN and random
DNN controllers is notable. The retrained DNN ADP controller has significantly better
performance compared to the random case. Figure 6-3 illustrates the magnitude of the
error between the retrained DNN and random DNN case. The cases are identical, as
intended, until the updated internal DNN weights are implemented. The retrained DNN

has improved performance after retraining completes.
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Figure 6-4 depicts a phase plot that compares the performance of the retrained
DNN and random DNN ADP controllers. The red, random DNN ADP controller tracks
the general shape of the desired trajectory; however, its poor approximation of f ()
led to increased tracking error. In contrast, the blue, retrained DNN ADP controller pro-
gressively converges toward the desired trajectory, suggesting that the DNN retraining
facilitated learning of f ().

Figures 6-5a and 6-5b show the actor and critic weights 1, and W, respectively, for
the retrained DNN ADP simulation case. While a majority of the learning occurs during
the first 1-2 seconds, additional learning takes place after DNN retraining.

Figure 6-6 shows the output-layer weight estimates of the DNN 4 for the retrained
DNN simulation case. Note that the Lyapunov-based analysis in Theorem 1 does not
guarantee convergence of the DNN weights to their actual values, which are unknown.
Learning initially occurs in the first 5 seconds. Once the internal weight are trained
(in the retrained DNN case), then the output-layer weights adjust to compensate for
changes in the inner-layer DNN.

Figure 6-7 compares the analytically-obtained optimal value function V* () and
the value function estimate for the retrained case V (C, WC> . Note that V* ({) is not
the same as the analytical simulation in Section 6.5.1. The analytical simulation in
Section 6.5.1 applies the optimal value function and optimal control policy, which have
been determined a priori, directly. In contrast, the V* ({) presented in Figure 6-7 uses
the same analytically-determined value function V* that is instead analyzed along
the trajectories generated by the retrained DNN ADP controller. Initially, the value
function is poorly approximated, which is likely due to the poor approximation of the
dynamics f (x) . The poor approximation is clear around the 6 second mark. After
the retraining, the value function approximation improves.Figure 6-8 compares the
analytically-determined optimal control policy and approximate optimal control policy for

the retrained case «* (¢) and @ (C, Wa> , respectively. Like the comparison in Figure 6-7,
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the values of u* (¢) are not from the analytical simulation in Section 6.5.1. u* is the same
function as the control policy in the analytical simulation case, but it is evaluated along
the trajectory generated by the retrained DNN ADP controller. @ ((, Wa> tracks u* (¢)
better after the retraining; however, there are isolated increases in the control effort,
which are likely due to the poor approximation of f (z) by the DNN.

Overall, these simulation studies confirm the effectiveness of a DNN-based ADP
controller with iterative inner-layer weight updates. Furthermore, the simulation results
suggest that the DNN-based methods are not necessarily superior to having exact
model knowledge or a known LP case, which is expected. The benefit to the developed
technique is that the drift dynamics f (z) can be learned without any model knowledge
a priori. When some model knowledge of the dynamics are known, then the developed
method may not always be the best solution, but it is a is a promising technique for
instances when the system model is completely unknown.

6.6 Concluding Remarks

This chapter develops a framework for using the DNN-based system identifier
in [52] within the model-based ADP framework, which was initially developed in [48],
to solve the infinite horizon optimal tracking control problem. A CL-based continuous-
time update law is used to update the weights of the DNN. A Lyapunov-based analysis
was performed to prove UUB convergence of the trajectory tracking error and DNN
weights estimation error to a neighborhood of zero. Hence, approximation of the applied
control policy to the optimal control policy is proven. Simulations results are presented
to illustrate the performance of the developed method compared to existing methods.
Future works will investigate using a DNN to estimate the value function in conjunction

with a DNN-based system identifier.
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Figure 6-2. Error comparisons between different ADP methods and the analytical
solution.
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Figure 6-3. Error comparison of DNN ADP with and without an online internal weight
update. The red dashed line at t = 5 seconds represents the beginning of
the retraining, and the black dashed line at approximately ¢t = 7.5 seconds
represents the end the retraining and when the new internal DNN weights
are implemented.
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Figure 6-4. Phase plot comparison of retrained DNN and random DNN ADP trajectories.
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Time (s) Time (s)
(a) Approximated critic weights  (b) Approximated actor weights
We. Wa.

