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Many practical engineering systems exhibit nonlinear behaviors that make it difficult
to predict the output response for a given input. One approach to compensate for
nonlinear effects is to feed forward a model of the nonlinearities in the control design as
a means to cancel destabilizing effects: feedback linearization is a simplified example
of such an approach. However, the system model typically has uncertainties such as
parametric uncertainty or more general uncertainty that is often modeled as a bounded
exogeneous disturbance. Adaptive and learning-based control strategies are motivated
by the desire to include an approximate feedforward model in the controller or to
implicitly learn the model through the feedback structure. This dissertation is focused on
the development of such adaptive and learning-based controllers. Since the dissertation
focuses on general nonlinear systems, a constructive Lyapunov-based design and
analysis approach is used.

In Chapter 2, a deep neural network (DNN)-based adaptive controller is developed
to compensate for uncertainty in a nonlinear dynamic system. Although Lyapunov-
based real-time update laws are well-known for neural network (NN)-based adaptive
controllers with a single-hidden-layer, developing real-time weight update laws for DNNs
remains an open question. This dissertation presents the first result with Lyapunov-
based real-time weight adaptation laws for each layer of a feedforward DNN-based

control architecture, with stability guarantees. Additionally, the developed method allows



nonsmooth activation functions to be used in the DNN to facilitate improved transient
performance. A nonsmooth Lyapunov-based stability analysis proves global asymptotic
tracking error convergence. Simulation results are provided for a nonlinear system using
DNNs with leaky rectified linear unit (LReLU) and hyperbolic tangent activation functions
to demonstrate the efficacy and performance of the developed method. Although
Chapter 2 provides weight adaptation laws for DNNs, the development is restricted

for fully-connected DNNs, whereas deriving weight adaptation laws has been an open
problem for deep residual neural networks (ResNets).

Chapter 3 provides the first result on Lyapunov-derived weight adaptation for a
ResNet-based adaptive controller. A nonsmooth Lyapunov-based analysis is provided
to guarantee global asymptotic tracking error convergence. Comparative Monte Carlo
simulations are provided to demonstrate the performance of the developed ResNet-
based adaptive controller. The ResNet-based adaptive controller shows a 49.52%
and 54.38% improvement in the tracking and function approximation performance,
respectively, in comparison to a fully-connected DNN-based adaptive controller.

Chapter 4 addresses the problem of adaptive control of systems with uncertain
time-varying parameters. A continuous adaptive controller is developed for nonlinear
dynamical systems with linearly parameterizable uncertainty involving time-varying
uncertain parameters. Through a unique stability analysis strategy, a new adaptive
feedforward term is developed, along with specialized feedback terms, to yield asymp-
totic tracking error convergence by compensating for the time-varying nature of the
uncertain parameters. A Lyapunov-based stability analysis is shown for Euler-Lagrange
systems, which ensures asymptotic tracking error convergence and boundedness of the
closed-loop signals. Additionally, the time-varying uncertain function approximation error
is shown to converge to zero. A simulation example of a two-link manipulator is provided

to demonstrate the asymptotic tracking result.
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Chapter 5 provides new stability results for a class of implicit learning controllers
called Robust Integral of the Sign of the Error (RISE) controllers. RISE controllers have
been published over the past two decades as a means to yield asymptotic tracking
error convergence and implicit asymptotic identification of time-varying uncertainties, for
classes of nonlinear systems that are subject to sufficiently smooth bounded exogenous
disturbances and/or modeling uncertainties. Despite the wide application of RISE-based
techniques, an open question that has eluded researchers during this time-span is
whether the asymptotic tracking error convergence is also uniform or exponential. This
question has remained open due to certain limitations in the traditional construction of
a Lyapunov function for RISE-based error systems. In this dissertation, new insights on
the construction of a Lyapunov function are used that result in an exponential stability
result for RISE-based controllers. As an outcome of this breakthrough, the inherent
learning capability of RISE-based controllers is shown to yield exponential identification

of state-dependent disturbances/uncertainty.
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CHAPTER 1
INTRODUCTION

1.1 Background

Many practical engineering systems exhibit nonlinear behaviors that make it difficult
to predict the output response for a given input. One approach to compensate for
nonlinear effects is to feed forward a model of the nonlinearities in the control design as
a means to cancel destabilizing effects: feedback linearization is a simplified example
of such an approach. However, the system model typically has uncertainties such as
parametric uncertainty or more general uncertainty that is often modeled as a bounded
exogeneous disturbance. Adaptive and learning-based control strategies are motivated
by the desire to include an approximate feedforward model in the controller or to
implicitly learn the model through the feedback structure. This dissertation is focused on
the development of such adaptive and learning-based controllers. Since the dissertation
focuses on general nonlinear systems, a constructive Lyapunov-based design and
analysis approach is used.

One way to estimate uncertainty is using a neural network (NN)-based model. NNs
are universal function approximators that are capable of modeling continuous functions
over a compact domain [1]. Although NNs with a single hidden-layer are capable
of approximating general nonlinear functions, deep NNs (DNNs) provide improved
performance [2]. Moreover, DNNs are exponentially more expressive than shallow
NNs in terms of the total number of neurons required to achieve the same accuracy in
function approximation [3].

Motivated by recent advances in DNNs, researchers have explored the use of DNN-
based control architectures. DNN-based techniques often employ optimization methods
to train the DNN weights by minimizing a loss function over a training dataset [4].
Results in [5—7] utilize such offline DNN training techniques to approximate explicit

model predictive control laws. However, such offline methods pose limitations since
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training typically requires large amounts of data, and the resulting feedforward terms are
implemented as an open-loop approximator based on the offline training.

In contrast to offline training and open-loop implementation, NN weight update laws
derived from Lyapunov-based stability analysis methods have been developed to adjust
the NN weights in real-time as an adaptive closed-loop feedforward term. Although
NN-based adaptive architectures are well-established, these methods only apply to
NNs with a single hidden-layer [8]. DNNs achieve improved function approximation
performance because of the nested nonlinear parameterizations of the inner-layer
activation functions; however, such nested nonlinear functions present a challenge that
has heretofore precluded the development of real-time adaptation laws with Lyapunov-
based methods.

Motivated by function approximation abilities of DNNs, emerging results in [9-12]
develop real-time DNN-based adaptive architectures. In [9] and [10], real-time DNN-
based adaptive architectures are developed for model reference adaptive control of
linear systems. Similarly, results in [11] generalize the DNN-based adaptive architec-
ture to general nonlinear systems. However, such results only update the output-layer
weights in real-time. While the output-layer weights are updated in real-time, data is
collected and used to train the inner-layer weights iteratively over discrete training peri-
ods via traditional offline techniques. In [12], insights are provided into the development
of real-time adaptive weight update laws for individual layers of a feedforward DNN
based on a modular design. Modular adaptive designs develop mild constraints on the
adaptation laws and provide stability guarantees based on the worst-case scenario of
the developed constraints. Although the modular adaptive approach provides constraints
on the weight update laws, these constraints are only sufficient and lack insights on how
to best design the inner-layer weight adaptation laws.

Chapter 2 and my work in [13] present the first result with Lyapunov-based real-

time weight adaptation laws for each layer of a DNN for a general uncertain nonlinear
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system. To address the challenges posed by nested nonlinear parameterizations of the
inner-layer DNN weights, a recursive representation of the inner-layer DNN structure

is developed to facilitate the analysis. Then, a Taylor’s first order approximation of the
uncertainty is recursively derived. Subsequently, the update laws are derived from a
Lyapunov-based stability analysis, in which the first-order terms are canceled by the
weight update law-based terms. The remaining terms in the Lyapunov-based analysis
are eliminated using a robust control approach.

The adaptation laws developed in this dissertation depend on gradients of activation
functions. The adaptation laws contain discontinuities if an activation function with a
discontinuous gradient is used in the DNN architecture. Nonsmooth activation functions
such as rectified linear units (ReLUs), leaky ReLUs (LReLUs) [14], maxout [15], etc.
are often preferred over sigmoidal activation functions, since they empirically exhibit
improved function approximation performance while also overcoming the vanishing
gradient problem [4, Ch. 6]. As previously noted, the discontinuities in gradients of these
activation functions pose difficulties in facilitating standard Lyapunov-based analysis
methods. In this chapter, a nonsmooth analysis is performed to address the challenges
of including nonsmooth activation functions. The nonsmooth Lyapunov-based analy-
sis guarantees global asymptotic tracking error convergence. Simulation results are
provided for a nonlinear system using DNNs with leaky ReLU and hyperbolic tangent ac-
tivation functions to demonstrate the efficacy and performance of the developed method.
A comparison of a DNN with leaky ReLU activation functions to a DNN with hyper-
bolic tangent activation functions shows improved tracking and function approximation
performance while using the DNN with leaky ReLU activation functions.

Although Chapter 2 and my work in [13] provide Lyapunov-derived weight adapta-
tion laws for the DNN, the development is restricted to fully-connected DNNs. There are
several limitations associated with standard DNN architectures such as fully-connected

and convolutional DNNs. Deeper networks typically suffer from the problem of vanishing
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or exploding gradients, i.e., the rate of learning using a gradient-based update rule is
highly sensitive to the magnitude of DNN weights. Challenges faced from the vanishing
or exploding gradient problem are ubiquitous to both offline training [4] and real-time
weight adaptation [13]. Additionally, in applications such as image recognition, the
performance of a DNN is found to initially improve by increasing the depth of the DNN.
However, as the depth exceeds a threshold, performance rapidly degrades [16].

To overcome the vanishing or exploding gradient problem and the degradation
of performance with the increasing depth of a DNN, results in [16] introduce shortcut
connections across layers, i.e., a feedforward connection between layers that are
separated by more than one layer. DNNs with a shortcut connection are known as deep
residual neural networks (ResNets). Offline results in [17] and [18] offer mathematical
explanations for why ResNets perform better than non-residual DNNs. In [17], the
parameterization of a non-residual DNN is shown to cause difficulties in training DNN
layers to approximate the identity function. As explained in [17], for a DNN to achieve
a good training accuracy, the DNN layers must be able to approximate the identity
function well. Since a shortcut connection in ResNets is represented using an identity
function, ResNets provide an improved performance when compared to non-residual
DNNs. Additionally, the result in [18] provides explanations from Lyapunov stability
theory on why ResNets are easier to train offline using the gradient descent algorithm
as compared to non-residual DNNs. The shortcut connections in ResNets facilitate the
stability of the equilibria of gradient descent dynamics for a larger set of step sizes or
initial weights as compared to non-residual DNNs.

Although there has been significant research across various applications involving
ResNets [16, 19-22], the approximation power of ResNets has not yet been explored
for adaptive control problems. Developing a ResNet-based adaptive feedforward control
term with real-time weight adaptation laws is an open problem. Although real-time

weight adaptation laws are developed for fully-connected feedforward DNNs in [13],
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the shortcut connections in ResNets pose additional mathematical challenges. Unlike
fully-connected DNNSs, the shortcut connection prevents a recursive application of Taylor
series approximation for each layer of the ResNet. As a result, it is difficult to generate
the coupling terms that are generated using the approximation strategy in [13], that can
be canceled using the weight adaptation laws in the Lyapunov-based analysis.

My preliminary work in [23] and this dissertation provide the first result on
Lyapunov-derived adaptation laws for the weights of each layer of a ResNet-based
adaptive controller for uncertain nonlinear systems. To overcome the mathematical
challenges posed by the residual network architecture, the ResNet is expressed as
a composition of building blocks that involve a shortcut connection across a fully-
connected DNN. Then, a constructive Lyapunov-based approach is provided to derive
weight adaptation laws for the ResNet using the gradient of each DNN building block.

A nonsmooth Lyapunov-based analysis is provided to guarantee global asymptotic
tracking error convergence. Unlike [23], which involved a ResNet with only one shortcut
connection, this dissertation provides weight adaptation laws for a general ResNet that
has an arbitrary number of shortcut connections. The development of adaptation laws
for ResNets with an arbitrary number of shortcut connections is challenging due to the
complexity of the architecture. This challenge is addressed by constructing a recursive
representation of the ResNet which involves a composition of an arbitrary number of
building blocks. Then, based on the recursive representation of the ResNet architecture,
a first-order Taylor series approximation is applied, which is then utilized to yield the
Lyapunov-based adaptation laws. Additionally, unlike [23] which did not provide simu-
lations, this dissertation provides comparative Monte Carlo simulations to demonstrate
the performance of the developed ResNet-based adaptive controller, and the results are
compared with an equivalent fully-connected DNN-based adaptive controller [13]. Since
the performance of ResNet and DNN-based adaptive controllers is sensitive to weight

initialization, the Monte Carlo approach is used to provide a fair comparison between the
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two architectures. In the Monte Carlo comparison, 10,000 simulations are performed,
where the initial weights in each simulation are selected from a uniform random distri-
bution, and a cost function is evaluated for each simulation. Then, the simulation results
yielding the least cost for both architectures are compared. The ResNet-based adaptive
controller shows a 49.52% and 54.38% improvement in the tracking and function ap-
proximation performance, respectively, in comparison to a fully-connected DNN-based
adaptive controller.

Although DNNs can compensate for the uncertainty as discussed above, the
uncertainty is assumed to be time-invariant. Since DNNs can approximate functions
only over a compact domain, it is challenging to approximate time-varying uncertainties
over an unbounded time-domain. Perhaps one way to address this problem could be
to model the time-varying uncertainty using an architecture with unknown time-varying
parameters. However, it is not known how to develop adaptive controllers for systems
with time-varying parameters.

Adaptive control of nonlinear dynamical systems with time-varying uncertain param-
eters is a problem that has received recent attention because of its practical importance
for some applications. It has been well established that traditional gradient-based
update laws can compensate for constant unknown parameters yielding asymptotic
convergence. Moreover, the development of robust modifications of such adaptive
update laws result in uniformly ultimately bounded (UUB) results for slowly varying para-
metric uncertainty using a Lyapunov-based analysis, under the assumption of bounded
parameters and their time-derivatives [24—26].

More recent results focus on tracking and parameter estimation improvement using
various adaptive control approaches for systems with unknown time-varying parameters.
One such approach involves a fast adaptation law [27], where a matrix of time-varying
learning rates is utilized to improve the tracking and estimation performance under a

finite excitation condition. Another approach uses a set-theoretic control architecture
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[28] to reject the effects of parameter variation, while restricting the system error within
a prescribed performance bound. While the aforementioned approaches can potentially
yield improved transient response, they yield UUB error systems.

Motivation exists to obtain asymptotic convergence of the tracking error to zero,
despite the time-varying nature of the uncertain parameters. Results such as [29]
and [30] yield asymptotic tracking for linear systems with asymptotically vanishing
time-varying parameter variations. For nonlinear systems involving periodic time-
varying uncertain parameters with known periodicity, repetitive/iterative learning based
approaches such as [31] yield asymptotic tracking. However, it is challenging to extend
these results to nonlinear systems where the uncertain parameter variation is non-
vanishing and aperiodic.

Robust adaptive control approaches such as [32, Section 1V] yield asymptotic
adaptive tracking for systems with time-varying uncertain parameters using an adaptive
sliding mode-like design, and [32, Section VII], [33] use a continuous robust design;
however, such approaches exploit high-gain or high-frequency feedback, without
any additional adaptive feedforward term that is specifically designed to target the
uncertainty through adaptation. Recent results in [34] yield asymptotic tracking using a
method called congelation of variables, where each unknown time-varying parameter
is treated as a nominal constant unknown parameter with a time-varying perturbation,
and the control input consists of an adaptive feedforward term to compensate for the
nominal constant parameters, while a robust high-gain term is designed to compensate
the time-varying perturbation. While the congelation of variables based approach can
compensate for fast-varying parameters, it requires the regression matrix to vanish with
the state, which might be restrictive for a wide variety of applications.

Results such as [35-37] investigate the identification of systems with time-varying
parameters. A more recent result in [38] utilizes the dynamic regressor extension and

mixing technique to yield finite-time parameter convergence for systems with unknown
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piecewise linearly time-varying parameters. Note that these results concern only
adaptive parameter estimation, without developing an adaptive feedforward control term
for closed-loop implementation.

