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The focus of this research is an examination of the interplay between different
intelligent feedforward mechanisms with a recently developed continuous robust feedback
mechanism, coined Robust Integral of the Sign of the Error (RISE), to yield asymptotic
tracking in the presence of generic disturbances. This result solves a decades long
open problem of how to obtain asymptotic stability of nonlinear systems with general
sufficiently smooth disturbances with a continuous control method. Further, it is shown
that the developed technique can be fused with other feedforward methods such as
function approximation and adaptive control methods. The addition of feedforward
elements adds system knowledge in the control structure, which heuristically, yields better
performance and reduces control effort. This heuristic notion is supported by experimental
results in this research.

One key element in the development of the novel feedforward mechanisms presented
in this dissertation is the modularity between the controller and update law. This
modularity provides flexibility in the selection of different update laws that could be
easier to implement or help to achieve faster parameter convergence and better tracking
performance.

The efficacy of the feedforward mechanisms is further enhanced by including a

prediction error in the learning process. The prediction error, which directly relates to
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the actual function mismatch, is used along with the system tracking errors to develop a
composite adaptation law.
Each result is supported through rigorous Lyapunov-based stability proofs and

experimental demonstrations.
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CHAPTER 1
INTRODUCTION

1.1 Motivation and Problem Statement

The control of systems with uncertain nonlinear dynamics has been a decades
long mainstream area of focus. For systems with uncertainties that can be linear
parameterized, a variety of adaptive (e.g., [1-3]) feedforward controllers can be utilized
to achieve an asymptotic result. Some recent results have also targeted the application
of adaptive controllers for systems that are not linear in the parameters [4]. Learning
controllers have been developed for systems with periodic disturbances [5-7], and recent
research has focused on the use of exosystems [8-11] to compensate for disturbances
that are the solution of a linear time-invariant system with unknown coefficients. A
variety of methods have also been proposed to compensate for systems with unstructured
uncertainty including: various sliding mode controllers (e.g., [3, 12]), robust control
schemes [13], and neural network and fuzzy logic controllers [14-18]. From a review of
these approaches, a general trend is that controllers developed for systems with more
unstructured uncertainty will require more control effort (i.e., high gain or high frequency
feedback) and yield reduced performance (e.g., uniformly ultimately bounded stability).

Recently a new robust control strategy, coined Robust Integral of the Sign of the
Error (RISE) in [19, 20], was developed in [21, 22] that can accommodate for sufficiently
smooth bounded disturbances. A significant outcome of this new control structure is
that asymptotic stability is obtained despite a fairly general uncertain disturbance. This
technique was used in [23] to develop a tracking controller for nonlinear systems in the
presence of additive disturbances and parametric uncertainties under the assumption
that the disturbances are C? with bounded time derivatives. In [24], Xian et al. utilized
this strategy to propose a new output feedback discontinuous tracking controller for a
general class of second-order nonlinear systems whose uncertain dynamics are first-order

differentiable. In [25], Zhang et al. combined the high gain feedback structure with a
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high gain observer at the sacrifice of yielding a semi-global uniformly ultimately bounded
result. This particular high gain feedback method has also been used as an identification
technique. For example, the method has been applied to identify friction (e.g., [26]),

for range identification in perspective and paracatadioptric vision systems (e.g., [27],
[28]), and for fault detection and identification (e.g., [29]). The development in Chapter
2 is motivated by the desire to include some knowledge of the dynamics in the control
design as a means to improve the performance and reduce the control effort. Specifically,
for systems that include some dynamics that can be segregated into structured (i.e.,
linear parameterizable) and unstructured uncertainty, this chapter illustrates how a new
controller, error system, and stability analysis can be crafted to include a model-based
adaptive feedforward term in conjunction with the high gain RISE feedback technique to
yield an asymptotic tracking result.