Figure 6-5. The actor and critic weights W, and W, respectively, of the retrained case.
As detailed in 6-3, the red dashed line represents the beginning of the
retraining and the black dashed line represents when the new internal DNN
weights are implemented.
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Figure 6-6. Output layer DNN weights g for the retrained DNN case. As stated in Figure
6-3, the red and black dashed lines represents the beginning of the

retraining and implementation of the new internal DNN weights, respectively.
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Figure 6-7. Comparison of analytical and approximated value function V* (¢) and
1% (C , Wc> , respectively. As stated in Figure 6-3, the red and black dashed

lines represents the beginning of the retraining and implementation of the
new internal DNN weights, respectively.

104



15

—ﬂ((, Wa)
—u’(¢)

10 1

a(¢, Wa), u*(¢)

|
|
|
|
|
|
|
|
|
|
} 1
0 5 10 15
Time (s)
Figure 6-8. Comparison of analytical and approximated optimal control policy «* () and
U (C, Wa> . As stated in Figure 6-3, the red and black dashed lines

represents the beginning of the retraining and implementation of the new
internal DNN weights, respectively.
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CHAPTER 7
CONCLUSIONS

RL is a valuable tool for learning parametric uncertainties and approximating opti-
mal control policies in dynamical systems. The application of RL-based techniques to
nonlinear dynamical systems is complicated due to practical system constraints. This
dissertation develops methods that advance the state-of-the-art of ADP-based con-
trollers. Specifically, sparse BE extrapolation is leveraged to reduce the computational
load associated with BE extrapolation while retaining its improved regional approxi-
mation properties, barrier function-based system constraints are leveraged to improve
system safety during the online learning phase, the ADP framework has been extended
to nonlinear switched systems, and a DNN-based system identifier is used to improve
function approximation. The barrier function, switched systems, and DNN system identi-
fier add significant computational expenses to their respective variation of ADP; hence,
the sparse BE extrapolation makes these variations feasible in real-time applications.

In Chapter 3, a method is developed that significantly decreases the computational
expense of R-MBRL techniques. This chapter has significant practical application, as
it may be infeasible for systems with limited computational resources, such as mobile
robots or multirotor aircraft, to implement traditional R-MBRL algorithms. While the
concept of BE extrapolation is retained from R-MBRL, the developed method introduces
the idea of sparse BE extrapolation within subsets of the operating domain. That is,
sparse BE extrapolation is used within user-defined regions of the operating domain;
within each region, a subset of BE extrapolation points are used to provide sufficient
excitation to prove convergence. A limitation of Chapter 3 is a lack of guidance on how
to segment the operating domain and which nodes of the NN to modify to promote
sparsity while maintaining sufficient data richness. Currently, these tasks are done
iteratively with a tuning-like method. Future research will investigate the idea of having

an algorithm determine how to segment the state space, how many BE extrapolation
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points to select, the locations of the BE extrapolation points, and what basis function to
use for sparse BE extrapolation.

Chapter 4 pairs the computational benefits of sparse BE extrapolation with BFs to
provide safety certificates. The BFs are enforced by a state space transformation that
artificially increases the cost of the state around user-defined boundaries. Previous work
in BF-augmented ADP has required the restrictive PE condition to be satisfied to prove
system convergence. The result in Chapter 4 extends existing work to relax the PE con-
dition via BE extrapolation. However, the state space transformation used to generate
the BFs require additional computations; hence, the sparse BE extrapolation method
in 3 is added to offset the computational expense of the state space transformation.
Future work will investigate the case in which the initial state of the system lies outside
of the user-defined barriers, which may require a switched systems-based Lyapunov-like
analysis.

