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Game theory methods have been instrumental in the advancement of various dis-
ciplines such as social science, economics, biology, and engineering. The focus of this
dissertation is to develop techniques for approximating solutions to zero-sum and nonzero-
sum noncooperative differential games and using these solutions to stabilize some classes
of parametrically uncertain and disturbed nonlinear systems. One contribution of this
work is the development of a robust (sub)optimal controller that stabilizes an uncertain
Euler-Lagrange system with additive disturbances and yields a solution to the feedback
Nash differential game. The control formulation utilizes the Robust Integral Sign of the
Error (RISE) control technique to asymptotically identify nonlinearities in the dynamics
and converge to a residual linearized system, then the solution to the Nash game is used
to derive the stabilizing feedback control laws.

Furthermore the Nash optimal control technique is improved when one player has
additional information about the other player, in the case of the Stackelberg differential
game. Another contribution of this work is a (sub)optimal open-loop Stackelberg-based
controller with a leader-follower structure, which both players act as inputs to a paramet-
rically uncertain and disturbed nonlinear system.

Another contribution of this work is a technique for solving a two player zero-sum
infinite horizon game subject to continuous-time unknown nonlinear dynamics. The

technique involves a generalization of an actor-critic-identifier (ACI) structure which



is used to implement Hamilton-Jacobi-Isaac (HJI) approximation algorithm. The HJI
approximation uses, two neural network (NN) actor structures and one NN critic structure
to approximate the optimal control laws and value function, respectively.

Using the ACI technique, another contribution of this work is deriving an approxi-
mate solution to a N-player nonzero-sum game. The technique expands the ACI structure
to solve a multi-player differential game problem, wherein N-actor and N-critic neural
network structures are used to approximate the optimal control laws and the optimal
value functions, respectively. Simulations and Lyapunov stability analysis are provided in

each section to demonstrate the performance of the control designs.
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CHAPTER 1
INTRODUCTION

1.1 Motivation
Numerous technical, economical or biological processes are often governed by ordinary

differential equations, where the state of the system is a function of time and can be
influenced with input parameters and exogenous environmental disturbances. The field
of control theory studies methods of defining the input parameters such that state of the
system behaves in an acceptable manner; where acceptable performance is generally defined
in terms of time history and frequency response criteria. The field of optimal control
theory was developed as an approach to analytically determine input parameters that
will satisfy the physical constraints of the system, while also minimizing a performance
criteria. Optimal control have been extensively investigated as a means to derive analytic
proofs for classes of systems where a single input parameter influences the system,
particularly for linear dynamics. However, some interesting questions arise when multiple
input parameters are considered in a dynamic system, for example:

e How can systems be described when more than one input provides influence?

e How do the input parameters influence the system? or each other?

e What criteria demonstrates the behavior of the system is acceptable?

e Given optimality constraints, how can optimal controllers be determined?

e How can the criteria for optimality be determined?
Game theory is one approach to address concerns raised from the synthesis of controllers
for complex dynamic systems. Game theory deals with strategic interactions among
multiple input parameters, called players (and in some context agents), with each player’s
objectives captured in a value (or objective) function which the player either tries to
maximize or minimize. For a non-trivial game, the value function of a player depends on
the choices (actions, or equivalently decision variable) of at least one other player, and

generally of all the players; hence, players cannot simply optimize their own objective
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functions independent of the choices of the other players. This incorporates coupling
between the actions of the players and binds them together in decision making even in
a non-cooperative environment. This dissertation explores the utility of game theory
(particularly differential game theory) in deriving controllers that stabilize nonlinear
dynamic systems.

1.2 Background

The basic problem in optimization theory is to find the minimum value of a function:

TmrLez/?YlV (x).

Typically V (x) is a continuous function and the minimum is sought over a closed, possibly
unbounded domain X C R". Extensive research has investigated the existence of the
minimum, necessary and sufficient conditions for optimality, and computational methods
for approximating a solution. Optimization theory launched the study of optimal control
theory, where the state x (t) € R™ evolves over time. For the standard optimal control

problem, z (t) evolves based on an ordinary differential equation (ODE) as
&= fat),u(t)  x(0)=mz,tecl0,T],

where ¢t — u (t) € U is the control strategy, ranging within the set of admissible control
strategies U. Given an initial condition z(, the optimal control problem is to determine a

control strategy u (-) which minimizes a value (or cost) function J (¢, z (t),u (t)) € R

J—U( (T))+/L(T,x(7'),u(7'))dr, (1-1)

where U € R is the terminal cost and L € R is the local (or running) cost. Techniques
to determine solutions to the optimal control problem have largely been based on two
different fundamental ideas: Bellman’s optimality principle and Pontryagin’s maximum
principle. Dynamic programming and the associated optimality principle, which is a

sufficient condition for optimality, was introduced by Bellman in the United States,
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whereas the maximum principle, which is a necessary condition for optimality, was
introduced by Pontryagin in the Soviet Union. Bellman’s approach to optimality considers
that if a given state-action sequence is optimal, and the initial state and action are
removed, the remaining sequence is also optimal. In contrast, Pontryagin’s maximum
principle involves finding an admissible control input that minimizes a Hamiltonian
function. Pontryagin’s maximum principle can only be applied to deterministic problems,
but yields the same solutions as the dynamic programming approach. However, converse
to the dynamic programming approach the maximum principle avoids the curse of
dimensionality. Under certain conditions, the maximum principle and the Bellman
principle can be reduced to the Hamilton-Jacobi-Bellman (HJB) equation. For nonlinear
systems, the solution to the HJB equation can often be intractable or may not exist,
thus various numeric and analytic techniques have been developed to approximate the
solution [1-10] or indirectly determine a solution using inverse methods [11-18].

For systems with multiple players, game theory offers a natural extension to the
optimal control problem. The work by Von Neumann and Morgenstern [19], widely
regarded as the preliminary work on game theory, focused primarily on two-player,
zero-sum games. Nash [20| provided a solution approach for a class of general N-player
non-cooperative games. Motivated by the analysis of market economy, the monograph by
Stackelberg [21]| on hierarchical relationships among players provided further contribution
to the theory of games. In the early 1950s Rufus Isaacs [22] pioneered differential game
theory, which enabled a natural multi-player extension of the dynamic programming
solution to the optimal control problem. In the case of two players, a differential game

considers a system whose state z () € R" evolves according to the ODE
= f(t,z(t),us(t),us(t)) z (0) = zo,t € ]0,7T7,

where t — u; (t) € U;, i = 1,2 is the control strategy, ranging within the set of admissible

control strategies ;. Given the initial condition z(, the objective of the i-th player is to
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minimize the value function J; (¢,z (t),u1 (t),us () € R

Ji=V(x(T))+ /L (1,2 (1) ,u1 (1) ,ug (7)) dr.

While the optimal control problem has a clear definition of optimality that is tied to the
minimization of the value function, the concept of optimality in game theory is not as
well-defined. Specific forms of optimality for differential games can be defined in terms

of equilibrium solutions (e.g. Nash, Pareto, Bayesian, Stackelberg). In this construct,

the structure and information sets of differential games can vastly change the games
objective. The amount of cooperation that occurs between players in a game is one of the
key differences between different branches of game theory literature. If the players act

in unison, but each player has a different objective (cost function) then multi-objective
optimization is obtained [23-25|. In a situation in which there is a common value function
and all players act cooperatively, then team theory is obtained [26-28] and if some subset
of the players can make their decisions in unison, such that a mutual beneficial outcome
can be obtained then a cooperative game is achieved |29, 30]. Cooperative game theory
implies players are able to form binding commitments such that the best result occurs for
the game at large, whereas noncooperative games are when each player pursues individual
interests that are partly conflicting with others. The most extreme case of conflicting
interest is a zero-sum game, in which players are diametrically opposed. Previous research
has exploited noncooperative game theory [31-46| to provide numerous solution techniques
to a wide range of control engineering applications. Solutions to noncooperative games are
referred to as an equilibrium due to the fact that the solution represents control strategies
that provide balance between independent interests of each player. A zero-sum game
formulation that has been thoroughly explored in control theory is the two-player min-
max H,, control optimization problem [41]|, where the controller is a minimizing player
and the disturbance is a maximizing player yielding a Nash equilibria. In a zero-sum game

with linear dynamics and an infinite horizon quadratic cost function, the Nash equilibrium
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solution is equivalent to solving the generalized game algebraic Riccati equation (GARE).
However, for nonlinear dynamics developing an analytical solution is complicated by
solving a Hamilton-Jacobi-Isaacs (HJI) partial differential equation, where a solution may
be non-smooth or intractable.

In a differential game formulation, the controlled system is influenced by a number
of different inputs, computed by different players that individually try to optimize their
respective performance functions. The control objective is to determine a set of policies
that are admissible [47], i.e. control policies that guarantee the stability of the dynamic
system and minimize individual performance functions to yield an equilibrium. The
subsequent sections will introduce common definitions of equilibrium in differential games.

The Pareto Equilibrium. Pareto optimality is a genre of cooperative game theory.
The so-called Pareto efficient solutions are based on the premise that the cost any one
specific player incurs is not uniquely determined, rather the solution is determined when

the cost incurred by all players simultaneously cannot be improved. Formally, the cost

function J; (t,x,uy, ..., uy) is defined as
T
J; _/L(T,$(T),u1 (1),...,un(7))dr, i=1,...,N (1-2)
0

where x (t) is the solution to
T=f(t,x(t),u (t),...,un(t)), z(0)=x. (1-3)
A set of control actions u is called Pareto efficient if the set of inequalities
Ji(u) < Ji(4),i=1,...,N,

does not permit a solution u € U, where at least one of the inequalities is strict. The
corresponding point (J; (@) ,...,Jy (@) € RN is called a Pareto solution. The set
of all Pareto solutions is called the Pareto frontier. A well-known way to determine

Pareto solutions is to solve a parameterized optimal control problem [48-50], however,
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in general, it is unclear whether this approach yields all Pareto solutions. The Pareto
efficient solution is included in this introduction for completeness, however the techniques
developed in this work will not utilize optimality defined in this structure.

The Nash Equilibrium. A Nash differential game consists of multiple players mak-
ing simultaneous decisions where each player has an outcome that cannot be unilaterally
improved from a change in strategy. Players are committed to following a predetermined
strategy based on knowledge of the initial state, the system model and the cost functional
to be minimized. Formally, for the cost function in Eq. 1-2, subject to the state dynamics
in Eq. 1-3, a set of control actions (u},...,uY) is a Nash equilibrium solution for the
N-player game, if the following N inequalities are satisfied for all u; € U;,7 € N:

)
Jik éJl (x(t),u’{,ug,u}‘v) <. ($(t),U1,U§,U}kV)

JQ* éJQ(.’L’(f),U){,U,;,URI) S J2($(t)’u>{7u27"'u*N)

J &2 Iy (2 (), ub, s, .. uy) < Jn (o (), ul,us, .. uy) )

Solution techniques to the Nash equilibrium can be classified in various ways depending on
the amount of information available to the players (open-loop, closed-loop, feedback, etc.),
the objectives of each player (zero-sum and nonzero-sum), the planning horizon (infinite
horizon and finite horizon), and the nature of the dynamic constraints (continuous,
discrete, linear, nonlinear, etc). A large body of research has focused on linear quadratic
games on a finite time horizon. One issue that the Nash equilibria poses, is that in general
a unique Nash equilibrium is not expected. Non-uniqueness issues with Nash equilibria
were discussed for a nonzero-sum differential game in [51]. In the case of the open-loop
nonzero-sum game, where every player knows at time ¢t € [0, 7] the initial state x,
conditions for the existence of a unique Nash equilibrium can be given by [52]. In the case
of closed-loop perfect state information, where every player knows at time t € [0, 7] the

complete history of the state, it has been shown that infinitely many Nash equilibria may
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exist. In this case, it is possible to restrict the Nash equilibrium to a subset of feedback
solutions, which is known as the (sub)game perfect Nash equilibria (or feedback Nash
equilibria). The work of Case [53| and Friedman [54], was shown that (sub)game perfect
Nash equilibria are (at least heuristically) given by feedback strategies and that their
corresponding value functions are the solution to a system of Hamilton—Jacobi equations.
These concepts have been successfully applied to linear-quadratic (LQ) differential
games [48,53]. A special case of the Nash game is the min-max saddle point equilibrium,
which is widely used in control theory to minimize control effort under a worst-case level
of uncertainty. The saddle point equilibrium has been heavily exploited in H,, control
theory [55], which considers finding the smallest gain v > 0 under which the upper value

of the cost function

J, (u,0) = / TQ@) +u) -7 v @)P dr, (1-4)

is bounded and finding the corresponding controller that achieves this upper bound. H.,
control theory relates to LQ dynamic games in the sense that the worst-case H., design
problems have equal upper and lower bounds of the objective function in Eq. 1-4, which
results in the saddle-point solution to the L game problem. In both the H,, control
problem and the LQ game problem, the underlying dynamic optimization is for a two
player zero-sum game with the controller being the minimizing player and the disturbance
being the maximizing player.

The Stackelberg Equilibrium. A hierarchical nonzero-sum technique was de-
rived by Von Stackelberg [21], where an equilibrium solution can be determined when
one player’s strategy has influence over another player’s strategy. The Stackelberg tech-
nique has been accepted as the solution to a broad class of hierarchical decision making
problems where one decision maker (called the leader) announces a strategy prior to the

announcement of the second decision maker’s (called the follower) strategy. For the two
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player game, consider the cost function defined in Eq. 1-2, where N = 2, with the dy-
namic constraints in Eq. 1-3. The optimal reaction set for player 1 (the follower u; € U;)

to a control uy € Us is
Rl (UQ) = {’Y € Z/ll ’Jl (’7,’&2) < Jl (ul,u2) Vul € Z/ll} .

If player 2 is leading then u3 € U, is called a Stackelberg equilibrium for player 2. If for all
Uy € Z/{Q

sup Jo(v,u3) < sup Ja(v,u2),
vER (u3) vER: (u3)

then uj € Ry (u}) is an optimal Stackelberg strategy for the follower. An important
motivation for the use of the Stackelberg strategy by the leader lies in the reduced value
of the cost function as compared to the Nash strategy; thus it can be shown that a
Stackelberg strategy is at least as good as any Nash strategy for the leader [56]. The
Stackelberg strategy can be divided into three essential types: 1) open-loop strategies [37,
57,58], 2) closed-loop strategies [35,36,45], and 3) feedback strategies [38,58-61]. In [37],
an N-player nonzero-sum Stackelberg differential game is generalized for a multi-input
linear system, where the players are divided into a group of leaders that use a Stackelberg
policy and a group of followers that use a Nash policy. Furthermore, hierarchical control
problems for closed-loop Stackelberg solutions are presented in [35,36,45]. In [36] necessary
conditions are developed for a closed-loop two-player Stackelberg game with a linear
quadratic cost constrained by linear dynamics. Whereas in [35], sufficient conditions are
derived for a closed-loop two player solution subject to a discrete linear system. The
novelty of [35] is that the requirement for an a priori restriction on the structure of the
player’s strategies is removed. The technique in [35] is extended in [45] to derive the team
optimal solution for the two-person continuous-time linear differential game problems
under quadratic cost functions for both players. Feedback strategies are presented

in [59-61] which focus on the solution to the dynamic Stackelberg problem and are

characteristic of containing memoryless (pure feedback) features in the control strategies.
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A solution technique for a class of nonclassical dynamics is presented in [38|. Previous
research of the open-loop Stackelberg game in control theory has mainly focused on
deriving an analytic solution and providing gain constraints; however, these results are
limited to linear systems with known plants and don’t demonstrate stabilization properties
of the control law.
1.3 Problem Statement and Contributions
It is widely known that minimizing the cost function in Eq. 1-1 is equivalent to

minimizing the HJB equation given by

0 = H%Liin[VVi*(f(t,x(t),ul(t),...,uN(t)))—i—L(:z:,ul,...,uN)],

VA(0)=0,ie N

)

which is a partial differential equation. For linear systems, solving this equation reduces
to finding the solution of a generalized game algebraic Riccati, equation, however for a
nonlinear system, finding analytic solutions to the HJB may be burdensome. Furthermore,
for certain classes of multi-player games (particularly nonzero-sum games), minimization
of a cost function results in a set of coupled HJB equations. In linear systems, these cou-
pled HJB equations reduce to a coupled set of Differential Riccati Equations (DRE), and
various techniques have been proposed for establishing necessary and sufficient conditions
for the existence of a solution to DREs. A body of research (e.g. [41,52,62-64]) has also
been dedicated to determining the conditions for uniqueness of differential games with
linear dynamics, particularly in the area of games with linear quadratic cost functions.
For nonlinear dynamics, the coupled HJB equations are nonlinear and derivations of
existence and uniqueness are often sparse. While it is known that analytic control laws
can be derived for these systems, often the control laws are dependent on the solution

to the coupled HJB equations, which can be impractical for real-time implementation on

engineering systems. Two approaches are investigated in this dissertation to address these
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limitations for uncertain nonlinear continuous-time systems: robust feedback linearization
and approximate dynamic programming.

Analytic Optimal Control Solutions: A common technique used in control
applications to derive an analytic optimal control solution to a nonlinear system is the
nonlinear H,, control solution [55,65-68|. However, the infinite horizon formulation of
the nonlinear H,, control problem requires a significant computational effort for nonlinear
systems thereby making its application to real systems often nearly impossible. In
particular, the challenge is that the nonlinear H., control problem requires the solution
to the HJB. Inverse optimal control (IOC) [11,12,15-17,69-74] is an approach to develop
optimal controllers for systems without solving the HJB equation. The objective of IOC
is to develop a controller that is optimal with respect to a stability analysis-derived cost
functional. Previous research in I0Cs has focused on finding a control Lyapunov function
(CLF) and a controller that stabilizes the system, then determining if the controller is
optimal for a meaningful cost. IOC differs from other analytic optimal control techniques
by requiring the local cost to be posteriori determined by the stabilizing feedback, rather
than a priori by the designer. When parametric uncertainty exists in the system, several
inverse optimal adaptive controllers (IOACs) [74-79| have been developed to compensate
for uncertainties that are linear in the parameters (LP).

The use of neural networks (NNs) is another approach to approximate unknown
dynamics as a means of developing approximate analytic optimal controllers. Specifically,
results such as [47,80-84] find a one-player optimal control law for a given cost function
constrained by a partial feedback linearized system, and then modify the optimal control
law with a NN to approximate the unknown dynamics. The tracking errors for the NN
methods in [47,80-84| are proven to be uniformly ultimately bounded (UUB) and the
resulting state space system, for which the analytic optimal controller is developed, is
approximated. In [85], an optimal controller is derived for an Euler-Lagrange system

using a RISE feedback technique combined with an optimal controller that minimizes an
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objective function. The RISE controller partially feedback linearizes the system, leaving
a residue nonlinear system that can be manipulated to form a linear quadratic optimal
control problem. The work using a partial feedback linearized system to determine an
optimal controller is the basis for Chapters 2 and 3.

Approximation of Optimal Control Solutions: Due to the difficulty involved in
determining a solution to the HJB a branch of research is dedicated to approximating a
solution to the optimal control problem via dynamic programming [86-90|. Reinforcement
learning (RL) is a method wherein appropriate actions are learned based on evaluative
feedback from the environment. A widely used RL method is based on the actor-critic
(AC) architecture, where an actor performs certain actions by interacting with its envi-
ronment, the critic evaluates the actions and gives feedback to the actor, leading to an
improvement in the performance of subsequent actions. AC algorithms are pervasive in
machine learning and are used to learn the optimal policy online for finite-space discrete-
time Markov decision problems [1,2,91]|. Previous research on RL using adaptive critics in
the machine learning community [1-5] provides an approach to determining the solution
of an optimal control problem using Approximate Dynamic Programming (ADP) [86-90].
The discrete/iterative nature of the ADP formulation lends itself naturally to the design
of discrete-time optimal controllers [89,92-96|. Baird [97] proposed Advantage Updating,
an extension of the Q-learning algorithm which could be implemented in continuous-time
and provided fast convergence. A HJB-based framework is used in [98] and [99], and
Galerkin’s spectral method is used to approximate the generalized HJB solution in [7].
All of the aforementioned approaches for continuous-time nonlinear systems are computed
offline and/or require complete knowledge of system dynamics. A contribution in [100]
is the requirement of only partial knowledge of the system and a hybrid continuous-
time/discrete-time sampled data controller is developed based on policy iteration (PI),
where the feedback control operation of the actor occurs at faster time scale than the

learning process of the critic. Vamvoudakis and Lewis [101] extended the idea by designing
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a hybrid model-based online algorithm called synchronous PI which involved synchronous
continuous-time adaptation of both actor and critic neural networks. Bhasin et. al [102]
developed a continuous actor-critic-identifier (ACI) technique to solve the infinite horizon
optimal single player optimal control problem, by using a robust dynamic neural network
(DNN) to identify the dynamics and a critic NN to approximate the value function. This
technique removes the requirement of complete knowledge of the system drift dynamics
and incorporates an indirect adaptive control technique for a RL problem. Most of the
previous research on continuous-time reinforcement learning algorithms that provide an
online approach to the solution of optimal control problems, assumed that the dynamical
system is affected by a single control strategy. Previous research has also investigated the
generalization of RL controllers to differential game problems [101,103-109]|. Techniques
utilizing Q-learning algorithms have been developed for a zero-sum game in [110]. An
ADP procedure that provides a solution to the HJI equation associated with the two-
player zero-sum nonlinear differential game is introduced in [103|. The ADP algorithm
involves two iterative cost functions finding the upper and lower performance indices

as sequences that converge to the saddle point solution of the game. The AC structure
required for learning the saddle point solution is composed of four action networks and
two critic networks. An iterative ADP solution was presented in [104], where it considers
solving zero-sum differential games under the condition that the saddle point does not
exist, and a mixed optimal performance index function is obtained under a deterministic
mixed optimal control scheme when the saddle point does not exist. Another ADP itera-
tion technique is presented in [105], in which the non-affine nonlinear quadratic zero-sum
game is transformed into an equivalent sequence of linear quadratic zero-sum games to
approximate an optimal saddle point solution. In [106], an integral RL method is used

to determine an online solution to the two player nonzero-sum game for a linear system
without complete knowledge of the dynamics. The synchronous PI method in [101] was

then further generalized to solve the two-player zero-sum game problem in [108] and a
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multi-player nonzero-sum game in [109] for nonlinear continuous-time systems with known
dynamics. The work from [101,102, 108, 109] provides the foundation for Chapters 4 and
5, where the two player zero-sum game and multi-player nonzero sum game are solved
using an ACI technique where the controllers are implemented online and without the
requirement of complete knowledge of the system drift dynamics.