Another learning method that has been extensively investigated by control researchers
over the last fifteen years is the use of neural networks (NNs) as a feedforward element
in the control structure. The focus on NN-based control methods is spawned from the
ramification of the fact that NNs are universal approximators [30]. That is, NNs can be
used as a black-box estimator for a general class of systems. Examples include: nonlinear
systems with parametric uncertainty that do not satisfy the linear-in-the-parameters
assumption required in most adaptive control methods; systems with deadzones or
discontinuities; and systems with backlash. Typically, NN-based controllers yield global
uniformly ultimately bounded (UUB) stability results (e.g., see [15, 31, 32| for examples
and reviews of literature) due to residual functional reconstruction inaccuracies and
an inability to compensate for some system disturbances. Motivated by the desire to
eliminate the residual steady-state errors, several researchers have obtained asymptotic
tracking results by combining the NN feedforward element with discontinuous feedback
methods such as variable structure controllers (VSC) (e.g., [33, 34]) or sliding mode (SM)

controllers (e.g., [34, 35]). A clever VSC-like controller was also proposed in [36] where
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the controller is not initially discontinuous, but exponentially becomes discontinuous as
an exogenous control element exponentially vanishes. Well known limitations of VSC
and SM controllers include a requirement for infinite control bandwidth and chattering.
Unfortunately, ad hoc fixes for these effects result in a loss of asymptotic stability (i.e.,
UUB typically results). Motivated by issues associated with discontinuous controllers
and the typical UUB stability result, an innovative continuous NN-based controller was
recently developed in [37] to achieve partial asymptotic stability for a particular class of
systems. The result in Chapter 3 is motivated by the question: Can a NN feedforward
controller be modified by a continuous feedback element to achieve an asymptotic tracking
result for a general class of systems? Despite the pervasive development of NN controllers
in literature and the widespread use of NNs in industrial applications, the answer to
this fundamental question has remained an open problem. To provide an answer to
the fundamental motivating question, the result in Chapter 3 focuses on augmenting a
multi-layer NN-based feedforward method with the RISE control strategy

Like most of the research in adaptive control, the results in Chapter 2 and 3 exploit
Lyapunov-based techniques (i.e., the controller and the adaptive update law are designed
based on a Lyapunov analysis); however, Lyapunov-based methods restrict the design
of the adaptive update law. For example, many of the previous adaptive controllers are
restricted to utilizing gradient update laws to cancel cross terms in a Lyapunov-based
stability analysis. Gradient update laws can potentially exhibit slower parameter
convergence which could lead to a degraded transient performance of the tracking error in
comparison to other possible adaptive update laws (e.g., least-squares update law). Several
results have been developed in literature that aim to augment the typical position/velocity
tracking error-based gradient update law including: composite adaptive update laws
3, 38, 39]; prediction error-based update laws [1, 40-43]; and various least-squares
update laws [44-46]. The adaptive update law in these results are all still designed to

cancel cross terms in the Lyapunov-based stability analysis. In contrast to these results,
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researchers have also developed a class of modular adaptive controllers (cf. [1, 40, 42, 43])
where a feedback mechanism is used to stabilize the error dynamics provided certain
conditions are satisfied on the adaptive update law. For example, nonlinear damping

[41, 47] is typically used to yield an input-to-state stability (ISS) result with respect to
the parameter estimation error where it is assumed a priori that the update law yields
bounded parameter estimates. Often the modular adaptive control development exploits a
prediction error in the update law (e.g., see [3, 40-43]), where the prediction error is often
required to be square integrable (e.g., [40, 42, 43]). A brief survey of modular adaptive
control results is provided in [40]. Since the RISE feedback mechanism alone can yield an
asymptotic result without a feedforward component to cancel cross terms in the stability
analysis, the research in Chapter 4 is motivated by the following question: Can the RISE
control method be used to yield a new class of modular adaptive controllers?

Typical adaptive, robust adaptive, and function approximation methods and the
ones used in Chapters 2-4 use tracking error feedback to update the adaptive estimates.
As mentioned earlier, the use of the tracking error is motivated by the need for the
adaptive update law to cancel cross-terms in the closed-loop tracking error system within
a Lyapunov-based analysis. As the tracking error converges, the rate of the update
law also converges, but drawing conclusions about the convergent value (if any) of the
parameter update law is problematic. Ideally, the adaptive update law would include
some estimate of the parameter estimation error as a means to prove the parameter
estimates converge to the actual values; however, the parameter estimate error is
unknown. The desire to include some measurable form of the parameter estimation
error in the adaptation law resulted in the development of adaptive update laws that
are driven, in part, by a prediction error [3, 42, 48-50]. The prediction error is defined
as the difference between the predicted parameter estimate value and the actual system
uncertainty. Including feedback of the estimation error in the adaptive update law enables