In Chapter 5 a framework is developed that investigates ADP applied to families
of switched systems. Current ADP techniques are designed for a single continuous
systems; however, numerous practical systems have multiple sets of continuous
dynamics that are discretely activated (i.e., switched to) by a time-based signal. Hence,
the stabilizing ADP-based controller on the first set of dynamics (e.g., subsystem) may
not stabilize the second active subsystem. Hence, multiple ADP learning systems must
be implemented in real-time to separately approximate each subsystem’s value function
to show overall system convergence.

Unlike previous ADP results, it is necessary to evaluate the stability of each
subsystem to determine convergence of the overall switched system. Typically, in
switched systems, stability is proved with the existence of a common Lyapunov function.
However, for ADP, a common Lyapunov function has not yet been determined. Hence,
a switched systems analysis with multiple Lyapunov functions must be performed. In

the process of developing this analysis, it became clear that the broader problem, which
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is the analysis of switched individually UUB stable subsystems with multiple Lyapunov
functions has not yet been addressed. Hence, we have developed a general theorem
to show stability of nonautonomous switched UUB stable subsystems via multiple
Lyapunov functions. This theorem, and its application to ADP, has thus far been useful
for the development of an ADP-based functional electrical stimulation cycling controller
and ADP-based hierarchical RL supervisory controller. While the aforementioned
result is significant, a more complicated problem remains for state-based switching (cf.
time-based switching), which will be the focus of future research efforts.

Chapter 6 incorporates multi-timescale DNN-based system identifier within the
R-MBRL framework. While the general DNN used in this framework has been used
in existing robust control results, its use in ADP requires parameter (i.e., output-layer
weight error) convergence, which the robust control results do not require. Hence, the
output-layer weights are modified with a CL-based adaptation policy to faciliatate UUB
convergence of the overall system. Furthermore, the work in this chapter presents
comparisons between the DNN identifier and alternative methods, including linear-in-
the-parameters system identification and exact model knowledge. Generally, single-layer
NN approximations are less accurate than DNN approximations are. Hence, to further
capture nonlinearities in the value function approximation, future efforts will use two
separate multi-timescale DNNSs for value function approximation and online system
identification to better approximate optimal control policies via R-MBRL.

All of these chapters consider nonsmooth modifications to the traditional R-MBRL
method. However, the methods presented in this dissertation do not consider state-
based switched, hybrid dynamics, and stochastic systems. These omissions limit the
application of ADP to a broader class of practical systems. This motivates investiga-
tion into the application of ADP-based controller to state-based switching and hybrid
systems. Patchy Lyapunov functions, which have been used in the analysis of hybrid

systems, may be a useful tool in the analysis of general state-based switching for UUB
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stable subsystems [77]. However, significant efforts will be required to mature such a
result for general classes of UUB stable subsystems to subsystems with ADP-based
controllers. With the rise of RL within the machine learning community over the past
decade, it is clear that the methods in this dissertation will play a role in the development

of future intelligent data-based autonomous systems.

109



REFERENCES

[1] R. S. Sutton and A. G. Barto, Reinforcement Learning: An Introduction. Cambridge,
MA, USA: MIT Press, 1998.

[2] K. Doya, “Reinforcement learning in continuous time and space,” Neural Comput.,
vol. 12, no. 1, pp. 219-245, 2000.

[3] R. Padhi, N. Unnikrishnan, X. Wang, and S. Balakrishnan, “A single network
adaptive critic (SNAC) architecture for optimal control synthesis for a class of
nonlinear systems,” Neural Netw., vol. 19, no. 10, pp. 1648—1660, 2006.

[4] A. Al-Tamimi, F. L. Lewis, and M. Abu-Khalaf, “Discrete-time nonlinear HJB solution
using approximate dynamic programming: Convergence proof,” IEEE Trans. Syst.
Man Cybern. Part B Cybern., vol. 38, pp. 943—949, 2008.

[5] F. L. Lewis and D. Vrabie, “Reinforcement learning and adaptive dynamic pro-
gramming for feedback control,” IEEE Circuits Syst. Mag., vol. 9, no. 3, pp. 32-50,
2009.

[6] T. Dierks, B. Thumati, and S. Jagannathan, “Optimal control of unknown affine
nonlinear discrete-time systems using offline-trained neural networks with proof of
convergence,” Neural Netw., vol. 22, no. 5-6, pp. 851-860, 2009.