This dissertation focuses on developing differential-game based controllers for specific
classes of uncertain continuous-time nonlinear systems. The contributions of Chapters 2-5
are as follows:

Asymptotic Nash Optimal Control Design for an Uncertain Euler-
Lagrange System: The main contribution of Chapter 2 is the development of robust
(sub)optimal Nash-based feedback control laws. This chapter combines the Robust Inte-
gral Sign of the Error (RISE) [111] controller with an optimal Nash strategy to stabilize
an uncertain Euler-Lagrange system with additive disturbances. One advantage of this
method over previous techniques is that the controller accounts for uncertainty in a
state-varying mass inertia matrix. This chapter illustrates the development of the RISE
controller which is used to asymptotically identify the nonlinearities in the dynamics.

By applying the RISE controller, the nonlinear dynamics converge to a residual partially
linearized system, and the solution to the feedback Nash game for the residual system is
used to derive the stabilizing control laws. The (sub)optimal feedback controllers minimize
a cost functional in the presence of unknown bounded disturbances. A Lyapunov-based
analysis is used to prove asymptotic tracking for the combined RISE and Nash-based
strategy. Existence of the feedback Nash solution is discussed and simulation results
demonstrate the control performance.

Asymptotic Stackelberg Optimal Control Design for an Uncertain Euler-
Lagrange System: Chapter 3 derives a stabilizing set of controllers for a system in
which one control input has additional information about the other control input. This

scenario is representative of many engineering applications, where interactions among a
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leader and a follower are observed (e.g. formation control, autonomous docking, aerial
refueling, etc.). In comparison, the Nash game in Chapter 2 considers both players to have
no a priori knowledge about each other, which can lead to an overly conservative control
design. The main contribution of this work is the development of robust (sub)optimal
open-loop Stackelberg-based controllers for the leader and follower, which both act as
inputs to an uncertain nonlinear system. A RISE controller is used in conjunction with
the derived Stackelberg strategy. The RISE controller enables the dynamics to be written
in a residual form, which allows for the Stackelberg differential game formulation. The
controller accounts for a state-varying mass inertia matrix, as well as, additive exogenous
disturbances and parametric uncertainties in the dynamics. One novelty of the techniques
in Chapter 2 and 3 is the use of the Skew Symmetric property to reduce the coupled
differential Riccati equations to algebraic Riccati equations which allows for conditions
to be established for the solution to the Nash and Stackelberg nonzero-sum games. The
control formulation utilizes the solution to the hierarchical open-loop Stackelberg nonzero-
sum game to derive the feedback control laws. A Lyapunov-based stability analysis to
prove asymptotic tracking, and a brief discussion on existence of solution is provided.
Simulation results are included to illustrate the performance of the developed controller.
Nonlinear two-player zero-sum game approximate solution using an HJI
approximation algorithm: In contrast to the approaches in Chapters 2 and 3, which
are largely based on Pontryagin’s maximum principle, the techniques in Chapters 4
and 5 seek to approximate the solution to the HJI and HJB. This approximation is
based on Bellman’s optimality principle and dynamic programming. The main contri-
bution of Chapter 4 is solving a two player zero-sum infinite horizon game subject to
continuous-time unknown nonlinear dynamics that are affine in the input. In the devel-
oped method, two actor and one critic NNs use gradient and least squares-based update
laws, respectively, to minimize the Bellman error, which is the difference between the

exact and the approximate HJI equations. The identifier DNN is a combination of a
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Hopfield-type [112] component, in parallel configuration with the system [113], and a RISE
component. The Hopfield component of the DNN learns the system dynamics based on
online gradient-based weight tuning laws, while the RISE term robustly accounts for the
function reconstruction errors, guaranteeing asymptotic estimation of the state and the
state derivative. The online estimation of the state derivative allows the ACI architecture
to be implemented without knowledge of system drift dynamics; however, knowledge of
the input gain matrix is required to implement the control policy. While the design of

the actor and critic are coupled through a HJI equation, the design of the identifier is
decoupled from the actor-critic and can be considered as a modular component in the
ACT architecture. Convergence of the ACI-based algorithm and stability of the closed-loop
system are analyzed using Lyapunov-based adaptive control methods and a persistence

of excitation (PE) condition is used to guarantee convergence to within a bounded region
of the optimal control and UUB stability of the closed-loop system. The main advantage
of this ACI approach consists in the fact that neither of the two participants in the game
makes use of explicit knowledge of the model of the drift dynamics of the system that
they influence through their control strategies. This means that the two players will learn
online the most effective control strategies that correspond to the Nash equilibrium while
using no explicit knowledge on the drift dynamics of the differential game. In addition,
this technique converges to the approximate solution of the Nash equilibrium, without the
need for iterative techniques or offline training, and it incorporates theory from adaptive
control, making it an approximate indirect adaptive solution to a two player zero-sum
differential game.

Nonlinear N-player nonzero-sum game approximate solution using a HJB
approximation algorithm: Nonzero-sum games present different challenges when
compared to zero-sum games. For nonlinear dynamics, the HJI for zero-sum games is
equivalently a coupled set of nonlinear HJB equations for nonzero-sum games. Research

in nonzero-sum games for nonlinear systems is sparse and there are many open research
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challenges. Chapter 5 considers a N-player nonzero-sum infinite horizon game subject

to continuous-time uncertain nonlinear dynamics. Using the ACI technique, the main
contribution of this work is deriving an approximate solution to a N-player nonzero-sum
game with a technique that is continuous, online and based on adaptive control theory.
Previous research in the area has focused on scalar nonlinear systems or implemented
iterative/hybrid techniques that required complete knowledge of the drift dynamics. The
technique developed in Chapter 5 expands the ACI structure to solve a differential game
problem, wherein N-actor and N-critic neural network structures are used to approximate
the optimal control laws and the optimal value function set, respectively. The main

traits of this online algorithm involve the use of ADP techniques and adaptive theory to
determine the Nash equilibrium solution of the game in manner that does not require full
knowledge of the system dynamics and the approximately solves the underlying set of
coupled HJB equations of the game problem. For an equivalent nonlinear system, previous
research makes use of offline procedures or requires full knowledge of the system dynamics
to determine the Nash equilibrium. A Lyapunov-based stability analysis shows that UUB
tracking for the closed-loop system is guaranteed and a convergence analysis demonstrates

that the approximate control policies converge to a neighborhood of the optimal solutions.
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CHAPTER 2
ASYMPTOTIC NASH OPTIMAL CONTROL DESIGN FOR AN UNCERTAIN
EULER-LAGRANGE SYSTEM

A zero-sum game formulation that has received notable interest in control theory is
the two-player min-max H,, control problem [41], where the controller is a minimizing
player and the disturbance is a maximizing player in yielding a Nash equilibria. The
H, formulation is well suited for disturbance rejection problems where the controller
and worst-case disturbance are derived for a Nash equilibrium. A Nash strategy is one
such that the outcome of each player’s input cannot unilaterally improve by changing
the player’s strategy. Previous Nash games focus on zero-sum solution techniques for
linear systems with infinite horizon quadratic cost functionals. In this chapter, a general
framework is developed for feedback control of an Euler-Lagrange system using a feedback
nonzero-sum Nash differential game. A RISE controller is used to compensate for some
uncertain nonlinearities so that Nash optimal controllers can be derived for the general
tracking problem. A Lyapunov-based stability analysis and numerical simulations are
provided to examine the stability and performance of the developed controllers.

2.1 Dynamic Model and Properties
The class of nonlinear dynamic systems considered in this chapter are assumed to be

modeled by the following Euler-Lagrange formulation:

M(q)G+ Vin(q,4)4 + G(q) + F (¢) + 1a(t) = 71 (t) + 72(t). (2-1)

In Eq. 2-1, M(q) € R™™ denotes the generalized inertia matrix, V,,(q,¢) € R"*™ denotes
the generalized centripetal-Coriolis matrix, G(q) € R™ denotes the generalized gravity
vector, F'(§) € R™ denotes the generalized friction vector, 74(t) € R™ is a general bounded
disturbance, 71(t), 72(t) € R™ represents input control vectors, and ¢(t), ¢(t), 4(t) € R™
denote the generalized position, velocity, and acceleration vectors, respectively. The

subsequent development is based on the assumption that ¢(¢) and ¢(t) are measurable, and
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M(q), Vin(q,4), G(q), F (¢), and 74(t) are unknown. Moreover, the following properties
and assumptions are exploited in the subsequent development.
Assumption 2.1. The inertia matriz M(q) is symmetric, positive definite, and satisfies

the following inequality Yy(t) € R":

my [|€* < €TM(q)¢ < m(q) |I€]°, (2-2)

where my € R is a known positive constant, m(q) € R is a known positive function, and
|-|| denotes the standard Euclidean norm.

Assumption 2.2. The following skew-symmetric relationships are satisfied:

& (M (@) —2Vnlg.0)) =0 VEER (23)
~ (¥ (0) = 2Winla.)) " = N () ~ 2Vl ) (2-4)
- <M (@) = (Viu(a:4) + Vi (4. CJ)))T =M (q) = (Vila:4) + Viy (@,4)) . (275)

Assumption 2.3. If q(t), 4(t) € L, then V,,(q,q), F(§) and G(q) are bounded.
Moreover, if q(t), (t) € Lo, then the first and second partial derivatives of the elements
of M(q), Viu(q,q), G(q) with respect to q(t) exist and are bounded, and the first and
second partial derivatives of the elements of Vi, (q,q), F(q) with respect to ¢(t) exist and
are bounded.
Assumption 2.4. The desired trajectory is assumed to be designed such that q4(t), qa(t),
Ga(t), Qa4(t), 4 4(t) € R exist, and are bounded.
Assumption 2.5. The disturbance term and its first two time derivatives, i.e. 14 (t),
74 (t), 74 (t) are bounded by known constants.

2.2 Error System Development
The control objective is to ensure that the generalized coordinates track a desired time-
varying trajectory, denoted by ¢4(t) € R", despite uncertainties in the dynamic model,

while minimizing a given performance index. To quantify the tracking objective, a position
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tracking error, denoted by e;(q,t) € R", is defined as
e1 2 qq—q. (2-6)

To facilitate the subsequent analysis, filtered tracking errors, denoted by es(q, ¢, t) and

r(q,q,q,t) € R™, are also defined as

A

€2 é1 + aex, (2-7)

L

€ + ey, (2-8)

where a1, an € R™"™ are positive definite, constant, gain matrices. The filtered tracking
error r(q, ¢, G, t) is not measurable due to the functional dependence on (¢). The error
systems are based on the assumption that the generalized coordinates of the Euler-
Lagrange dynamics allow additive and not multiplicative errors. A state-space model can
be developed based on the tracking errors in Eqs. 2-6 and 2-7. Based on this model, a
controller is derived that minimizes a quadratic performance index under the (temporary)
assumption that the dynamics in Eq. 2-1 are known. A control term is developed as

the solution to a nonzero-sum Nash differential game. The Nash-derived control term is
then combined with a robust controller to identify the unknown dynamics and additive
disturbance, thereby relaxing the temporary assumption that these dynamics are known.
To develop a state-space model for the tracking errors in Eqs. 2-6 and 2-7, the inertia
matrix is pre-multiplied to the time derivative of Eq. 2-7, and substitutions are made

from Eqgs. 2-1 and 2-6 to obtain
MéQZ—Vm€2+h—|-Td—(T1+Tg), (2*9)
where the nonlinear function h (g, ,t) € R™ is defined as

h = M (Gg+ a1é1) + Vin(4a + arey) + G+ F. (2-10)
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Under the (temporary) assumption that the dynamics in Eq. 2-1 are known, the control
inputs can be designed as

T2 h+ 1y — (U + ug) (2-11)

where u; (t),us (t) € R" are auxiliary control inputs that will be designed to minimize a
desired performance index. By substituting Eq. 2-11 into Eq. 2-9 the closed-loop error

system for e, (¢) can be obtained as
Méy = =V, 9+ uy + us. (2-12)
A state-space model for Egs. 2-7 and 2-12 can now be developed as
2= A(q,q) z+ B1(q) w1 + Ba(q)us (2-13)
where A (q,q) € R*™?" By (q), Bz (q) € R*™ ", z(t) € R*" and are defined as

—Q ]nxn

T
A& , BlzB2é|:0n><n M‘l} : Zé{ef egT}y

On><n _M_lvm

where I, and 0,, denote a n X n identity matrix and matrix of zeros, respectively.
2.3 Two Player Feedback Nash Nonzero-Sum Differential Game
The Nash solution is characterized by an equilibria in which each player has an
outcome that cannot be improved by a unilateral change of strategy. The Nash strategy
safeguards against a single player deviating from the equilibrium strategy and is well
suited for problems where cooperation between players cannot be guaranteed. To formu-
late the feedback Nash solution, consider the system in Eq. 2-13 in terms of players of a

Nash equilibrium game (upy1,un2) given as

£ =A(q,9) 2 + Bi(q) un1 + Ba(q)unz, (2-14)
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Each player has a cost functional Jy1 (2, un1, un2), In2(z, un1, un2) € R defined as

1 o
Jny1 = 5 / (ZTQNZ + u]TVlRNnU]\n + U%QRNIQUNQ) dt (2_15>
to
1 o
e = g / (7 Lz + Sy Rysuns + uf Rymuns) dt, (2-16)
to

where ty € R is the initial time, Qy, Ly € R?*"*?" are symmetric constant matrices defined

On = Qni1 QN2 Iy — Ly Lz 7
Qhiz Qnzo LY5 Lo
where Qyij, and Ly;; € R™™ are symmetric semi-definite constant matrices, and Ry;; €
R™™ is positive definite for 7, 5 = 1,2. This chapter focuses on a game with memoryless
perfect state information, therefore the controller information set contains only the initial
conditions zy and the current state estimates z (¢) at time ¢. In this context, the actions of
the players are completely determined by the relations (un1, un2) = (71 (20, 2) , 72 (20, 2))-

A pair of strategies (77, 73) is called a Nash equilibrium set for the differential game if for

all strategies (71, 72) the following inequalities hold

Ivi(v,78) = Ini(1572)

JN2(7T7 72) 2 JN2(7f> ’7;)

Based on the minimum principal [114], the Hamiltonians Hy1(z, un1, un2), Hy2 (2, unt, unz) €

R of the control inputs uy; and uy9 are defined as,

1

Hy, = 3 (ZTQNZ + uny Ryiiuny + U%QRNIQUNQ) (2-17)
+ A4, (Az + Biuny + Bouns)
1

Hyo = 5 (ZTLNZ + ’UJ,J]\}QRNQQUNQ + UjjgleN21UN1) (2718)

+ A%, (Az + Biuny + Bouns)
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respectively. Two previous results from [33] and [62] utilizing the memoryless perfect
information structure are given in the following theorems.
Theorem 2.1. Let the strategies (vf,7s) be such that there exists solutions (A1, A2) to the

differential equations

M= —goHn(z 0, M) - —aUZHNl(Z,’h,%, M) - 5-72(%0,2) (2-19)
>\2 - _aHN2(Zavl7727/\l> - aul HNQ(Z7717’727 >‘1) ' &71 (Z07 Z)a (272())

where Hy1 and Hyo are defined in Eqs. 2—-17 and 2-18 and such that

0 0
B, I 0 B 1V2 0,

and z satisfies

Z2=Az+ B1v],+Byv;, z(0) = z.

Then (vf,75) is a Nash equilibrium with respect to the memoryless perfect state informa-

tion structure and the following equalities hold

Uiy = 7= By Bl (2-21)
wn = %= —RypBs A (2-22)
Proof. Refer to [33]. O

Remark 2.1. From Theorem 2-1, it can easily be shown that the open loop Nash equilib-
rium is also a Nash equilibrium with respect to the memoryless perfect state information
structure.

In [33] it was shown that if the admissible strategies are restricted to a class of
(possibly time varying) linear feedback strategies, then there exists an analytic linear
feedback for the Nash equilibrium. The following theorem summarizes that result for the

current system.
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Theorem 2.2. Suppose (K, Py) satisfy the coupled Differential Riccati equations (DRE),

given by

0=Ky+ KyA+ATKy — KyBiRy\, BT Ky (2-23)
— KnBoRyy, By Py + QN — PyBaRys, Bl Ky
+ Py BaRybh, Ryia Ry, Ba Py
0= Py + PyA+ ATPy — PyBiRy} BT Ky (2-24)
— PyByRyb, By Py + LY, — KyBi Ry, B Py
+ KyBi Ry Ry Ryt B K.
Then the pair of strategies (vF,v3) = (—RX,IHB;‘FKNZ, —RR,%QB;‘FPNZ) is a linear feedback

Nash equilibrium and the solutions to the costate equations defined in Eqs. 2-19 and 2-20

are linear feedbacks given as

>\N1 = KNZ (2—25)
)\NQ = PNZ (2*26)
Proof. Refer to [62]. O

Remark 2.2. It was shown in [115] that for more general (i.e. nonlinear feedback) strate-
gies there may exist infinitely many feedback Nash equilibria for the memoryless perfect
state information structure.

The subsequent analysis utilizes the feedback structure from Theorem 2-2 and the
skew-symmetric property for Euler-Lagrange systems to reduce the DREs defined in Egs.
2-23 and 2-24 to algebraic Riccati equations, thereby deriving an analytic solution for
(Ky, Py), based on the control gains. Assume that Ky(t), Py(t) € R**" are time-

varying positive definite diagonal matrices defined as

Ky — Kni1 Opxn p_ Pnit Opxn

Onxn KN22 0n><n PN22
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The two DREs in Egs. 2-23 and 2-24 must be solved simultaneously to yield a control
strategy for the both players. Substituting Eqs. 2-14, 2-25, and 2-26 into Eq. 2-23 yields

four simultaneous equations as

0= Ky — Kynay — ol Ky + Qu (2-27)
0= Kni1 +Qni2 (2-28)
0= Kni1 + Qi1z (2-29)

0= Koo — KnooM ™V, — VIM ™ Ko + Qnoe
— KnooM 'Ry M~ Koy — Koo M Ry M ™1 Py (2-30)

— PnosM 'Ry M ™ Koy 4 PyoaM ' Ry Rn12 Ryhy M ™! Pos.

Likewise, from Eq. 2-24, four similar simultaneous equations are generated as

0 = Py11 — Py1iog — af Pyyy + Liviy (2-31)
0 = Pn11 + L2 (2*32)
0= P11+ Lis (2-33)

0 = Pygy — PyoaM 'V, — VW{M_IPNH + Lo
— PyoaM 'Ry M K ygy — Prog M Ryby M Pyoy (2-34)

- KN22M_1RJQ111M_1PN22 + KNQQM_lRXglRNleX/lllM_1K22-
If Pnoo(t) and Kpnoo(t) are selected as
PNQQ = KNQQ = M(q) (2*35)

then the skew symmetry properties in Assumption 2-2 can be applied to Eqgs. 2-30 and

2-34 to determine two constraints on the control gains

o R;\fln - 2RE122 + RR/%RNHRJ?QQ + QN2 = 0, (2-36)
—25’?&1 - R;Vl22 + RRZERNﬂRRfln + Ly = 0, (2*37)
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Since () and Ly are constant matrices then K11 and Pyyp from Eqgs. 2-28 and 2-32,
respectively, must also be constant matrices (i.e. Pyiy = Knip = 0). It is evident from

Eqgs. 2-28, 2-29, 2-32, and 2-33 that the following relationships can be established

Ky =— (QN12 + Q%H) ) (2-38)

N — N —

Pn1p = — (LN12 + L%m) . (2-39)

Two more constraints can be established by substituting Eqs. 2-38 and 2-39 into 2-27

and 2-31, respectively, then reducing the equations as

[(QN12 + Q%u) a1 +of (QN12 + Q%u)} ;

[(Lnvi2 + Li1s) a1 + o (Lyiz+ Li)] -

0 = Qnu+

0 = Lyu+

VN L Y R

Substituting Eqs. 2-14, 2-25, and 2-35 into Eq. 2-21 yields the Nash derived controller
_ —1 pT _ ~1
UunN1 = _RNllBl KNZ == —RNHGQ. (2*40)

The controller in Eq. 2-40 is subject to the other player’s input, derived by substituting

Eqgs. 2-14, 2-26 , and 2-35 into Eq. 2-22, as
_ —1 pT _ —1
Ung = —RN2282 LNZ = —RN2262. (2*41)

The weights (Qx, Ly) imposed a penalty on the state vectors in the cost functions Eqs. 2—

15 and 2-16 and the gain matrices Ry}, and Ry, are subject to the following constraints

0= —Ry}; — 2Ry + Ryge Rn12Ryzy + Qo (2-42)
0= —2Ry1, — Ry + Ryt Ry Ry + Livas (2-43)
0= % [(Qn12 + Qo) a1+ of (Qu2 +Q15)] + Qv (2-44)
0= % [(Lni2 + Ly1o) an + af (Lyi2 + L) ] 4 L (2-45)
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Based on the feedback Nash strategy, the derived controller in Eq. 2-40 minimizes the
cost functional given by Eq. 2-15 and is subject to the second player’s control input

in Eq. 2-41 that minimizes the cost functional given by Eq. 2-16. To demonstrate
optimality of the proposed controller, Hamiltonians were constructed in Eqs. 2-17 and
2-18 and the optimal control problem was formulated. The costate variables in Eqs. 2-25
and 2-26 were assumed to be solutions of Eqs. 2-19 and 2-20 and gain constraints were
developed. If all constraints in Eqs. 2-42-2-45 are satisfied then the assumed solutions in
Egs. 2-25 and 2-26 satisfy Egs. 2-18-2-20, and hence, are (sub)optimal.