In the field of fault-tolerant control design, system faults are typically modeled
as unknown piecewise constant time-varying parameters such as in [39], for which,
classical adaptive control techniques are used. In this dissertation, the more challenging
problem of continuously time-varying parameters is considered, which necessitates an
alternative adaptive update law.

To illustrate the technical challenges associated with developing an adaptive
feedforward term for systems with time-varying parametric uncertainty, consider the

scalar dynamical system

x(t) = a(t)z(t) + b(t) cos(x(t)) + u(t), (1-1)

with the controller u(t) = —kx(t) — a(t)z(t) — b(t) cos(z(t)), where k is a positive
constant gain, a(t) and b(t) are unknown time-varying parameters, a(t) and b(t) are the
parameter estimates of a(¢) and b(t), respectively, and the parameter estimation errors
a(t) and b(t) are defined as a(t) £ a(t) — a(t) and b(t) £ b(t) — b(t), respectively. The
traditional stability analysis approach for such problems is to consider the candidate
Lyapunov function V (z(t), a(t), b(t)) = 12*(t) + 5@ (t) + ZL%B?(t), where ~, and v,
are positive constant gains. The given definitions and controller yield the following
time-derivative of the candidate Lyapunov function: V(t) = —ka2(t) + a(t)a2(t) +
b(t)z(t) cos(z(t)) + 7()( (t) — a(t) + @(b(t) — b(t)). For the constant parameter
case, i.e., a(t) = b(t) = 0, the well-known adaptive update laws a(t) = ~v,22(t) and
é(t) = ya(t) cos(z(t)), respectively, will cancel a(t)z2(t) and b(t)x(t) cos(z(t)) in V(t),
leading to Lyapunov stability and asymptotic tracking. However, when the parameters
are time-varying, it is unclear how to address a(t) and i(t) via a feedforward adaptive

update law such that V() becomes at least negative semi-definite. Alternatively to
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obtaining a negative semi-definite derivative of the Lyapunov-like function (which is a
contribution of this dissertation), the typical approach to design adaptive controllers

for the time-varying parameter case is to consider a robust modification of the update
laws and assume some constant upper bounds on |a(t)], |b(¢)], |a(t)|, and ‘b(t)’ to
obtain a UUB result. For instance, consider a standard gradient update law with sigma-
modification [26], a(t) = .22(t) — Yeoa(t), l;(t) — yx(t) cos(z(t)) — ~yob(t), which yields
V(t) = —ka?(t) — oa?(t) — ob?(t) + d(t)(% + oal(t)) + E(t)(% + ob(t)), implying a UUB
result when the parameters a(t) and b(t), and their time-derivatives a(t) and b(t) are
bounded. More modern approaches (cf., [40]) provide additional modifications to yield
UUB results with improved transient performance.

It would be desirable to have a sliding mode-like term based on a(t) and b(t) (i.e.,
sgn(a) and sgn(b) in the adaptation law), if only a(t) and b(t) were known. Another ap-
proach could be to use a pure robust controller, e.g., u(t) = —kx(t) — axz(t) — bsgn(x(t)),
where @ and b are known constant upper bounds on the norms of parameters |a(t)| and
|b(t)|, respectively. If the bounds @ and b are unknown, an adaptation law could be de-
signed to yield their adaptive estimates, i.e., a and b. Either of these approaches would
yield an asymptotic tracking result (cf., [32]), but as stated earlier, these approaches
require a discontinuous sliding-mode term in the control input, and do not include an
adaptive feedforward term to compensate for the uncertainty. The congelation of vari-
ables based approach in [34] may help avoid some of the aforementioned challenges;
however, it is not applicable for uncertain terms like b(t) cos(z(t)), which do not vanish
with the state.

The major challenge in achieving asymptotic tracking is that the time-derivative of
the parameter acts like an unknown exogenous disturbance in the parameter estimation
dynamics, which is difficult to cancel with an adaptive update law in a Lyapunov-based

stability analysis. This technical challenge is addressed in Chapter 4 and in my previous

paper [41], through new insights into the closed-loop error system development and
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stability analysis, coupled with a new adaptive update law design. Specifically, because
of challenges associated with including the uncertain parameter estimation error
in the Lyapunov function, such terms are omitted, and include a P-function based
on [42], while also formulating the closed-loop error system so that they appear in the
Lyapunov-based derivative in a manner that facilitates an adaptive update law. The
unique challenge associated with incorporating the time-varying parameter estimation
error is addressed in the analysis by formulating the update law so that it contains a
signum function of the tracking error term multiplied by a desired regressor. The update
law also involves a projection algorithm to ensure that the parameter estimates stay
within a known bounded set. However, the projection algorithm introduces a potentially
destabilizing term in the time-derivative of the candidate Lyapunov function, leading
to an additional technical obstacle to obtain asymptotic tracking. This challenge is
resolved by using an additional term in the control input, which compensates for terms
that result from using a projection operator. The developed Lyapunov-based stability
analysis yields semi-global asymptotic tracking, and boundedness of the closed-loop
signals. Additionally, the time-varying uncertain function approximation error is shown
to converge to zero. The dynamics of a two-link manipulator are used in a simulation
to demonstrate the asymptotic tracking and function approximation error convergence
result, and the tracking performance is compared with a robust e-modification update
law [43] based controller.

Another way to address the challenges posed by the uncertainty in the system is
using a class of continuous robust controllers termed Robust Integral of the Sign of
the Error (RISE) controllers. RISE controllers have been published over the past two
decades [32, 42, 44-55] as a means to yield asymptotic tracking error convergence
and asymptotic identification of time-varying uncertainties, for classes of nonlinear
systems that are subject to sufficiently smooth bounded exogenous disturbances and/or

modeling uncertainties. RISE-based methods have been used for a wide variety of
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applications involving control [45—61], estimation [44, 62, 63], and optimization [64].
Despite the wide application of RISE-based techniques, an open question that has
eluded researchers is whether the asymptotic tracking error convergence is also uniform
or exponential. This question has remained open due to certain limitations in the
traditional construction of a Lyapunov function for RISE-based error systems.

Traditional analysis methods for a RISE-based error system involve a Lyapunov-
based approach, where the candidate Lyapunov function (denoted by V7)) includes a
P-function (denoted by P) in addition to a typical sum of norm squared error terms. The
P-function is designed by selecting P to cancel disturbance-based terms in V;, and is
the essential analysis and design tool to enable asymptotic convergence (instead of
uniformly ultimately bounded tracking) despite the presence of a disturbance term that
is only upper bounded by a constant. Previous results, including the result in Chapter
5 and my previous paper [65], determine P as a function of the initial conditions of the
system that is proven to be non-negative under certain gain conditions. Evaluating V;,
along the closed-loop error trajectories yields a negative semi-definite V.. Then the
extension of the LaSalle-Yoshizawa theorem for nonsmooth systems in [66] is invoked
to prove asymptotic tracking error convergence. Since the LaSalle-Yoshizawa theorem
is based on Barbalat’s lemma, the traditional analysis methodology does not guarantee
uniform tracking error convergence, and the non-strictness of V;, precluded exponential
stability of the closed-loop error system’s origin.

To prove exponential stability, it would be sufficient to select a positive-definite V7,
such that V;, < —\.V;, for almost all time, with some positive constant .. Then expo-
nential stability can be established using the comparison principle. Such a Lyapunov
function is developed in [55], which is the only known RISE-based exponential tracking
result. The result in [55] was developed for a specific application under the assumption
that the first and second derivatives of the uncertainty are bounded by known constants.

However, RISE-based controllers have been applied to a broader set of applications
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where this assumed bound would not hold. For example, in results like [49,51] and [52]
that involve dynamic compensator-based auxiliary control terms, the first or second
derivative of the uncertainty have bounds that are state-dependent. It is not clear how
the analysis approach in [55] can be extended for such cases.

In Chapter 5 and my previous paper [65], a novel P-function design is developed
that results in a strict Lyapunov function. The new analysis results in exponential
stability of the closed-loop error system’s origin using a comparison theorem-based ar-
gument. The novel P-function is shown to be non-negative under certain gain conditions
by examining the analytically derived solution to the dynamics in P. Unlike the analysis
approach in [55], the developed P-function can be easily modified for various bounds
on the first and second derivatives of uncertainty. To rule out the existence of extra
solutions for P that could be potentially negative over some time interval, the derived so-
lution for P is shown to be unique corresponding to a given closed-loop error trajectory.
Additionally, solution-dependent arguments are employed to show the sign of the error
term is integrable, and V;, < —\.V;, for almost all time, which involves showing that the
set of time-instants where V; < —\;V}, may not be true have Lebesgue measure zero.
Furthermore, the disturbance/uncertainty is shown to be estimated with exponential
convergence of the disturbance identification error, while prior results only indicated
asymptotic convergence.

1.2 Outline of the dissertation

In Chapter 2, a DNN-based adaptive controller is developed with Lyapunov-based
real-time weight adaptation laws for each layer of the feedforward DNN, with stability
guarantees. Additionally, the developed method allows nonsmooth activation functions
to be used in the DNN to facilitate improved transient performance. A nonsmooth
Lyapunov-based stability analysis proves global asymptotic tracking error convergence.

Simulation results are provided for a nonlinear system using DNNs with LReLU and
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hyperbolic tangent activation functions to demonstrate the efficacy of the developed
method.

Chapter 3 provides the first result on Lyapunov-derived weight adaptation for a
ResNet-based adaptive controller. A nonsmooth Lyapunov-based analysis is provided
to guarantee global asymptotic tracking error convergence. Comparative Monte Carlo
simulations are provided to demonstrate the performance of the developed ResNet-
based adaptive controller. The ResNet-based adaptive controller shows a 49.52%
and 54.38% improvement in the tracking and function approximation performance,
respectively, in comparison to a fully-connected DNN-based adaptive controller.

In Chapter 4, a continuous adaptive controller is developed for nonlinear dynamical
systems with linearly parameterizable uncertainty involving time-varying uncertain
parameters. Through a unique stability analysis strategy, a new adaptive feedforward
term is developed along with specialized feedback terms, to yield an asymptotic tracking
error convergence result by compensating for the time-varying nature of the uncertain
parameters. A Lyapunov-based stability analysis is shown for Euler-Lagrange systems,
which ensures asymptotic tracking error convergence and boundedness of the closed-
loop signals. Additionally, the time-varying uncertain function approximation error is
shown to converge to zero. A simulation example of a two-link manipulator is provided to
demonstrate the asymptotic tracking result.

Chapter 5 provides an exponential stability result for RISE controllers. New insights
on the construction of a Lyapunov function are used that result in an exponential stability
result for RISE-based controllers. As an outcome of this breakthrough, the inherent
learning capability of RISE-based controllers is shown to yield exponential identification
of state-dependent disturbances/uncertainty.

In Chapter 6, the conclusions of this dissertation are provided.
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1.3 Preliminaries
To facilitate the readability, this section provides some preliminary information that
defines much of the mathematical notation and definitions used in the dissertation.

The space of essentially bounded Lebesgue measurable functions is denoted

2

by L. The right-to-left matrix product operator is represented by [[, i.e., [[ 4, =

p=1
)

A, ... AsA; and ﬁ A, = 1if a > m. The vectorization operator is denoted by vec(-),
i.e., given A = [;Z:j € R™™, vec(A) £ [a11,- -, 01m, -+ 0nts-- - Anm)t . The p-norm

is denoted by ||-[|,, where the subscript is suppressed when p = 2. The Frobenius
norm is denoted by |-||» £ ||vec(+)||. The Kronecker product is denoted by ®. Function
compositions are denoted using the symbol o, e.g., (g o h)(z) = g(h(x)), given suitable
functions f and g. Given some functions f and ¢, the notation f(y) = O™(g(y)) means
that there exists some constants M € R, and y, € R such that || f(y)|| < M ||g(y)||™
for all y > yo. The space of continuous functions with continuous first m derivatives is
denoted by C™. The Filippov set-valued map defined in [67, Equation 2b] is denoted

by K []. Consider a Lebesgue measurable and locally essentially bounded function

h : R™ x Rsg — R™. Then, the functiony : Z — R is called a Filippov solution of

y = h(y,t) on the interval Z C R, if y is absolutely continuous on Z and § € K [h] (y,t)
for almost all t € Z. The notation F' : A = B denotes a set-valued map from set A to
set B. A solution is called complete if Z,, is unbounded. A solution y, : [tg,t2) — R™ to

y = h(y,t) is called a proper right extension of a solution y; : [to,t1) — R"to § = h(y, t) if
ty > t1 and ya(t) = i (t), Vt € [to, t1). A solution to y = h(y,t) is called maximal if it does

not have a proper right extension which is also a solution to §y = h(y,t). If a solution is

maximal and if the closure of its range, {y(t) € R"|t € Z,}, is compact, then the solution
is called precompact.

The following fact plays a key role in facilitating the analysis in Chapters 2 and 3.
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Fact 1.1. [68, Proposition 7.1.9] Given any A € RP**, B € R**", and C' € R"**,
vec(ABC) = (CT @ A)vec(B).
Differentiating (1-2) on both sides with respect to vec (B) yields the property

vec(ABC) = (CT ® A).

0
Ovec (B)
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CHAPTER 2
LYAPUNOV-DERIVED CONTROL AND ADAPTIVE UPDATE LAWS FOR INNER AND
OUTER LAYER WEIGHTS OF A DEEP NEURAL NETWORK

Lyapunov-based real-time update laws are well-known for single hidden layer NN-
based adaptive controllers. However, developing stability-driven real-time weight update
laws for DNNs remains an open question. This dissertation and my work in [13] are
the first results with Lyapunov-based real-time weight adaptation laws for each layer of
a feedforward DNN-based control architecture, with stability guarantees. Additionally,
the developed method allows nonsmooth activation functions to be used in the DNN
to facilitate improved transient performance. A nonsmooth Lyapunov-based stability
analysis proves global asymptotic tracking error convergence. Simulation results are
provided for a nonlinear system using DNNs with leaky rectified linear unit (LReLU) and
hyperbolic tangent activation functions to demonstrate the efficacy of the developed
method.

2.1 Unknown System Dynamics and Control Design

Consider a control-affine nonlinear dynamic system modeled as

where z : R>y — R" denotes a Filippov solution' to (2-1), f : R* — R" denotes an
unknown differentiable function, and « : R>, — R™ denotes a control input. The control
objective is to track a user-defined reference trajectory z, : R>y — R". The reference
trajectory is designed to be continuously differentiable, such that z,(t) € Q, vVt € Ry,

and i4 € L., where Q C R™ denotes a known compact set. To quantify the tracking

! Generalized solutions such as Filippov or Krasovskii solutions are considered in-
stead of classical solutions to facilitate a nonsmooth control design. These solutions are
guaranteed to exist for nonsmooth systems with Lebesgue measurable and locally es-
sentially bounded right-hand-sides [69, Proposition 3], whereas classical solutions might
not exist.
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objective, the tracking error e : R>y — R" is defined as
e r— a2y (2—-2)

2.1.1 Deep Neural Network Architecture

A variety of DNN architectures are known to approximate any given continuous
function on a compact set, based on universal approximation theorems that can be
invoked case-by-case for DNN architectures [70]. Let ® : R? x REoxL1 x  x RIx*Lei1

R™ denote the feedforward DNN architecture defined as

(I)(l'd, %7 ‘/17 R Vk) = (Vk’T(bk ©...0 ‘/'1T¢1) (%Txda) ’ (2_3)

4

where z4, : R>o — R""! denotes the augmented desired state z,, = [ zh 1 ]T, and
k € N denotes the total number of hidden-layers. The matrix of weights and biases at
the ;'™ layer is denoted by V; € RE*Li+1 where L; € N denotes the number of nodes
in the j* inner-layer for all j € {0,...,k}, with Ly 2 n + 1 and L,,; = n. The vector
of smooth activation functions at the ;" layer is denoted by ¢, : R* — R%. Although
¢, is defined as a smooth function, the subsequent analysis allows the inclusion of
nonsmooth activation functions by modeling them via a switching mechanism involving
smooth functions. If the DNN involves multiple types of activation functions at each
layer, then ¢, may be represented as ¢; = |g;1 ... -1 1 T, whereg;; : R = R
denotes the activation function at the :*" node of j* layer. Note that =4, and ¢; are
augmented with 1 to facilitate the inclusion of a bias term. The DNN architecture in (2—3)

can also be represented recursively as

‘/jTgb] (q)j—l)a .] € {17"'7k}7

%Txda7 J = 07
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and ®(z4, Vo, ..., Vi) = @, where @, : R" x REoxI1 x  x RE*Ei+1 — RE+
denotes (x4, Vo, ..., V;) — @(xq, Vo, .., V;). The universal function approxima-

tion property states that the function space of DNNs given by (2-3) is dense in

C(Q2) [70, Thm. 3.2], where C(£2) denotes the space of functions continuous over (.