[7] P. Mehta and S. Meyn, “Q-learning and pontryagin’s minimum principle,” in Proc.
IEEE Conf. Decis. Control, pp. 3598-3605, Dec. 2009.

[8] K. G. Vamvoudakis and F. L. Lewis, “Online actor-critic algorithm to solve the
continuous-time infinite horizon optimal control problem,” Automatica, vol. 46, no. 5,
pp. 878-888, 2010.

[9] H. Zhang, L. Cui, X. Zhang, and Y. Luo, “Data-driven robust approximate optimal
tracking control for unknown general nonlinear systems using adaptive dynamic
programming method,” IEEE Trans. Neural Netw., vol. 22, pp. 2226—2236, Dec.
2011.

[10] S. Bhasin, R. Kamalapurkar, M. Johnson, K. G. Vamvoudakis, F. L. Lewis, and
W. E. Dixon, “A novel actor-critic-identifier architecture for approximate optimal
control of uncertain nonlinear systems,” Automatica, vol. 49, pp. 89-92, Jan. 2013.

[11] H. Zhang, L. Cui, and Y. Luo, “Near-optimal control for nonzero-sum differential
games of continuous-time nonlinear systems using single-network adp,” IEEE
Trans. Cybern., vol. 43, no. 1, pp. 206—216, 2013.

[12] H. Zhang, D. Liu, Y. Luo, and D. Wang, Adaptive Dynamic Programming for Control
Algorithms and Stability. Communications and Control Engineering, London:
Springer-Verlag, 2013.

110



[13] L. Kaelbling, M. Littman, and A. Moore, “Reinforcement learning: A survey,” Journal
of Artificial Intelligence Research, vol. 4, pp. 237-285, 1996.

[14] D. Liberzon, Calculus of variations and optimal control theory: a concise introduc-
tion. Princeton University Press, 2012.

[15] D. Vrabie, K. G. Vamvoudakis, and F. L. Lewis, Optimal Adaptive Control and
Differential Games by Reinforcement Learning Principles. The Institution of
Engineering and Technology, 2013.

[16] R. Kamalapurkar, P. S. Walters, J. A. Rosenfeld, and W. E. Dixon, Reinforcement
learning for optimal feedback control: A Lyapunov-based approach. Springer, 2018.

[17] D. Vrabie, Online Adaptive Optimal Control For Continuous-time Systems. PhD
thesis, University of Texas at Arlington, 2010.

[18] K. G. Vamvoudakis, D. Vrabie, and F. L. Lewis, “Online adaptive algorithm for
optimal control with integral reinforcement learning,” Int. J. of Robust and Nonlinear
Control, vol. 24, no. 17, pp. 2686—2710, 2014.

[19] R. Kamalapurkar, P. Walters, and W. E. Dixon, “Model-based reinforcement
learning for approximate optimal regulation,” Automatica, vol. 64, pp. 94—104, 2016.

[20] P. He and S. Jagannathan, “Reinforcement learning neural-network-based con-
troller for nonlinear discrete-time systems with input constraints,” IEEE Trans. Syst.
Man Cybern. Part B Cybern., vol. 37, no. 2, pp. 425-436, 2007.

[21] H. Zhang, Q. Wei, and Y. Luo, “A novel infinite-time optimal tracking control
scheme for a class of discrete-time nonlinear systems via the greedy hdp iteration
algorithm,” IEEE Trans. Syst. Man Cybern. Part B Cybern., vol. 38, no. 4, pp. 937—
942, 2008.

[22] R. Kamalapurkar, J. Rosenfeld, and W. E. Dixon, “Efficient model-based rein-
forcement learning for approximate online optimal control,” Automatica, vol. 74,
pp. 247-258, Dec. 2016.

[23] A. Al-Tamimi, F. L. Lewis, and M. Abu-Khalaf, “Model-free g-learning designs for
linear discrete-time zero-sum games with application to H., control,” Automatica,
vol. 43, pp. 473481, 2007.