Existence and Uniqueness of Nash Equilibrium Solution. Theorem 2-2
exploits an existence and uniqueness proof for the feedback Nash equilibrium solution that
is well known in literature, however this proof demonstrates the existence and uniqueness
for a non-stationary Nash feedback. If the mass inertia matrix M (q) is constant then
the prior analysis demonstrates one possible analytic solution for the DREs that would
yielded a stationary feedback strategy for the players uxn, and upyo, therefore existence
and uniqueness of the Nash solution needs to be further investigated. For the game with
an infinite-planning horizon, Proposition 3.6 in [62] gives sufficient conditions for the
existence of a Nash equilibrium. The following definitions and theorems summarize the
results.

Definition 2.1. Consider the system

z = Az-+ Bu

y = Cz+ Du.

The system is called output stabilizable if there exists a state feedback u = F'x such that
the corresponding output yr = (C'+ DF') z converges to zero as t — 0.

Theorem 2.3. Suppose that (C;, D;) are such that (CTCy,CICy) = (Qn, Ly), CT Dy =
CTDy, =0, and (Dile, D2TD2) = (Ry1, Ra2). If there exists a pair of solutions (K, Py)
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that satisfy the coupled algebraic Riccati equations

0 = KyA+ ATKy — KyB Ry, BY Ky — KnBaRyb, B3 Py (2-46)
+QN — PyBa Ry, By K,
0 = Py+ PyA+ A"Py — PyB Ry, BT Ky — PyByRyh, BY Py (2-47)

+Ly — KyBi Ry, B Py,

such that Ky is the smallest real positive semi-definite solution of Eq. 2-46 for a given Py
and Py is the smallest real positive semi-definite solution of Eq. 2-47 for a given Ky, and

if (K, Py) are such that the systems
(A — ByRyb,B; Py, B1,C1,D1) and (A— BiRy}B] Ky, Ba,Cs, D)
are both output stabilizable, then the strategies (v5,va) given by

. -1 T
ujy = —Ry; By Knz,

. 1 pT
uyy = —RygeBs Pz,

constitutes a feedback Nash equilibrium in a linear stationary strategy.
Proof. Similar to proof of Proposition 3.6 in [62]. O

Remark 2.3. Theorem 2-3 requires small real positive semi-definite solutions of the coupled
Riccati equations; however, the theorem does not imply uniqueness of the equilibrium.
Furthermore [62| uses a scalar example to illustrate the possible non-uniqueness of
the linear stationary feedback Nash equilibria. A proof for the uniqueness of a linear
stationary feedback Nash equilibrium remains an open problem.
2.4 RISE Feedback Control Development

In general, the bounded disturbance 7,4(t) and the nonlinear dynamics given in Eq.

2-10 are unknown, so the controller given in Eq. 2-11 can not be implemented. However,

if the control input contains a method to identify and cancel these effects, then z(¢) will
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converge to the state space model in Eq. 2-13 so that u; (t) and us (t) each minimize
a performance index. In this section, a control input is developed that exploits RISE
feedback to identify the nonlinear effects and bounded disturbances to enable the system
to asymptotically converge to the state space model z().

To develop the control input, the error system in Eq. 2-8 is pre-multiplied by M (q)

and the expressions in Eqs. 2-1, 2-6, and 2-7 are used to obtain
Mr = —Vm€2+h+Td+Oé2M€2— (7'1—|—7'2). (2—48)

Based on the open-loop error system in Eq. 2-48, the control inputs are composed of
the optimal controllers developed in Eqs. 2-40 and 2-41, plus a subsequently designed

auxiliary control term p(t) € R as
T+ 72 2 — (unt + una). (2-49)

The closed-loop tracking error system can be developed by substituting Eq. 2-49 into Eq.
2-48 as

Mr = —Vy,es+h+ 715+ asMes + (uny + una) — p. (2-50)

To facilitate the subsequent stability analysis the auxiliary function fy (g4, g, Ga) € R™,

which is defined as
fa = M(qa)da + Vin(qa: 4a)da + G(qa) + F (da) , (2-51)
is added and subtracted to Eq. 2-50 to yield
Mr = —Vies +h+ fo+ g+ unt + una — pt + asMes, (2-52)

where h (t) € R" is defined as
heh—f, (2-53)
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Substituting Eqs. 2-40 and 2-41 into Eq. 2-52, taking a time derivative and using the

relationship in Eq. 2-8 yields
1 . .
M= =5 Mr+ N+ Np — ¢ — (R, + Rybo)T — fi (2-54)

after strategically grouping specific terms. In Eq. 2-54, the unmeasurable auxiliary terms

]\N](Qa (L Q7 €1, €2, T), ND (Qda q'da éjd) qd) € R"™ are defined as
~ . . 1. - . ) _ B
N £ —Vmeg — Vmeg — §MT' + h + 052M€2 + OCQMeQ “+ e9 + (RNln + RN122)06262.

Np & fo+ 4.

Motivation for grouping terms into N (-) and Np (-) comes from the subsequent stability
analysis and the fact that the Mean Value Theorem, Assumption 2-3, Assumption 2-4, and

Assumption 2-5 can be used to upper bound the auxiliary terms as

| %[ < o gl (2-55)

|Npll < G, HNDH < (2, (2-56)
where y(e, e9,7) € R¥ is defined as

T T T]T

?Jé[‘ﬁ €y T (2-57)

Y

the bounding function p(]|y||) € R is a positive globally invertible nondecreasing function,
and ¢; € R (i = 1,2) denote known positive constants. Based on Eq. 2-54, the control

term pu(t) is designed as the generalized solution to

At) £ k() + Brsgn(en), (2-58)
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where kg, f1 € R are positive constant control gains. The closed loop error systems for
r(q,q, q,t) can now be obtained by substituting Eq. 2-58 into Eq. 2-54 as

1. ~
Mr = —§Mr + N+ Np — €3 — (Ryiy + Ry — ko — Bisgn(es). (2-59)

2.5 Stability Analysis

Lemma 2.1. Let O(ey,7,t) € R denote the generalized solution to

O(t) < —TT(ND(t) — Bisgn(ez)), O(0) =05 Z |e2:(0)] — 62(0)TND(0) (2-60)

where ey; (0) denotes the ith element of the vector e (0). Provided that By is selected

according to the sufficient conditions:

1
> —_— 2-61
where (1 and (3 are known positive constants defined in Eq. 2-56, then O(eq,r,t) > 0.

Proof. Refer to [111]. O

Theorem 2.4. The controller given by FEqs. 2-40, 2-41, and 2-49 ensures that all system

signals are bounded under closed-loop operation, and the tracking errors are semi-globally

asymptotically requlated in the sense that

lex @I eI Nr@ =0 as ¢ — oo, (2-62)

provided the control gain ks in Eq. 2-58 is selected sufficiently large based on the initial

conditions of the system, By in Eq. 2-58 is selected sufficiently large, and oy, oo are

selected according to the sufficient conditions:

Amin (Oél) > Amin (062) > 1. (2*63)

DO | —

Furthermore, uny (t) and une (t) minimize Eqs. 2-15 and 2-16 subject to Eq. 2-13

provided the gain constraints given in Eqs. 2-42-2-/5 are satisfied.
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Remark 2.4. The control gain oy can not be arbitrarily selected, rather it is calculated
using a Lyapunov equation solver. Its value is determined based on the value of Qy, Ly,
Rn11, Ryorand Rp9e. Therefore Qn, Ly, Ry11, Ry21, and Ryoo must be chosen such that

Eq. 2-63 is satisfied.

Proof. Let D C R*! be a domain containing ®(t) = 0, where ®(¢) € R*"™! is defined as
R T
a(t) 2 [y"(1) VO] - (2-64)

Let Vi (®,t) : D x (0,00) — R be a Lipschitz continuous regular positive definite function
defined as

1 1
VL<(I), t) £ 6{61 + 56562 + §T’TM<q)7“ + O, (2—65)

which satisfies the following inequalities:
Ur(®) < Vi(D,1) < Ux(P) (2-66)

provided the sufficient conditions introduced in Eqs. 2-63-2-61 are satisfied. In Eq.
2-66, the continuous positive definite functions U; (®) and Us(P) € R are defined as

Up(®) 2 X\, ||®]]* and Us(®) £ Xy(q) |7, where A1, X2(g) € R are defined as

1 1
= émin{l,ml} Xa(q) = max{im(q), 1} ;

where my, m(q) are introduced in Eq. 2-2. After taking the time derivative of Eq. 2-65,

V5L(®,t) can be expressed as
. 1 . .
Vi(®,t) = 2ele; +eley + §TTM((])T +7rTM (q)7 + O.

From Eqs. 2-7, 2-59, 2-60, and 2-65, some of the differential equations describing the

closed-loop system for which the stability analysis is being performed have discontinuous
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right-hand sides

él = €3 — (X1€1 ég =T — (€9 (2—67)
1. .

Mr = —§M(q)r + N + Np — kyr — Pisgn(ea) — eg (2-68)

O(t) = —rT(Np — Bisgn(es)). (2-69)

Let f(®,t) € R3*! denote the right-hand side of Eqs. 2-67-2-69. As described in
[116-118], the existence of Filippov’s generalized solution can be established for Eqs. 2-67-
2-69. Note that f(®,t) is continuous except in the set {(®,¢) |ea = 0}. From [116-118],
an absolute continuous Filippov solution ®(t) exists almost everywhere (a.e.) so that
® € K[f] (y,t) a.e. Except for the points on the discontinuous surface {(®,t)|ey = 0},
the Filippov set-valued map includes unique solutions. Under Filippov’s framework,
a generalized Lyapunov stability theory can be used ( [119-121] for further details) to
establish strong stability of the closed-loop system. The generalized time derivative of Eq.
2-65 exists (a.e.), and V(®,t) € 1;/L(<I>,t) where

V= N ¢k [ T T 7T 10750 1|

€€V (®,t)

where OV (®,t) is the generalized gradient of Vi (®,t) [119], and K [] is defined as
[120,121]

K[f1(®) =) [ cof (B(®,8) - N),

6>0 uN=0

where [ denotes the intersection of all sets N of Lebesgue measure zero, co denotes
uN=0
convex closure, and B (9, ) represents a ball of radius ¢ around ®. Since Vi (®,1) is a

Lipschitz continuous regular function
5 T
Vi, =VV[K [ el el 7T 10750 1 }

= [ZelT el vTM 202 %TTMT]K[élT el T 1020 1
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Using calculus for K [-] from [121] and substituting the dynamics from Eqs. 2-7, 2-58,
2-59, and 2-69 yields

Vi <7TN = (ke + Auin (R + Ra)) I7)1* — a2 [lea]|” — 2aa [lex||* + 2¢J e,

where the fact that (r?(t) — 77(¢));SGN(ex;) = 0 is used (the subscript i denotes the

it element), and K [sgn(es)] = SGN (eq) [121] such that SGN (e,) = 1 if ey,(t) > 0,
SGN (ez,) = [1,—1] if ey, (t) = 0, SGN (ez,) = —1 if ey,(t) < 0. Based on the fact that
2eT (t)er(t) < |lex(®)|)” + |le2(t)||” , the expression in Eq. 2-55 can be used to upper bound

V'1(t) using the squares of the components of z(t) as

Ve < =Xallyl” = [k lIrll® = oyl 171 yll] (2-70)

where

As 2 min{201 — 1,05 — 1, Apin (Rivhy + Rivho) };

hence, a1, and as must be chosen according to the sufficient condition in Eq. 2-63.
After completing the squares for the terms inside the brackets in Eq. 2-70, the following

expression is obtained:

- 2 Pyl llyll”
Vi< =Xsllyl™ + ——F—— (2-71)
4k,
The expression in Eq. 2-71 can be further upper bounded as
Vi(®,t) < -U(®) = —c|ly|* veeD (2-72)

for some positive constant ¢, where
D2 {cp e R | ||@f| < p! (2 Agks)},

where k; is selected as k;, > 0 Larger values of k; will expand the size of the domain D.
The result in Eq. 2-72 indicates that Vi, (®,t) < —U(®) ¥ V(®,t) € V(®,t). The
inequality in Eq. 2-72 can be used to show that V(®,t) € L in D; hence, e;(t), ex(t),

and r(t) € Lo in D. Given that e;(t), es(t), and r(t) € L in D, standard analysis
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methods can be used to prove that the control input and all closed-loop signals are
bounded, and that U(®) is uniformly continuous in D. Let S C D denote the set defined
as S £ {(IJ(t) €D | Uy(®(t)) < M (p* (2\/%))2} The region of attraction can be
made arbitrarily large to include any initial conditions by increasing the control gain k,
(i.e., a semi-global type of stability result), and hence ¢ ||y(t)||> — 0 and ||e1(t)]| — 0 as
t — oo Vy(0) € S. Since uny (t), una (t) — 0 as ey (t) — 0 (by Eq. 2-40), then Eq. 2-52

can be used to conclude that
p—=h+ fat 7 as  r(t), e(t) = 0. (2-73)

The result in Eq. 2-73 indicates that the dynamics in Eq. 2-1 converge to the state-space
system in Eq. 2-13. Hence, uny (t), uno (t) converge to optimal controllers that minimizes
Eqgs. 2-15 and 2-16, respectively, subject to Eq. 2-13 in the presence of structured

disturbances; provided the gain constraints given in Eqs. 2-42-2-45 are satisfied. O

2.6 Simulation
To examine the performance of the Nash-derived controller developed in Eqs. 2-40,
2-41, and 2-49 a numerical simulation was performed. To illustrate the utility of the

technique a model is described by the Euler-Lagrange dynamics as

T1 0 D1+ 2p3ca pa + p3ca G
+ - (2-74)
0 To D2 + p3co D2 o
N —p3SaGa —p3Sa (G1 + Go) Q1
P3Saqi 0 o
fdl 0 QI Tdy
+ + ,
O fd2 QQ ng

where p; = 3.473 kg - m?, py = 0.196 kg - m?, p3 = 0.242 kg - m?, f5, = 5.3 Nm - sec,

fa, = 1.1 Nm - sec, ¢o denotes cos(qa), so denotes sin(qe) and 74, 74, denote bounded
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disturbances defined as
T4, = 10 sin(t) + 3.5 cos(3t)

Ta, = 2.5 sin(2t) + 1.5 cos(t).
In the Nash strategy, player 1 is defined by 77 = 71 and player 2 is defied as 7o = 75.

The objective of both players is to track a desired trajectory given as
G4, = qa, = 60sin(2¢) (1 — exp (—0.01¢7))
and the initial conditions were selected as

¢1 (0) = ¢2 (0) = 14.3 deg

d1 (0) = ¢2 (0) = 28.6 deg/ sec.
The weighting matrices for both controllers were chosen as

Qn1 = diag {5, 5} Qn12 = diag {—57 —5}
QNQQ = dZ(lg {5, 5} LN12 = dzag {—5, —5}

LN22 == dl(lg {].0, 10} LNll == dZ(lg {5, 5} y

which using the Nash constraints given in Eqs. 2-42-2-45 yield the Nash gains Ryoo,

Rn11, Ryo1, and Ryi2 as

) 11 . 1 1
Rnoo = diag {57 5} Rn11 = diag {E’ 1—0}

) 1 1 . 1 1
RN12—dm9{—5,%} Ry —dwg{m>m}-

(\V]
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Figure 2-1. The simulated tracking errors for the RISE and Nash optimal controller.

The control gains for RISE control element were selected as

ay = diag {5,5}
ay = diag {15, 3.5}
p1 = diag {15,10}

ks = diag {65,25} .

The tracking errors and the control inputs for the RISE and optimal controller are
shown in Figure 2-1 and 2-2, respectively. To show that the RISE feedback identifies the
nonlinear effects and bounded disturbances, a plot of the difference is shown in Figure 2-3.
As this difference goes to zero, the dynamics in Eq. 21 converge to the state-space system
in Eq. 2-13, and the controller solves the two player differential game. In addition, Figure
2-4 shows the convergence of the cost functionals for each player.
2.7 Summary

In this chapter, a novel approach for the design of a differential game-based feedback

controller is developed for an Euler-Lagrange system subject to uncertainties and bounded

disturbances. An optimal game-derived feedback component was used in conjunction with

46



30

o
(i
\
=
B
i

— Player 1
— — —Player2

_50 i i i i i T T
0 5 10 15 20 25 30 35 40

Figure 2-2. The simulated torques for the RISE and Nash optimal controller.
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Figure 2-3. The difference between the RISE feedback and the nonlinear effect and
bounded disturbances.
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Cost Functionals
25 T T T

Player 1
— — —Player2

Figure 2-4. Cost functionals for u; and usy .

a RISE feedback component, which enables the generalized coordinates of the system to
globally asymptotically track a desired time-varying trajectory despite uncertainty in the
dynamics. Using a Lyapunov stability analysis and a feedback Nash game development,
sufficient gain conditions were derived to ensure asymptotic stability while minimizing a

cost function for the developed controllers.
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CHAPTER 3
ASYMPTOTIC STACKELBERG OPTIMAL CONTROL DESIGN FOR AN
UNCERTAIN EULER-LAGRANGE SYSTEM

Game theory establishes an optimal strategy for multiple players in either a coopera-
tive or noncooperative manner where the objective is to reach an equilibrium state among
the players. A Stackelberg game strategy involves a leader and a follower that follow a
hierarchy relationship where the leader enforces its strategy on the follower. In this chap-
ter, a general framework is developed for feedback control of an Euler Lagrange system
using an open-loop non-zero sum Stackelberg differential game. A Robust Integral Sign
of the Error (RISE) controller is used to cancel uncertain nonlinearities in the system and
an open-loop Stackelberg game method is then applied to the residual uncertain nonlinear
system to minimize cost functionals for each player. A Lyapunov analysis and simulation
are provided to examine the stability and performance of the developed controllers.

3.1 Dynamic Model and Properties

This chapter considers the same dynamics presented in Chapter 2. In this formu-

lation, player 1 is denoted as the follower 71 = 77 and player 2 is denoted as the leader

Ty = Tr,, given as
M(q)q + Vin(q,@)q + G(q) + F (4) + 7a(t) = 7p(t) + 72.(2), (3-1)

where the same assumption from Chapter 2 hold.

3.2 Error System Development
The control objective is to ensure that the generalized coordinates track a desired time-
varying trajectory, denoted by ¢q(t) € R", despite uncertainties in the dynamic model,
while minimizing a given performance index. To quantify the tracking objective, a position

tracking error, denoted by e;(q,t) € R", is defined as

e = q—q. (3-2)
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To facilitate the subsequent analysis, filtered tracking errors, denoted by es(q, ¢, 1),

r(q,q,4,t) € R™, are also defined as

L

€2 €1 + aqeq, (3-3)

L

€a + ey, (3-4)

where aq,ap € R™™ are positive definite, constant, diagonal gain matrices. The filtered
tracking error r(q, ¢,G, t) is not measurable since the expression in Eq. 3-4 depends on
G(t). The error systems are based on the assumption that the generalized coordinates of
the Fuler-Lagrange dynamics allow additive and not multiplicative errors. To develop

a state-space model for the tracking errors in Eqs. 3-2 and 3-3, the inertia matrix is
premultiplied to the time derivative of Eq.3-3, and substitutions are made from Eq. 3-1
and 3-2 to obtain

Méy = —Vyea+h+ 14— (10 + 7F) , (3-5)

where the nonlinear function h (g, ¢,t) € R™ is defined as
h & M (G + arér) + Vin(da + cney) + G + F. (3-6)

Under the (temporary) assumption that the dynamics in Eq. 3-1 are known, the control
inputs can be designed as

TL+TFéh+Td—(UL+UF) (3_7>

where up (t),ur(t) € R" are auxiliary control inputs for the follower and leader, respec-
tively, that will be designed to minimize desired performance indices. Substituting Eq. 3-7
into Eq. 3-5 yields

Még = —Vm62 +ur + urp. (3*8)

A state-space model for Eqs. 3-3 and 3-8 can now be developed as

z=A(q,q) z + B1(q) ur + Ba(q)ur, (3-9)
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where A (q,q) € R*™*" By (q),B2(q) € R*™ " and z (e;,e2) € R*" and are defined
in Chapter 2. The state-space model in Eq. 3-9 is developed under the (temporary)
assumption of exact knowledge of the dynamics. In the next section, cost functionals and
controllers are developed for the residual uncertain nonlinear system in Eq. 3-9. The
Stackelberg game-based controllers are then incorporated with the RISE control method
that asymptotically reduces the original uncertain dynamics to the dynamics in Eq. 3-9.
3.3 Two Player Open-Loop Stackelberg Nonzero-Sum Differential Game
Stackelberg differential games provide a framework for systems that operate on
different levels with a prescribed hierarchy of decisions. The two-player game is cast in
two solution spaces: the leader and the follower. The follower tries to minimize its cost
functional based on the decision from the leader, while the leader, who has insight into
the follower’s rationale, will define an input such that the leader and the follower’s inputs
will yield minimal cost functionals. The Stackelberg differential game for the system given
in Eq. 3-9 can be formulated in an optimal control framework where the leader’s input
is ur(z), and the follower’s input as up(z). Each player in Eq. 3-9 has a cost functional

Jr(z,up,ur), Jp(z,up,uy) € R defined as

JF = / (ZTQZ + U?RHUF + ulezuL) dt (3*].0)

to

J, =

N — DN —

/ (ZTNZ +ub Royup + ungguL) dt, (3-11)

to

where to € R is the initial time, Q, N € R?"*?" are symmetric constant matrices defined as

Q _ Qll QlQ N _ Nll NlQ ’
Qly Qn N{y Noo

where Q;;, Ni;, R;; € R™" are symmetric constant matrices for 4,7 = 1,2. Based on the

minimum principal [114], the Hamiltonian Hp(z,up,ur) € R of the follower is defined as

HF = (zTQz + U;RHUF + ulezuL) + )\g (AZ + BﬂLF + BQUL) s (3*12)

DN | —
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where the optimal controller and costate equation of the follower are [114]

OHp\"
up = — ( 8u§) — —R;'BT\p (3-13)
. H-\T
Ap = — (aa;) = AT \p - Q"2 (3-14)