improved parameter estimation. For example, some classic results [1, 3, 41] have proven
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the parameter estimation error is square integrable and that the parameter estimates
may converge to the actual uncertain parameters. Since the prediction error depends
on the unmeasurable system uncertainty, the swapping lemma [3, 42, 48-50] is central
to the prediction error formulation. The swapping technique (also described as input or
torque filtering in some literature) transforms a dynamic parametric model into a static
form where standard parameter estimation techniques can be applied. In [1] and [41], a
nonlinear extension of the swapping lemma was derived, which was used to develop the
modular z-swapping and x-swapping identifiers via an input-to-state stable (ISS) controller
for systems in parametric strict feedback form. The advantages provided by prediction
error based adaptive update laws led to several results that use either the prediction
error or a composite of the prediction error and the tracking error (cf. [43, 51-56] and the
references within). Although prediction error based adaptive update laws have existed
for approximately two decades, no stability result has been developed for systems with
additive bounded disturbances. In general, the inclusion of disturbances reduces the
steady-state performance of continuous controllers to a uniformly ultimately bounded
(UUB) result. In addition to a UUB result, the inclusion of disturbances may cause
unbounded growth of the parameter estimates [57] for tracking error-based adaptive
update laws without the use of projection algorithms or other update law modifications
such as o-modification [58]. Problems associated with the inclusion of disturbances are
magnified for control methods based on prediction error-based update laws because the
formulation of the prediction error requires the swapping (or control filtering) method.
Applying the swapping approach to dynamics with additive disturbances is problematic
because the unknown disturbance terms also get filtered and included in the filtered
control input. This problem motivates the question of how can a prediction error-based
adaptive update law be developed for systems with additive disturbances. To address this

motivating question, a general Euler-Lagrange-like MIMO system is considered in Chapter
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5 with structured and unstructured uncertainties, and a gradient-based composite adaptive
update law is developed that is driven by both the tracking error and the prediction error.
The swapping procedure used in standard adaptive control cannot be extended to

NN controllers directly. The presence of a NN reconstruction error has impeded the
development of composite adaptation laws for NNs. Specifically, the reconstruction

error gets filtered and included in the prediction error destroying the typical prediction
error formulation. Using the techniques developed in Chapter 5, the result in Chapter 6
presents the first ever attempt to develop a prediction error-based composite adaptive NN
controller for an Euler-Lagrange second-order dynamic system using the RISE feedback.

A usual concern about the RISE feedback is the presence of high-gain and high-frequency
components in the control structure. However, in contrast to a typical widely used
discontinuous high-gain sliding mode controller, the RISE feedback offers a continuous
alternative. Moreover, the proposed control designs are not purely high gain as an
adaptive element is used as a feedforward component that learns and incorporates the
knowledge of system dynamics in the control structure.

1.2 Contributions

This research focuses on combining various feedforward terms with the RISE feedback
method for the control of uncertain nonlinear dynamic systems. The contributions of
Chapters 2-6 are as follows.

Chapter 2: Asymptotic Tracking for Systems with Structured and Unstructured
Uncertainties: The development in this chapter is motivated by the desire to include some
knowledge of the dynamics in the control design as a means to improve the performance
and reduce the control effort. Specifically, for systems that include some dynamics
that can be segregated into structured (i.e., linear parameterizable) and unstructured
uncertainty, this chapter illustrates how a new controller, error system, and stability
analysis can be crafted to include a model-based adaptive feedforward term in conjunction

with the RISE feedback technique to yield an asymptotic tracking result. This chapter
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presents the first result that illustrates how the amalgamation of these compensation
methods can be used to yield an asymptotic result.

Chapter 3: Asymptotic Tracking for Uncertain Dynamic Systems via a Multilayer
Neural Network Feedforward and RISE Feedback Control Structure: The use of a NN as
a feedforward control element to compensate for nonlinear system uncertainties has been
investigated for over a decade. Typical NN-based controllers yield uniformly ultimately
bounded (UUB) stability results due to residual functional reconstruction inaccuracies
and an inability to compensate for some system disturbances. Several researchers have
proposed discontinuous feedback controllers (e.g., variable structure or sliding mode
controllers) to reject the residual errors and yield asymptotic results. The research in
this chapter describes how the RISE feedback term can be incorporated with a NN-based
feedforward term to achieve the first ever asymptotic tracking result. To achieve this
result, the typical stability analysis for the RISE method is modified to enable the
incorporation of the NN-based feedforward terms, and a projection algorithm is developed
to guarantee bounded NN weight estimates. Experimental results are presented to
demonstrate the performance of the proposed controller.