[24] K. G. Vamvoudakis and F. L. Lewis, “Multi-player non-zero-sum games: Online
adaptive learning solution of coupled hamilton-jacobi equations,” Automatica,
vol. 47, pp. 1556—-1569, 2011.

[25] K. G. Vamvoudakis, F. L. Lewis, and G. R. Hudas, “Multi-agent differential graphical
games: Online adaptive learning solution for synchronization with optimality,”
Automatica, vol. 48, no. 8, pp. 1598-1611, 2012.

111



[26] H. Modares, F. L. Lewis, and M.-B. Naghibi-Sistani, “Adaptive optimal control of
unknown constrained-input systems using policy iteration and neural networks,”
IEEE Trans. Neural Netw. Learn. Syst., vol. 24, no. 10, pp. 1513—-1525, 2013.

[27] B. Kiumarsi, F. L. Lewis, H. Modares, A. Karimpour, and M.-B. Naghibi-Sistani,
“Reinforcement Q-learning for optimal tracking control of linear discrete-time
systems with unknown dynamics,” Automatica, vol. 50, pp. 1167-1175, Apr. 2014.

[28] H. Modares, F. L. Lewis, and M.-B. Naghibi-Sistani, “Integral reinforcement
learning and experience replay for adaptive optimal control of partially-unknown
constrained-input continuous-time systems,” Automatica, vol. 50, no. 1, pp. 193—
202, 2014.

[29] H. Modares and F. L. Lewis, “Optimal tracking control of nonlinear partially-
unknown constrained-input systems using integral reinforcement learning,” Au-
tomatica, vol. 50, no. 7, pp. 1780-1792, 2014.

[30] X. Glorot, A. Bordes, and Y. Bengio, “Deep sparse rectifier neural networks,” in
Proc. Int. Conf. Artif. Intell. Stat., pp. 315-323, 2011.

[31] S. A. Nivison and P. Khargonekar, “Improving long-term learning of model reference
adaptive controllers for flight applications: A sparse neural network approach,” in
Proc. AIAA Guid. Navig. Control Conf., Jan. 2017.

[32] S. A. Nivison and P. Khargonekar, “A sparse neural network approach to model
reference adaptive control with hypersonic flight applications,” in Proc. AIAA Guid.
Navig. Control Conf., p. 0842, 2018.

[33] M. L. Greene, P. Deptula, S. Nivison, and W. E. Dixon, “Reinforcement learning
with sparse Bellman error extrapolation for infinite-horizon approximate optimal
regulation,” in Proc. IEEE Conf. Decis. Control, (Nice, Fr), pp. 1959-1964, Dec.
2019.

[34] P. Wieland and F. Allgéwer, “Constructive safety using control barrier functions,”
IFAC Proc. Vol., vol. 40, no. 12, pp. 462—467, 2007.

[35] S. Prajna and A. Jadbabaie, “Safety verification of hybrid systems using barrier
certificates,” in International Workshop on Hybrid Systems: Computation and
Control, pp. 477-492, Springer, 2004.

[36] A. Keshavarz, Y. Wang, and S. Boyd, “Imputing a convex objective function,” in
Proc. IEEE Int. Symp. on Intell. Control, pp. 613—619, IEEE, 2011.

[37] Y. Yang, D.-W. Ding, H. Xiong, Y. Yin, and D. C. Wunsch, “Online barrier-actor-critic
learning for H, control with full-state constraints and input saturation,” J. Franklin
Inst., 2019.

112



[38] V. Yang, Y. Yin, W. He, K. G. Vamvoudakis, H. Modares, and D. C. Wunsch, “Safety-
aware reinforcement learning framework with an actor-critic-barrier structure,” in
Proc. Am. Control Conf., pp. 2352—2358, |IEEE, 2019.

[39] J. Shamma and M. Athans, “Gain scheduling: Potential hazards and possible
remedies,” IEEE Control System Magazine, vol. vol. 12, no. no. 3, pp. 101-107,
1992.

[40] L. Eugene, W. Kevin, and D. Howe, “Robust and adaptive control with aerospace
applications,” 2013.