Using Eq. 3-13, the leader’s Hamiltonian Hy(z,up,ur) € R is defined as

1
HL = 5 (ZTNZ + )\?BlRl_lTRglRl_llB?)\F + UERQQUL)

+ A (A2 — BiR'BY Ap + Bour) + 97 Ap (3-15)

where the optimal controller and costate equations are defined as

OH\" _
u, = — ( auLL> — — Ry BT\, (3-16)
T
A= — (a(,iL) = -NT2— A"\, + Qv (3-17)
, OH\"
i—-(52) (318)

= B\ R Ry R!BI'\r + BIR;" B M\ + A

The expressions derived in Eqs. 3-10-3-18 define the optimal control problem. The subse-
quent analysis aims at developing an expression for the costate variables (Ap(t), AL(t), (1))
which satisfy the costate equations (Ag(t), AL(t),4(t)) and can be implemented by the
controllers up(t) and uy(t). To this end, the subsequent development is based on the

following assumed solutions for the costate variables

Ap =Kz (3-19)
AL = Pz (3-20)
=S5z, (3-21)
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where K (t), P(t), S(t) € R***" are time-varying positive definite block diagonal matrices
defined as

K — Kll 0n><n p— Pll Onxn S _ Sll On><n

Onxn K22 O'n,><n P22 Onxn 522

Given these assumed solutions, conditions/constraints are then developed to ensure these
solutions satisfy Eqs. 3-12-3-18.
Substituting Eqs. 3-9, 3-13, 3-14, and 3-16-3-21 into the derivative of Eqs. 3-19-3—

21 yields the three differential equations

0=K+ KA+ ATK — KB,R;} BTK — KB,R;;) BI' P + Q" (3-22)
0=P+PA+ A"P - PB\R{{' B[ K — PB,R5, BI P+ N” — QS (3-23)
0=S+SA—AS— SB,R;'B'K — SByR;,'BI'P

+ By (Ri))" RuRi'BI'K — By (R})" BI'P, (3-24)

where Eqgs. 3-22 and 3-23 are differential Riccati equations (DRE). Equations Eqs. 3-22-
3-24 must be solved simultaneously to yield a control strategy for the leader and follower.
The solutions to the DRE gains K (t) and P(t) correspond to ug(t) and uy(t) respectively,
while S(t) constrains the trajectory of K (t) and P(t). From the DRE in Eq. 3-23, four

simultaneous equations are generated as

0= Pn — Phiog — Oéippn + Nip — QnSn (3*25>
0= P11 + Nig — Q1259 (3-26)
0= Py + Ny — Q1,51 (3-27)

0= Py — Py MV, —V$M4P22+N22

— Q22522 — PoM 'Ry M ™' Koy — Pyo M ™' Ry M ™! Py, (3-28)
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If Pyy(t) and Kyo(t) are selected as
Py = Kay = M(q), (3-29)

then the skew symmetry properties in Assumption 2 can be applied to Eq. 3-28 to
determine that

— Ry} = Ryy + Nag — Q2252 = 0, (3-30)

which implies that Sy, is a constant matrix; therefore, P;; must also be a constant matrix

from Eq. 3-26. Four simultaneous equations are generated from the DRE in Eq. 3-22

0=Ky— Kjoq —al'Kiy +Qn (3-31)
0= Ki1 + Qu (3-32)
0= K+ QL (3-33)
0= Koy — KooM 'V, — VIM ' Ky + Qo (3-34)

— KoyM 'R M ' Kyy — Koo M 'Ry M1 Py,
Substituting Eq. 3-29 into Eq. 3-34 yields
— Ry’ — Ry + Q2 =0, (3-35)
which when combined with Eq. 3-30 yields
Q22(Lnxn + S22) — Nag = 0.
If N is chosen such that Nos = —(Q)99, then Sy is constrained to be

Sag = —2Lxp. (3-36)
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From the Riccati equation given in Eq. 3—24 the following three simultaneous equations

are generated

0= 251 — Sy + 1Sy, (3-37)
0= Sy — S (3-38)
0= Sog + MWV, S99 — Soo M 'R M Koy

— SooM 'Ry M~ Pyy + MRy} Ryt Ry Koy

— M 'R M Pyy — Sou M™'V,. (3-39)
Substituting Eqs. 3-29 and 3-36 into Eq. 3-39 results in the constraint
R + 2Ry + R{'!Ry1R = 0. (3-40)
In addition, substituting Eq. 3-36 into Eq. 3-38 yields
S11 = —21xn. (3-41)

It is evident from Eqs. 3-26, 3-27, 3-32, 3-33, 3-36, and 3-41 that the following relation-

ships can be established

1

Ky = ) (Q12 + Q1T2) (3-42)
1

Piy=—3 (N2 + Niy) + 2K (3-43)

Another constraint can be established by substituting Eqs. 3-31, 3-41, and 3-43 into Eq.

3-25 and reducing the equation as

1
0= N11 + 5 [(le =+ ng) (03] + Oé,{ (N12 —+ ng)] .

Substituting Eqs. 3-9, 3-19, and 3-29 into Eq. 3-13 yields a Stackelberg derived con-
troller given as

up = —R'BT Kz = —Rile,. (3-44)
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The controller in Eq. 3-44 is subject to the leaders’s input, derived by substituting Eqs.
3-9, 3-20, and 3-29 into Eq. 3-16, given as

up, = —Ryy By Pz = — Ry eo, (3-45)

It is evident from Eqs. 3-35 and 3-40 that the gain matrices Rj;' and Ry, are constrained
by
Q22 + Ry + Ry Ry Ry = 0. (3-46)

In addition, the weights (@, N) impose a penalty on the state vectors given in the cost

functions Eqgs. 3-10 and 3-11 and are subject to the following constraints

0 = Nay + Q22 (3-47)
0= 2 [(Qu+ Q%) o +0f (Qu+@h)] +Qu (348
0= 2 [(Mia+ NE) o1 +af (Noo + NE)] + Nar (3-49)

Based on the open-loop Stackelberg strategy, the derived controller in Eq. 3-44 minimizes
the cost functional given by Eq. 3-10 and is subject to the leaders input in Eq. 3-45

that minimizes the cost functional given by Eq. 3-11. To demonstrate optimality of the
proposed controller, Hamiltonians were constructed in Eqgs. 3-12 and 3-15, and an optimal
control problem was formulated. The costate variables in Eqs. 3-19-3-21 were assumed to
be solutions to the costate equations Eqs. 3-14, 3-17 and 3-18 and gain constraints were
developed. If all constraints in Eqs. 3-46-3-49 are satisfied then the assumed solutions in
Eqgs. 3-19-3-21 satisfy Eqs. 3-12-3-18, and hence are optimal with respect to the residual
dynamics in Eq. 3-9.

Remark 3.1. Since the open-loop strategy for the leader is declared in advance for the
entire game, if the follower minimizes its cost function, then it obtains the follower Stack-
elberg strategy which is the optimal reaction to the declared leader strategy. A drawback

of any open-loop differential game approach is that, due to dynamic-inconsistency (also
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called time-inconsistency [122]), the open-loop strategy does not satisfy the principle of
optimality; i.e., if u}’ (x,t) has been found to be the open-loop strategy for the leader at
t = to and if after an interval of time [to, 1] a re-evaluation of the Stackelberg strategy
is attempted it will, in general, be found that the resulting optimal Stackelberg strategy
ul® (z,t) # ul* (x,t). The open-loop Stackelberg strategy concept assumes a commitment
by the leader to implement its announced strategy. This commitment is for the entire
game, and if the actual interval of the game was different, the committed strategy gener-
ally would not coincide with the Stackelberg strategy for the new interval, but the leader
would be obliged to use the non-optimal strategy (i.e., the game is subgame imperfect).
Existence and Uniqueness of Stackelberg Equilibrium Solution. The exis-
tence of unique Stackelberg equilibria was shown to be tied to the existence of solutions to
certain non-symmetric Riccati equations, which are difficult to solve. In [63] a connection
between solutions of a standard algebraic Riccati equation and a non-symmetric algebraic
Riccati equation were given. The subsequent theorem, given as Theorem 3 in [63], utilizes
the connection between the standard and non-symmetric Riccati equations to define
existence and uniqueness.

Theorem 3.1. If the convexity condition, given by

Ry > 0, Ry > 0, Q >0,
Ryy > 0, N >0,

are satisfied and if there ewists a stabilizing solution X to the non-symmetric algebraic

Riccati equation

A0 AT 0 Q 0
0=X + X+ ~ XGX (3-50)
0 A 0 AT N -Q
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where .

PR Ry 0 0 Bf' 0
1 2
G = Do R 0 Ry O 0 By |
1
Ry 0 Rp 0 BT

then the unique Stackelberg exists and is given by

BT 0
wk R 0 0
=— 0 BI | Xz (3-51)
u 0 Ry 0
0 BT
where z is the solution of the closed-loop equation
A0 20
z= —GX |z 2(0)=
0 A 0
Proof. See Theorem 3 in [63]. O

Its interesting to note that Theorem 3-1 does not depend on the solution to the
Riccati equations, however given the existence of the stabilizing solution X to Eq. 3-50 at

least one stabilizing solution (K, P, S) of the algebraic Riccati equations given by
0=KA+A"K — KB|R;{B{ K — KByRy, B P+ Q" (3-52)
0=PA+ A"P - PB R} BIK — PByRy; By P+ N' — QS (3-53)
0=SA—AS—SB R} BIK — SByR,, B1 P

+ By (Ri))" Ry Ri'BTK — By (R7})" BT'P, (3-54)
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exists. This follows from fact that Im T s Hg-invariant, where I'm () denotes the

X

image operator, and Hy,; is the extended Hamiltonian defined as

A —B R} BT —ByRyy BY 0
-Q —AT 0 0
Hy = )
-N 0 —AT Q
0 —BiRRuR'BI BR}!BI' A

and contains an n-dimensional H-invariant subspace of the form Im (I,xn, ST, K7, PT)T,
which defines the desired solution of Eqs. 3-52-3-54 [63]. If a stabilizing solution exists
for the Riccati equations, imposing additional constraints such as: A is stable and every
eigenvalue in A is (@, A) unobservable, then the solution is unique. However, according to
Chapter 2 of [123], satisfying the two constraints does not admit a stable solution to the
algebraic Riccati equation for the leader and the non-symmetric coupled Riccati equation
defined in Eq. 3-50.
3.4 RISE Feedback Control Development

In general, the bounded disturbance 7,4(t) and the nonlinear dynamics given in Eq.
3-6 are unknown, so the controller given in Eq. 3-7 can not be implemented. However,
if the control input contains some method to identify and cancel these effects, then z(t)
will converge to the state space model in Eq. 3-9 so that uy(t) and up(t) minimizes their
respective performance index. In this section, a control input is developed that exploits
RISE feedback to identify the nonlinear effects and bounded disturbances to enable z(t) to
asymptotically converge to the state space model.

The control input is defined the same as 2-49 in Chapter 2, however for this deriva-
tion player 1 is the follower 7 = 77 and player 2 is denoted as the leader 75 = 7, . Using

the control inputs, the closed loop error system can be derived as

1. 5
Mr = _§M7’+N+ND—€2_(R1_11+Rz_21)7"_ﬂ (3-55)
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In Eq. 3-55, the unmeasurable auxiliary terms N(q, q,q,e1,e2,7), Np(qa,qa, Ga, 44) € R™

are defined as
. ) 1 . - )
N £ —Vm62 — Vmég — §MT + h + a2M€2 + CYQMéQ + e + (Rl_ll + R2_21)O./262,
Np & fy+ 7.

Motivation for grouping terms into N and Np comes from the subsequent stability
analysis and the fact that the Mean Value Theorem, Assumption 3-3, Assumption 3-4, and

Assumption 3-5 can be used to upper bound the auxiliary terms as

|¥| <ol ) (3-56)

I Npll < G, HNDH < (2, (3-57)
where y(ey, e9,7) € R is defined as

y(t) = ey e 1], (3-58)

the bounding function p(||y||) € R is a positive globally invertible nondecreasing function,
and ¢; € R (i = 1,2) denote known positive constants. Based on Eq. 3-55, the control

term p(t) is designed as the generalized solution to
fu(t) = ker(t) + Brsgn(es), (3-59)

where kg, 1 € R are positive constant control gains. The closed loop error systems for r(t)

can now be obtained by substituting Eq. 3-59 into Eq. 3-55 as

1. ~
Mr = —§M’I" + N+ ND — €9 — (Rl_ll + Rg_gl)r - k‘sT - 51&9”(62)' (3760)
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3.5 Stability Analysis

Lemma 3.1. Let O(ey, 1, t) € R denote the generalized solution to

O 2 —rT(Np — Brsgn(es)) O (0) =/ Z |e2:(0)] — e2(0)" Np(0) (3-61)

where ey; (0) denotes the i'" element of the vector ey (0). Provided 3y is selected according

to the following sufficient condition:

b > G+ Ca, (3-62)

Amin (O-/Q)

where (1 and (3 are known positive constants defined in Eq. 3-57, then O(eq,r,t) > 0.
Proof. See [111]. O

Theorem 3.2. The controller given by Eqs. 3—44, 3—45, and 3-59 ensures that all system
signals are bounded under closed-loop operation, and the tracking errors are semi-globally

asymptotically requlated in the sense that
lex@I s eI [r@ =0 as & —= o0 (3-63)

provided the control gain kg in Eq. 3-59 is selected sufficiently large based on the initial
conditions of the system, 51 in Eq. 3-59 is selected according to Eq. 3-62, and oy, oo are

selected according to the sufficient conditions

)\min (Ozg) > 1. (3*64)

N | —

)\min (al) >

Furthermore, up (t) and uy, (t) minimize Eqs. 3-10 and 3-11 subject to 3-9 provided the
gain constraints given in FEqs. 3—46-3—49 are satisfied.

Remark 3.2. The control gain oy can not be arbitrarily selected, rather it is calculated
using a Lyapunov equation solver. Its value is determined based on the value of ), NV,
Ry1, Ro1 and Rag. Therefore O, N, Ri1, Ry and Rs, must be chosen such that Eq. 3-64 is

satisfied.
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Proof. Refer to Theorem 2-4 from Chapter 2. [

Remark 3.3. Similar to LQR design, the state weights (@, N) and input weight R are
designed to regulate the states and inputs to a desired behavior, respectively. The gain
constraints in Eqs. 3-46-3-49 provide a general framework for implementing the controller.
The weights @ and N penalize the state z(¢) and can be chosen sufficiently large to yield
desirable tracking error while the the leader’s control input weight Ry, can be chosen
sufficiently large to yield desirable controller bandwidth. The follower’s control input
weight Rj; is then generated using the chosen gains (), N, and Rys and the constraints in
Eqs. 3-46-3-49.
3.6 Simulation

To examine the performance of the Stackelberg-derived controller proposed in Egs.
3-44, 3-45, and 3-59, a numerical simulation was performed. To illustrate the utility of
the technique a model is described by the Euler-Lagrange dynamics, defined in Chapter 2,
are considered. For the Stackelberg strategy, the follower input is 7= = 71 and the leader
input is 7, = 7. In this framework the inertial and Coriolis effects of the leader are seen
as a disturbance to the tracking objective of the follower. In both strategies, the objective

of both players is to track a desired trajectory given as
ay = qa, = 60sin(2t) (1 — exp (—0.01£%)) ,
and the initial conditions were selected as

q1(0) = g2 (0) = 14.3 deg

¢1 (0) = g2 (0) = 28.6 deg/ sec.
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The weighting matrices for both controllers were chosen as

Q11 = diag {57 5} Q12 = diag {_57 _5}
Q22 = dzag {_57 _5} L12 = dlag {_57 _5}

L22 = dZCLg {5, 5} L11 = d’LCLg {5, 5} y

which using the Stackelberg constraints given in Eqs. 3-46-3-48 yield the values Stackel-

berg gains Ras, Ry1 and Ro, as

The control gains for RISE control element were selected as

ay = diag {5,5}
ay = diag {15, 3.5}
p1 = diag {15,10}

ks = diag {65,25} .

The tracking errors and the control inputs for the RISE and optimal controller are
shown in Figure 3-1 and 3-2, respectively. To show that the RISE feedback identifies the
nonlinear effects and bounded disturbances, a plot of the difference is shown in Figure 3-3.
As this difference goes to zero, the dynamics in Eq. 3-1 converge to the state-space system
in Eq. 3-9, and the controller solves the two player differential game. In addition, Figure
3-4 shows the convergence of the cost functionals for each player.
3.7 Summary

In this chapter, a novel approach for the design of a Stackelberg-based controller was

proposed for a nonlinear Euler-Lagrange system subject to parametric uncertainty and

bounded disturbances. Stackelberg game methods are used to develop tracking controllers
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Figure 3-1. The simulated tracking errors for the RISE and Stackelberg optimal controller.
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Figure 3-2. The simulated torques for the RISE and Stackelberg optimal controller.
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Figure 3-3. The difference between the RISE feedback and the nonlinear effect and
bounded disturbances.
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Figure 3-4. Cost functionals for the leader and follower.
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that minimize cost functionals constrained by a residual uncertain nonlinear system
with multiple inputs. A Lyapunov-based stability analysis is used to prove semi-global
asymptotic tracking of the resulting controller. The inclusion of the RISE structure is an
enabling method to allow the analytical development of a controller that asymptotically
minimizes cost functionals in a Stackelberg game for the uncertain nonlinear continuous-
time Euler-Lagrange system. However, the contribution of the implicit learning RISE

structure is not included in the cost functional, yielding a (sub)optimal result.
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CHAPTER 4
APPROXIMATE TWO PLAYER ZERO-SUM GAME SOLUTION FOR AN
UNCERTAIN CONTINUOUS NONLINEAR SYSTEM

In recent work [102|, an online approximate solution method is developed based on
an approximation of the HJB for the (one player) infinite horizon optimal control problem
of a continuous-time nonlinear systems with partially known dynamics. This approximate
optimal adaptive controller uses two adaptive structures, a critic to approximate for the
value (cost) function and an actor to approximate the control policy. In addition, a DNN
is used to robustly identify the system parameters. The two adaptive structures are tuned
simultaneously online to learn the solution of the HJB equation and the optimal policy.
This chapter generalizes the method given in [102] and solves the two player zero-sum
game problem for nonlinear continuous-time systems with partially known dynamics.
This chapter presents an optimal adaptive control method that converges online to the
solution to the two player differential game. The HJI approximation algorithm considers
a two actor and one critic NNs architecture, where the actor and critic use gradient and
least squares-based update laws, respectively, to minimize the Bellman error, which is
the difference between the exact and the approximate HJI equations. An DNN identifier
learns the system dynamics based on online gradient-based weight tuning laws, while
a RISE term robustly accounts for the function reconstruction errors, guaranteeing
asymptotic estimation of the state and the state derivative. The online estimation of
the state derivative allows the ACI architecture to be implemented without knowledge
of system drift dynamics. The parameter update laws tune the critic and actor neural
networks online and simultaneously to converge to the solution to the HJI equation and
the saddle point policies, while also guaranteeing closed-loop stability. These policies

guarantee UUB tracking error for the closed-loop system.
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4.1 Two Player Zero-Sum Differential Game

Consider the nonlinear time-invariant affine in the input dynamic system given by

T = f(x)+ g (x)u (z)+ g2 () ug (), (4-1)
y = h(x)
e

where z (t) € X C R" is the state vector, u; (z),us () € U C R™ are the control inputs,
and f(x) € R", and g (z), g2 (x) € R™™ are the drift, and input matrices, respectively.
Assume that f (z) and ¢; () and g, (x) are Lipschitz continuous and that f (0) = 0 so
that © = 0 is an equilibrium point for Eq. 4-1.

Bounded L, Gain Problem. The objective of the bounded Ly gain control problem

is to design a control input policy wu; (z) such that

o0

/|]zH2dTE/(hTh+u1Ru1) d7§72/|’lb2”2d7',
0 0

0
for a given v > 0; where R = R” > 0, for all uy € Ly[0,00) when z (0) = 0. The Hy,
control problem is interested in determining the smallest v > 0 , known as ~*, such that
the bounded Ly gain control problem has a solution [65]. This chapter is not interested
in the H,, control objectives, rather it is assumed that ~ is prescribed a priori such that

v > ~* > 0. The value function [124] is given as
V(x,uy,up) = / (hTh +ul Ruy — +? ‘|u2”2) dr,
¢

where R = RT € R™*™ is positive definite. A differential equivalent to the value function

is the nonlinear Lyapunov-like equation

0= h"h +ui Ruy =~ ||us|* + VV (f (2) + g1 () ur () + g2 (2) uz (2)) (4-2)
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where VV £ %—‘; € R™*! is the gradient of the value function. For admissible policies 11, a
solution V' (z) > 0 to Eq. 4-2 is the value for a given uy € Ls [0, 00).

Two Player Zero-Sum Game. For the two player zero-sum differential game, the
infinite-horizon scalar value or cost functional V' (x (t),uy, u) associated with the control

policies {u; = uy (z(s));s >t} and {us = uy (x (s));s >t} can be defined as

V (z) = minmax /too r(z(s),uy (s),us(s))ds, (4-3)

u1 u2

where ¢ is the initial time, and r (z, u;,us) € R is the local cost for the state, and controls,
defined as

r=Q () +ul Rup — y*ud uy. (4-4)

In this differential game, u; () is the minimizing player, and us (x) is the maximizing
player. This two player optimal control problem has a unique solution if the Nash
condition holds

minmaxV (z (0), uy, uz) = maxminV (z (0) , uy, usg) .

The objective of the optimal control problem is to find feedback policies [41] (uf = uy ()
and uj = usy (x)), such that the cost in Eq. 4-3 associated with the system in Eq. 4-1 is
minimized [114]. Assuming the value functional is continuously differentiable, Bellman’s

principle of optimality can be used to derive the following optimality condition

0 = minmax [VV (f (x) + g1 () u1 (z) + g2 (z) ug (x)) + 7 (2, uy, ug)], (4-5)

which is a nonlinear PDE, also called the HJI equation. Given a solution V* (z) > 0 to the

HJI, the local cost given in Eq. 4-4 can be used to form the algebraic expressions for the

optimal control and disturbance inputs from Eq. 4-5 as

1
ul = —§R_191T(x)VV* (4-6)
* 1 *

Uy = WQQT () VV*™. (4-7)
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The closed form expression for the optimal control and disturbance in Eqs. 46 and 4-7,
respectively, obviates the need to search for a feedback policy that minimize the value
function; however, the solution V*(x) to the HJI equation given in Eq. 4-5 is required.
The HJI equation in Eq. 4-5, can be rewritten by substituting for the local cost in Eq.