For any given f € C(Q2) and prescribed £ € R.,, there exist some k,L; € N, and
corresponding ideal weights and biases, V;* € R**%+1,Vj € {0,...,k}, such that
sup,cq ||f(2q) — ®(za, V5, VI, ..., Vi)|| < & Then the unknown function in (2-1) can be
modeled as

f(xd) - Cb(l’d, ‘/0*7 ‘/1*7 R V;:) + E(l’d), (2_5)

where ¢ : R" — R" denotes the unknown function approximation error such that

sup,cq |le(7q)|| < . Itis assumed there exists a known constant V € R, such that

sup, cav; |Vi |- <V (cf., [71, Assumption 1]).
2.1.2 Control Law Development

The universal approximation property makes DNN-based adaptive control architec-
tures well-suited for unknown dynamics, as in (2-1) where f(-) is unknown [70, Thm.
3.2]. The adaptive feedforward DNN term is designed as ® £ & (x4, Vi, ..., Vi), where
Vi : Rsg — RE*Liviforall j € {0, ..., k} denotes the estimated weight matrix for the ;"
layer. The weight estimation error of the ideal inner-layer weights I7j : R — RE <L+t for
all j € {0,...,k} is defined as XN/] = V- VJ The gradient of the activation function vector
at the j'" layer is denoted as ¢ : RY — REL*Ei, and ¢ (y) = %qu(z)\zzy, Yy € R,
To facilitate the subsequent stability analysis, let the function f. : R* x Q@ — R™ be
defined as f. = f(x) — f(zq). By [72, Lemma 5], the function (x,z4) ~ f. is bounded
as || fell < p(lle]]) |le|| forall z € R™ and z,4 € 2, where p : R>qg — R, denotes a known
strictly increasing function. Based on the subsequent stability analysis, the control input
is designed as

~

u 2 ig—p(|lel)e — kie — kssgn (e) — @, (2-6)
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where ki, ks € R are user-defined control gains, and sgn(-) denotes the vector signum
function. The following short-hand notations are introduced for brevity in the subsequent
analysis: @ £ ©;(xq, Vg, ..., Vi), &; £ &j(xq, Vo,...,Vj), B; 2 &F — &, * 2 B,
DLy =0 — D, 4720 (D54), 05 2 ¢ (ci)j—l>’ and & £ ¢ (ci)j—l)-

Based on the subsequent analysis, the input layer weight adaptation law is de-

signed as

N\

. k .
vec(Vo) £ proj(To (T ] Vi) (11, ® z5,))"e), (2-7)

=1

and the ;' layer weight adaptation law is designed as

2

) k
vee(V;) £ proj(T;(( [ ViDL, @ 67))"e), (2-8)

I=j+1
Vj € {1,...,k}, where T'; € Rliliv1xLili1 ig g positive-definite adaptation gain matrix
forall j € {0,...,k}. The operator proj(-) denotes the projection operator defined
in [73, Appendix E, Eq. E.4], which is used to ensure V;(t) € B; £ {# € RELi - ||g], <
V3, V(t,5) € Rso x {0,1,...,k}.
2.2 Stability Analysis

2.2.1 Closed-Loop Error System Development

Subtracting ®; from &7, using (2—4), adding and subtracting V;7¢;, and rearranging
terms yields

;= Vo) + V(6] — ), (2-9)

Vj e {1,...,k}, and &y = V z4,. Using (2—1), (2—2), and (2-6) yields the closed-loop
error system

¢ = fo+ @ +e(xq) — plllel)e — ke — kssgn(e). (2-10)

The term @ in (2-10) has a nested nonlinear parameterization in V; and V;, which

precludes the application of traditional analysis techniques that are used for linearly
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parameterized adaptive systems. A first-order Taylor series approximation is devel-
oped in [71] to overcome the challenges presented by the nonlinear parameterization
for three-layer neural networks. To overcome the nested structure of nonlinear pa-
rameterization in DNNSs, a recursive approach is used to develop a first-order Taylor
series approximation for ¢7, @, and . Using the first-order Taylor series approximation

in [71, Eq. 22] yields

6 = b+ #8+ 0" (84), (2-11)

Vi € {1,...,k}. Substituting (2—11) into (2—9), adding and subtracting Vfgz?}(fj_h and

rearranging terms yields

~ ~ ~ ~ ~

O; =V + VgD 1 + 4, (2-12)

where A; : Rso — Rli+tis defined as

~ N

A2 VE

J

(B0 4+ V70 (851, (2-13)

Vj € {1,...,k}. Since the term V¢, is a vector, V'¢; = vec(V¢;) = vec(¢!V;) =

vec(gEJTVjILjH). Applying Fact 1.1 on vec(qASJTXN/jILjH) yields
VT4, = (ILM ® ¢7 ) vec (f/]) . (2-14)
Substituting (2—14) into (2—12) yields the recursive representation
b, = (ILM ® ¢7 ) vec (v) FVTE D+ A, (2-15)

Vi € {1,...,k}. To facilitate the subsequent analysis, the following lemma yields a
generalized expression for @,.

Lemma 2.1. Forall j € {0, ... k}, the term Eﬁj can be expressed as

5, - S| I1 v (121 ® 81 ) vee (V) + [Tt | (1 o 28) e ()

i=1 \ l=i+1 =1
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Y
+> | T it | A (2-16)

=1 l=i+1
Proof. This lemma can be proved using mathematical induction. Using (2—4) and Fact

~ - - 0 ..
1.1 yields &y = V{24, = (I, ® z1,)vec(Vy). Since [] V;T¢, = 1, it can be verified that
=1
(2—16) also yields &, = (I, ® x% )vec(Vy). Thus, Lemma 2.1 holds for j = 0. To use
induction, assume (2—16) applies for j = h — 1, given any arbitrary h € {1,...,k}, and

evaluate ®,_;. Then, using (2—15) with j = & yields

B = (In,y @ G yvee (Vi) + V6,8 + A, (2-17)

Substituting ®;,_; into (2—17) and rearranging terms, it can be verified that the obtained
expression is the same as that obtained using (2—-16). Thus, Lemma 2.1 also applies for
j=h. O

2.2.2 Nonsmooth Analysis
k

Let =, éﬁ VI 22 11 ViTdp, Ao 2 Eo(Ip, @ al,), and A; £ E5(1p,,, © ¢7), V) €
{1,...,k}, forl:nlotational brelCijtj)L/,1 where Z; : Ry — R™Livt and A : Ryg — Rbs+ixbilin
respectively, V5 € {0,...,k}. The subsequent analysis is structured to account for
nonsmooth systems. Thus, state-dependent switching between smooth activation
functions can also be considered in the analysis. Specifically, a nonsmooth activation
function with a finite number of discontinuities in its gradient can be modeled by a
switched function involving a collection of smooth activation functions. Letc € N
denote the switching index considering the total number of switching between activation
functions in the entire DNN, where N/ C N denotes the set of all possible switching
indices. Then, the function approximation in (2-5) can be represented as f(z;) =
D o (g, Vi, VI, o ViE) +e0(q), such that (zq, Vo, ..., V)) — @y o (x4, Vo, ..., V;) is smooth
for each o with the corresponding approximation error ,(z,). Thus, ¢%, ¢;, &, ®; =,

A;, and A; can also be represented as the switched functions ¢7 , ¢;., ¢ ,, ®;,, Zjo,
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A, and A;;, respectively, such that they are continuous for each o. It is assumed
that the bound sup,, ¢ |le-(24)|| < £ holds for all o € A. Using Lemma 2.1 yields

b =Dy, =30 Ajovec(V;) + S5 5504, Substituting @ into (2-10) yields

k k
e=fot Y Njovec(Vi) + > Ejoljo +eq(xa) — plllel)e — kre — kisgn(e).  (2-18)

j=0 j=1

Additionally, the adaptation laws in (2—7) and (2—-8) can be represented using vec(f/j) =

proj(I';AT e), Vj € {0,...,k}. Consequently, vec(V;) = —proj(I';A] ,e), Vj € {0,...,k}.
Since ||V V;

FgVand’

LSV, e {0, k), it follows that ‘ v,

Vi)

_ ’ <
F F
2V. Moreover, since x4, is bounded, and ¢;,, and ¢/, are continuous for each o € N, it

follows from (2-9) that ¢*,, ¢;., ¢/, ®;,, and =;,, can be bounded by known constants

j,o0
forall (j,0) € {0,...,k} x M. Therefore, based on (2—13), A, can be bounded by known
constants for all j € {1,...,k}, and it follows that there exists a known constant ¢ € R.,

such that
k

-
= A
E Ziolio

i=1

<e (2-19)

Letz : Ry, — RY denote the concatenated function, » =
\T 717 N i ) )
el vec <VO> . ..., vec (Vk) , Where W = n + > 7 L;L;, is defined for
notational brevity. Let w, : RY x R, — RY denote the concatenated right hand sides
of (2-18) and vec(V;) = —proj(I;AT ¢). Then (2-18) and vec(V/;) can be represented
by the collection of subsystems z = w,(z,t), and the corresponding switched system is

represented by

z= wg(w)(z, t), (2—20)
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where ¢ : RY x R5, — A denotes a state-dependent switching signal that satisfies
[74, Assumption 1].2 Based on the result in [74], the invariance properties of (2—20)
are established by establishing the invariance properties of 2 = w,(z,t) for each

o€ N.LetF, : RY x Rsg == RY denote K|w,|(z,t). Then F,(z,t) C F.(z,t), where
F! i RY x Rsy = R is defined as F/(z,t) £ [{XF_; Ajovec(V) + 30 55000 + fo +
eo(24) — pllell)e — kie} — k,K[sgn)(e); —K[prof)(ToAl,e):...; —K[prof)(TxAL e,
Theorem 2.1. For the dynamical system in (2—1), the controller in (2—6) and the
adaptation laws in (2—7) and (2—8) ensure global asymptotic tracking error convergence
in the sense thattli%o le(t)|| = 0, ¥(e(0),Vo,..., Vi) € R" x By x ... x By, provided the

gain condition k, > € + ¢ is satisfied.

Proof. Consider the candidate common Lyapunov function V;, : RY — R, defined as

Vi (2) £ Seets vee(V) T vee(V)), (2-21)

which satisfies the inequality « ||z||> < V. (2) < @||z||*, where a,@ € R, are known

constants. Using [74, Def. 3], the generalized time-derivative of V', can be computed

as Tg(z, t) £ max max p’q, where 9V, denotes the Clarke gradient of V;, defined
peIVL (2)qEFs (2,t)

in [75, p. 39]. Since z — V. (z) is continuously differentiable, 0V, (z) = {VV.(2)}, where

V denotes the standard gradient operator. Thus,

V,(z,t) = max (VVL(Z))TQ

2 The assumption [74, Assumption 1] is equivalent to the assumption that o is locally
bounded. Since the switched system in (2—20) involves a finite number of subsystems,
the assumption is always satisfied in this dissertation.
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where the notation (.-) denotes that the relation (-) holds for almost all ¢ € R>,. Ad-
ditionally, using [73, Lemma E.1.IV]® , the update law-based terms that appear after

evaluating III«“lE%Xt) (VV5. (2))" ¢ can be upper-bounded as
qeFg (=,

- vec(f/j)TF;lK [proj] (T;A] je) < —Vec(f;}) Al e, (2-22)

Vj € {0,...,k}. Thus, evaluating max (VV.(z))" ¢, using (2-22) and the fact that

qEF; (2,t)

e' K [sgn] (¢) = {[le]l, } yields

Vol2,t) < e (fe+ ) Zjoljo +eo(wa) = plle])e — kre)

k
+max Y _{e"Aj vec(V;) — vec(V;)'AT e} — Ky |le,. (2-23)

=0
Noting that e”A; ,vec(V;) = (e7Aj vec(V;))T = vec(V;)TAT, e since they are scalar,
the term max Zfzo{eTAjvavec(‘N/j) — Vec(\N/j) Aiae} = 0, Vo € N. Thus, substituting
HZ;; SI7AY

as

< ¢, |les (z4)|| < & and eTf. < p(|le]]) |le]|*, (2—23) can be upper bounded

- a.e.

Vo(2,t) < el(c+7— kie) — kq|le]|, -
Using —k; |le||, < —ks |le]|, and selecting &, according to the theorem statement yields

Voo t) < —kilel. (2-24)

By invoking [74, Theorem 2], z € L, and |le(t)|| — 0ast — oo. Additionally, z € L
implies ‘N/j, Vj € L., V) €{0,...,k}. Since @ is a locally essentially bounded function,
it follows that ® is bounded. Therefore, since all terms on the right hand side of (2—6)

are bounded, it follows that u € L. Moreover, since ¢; and ¢’ are locally essentially

3 The lemma says —67T~'proj(u) < —67T~'x. This property also holds after replacing
proj(u) with K [proj| (i), since K [proj] (1) evaluates as the set of convex combinations
of proj(x) and u, whenever proj(u) is discontinuous.
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bounded functions for all j € {0, ..., k}, it follows from (2—7) and (2—-8) that Vj € L,
Vi€ A{0,... k}. O

2.3 Simulations

Four simulation examples are provided to demonstrate the efficacy of the developed
method, and the results are quantitatively compared with known baseline methods such
as offline pre-training and output-layer adaptation [11]. The nonlinear system in (2—1)
is considered with f(x) = [z,2, tanh(zs) + sech?®(z;), sech®(z; + x5) — sech?(z,)]7,
where z = [z, x5)7. The desired trajectory is z4(t) = [sin(2t), — cos(t)]7, the initial
condition is z(0) = [1,2]7, the control gains are selected as k; = 20 and k, = 1, and
the bound for projection operator is selected as IV = 5000. The DNNs in the first and
second examples, i.e., DNN1 and DNN2, consist of 6 layers, with 7 neurons in each
layer; hence, there is a total of 231 individual weights in the first two examples. The
DNNs in the third and fourth examples, i.e., DNN3 and DNN4, consist of 10 layers, with
30 neurons in each layer; hence, there is a total of 90150 individual weights in the third
and fourth examples. Each simulation is performed for 10 seconds. To prevent the DNN
term from having a large initial value, the inner and output layer weights are initialized as
random values from the uniform distributions U (0, 0.5) and U (0, 0.01), respectively.