[41] B. Kiumarsi, K. G. Vamvoudakis, H. Modares, and F. L. Lewis, “Optimal and
autonomous control using reinforcement learning: A survey,” IEEE Trans. Neural
Netw. Learn. Syst., 2017.

[42] X. Xu and P. J. Antsaklis, “Optimal control of switched systems based on param-
eterization of the switching instants,” IEEE Trans. Autom. Control, vol. 49, no. 1,
pp. 2—16, 2004.

[43] W. Zhang, J. Hu, and A. Abate, “On the value functions of the discrete-time
switched Igr problem,” IEEE Trans. Autom. Control, vol. 54, no. 11, pp. 2669-2674,
2009.

[44] A. Heydari and S. N. Balakrishnan, “Optimal switching and control of nonlinear
switching systems using approximate dynamic programming,” IEEE Trans. Neural
Netw. Learn. Syst., vol. 25, no. 6, pp. 1106—1117, 2013.

[45] Y. Wardi, M. Egerstedt, and M. Hale, “Switched-mode systems: gradient-descent
algorithms with Armijo step sizes,” Discrete Event Dyn. Syst., vol. 25, no. 4,
pp. 571-599, 2015.

[46] A. Heydari, “Optimal switching with minimum dwell time constraint,” Journal of the
Franklin Institute, vol. 354, no. 11, pp. 4498-4518, 2017.

[47] M. Kamgarpour and C. Tomlin, “On optimal control of non-autonomous switched
systems with a fixed mode sequence,” Automatica, vol. 48, no. 6, pp. 1177-1181,
2012.

[48] R. Kamalapurkar, L. Andrews, P. Walters, and W. E. Dixon, “Model-based reinforce-
ment learning for infinite-horizon approximate optimal tracking,” IEEE Trans. Neural
Netw. Learn. Syst., vol. 28, no. 3, pp. 753-758, 2017.

[49] G. Joshi and G. Chowdhary, “Deep model reference adaptive control,” in IEEE
Conf. Decis. Control, pp. 46014608, IEEE, 2019.

[50] G. Joshi, J. Virdi, and G. Chowdhary, “Design and flight evaluation of deep model
reference adaptive controller,” in AIAA Scitech 2020 Forum, p. 1336, 2020.

113



[51] G. Joshi, J. Virdi, and G. Chowdhary, “Asynchronous deep model reference
adaptive control,” in Conf. Robot Learn., 2020.

[52] R. Sun, M. Greene, D. Le, Z. Bell, G. Chowdhary, and W. E. Dixon, “Lyapunov-
based real-time and iterative adjustment of deep neural networks,” IEEE Control
Syst. Lett., vol. 6, pp. 193—198, 2021.

[53] P. Deptula, J. Rosenfeld, R. Kamalapurkar, and W. E. Dixon, “Approximate dynamic
programming: Combining regional and local state following approximations,” IEEE
Trans. Neural Netw. Learn. Syst., vol. 29, pp. 2154-2166, June 2018.

[54] P. Walters, R. Kamalapurkar, F. Voight, E. Schwartz, and W. E. Dixon, “Online
approximate optimal station keeping of a marine craft in the presence of an
irrotational current,” IEEE Trans. Robot., vol. 34, pp. 486—496, April 2018.

[55] H. Zhang, C. Qin, and Y. Luo, “Neural-network-based constrained optimal control
scheme for discrete-time switched nonlinear system using dual heuristic program-
ming,” IEEE Trans. Autom. Sci. Eng., vol. 11, no. 3, pp. 839-849, 2014.

[56] C. Qin, H. Zhang, and Y. Luo, “Online optimal tracking control of continuous-time
linear systems with unknown dynamics by using adaptive dynamic programming,”
Int. J. Control, vol. 87, no. 5, pp. 1000-1009, 2014.

[57] G. Chowdhary, T. Yucelen, M. Mihlegg, and E. N. Johnson, “Concurrent learning
adaptive control of linear systems with exponentially convergent bounds,” Int. J.
Adapt. Control Signal Process., vol. 27, no. 4, pp. 280-301, 2013.