4-4 and the optimal control policies in Eqs. 4-6 and 4-7, as

0 = Q(m)—l—VV*f(x)—iVV*gl () R gl (z) VV* (4-8)

1
+va*gz (x) g2T () VV* V*(0) =0.

Since the HJI equation is troublesome to solve in general, this chapter considers an
approximate solution. The HJI in Eq. 4-8 may have more than one nonnegative definite
solution. A nonnegative definite solution V is such that there exists no other nonnegative
definite solution V' such that V, () >V (x) > 0. In [41], the system is in Nash equilibrium
with a value given as V, (x (0)) and a saddle point equilibrium solution (uj,u}) among
strategies in Ly [0, 00), if V, is smooth and a minimal solution to the HJI and the system
is zero state observable. Moreover, the closed-loop systems f (z) + giuf + gou} and

f (z) + giu} are locally asymptotically stable. It is proven in [41], that the minimum
nonnegative definite solution to the HJI is the unique solution for which the closed-

loop system f (x) + giuj + goul is asymptotically stable. In [65] it was shown that the
HJI equation has a local smooth solution V' (x) if the system f (z) + giu; is locally
asymptotically stable and u; (x) yields the Ly gain of Eq. 4-1 < ~. From this it can be
shown that V, (x) is also the minimal nonnegative solution to the HJI. The work in [65]
also shows that for a given 7, where V () > 0 is smooth and is the solution to Eq. 4-8
and the system in Eq. 4-1 is zero state observable, then the system in Eq. 4-1 has a L,
gain < « and the optimal control u} in Eq. 4-6 solves the Ly gain problem and yields the
equilibrium point locally asymptotically stable. Moreover, yielding the optimal control

as uj (t) € Lo[0,00). It is evident that both the Ly gain problem and the zero-sum game

problem are dependent on the solution to the HJI.
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Existence of solution to the HJI. While in general global solutions to the HJI in
Eq. 4-8 may not exist, a local existence proof was given in [65]. The work in [65] proposes
that for a given +, if the system is zero state observable, and there exists a control policy
uy () such that locally the system has a Ly gain < v and the system is asymptotically
stable, then there is a neighborhood €2, € R" of the origin on which there exists a smooth
solution V (z) > 0 to the HJI equation in Eq. 4-8. Furthermore, the control yields the L,
gain < ~ for all trajectories originating at the origin and remaining inside €2,. Moreover,
if they do, they may not be smooth. For a discussion on viscosity solutions to the HJI,
see |55,125].

4.2 HJI Approximation Algorithm

This chapter generalizes the ACI approximation architecture to solve the two player
zero-sum game for Eq. 4-8. The ACI architecture eliminates the need for exact model
knowledge and utilizes a DNN to robustly identify the system, a critic NN to approximate
the value function, and an actor NN to find a control policy which minimizes the value
functions. This section introduces the ACI architecture for the two player game, and
subsequent sections give details of the design for the two player zero-sum game solution.

The Hamiltonian H (x, VV,uy,us) of the system in Eq. 4-1 can be defined as
H=r+VVF,, (4-9)

where VV is the Jacobian of the value function V (), F, (x,uy, us) 2 f (x) + grus + gous €
R"™ denotes the system dynamics, and r (x,uy, uz) = Q () + uf Ruy — y*uluy denotes the
local cost. The optimal policy in Eq. 4-6 and the associated value function V* (x) satisfy
the HJI equation

H (x, VV* ul,u}) = r (z,u],uy) + VV*F, = 0. (4-10)
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Replacing the optimal Jacobian VV* and optimal control policy u] and disturbance input

uj by estimates VV, iy, and 1y respectively, yields the approximate HJI equation
H (m Vi, a2> = 7 (x, 1, 1s) + VVF,. (4-11)

It is evident that the approximate HJI in Eq. 4-11 is dependent on the complete knowl-
edge of the system. To overcome this limitation, an online system identifier replaces the

system dynamics which modifies the approximate HJI in Eq. 4-11,
H (x &, VV, i, aQ) = (2,4, 1) + VVEy, (4-12)

where [} is an approximation of the system dynamics F. The error between the optimal
and approximate HJI equations in Eqs. 4-10 and 4-12, respectively, yields the Bellman

residual error dpj, (x, Z, Uy, Us, VV) defined as
g 2 H (2,2, Vi, ) = H (2, 9V, 0, u3) (4-13)

However since H (x, VV* uf, u3) = 0 then the Bellman residual error can be defined in a
measurable form as

Sy = H (x YV, i, ag) .
The objective is to update both @1 and @y (actors) and V (critic) simultaneously, based on
the minimization of the Bellman residual error ;. All together the actors 4, and s, the
critic V' and the identifier F;; constitute the ACI architecture. To facilitate the subsequent
analysis the following assumptions are given.
Assumption 4.1. Given a continuous function h : S — R", where S is a compact simply
connected set, there exists ideal weights W,V such that the function can be represented by
a NN as

hiz)=WTo (V'z) +e(z),

where o (-) is the nonlinear activation function and € (x) is the function reconstruction

error.

72



Assumption 4.2. The NN activation function o (-) and their time derivative o’ () with
respect to its argument is bounded i.e. ||o|| < & and ||o’|| < o’.
Assumption 4.3. The ideal NN weights are bounded by a known positive constant [126]
e W[ <W and ||V|| < V.
Assumption 4.4. The NN function reconstruction errors are and its derivative is
bounded [126], i.e. ||| < & and ||¢'|| < €.
4.3 System Identification

For the dynamics given in Eq. 4-1, the following assumptions about the system will
be utilized in the subsequent development.
Assumption 4.5. The input matrices g, (x) and go (x) are known and bounded i.e.
g1l < g1 and ||g2|| < Go where g1 and go are known constants.
Assumption 4.6. The inputs u; and us are bounded i.e. uy,us € L.

Using Assumption 4-1, the nonlinear system in Eq. 4-1 can be represented using a

multi-layer NN as
T = Fu (SC, Uy, 'LLQ) = WJTO'f (VfT.CC> -+ Er (.T) + %1 (.73) uy + gs (.T) Ua, (4*14)

where W; € RMrTxn 1. ¢ R™Nr are unknown ideal NN weight matrices with Ny
representing the neurons in the output layers. The activation function is given by oy =
o (Vfo) € RN/ and € (z) € R" is the function reconstruction error in approximating
the function f (z). The proposed multi-layer dynamic neural network (MLDNN) used to

identify the system in Eq. 4-1 is
T = Fu (ZE, j:7u17 u2) = Wféf + g (l’) U + g2 (ZE) Uz + W, (4715>

where # (t) € R" is the state of the MLDNN, W, € RNs+1xn 7. € R™*Ns are the estimates

of the ideal weights of the NNs, and p (t) € R™ denotes the RISE feedback term defined as

p=k(Z(t)—7(0)+v, (4-16)
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where measurable identification error Z (t) € R” is defined as
P& r— 7, (4-17)
and v (t) € R" is the generalized solution to
i = (ko + ) 5+ frsgn (5),  v(0) =0,

where k, a, 7¢ f1 € R are positive constant gains, and sgn (-) denotes a vector signum
function. The identification error dynamics are developed by taking the time derivative of

Eq. 4-17 and substituting for Eqs. 4-14 and 4-15 as

i =F, (z, 2, u1,uz) = Wioyp— W?&f +ep(x) — p, (4-18)

~

where F), (2, Z,u1,uz) = Fy (x,u1,u2) — Fy (x,Z,u1,uz) € R™. A filtered identification error
is defined as

r2 14 af. (4-19)

Taking the time derivative of Eq. 4-19 and using Eq. 4-18 yields

i =Wl Vie —Wle —W]e,\Vie —We\ Ve +ép(x) — kr — y;% — Bisgn(@) + ax.
(4-20)

The weight update laws for the DNN in Eq. 4-15 are developed based on the subsequent

stability analysis as
Wf = proj(wa6}VfojT), Vf = proj(FUfijWf6}), (4-21)

where proj(-) is a smooth projection operator [127], [128], and I,y € REFFIXE 1T o €
R™™ are positive constant adaptation gain matrices. Adding and subtracting W} 6}‘7fo—|—

%W?&}Vfﬁ', and grouping similar terms, the expression in Eq. 4-20 can be rewritten as

# = N 4 Npy + Npy — kr — YT — Prsgn(), (4-22)
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where the auxiliary signals, N(m,f,r, Wf, Vf,t), Npi(z, z, Wf, Vf,t), and NBQ(A, z, Wf, Vf,t) €

R" in Eq. 4-22 are defined as

~ . i ~ X 1 P 1 . .
LA % A T At - T A s T A ~
1 ~ 1.
Np & WioVie = SWioiVia — SWEoiVia +€4(x), (4-24)
N TR [ Sy
Nps & 3 Fo Vi + §WfTJ} (2 (4-25)

To facilitate the subsequent stability analysis, an auxiliary term Npo(Z, &, Wf, Vf, t) € R”
is defined by replacing #(t) in Ngy(-) by @(t), and Npy(&, Z, Wy, Vi, 1) £ Npo(-) — Npa(-).
The terms Np;(-) and Npy(-) are grouped as Ng = Np; + Npy. Using Assumptions

4-2, 4-3, 4-4, and 4-6, Eqgs. 4-19 and 4-21, 4-24 and 4-25 the following bounds can be

obtained
(N EACEDIER (4-26)
INaill < G N2l < o || N[ < G+ Cama(lzD 1121 (4-27)
|7 Mo | < G5 121 + o P, (4-28)

where z £ [:I:T rT}T € R*, pi(+), p2(-) € R are positive, globally invertible, non-decreasing
functions, and (; € R, ¢ = 1,...,6 are computable positive constants. To facilitate the
subsequent stability analysis, let D C R*"*2 be a domain containing y(t) = 0, where
y(t) € R**2 is defined as

y2 | " VP Q)" (4-29)
where the auxiliary function P(t) € R is the generalized solution to the differential

equation [129]

P=-L, P(0) = f1 ) |2:(0)] — & (0) Np(0), (4-30)
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where the auxiliary function L(t) € R is defined as
L2 (Np1 — Bisgn(@)) + 2" Npz — Bapa(||2]) 2] 121l (4-31)

where 1,32 € R are chosen according to the following sufficient conditions, such that

P(t) >0

B> max(G + G, Gt ), B> G (4-32)

The auxiliary function Q(W;, V) € R in Eq. 4-29 is defined as
1 o e
Qs & o |r(WT LWy + (VI T,}Vp)]

where tr(-) denotes the trace of a matrix.
Theorem 4.1. For the system in Eq. /-1, the identifier developed in Eq. 4—15 along with
its weight update laws in Eq. /-21 ensures asymptotic identification of the state and its

derivative, in the sense that

lim [|Z(t)| =0  and  lim ||Z(¢)|| =0,

t—o0 t—00

provided Assumptions 4-4 through 4-6 hold, and the control gains k and ~y; are chosen
sufficiently large based on the initial conditions of the states' , and satisfy the following
sufficient conditions

vy > Gs, k> e, (4-33)

where (5 and (g are introduced in Eq. 4—28, and (1, Pa introduced in Eq. 4-31, are chosen

according to the sufficient conditions in Eq. }-32.

1 See subsequent stability analysis.
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Proof. Let Vi(y) : D — R be a Lipschitz continuous regular positive definite function

defined as

1 1
7= ErTr + Wf:i% + P+ Qy, (4-34)

which satisfies the following inequalities:
U(y) < Vily) < Ua(y), (4-35)
where Uy (y), Ua(y) € R are continuous positive definite functions defined as
U2 Smin(Log) U & mac(1, ) ol

From Eqs. 4-18, 4-21, 4-22, and 4-30, the differential equations of the closed-loop
system are continuous except in the set {y|z = 0}. Using Filippov’s differential inclusion
[116, 118], the existence of solutions can be established for §y = f(y), where f(y) €
R2"+2 denotes the right-hand side of the the closed-loop error signals. Under Filippov’s
framework, a generalized Lyapunov stability theory can be used ( [119-121] for further
details) to establish strong stability of the closed-loop system. The generalized time
derivative of Eq. 4-34 exists almost everywhere (a.e.), and V;(y) €*¢ f/j(y) where
fi= N exl i Leie lota]
£€0Vi(y) 2 2
where 0V} is the generalized gradient of V7 [119], and K] is defined as [120,121]
KIflw) 2 () () @f(Bly,6) - M),
§>0 pM=0
where [ denotes the intersection of all sets M of Lebesgue measure zero, ¢o denotes

uM=0
convex closure, and B(y,d) = {z € R*"?| ||y — z|| < &}. Since V7 (y) is a Lipschitz
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continuous regular function,
- ol a1 5"
Vi =VV'K [rT " FPer §Q2Q]
1 T
— | " 2Pt 203 | K {T i SPTEP S Lo Q} .

Using the calculus for K[-| from [121], and substituting the dynamics from Eqs. 4-22 and
4-30, yields

Vi CrT(N + Npy 4 Npy — kr — B K [sgn(%)] — v4%) + 7527 (r — aF) — T (N — f1K[sgn(z)])
- 1 -
= & Nz + Bapa(l2ID) I 131 = o [or(WFTL 00 + e (VT V)]
| 8 e 1 . s
~T - T T ~T1i,T ~ A ~T 15T A A, AT
=—ay@ T —kr'r+r"N+ e Wi o Vi a+ P W36 Vi 242" (N2 — Npa)

- 1 = I 1
+ Bapa([l2]) [I2]] ||x|\—§04t7’(W o4 Vi 1t T)—gaﬂ‘(vf w1z Wieh), (4-36)

where Eq. 4-21 and the fact that (r7 —77);SGN(%;) = 0 is used (the subscript i denotes
the i'" element), where K[sgn(#)] = SGN(Z) [121], such that SGN(7;) = 1if &; > 0,
[—1,1] if # = 0, and —1 if #; < 0. Canceling common terms, substituting for & = k; + ky
and 7 £ 4, + 79, using Egs. 4-26, 4-28, and completing the squares, the expression in Eq.

4-36 can be upper bounded as

pr(llz))? 5zpz(HZH)

2
1o e+ R

Vi < —(am — G) 1F]° = (b — Go) 171 + =7, (4-37)

Provided the sufficient conditions in Eq. 4-33 are satisfied, the expression in Eq. 4-37 can

be rewritten as

: (H ||)
Vi < =Azll” + = |2l

< -U(y) Yy € D, (4-38)

where A £ min{am — G, k1 — G}, p(l12ID? = pr(lI2ID? + p2(l1211)%, 0 = min{ks, G2}, and

U(y) = c||z||”, for some positive constant ¢, is a continuous, positive semi-definite function
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defined on the domain

D2 {y(t) e B |y < o™ (2v/An) |

The size of the domain D can be increased by increasing the gains £ and . The result in
Eq. 4-38 indicates that V;(y) < —U(y) ¥V Vi(y) €% f/l(y) Vy € D. The inequalities in
Eqgs. 4-35 and 4-38 can be used to show that V;(y) € L., in D; hence, Z(t),r(t) € L in
D. Using Eq. 4-19, standard linear analysis can be used to show that 2(t) € L., in D, and
since #(t) € Loo, #(t) € Lo in D. Since Wy(t) € Lo from the use of projection in Eq.
4-21, 64(t) € Lo from Assumption 4-6, and u(t) € L from Assumption 4-2, u(t) € Lo
in D from Eq. 4-15. Using the above bounds and the fact that ¢(t),&(t) € Lo, it can be
shown from Eq. 4-20 that 7(t) € L in D. Since &(t),r(t) € Lo, the definition of U(y) can

be used to show that it is uniformly continuous in D. Let S C D denote a set defined as

s 2 {une Dl v < (7 (2vm)) '} (4-39)

The region of attraction in Eq. 4-39 can be made arbitrarily large to include any initial
conditions by increasing the control gain 1 (i.e. a semi-global type of stability result), and
hence

cllz]|> =0 as t—oo  Vy(0)eS,

and using the definition of z(¢) the following result can be shown

1z [|z@)]||, el — 0 as t—oo  Vy(0)eS.
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4.4 Actor-Critic Design
Using Assumption 4-1 and Eq. 4-6, the optimal value function and the optimal

controls can be represented by NNs as

Vi) = W) +o(a), uile) = —5R T (@) (6@ W +<(@), (4-40)
1

uy() = 2—,y29§($) (¢'(2)"W + &' (2)

where W € RY is the unknown ideal NN weight, N is the number of neurons, ¢(z) =
(p1(z) Pa(z). .. on(x)]T € RY are smooth NN activation functions, such that ¢;(0) = 0
and ¢;(0) = 0 ¢ = 1...N, where ¢’ (-) denotes the first time derivative of the activation
functions, and £(-) € R is the function reconstruction errors.
Assumption 4.7. The NN activation function {¢;(x) : j = 1...N} are chosen such that
as N — oo, ¢(x) provides a complete independent basis for V*(z).

Using Assumption 4-7 and Weierstrass higher-order approximation theorem, both
V*(x) and VV* can be uniformly approximated by NNs in Eq. 4-40, i.e. as N — oo,
the approximation errors (z), '(z)— 0, respectively. The critic V(z) and the actor i(z)

approximate the optimal value function and the optimal controls in Eq. 4-40, and are

given as
Vi) = Wioa), i (r) = 5 R gl ()0 () Wi (4-41)
1 o
iy () = 2—729§($)¢'($)TW%7

where W,(t) € RN and Wi, (t), Waa(t) € RV are estimates of the ideal weights of the
critic and actor NNs, respectively. The weight estimation errors for the critic and actor are
defined as W,(t) £ W — W.(t) and Wi, (t) 2 W — Wiu(t), for i = 1,2 respectively. The
actor and critic NN weights are both updated based on the minimization of the Bellman

error dp;(+) in Eq. 4-12, which can be rewritten by substituting V from Eq. 4-41 as

5hjb = WCTQS/FQ + T(.Z’, ﬁl; /aZ) = WCTW + T(.T, &17 ﬁ?)a (4742)
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where w(z, 1, 1o, 1) = ¢'F; € RV is the critic NN regressor vector.

Least Squares Update for the Critic. Consider the integral squared Bellman

A

error E.(W,(t),t)

t

E, = / 8o (T)dT. (4-43)

0

The LS update law for the critic Wc(t) is generated by minimizing the total prediction

error in Eq. 4-43

t
8?6 = 2/5hjb(7—) aa}fjb(T) dr=20
0 OW,(T)

C

-1
which gives the LS estimate of the critic weights, provided the inverse ( fot w(T)w(T)T dT)
exists. The recursive formulation of the normalized LS algorithm [130] gives the update

laws for the critic weight as

2 w

W, = —nJo—=—ni, 4-44
I 1+ vl w hb ( )

-1
where v, 7, € R are constant positive gains and I'.(t) = <f0tw(7')w(7')T d7'> e RN is a
symmetric estimation gain matrix generated by

wwt

IHc = - CFC—FC;
l 14+ vl w

Fc(t;’—) = Fc(o) = 90017 (4745>

where ¢ is the resetting time at which A\, {Te(t)} <1, and @9 > ¢; > 0. The
covariance resetting ensures that I'.(¢) is positive-definite for all time and prevents
arbitrarily small values in some directions, making adaptation in those directions very slow

(also called the covariance wind-up problem) [130]. From Eq. 4-45 it is clear that I, <0 ,
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which means that the covariance matrix I'. (¢) can be bounded as follows
el < Te<pol (4-46)

Gradient Update for the Actor. The actor update, like the critic update in
Section 4.4, is based on the minimization of the Bellman error éy;,(-). However, unlike the
critic weights, the actor weights appear nonlinearly in d,;,(+), making it problematic to
develop a LS update law. Hence, a gradient update law is developed for the actor which

minimizes the squared Bellman error E,(t) £ 075, whose gradients are given as

0E,

s = (Wi = W)TdGL () b, (4-47)

la

aEa T TNT o/ nNT

8W - _(W2a + WC) ¢ G2 (¢ ) 6hjb7 (4748>
2a

where G1 £ g1 R7'gl € R™™ and Gy £ v 2g,g4 € R™" are symmetric matrices. Using

Eq. 4-47, the actors NNs are updated as

: o -Tiia . . . R

Wi, = proj {;¢/Gl (¢/)T (Wla - Wc)5hjb - Fl2a(W1a - Wc)} ) (4*49)
14+ wlw

2 . _P a a a ~ A

Waq = proj {#WGE (@) (Waq + We)dnjp — Taza(Waa — Wc)} ; (4-50)
1+ wlw

where T'j1,4, Ting € R for i = 1,2 are positive adaptation gains, and proj{-} is a projection
operator used to bound the weight estimates [127], [128]. Using the Assumption 4-3

and the projection algorithm in Eq. 4-49, the actor NN weight estimation error can be
bounded as

lea

< K1, HWZa

S /4'27 (4751>

where k1, ko € R is some positive constant. The first term in Eq. 4-49 is normalized
and the last term is added as feedback for stability (based on the subsequent stability

analysis).

82



4.5 Stability Analysis
The dynamics of the critic weight estimation error Wc(t) can be developed using Egs.

4-9-4-12, 4-42 and 4-44, as

< w
WC - CFC—
fleteq + vwIT w

AW (g1(n — ui) + galiia — uh)) — Y2ud s +v2uy bl .