DNN1 and DNNS3 contain LReLU activation functions given by <(y) = y fory > 0,
and ¢(y) = 0.01y, otherwise. The adaptation gain for DNN1 and DNNS is selected

[veor (1) . veer (1) ]|

Iy =1Ir,1,.,, otherwise, for all j € {0, ...,k}. DNN2 and DNN4 contain hyperbolic tangent

s if

using the switched rule: T'; = 10/, < 5, and

activation functions given by ¢(y) = tanh(y). Unlike LReLUs, saturating activation
functions like hyperbolic tangents suffer from the vanishing gradient problem [4], i.e.,
the gradient terms in the update law vanish as the activation function saturates, which
slows down the weight updates. To compensate for vanishing gradients and for a

fair comparison with the LReLU-based DNNs, the adaptation gain for the hyperbolic
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Figure 2-1. Plots of DNN weight estimates, tracking error, and function approximation
error for DNN3 and DNN4. The simulation is performed for 10 seconds. For
a better visualization of the transient performance, the plots for LReLU and
tanh are shown for 5 and 0.5 seconds, respectively. Additionally, 150

arbitrarily selected weight estimates are shown out of the total 90150
weights for a tractable visualization.
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Table 2-1. DNN Performance Comparison

Method lerms|l  |lermsssl| HfRMs,ssH

Developed (DNN1) 0.7014  0.0059  0.1204
Developed (DNN2) 1.2687 0.0108  0.2178
Developed (DNN3) 0.4326 0.0056  0.6824
Developed (DNN4) 0.3844  0.0063  0.7823
Offline (DNN1)  0.2952  0.0216  1.2165
[11] (DNN1) 0.6831 0.0105  0.2143

tangent activation function-based DNNs is selected with a relatively larger value of
T, =500p,z,,,.
Figure 2-1 shows the plots of DNN weight estimates, tracking error, and function
estimation error for DNN3 and DNN4, where f £ f(z) — ® denotes the function
estimation error. The plots demonstrate that asymptotic convergence of the tracking
error e is achieved in 0.5 s for both the examples. Table 2-1 provides a quantitative
comparison of the developed method with offline training and output-layer adaptation
[11], where ernis denotes the root mean square (RMS) of e over the time interval
[0,10], and erys,ss and frus.ss denote the RMS of e and f, respectively, over the time
interval [5, 10] (i.e., in steady state). For the simulations in Table 2-1, the robustifying
term k,sgn(e) is removed to better quantitatively compare the effects of the DNN term.
The offline pre-trained DNN is trained using data collected from 600 seconds of an a
priori simulation. Using LReLUs yields improvement in the steady state tracking and
function estimation performance as compared to hyperbolic tangent units as evident
from the ||eras.ss|| and H fRMS’SSH values for DNN1 vs. DNN2 and DNN3 vs. DNN4.
The developed method provides a decreased ||erus ss|| but an increased ||erys|| @s
compared to offline pre-training or using adaptation for only the output-layer. This
discrepancy is due to the initial overshoot in tracking error due to weight adaptation. The
developed method provides a tenfold and twofold improvement in steady-state function

estimation as compared to offline pre-training and output-layer adaptation, respectively.
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2.4 Conclusion

A contribution in this chapter is the development of Lyapunov-based real-time
weight update laws for each layer of a feedforward DNN. Additionally, the developed
method also allows nonsmooth activation functions to be used in the DNN architec-
ture. A nonsmooth Lyapunov-based stability analysis is provided to guarantee global
asymptotic tracking error convergence. Simulation results are provided for a nonlinear
system using DNNs involving leaky ReLU and hyperbolic tangent activation functions to
demonstrate the efficacy of the developed method. Using LReLUs yields improvement
in the steady-state tracking and function estimation performance when compared to
hyperbolic tangent activation functions. Although adapting for more layers might cause
initial overshoot in the tracking error, the developed method provides tenfold and twofold
improvement in steady-state function estimation as compared to offline pre-training and

output-layer adaptation, respectively.
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CHAPTER 3
DEEP RESIDUAL NEURAL NETWORK (RESNET)-BASED ADAPTIVE CONTROL: A
LYAPUNOV-BASED APPROACH

Deep Neural Network (DNN)-based controllers have emerged as a tool to com-
pensate for unstructured uncertainties in nonlinear dynamical systems. Chapter 2
provided a Lyapunov-based approach to derive weight adaptation laws for each layer
of a fully-connected feedforward DNN-based adaptive controller. However, deriving
weight adaptation laws from a Lyapunov-based analysis remains an open problem for
deep residual neural networks (ResNets). This chapter and my preliminary work [23]
provide the first result on Lyapunov-derived weight adaptation for a ResNet-based
adaptive controller. A nonsmooth Lyapunov-based analysis is provided to guarantee
global asymptotic tracking error convergence. Comparative Monte Carlo simulations
are provided to demonstrate the performance of the developed ResNet-based adap-
tive controller. The ResNet-based adaptive controller shows a 49.52% and 54.38%
improvement in the tracking and function approximation performance, respectively, in
comparison to a fully-connected DNN-based adaptive controller.

3.1 Control Design

We consider the same system and tracking control objective as in Chapter 2. The
control objective is to design a ResNet-based adaptive controller that achieves global
asymptotic tracking error convergence for the system in (2—1).

3.1.1 ResNet Architecture

The unknown drift vector field f can be approximated using a ResNet. A ResNet
is modeled using building blocks that involve a shortcut connection across a fully-
connected DNN [16]. Let @, : REvo x REvoxEen 5 x REvkp*Lokprr —y REnkp+1
denote the p'" fully-connected DNN block defined as @, (1, Vyo, - - . Vpr,) =
(Vpifkpgbp,k,} 0.0 pT1¢p,1> (VEmp) forallp € {1,...,m}, where n, € R»o de-
notes the input of ¢, k&, € Z., denotes the number of hidden layers in ¢,, and

m € Z-, denotes the number of building blocks. Additionally, L, ; € Z-, denotes
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' Fully-Connected
! DNN

Figure 3-1. lllustration of the ResNet architecture in (3—2). The ResNet is shown at the
top of the figure and is composed of building blocks that involve a shortcut
connection across a fully-connected DNN component. The fully-connected
DNN component for the p** building block (bottom) is denoted by d)ﬁp for all
p € {1,...,m}, where the input and the vector of weights of ¢, are denoted
by 1, and 6, respectively. Then the output of the p'" building block after
considering the shortcut connection is represented by 7,1 =7, + cI)f,”(np) for
allp € {1,...,m — 1}, and the output of the ResNet is 7,, + &/ (n,,,).
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the number of nodes, and V,,; € RE»i*Lri+1 denotes the weight matrix in the ;"
layer of @, for all (p,j) € {1,...,m} x {0,...,k,}. Similarly, ¢, ; : Rfrs — Rlvs
denotes a vector of smooth activation functions.! If the ResNet involves multi-
ple types of activation functions at each layer, then ¢, ; may be represented as

T
by = [cp,j,l e Spilyy } , Where g, ;; : R — R denotes the activation function at
the ' node of the j'" layer of ®,.2 All the weights of ®, can be represented by the

T

vector 0, £ [ vee(Voo)T ... vee(Vpr, )T } e R ZoLvslort1 The fully-connected
block @, can be expressed as ¢, = V,

p7kp

pi @ REpo x REp0XEp1 5 0 REvi-1¥bes — REva V5 € {1,... k,} denote the

Pp.k,» Where o : Rf»0 — RPr0 and

recursive relation defined as

Opg (ViE_10pj-1) . dE€{L .. kp},

Pp.j (3-1)

N> Jj=0.
The arguments of ¢, ; are suppressed for notational brevity. Let ¢/ ; : R'»7 — RIri*Fes
be defined as ¢, ;(y) £ £¢,;(y) Yy € RE». The short-hand notation ' (,) £
D, (1p, Vo, Vo1, - -5 Vii,) i defined for notational brevity in the subsequent development.
Then the output of the p" building block is given by 7, + <I>f? (m,), where the addition of
the input term 7, represents the shortcut connection across ®¢,. As shown in Figure 3-1,
the ResNet & : R™ x R%p=1% 0 loi lnit1 _y R™, which defines the mapping (1;,6) — ®° (1),

is modeled as [16]

O (m) £ N+ O (M) (3-2)

! For the case of DNNs with nonsmooth activation functions (e.g., rectified linear unit
(ReLU), leaky ReLU, maxout etc.), the reader is referred to [13] where a switched anal-
ysis is provided to account for the nonsmooth nature of activation functions. To bet-
ter focus on our main contribution without loss of generality, we restrict our attention to
smooth activation functions.

2 Bias terms are omitted for simplicity of the notation.

42



T -
where § £ [ or ... oT } e R¥=1>i—olrilrit1 denotes the vector of weights for the
entire ResNet, and 7, is evaluated using the recursive relation

Op—1
np—1+q) p—l (77p—1)> pE {2,...,777/},
= ! (3-3)

T4, p=1.

The recursive relation in (3—3) has valid dimensions under the constraint L,y = Ly j,+1 =
Lyg=Loyjyt1 = ... = Ly = Ly, +1 = n. To facilitate the subsequent development, the
following assumption is made.
Assumption 3.1. The function space of ResNets given by (3-2) is dense in C(£2), where
C(Q2) denotes the space of functions continuous over (2.
Remark 3.1. Assumption 3.1 implies that ResNets satisfy the universal function
approximation property that is well-known for various DNN architectures [70]. The
universal function approximation property of ResNets is a common assumption that
is widely used in the deep learning literature, and has been rigorously established for
ResNets with specific activation functions in [76] and [77].

Consider any vector field f € C(€2) and a prescribed accuracy € € R.,. Then by
Assumption 3.1, there exists a ResNet ® with a corresponding vector of ideal weights
6 € RE7=1 %% lwilvit guch that sup,,cqo || f(24) — @7 (zq)|| < &. Therefore, the drift vector

field z; — f(z4) can be modeled as
flza) = O (x4) +e(q), (3-4)

where ¢ : R” — R” denotes an unknown function reconstruction error that can be
bounded as sup, g [le(zq)| < E.

Remark 3.2. In (3—4), the ResNet is used to approximate the drift vector field along the
reference trajectory z, instead of the actual trajectory x. As a result, the universal func-

tion approximation property holds since z, lies within the compact set €2 by design. The
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main benefit of drift compensation along the reference trajectory in this dissertation is
that it facilitates a global asymptotic tracking result in the subsequent stability analysis.
To facilitate the subsequent analysis, the following assumption is made (cf., [71,
Assumption 1]).
Assumption 3.2. There exists a known constant § € R., such that the unknown ideal
ResNet weights can be bounded as ||6*|| < 6.
3.1.2 Adaptation Laws
The ResNet-based model in (3—4) can be leveraged to approximate the unknown
drift vector field f. However, since the ideal weights are unknown, adaptive weight esti-
mates are developed. The adaptive weight estimate for the ;' layer of ®, is denoted by
Vi Rsg — RIvaxLoiti ¥(p, j) € {1,...,m} x {0,...,k,}. The weight estimate for the p*"
building block 6, : Rug — R™Zekrabrstt i defined as 0, = [vec(Vyo), .., vee(Vyy, )T]
forall p € {1,...,m}, the weight estimate for the ResNet 0 : R, — RZ1 %50 L. Lp.i+1
is defined as § £ [ or ... 6T r, and the ResNet-based adaptive estimate of f(xz,)
Vaq € Qis denoted by (). The weight estimation error 6 : R~y — REE LoLriloit ig
defined as 6 £ 6* — 4. Based on the subsequent stability analysis, the adaptation law for

the weight estimates of the ResNet in (3-2) is designed as

~

§ £ proj (FCD/TG), (3-5)

m k . . m k . . iy . . .
where T' € R¥=1%50bvileit1 x50 Y50 bni loit1 denotes a positive-definite adaptation gain

) A
i~olvilpiti is g short-hand notation denoting the @' £ %.

matrix, and & € R™*¥=1%

In (3-5), proj(-) denotes the projection operator defined in [73, Appendix E, Eq. E.4],
which is used to ensure d(t) € B 2 {6 € RE-1Z 0 LnsLosst - ||9]| < 8} Wt € Rap. The term
®’ can be evaluated as follows. Let 7, € R*»° be defined as

X, p= 17
ﬁp = (3-6)

) bpr
np—l + (ppill (T]p_l) 3 p 6 {27 e ,m}.
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Then, it follows that ®° (Tg) = N + <I>é = (1m). To facilitate the subsequent development,

5 6
the short-hand notations @/, 2 (‘94’95“)) A, 2 0 (1) A, 2 0% (1p) and =, £ 22 ()

00, 86 8vec(Vp ]) Oy
are introduced. Then @' = [(%ﬁf”) . (8‘29—()” can be expressed as
rA / / —
O /P A (3-7)

Using the chain rule, the term &/ can be computed as

o =[] @+2)| A Vpedl,....m}. (3-8)
=p+

l=p+1

In (3-8), theterms A, and =, forallp € {1,...,m}, can be computed as

follows. Since §, = [vec(v;,,o)T,...,vec(mp)} it follows thata—) -

ip /. Op .
[(M) e (a@p—f””))] . Therefore, using the definitions of A, and A, ; yields

Ovec(Vp,0) Ovec(Vp,kp)

Ap = |: Ap’(] Ap,l Ap’kp :| >vp € {Lam} (3_9)

For brevity in the subsequent development, the short-hand notations ¢, ; =
@i (s Vo -, Vi) and @ - 2 ! (5, Vo, - . ., V) are introduced. Using (3—1),
the chain rule, and the property of vectorization operators in (1-3), the terms A, and

A, ; in (3-9) can be computed as

Apo = Hvlsop, (Iz,, @), (3-10)
and
Apj = H VIS | U, ® 0, (3-11)
=541
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forall (p,j) € {1,....,m} x {1,...,k,}, respectively. Similarly, the term =, can be

computed as

N\

kp
=, [TV, | Vil vp e {1,... .m}. (3-12)
=1

1]

Remark 3.3. If @, suffers from the vanishing gradient problem, i.e., ||=;|| ~ 0 for all

)
m

le{p+1,....m},thend = | J[ (I, +Z) | A, = A, Foran equivalent fully-
l=p+1
connected DNN, i.e., in absence of shortcut connections, @, || ,. = IT 2| Al =O.
l=p+1

Thus, the shortcut connection circumvents the vanishing gradient problem in the ResNet
when @, has a vanishing gradient.
3.1.3 Control Law Development

Let the function f. : R” x Q — R™ be defined as f. £ f(x) — f(x4). Using [78,
Appendix A}, the function (z,z;) — f. can be bounded as ||f.|| < p(|lel) |le]|, for all
x € R"and z, € 2, where p : R>; — R, denotes a known strictly increasing function.

Based on the subsequent stability analysis, the control input is designed as

A ~

U = Tg— <I>9(xd) —p(|lel)e — oe.e — ossgn(e), (3—13)

where 0., 0, € R.( are constant control gains, and sgn(-) denotes the vector signum
function.
Taking the time-derivative of (2—2), substituting in (2—1) and (3—13), adding and

subtracting f(x,), and substituting in (3—4) yields the closed-loop error system

¢ = fot O (xq) — D (zq) + e(xq) — p(|le]))e — oee — ay8gn(e). (3—14)

The ResNet in (3—2) is nonlinear in terms of the weights. Adaptive control design for
nonlinearly parameterized systems is known to be a difficult problem [79]. A number

of adaptive control methods have been developed to address the challenges posed
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by a nonlinear parameterization [13, 79-85]. In particular, first-order Taylor series
approximation-based techniques have shown promising results for neural network-
based adaptive controllers [13, 85, 86]. Specifically, the result in [13] uses a first-order
Taylor series approximation to derive weight adaptation laws for a fully-connected
DNN-based adaptive controller. Thus, motivation exists to explore a Taylor series
approximation-based design to derive adaptation laws for the ResNet. For the ResNet
n (3—2), a first-order Taylor series approximation-based error model is given by [71, Eq.