[58] R. Kamalapurkar, J. A. Rosenfeld, A. Parikh, A. R. Teel, and W. E. Dixon,
“Invariance-like results for nonautonomous switched systems,” IEEE Trans. Au-
tom. Control, vol. 64, pp. 614—627, Feb. 2019.

[59] P. Deptula, Z. Bell, E. Doucette, W. J. Curtis, and W. E. Dixon, “Data-based
reinforcement learning approximate optimal control for an uncertain nonlinear
system with control effectiveness faults,” Automatica, vol. 116, pp. 1-10, June 2020.

[60] F. L. Lewis, S. Jagannathan, and A. Yesildirak, Neural network control of robot
manipulators and nonlinear systems. Philadelphia, PA: CRC Press, 1998.

[61] R. Kamalapurkar, H. Dinh, S. Bhasin, and W. E. Dixon, “Approximate optimal
trajectory tracking for continuous-time nonlinear systems,” Automatica, vol. 51,
pp. 40—48, Jan. 2015.

[62] F. L. Lewis and D. Liu, Reinforcement learning and approximate dynamic program-
ming for feedback control, vol. 17. John Wiley & Sons, 2013.

[63] P. J. Werbos, “Approximate dynamic programming for real-time control and neural
modeling,” in Handbook of intelligent control: Neural, fuzzy, and adaptive ap-
proaches (D. A. White and D. A. Sorge, eds.), vol. 15, pp. 493-525, Nostrand, New
York, 1992.

114



[64] M. L. Greene, P. Deptula, S. Nivison, and W. E. Dixon, “Sparse learning-based
approximate dynamic programming with barrier constraints,” IEEE Control Syst.
Lett., vol. 4, pp. 743—748, July 2020.

[65] M. L. Greene, P. Deptula, R. Kamalapurkar, and W. E. Dixon, Handbook of Re-
inforcement Learning and Control, ch. Mixed Density Methods for Approximate
Dynamic Programming, pp. 139—172. Cham: Springer International Publishing,
2021.

[66] G. V. Chowdhary and E. N. Johnson, “Theory and flight-test validation of a
concurrent-learning adaptive controller,” J. Guid. Control Dynam., vol. 34, pp. 592—
607, Mar. 2011.

[67] H. K. Khalil, Nonlinear Systems. Upper Saddle River, NJ: Prentice Hall, 3 ed.,
2002.

[68] A. F. Filippov, “Differential equations with discontinuous right-hand side,” in Fif-
teen papers on differential equations, vol. 42 of American Mathematical Society
Translations - Series 2, pp. 199—-231, American Mathematical Society, 1964.

[69] B. E. Paden and S. S. Sastry, “A calculus for computing Filippov’s differential
inclusion with application to the variable structure control of robot manipulators,”
IEEE Trans. Circuits Syst., vol. 34, pp. 73-82, Jan. 1987.

[70] D. Vrabie, K. G. Vamvoudakis, and F. L. Lewis, “Adaptive optimal controllers based
on generalized policy iteration in a continuous-time framework,” in Proc. Mediterr
Conf. Control Autom., pp. 1402—1409, IEEE, 2009.

[71] M. Greene, M. Abudia, R. Kamalapurkar, and W. E. Dixon, “Model-based reinforce-
ment learning for optimal feedback control of switched systems,” in Proc. IEEE
Conf. Decis. Control, pp. 162—167, 2020.

[72] M. L. Greene, P. Deptula, B. Bialy, and W. E. Dixon, “Model-based approximate
optimal feedback control of a hypersonic vehicle,” in AIAA SCITECH, Jan. 2022.
AlAA 2022-0613.

[73] W. A. Makumi, M. L. Greene, K. J. Stubbs, and W. E. Dixon, “Model-based switched
approximate dynamic programming for functional electrical stimulation cycling,” in
Proc. Am. Control Conf., June 2022.

[74] A. Parikh, R. Kamalapurkar, and W. E. Dixon, “Integral concurrent learning:
Adaptive control with parameter convergence using finite excitation,” Int J Adapt
Control Signal Process, vol. 33, pp. 1775-1787, Dec. 2019.