Chapter 4: A New Class of Modular Adaptive Controllers: A novel adaptive nonlinear
control design is developed which achieves modularity between the controller and the
adaptive update law. Modularity between the controller /update law design provides
flexibility in the selection of different update laws that could potentially be easier
to implement or used to obtain faster parameter convergence and/or better tracking
performance. For a general class of linear-in-the-parameters (LP) uncertain multi-input
multi-output systems subject to additive bounded non-LP disturbances, the developed
controller uses a model-based feedforward adaptive term in conjunction with the
RISE feedback term. Modularity in the adaptive feedforward term is made possible
by considering a generic form of the adaptive update law and its corresponding parameter

estimate. This generic form of the update law is used to develop a new closed-loop error
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system and stability analysis that does not depend on nonlinear damping to yield the
modular adaptive control result. The result is then extended by considering uncertain
dynamic systems that are not necessarily LP, and have additive non-LP bounded
disturbances. A multilayer NN structure is used in the non-LP extension as a feedforward
element to compensate for the non-LP dynamics in conjunction with the RISE feedback
term. A NN-based controller is developed with modularity in NN weight tuning laws and
the control law. An extension is provided that describes how the control development
for the general class of systems can be applied to a class of dynamic systems modeled by
Euler-Lagrange formulation. Experimental results on a two-link robot are included to
illustrate the concept.

Chapter 5: Composite Adaptive Control for Systems with Additive Disturbances: In
a typical adaptive update law, the rate of adaptation is generally a function of the state
feedback error. Ideally, the adaptive update law would also include some feedback of the
parameter estimation error. The desire to include some measurable form of the parameter
estimation error in the adaptation law resulted in the development of composite adaptive
update laws that are functions of a prediction error and the state feedback. In all previous
composite adaptive controllers, the formulation of the prediction error is predicated on
the critical assumption that the system uncertainty is linear in the uncertain parameters
(LP uncertainty). The presence of additive disturbances that are not LP would destroy
the prediction error formulation and stability analysis arguments in previous results. In
this chapter, a new prediction error formulation is constructed through the use of the
RISE technique. The contribution of this design and associated stability analysis is that
the prediction error can be developed even with disturbances that do not satisfy the
LP assumption (e.g., additive bounded disturbances). A composite adaptive controller
is developed for a general MIMO Euler-Lagrange system with mixed structured (i.e.,

LP) and unstructured uncertainties. A Lyapunov-based stability analysis is used to
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derive sufficient gain conditions under which the proposed controller yields semi-global
asymptotic tracking. Experimental results are presented to illustrate the approach.
Chapter 6: Composite Adaptation for NN-Based Controllers: With the motivation
of using more information to update the parameter estimates, composite adaptation
that uses both the system tracking errors and a prediction error containing parametric
information to drive the update laws, has become widespread in adaptive control
literature. However, despite its obvious benefits, composite adaptation has not been
implemented in NN-based control, primarily due to the NN reconstruction error that
destroys a typical prediction error formulation required for the composite adaptation.
This chapter presents the first ever attempt to design a composite adaptation law for
NNs by devising an innovative swapping procedure that uses the RISE feedback method.
Semi-global asymptotic tracking for the system errors is proved, while all other signals and

control input are shown to be bounded.
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CHAPTER 2
ASYMPTOTIC TRACKING FOR SYSTEMS WITH STRUCTURED AND
UNSTRUCTURED UNCERTAINTIES

2.1 Introduction

The development in this chapter is motivated by the desire to include some knowledge
of the dynamics in the control design as a means to improve the performance and reduce
the control effort. Specifically, for systems that include some dynamics that can be
segregated into structured (i.e., linear parameterizable) and unstructured uncertainty, this
chapter illustrates how a new controller and error system can be crafted to include
a model-based adaptive feedforward term in conjunction with the RISE feedback
technique to yield an asymptotic tracking result. This chapter presents the first result
that illustrates how the amalgamation of these compensation methods can be used
to yield an asymptotic result. Heuristically, the addition of the model-based adaptive
feedforward term should reduce the overall control effort because some of the disturbance
has been isolated and compensated for by a non-high gain feedforward element. Moreover,
the addition of the adaptive feedforward term injects some knowledge of the dynamics
in the control structure, which leads to improved performance. Experimental results
are presented to reinforce these heuristic notions. Specifically, the presented controller
was implemented on a simple rotating circular disk testbed and demonstrated reduced
tracking error and control effort. For this testbed, the dynamics that were included in the
feedforward term included the inertia of the linkage assembly, and the friction present in
the system.