—WTw - WT¢Fy+ —'Fye + 07 Ry — ul Rut  (4-52)

Substituting for (uj(z),us(x)) and (4, (z), ts(z)) from Eqgs. 4-40 and 4-41, respectively, in
Eq. 4-52 yields

I/T/vc = _ncrcwquWc“—nch

1
4

~ 1 -~ 5
TIZFFZLMﬂW%+ZWﬁWQW%%a (4-53)

- o
Wi ¢/ Gag Wag — 16’ (Gy — Gy) e — g’Fu*} ,

where () = () € RY is the normalized critic regressor vector, bounded as
V1+rw(t)TTe(w(t)

1
N

where ¢ is introduced in Eq. 4-46. The error systems in Eq. 4-53 can be represented as

1Y) < (4-54)

the following perturbed systems
W. = Q+A, (4-55)

where Q(WC, t) = —nLptpTW, € RN denotes the nominal system, and

Nl cw

Alt) & ——
*) 14+ vwIT w

- 1. .
~WTFy ot WG G Wi
1~ - 1
+ZW§1¢IG2¢/TWQQ - ZEI (G1 — Gg) éJT — E/Fu* s
denotes the perturbations. Using Theorem 2.5.1 in [130], it can be shown that the nominal

systems

I/T/C = _ncrc¢¢TW0a (4756)
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are exponentially stable, if the bounded signals ) is PE; i.e.

to+6
uﬂzu/wﬁWﬁFMZuﬂ Vto > 0,
to
where 111, 12,0 € R are some positive constants. Since Q(WC, t) is continuously differen-
tiable and the Jacobian (f—vg[}c = —nJL T is bounded for the exponentially stable system
Eq. 4-56 the converse Lyapunov Theorem 4.14 in [131] can be used to show that there

exists a function V, : RY x [0, co) — R, which satisfies the following inequalities

2

We

We

C1

v, AV, - .
QW t) < —ea || W,
ot oW QWe,t) < C?’H ¢

C

2 ~
< Ve(We,t) < o

2

(4-57)

o

§C4HWC

Y
C

for some positive constants ¢y, co, c3, ¢4 € R for i = 1,2. Using Assumptions 4-1 through
4-3, and 4-5 through 4-7, the projection bounds in Eq. 4-49, the fact that F,- € L., (since
(uj(x),us(x)) is stabilizing), and provided the conditions of Theorem 4-1 hold (required

to prove that £, € L), the following bounds are developed to facilitate the subsequent

stability proof

HWM < K1 Waa|| < ka, (4-58)

. . 1~ .
leTa /G1<Z5/TW1a + ZWg; IG2¢/TW2a < K3a,
~ 1
H—WTQb,Fﬁ — 15/ (Gl — Gg) éJT — €/Fu* S K3p,

1 T T % T %
H§ (WTgb, + 5/) ((Gl + GQ) 5/ + G1¢, Wla + G2¢/ W2a> S Ry,

where k3 £ K3, + k3, and kj € Rfor j =1,...,6 are computable positive constants.

¢'Gro” @G || < kg,

< Ks ’

Theorem 4.2. If Assumptions 4-1 through 4-7 hold, the regressors ¥(t) = =

A/ 14+wTT w

1s PE, and provided Eq. 4-32, Eq. 4-33 and the following sufficient gain conditions are
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satisfied

K
c3 > iiakiks + Tatakake, [90q > f;

where I'114, U214, 224, €3, K1, Ko, K5 and kg are introduced in FEqs. 4-49, 4-57, and 458,
then the controller in FEq. 4—41, the actor-critic weight update laws in Eqs. 4—44-4—45 and
449, and the identifier in Eqs. /—15 and 4-21, quarantee that the state of the system x(t),

and the actor-critic weight estimation errors Wig(t), Wae(t) and We(t) are UUB.

Proof. To investigate the stability of the the system Eq. 4-1 with control (4, 4s), and
the perturbed system Eq. 4-55, consider V7, : X x RY x RY x RN x [0,00) — R as the

continuously differentiable, positive-definite Lyapunov function candidate, given as
5T TR A 1 i Loz s Loz s
VL(CL', Wc> Wlaa W2aa t) =V ({lf) + ‘/C(ch t) + §W1awla + EWQanM

where V*(x) (the optimal value function for Eq. 4-1), is the Lyapunov function for Eq.
4-1, and VC(WC, t) is the Lyapunov function for the exponentially stable system in Eq.
4-56. Since V*(x) are continuously differentiable and positive-definite from Eq. 4-3,
from Lemma 4.3 in [131], there exist class K functions a; and «as defined on [0, 7], where

B, C X, such that

a([lz]) < V() < ax(flzl]) Vo€ B, (4-59)

Using Eqs. 4-57 and 4-59, V(z, Wia, Waa, t) can be bounded as

2+% (HVT/M 2)
2+% (HVVla 2)

ar([lz]) + ex || We

IN

2 ~
+ HWQa VL7

2
+

We

as(|[z]]) + e Wa,

AV

Vi

which can be written as
ag([[w])) < Vi(e, Wia, Wag, t) < au((Jwl])  Vw € B,
where w(t) £ [z(t)T W,(t)T Wia(t)T Waa(t)T]T € R*3N | ag and ay are class K functions

defined on [0, s], where B, C X x RY x RY x RY . Taking the time derivative of Vy(+)
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yields

V. V. . v
+ ——0
o oW,

Ve = VYV (f+ gl + gatln) + A (4-60)

RPN =
—WiWia — W5, Waa,

a

where the time derivative of V*(-) is taken along the the trajectories of the system Eq.
5-16 with control inputs (4;(+), 42(+)) and the time derivative of V.(+) is taken along the
along the trajectories of the perturbed system Eq. 4-55. Using the HJI equation Eq. 4-10,
VV*f = —VV* (gu} + goul) — Q(x) — ut Rut + 23 wh. Substituting for the VV* f terms
in Eq. 4-60, using the fact that VV*g; = —2u’{TR and VV*gy = 272u§T from Eqs. 46
and 4-7, and using Eqs. 4-49 and 4-57, 4-60 can be upper bounded as

: ~2
VL < —-Q — u’{TIi’wlk + 'yuzTug —c3 ||We (4-61)

e || 1A+ 2ut” Rlut — @) = 2973 (w5 — i)

T I a / / T 2 S a
+ WL {%aﬁ G (¢")" (Wig — We)dhjp + Tina(Wig — wa}

+ wlw

+ wlw

I I a / / T T z 2
+ W2’1(; {%(é G2 (¢ )T (WQa + Wc)dhjb + F22a(W2a - Wc):| .
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Substituting for w*, i, dpj, and A using Eqs. 4-6, 4-7, 4-41, 4-52, and 4-55, respectively,
and using Eqs. 4-46 and 4-54 in Eq. 4-61, yields

2 1 -
(e o) [

-+ % (WT¢/ -+ 81) ((Gl -+ Gg) €/T -+ Gl(b/TWla + G2¢/TWQG>

2 2

&' Gog" — Tig0 [[Wia (4-62)

Vi <—Q—cs HWC

4 NcPo
2,/vq
1

—ZEI (Gl — Gg) €IT — &JFu*

L1 P -
WY Fy o Wi/ Grg Wia + W Gad” W,

+

|

Ty - N N . N
T ﬁw@&aﬁﬁ(m W) (—WCT w—WTYE,
1~ . J = 1
—|—ZW1:Z ‘G Wiy + ng;gb/Gng'TWza _ Z‘E/ (G — Gy e — 5’Fu*)

Ty - L . .
n ﬁwﬁ'@qﬁ”(—m W + 2W) (—WCT w—WTHFE,

1~ . J < 1
+ZW1TG¢’G1¢’TWM 4 ng;gb'azqsﬁwga - Zs’ (G — Go) e — 5’Fu*)

Wla + T2, W2a

) |

+ <F12a

Using the bounds developed in Eq. 4-58 and Assumption 4-3, Eq. 4-62 can be further

upper bounded as

2 2

I/T/c - F12(1 Wla

Vi < —Q — (¢35 — T'y1ak1k5 — Darakioks)

1 -
- <F22a - 156) HWQa

+ Diiaktksks 4 Tatg (KT + 2W) Keks + Ka,

2 -
+\I/HWC

where

C4T)c
y & v kg + (Ti1aki ks + Darakiokic) w3 + Tiiakiks
2\/vpq

+T 214 (K1 + 2W) K1k5 + Tigakin + Daggkia.
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Provided c3 > I'114k1K5 + Da1akoke and 4195, > kg, and completing the square yields

. 2
Vi < —Q — (1 —61)(c3 — 'i1ak1ks — Dargkoke)

2 1 N 2
- (F22a - z_l"%) HW2a

\112

491(03 —I'igkiks — F21a/<v'2f‘€6)

(4-63)

¥

- 1—\12(1 I/T/vla

+

+ Di1akksks + Dotg (li% + 2W) Keks + Ka,

where 6; € (0,1). Since Q(x) is positive definite, according to Lemma 4.3 in [131], there

exist class K functions a5 and ag such that
as([[w]) < F([w]) < as(lw])  Vwe B, (4-64)

where

2
F(lwl) = Q-+ (1—61)(cs —iakiks — Dorakiake) HWC

1
+ (F22a - Z%)

Using Eq. 4-64, the expression in Eq. 4-63 can be further upper bounded as

2

o2
Waa|l +T'2e ||[Wia

Vi < —as([Jwl) + A

where

U2 ) , B
A= 401 (cs — Tiiakiks — Dorakoks) + Tiakihiskis + Dot (“1 + QW) Kehz + Fa,

which proves that V(-) is negative whenever w(t) lies outside the compact set
Qu = {w:|w| <as'(A)}, and hence, ||w(t)|| is UUB, according to Theorem 4.18
in [131]. O

Remark 4.1. Since the actor, critic and identifier are continuously updated, the developed
RL algorithm can be compared to fully optimistic policy iteration (PI) in machine

learning literature [87], where policy evaluation and policy improvement are done after
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every state transition. This differs from traditional PI, where policy improvement is
done only after the convergence of each policy evaluation step. Convergence behavior of
optimistic PI is not fully understood, and by considering an adaptive control framework,
this result investigates the convergence and stability behavior of fully optimistic PI in
continuous-time. The requirement of PE condition in Theorem 4-2 is equivalent to the
exploration paradigm in RL which ensures sufficient sampling of the state space and
convergence to the optimal policy [2]. The theorem shows that the PE condition is
needed for proper identification of the value function. The theorem makes no mention of
finding the minimum non-negative definite solution to the HJI. However it does guarantee
convergence to a solution (uq,uy) such that the dynamics in Eq. 4-1 are stable. This is
only accomplished by the minimal non-negative definite HJI solution.
4.6 Convergence to Nash Solution

In addition to establishing convergence of the actor and critic weights, it is prudent
to also consider the convergence of the control strategies to the saddle point Nash equilib-
rium. The subsequent analysis demonstrates that the actor and critic NN approximations
converge to the approximate HJI equation in Eq. 3-15. It can also be shown that the
approximate controllers in Eq. 4-41 approximate the optimal solutions to the two player
Nash game for the dynamic system given in Eq. 4-1. To facilitate the subsequent analysis
the following assumption is made.
Assumption 4.8. For each set of admissible control policies, the HJI equation Eq. 4-8
has a locally smooth solution V (x) > 0,Va € Q,, where Q, is the set described in Section
4.1. On Q, C R", f(-) is Lipschitz and bounded by || f|| < cf||z||, where c¢; € R is a
positive constant.
Theorem 4.3. Given that the Assumptions and sufficient gain constraints in Theorem 4-2

hold, then the actor and critic NNs converge to the approzimate HJI solution, in the sense

that the HJIs in Eq. 4-11 are UUB.
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Proof. Consider the approximate HJI in Eq. 5-13 and after substituting the approximate

control laws in Eq. 5-19 yields

H (ZE,VV,’&l,lAQ) = TQ‘I'V‘A/F{L
1
= Q)+

T ’ J / /T3 T 2
+WCT¢ f(z) - §WCT¢ <G1¢ Wi, — Gaog' W2a> .

A A 1.+ A
Wiad/' G9! Waa — Wi/ Gag” Wa,

After adding and subtracting (WTgb’ + 5’) f=- (WTQS’ + 5’) (rui + goud) — Q(z) —

wt” Rut +~2uf u} and substituting for the optimal control law in Eq. 5-18 as

H = W6 —f + Whe'Cio Wi — (W7 H G W (465)
WL Ca Wiyt SW TG oW
WIS (o e — God T,
+% (WT¢' + &) (Gy — Ga) ¢ W + %a’ (Gy — Go) e (4-66)

Substituting the NN mismatch errors Wc(t) LW — Wc(t) and T/T/}a(t) LW — Wia(t), for

1 = 1,2 respectively into 4-65,

. 1~ . 1 T
H = —-WI¢'f(z)—£&f+ ZWﬂd)’quﬁ’ Wia + 15’ (G, — Gy) ¢ (4-67)
1
4
1~ T 11 15 T3 1 / /T
— WIS (G1¢ Wiy = God " Waa ) + 5/ (G = Ga) W

. ST T -
W ¢/ Gog Way + §WCT¢ (G1—Ga) o W

Using the bounds developed in Eq. 4-58, Assumption 4-2 through 4-4 and Assumption

4-8, Eq. 4-67 can be upper bounded as

IHI < (erd ol 4+ s (W + 1) + 6 (W 4+ 12)) || W

+ elcy ||| (4-68)

- 2 ~ 2 _ _ _
s [ W = s [ W]+ 211G = Goll (6 + 2.

Using the Assumptions and Theorem 4-2, it is easy to see that all terms to the right of the

inequality are UUB, therefore the approximate HJI is also UUB. O]
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Theorem 4.4. Given that the Assumptions and sufficient gain constraints in Theorem
4-2 hold, the approximate control laws in Eq. 4—41 converge to the approximate Nash

equilibrium solution of the zero-sum game.

Proof. Consider the control errors (i, uy) between the optimal control laws in Eqs. 4-6

and 4-7, and the approximate control laws in Eq. 4-41 given as
~ A * ~ ~ A * N
Uy = Uy — Uq, Ug = Uy — U2.

Substituting for the optimal control laws in Eqs. 4-6 and 47, and the approximate

control laws in Eq. 4-41 and using Wm(t) 2, — Wm(t) for 1 = 1,2, yields

1 B
i = —5Ritgld (Wi + ) (4-69)
) 1 ;

Uy = 2—/y2gg¢/ <W2a + 5/) .

Using Assumptions 4-1 through 4-4, Eq. 4-69 can be upper bounded as

_ 1 o s _
[l < Shmin (B 26" (||Wa]| +21)
- 1 _ - ~ _

las| < 2—7292(,15’ <HW2¢1 + 6’2) :

Given that the Assumptions and sufficient gain constraints in Theorem 4-2 hold, then
all terms to the right of the inequality are UUB, therefore the control errors (4, iy) are
UUB and the approximate control laws (u;,@2) give the approximate Nash equilibrium

solution. []

4.7 Simulation

The following nonlinear dynamics are considered in [107,108, 132]

= f(x)+ g1 (x)ur () + g2 (z) ug (),
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where

—T1 + X9
fl) = 2 2
—a% — a3 + Lo (cos (222) +2)” — #332 (sin (4z1) + 2)
- T T
g (r) = 0 cos(2xs) + 2 ] g2 (x) = [ 0 sin(4xy) + 2

The initial state is given as x (0) = [3, —1]T and the local cost function is defined as
r = 27Qr +uj Ruy — v*uj ug

where

R = L, 72 =3, Q:H2><2-

The optimal value function is

1 1

and the optimal control inputs are given as
u; = — (cos (2x1) + 2) 22, uy = = (sin (4z1) + 2) za.

The activation function for the critic NN is chosen as
¢={x% x% :70‘1l :70%17

while the activation function for the identifier DNN is chosen as a symmetric sigmoid with

5 neurons in the hidden layer. The identifier gains are chosen as
k= 100, a = 307 Y= 5, Bl = 027 ow = O.2H6><6, va = 0.2]12><2,
and the gains of the actor-critic learning laws are chosen as

e =To1, =1, I'i2q = T2 = 0.5, Ne =1, v = 0.005.
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The covariance matrix is initialized to I' (0) = .001, all the NN weights are randomly
initialized with values between [—1, 1], and the states are initialized to x (0) = [3, —1].

A small amplitude exploratory signal (noise) is added to the control to excite the states
for the first 10 seconds of the simulation, as seen from the evolution of states in Figure
4-1. The identifier approximates the system dynamics, and the state derivative estimation
error is shown in Figure 4-2. The time histories of the critic NN weights and the actors
NN weights are given in Figure 4-3 and 4-4. Persistence of excitation ensures that the
weights converge. Figure 4-5 shows the difference between the optimal value function

and the approximate one. Figure 4-6 demonstrates the approximation error between

the optimal controller and the approximated controller for player 1 and 2, respectively.
Figures 4-7, 4-8, 4-9, and 4-10 demonstrate that for a PE signal that is not removed the
weights converge, however the PE signal degrades the performance of the states.

Remark 4.2. An implementation issue in using the developed algorithm is to ensure PE
of the critic regressor vector. Unlike linear systems, where PE of the regressor translates
to the sufficient richness of the external input, no verifiable method exists to ensure PE in
nonlinear systems. In this simulation, a small exploratory signal consisting of sinusoids of
varying frequencies was added to the control to ensure PE qualitatively, and convergence
of critic weights to their optimal values is achieved. The exploratory signal n (¢) is present

in the first 3 seconds of the simulation and is given by
n(t) = (1.2 — exp (.01¢)) (cos® (0.2t) + sin® (2.0¢t) cos (0.1t) + sin® (—1.2t) cos (.5t) + sin’ (t)) .

4.8 Summary
A generalized solution for a two player zero-sum differential game is sought utilizing
the ACI architecture for nonlinear a HJI equation. The ACI architecture implements
the actor and critic approximation simultaneously and in real-time. The use of a robust
DNN-based identifier circumvents the need for complete model knowledge, yielding an

identifier which is proven to be asymptotically convergent. Least squares approximation
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and adaptive control theory techniques are utilized to update the weights for the critic and
actor NNs to approximate the value function and approximate control policies. Using the
identifier and the critic, an approximation to the optimal control law (actor) is developed
which stabilizes the closed loop system and approaches the optimal solutions to the two

player zero-sum game.

Ty

0 5 10 15 20 25 30
[sec]

Figure 4-1. The evolution of the system states for the zero-sum game, with persistently
excited input for the first 10 seconds.
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Figure 4-2. Error in estimating the state derivatives, with the identifier for the zero-sum
game.
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Figure 4-3. Convergence of critic weights for the zero-sum game.
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Figure 4-4. Convergence of actor weights for player 1 and player 2 in a zero-sum game.
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Figure 4-5. Optimal value function

approximation V' (x), for a zero-sum game.
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Figure 4-6. Optimal control approximations 4, and s , in a zero-sum game.
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Figure 4-7. The evolution of the system states for the zero-sum game, with a continuous
persistently excited input.
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Figure 4-8. Convergence of critic weights for the zero-sum game, with a continuous
persistently excited input.
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Figure 4-9. Convergence of actor weights for player 1 and player 2 in a zero-sum game,
with a continuous persistently excited input.
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Figure 4-10. Optimal value function approximation 1% (z) for a zero-sum game, with a
continuous persistently excited input..
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Figure 4-11. Optimal control approximations u; and s in a zero-sum game, with a
continuous persistently excited input.
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CHAPTER 5
APPROXIMATE N-PLAYER NONZERO-SUM GAME SOLUTION FOR AN
UNCERTAIN CONTINUOUS NONLINEAR SYSTEM

Chapter 4 focused on solving a two player infinite horizon zero-sum game subject
to nonlinear time-invariant affine in the input dynamics. This chapter expands the
technique from Chapter 4 to a more general class of problems. The focus of this chapter
is the derivation of a solution to an N-player infinite horizon nonzero-sum game subject
to nonlinear time-invariant affine in the input dynamics. This problem has inherent
complexity as compared to the zero-sum game in the fact that a set of optimal strategies
are trying to minimize a set of coupled cost functions, which lead to a set of coupled
nonlinear HJB partial differential equations. Nonzero-sum differential games resemble
classical optimal control problems in some respects, but due to multiple cost criteria the
game formulation must be further specified as to what is demanded of an optimal solution.
To approach a feasible solution for this problem an online solution method based on an
approximation of the set of HJBs is presented. This technique utilizes an approximate
optimal adaptive controller that has two sets of adaptive structures, a critic set to
approximate for the value (cost) functions and an actor set to approximate for the control
policies. In addition, a DNN is used to robustly identify the system parameters. The two
adaptive structures are tuned simultaneously online to learn the solution to the set of
coupled HJB equations and the set of optimal policies. This chapter presents an adaptive
control method that converges online to an approximate solution set of the N-player
differential game. Parameter update laws are given to tune the weights of the online critic
and actor neural networks simultaneously to converge to the solution set of the coupled
HJB equations and the set of Nash equilibrium policies, while also guaranteeing closed-
loop stability. The set of policies guarantee uniformly ultimately bounded (UUB) tracking

error for the closed-loop system.
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5.1 N-player Nonzero-Sum Differential Game
Consider the N-player nonlinear time-invariant affine in the input dynamic system
give by

&= f(x)+ Zgj () u; (5-1)

where z (t) € X C R” is the state vector, u; (z) € U C R™ are the control in-

puts, and f (z) € R", and g (x) € R™™ are the drift, input matrices. Assume that
g1(z),...,gn (x), and f (z) are second order differentiable and Lipschitz continuous, and
that f (0) = 0 such that x = 0 is an equilibrium point for Eq. 5-1. The infinite-horizon

scalar cost functional J; (z (¢),uy, us, ... uy) associated with each player can be defined as

Ji:/ ri(x (s),ur,ug, ... uny)ds i€ N, (5-2)
t
where ¢ is the initial time, and 7; (x,u1, us, ... ux) € R is the local cost for the state, and
control, defined as
N
ri = Qz (l') =+ ZU?RZ]U] = N, (5_3)
j=1

where Q; (z) € R, R;; = R]; € R™*™ are continuously differentiable and positive
definite, and R;; € R™*™are positive definite symmetric matrices. The cost functional

may also be written as [109]

N N
1 1 5
Ji:NEJj+N§ (Ji—Jj)=J+J; i€N, (5-4)

j=1 j=1

where J is an overall cooperative team cost and J; a conflict cost for player i. The cost
function in Eq. 54 can be cast as a zero-sum game by setting J = 0, and can be further
reduced to a two player zero-sum game when J; = —Js. Such games have been extensively
studied in control systems and result in the saddle-point Nash equilibrium solution.
However, general team games may have both cooperative objectives and selfish objectives,
which is captured in nonzero-sum games, as detailed in Eq. 5—4. The objective of the

N-player game is to find a set of admissible feedback policies (uf,u, ..., u}) such that the
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value function V; (x (t) ,u1, ug, ... uy) given in Eq. 5-2
0 N
Uq t ]:1
is minimized. This chapter focuses on the Nash equilibrium solution for the N-player

game, in which the following /N inequalities are satisfied for all u} € §2;,72 € N:

Vi £ VA (1) i, ) < Va (o () )

Vi 2 Vy (e (8) k) < Va (o (8) ol s )

Vi 2 VU (x(t),ul,us,. .. uly) < Vi (o (t),ul,us,. .. uy) . )

The Nash equilibrium outcome of the N-player game is given by the N-tuple of quantities
{Vi5, V5, ..., Vit The value functions can be alternately presented by a differential

equivalent given by the following nonlinear Lyapunov equation [109]

N
0=r(z,uy,...,uy)+ VV' <f(m)+Zgj(:E)uj) , VX(0)=0,i€eN, (5-7)

where VV;* £ 8‘%;(96) € R™1. Assuming the value functional is continuously differentiable,

Bellman’s principle of optimality can be used to derive the following optimality condition

0 = min

Us

\VATA (f (z) + Zgj (x) uj> +r(z,u,. .. ,uN)] , (5-8)

V(0) =0, i€ N,

)

which is a N-coupled set of nonlinear PDEs, also called the HJB equation. Suitable
nonnegative definite solutions to Eq. 5-7 can be used to evaluate the infinite integral
Eq. 5-5 along the systems trajectories. A closed-form expression of the optimal feedback

control policies are given by
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The closed form expression for the optimal control policies in Eq. 5-9, obviates the need
to search for a set of feedback policies that minimize the value function; however, the
solutions V;*(x) to the HJB equations given in Eq. 5-8 are required. The HJB equations
in Eq. 5-8, can be rewritten by substituting for the local cost in Eq. 5-3 and the optimal

control policy in Eq. 5-9, respectively, as

0 = Qi(x)+VV f( ——VV*Zg] R'gl (z) VV} (5-10)

595 (x)VVi, V7 (0)=0.