20]
O (1) — O (zy) = ¥+ O (HeH) (3-15)

where 02 (Hé”) denotes higher-order terms. Since HQH < 0 by the use of projection
operator, it follows from Assumption 3.2 that Hé” < ||0*]| + H@H < 20. Due to the facts that
the ResNet is smooth, 2z, € 2, and HéH < 20, there exists a known constant A € R,
such that Hcfﬂ (HGH) H < A (cf., [13, Eq. 18]). Then, substituting (3-15) into (3—14), the

closed-loop error system can be expressed as
¢ = f4+¥0+0? (He”) +e(za) — plllel)e — ove — ousgn(e). (3-16)

To facilitate the subsequent analysis, let =z 2 [¢7,07]” € RY denote a concatenated

state, where ¥ 2 n + ¥ %% I, .L,..;. Then, using (3-5) and (3-16) yields
i o= h(z0), (3-17)
where i : RY x R>q — RY is defined as

fo+ @0+ 07 (HQH) +e(wa)
h(z,t) 2 —o(|lel)e — oee — ossgn(e) . (3-18)

—proj (F@’Te)
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3.2 Stability Analysis
Based on the nonsmooth analysis technique in [66], the following theorem estab-
lishes the invariance properties of Filippov solutions to (3—17) and provides guarantees
of global asymptotic tracking error convergence for the system in (2—1).
Theorem 3.1. For the dynamical system in (2—1), the controller in (3—13) and the
adaptation law in (3-5) ensure global asymptotic tracking error convergence in the
sense that z, u,é € L and tlif?o lle(t)|| = 0, provided Assumptions 3.1 and 3.2 hold, and

the following gain condition is satisfied:
oy > E+A. (3-19)

Proof. Consider the candidate Lyapunov function V;, : RY — R, defined as

1 |
Vi(z) & Jefes 07T, (3-20)

which satisfies the inequality « ||z||* < Vi () < @|z||>, where a,@ € R, are known
constants. Let 0V, denote the Clarke gradient of V;, defined in [75, p. 39]. Since

z — Vi (z) is continuously differentiable, 0V, (z) = {VV.(z)}, where V denotes the
standard gradient operator. Based on (3—18) and the chain rule in [87, Thm 2.2], it can

be verified that t — V. (z(t)) satisfies the differential inclusion

v, € ) R
£€OVL(2)
= VY. ()" K[h](z1)

= (fe+ 0 ([])) + 2twa) = plliele) = o llel® ~ o K [sgn] (e)

+e7®'0 — 0"T ' K [proj] (T®"e) . (3-21)

Using [73, Lemma E.1.IV] and the fact that K [proj] (-) is the set of convex combinations

of proj(-) and (-), the term with the projection operator in (3—21) can be bounded as

—0"T7'K [proj] (T®"e) < —6"d"e. (3-22)
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Using (3-22) and the facts that ¢ K [sgn] (¢) = ||, and e’ f. < p(|le|l) [|e]|?, (3—21) can

be bounded as
V. C o el + € (0 (o])) +<tza)) = o el (3-23)

Based on Holder’s inequality, triangle inequality, and the fact that ||e|| < |le||,, the follow-
ing inequality can be obtained: ¢” (©? (HQH) + o)) < el (Ho2 (Hé’H) H +le@a)l) <
(4 A) |le]l,- Then, provided the gain condition in (3—19) is satisfied, the right-hand side
of (3—23) can be upper-bounded as

. a.a.t.
V. < —oclel’. (3—24)

Based on (3—24), invoking [66, Corollary 1] yields z € L., and tlgﬁlo le(?)|| = 0. Ad-
ditionally, due to the facts that (z,4,0) — @é(xd) is smooth, z, € Q,andf € B,

it follows that @é(xd) is bounded. Since each term on the right-hand side of (3—13)

is bounded, the control inputu € L. Since ¢,; and ¢;, ; are smooth for all

(p,7) € {1,...,m} x{0,...,k,}, it follows from (3-7)-(3—12) that &’ is bounded. Then,

every term on the right-hand side of (3—-5) is bounded, and hence, 9 is bounded. O

3.3 Simulations

Monte Carlo simulations are provided to demonstrate the performance of
the developed ResNet-based adaptive controller, and the results are compared
with a fully-connected DNN-based adaptive controller [13]. The system in (2—1)
is considered with the state dimension n = 10. The unknown drift vector field
in (2—1) is modeled as f(z) = Ay(x), where A € R"*%"is arandom ma-
trix with all elements belonging to the uniform random distribution U (0, 0.1), and
y(x) = [27, tanh(z)7, sin(z)T, sech(z)T, (z ® )T, (z ® = ® z)T], where © de-
notes the element-wise product operator. All elements of the initial state x(0)
are selected from the distribution U(0, 2). The reference trajectory is selected as

xq(t) = [0.5 + sin(wit), ..., 0.5 + sin(w,t)], where wy, ... ,w, ~ U(0,20). The configuration

49



Table 3-1. Performance Comparison
Architecture l|€rmsl| Frms || trmns|

ResNet 0.420 4.265 24.290
Fully-Connected 0.832 9.348 24.711

of the ResNet in (3—2) is selected with 20 hidden layers, a shortcut connection across
each hidden layer, and 10 neurons in each layer. The hyperbolic tangent activation func-
tion is used in each node of the ResNet. The results are compared with an equivalent
fully-connected DNN-based adaptive control, i.e., the same configuration as the ResNet
but without shortcut connections. The control and adaptation gains are selected as

0 = 2,0, =2,and T = I

kp
221:1 2_7':0 Lp,jLp,j+1

. The robust state-feedback term —p(]|e]|)e
is designed with p(|le]|) = 0.1 (||e]| + He\|2). The bound on the projection operator is
selected as 6 = 10, 000.

The performance of both the ResNet and the fully-connected DNN-based adaptive
controller is sensitive to initial weights. To account for the sensitivity of performance
to weight initialization, the initial weights for each method are obtained using a Monte
Carlo method. In the Monte Carlo method, 10,000 simulations are performed, where
the initial weights in each simulation are selected from U(—0.05,0.05), and the cost
J = [° (e"(t)Qe(t) + u” (t)Ru(t)) dt is evaluated in each simulation with Q = I, and
R = 0.011,. For a fair comparison between the ResNet and the fully-connected DNN,
the simulation results yielding the least J for each architecture are compared.

Table 3-1 provides the norm of the root mean square (RMS) tracking error, function
frme
In comparison to the fully-connected DNN, the ResNet shows 49.52% and 54.38%

approximation error, and control input given by ||ems]|, , and ||u.ms||, respectively.

decrease in the norms of the tracking and function approximation errors, respectively.
As shown in Figure 3-2, the fully-connected DNN exhibits a comparatively poor tracking
and function approximation performance. As mentioned in Remark 3.3, fully-connected

DNNs suffer from the vanishing gradient problem. Thus the fully-connected DNN
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Figure 3-2. Plots of the tracking error norm ||e|| and function approximation error norm
H f H with ResNet and fully-connected DNN-based adaptive controller.

weights remain approximately constant as shown in Figure 3-3. Consequently, the fully-
connected DNN-based feedforward term fails to compensate for the uncertainty in the
system which yields a relatively poor tracking and function approximation. In contrast to
the fully-connected DNN, the presence of shortcut connections in the ResNet eliminates
the vanishing gradient problem as mentioned in Remark 3.3. As a result, the ResNet
weights are able to compensate for the system uncertainty as shown in Figure 3-3
which yields improved tracking and function approximation performance. Additionally,
the ResNet requires approximately the same control effort as the fully-connected DNN.
Therefore, the ResNet improves the tracking performance without requiring a higher

control effort in comparison to the fully-connected DNN.
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Figure 3-3. Plot of the weight estimates of the ResNet and fully-connected DNN. There
are a total of 2,000 individual weights in each architecture. For better
visualization, 10 arbitrarily selected weights are shown. The fully-connected
DNN weights adapt slowly due to the problem of vanishing gradients.
However, the ResNet weights are able to adapt faster since the ResNet does
not have vanishing gradients.
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3.4 Conclusion

A contribution of this chapter is Lyapunov-derived adaptation laws for the weights of
each layer of a ResNet-based adaptive controller. A nonsmooth Lyapunov-based analy-
sis is provided to guarantee global asymptotic tracking error convergence. Comparative
Monte Carlo simulations are provided to demonstrate the performance of the developed
ResNet-based adaptive controller. The developed ResNet-based adaptive controller
provides 49.52% and 54.38% improvement in the tracking and function approximation
performance, respectively, in comparison to an equivalent fully-connected DNN-based
adaptive controller. Additionally, the ResNet overcomes the vanishing gradient problem
present in the fully-connected DNN.

Future work may involve the application of ResNets for online system identification
and state estimation problems. Additionally, more complicated architectures of ResNets

such as recurrent ResNets can be explored for control applications.
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CHAPTER 4
ADAPTIVE CONTROL OF TIME-VARYING PARAMETER SYSTEMS WITH
ASYMPTOTIC TRACKING

A continuous adaptive controller is developed for nonlinear dynamical systems
with linearly parameterizable uncertainty involving time-varying uncertain parameters.
Through a unique stability analysis strategy, a new adaptive feedforward term is de-
veloped along with specialized feedback terms, to yield an asymptotic tracking error
convergence result by compensating for the time-varying nature of the uncertain pa-
rameters. A Lyapunov-based stability analysis is shown for Euler-Lagrange systems,
which ensures asymptotic tracking error convergence and boundedness of the closed-
loop signals. Additionally, the time-varying uncertain function approximation error is
shown to converge to zero. A simulation example of a two-link manipulator is provided to
demonstrate the asymptotic tracking result.

4.1 Dynamic Model
The subsequent development is based on the general uncertain nonlinear Euler-

Lagrange (EL) dynamics given by [88, Section 2.2]

M(q(t),£)q(t) + Vin(a(t), 4(2), £)4(t) + G(q(t), 1) + F(4(t),t) + 7a(t) = 7(t), (4-1)

where t € [ty, 00) denotes time, ¢, € R, denotes the initial time, ¢ : [ty,00) — R”
denotes a vector of generalized positions, M : R"™ x [ty,00) — R™*" denotes a
generalized inertia matrix, V,,, : R™ x R" x [tg,00) — R™*" denotes the Coriolis and
centrifugal forces matrix, G : R" x [ty,00) — R™ denotes a generalized vector of potential
forces, F' : R" x [tg, c0) — R™ denotes a generalized vector of dissipation, 7, : [ty, c0) —
R™ represents an exogenous disturbance acting on the system, and 7 : [tg,00) —

R™ represents a generalized control input vector [88, Chapter 2]. The subsequent
development is based on the assumption that only ¢(t), 4(¢) are measurable. The
following assumptions about the EL system are made in the subsequent development

[88, Sec. 2.3].

54



Assumption 4.1. The inertia matrix satisfies m ||£]|> < "M (q(t),1)¢ < m(q) ||€|]> V€ €
R™, where m; € R is a known bounding constant, m : R™ — R is @ known bounding
function, and ||-|| denotes the Euclidean norm for a vector argument or the spectral norm
for a matrix argument.

Assumption 4.2. The functions M(q(t),t), Vin(q(t), 4(t),t), G(q(t),t) and F(4(t),t)

are second order differentiable such that their second time derivatives are bounded if
¢ € Lo Vi=0,1,2,3, where L., denotes the space of essentially bounded Lebesgue
measurable functions.

Assumption 4.3. The dynamics in (4—1) can be linearly parameterized' as

Yola(t), 4(t), (), )0p(t) = M(q(t),t)G(t) + F(q(),t) + G(q(t), 1)

+Vin(q(t), 4(£),£)q(1), (4-2)

where Y, : R" x R" x R" x [tg,00) — R™ ™ is a known regression matrix, and
6, : [to,00) — R™ is a vector of time-varying unknown parameters.
The disturbance parameter vector 7,(t) can be appended to the 6,(t) vector, yielding

an augmented parameter vector 6 : [tg, o0) — R**™ as
T
o(t) = [ 0T (t) TX(t) ] , (4-3)
and the augmented regressor Y : R” x R™ x R" x [t,, 00) — R™*("*™ can be designed as

Y(q(t). 4(0). (1), 1) 2 { Yo(a0).d(0).0(0).0) 1, ] | (4-4)

! A linear parameterization is considered for simplicity. For systems that do not sat-
isfy the linear-in-the-parameters assumption, the parameterization can yet be linearized
according to [84, Equation 7], where the linearization error can be upper-bounded us-
ing [84, Lemma 1]. Subsequently, the adaptive design approach of this dissertation is
then applicable.
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Substituting the parameterization in (4-2)-(4—4) into (4—1) yields

M(q(t),£)q(t) + F(4(t),£) + Vin(a(t), 4(t), 1)4(t) + G(q(t), 1) + 7a(t) = Y(q(t), 4(t), G(t), £)0(1),
(4-5)

where Y'(q(1), 4(t), 4(t), 1)0(t) = 7().

Assumption 4.4. The time-varying augmented parameter 6(¢) and its time-derivatives,

i.e., 0(t), A(t) are bounded by known constants, i.e., |8(t)|| < ¢,

e'(t)H < (1, and
Hé(t)” < (3, Where (g, (1, (s € R are known bounding constants.
Remark 4.1. For practical applications, it is often not difficult to develop sufficiently
large bounds on uncertain parameters or their rate of change. For example, variation
in a friction coefficient due to wear is difficult to model, but it is not difficult to obtain
an upper-bound on the friction coefficient. Similarly, it is possible to develop an upper
bound on the inertia and drag coefficient parameters of an aircraft. The reader is
referred to the result in [89, Sec. 4] for an example of an aerospace system with
bounded time-varying parameters. For systems with unknown bounds, robust adaptive
control methods such as [32, Section V] may provide insight for a solution, but such an
extension is beyond the scope of the contributions of this dissertation.
4.2 Control Design

4.2.1 Control Objective

The objective is to design a controller such that the state tracks a smooth bounded
reference trajectory, despite the time-varying nature of the uncertain parameters. The

objective is quantified by defining the tracking error e; : [ty, 00) — R" as?

e1 = q— qa, (4-6)

2 Time-dependency is suppressed for the sake of brevity, except where explicit time-
dependency adds clarity.
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where ¢, : [to,00) — R™ is a desired trajectory. To facilitate the subsequent analysis,

filtered tracking errors eq, r : [tg, 00) — R™ are defined as

L

€2 er + ageq, (4-7)

>

T ég + g€9, (4—8)

respectively, where a1, as € R. are constant control gains. Substituting (4—6)-(4-8) into

(4-5) yields the open-loop error system
M(q,t)r =71+ S(t) — Ya0(t), (4-9)

where S(t) £ Viu(qa, Ga; t)da — Vin(q, 4 1)d + G(qa, t) — G(g,t) + F(da, t) — F(g,1) +
(M(qa,t) — M(q,t)) Ga + M(g,t) (a1 (e2 — arer) + azez) and Yy = Y(qa, 4, Ga, t) denotes
the desired regression matrix.

Assumption 4.5. The desired trajectory ¢,(t¢) is bounded and smooth, such that
lga() || < S0, [|ga()|| < 61, and ||Ga(t)]| < 02, where &, 01, 5,€ R~ are known bounding
constants.

4.2.2 Control and Update Law Development

From the subsequent stability analysis, the continuous control input is designed as
T2 Y0 — key + pa, (4-10)

where k € R is a constant control gain, u : [ty,00) — R™ is a subsequently defined
auxiliary control term, and @ : [ty, 00) — R™*™ denotes the parameter estimate of 6(t).
Substituting the control input in (4—10) into the open-loop error system in (4-9) yields

the following closed-loop error system

M(q,t)r = =Y0(t) + p — kes + S(t), (4-11)
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N

where 6 : [t;, 00) — R**™ denotes the parameter estimation error, i.e., (t) 2 6(t) — 0(t).