2.2 Dynamic Model

The class of nonlinear dynamic systems considered in this manuscript is assumed to

be modeled by the following Euler-Lagrange formulation that describes the behavior of a

large class of engineering systems:

M(q)G + Vin(q,4)q + G(q) + f(4) + 7a(t) = 7(1). (2-1)
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In (2-1), M(q) € R™™ denotes a generalized inertia matrix, V;,,(q,¢) € R™ ™ denotes a
generalized centripetal-Coriolis matrix, G(q) € R" denotes a generalized gravity vector,
f(4) € R™ denotes a generalized friction vector, 74 (t) € R™ denotes a generalized nonlinear
disturbance (e.g., unmodeled effects), 7(t) € R™ represents the generalized torque input
control vector, and ¢(t), 4(t), ¢(t) € R™ denote the generalized link position, velocity, and
acceleration vectors, respectively. The friction term f(§) in (2-1) is assumed to have the

following form [26] and [59]:

f(q) = m(tanh(q2q) — tanh(ysg)) + 74 tanh(ysq) + 764, (2-2)

where 7, € RVi = 1,2,...,6 denote unknown positive constants. The friction model
in (2-2) has the following properties: 1) it is symmetric about the origin, 2) it has a
static coefficient of friction, 3) it exhibits the Stribeck effect where the friction coefficient
decreases from the static coefficient of friction with increasing slip velocity near the origin,
4) it includes a viscous dissipation term, and 5) it has a Coulombic friction coefficient in
the absence of viscous dissipation. To a good approximation, the static friction coefficient
is given by 71 + 74, and the Stribeck effect is captured by tanh(v2¢) — tanh(vs¢). The
Coulombic friction coefficient is given by 4 tanh(v5q), and the viscous dissipation is given
by 764. For further details regarding the friction model, see [26] and [59]. The subsequent
development is based on the assumption that ¢(¢) and ¢(¢) are measurable and that M(q),
Vin(a,4), G(q), f(q), and 14(t) are unknown. The error system systems utilized in this
manuscript assume that the generalized coordinates, ¢ (t), of the Euler-Lagrange dynamics
in (2-1) allow additive and not multiplicative errors. Moreover, the following assumptions
will be exploited in the subsequent development:
Assumption 2-1: Symmetric and Positive-Definite Inertia Matrix

The inertia matrix M (q) is symmetric, positive definite, and satisfies the following
inequality V¢(t) € R™:

my [[€]7 < €"M(q)¢ < m(q) [I€]I° (2-3)
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where m; € R is a known positive constant, m(q) € R is a known positive function, and
||| denotes the standard Euclidean norm.
Assumption 2-2: If ¢(¢), 4(t) € L, then V,,,(q,q), F(¢) and G(q) are bounded.
Moreover, if ¢(t), G(t) € Lo, then the first and second partial derivatives of the elements of
M(q), Viu(q,q), G(q) with respect to ¢ (t) exist and are bounded, and the first and second
partial derivatives of the elements of V,,,(q, q), F'(¢) with respect to ¢(t) exist and are
bounded.
Assumption 2-3: The nonlinear disturbance term and its first two time derivatives, i.e.
T4 (t), 74 (t), 74 (t) are bounded by known constants.
Assumption 2-4: The desired trajectory is designed such that qéi) (t) eR" (i =0,1,...,4)
exist and are bounded.
2.3 Error System Development

The control objective is to ensure that the system tracks a desired time-varying

trajectory despite structured and unstructured uncertainties in the dynamic model. To

quantify this objective, a position tracking error, denoted by e;(t) € R", is defined as
e1=qq —q. (2-4)

To facilitate the subsequent analysis, filtered tracking errors, denoted by es(t), r(t) € R",
are also defined as
ey = €1 + e (2-5)
r = éy + e, (2-6)
where a1, as € R denote positive constants. The subsequent development is based on the

assumption that ¢ (t) and ¢ (t) are measurable, so the filtered tracking error r(t) is not

measurable since the expression in (2-6) depends on ().
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The open-loop tracking error system can be developed by premultiplying (2-6) by

M(q) and utilizing the expressions in (2-1)-(2-5) to obtain the following expression:
M(q)r = Y0 + S + Wq + 74(t) — 7(1), (2-7)
where Yy (qa, Ga, Ga) 0 € R™ is defined as

Va0 £ M(qa)Ga + Vin(qa, 4a)da + G(qq) + 71 (tanh (5244) — tanh (33¢q)) (2-8)