J

N
1
+ZZvvj*gj () R;"Ry; R}
j=1

Although nonzero-sum games contain non-cooperative components, the solution to
each player’s coupled HJB equation in Eq. 5-10 requires knowledge of all the other
player’s strategies in Eq. 5-9. The underlying assumption of rational opponents [41] is
characteristic of differential game theory problems and it implies that the players share
information, yet they agree to adhere to the equilibrium policy determined from the Nash
game.
5.2 HJB Approximation via ACI

This chapter generalizes the ACI approximation architecture to solve the N-player
nonzero-sum game for Eq. 5-10. The ACI architecture eliminates the need for exact
model knowledge and utilizes a DNN to robustly identify the system, a critic NN to
approximate the value function and an actor NN to find a set of control policies which
minimizes the value functions. This section introduces the ACI architecture for the
N-player game, and subsequent sections give details of the design for the N-player
nonzero-sum game solution.

The Hamiltonian H; (z, VV,,, u1,...,uy) of the system in Eq. 5-1 can be defined as

H; =r, +VV,F,, i€ N, (5-11)
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where VV; denotes the Jacobian of the value functions Vi, F,, (x,u, ..., uy) = f(z) +

A

N N

>~ 9; (x) u; € R™ denotes the system dynamics, and ry, (,us, ..., un) = Q; (x)+ Y uj Riju;
J=1 Jj=1
denotes the local cost. The optimal policies in Eq. 5-9 and the associated value functions

V¥ (x) satisfy the HJB equation
Hi (x,VV uj,...,uy) =1y + VVFr=01i€N. (5-12)

Replacing the optimal Jacobian VV* and optimal control policies u] by estimates VV; and

u;, respectively, yields the approximate HJB equation
, (x Vi, ... ,aN> = g, + VV,Fs, i€ N. (5-13)

It is evident that the approximate HJB in Eq. 5-13 is dependent on the complete knowl-
edge of the system. To overcome this limitation, an online system identifier replaces the

system dynamics which modifies the approximate HJB in Eq. 5-13, and is defined as
H, (xx Vi, ... ,faN> — o + VViE,, i€ N, (5-14)

where F} is an approximation of the system dynamics F;. Taking the error between the
optimal and approximate HJB equations in Eqs. 5-12 and 514, respectively, yields the

Bellman residual errors dy;s, (x, x, U, V‘Z) defined as
S, 2 H, <x,:z;,vv;,a1,...,a]v) CH (2, YV, ) ie N, (5-15)

However since H; (x, VV*, uj,...,uy) =0 Vi € N then the Bellman residual error can be

defined in a measurable form as
(Shjbi = H; (x,i,VVi,ﬁl, R ,ﬁN> 1 € N.

The objective is to update both @; (actors) and V; (critics) simultaneously, based on the

minimization of the Bellman residual errors dy;;,. All together, the actors ;, the critics VZ-,
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and the identifier £, constitute the ACI architecture. Assumptions 4-1 through 4-6 from
Chapter 4 are used in this derivation to facilitate the subsequent analysis.
5.3 System Identifier

Consider the two player case for the dynamics given in Eq. 5-1 as
t=f(x)+ g (x)u (x)+ g2 (x)us (), x(0) =z, (5-16)

where uy (), us () € R™ are the control inputs, and the state x (t) € R" is assumed to be
measurable. The system identifier is identical to the identifier presented in Chapter 4. For
brevity this chapter presents the main theorem and refers to Chapter 4 for further details.
Theorem 5.1. For the system in Eq. 5-16, the identifier developed in Eq. 4—15 along
with its weight update laws in Eq. 4-21 ensures asymptotic identification of the state and

its derivative, in the sense that

lm |Z(t)[| =0  and  lim [|Z(¢)| =0,

t—o00 t—o00

provided Assumptions 4-4 through 4-6 hold, and the control gains k and ~y; are chosen
sufficiently large based on the initial conditions of the states, and satisfy the following

sufficient conditions
ayy > (s, k> (e, (5-17)

where (5 and (g are introduced in Eq. 4—28, and (1, Po introduced in Eq. 4-31, are chosen

according to the sufficient conditions in Eq. 4-32.

Proof. Refer to Theorem 4-1 in Chapter 4. m
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5.4 Actor-Critic Design
Using Assumption 5-1 and Eq. 5-9, the optimal value function and the optimal

controls can be represented by NNs as

Vi'(z) = Wigw(2) +ei(z),  wi(z) = —%Rﬁlng(x) (¢ ()" W1 +€i(x)"),  (5-18)

N J/

o
1
Vi (@) = WEa(a) + eale),  us(e) = —5 Ra o () (65(0) W + 5(2)T),
vy

where Wy, Wy € RY are unknown ideal NN weights, N is the number of neurons,

oi(z) = [dir(x) dia(z). .. din(x)]T € RY are smooth NN activation functions, such that
¢ij(0) = 0 and ¢};(0) =0 j = 1..N and i = 1,2, and &,(-),&2(-) € R are the function
reconstruction errors.

Assumption 5.1. The NN activation function {¢;;j(x) : j =1..N, i =1,2} are chosen
such that as N — 0o, ¢;(x) provides a complete independent basis for V:*(x).

Using Assumption 5-1 and Weierstrass higher-order approximation theorem, both
V*(z) and VV* can be uniformly approximated by NNs in Eq. 5-18, i.e. as N — oo, the
approximation errors €;(x), ei(x)— 0 for ¢ = 1,2, respectively. The critic ‘72(33) and the
actor u;(x) approximate the optimal value function V* (x) and the optimal controls v} (z)

in Eq. 5-18, and are given as

~

Vile) = Wion(e), in () = —3 Bil gl ()6 (2) i, (519

Vola) = Whonle), i () = —3 Rl g} ()6 () i,

where Wie(t), Wae(t) € RN and Wi, (t), Waa(t) € RN are estimates of the ideal weights

of the critic and actor NNs, respectively. The weight estimation errors for the critic and
actor are defined as I/T/ic(t) £ W, — I/T/ic(t) and T/T/m(t) LW, — I/T/w(t) fori = 1,2,
respectively. The actor and critic NN weights are both updated based on the minimization

of the Bellman error d,;,(-) in Eq. 5-14, which can be rewritten by substituting Vi and Vs
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from Eq. 519 as

5hjb1 = W17;¢,1ﬁﬂ + 7"1(.1', ’ELl, ﬁg) = qu;wl + 7'1(%, 7?61, ﬁg), (5—20)

T ” A T RN
5hjb2 = WQc(b/zFﬂ + 7”2(1', ul,ug) = WQCUJQ + TQ(.CC, ul,ug),

where w;(z, 1, t) = gb;f?u € RY for i = 1,2, is the critic NN regressor vector.
Least Squares Update for the Critic. Consider the integral of the sum of the

squared Bellman errors E, (Wi, (), Wae (£) , t)

t

B = / (62, () + 62,5, (7)) dr. (5-21)

The LS update law for the critic Wi.(t) is generated by minimizing the total prediction

error in Eq. 521

t
8AEC = 2/5hjb1 (T)—aé}jﬂn (T) dr = 0

le 3W10(7')
= WlTC(t) /twl (T)wi ()T dr + /twl(T)Trl(T) dr =0
Wie(t) = — /t wi (1)wy (1) dr h /t w1 (7)1 (7) dr,

—1
which gives the LS estimate of the critic weights, provided the inverse ( fg wi(T)wy (1)T dT)
exists. Likewise, the LS update law for the critic Wgc(t) is generated by

t -1y

Wa(t) = — / (P (7T dr / wn(F)ra(7) dr

0 0

107



The recursive formulation of the normalized LS algorithm [130] gives the update laws for

the two critic weights as

X w1

Wie = —melie Onib: » H—22
1 Mel 1 1+V1w1TF10w1 hjby ( )
: w

Wae = —1mal'se 2 Ohjbas

1+ VQCUQTFQCUJQ

where vy, vy, N1e, 2 € R are constant positive gains and I'j.(t) £ (fotw(T)w(T)T dT) €

RNXN for 4 = 1,2, are symmetric estimation gain matrices generated by

wlwlT

e = —meli. D, Tie(th) =T1(0) = gl (5-23)

1+ Vlwlelcwl
T
Wow
=2 [y, Doc(t)y) = Tae(0) = ool

11‘c = - CF c
2 foc 2 1+ VQWgFQCWQ

where ¢, and ¢, are the resetting times at which A {T1.(8)} <1 and Apin {Tac(t)} <epo,
wo1 > w1 > 0, and pga > @9 > 0. The covariance resetting ensures that I';.(¢) and T'a.(t)
are positive-definite for all time and prevent arbitrarily small values in some directions,
which would make adaptation in those directions very slow (also called the covariance
wind-up problem) [130]. From Eq. 523 it is clear that I';. < 0 and I'y. < 0, which means

that the covariance matrices (I'y. (t),T'a. (t)) can be bounded as follows
o1l <T'ie < porl, ol < DI'ye < po2l. (5-24)

Gradient Update for the Actor. The actor update is also based on the minimiza-
tion of the Bellman errors dy, (-). However, unlike the critic weights, the actor weights
appear nonlinearly in dj,, (), making it problematic to develop a LS update law. Hence, a
gradient update law is developed for the actor which minimizes the squared Bellman error

Eq(t) £ 015, + 04, whose gradients are given as

OF, R . R .

W = (Wi, — ch)TﬁbiGleiT(shjbl + (W1a0) Gy — WaehyGo)™ /1T5hjb27 (5-25)
la

aEa T / T / T T T T T . /T

T = (WauthGra — W11 G1)" @5 Onjey + (Waq — Wae)' 94,Gady Onjbys
2a
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where G; £ giRl-_ilgi € R™™ and Gj; = giRi_ileiRi_ilgi e R fori=1,2and j = 1,2,

are symmetric matrices. Using Eq. 5-25, the actor NNs are updated as

- . F11a 8Ea ~ ~
Wie =proj < — — — I0a(Wia — Wie) ¢, 526
1 { VLT wlo o, 1)} (5720)
A . I‘21a aE1a 2 2
Waoe = proj < — — — o0y (Waq — Wae) ¢,
: { Tl o, 2V 2)}

where 14, 194, ['214, ['224 € R are positive adaptation gains, and proj{-} is a projection
operator used to bound the weight estimates [127], [128]. Using Assumption 4-2 and the

projection algorithm in Eq. 526, the actor NN weight estimation error can be bounded as

Wl a

S K13 W2a S Ra, (5727)

where k1, ko € R is some positive constants. The first term in Eq. 526 is normalized
and the last term is added as feedback for stability (based on the subsequent stability
analysis).
5.5 Stability Analysis
The dynamics of the critic weight estimation errors ch(t) and WQC(t) can be devel-

oped using Eqgs. 5-11-5-14, 5-20 and 522, as

= B ! T T 1 T T s
ch = mcflcl i Vlwfrlcwl [—chwl — Wl (ﬁllFa — EllFu* + Uq R11U1 (5*28)

—uj Ryuj —uj Rl + Wi'dh (g1t — uf) + galiia — u3)) + @5312712} ;

e w
WQC = 7720F20 2

T T i/ T / ~T N
[—WQCWQ WG, Fy — b Fye + 6 Rogiis

1 + VQWgFQCWQ

—u} Roquj — u} Rooty + W3 ¢ (g1(is — i) + galiia — u3)) + @{Rmﬂl} :
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Substituting for (u}(z),us(x)) and (4, (z), te(z)) from Eqgs. 5-18 and 5-19, respectively, in

Eq. 5-28 yields

~ 4 nlcl—‘lcwl T 11 7= /
Wi = —melactn T Wie PW’ Fy— & Fy 529
1 Mel ety Wie + 1+V1W1TF100<J1 1 P €1 ( )
1
+-W@@G@ Wi+ = W%%Gmﬁ%%—ZéGﬁf—Z%&ﬁg
+§ <W2a¢/2 + &, ) <G2¢ — G126, W2>:| ;
~ T T/QCFQCWQ T 11 7= /
Woe = —1laethsthT Wae [—W By — e F,
2 Nacl 2c121hy Wae + 1 +V2w2TFQCw2 5 Oy €9
1 1
Wﬁ@GW¢W@+-Wﬁ@G@I%m—f%&g—zd%ﬁf
+g (Wt + 1) (G105 Wo — G )} ,
where ;(t) = wilt) € RY are the normalized critic regressor vectors for

V14w () TTic (t)w; (t)
1 = 1,2, respectively, bounded as

1 1
\/V1S011’ \/V290127

where (1 and @19 are introduced in Eq. 5-24. The error systems in Eq. 5-29 can be

(5-30)

[2]] <

[l <

represented as the following perturbed systems
Wi = Qi+ AnA, Wae = Qs + Mgy, (5-31)

where Qi(Wic,t) e ANE IR W, € RY i = 1,2, denotes the nominal system,

Aoi = % denotes the perturbation gain, and
Ai(t) = { Wle F, —|— WEeGid) "Wia — gl Fy
1
+4Wka¢ka¢ S Wia — 5ka5k - —5§Gz‘€f
1 /.~
+§ <Wka¢;g +€;€T) <Gk¢ W sz(b Wk>:| € RN?
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where ¢ = 1,2 and k = 3 — 4, denotes the perturbations. Using Theorem 2.5.1 in [130], it

can be shown that the nominal systems

Wi = —H1CF1C¢1¢1TW1C, Woe = —772cr2c¢2@/)2TV~V2c, (5-32)

are exponentially stable, if the bounded signals (¢1(t),»(t)) are PE, i.e.

to+4;
fiod > / Vi(T)i(T) dr > I Vip > 0,i=1,2,
to
where 11, fti2,0; € R are some positive constants. Since Qi(VVC, t) is continuously
differentiable and the Jacobian % = —n[icvb! is bounded for the exponentially stable

system Eq. 5-32 for i = 1,2, the converse Lyapunov Theorem 4.14 in [131] can be used to

show that there exists a function V, : RY x RN x [0, co) — R, which satisfies the following

inequalities
L2 L2 I o2 o2
C11 lec + ci2 HW2c < Ve(Wie, Wae, t) < o1 |[[Wie|| + c2a ||[Wae
ov, ov. . Ve o = | 1P
8t + le (Wlw t) + 8W20 QQ(WQC, t) S —C31 ch — C32 W2c (5733>
H a,‘,/c S Cq1 ch H a»‘«/c é C42 W2c )
anc aWZC

for some positive constants cy;, c9;, ¢34, c4s € R for i = 1,2. Using Assumptions 4-1
through 4-6 and 5-1, the projection bounds in Eq. 5-26, the fact that F,« € L, (since
(uj(z),us(x)) is stabilizing), and provided the conditions of Theorem 5-1 hold (required

to prove that [, € L), the following bounds are developed to facilitate the subsequent
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stability proof

lea < K1; HWga < Ko,
/ /T / /T
‘ 01G1y || < Ks; ‘ PGy || < Ky,
[A]] < ks 1A ]| < ke, (5-34)

1
H§ (W1T¢11 + Weh +e) + 6’2) (Glé?IlT " G25’2T> < #r,

1 , , T~ oo~
H§ (WlT(bl + W2T¢2 +e) + 5/2) <G1¢1 Wi, + Gagl W2(z) < Kg,

T T
‘ 1 G ¢} ‘ < Kg; ’ P3Gy || < Ko,
/ /T < . / /T <
01G10y || < Kai; GoGradhy || < K12,
where k; € R for j = 1,...,12 are computable positive constants.

Theorem 5.2. If Assumptions 4-1-4-6 and 5-1 hold, the regressors 1;(t) = \/Hw—;ir

fori = 1,2 are PE, and provided Eq. 4-32, Eq. 517 and the following sufficient gain

conditions are satisfied

where 14, ['o1a, €31, C32, K1, Ko, k3, and k4 are introduced in FEqs. 5-26, 5-33, and 5-3/,
then the controller in Eq. 5-19, the actor-critic weight update laws in Eqs. 5-22-5-23 and
5-206, and the identifier in Eqs. 4—15 and 4—21, guarantee that the state of the system x(t),
and the actor-critic weight estimation errors (Wla(t), Wga(t)) and (ch(t), Wgc(t)> are
UUB.

Proof. To investigate the stability of the the system Eq. 5-16 with control (a4, uy), and
the perturbed system Eq. 5-31, consider V7, : X x RN x RY x RN x RY x [0,00) — R as

the continuously differentiable, positive-definite Lyapunov function candidate, given as

L L 1 - . 1 -
Vi(z, Wie, Wae, Wi, Waa, ) £ Vit(z) + V5 (x) + Ve(Whe, Wae, t) + §W11(;W1a + §W§1W2a,
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where V*(x) for i = 1,2 (the optimal value function for Eq. 5-16, are the Lyapunov
function for Eq. 5-16, and %(Wc, t) is the Lyapunov function for the exponentially stable
system in Eq. 5-32. Since (Vj*(x), V5" (z)) are continuously differentiable and positive-
definite from Eq. 5-5, from Lemma 4.3 in [131], there exist class K functions oy and as

defined on [0, r|, where B, C X, such that
ar([lz]) < V() + V5 () < ao([|z]])  Vz € B, (5-35)
Using Eqs. 5-33 and 5-35, V(z, Wie, Woe, Wia, W, t) can be bounded as
2 1 . 2
(W,
"2 (H ! )
2 1 - 2
~ (W,
"3 (H ' )

=2 ~ ) )
al(HxH)—i_cll ch + C12 WQC +HW2(1

IA

VL7

2
+

2 .
+ c22 [|Wac Wae

I/T/l c

v

Vi,

ax(all) +
which can be written as
az(|lw])) < Vi(z, Wie, Wae, Wia, Waa, t) < au(||w]]) Yw € B,

where w(t) 2 [2()T Wie(t)” Wae(t)T Wig(H)T Waa(t)T]T € RN a3 and ay are class
K functions defined on [0, s|, where B, C X x RY x RY x RY x RY . Taking the time

derivative of Vi (-) yields

ov., oV,
Cr 20 5-36
ot oWy, (5-36)

Vi = (VV7 +VV5) (f + qri + gotia) +

% IV, IV, = =
= A1 AL + =Dy + —=—Agp Ay — WEW, — Wi W,
anc 0141 8W20 2 8W2C 0242 1 1 2 2

where the time derivatives of V*(-) for i = 1,2, are taken along the the trajectories of
the system Eq. 5-16 with control inputs (u;(-), ua(+)) and the time derivative of V,(-) is
taken along the along the trajectories of the perturbed system Eq. 5-31. Using the HJB
equation Eq. 5-12, VV*f = —VV* (qu} + gou3) — Qi(x) — iluJTRqu fori = 1,2.