Taking the time-derivative of (4—11) yields
M(q.t)F = —M(q.t)r — Yab(t) — Yab(t) +Yab — kéa + i+ S(). (4-12)

The control variables é(t) and £(t) now appear in the higher order dynamics in (4-12),
and these control variables are designed with the use of a continuous projection
algorithm [73, Appendix E]. The projection algorithm constrains 4(¢) to lie inside a
bounded convex set B = {o € R™*™)||o|| < ¢} by switching the adaptation law to
its component tangential to the boundary of the set 5 when 6(t) reaches the boundary.
A continuously differentiable convex function f : R™*™ — R is used to describe

the boundaries of the bounded convex set B such that f(o) < 0V |lo|| < ¢, and

f(o) =0V |o| = ¢. Based on the subsequent analysis, the continuous adaptation law

is designed as

0 2 proj(Ao)

Ao, I0]] < o v (VF(0)"Ao <0,

(4-13)
A, 1011 = Go A (VF(6)TAg >0,

where [|6(0)]] < ¢, V, A denote the logical ‘or’, ‘and’ operators, respectively, V repre-

T
sents the gradient operator, i.e., Vf(é):[ H%f aff } ,and Ag, Ay : Ryg — R™™
1 n+m (j):é
are designed as®
Ao & =TV (YY) ! [kages + Bsgn(ey)] (4-14)
) N\T
V()]

3 Lemma 4.1 in the Appendix proves that Y;I'Y} is invertible.
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respectively. In (4—14), 3 € R. is a constant control gain, and I' €¢ R+m)x(+m) jg
a constant, positive-definite, control gain matrix with a block diagonal structure, i.e.,

F1 0m><n

r £ ,with I'; € R™™, TI'y € R™™ and 1,4, € RTmx(+m) jg gn

Onxm I‘2
identity matrix. The continuous auxiliary term () used in the control input in (4-10), is

designed as a generalized solution to
1 = Yy (Ao — proj(Ag)) (4-16)

where p(ty) = 0. Substituting (4—13) and (4—16) into (4—12), the closed-loop error

system can be obtained as
M(q,t)i = —M(q,t)r — Yaf(t) — Yab(t) — Bsgn(es) — kr + S(1), (4-17)
for both cases, i.e., when ||0]| < ¢o V (Vf(0))TAg < 0o0r||0]] > ¢ A (Vf()TAg > 0. Let

T
eg TT} €R3n (4—18)

N
>
—
Q)
=N

denote a composite error vector. To facilitate the subsequent analysis, (4—17) can be

rewritten as
1. ~ .
M(q, t)r = —§M(q,t)7” + N(z,t) + Np(0,t) — Bsgn(es) — kr — ea, (4-19)

where N : R x [ty,00) — R™and Np : R™™ x [ty,00) — R™ are defined as
N(z,t) & —1M(q,t)r + S(t) + e2 and Np(0,t) £ —Y,0 — Y,0(t), respectively. The Mean
Value Theorem (MVT) can be used to develop the following upper bound on the term

N(z,t)
1Nz ) < pll21D)]1=ll; (4-20)

where and p : R3 — R is a positive, globally invertible and non-decreasing function.
By Assumptions 4.4 and 4.5, Corollary 4.1 in the Appendix, and the bounding effect of

projection algorithm on 6(t), the term Ny (6,t) and its time-derivative N(6, z, t) can be
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upper bounded using known constants 1,72, v3 € R+ as
N0, )] <7, INB(0, 2,1)[| < 72 + 73 [leall

respectively.
4.3 Stability Analysis

To facilitate the subsequent analysis, let y : [tg, o) — R3"*! be defined as
T
SERCR
where P : [ty,00) — R is a generalized solution to the differential equation
PA L
In (4-23),
P(ty) £ Bllea(to)ll, — e2(to) " N (8(to), to),

and
L £ 1T (Np(8,1) — Bsgn(ea)) — s llez]”
In (4—24), |-||, denotes the 1-norm. Provided that the gain condition

/8>’71+27
6%)]

(4-21)

(4-22)

(4-23)

(4-24)

(4—25)

(4-26)

is satisfied, P(t) > 0, where the bounds ~;, 7, and 3 are introduced in (4-21), and the

control gain a is introduced in (4-8). Therefore, it is valid to use P(t) in the candidate

Lyapunov function in the subsequent stability analysis. Furthermore, the auxiliary

constant A\s £ min{a; — %, Qg — Y3 — 57 %} is introduced, where the control gains a; and

k are introduced in (4—7) and (4—14), respectively. The gains a;, ay and k are selected

4 See the proof approach of Lemma 1 in [42] for details.
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based on the sufficient gain condition

A
g ( alalta) \|y<to>||)
2k ’

As > (4-27)

A

with A\; £ 2 min{1,m;} and X2(q) £  max{2,m(q)}, where m; and m(q) are introduced

in Assumption 4.1. From (4-7), (4-8), (4—19), (4—23) and (4-25), the differential

equations describing the closed-loop system are
€1 = e3— ey, (4-28)
€y = T — agey, (4-29)
1. ~ -
o= M_l(Q7 t)(_éM(CL t)?“ + N(Za t) + NB(97 t) - Bsgn(62> —kr — 62)7 (4_30)
P = —rT(Np(t) — Bsgn(es)) + 73 H62H2 . (4-31)
Theorem 4.1. Given the Euler-Lagrange dynamic system in (4—1) along with Assump-
tions 4.1-4.5, for any arbitrary initial condition of the states e, (t), e2(to), and r(ty),

selecting P(ty), a1, as, B, and k according to (4-24), (4-26), and (4—27) ensures that

e1, 69,7, P € Ly, and|le;(t)]| — 0ast — co.
Proof. Let D c R3*"*! be the open and connected set defined as
DA {o— e R ||o]| < p~! (\/2)\3k)} , (4-32)
and V;, : D x [ty, 00) — R>( be a positive-definite candidate Lyapunov function defined as
A 1 T 1 T 1 T
Vi(y,t) = 3" M(q,t)r + 56262 + S el + P. (4-33)
The candidate Lyapunov function in (4—33) satisfies

A lyll? < Vi < Xalg) llyll?, (4-34)

T
where \; and \,(q) are defined after (4-27). Let ¢ = { el el T P } ,and ¢ €
K|[g](¢,t) denote the Filippov differential inclusion corresponding to (4—28)-(4-31),
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where the operator K] is defined in [67, Equation 2b]. Note that ¢ : R3"*! x [tg,00) —
R3"*! is Lebesgue measurable and locally essentially bounded, since it is continuous
except in the set with measure zero, {(v,t) € R**! x [0,00)|e; = 0}. Therefore, the
existence of an absolutely continuous solution ¢ — 1(t) to ¥ € K[g](¢, ) is guaranteed®
by [69, Proposition 3. Let V. (y,¢) 2 (1 ¢ [K[g](v,t); 1] as defined in [87, Eq. 13],
where 0V, (y, t) denotes Clarke’s genéfg‘l?z(éé)gradient [87, Eq. 7]. Since (y,t) — Vi(y,t)
is continuously differentiable, Clarke’s gradient is the same as the standard gradient,
i.e., 0V, = {VV,}. Using [87, Thm 2.2], t — V. (y(t),t) exists almost everywhere® and
Vi(y,t) € f@(y, t) for almost all time (a.a.t.). Evaluating \7L(y, t) and (4—28)-(4-31)
yields

- a.a.t.

Vi <

TT(—%M((], )+ N(z,t) + Ng(0,t) — 8K [sgn] (e2) — kr — e3) + €1 (r — azes)

+e(es — arer) — 1 (Np(t) — BK [sen] (e2)) + 3 [leal® + %TTM(q, Pr. (4-35)

Using (4—20) and applying Young’s inequality on e7e, in (4-35), V, can be upper
bounded as

1
2

1

. a.a.t.
Vi < (D =zl =K il = (s = s = )\|e2||2—(a1—§)||e1!|2.

The set of times T' 2 {t € [ty,00) : r (t)" SSGN(e, (t)) — 7 (t)" BSGN(es (1)) # {0}} C Rxg

is equal to the set of times {t : e5 (t) =0 A7 (t) # 0}. Using r = é; + aqey, this set can

® The existing solution might have a finite escape time. This possibility is ruled out
by proving the boundedness of Filippov trajectories under the aforementioned sufficient
conditions using Lyapunov-based stability theory. Therefore, domy = [to, 00), i.e., the
solution is complete. The solution may not be unique; however, the results are appli-
cable to all the trajectories, since a generalized Filippov solution is considered in the
analysis.

®Sincey = [ 27 P ]T andy = [ 27 VP }T, y(t) can be evaluated along a Filippov
trajectory 1 (t) by a transformation which involves taking the square-root of P(t), which is
applicable since P(t) > 0,Vt € [tg, o0).

62



also be represented by {t : e; (t) =0 A é5 () # 0}. Since e, is continuously differentiable
because the right hand-side of (4—29) is continuous, [72, Lemma 2] can be used to
show that the set of time instances {t : e; () = 0 A é5 (t) # 0} is isolated, and hence,
measure zero; hence, T' is measure zero. Therefore, X7L = {VL} a.e. intime, and an
upper bound on V;, can be obtained a.e. in time, using the right-hand side of (4-35).

. , . . SUEINER
Using Young's Inequality on p(||=[[) |||l ||| yields p(]l=[]) f|=[| || < =520 + )%,

Therefore,
~ a.a.t. 2 2 ]{; 1 1
v, g PV ey = D) eal? — (o = ) llel?
¢ - (- 20 e 430

The expression in (4-36) can be rewritten as
V'S —Wi(y) = =]zl Yy € D, (4-37)

with some constant ¢ € R, where IV : R3"*! — R is a continuous positive semi-definite
function.

Whenever y € D, [ly(t)|| < p~* (v/2Ask) by definition of D, which is sufficient to
infer ||z(¢)|| < p~" (v/2A3k) using (4-22). Therefore, if y(t) € D, A3 > ”QM which
implies from (4—36) that there exists ¢ € R, which satisfies (4-37), and larger values
of A3 expand the size of D. Since V7, is non-increasing, which implies ||y(¢)| < Vﬁ—ft) <
\/@, it is sufficient to show that /2% < s~1(\/2X3k), to obtain y(t) € D. Since
Vi(tg) < )\2( (t ) ly(to)|?, the result /Y4 tO) < p~1(v/2)3k) can be sufficiently obtained
from /22400 |y (1) | < o~ (v/2Xk). Therefore, [ly(to)ll < /5270 (V2Aak), which
implies that S = {0 € Dl|o|| < \/%pfl(\/m)} is the region where y(t,) should
lie to guarantee that y(t) € D for all t € [ty, o0). Though the sets S and D are defined
to include y(t) instead of (), one can easily construct the bounded sets S, and D,,
such that y(ty) € S andy(t) € D imply ¥(ty) € S, and ¥ (t) € Dy, respectively, to

conclude the uniform boundedness of all Filippov trajectories 1 (¢) initializing in the set
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Sy. Using (4-32), (4-34) and (4-37), since g is Lebesgue measurable and essentially
locally bounded, uniformly in time, the extension of the LaSalle-Yoshizawa corollary
in [66, Corollary 1] can be invoked to show that e, e5, 7, P € L., and ||z(¢)|| — 0 as
t — oo. Therefore, using the definition of z in (4-18), ||e1(t)|| — 0 as ¢t — oco. The gain
condition in (4—27) needs to be satisfied according to the initial condition, and the region
of attraction can be made arbitrarily large to include any initial condition by increasing
the gains a1, oy and k accordingly, therefore, the result is semi-global.

The parameter estimate § € L., due to the projection operation, which implies
0(t) = 6(t) — 0(t) is bounded, because the parameter § € L., by Assumption 4.4.
Since ey, ey, 7 € L, and because qq, a4, §a € Lo by Assumption 4.5, using (4—6)-(4-8)
implies that ¢, ¢, § € L. Furthermore, the regression matrix Y, € L., by Assumption
4.5, because Y is locally bounded due to Properties 2 and 3. Therefore, by Corollary
4.1 in the Appendix, 0 c L. The expression in (4-11) indicates that u € L., because
among the remaining terms in (4—11), M (q)r and Y,6 are comprised of bounded terms
because M is locally bounded, and S € L., because its definition is comprised of terms
that are locally bounded functions of the bounded errors and states due to Assumption
4.2. From the expression in (4—10), since 0,Yy, 1 € Loo, T € Loo. Moreover, differentiating
the right-hand side in (4—10) yields terms that are bounded, which implies 7 € L.;

therefore, 7 is continuous. Hence, all the closed-loop signals are bounded. O

4.4 Simulation Example
To demonstrate the performance and efficacy of the developed method, a simu-
lation example of a horizontal two-link manipulator system is provided, and the results
are compared with an e-modification (e-mod) based controller [43]. The dynamics
of the manipulator system can be represented in the form of (4—1), with M(q,t) =
pi(t) +2ps(t)ea pa(t) + ps(t)ea —pa(t)saga —p3(t)sa(di + Go)

’ Vm(q> Q7 t) = I
pa(t) + pa(t)c pa(t) p3(t)s2gn 0
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Fai(t)q T
F(g,t) = a(D)d and 74(t) = [ Tar(t)  Taa(t) } , where ¢, = cos(qs) , 53 = sin(q)

Fao(t)do
and p1, pe, ps, Fu1, Fao, Ta1, Ta2 = R>o — R, and the gravity term G(q, t) is ignored for a

horizontal manipulator. The augmented time-varying parameter vector for the manipula-

tor system is given by 0(t) = [pl(t) () p3(t) Fn(t) Fpt) 1at) 7at) } . The

control objective is to track a given reference trajectory q,(t) = [ cos (0.5t) 2cos (1) ]T.
The time-varying parameters used in the simulation are p;(t) = 3.473 + 0.5sin(3t),

pao(t) = 0.196 + 0.2 exp(—sin(t)), p3(t) = 0.242 4+ 0.1 cos(10t), Fy(t) = 5.3 + 2exp(—0.1t) ,
Fyp(t) = 1.1 4 cos(5t) and the disturbance terms 74 () = 0.5 cos(0.5t) and 74 (t) = sin(t).

T T
The initial conditions used in the simulation are ¢(0) = [ —1 1 } , 4(0) = [ 0 0 }

T
and é(o) =100 000 0 0] -Notethatin practice, the best guess estimates

of the uncertain parameters or their approximate mean should be used for improved
performance. The estimates were initialized to zero to illustrate adaptation with no prior
knowledge.

The control gains for each method are obtained using a Monte-Carlo method;
an appropriate range is qualitatively determined for each gain, and 10000 iterations
are subsequently run with a uniform random gain sampling within those ranges in an

attempt to minimize

10

J:/ (a”el(t)H2+bHT(t)H2) dt, (4-38)
0
with e = 1 and b = 0.01. The gains that minimized (4-38) for the developed method

are K = 18.1502, a; = 0.8982, oy = 1.0552, f = 36.2946 and I' = [,. This set

of gains might not satisfy the gain conditions in (4—26) and (4-27), however, those
conditions are not necessary, rather only sufficient. The gains were selected from the
Monte-Carlo simulation to provide the best performance and an equal comparison with

the e-mod method. For the projection algorithm, {, = 5000 and the corresponding
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function f(4) = H0H2 — (2. For the e-mod update law, i.e. , § = I.Y7r — o ||ey]| § and
the corresponding controller 7 = Y0 — k.r, the gainsare I', = 12.5, k., = 9.7877 and
o =9.7319.

Figure 4-1 demonstrates the asymptotic convergence of the tracking error and the
function estimation error (Y6 — Y,6) to zero with the developed method in the simulation,
as opposed to the UUB tracking with the e-mod scheme. From an applied perspective,
if the upper bound used for projection algorithm, i.e., (, is selected to be sufficiently
high such that the parameter estimates never reach the boundary of the set 3, then
proj(Ao(t)) = Ao(t), Vt € [to, 00), implying u(t) = 0, Vt € [ty, 00). From (4-5), Y0 = T,
and 7 — Y0 = pu — ke, using (4—10), therefore if u(t) = 0Vt € [to, ), then the
function approximation error Y0 — Y0 = y — ke = —kes — 0 ast — oo. In case the
parameter estimates reach the boundary of B, Y8 — Y,0 may not converge to zero, yet
it is guaranteed to be bounded using the stability analysis since 1 is bounded. Table
4-1 provides a quantitative comparison of the controllers, where e, is the root-mean-
square (RMS) of e, (in deg) taken over the time interval [0, 10], e,msss IS the RMS of e,
over the time interval [5, 10] (i.e., after reaching the steady state), emaxss iS the maximum
absolute value of the components of e; over the time-interval [5, 10], Y.ms denotes the
RMS function estimation error (in Nm) over the interval [0, 10] and 7,,,s denotes the RMS
simulated torque (in Nm) over the time interval [0, 10]. The developed method provides
a significantly improved tracking and function estimation performance with less RMS
control effort, upon comparison with e-mod.