+ yatanh (¥54q) + Y6da-

In (2-8), # € RP contains the constant unknown system parameters, Yy (qq, 4a, ) € R™*P
is the desired regression matrix that contains known functions of the desired link position,
velocity, and acceleration, g4 (t), 44 (t), da (t) € R™, respectively, and s, 73, 75 € R are
the best guess estimates for s, 73, and 75, respectively. In (2-7), the auxiliary function

S (q7 q'v qd, Qdu qd) € R" is defined as

S £ M (q) (a1é1 + ases) + M (q) Ga — M (qa)a + Vin(¢. )d — Vin(qa, da)da + G(q) — G(qa)
+ Y64 — Y6Ga + Ya tanh (v5G) — v4 tanh (y5¢q) + 71 (tanh (72¢) — tanh (y3¢)) (2-9)

— 71 (tanh (724q) — tanh (v344)) ,

and the auxiliary function W,(ds) € R™ is defined as

Wy £ v4tanh (15¢a) — va tanh (Y5dq) + 71 (tanh (v244) — tanh (v3dq)) (2-10)

— 7 (tanh (Y2¢4) — tanh (334a)) -
Based on the expression in (2-7), the control torque input is designed as
T =Y0+ p. (2-11)
In (2-11), p(t) € R™ denotes the RISE term defined as

w(t) 2 (ks + Deg(t) — (ks + 1)es(0) + /0 [(ks + 1)ases(o) + Bsgn(es(o))]do, (2-12)
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where kg, B € R are positive, constant control gains, and é(t) € R? denotes a parameter

estimate vector generated on-line according to the following update law:
0=_Y]r (2-13)

with I' € RP*P being a known, constant, diagonal, positive-definite adaptation gain matrix.
Since Yy(t) is only a function of the known desired time varying trajectory, (2-13) can be

integrated by parts as follows:

A(t) = 6(0) + IV es(0) ‘; T /0 t {YdTeg(U) - azy"dTez(a)} do (2-14)
so that the parameter estimate vector 6(¢) implemented in (2-11) does not depend on the
unmeasurable signal 7(t).
Remark 2.1. The control design in (2-11) is similar to the results in [22]. However,
previous designs based on [22] could only compensate for uncertainty in the system through
the high gain RISE feedback term p(t). Through the new development presented in the
current result, an adaptive feedforward term can also be used to compensate for system
uncertainty. This flexibility presents a significant advantage because it allows more system
dynamics to be incorporated in the control design. Specifically, if some of the system
uncertainty can be segregated into a linear parameterizable form, then the model-based
adaptive feedforward term can be injected to compensate for the uncertainty instead of
gust relying on the non-model based high gain RISE feedback term. Heuristically, this
contribution should improve the tracking performance and reduce the control effort.
Ezperimental results on a simple one-link robot manipulator provide some validation of this
heuristic idea.

The closed-loop tracking error system can be developed by substituting (2-11) into
(2-7) as

M(q)r = Yal + S+ Wa+ 74 — p(t), (2-15)
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where 0(t) € R? represents the parameter estimation error vector defined as
0=0—0. (2-16)

To facilitate the subsequent stability analysis (and to illustrate some insight into the

structure of the design for u(t)), the time derivative of (2-15) is determined as
M(q)r = —%M(q)r LY+ N (6) 4+ Na (1) — o) — e, (217)
where the unmeasurable auxiliary term N(eq, €2, 7) € R" is defined as
N() 2 —YrvTr 4§ — %M(q)r e, (2-18)

where (2-13) was used. In (2-17), the unmeasurable auxiliary term Ny(qq, 4a, Gs) € R™ is
defined as
Ny (t) & Wy + 7. (2-19)

The time derivative of (2-12) is given as
fu(t) = (ks + 1)r + Bsgn(ea). (2-20)

In a similar manner as in [60], the Mean Value Theorem can be used to develop the

following upper bound!
(NG EA(EDIER (2-21)
where z(t) € R3" is defined as

2(t) £ [e] ef T’T}T. (2-22)

The following inequalities can be developed based on the expression in (2-19) and its time

derivative:

NI < v M) < G (2-23)