=

Substituting for the VV* f terms in Eq. 5-36, using the fact that VV*g; = —QujTRz-i from
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Eq. 59, and using Eqs. 526 and 5-33, Eq. 5-36 can be upper bounded as

2
— C32

2

VL <-Q - UTT (Ri1 + Roy) uj — uzT (Raz + Ria) uy — c31 ||Wihe WQC

(5-37)

+ cu Moy HWM

18] + eaoon || W

1Al + 2u;" Riy(uf — ) + 2} Roo(uh — t2)

T F11a aEa 2 2 N
+ Wk =+ Tioa(Wha — Wio) | + VVga (G — U}
1 _ 1+w1Tw13W1a 12( 1 1)_ 192( 2 2)
T | F21(1 aEa 2 2 ] N
+ Wk L T (Wae — Wae) | + VVigr (G — ub) ,
2 _ 1+wgw28W2a 22( 2 2)_ 291( 1 1)

where Q (z) 2 Q1 (7) + Q2 (x). Substituting for u}, i, Onjvi, and A; for i = 1,2 using Eqgs.
5-9, 5-19, 5-28, and 531, respectively, and using Eqs. 524 and 5-30 in Eq. 5-37, yields

2

) . 2 2
Vi < —-Q —c3 lec Waell — T'iza |[Wha|| — I'224 ||Waa

(5-38)

2
—032‘

1
+ 5 (WEoL+ Wi+l +&) (Grell +Gacy)
1

5 (W6t + W6+ £ +23) (G Wao + Gy W

[\)

MicPo1 ~
b eu B [,
412m|| SILE

2/v212
Wi (e = Wao) ", Gagt| (— Wil + )

+(V~V1c¢,1G21 - W2a¢/2G2)T ,1T <—W27;w2 + AQ)) + T2 Wla

F21a

1+ wiw,

F(Woe = Wau) TG}, (~Wion + Aa) ) + T,
F11a

_I._—
V1+wlw

F21a

V14 wlw,

HWIC

WL (WauthGra — Wiah G0 (—WEwn + 4,

WQa

”WQC

Wi ((Wléb'le — WaghGa)T oy (—sz;m + Az))

+ Wwx ((W2¢’2G12 WG T <—I7Vf;w1 n A1>> .
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Using the bounds developed in Eq. 5-34, Eq. 5-38 can be further upper bounded as

2

. 2 ~
Vi < —Q — (e31 — I'1ak1K3) — (32 — I'o1gkoka) HW2c

’Wk

o2 L2 .
—I'oq [|Wia|| — Daga [|[Waa|| + ®1 HW1c

+(I)2 HVNVQC

+ Di1a (Kiksks + 1 (K2r10 + Wikg + Wakio) Ke)

+ 214 (Hgfm/% + K ('illin + Wik + W2/€12) FG5)

+ @3 HWIC HWQC + K7 + kg,
where
C41McPo1

+20k1 + Da1akz (/ﬁ/ﬁl + Wik + W2ff12)) )

p, 2 (042772CS002
, = ZAeleerb2
2,\/12p12

+T99qks + Ti1akn (Kakio + Wike + Wakio) ),

2
ke + 1214 (/f2/i3/f6 + KoKi2K5 + H2H4)

®3 £ (Ti1ek1Ke + Datakinkia) .

Provided c3; > T'114k1k3 and 3o > D'a1akoky, using Young’s inequality HWlC HWQC <
) -2
% HWlC + % HWQC , and completing the square yields
. 1 L2 -2
Vi < —=Q — (1= 01)(cz1 — Tiiaknks — 5(133) lec —T'iaq ||Wha (5-39)
1 T o2
- (1 - 82)(032 — Dorakoky — 5‘1)3) szc — I'goq ||Waq

+ Mg (H%/‘ig/ﬁ) + K1 (/4;2/@'10 + Wikg + ngﬁo) /<;6)

+ 914 (/f%/m/ig + Ko (/ﬁlml + Wik + V_ngilg) /<;5)
P2 N 2
491(031 — D1ak1ks — %q)3)

+ )
405(c32 — Torakaky — %@3)

where 61,605 € (0,1). Since Q(x) is positive definite, according to Lemma 4.3 in [131], there

exist class K functions as and ag such that

as(|lwl]) < F (lw]) < as(fJwl])  Vw € By, (5-40)
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where

2

Wl a

2

1 2
F (HwH) = Q + (1 - 91)(631 - Fllaﬂl"i?) - 5@3) -+ F12a

‘ch

1 2
+(1 — 02)(c32 — Dorakokg — §<D3) HW2c + 94 [|Waq

Using Eq. 540, the expression in Eq. 5-39 can be further upper bounded as
Vi < —as([Jw]) + T,
where

T = Flla (Ii%ligli{) + K1 (Iiglil(] + Wllig + Wzlilo) KG)

+F21a (lﬁgl@lliﬁ + Ko (Iilliu + Wllin + Wg:‘ﬁ}m) li5)
o7 o3

+ + )
491(031 — '11ak1k3 — %‘%) 492(032 — Dorakioky — %q):s)

which proves that V(-) is negative whenever w(t) lies outside the compact set
Qu 2 {w:|w|| <az'(T)}, and hence, ||w(t)| is UUB, according to Theorem 4.18
in [131]. O

5.6 Convergence to Nash Solution

The subsequent theorem demonstrates that the actor NN approximations converge
to the approximate coupled HJB in Eq. 5-10. It can also be shown that the approximate
controllers in Eq. 5-19 approximate the optimal solutions to the two player Nash game for
the dynamic system given in Eq. 5-16.
Assumption 5.2. For each admissible control policies the HJB equations Eq. 5—10 have
a locally smooth solution V; (x) > 0, for i = 1,2, and f (-) is Lipschitz and bounded by
| fll < ep x|, where ¢y € R is a positive constant.
Theorem 5.3. Given that the Assumptions and sufficient gain constraints in Theorem 5-2

hold, then the actor and critic NNs converge to the approximate coupled HJB solution, in

the sense that the HJBs in Eq. 5-13 are UUB.
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Proof. Consider the approximate HJB in Eq. 5-13 and after substituting the approximate

control laws in Eq. 5-19 yields

H, (LV‘A/lyﬂl,%) = T +V‘71Fa
1 4 “ “
= Qu(@) + WLA Gy Wia + WL (2)
1 - ~
+1W§;¢'2G12¢§W2a

1. “ .
—S Wil (o Wia + Gl Waa )

and
Hy (2,92, 02) = 7o, + VVaFy
1.+ ~ «
= Qu(2) +  WiedhGady Wau + WL f (2)
1. N
+ZW1T(1¢/1G21¢/1TW1Q
L6 (G Wi + Gagl T
_5 2:¥%2 1¢1 la T 2¢2 2a | -
After adding and subtracting (W@} +¢}) f = — (WT'¢} +€}) (q1u] + gouy) — Qi(x) —

2
u]TRijuj for ¢+ = 1,2 and substituting for the optimal control law in Eq. 5-18 as
=1

J

= 1. A 1
Hy = WL\ f(z)—eif+ ZW1:2¢,1G1¢/1TW1¢1 — ZW1T¢/1G1¢/1TW1
1.+ T oA 1 T
+ZW2TQ¢/2G12¢/2 Wae — ZW2T¢/2G12¢'2 W, (5-41)
1

1 1
—5 ( /2G12 — 5/1G2) ¢/2TW2 + 55/1 <G1€/1T + GQ&?IQT) — Z€I2G12€/2T
1 T . /T /T 1 T . T /T

+2W1 o1 (G197 Wi+ Gagy Wa ) + 2W1 o1 (Giey + Gagy

1. “ .
—SWikh (Gro] Wha + Gagly Waa )
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and

= 1. - 1
Hy = —Wydhf (1) = &5 f + WadnGady Waw — W5 0,Gadly W
1. A 1
+ZLW1Ta¢/1G21¢/1TW1a - ZW1T¢/1G21¢,1TW1 (5-42)
1

1 1
—5 (8/1G21 — 8/2G1) (ZﬁllTwl + 58/2 <G2€/2T + GlgllT> — ZE/ngléf/lT
1 1
oW (Gady W+ Gugl W) + SWE6h (Gastl + e
1 4 o o
_§W27;¢/2 (G2(/5/2TW2a + G1¢/1TW1a> :
Substituting the NN mismatch errors Wic(t) 2 W, — I/T/ic(t) and I/T/m(t) 2 W, — Y/T/m(t), for

1= 1,2 into 4-65 and 5-42, respectively, yields

. 1 - .
Hy = —Wiaif (@) = eif — JWd\Gigy W) (5-43)
1+ T . /T 1= T 1/ 115
—§W2a¢zG12¢2 Wa, + §W2 Py G129y Wy
1 1 1
—5 (6/2G12 — 8/1G2) /2TW2 + 55/1 (G1€,1T + G2€/2T> — ZE/QGR&JQT
1 T ~ - 1
LW (G0l (2Wha = Wh) + Gadh Wa ) + W (Guell + el )

—l—%Wchﬁ/l <G1¢/1T <_Wla + W1> + Gty (‘WZ& + W2>> ’

and

. 1 - .
Hy = —Widsf (x) — & f — W) 0,Gady Wo (5-44)
1~ T 4/ /T 1~ T 11 Ty
_§W2a¢1G2l¢1 Wi, + §W1 $1Ga1y Wi
1 1 1
—§ (€I1G21 — 5/2G1) ¢/1TW1 + 55/2 (G2€/2T + G1€/1T> — Zl€llG218/1T
1 T 41 T T Ty 1 T ./ T T
+§W2 o3 <G2¢2 <2W2a - W2> + Gy W1> + §W2 0y <G2€2 + Ghe] )
1.~ - -
+§W2T¢/2 <G2¢§T (_W2a + WZ) + G, (—Wm + W1)) :
It is easy to see that if the assumptions and sufficient gain constraints in Theorem 5-2

hold, then the right side of Eqs. 5-43 and 544 can be upper bounded by a function that
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is UUB || H;|| < ©; <V~Vic, Wia, Woa, t) for i = 1,2, therefore the approximate HJBs are also
UUB. -

Theorem 5.4. Given that the assumptions and sufficient gain constraints in Theorem 2
hold, the approximate control laws in Eq. 4—41 converge to the approrimate Nash solution

of the game.

Proof. Consider the control errors (i, 4s) between the optimal control laws in Eq. 5-9

and the approximate control laws in Eq. 5-19 given as

Substituting for the optimal control laws in Eq. 5-9 and the approximate control laws in

Eq. 519 and using Wi, (t) £ W, — Wm(t) for i = 1,2, yields

W= Bl @)0(w) (W +2f(@)7), (5-45)

1 -
B2 = 3R g (0)0h(@) (Wau + h(a)T)

Using Assumptions 2-5, Eq. 545 can be upper bounded as

_ 1 T )
HUIH < §>\mzn <R111> 91¢/1 (HWla + €I1> ,
_ 1 NI .

il < SAmin (Ra) 26 ([ W2 + 7).

Given that the assumptions and sufficient gain constraints in Theorem 5-2 hold, then
all terms to the right of the inequality are UUB, therefore the control errors (4, @s) are
UUB and the approximate control laws (u;, @2) give the approximate Nash equilibrium

solution. O

5.7 Simulation

The following nonlinear dynamics are considered in [101, 108,109, 132]

&= [ () + g1 (x) ur () + g2 (2) uz (),
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where

T2
flx) = 2 2
—%ﬂh — 2o+ }LxQ (cos (2x1) +2)" — 711.172 (sin (42%) + 2)
- T T
g1(x) = |0 cos(2zy)+2 1 g2 () = { 0 sin(4z3) +2

The initial state is given as x (0) = [3, —1]T and the local cost function is defined as

where

Ry =2Ryp =1, Rip = 2Ry = 2, Q1 = 202 = Iaxo.
The optimal value functions for the critics of player 1 and player 2 are given as

1 1 1
Vi (z) = 535% ta3, V()= Z»’U% + 5»’1737
and the optimal control inputs are given as
uy = — (cos (21) + 2) 2, uy = — (sin (427) +2) zo.

The activation function for the critic NN is chosen as

2 1Ty X3

while the activation function for the identifier DNN is chosen as a symmetric sigmoid with

5 neurons in the hidden layer. The identifier gains are chosen as
k = 800, a = 300, v =9, B1 = 0.2, Lys = 0.1, [y = 0.1549,
and the gains of the actor-critic learning laws are chosen as

g = T'eeq = 10, ['2q = I'914 = 50, Me = Te = 90, v; = vy = 0.001.
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The covariance matrix is initialized to I' (0) = 5000, all the NN weights are randomly
initialized with values between [—1, 1], and the states are initialized to x (0) = [3, —1].

A small amplitude exploratory signal (noise) is added to the control to excite the states
for the first 3 seconds of the simulation, as seen from the evolution of states in Figure

5-1. The identifier approximates the system dynamics, and the state derivative estimation
error is shown in Figure 5-2. The time histories of the critic NN weights and the actors
NN weights are given in Figure 5-3 and 5-4. Persistence of excitation ensures that the
weights converge. Figure 5-5 shows the optimal value functions and the approximate ones.
Figure 5-6 shows the optimal controller and the approximated controller for player 1 and
2, respectively. Figures 5-7, 5-8, 5-9, and 5-10 demonstrate that for a PE signal that is
not removed the weights converge, however the PE signal degrades the performance of the
states.

Remark 5.1. An implementation issue in using the developed algorithm is to ensure PE
of the critic regressor vector. Unlike linear systems, where PE of the regressor translates
to the sufficient richness of the external input, no verifiable method exists to ensure PE

in nonlinear systems. In this simulation, a small amplitude exploratory signal consisting
of a sum of sines and cosines of varying frequencies is added to the control to ensure PE
qualitatively, and convergence of critic weights to their optimal values is achieved. The

exploratory signal n () is present in the first 3 seconds of the simulation and is given by
n(t) = (1.2 — exp (.01¢)) (cos® (0.2t) + sin® (2.0¢t) cos (0.1t) + sin® (—1.2t) cos (.5t) + sin’ (t)) .

5.8 Summary
A generalized solution for a N-player nonzero-sum differential game is sought utilizing
by a Hamilton-Jacobi-Bellman approximation by an actor-critic-identifier architecture.
The ACI architecture implements the actor and critic approximation simultaneously and
in real-time. The use of a robust DNN-based identifier circumvents the need for complete

model knowledge, yielding an identifier which is proven to be asymptotically convergent.
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A gradient-based weight update law is used for the critic NN to approximate the value
function. Using the identifier and the critic, an approximation to the optimal control law
(actor) is developed which stabilizes the closed loop system and approaches the optimal

solutions to the N-player nonzero-sum game.

Ty
-

i i i i i
0 5 10 15 20 25 30
[sec]

Figure 5-1. The evolution of the system states for the nonzero-sum game, with persistently
excited input for the first 10 seconds.
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Figure 5-2. Error in estimating the state derivatives, with the identifier for the
nonzero-sum game.
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Figure 5-3. Convergence of critic weights for the nonzero-sum game.
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Figure 5-4. Convergence of actor weights for player 1 and player 2 in a nonzero-sum game.
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Figure 5-5. Value function
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Figure 5-6. Optimal control approximation #, for a nonzero-sum game.
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Figure 5-7. The evolution of the system states for the nonzero-sum game, with a
continuous persistently excited input.
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Figure 5-8. Convergence of critic weights for the nonzero-sum game, with a continuous
persistently excited input.
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Figure 5-9. Convergence of actor weights for player 1 and player 2 in a nonzero-sum game,
with a continuous persistently excited input.
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Figure 5-10. Value function approximation 1% (z) for a nonzero-sum game, with a
continuous persistently excited input.
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Figure 5-11. Optimal control approximation @ for a nonzero-sum game, with a continuous
persistently excited input.
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CHAPTER 6
CONCLUSION AND FUTURE WORK

6.1 Conclusion

The focus of this work is to develop techniques for approximating solutions to zero-
sum and nonzero-sum noncooperative differential games and using these solutions to
stabilize some classes of uncertain nonlinear systems. In the spirit of optimal control,
two approaches were used based from Bellman’s optimality principle and Pontryagin’s
maximum principle to approximate the solution to coupled nonlinear HJB equations. The
first approach, using the maximum principle, involves partial feedback linearization of a
particular class of nonlinear systems and synthesizing a differential game. The differential
game yields a coupled set of DRE equations which are reduced to ARE and conditions are
given for the solution to the AREs. The second approach uses the optimality principle,
particularly the dynamic programming approach, to approximate the solution to the HJB.
These approaches are shown to approximately solve a differential game and stabilize the
dynamics. The specific contributions of each result are mentioned below.

Chapter 2 focuses on the development of robust (sub)optimal feedback Nash-based
feedback control laws for an uncertain nonlinear system. This chapter incorporates the
RISE controller with an optimal Nash strategy to stabilize an uncertain Euler-Lagrange
system with additive disturbances. This chapter also illustrates the development of
the RISE controller which is used to asymptotically identify the nonlinearities in the
dynamics. By applying the RISE controller the nonlinear dynamics converge to a residual
system, the solution to the feedback Nash game for the residual system is used to derive
the stabilizing feedback control laws. The (sub)optimal feedback controllers are shown
to minimize a cost functional in the presence of unknown bounded disturbances, and a
Lyapunov-based stability analysis demonstrates asymptotic tracking for the combination

of the RISE and Nash-based controllers.
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The result from Chapter 2 is further refined in Chapter 3 for a class of systems in
which additional information is provided to one of the players. The main contribution
of this chapter is the development of robust (sub)optimal open-loop Stackelberg-based
for the leader and follower, which both act as inputs to an uncertain nonlinear system.
Similar to Chapter 2, this chapter utilizes the RISE controller and combines it with a
differential game-based control strategy. The control formulation utilizes the solution
to the hierarchical open-loop Stackelberg game to derive the feedback control laws. A
Lyapunov-based asymptotic tracking derivation and a simulation is presented to validate
the utility of the technique.

In contrast to the approaches in Chapters 2 and 3, which are largely based on Pon-
tryagin’s maximum principle, the techniques in Chapter 4 and 5 attempt to approximate
the solution to the HJI. The main contribution of Chapter 4 is solving a two player zero-
sum infinite horizon game subject to continuous-time unknown nonlinear dynamic that are
affine in the input. In the developed method, two actor and one critic NNs using gradient
and least squares-based update laws, respectively, are designed to minimize the Bellman
error, which is the difference between the exact and the approximate HJI equation. The
identifier DNN is a combination of a Hopfield-type [112] component, in parallel configura-
tion with the system [113], and a RISE component. The Hopfield component of the DNN
learns the system dynamics based on online gradient-based weight tuning laws, while the
RISE term robustly accounts for the function reconstruction errors, guaranteeing asymp-
totic estimation of the state and the state derivative. The online estimation of the state
derivative allows the ACI architecture to be implemented without knowledge of system
drift dynamics; however, knowledge of the input gain matrix is required to implement
the control policy. While the design of the actor and critic are coupled through a HJI
equation, the design of the identifier is decoupled from actor-critic, and can be considered
as a modular component in the actor-critic-identifier architecture. Convergence of the

actor-critic-identifier-based algorithm and stability of the closed-loop system are analyzed
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using Lyapunov-based adaptive control methods, and a PE condition is used to guarantee
convergence to within a bounded region of the optimal control and UUB stability of the
closed-loop system.

Nonzero-sum games pose different challenges as compared to zero-sum games. For
nonlinear dynamics, the HJI for zero-sum games is equivalently a coupled set of nonlinear
HJB equations for nonzero-sum games. Chapter 5 builds Chapter 4, by considering a N-
player nonzero-sum infinite horizon game subject to continuous-time uncertain nonlinear
dynamics. The main contribution of this work is deriving an approximate solution to
a N-player nonzero-sum game with a technique that is continuous, online and based
on adaptive control theory. Previous research in the area focused on simplistic scalar
nonlinear systems or implemented iterative /hybrid techniques that required complete
knowledge of the drift dynamics. The technique expands the ACI structure to solve a
differential game problem, wherein two actor and two critic neural network structures
are used to approximate the optimal control laws and the optimal value function set,
respectively. The main traits of this online algorithm involve the use of ADP techniques
and adaptive theory to determine the Nash equilibrium solution of the game in an online
simultaneous procedure that does not require full knowledge of the system dynamics
and the online version of a mathematical algorithm that solves the underlying set of
coupled HJB equations of the game problem. For an equivalent nonlinear system, previous
research makes use of offline procedures or requires full knowledge of the system dynamics
to determine the Nash equilibrium. A Lyapunov proof shows that UUB tracking for
the closed-loop system is guaranteed and a convergence analysis demonstrates that the
approximate control policies converge to the optimal solutions in the sense of UUB.

6.2 Future Work
The work in this dissertation opens new doors for the research in the domain of

nonlinear optimal control design. In this section, open problems related to the work in this
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dissertation are discussed for a curious reader. The open problems are listed below. From
Chapters 2 and 3:

1. The investigation of optimal output feedback solutions for nonzero-sum games
subject to nonlinear dynamics, where full state feedback is not available. In game
theory this scenario is considered an imperfect state game. Many engineering prob-
lems that can be defined by Euler-Lagrange dynamics do not always have full state
feedback and thus output feedback designs are desirable for implementation. Non-
linear H,, control has examined an output feedback solution for a zero-sum game,
however these controllers require the solution to the HJI equation. Furthermore the
nonzero-sum output feedback design has been relatively unexplored.

2. The determination of an differential game-derived optimal control control law
that is subject to saturated inputs and time delays. Hardware implementation of
control designs are often plagued with time delays and small actuator bandwidth.
Preliminary investigation with Heuristic Dynamic Programming have looked at ADP
approaches to incorporating these phenomenon into the control design, however little
research has gone into the development of existence and uniqueness conditions for
these types of games and the implementation of a game-derived control design for a
nonlinear system that incorporates these effects.

3. In regards to Euler-Lagrange dynamics, the derivation of a greedy optimal control
that that has a moving horizon, thereby allowing for online realization. A greedy
strategy only looks at the most optimal choice for the next iteration, whereas
Chapters 2 and 3 focused on the infinite horizon optimal strategy. Defining a
controller that looks at a smaller interval that changes with time allows for a
computationally feasible online calculation of the game solution.

From Chapters 4 and 5:
1. Online adaptive optimal controllers for systems with periodic dynamics. Periodic

dynamics can be seen as systems whom yield a periodic output (e.g. At various
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level of modeling, automotive engine dynamics can be considered as a linear periodic
system mechanically coordinated through the revolution of the crankshaft). Periodic
systems are present in a wide variety of engineering applications, particularly robotic
systems used in manufacturing, yet there have not been much investigation of
controlling these systems using ADP techniques.

. Online adaptive optimal controllers using output feedback. Nonlinear H,., control
has examined an output feedback solution for a zero-sum game, however these
controllers require the solution to the HJI equation. Furthermore the nonzero-sum
output feedback design has been relatively unexplored. Using ADP techniques, the
approximation of the HJI solution could yield more implementable solutions.

. Existence and uniqueness proofs for multi-player nonzero-sum infinite horizon
games with nonlinear dynamic constraints. Due to the complexity of N-coupled
HJB equations, the investigation of uniqueness properties in the N-player nonzero-
sum game are sparse. For nonlinear dynamics this is largely still seen as an open
problem.

. An online continuous ADP solution using a mixed strategy for a zero-sum infinite
horizon game with nonlinear dynamic constraints. Zero-sum games are widely used
in engineering problems, however, typically the solution of the HJI equation is
assumed to exist or has local existence with conditions that are difficult to satisfy.
For online continuous ADP games, the scenario in which the saddle point solution
does not exist is an open problem. The use of the mixed strategy incorporated in an

online continuous ADP technique could be a feasible solution.
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