Figure 4-2 demonstrates the tracking error performance in the presence of additive
white Gaussian (AWG) noise with standard deviations of 2 deg and 2 deg/s in the ¢ and
¢ measurements, respectively. The RMS steady state tracking error norms in presence
of measurement noise with the developed method and e-mod are 2.9427 and 4.5891,

respectively.
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Figure 4-1. Plots of tracking error (deg), torque input (Nm) and function estimation error

(Y0 — Y,0) vs. time (s) with the proposed method and e-mod.
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Figure 4-2. Plots of tracking error (deg) vs. time (s) in presence of AWG measurement
noise with the proposed method and e-mod.
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Table 4-1. Controller performance comparison

MethOd ”erms H Herms,ss H emax,ss Y;ms HTrms H
(4-10) | 29.1340 | 0.5515 | 1.4666 | 1.3654 | 3.2726
e-mod | 52.4838 | 3.5624 | 5.2500 | 6.1292 | 7.4722

4.5 Conclusion
A contribution of this chapter is the development of a continuous adaptive con-
trol design that achieves semi-global asymptotic tracking for linearly parameterizable
nonlinear systems with time-varying uncertain parameters. Through a unique analysis
strategy, an adaptive feedforward term is developed along with specialized feedback
terms to compensate for the time-varying uncertainty. Asymptotic tracking error con-
vergence is guaranteed via a Lyapunov-based stability analysis for an Euler-Lagrange
system. Additionally, the time-varying uncertain function approximation error is shown to
converge to zero. A simulation example of a two-link manipulator is provided to demon-
strate the asymptotic tracking result, and a comparison with the e-mod scheme shows a
better tracking performance with the proposed method. Future work may involve exten-
sion of the proposed approach to unstructured time-varying uncertainties using neural
networks, compensation of time-varying uncertainty in presence of sensor noise, and
delays in input and state measurements.
Appendix: Auxiliary Lemmas

Lemma 4.1. Consider a positive-definite matrix I' € R+m)*(+m) sych that T has the

Fl Omxn

block diagonal structure asT' = , WhereT'y € R™"™ and T’y € R"™ ",

On><m FZ
The matrix YTYT is positive-definite, and therefore invertible. Furthermore, the inverse

of this matrix satisfies the property H (yry?)™ ,

= —Amml{pz}, where ||-||, denotes the

spectral norm and \,,;, {-} denotes the minimum eigenvalue of {-}.
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Proof. Substituting the definitions for Y and I" in YTY? yields

Fl 0m><n YT

p

YY" = [yp In}
0n><m I‘2 [n

= Y,IhY, +Ts.

Since I' is selected to be a positive-definite matrix, the block matrices I'; and I'; are both
positive-definite, so Ypl“lYpT is positive semi-definite while the second term I'; is positive-
definite, hence the sum of these two terms, i.e., YT'Y'T is positive-definite, and therefore
invertible. Furthermore, the spectral norm satisfies the property, ||All, = \/Amax {ATA}

for some A € RP*9, where \,.x {-} denotes the maximum eigenvalue of {-}. Utilizing this

property with H (YFYT)_IH2 yields

H (YFYT)71H2 = \//\max {((YFYT)‘l)T (YI‘YT)‘l}

= e { (YTYT)
1 1

= M (YTYT] = N (5] (4-39)
O
Corollary 4.1. The norm of the time-derivative of the parameter estimate, 9H can be
upper bounded by as HOH < w4+ s |le2]|, where v4,vs € R.q are known bounding
constants.
Proof. Based on (4—13)
o = lloroi(Ao)ll < 1A
= |[DY (YalY, )™ (Bsgn(ea) + kases)|
< IPYFYaDY) 7| (8 + kaz [leall) - (4-40)
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Applying Holder’s inequality to the right-hand side of (4—40) yields
0[] = el v, | varyiy =L, (8 + ke fleall) (4-41)

Using the result from Lemma 1 yields

< 1Tl [1Yall,
>\min {F2}

Based on Assumption 4.5, the spectral norm of the desired regressor may be upper-

0 (B + kas |lea]])

bounded by a constant Y, € R.q, i.e., [|[Yal|, < Y4, because Y; is a continuously

differentiable function. Therefore, selecting v, = f”%& and 5 = % yields
j T, Ya
0 = k
S o (D) (6 + kaz [le:])
= mt s el
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CHAPTER 5
EXPONENTIAL STABILITY WITH RISE CONTROLLERS

A class of continuous robust controllers termed RISE have been published over
the past two decades as a means to yield asymptotic tracking error convergence and
implicit asymptotic identification of time-varying uncertainties, for classes of nonlinear
systems that are subject to sufficiently smooth bounded exogenous disturbances
and/or modeling uncertainties. Despite the wide application of RISE-based techniques,
an open question that has eluded researchers during this time-span is whether the
asymptotic tracking error convergence is also uniform or exponential. This question has
remained open due to certain limitations in the traditional construction of a Lyapunov
function for RISE-based error systems. A contribution of this chapter and my work
[23] is the use of new insights for the construction of a Lyapunov function that result
in an exponential stability result for RISE-based controllers. As an outcome of this
breakthrough, the implicit learning capability of RISE-based controllers is shown to yield
exponential identification of state-dependent disturbances/uncertainty.

5.1 Control Design
5.1.1 Control Objective

Consider a control affine system with the nonlinear dynamics
T =d(z,v,t) +u, (5-1)

where t € R, denotes time, x : Z — R"™ denotes a Filippov solution to (5-1), with the
interval of existence Z = [ty, t1) for some ¢,t; € Rsg S.t. t1 > to, v : R5g — R™ denotes
an auxiliary function representing some external dynamic compensator-based terms
(e.g., adaptive feedforward terms, observer-based terms), d : R” x R™ x Ry, — R”
represents C? modeling uncertainty in the system, and « : Z — R" represents the

control input. Let d(xﬂ:,u,b,t)] = [VdT (z,v, t)L_ [%; ;1] and [d(x,i,flﬁ? v, v, )| =

[z; 05 )7 [V2d (2, v, 1)), [2; 0, 1] + VdT (z,v,t) [Z; 7; 0], respectively, where V and V2 denote
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the gradient and Hessian operators, respectively, and [-|, denotes the " component of
[-]. It is assumed that for each (a,b,p,v,w,s) € R x R" x R" x R™ x R™ x R™, the
mappings t — d(a,v,t), t — d(a,b,v,w,t),and t — d(a,b, p,v,w, s, t) are bounded. The
objective is to design a controller such that the state tracks a smooth bounded reference
trajectory. The objective is quantified by defining the tracking error according to (4—6)
where z, : Ry — R™ is a C? reference trajectory such that x4, 4 € L.
5.1.2 Control Law Development
To facilitate the subsequent analysis, a filtered tracking error r : Z — R™ is defined as
r 2 d(x,v,t) +u— iq+ ae, where a € Ry is a constant control gain. To facilitate the
subsequent analysis, the dynamics in terms of ¢ can be rewritten using (5—1) and (4-6)
as

é=r— qe. (5-2)

T
Let z : Z — R?" denote the augmented tracking error, z £ [ el T } . From the

subsequent stability analysis, a continuous RISE control input is designed as [42]

N

uwE i, —ae—d, (5-3)

where d : Z — R" is an auxiliary term designed as a Filippov solution' to

~

d=kr+ e+ [sgn(e), (5—4)
given any user-selected d(t,) € R". In (5-4), k, 3 € R., are constant control gains.
Using (5—1)-(5-3) yields

~

r=d(z,v,t) —d. (5-5)

! Since r may not be commonly available, d(t) is evaluated using d(t) = d(to) + ke(t) —
ke(to) + fti ((ka+ 1)e(r) + Bsgn(e(r))) dr for closed-loop implementation. Note that
psgn(e(-)) is Riemann integrable on [ty, t], V¢ € Z according to Lemma 5.2.
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It follows from (5—4) and (5-5) that r is a Filippov solution to the closed-loop error
system

f:N+NB—kr—e—Bsgn(e), (5-6)

where N £ d(x,x', v, v, t) — d(xd,i‘d, v,v,t) and Ng 2 d(xd, Tq,V, U, 1).

Assumption 5.1. The function v is a solution to some external dynamics such that
there exist known constants, 7, 72, 13, 74 € R>o, and a known strictly increasing function,
p21 - Rxg = R, such that [[v]| <y, [[7]] < n2y @nd [[5]] < ns +na (2] + p21 (ll2[]) [|2]].
Then, there exist known constants v, v3,74 € Rs¢ and a known strictly increasing
function pa; : Rso — Rsg such that | Np|| < » and HNBH < g+ a2l + 2 (2D 1111,
Vt € Rso. Additionally, since v is bounded and t — d(a, b,v,w,t) is bounded for each

(a,b,v,w) € R" x R" x R™ x R™,

N|| < 52 ll2ll+ pr (2D 1211, ¥t € Ry, according to
the Mean Value Theorem-based inequality in [72, Lemma 5], where v, € R, is a known
constant, and p; : R>; — R is a known strictly increasing function. Note that the type
of state-dependent bounds considered in Assumption 5.1 are general and often required
in various applications where the RISE method is used (e.g., [49,51] and [52]), typically
as a consequence of augmenting adaptive feedforward controllers with a RISE term.

In the case where v represents adaptive feedforward terms, the developed approach
offers modularity of design in the sense that d and v can be designed independently, as
long as v satisfies Assumption 5.1. The following example illustrates a type of system
satisfying Assumption 5.1.

Example 5.1. Consider a dynamic neural network given by

v = proj{Whe(V'z), v}, (5-7)
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where proj{-, -} denotes the smooth projection operator in [90] that guarantees

|v]| < m, o : RF — R denotes a globally bounded continuous activation func-
tion,and W € R™L and V € RE*™ are constant? matrices of outer and inner-
layer weights, respectively. Using [90, Property 3] and the fact that o(-) is globally
bounded, © can be bounded by a constant, i.e., ||| < 7,. Taking the time-derivative
of v yields 7 = L(proj{W'c(V'z),v}) = a%(proj{y,y}) S To( ) LWTo(VTz)) +
5 prod{W o (VIe), u})|

Eq. 7], the terms 2 (proj{y, v})

v. Based on the structure of the projection operator in [90,

and 2 (proj{W”o(V'z),y})

can be
y=WTo(VTx) y=v

bounded by some known functions of . Additionally, based on the right-hand-side of (5—

2), the term (W' o (VTz)) = W' Zo(y) o

e VI =W7T Zo(y) ’yVTz VT(ig+ 1 — ae)
can be bounded by some known continuous function of z. Therefore, i’ can be bounded
as ||7]] < ns 4+ nallzll + p21 (||2]]) |2]|- Thus, the dynamic neural network in (5-7) satisfies
Assumption 5.1.

The structure of the closed-loop error system in (5—-6) may appear similar to a
higher order sliding-mode design (cf., [91]); however, there are some remarkable differ-
ences to highlight. Specifically, the Ssgn (e) term in (5-6) would need to be sgn (r) to
facilitate the analysis for a standard continuous higher-order sliding-mode design. Since
sensor measurements for the highest order derivative (e.g., ¢ or ) may not be available
for feedback, the controller in (5-3) is designed to depend only on state measurements.
Additionally, the closed-loop error system in (5-2) and (5-6) is also different from a
super-twisting system, since (5-2) would require an additional — |e|"/? sgn(e) term to
facilitate a super-twisting design, which needs a different analysis approach [92].

Some supporting lemmas are now presented which facilitate the subsequent

analysis. Proofs of all lemmas can be found in the Appendix.

2 See [49] for continuous adaptive weight updates.
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Lemma 5.1. Given some Filippov solutions, e and r, to (5-2) and (5—6), respectively, the
set of time-instants T = {t ¢ T|3i € {1,2,...,n}s.t.e; (t) =0 Ar;(t) # 0} has Lebesgue
measure zero, where e; and r; denote the i*" element of ¢ and r, respectively.
Lemma 5.2. Given some Filippov solution, e, to (5-2), sgn(e(-)) is Riemann integrable
on [to, t1], Vt; € T.
5.2 Stability Analysis

Following the development in Section 5.1, every Filippov solution to (5-1) and (5—4)
with the controller in (5-3) corresponds to a Filippov solution of the transformed system
in (5—2) and (5-6). Additionally, a P-function is introduced to facilitate the construction of
a candidate Lyapunov function for analyzing the stability and convergence properties of

z. The P-function is denoted by P : 7 — R and is defined as a Filippov solution to
P=-\pP—1L, (5-8)
where A\p € R is an auxiliary constant, and

L 2 TN —rTBsgn(e)

= (atp2(I2ID) = Hlelly (5-9)

where ||-||, denotes the 1-norm, and

P(to) = B lle(to)ll, — " (to) N5 (to). (5-10)

The analytical solution to (5—-8) is derived in Lemma 3. To facilitate the inclusion of the
P-function in the candidate Lyapunov function, P is designed to be non-negative under
certain gain conditions as described in Lemma 5.4.

Lemma 5.3. Given some Filippov solutions, e and r, to (5-2) and (5-6), respectively,

P = Blell, —e"Np

4o (@ = Ap) (B el — € Na) + €7
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+e 7 ((va + p2 (120) 1121 Nell,) (5-11)

is the unique Filippov solution to the differential equation in (5-8) initialized according to
(5—10), where %’ denotes the convolution operator, i.e., p(t ft (t — 7)q(7)dr, for
any given p, q : [ty,00) — R.

Lemma 5.4. Given any pair of Filippov solutions, e and r, to (5-2) and (5—6), respec-

tively, provided that P is initialized according to (5—-10), and the gain conditions

a > Ap, (5-12)

B> mt (5-13)

are satisfied, P(t) > 0, Vt € Z, where the gains a and § are introduced in (5-2) and
(5—4), respectively, and v, ~, are introduced in Assumption 1.

Lety £ [ eI T p r, and ¢) = g(¢, t) denote the differential equations in (5-2),
(5-6) and (5-8), where g : R*"™! x [ty, 00) — R?"! is Lebesgue measurable and locally
essentially bounded (i.e., bounded on a neighborhood of every point, excluding sets of
measure zero), since it is continuous except in the set {(¢,t) € R*"™! x [ty,00)|e = 0}. To

facilitate the stability analysis, let V7, : R*"*! — R, be defined as

1 1
Vi(y) 2 5eTe + 57«% + P. (5-14)

Let ¢ £ min{k — o — nys, a0 — 92 — nya, 22}, p () = pi(+) + np2 (), and consider the
regions, D £ {o € RV, (o) < X2 and S 2 {5 € R2"|||o|| < ¢ — Ay}, where
Ay € Ry is a user-defined constant.