1 See Lemma 1 of the Appendix for the proof of the inequality in (2-21).
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where (n,, (n,, € R are known positive constants.
2.4 Stability Analysis
Theorem 2-1: The controller given in (2-11), (2-12), and (2-14) ensures that all
system signals are bounded under closed-loop operation and that the position tracking

error is regulated in the sense that
llex(t)]| — 0 as t — o0

provided the control gain kg introduced in (2-12) is selected sufficiently large based on the
initial conditions of the system (see the subsequent proof for details), ay, ay are selected

according to the following sufficient condition
1
oy > 5, ag > 1 (2*24)
and [ is selected according to the following sufficient condition

B> (N, + iCNd2 (2-25)
Qi

where (y, and (y,, are introduced in (2-23).
Proof: Let D C R*™*! he a domain containing y(t) = 0, where y(t) € R3"+7+1 ig
defined as

v 2 [F) 070y VP (2-26)
and the auxiliary function P(t) € R is defined as
P(t) 2 53 ea(0)] - e2(0)" Nal0) - / L(r)dr (2-27)

where the subscript @ = 1,2,..,n denotes the ith element of the vector. In (2-27), the

auxiliary function L(t) € R is defined as

L(t) 2 7 (Ng(t) — Bsgn(es)) . (2-28)
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The derivative P(t) € R can be expressed as
P(t) = —L(t) = =" (Na(t) — Bsgn(ez)). (2-29)

Provided the sufficient condition introduced in (2-25) is satisfied, the following inequality

can be obtained? :
[ £ < 53 0] - 07 Nao) (2-30)
0 i=

Hence, (2-30) can be used to conclude that P(t) > 0.
Let V(y,t): D x [0,00) — R be a continuously differentiable, positive definite function
defined as

1 1 1~ ~
V(y,t) = ele; + 56%62 + §T‘TM(q)r + P+ §9TF_19 (2-31)

which satisfies the following inequalities:
Ur(y) < V(y,t) < Ua(y) (2-32)

provided the sufficient condition introduced in (2-25) is satisfied. In (2-32), the

continuous, positive definite functions U, (y), Ua(y) € R are defined as

Uly) = mllyl®  Usly) = me(a) yll® (2-33)

where 71, 72(¢) € R are defined as

m £ %mm {1,m17 )\min {F_l}}
1

() 2 o { 1), o (T} 1}

where my, m(q) are introduced in (2-3) and Apin {-}, Amax {-} denote the minimum and

maximum eigenvalues, respectively, of the argument. After taking the time derivative of

2 The inequality in (2-30) can be obtained in a similar manner as in Lemma 2 of the
Appendix.
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(2-31), V(y,t) can be expressed as
. 1. L .
V(y,t) =rTM(q)r + §TTM(C_])T’ +eley +2eTe, + P — 6071710,

Remark 2.2. From (2-17), (2-27) and (2-28), some of the differential equations de-
scribing the closed-loop system for which the stability analysis is being performed have

discontinuous right-hand sides as

M = — NI + Yol + N (1) + Na(t) = (ks + Dy — Busgnles) —en (234)

P(t) = —L(t) = =" (Na(t) — Bsgn(es)) (2-35)

Let f (y,t) € R"™ denote the right-hand side of (2-34)-(2-35). Since the subsequent
analysis requires that a solution ezists for y = f (y,t), it is important to show the existence
and uniqueness of the solution to (2-34)-(2-35). As described in [13, 61], the ezistence
of Filippov’s generalized solution can be established for (2-34)-(2-35). First, note that
f (y,t) is continuous except in the set {(y,t)|ea = 0}. Let F (y,t) be a compact, convexz,
upper semicontinuous set-valued map that embeds the differential equation y = f (y,t)
into the differential inclusions y € F (y,t). From Theorem 27 of [13], an absolute
continuous solution exists to y € F (y,t) that is a generalized solution to y = f (y,t).
A common choice for F (y,t) that satisfies the above conditions is the closed convex hull
of f(y,t) [13, 61]. A proof that this choice for F (y,t) is upper semicontinuous is given
in [62]. Moreover, note that the differential equation describing the original closed-loop
system (i.e., after substituting (2-11) into (2-1)) has a continuous right-hand side; thus,
satisfying the condition for existence of classical solutions. Similar arguments are used for
all the results in this dissertation.