[75] P. Kidger and T. Lyons, “Universal approximation with deep narrow networks,” in
Conf. Learn. Theory, pp. 2306—2327, PMLR, 2020.

[76] W. E. Dixon, A. Behal, D. M. Dawson, and S. Nagarkatti, Nonlinear Control of
Engineering Systems: A Lyapunov-Based Approach. Birkhauser: Boston, 2003.

115



[77] R. Goebel, C. Prieur, and A. R. Teel, “Smooth patchy control lyapunov functions,”
Automatica, vol. 45, no. 3, pp. 675-683, 2009.

116



BIOGRAPHICAL SKETCH

Max Lewis Greene was born in Middletown, Connecticut in 1996. He received his
B.S. and M.S. in mechanical engineering from the University of Florida in May 2018
and May 2020, respectively. In August 2018, Max joined the Nonlinear Controls and
Robotics Laboratory, under the supervision of Dr. Warren E. Dixon, at the University
of Florida to pursue a Ph.D. Subsequently, Max received his Ph.D. in mechanical
engineering from the University of Florida in May 2022. Max’s research interests include
Lyapunov-based, adaptive, and reinforcement learning-based control of dynamical

systems.

117



	ACKNOWLEDGMENTS
	TABLE OF CONTENTS
	LIST OF TABLES
	LIST OF FIGURES
	LIST OF ABBREVIATIONS
	ABSTRACT
	1 INTRODUCTION
	1.1 Background
	1.2 Outline of the Dissertation

	2 PRELIMINARIES
	2.1 Notation
	2.2 Approximate Dynamic Programming
	2.2.1 Value Function Approximation
	2.2.2 Bellman Error

	2.3 Extension to Tracking Problems

	3 REINFORCEMENT LEARNING WITH SPARSE BELLMAN ERROR EXTRAPOLATION FOR INFINITE HORIZON APPROXIMATE OPTIMAL CONTROL
	3.1 Online System Identification
	3.2 Bellman Error
	3.3 Actor and Critic Weight Update Laws
	3.4 Stability Analysis
	3.5 Simulation Results
	3.5.1 2-State System with Unknown Dynamics
	3.5.2 2-State System Simulation Results
	3.5.3 Two-Link Manipulator with Exact Model Knowledge Simulation
	3.5.4 Two-Link Manipulator Simulation Results
	3.5.5 Euler-Lagrange System with Unknown Dynamics
	3.5.6 Euler-Lagrange Simulation Results
	3.5.7 Ease of Sparsification

	3.6 Concluding Remarks

	4 SPARSE LEARNING-BASED APPROXIMATE DYNAMIC PROGRAMMING WITH BARRIER CONSTRAINTS
	4.1 Barrier Functions
	4.2 Approximate Optimal Controller Development
	4.2.1 Value Function Approximation
	4.2.2 Bellman Error
	4.2.3 Sparse Bellman Error Extrapolation
	4.2.4 Update Laws for Actor and Critic Weights

	4.3 Stability Analysis
	4.4 Simulation Results
	4.5 Concluding Remarks

	5 MODEL-BASED REINFORCEMENT LEARNING FOR OPTIMAL FEEDBACK CONTROL OF SWITCHED SYSTEMS
	5.1 Switched ADP Development
	5.2 System Identification
	5.3 Bellman Error
	5.4 Update Laws for Actor and Critic Weights
	5.5 Stability Analysis
	5.5.1 Subsystem Stability Analysis
	5.5.2 Dwell-Time Analysis
	5.5.3 Application to Switched ADP

	5.6 Simulation Results
	5.7 Concluding Remarks

	6 DEEP NEURAL NETWORK-BASED APPROXIMATE OPTIMAL TRACKING FOR UNKNOWN NONLINEAR SYSTEMS
	6.1 DNN-based System Identification
	6.2 Bellman Error
	6.3 Actor and Critic Weight Update Laws
	6.4 Stability Analysis
	6.5 Simulation Results
	6.5.1 ADP Simulation Comparisons
	6.5.2 Multi-Timescale Simulation Results

	6.6 Concluding Remarks

	7 CONCLUSIONS
	REFERENCES
	BIOGRAPHICAL SKETCH