Theorem 5.1. LetW : R>® — R, be defined as W (z(ty)) =

\/\|z(t0)H2 +2(B8+m)||2(to)|l,- Given any initial condition z(t,) € R*", every max-
imal solution to (5-2), (5-6), and (5-8) with P(t,) initialized according to (5—10) is
complete, and the zero solution to (5-2) and (5-6), (e(t),r(t)) = (0,0), is semi-

globally exponentially stable in the sense that ||z(t)|| < W(z(to)) exp (=Av(t — to)),
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V(z(tg),t) € R*" x [to, 00), provided that the gains «, 3,k and \p are selected according

to the gain conditions in (5-12), (5—13), and
c>Av +p(W(z(to))) - (5-195)

Proof. The existence of a Filippov solution, v : Z — R2"*!, to ) = g(v, t) is guaranteed®
by [69, Proposition 3]. The time-derivative of V7, along v, starting from the specified
initial conditions, exists a.e., and V7 (¢, t) € X7L(z/;,t) [87, Equations 12 and 13], where

a.e.

the notation (-) implies that the relation holds for almost all time ¢ € Z, and

Vi t) = () &Ko ()
£€OVL ()
— VVIK [g) (4,1)

— {ZT 11TK[Q](w,t)- (5-16)

In (5—-16), 0V (v) denotes Clarke’s generalized gradient [87, Equation 7], and K[] is
defined in [67, Equation 2b]. Since ¢» — V7 (v) is continuously differentiable, 0V, =
{VV,} using [69, Proposition 6]. Substituting (5-2), (5-6), and (5-8) into (5-16),
utilizing |-/, < +/n||-||, and applying Young’s inequality on ||z|| ||¢||, yields

Vi = (N4 Np—kr—e— BK [sgu] () + €' (r — ae) — ApP

TN + K [sen] (€) + (v + o2 (12I)) 121 el

< —klrl® = allell® + (a4 pa (121D) el 121
=Ap P+ (a + p2 ([I21D) 121 lelly
< =2(c=p(lzl) Vi

3 The solution v» may not be unique; however, P is unique according to Lemma 5.3 for
a given pair (e, ). Moreover, the results in this dissertation are applicable to all the tra-
jectories even when 1 is non-unique, since a generalized Filippov solution is considered
in the analysis.
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< (e (VAR 17

for almost all t € Z, where ¢ and p are introduced before the theorem statement, the
term ¢ — r7(¢t)BK [sgn] (e(t)) is set-valued only for the set of time instants 7' = {¢ €
[to,00)|Fi € {1,2,...,n}st.e; (t) = 0 Ari(t) # 0}. According to Lemma 5.1, the

set T' has Lebesgue measure zero. It follows from (5—-17) that V, is non-increasing
along all trajectories initialized such that ¢)(t,) € D. Selecting ¢ according to (5—15)
and using (5-10) yields ¢ > Ay + ||z(to)]| = Av + p(\/2VL(¥(t0))). Then, Vi(¥(t)) is
non-increasing, implying v (t) € D, Vt € Z. It follows from (5-17) and (5—15) that V,, can
be upper-bounded as

Vi, < =2\ Vi, (5-18)

for almost all t € Z. Using the comparison principle [93, Lemma 4.4] in (5—-18) yields

VL(¥(t)) < Vi(i(to)) exp (=2Av(t — to)) (5-19)

V((to),t) € D x L. Since (¢, t) — K [g] (v, 1) is locally bounded over R+ x [tg, o0)
and (5-19) implies that ¢ is precompact, then [94, Lemma 3.3 and Remark 3.4] can
be invoked to show that every maximal solution « with P(t,) initialized according to
(5—10) is complete, i.e., Z = [ty, 00). Using the definition of z, (5—-19) and Lemma 5.4,

Vi) = L|(®)]® + P(t) > L | 2()|)%, ¥t € [to, 00). Therefore,

[2(O)]] < V2VL((2)), Vi € [to, 00). (5-20)
Using (5—19) and (5-20), ||z(t)|| can further be upper-bounded as
2] < V2VL(¥(to)) exp (=Av (t — o)) , (5-21)

V(¢(to),t) € D x [to, o0). Moreover, substituting (5—10) in the expression for Vi (1(to))
yields V(¢ (t)) = 1 |2(to)||> + P(to). Consequently, v(t,) € D implies z(ty) € S. Using
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(5—21) yields
[2(0)[| < W(z(to)) exp (=Av (t — L)), (5-22)

V(z(t),t) € S x [ty, o), implying the zero solution to (5-2) and (5-6), (e(t),r(t)) = (0,0),
is semi-globally exponentially stable. Note that the exponential stability result is semi-
global (cf., [95, Remark 2]) because the size of the set S can be arbitrarily increased
using (5—15) to include any z(t,) € R**. Moreover, z € L., since e,ry € L. Since

d € L., by Assumption 5.1, it follows from (5-5) that d € L... Therefore, since all the
terms on the right hand side of (5-3) are bounded and continuous, u € L., and is
continuous. Moreover, since e(t) = e(ty) + ftf) (r(r) — ae(r)) dr for all t € [ty, 00) using
(5—2), the continuity of » — e implies that the Filippov solution e is also continuously

differentiable. ]

Remark 5.1. The relation in (5-5) indicates that r is the estimation error between the
RISE term d(t) and the uncertainty d(z, v, t). Therefore, (5-22) implies that the RISE
term is an exponentially convergent estimator of the uncertainty, i.e., d(t) — d(z, v, t)
with a uniform and exponential convergence as t — .
Remark 5.2. For the special case when d(t) and d(t) are bounded by known constants,
the analysis approach in [55] can also be considered.
Remark 5.3. The exponential stability result is global when the bounds on N and Np
are linear in ||z, i.e., p1 = p2 = 0.
5.3 Conclusion

A contribution of this chapter is the development of new insights for the construction
of a P-function to yield exponential stability with RISE-based controllers. As an outcome
of this breakthrough, the inherent learning capability of RISE-based controllers is
shown to yield exponential identification of disturbances/uncertainty, as compared to
all previous asymptotic results. Future work could involve extension of the proposed
stability analysis methodology for RISE-based error systems with sensor noise, and

delays in input and state measurements.
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Appendix: Proofs of Lemmas
Proof of Lemma 5.1. The set T can also be representedas I’ = {t € Z|3i €
{1,2,...,n}st.e; (t) =0 Ari(t) —ae(t) # 0} ={t € Z|Fi € {1,2,...,n}s.t.e; (t) =
0 A é;(t) # 0} to facilitate the subsequent analysis using the dynamics in (5-6). Se-
lect a € T, which yields ¢;(a) = 0 using the definition of T'. Given ¢;(a) # 0, one
can assume without loss of generality that é;(a) > 0; the proof easily extends for
éi(a) < 0. Since e and r are absolutely continuous, it follows from (5-2) that é is con-
tinuous. Given ¢é;(a) > 0 and continuity of ¢, there exists 0 > 0 such that é;(¢) > 0
forallt € (a—d,a+0). Based on é;(t) > 0, it follows that fo é;(t)dr > 0 forall
t € (a,a+0). Then, using e;(a) = 0 yields fat é;(T)dT = e;(t) — e;(a) = e;(t) > 0. Similarly,
— [l éi(m)dr = €;(t) — ei(a) = e;(t) < 0forallt € (a—d,a), implying e;(t) # 0 for all
t € (a—46,a+9)\{a}. If more than one component has ¢;(a) = 0, the intersection of
each neighborhood found above can be selected and represented by U(a). Therefore,
there exists a neighborhood, U(a), forany a € T, s.t. e;(t) # 0 for all time-instants
t € U(a)\{a}andi € {1,2,...,n}. Whent € T, ¢;(t) = 0forsomei € {1,2,...,n},
which implies U(a) N T = {a} for all « € T; therefore, T is discrete and consequently has

measure zero. ]

Proof of Lemma 5.2. The function sgn (e(+)) is discontinuous only at time-instants where
it changes sign, i.e.,theset {t € Z|3i € {1,2,...,n}st.e;(t) = 0 Aé(t) # 0} =

{t € Z|Fi € {1,2,...,n}st.e;(t) = 0 Ari(t) — ae(t) # 0} = T. Since T has
Lebesgue measure zero according to Lemma 5.1, sgn (e(+)) is continuous a.e., implying

it is Riemann integrable [96, Theorem 11.33] on [to, 1], Vt; € Z. O

Proof of Lemma 5.3. The right hand side (RHS) of (5—-11) is almost everywhere (a.e.)
differentiable with respect to time, because every term on the RHS is absolutely contin-
uous, including |e||,, since ||-||, is globally Lipschitz and e is absolutely continuous. The
time-derivative of |le||,, whenever it exists, is ¢"sgn(e), using the chain rule. Therefore,

taking the time-derivative of both the sides of (5—11) at points where P is differentiable
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yields

P peTsgn(e) — ¢"Np — ' Np

d —Apt T T A
e x (@ =Ap)(Bllell, — e Np) +e"Np))
+ % (€75 ((a+ o2 (1)) =] Nlelly)) - (5-23)

+

Based on the Leibniz rule, for any given ¢ : [ty,c0) — R, the function e~*#! satisfies
L(ertsg) =4 <fti e*’\P(t*T)q(T)dT> =q(t) — \p fti e P Eg(1)dr = —Ape ™ Pt x g + q.
Additionally, L = ¢"Np + ae” Np — Be’sgn (e) — af [lell, — (va + p2(ll2])) 2]l [lell; is
obtained after substituting (5—2) into (5-9). Therefore, the expression for P in (5-23) can

be rewritten as

P = e (v + oo (1) 1121 flell)
—Ape " 5 (= Ap)(Blell, — €' Np) + €' Np)
—ApB|lell, + Ape’ N + Bé"sgn(e) — ¢" Ny + aB|le||, — ae’ N
+ (ya+ o2 (121D 2] Mlell,

= —)\pP-—L. (5—24)
Filippov’s differential inclusion for (5-8) is given by
P € —\pP—-KIJ[L]. (5-25)

To prove the uniqueness of the solution to (5—-25), consider any two solutions with the

same initial conditions, i.e., P, and P,, with P, (ty) = P»(ty) = 0, implying

a.e.

P —ApP — K[L], (5—-26)

P, € )P - KL (5-27)

Based on (5-9),t — K [L](¢(t)) is set-valued only when there exists some : €

{1,2,...,n} such that t — K{sgn](e;(t)) is set-valued and r;(¢t) # 0. Using Lemma 5.1,
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t — K[L](¥(t)) is set-valued only for a set of time-instants of measure zero. Therefore,

defining A(t) = P»(t) — Pi(t), and using (5-26) and (5-27) yields
A _\pA, (5-28)

with A(¢y) = 0. Since A = 0 is an equilibrium point of (5-28), A(t,) = 0 implies
|A(t)]] = 0, Vt € Z, therefore Pi(t) = Py(t), Vt € [to, ), i.€., any two solutions are equal,

implying the solution is unique. O]

Proof of Lemma 5.4. Using Holder’s inequality and Assumption 1 yields lower bounds

on —e” N and e N,

~e"™Ng > —ell, INsll, > =7 llell, (5-29)
and
N 2 el || N
> —(y3+vallzll 4 p2 (121 121) lell; (5-30)

Vt € Z. Substituting the bounds in (5—-29) and (5-30) into the expression for P in (5—-11)

yields

P> Bllelly = mllell, + e (((a = Ap) (B = 71) —73) llell,) - (5-31)

Selecting P(t() according to (5—10), and « and § according to the gain conditions (5-12)
and (5—13) yields P(t) > 0, Vt € Z using (5-31). ]
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CHAPTER 6
CONCLUSIONS AND FUTURE WORK

Adaptive and learning-based control strategies are a powerful tool to compensate
for nonlinear modeling uncertainties in numerous practical engineering systems in real-
time. These strategies are designed by incorporating an approximate feedforward model
into the controller, or by implicitly learning the model through the feedback structure.
This dissertation focused on developing such adaptive and learning-based controllers.
Since the dissertation concentrates on general nonlinear systems, a constructive
Lyapunov-based design and analysis approach is employed.

In Chapter 2, a fully-connected feedforward DNN-based adaptive controller was
developed where Lyapunov-based real-time weight update laws were designed for
each layer of a feedforward DNN. Additionally, the developed method also allows
nonsmooth activation functions to be used in the DNN architecture. A nonsmooth
Lyapunov-based stability analysis was provided to guarantee global asymptotic tracking
error convergence. Simulation results were provided for a nonlinear system using DNNs
involving leaky ReLU and hyperbolic tangent activation functions to demonstrate the
efficacy of the developed method. Although adapting for more layers might cause initial
overshoot in the tracking error, the developed method provides tenfold and twofold
improvement in steady-state function estimation as compared to offline pre-training and
output-layer adaptation, respectively.

Chapter 3 provided the first result on Lyapunov-derived weight adaptation for a
ResNet-based adaptive controller. A nonsmooth Lyapunov-based analysis was provided
to guarantee global asymptotic tracking error convergence. Comparative Monte Carlo
simulations were provided to demonstrate the performance of the developed ResNet-
based adaptive controller. The ResNet-based adaptive controller showed a 49.52%
and 54.38% improvement in the tracking and function approximation performance,

respectively, in comparison to a fully-connected DNN-based adaptive controller.
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In Chapter 4, the problem of adaptive control of systems with uncertain time-
varying parameters was addressed. Through a unique analysis strategy, an adaptive
feedforward term was developed along with specialized feedback terms to compensate
for the time-varying uncertainty. Asymptotic tracking error convergence was guaranteed
via a Lyapunov-based stability analysis for an Euler-Lagrange system. Additionally,
the time-varying uncertain function approximation error was shown to converge to
zero. A simulation example of a two-link manipulator was provided to demonstrate the
asymptotic tracking result, and a comparison with the e-mod scheme shows a better
tracking performance with the proposed method.

Chapter 5 provided new stability results for a class of implicit learning controllers
called Robust Integral of the Sign of the Error (RISE) controllers. RISE controllers have
been published over the past two decades as a means to yield asymptotic tracking
error convergence and implicit asymptotic identification of time-varying uncertainties, for
classes of nonlinear systems that are subject to sufficiently smooth bounded exogenous
disturbances and/or modeling uncertainties. Despite the wide application of RISE-
based techniques, an open question that had eluded researchers during this time-span
is whether the asymptotic tracking error convergence is also uniform or exponential.
This question was open due to certain limitations in the traditional construction of a
Lyapunov function for RISE-based error systems. In this dissertation, new insights
on the construction of a Lyapunov function were used that resulted in an exponential
stability result for RISE-based controllers. As an outcome of this breakthrough, the
inherent learning capability of RISE-based controllers is now known to yield exponential
identification of state-dependent disturbances/uncertainty.

All of these chapters provided promising results on compensating for nonlinear
modeling uncertainties using adaptive and learning-based control techniques. Based
on these developments, the following open problems can be explored in the future.

Although Chapter 2 and Chapter 3 provide results for DNN-based adaptive controllers,
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they do not provide results on how to select the configuration for the DNN architecture.
Thus, neural architecture search methods can be explored in the future to select the
optimal DNN architecture that yields the best performance.

Additionally, the results in Chapter 2 and Chapter 3 only guarantee asymptotic
tracking error convergence, without providing any guarantees on the weight estimation
performance. Recent results in [97] and [98] develop an adaptation mechanism called
concurrent learning, which yields parameter estimation error convergence, provided the
system is sufficiently excited for finite time. However, these results are limited to linearly
parameterized systems, and applying this technique for nonlinear parameterizations
such as DNNs remains an open problem. In future work, the mathematical ideas used in
Chapter 2 and Chapter 3 can potentially be leveraged to develop a concurrent learning-
based adaptation algorithm for DNNs, which can yield results on weight estimation
performance.

Moreover, the results in Chapter 2 and Chapter 3 only consider feedforward
architectures such as fully-connected DNN and ResNet, and cannot be applied for
recurrent neural network (RNN) architectures. Unlike feedforward DNNs, RNNs are a
dynamic mapping, i.e., they involve a feedback loop and thus have an internal memory.
This internal memory allows RNNSs to capture time-varying, accumulative effects
exhibited in some dynamical systems that feedforward DNNs cannot. Specifically,
one type of RNN called long short-term memory (LSTM) neural network is known to
provide enhanced approximation performance by retaining relevant information and
forget irrelevant information in the memory. Thus, the development of Lyapunov-based
adaptation laws can be explored for RNN architectures such as the LSTM network in
future work.

Additionally, the results in Chapter 2 and Chapter 3 involve deterministic uncertain-

ties in the system; thus, the results do not apply for stochastic systems. The stochastic
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stability results developed in [99] can potentially be used along with the technique de-
veloped in Chapter 2 and Chapter 3 to develop DNN-based adaptive controllers that
compensate for stochastic uncertainties in the system.

Furthermore, the results in Chapter 2 and Chapter 3 do not provide any optimality
guarantees on the developed adaptive controller. An approximate optimal control
technique called adaptive dynamic programming (ADP) provides a solution to the
optimal control problem using adaptive actor-critic neural networks (cf. [100—102]).
However, existing ADP results only use single-layer actor-critic neural networks. The
development of ADP-based controllers with deep actor-critic networks with real-time
adaptation for inner layers remains an open problem that can be addressed in the future.

Although Chapter 5 provides exponential stability results for general control-affine
nonlinear systems, the development does not account for actuator saturation. However,
most practical engineering systems involve actuator saturation. Thus, the development
of a RISE controller that yields exponential stability guarantees despite the actuator

saturation can be addressed in future work.
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