After utilizing (2-5), (2-6), (2-13), (2-17), (2-20), and (2-29), V(y,t) can be

simplified as

V(y,t) = r"N(t) = (ks + 1) |Ir]|* = az [lea]|” — 2 [|er ]| + 2¢5 ex. (2-36)

30



Because el (t)e;(t) can be upper bounded as

1 1
T, 2 1 2
erer < 5 fleaf]” + 5 flez|

V(y,t) can be upper bounded using the squares of the components of z(t) as follows:
V(y,t) <rTN(E) = (ks + 1) [|Ir]* = s lleall* = 20 [lex | + flea||* + [lea]l*
By using (2-21), the expression in (2-36) can be rewritten as follows:

V(y,t) < =ns 2" = (ks 171" = pCll1) el 11=1]) (2-37)

where 73 = min{2a; — 1, — 1,1}, and the bounding function p(||z||) € R is a positive,
globally invertible, nondecreasing function; hence, oy, and as must be chosen according to
the sufficient conditions in (2-24). After completing the squares for the parenthetic terms

in (2-37), the following expression can be obtained:

) I YE
V(y,0) <~y 212+ CLED I (2-38)
The expression in (2-38) can be further upper bounded by a continuous, positive
semi-definite function
V(y,t) < =Uly) = —cllz|*  VyeD (2-39)

for some positive constant ¢ € R, where

D& Ly e Ryl < p! (2v/msks ) |

Larger values of k& will expand the size of the domain D. The inequalities in (2-32) and
(2-39) can be used to show that V(y,t) € Lo in D; hence, e, (t), es(t), 7(t), and 0(t) € Lo
in D. Given that e;(t), ea(t), and r(t) € Lo in D, standard linear analysis methods can
be used to prove that é;(t), éx2(t) € L in D from (2-5) and (2-6). Since # € R? contains

the constant unknown system parameters and (t) € Lo in D, (2-16) can be used to
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prove that 0(t) € Lo, in D. Since ey(t), es(t), r(t) € Lo in D, the assumption that gg(t),
da(t), da(t) exist and are bounded can be used along with (2-4)-(2-6) to conclude that
q(t), 4(t), §(t) € Lo in D. The assumption that qq(t), ¢a(t), da(t), qa(t), ¢ 4(t) exist and
are bounded along with (2-8) can be used to show that Yy (g4, o, Ga)s Ya (¢, das Ga> 9 a),
and Yy (¢a, o> Ga» T4, @) € Loo in D. Since ¢(t), ¢(t) € Lo in D, Assumption 2-2 can be
used to conclude that M(q), V,.(q,q4), G(q), and F(§) € L in D. Thus from (2-1) and
Assumption 2-3, we can show that 7(¢) € L, in D. Given that r(t) € L in D, (2-20) can
be used to show that fi(t) € L in D. Since ¢(t), §(t) € L in D, Assumption 2-2 can be
used to show that V;,(q,q), G(¢), F(q) and M(q) € Lo in D; hence, (2-17) can be used to
show that 7(t) € Lo in D. Since é;(t), éx(t), 7(t) € Lo in D, the definitions for U(y) and
z(t) can be used to prove that U(y) is uniformly continuous in D.

Let S C D denote a set defined as follows:?
s={unen|vwm <n (o (2vaR)) | (2-40)
Theorem 8.4 of [63] can now be invoked to state that
cllz@®))° =0 as t—oo  Wy(0)eS. (2-41)
Based on the definition of z(¢), (2-41) can be used to show that

lea(t)] =0 as t—oo  Vy(0)eS.

2.5 Experimental Results
The testbed depicted in Figure 2-1 was used to implement the developed controller.

The testbed consists of a circular disc of unknown inertia mounted on a NSK direct-drive

3 The region of attraction in (2-40) can be made arbitrarily large to include any initial
conditions by increasing the control gain k; (i.e., a semi-global type of stability result) [22].
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cular Disk

Figure 2-1. The experimental testbed consists of a circular disk mounted on a NSK
direct-drive switched reluctance motor.

switched reluctance motor (240.0 Nm Model YS5240-GN001). The NSK motor is
controlled through power electronics operating in torque control mode. The motor resolver
provides rotor position measurements with a resolution of 614,400 pulses/revolution.

A Pentium 2.8 GHz PC operating under QNX hosts the control algorithm, which was
implemented via Qmotor 3.0, a graphical user-interface, to facilitate real-time graphing,
data logging, and adjustment of control gains without recompiling the program (for
further information on Qmotor 3.0, the reader is referred to [64]). Data acquisition and
control implementation were performed at a frequency of 1.0 kHz using the ServoToGo
[/O board. A rectangular nylon block was mounted on a pneumatic linear thruster to
apply an external friction load to the rotating disk. A pneumatic regulator maintained a
constant pressure of 20 pounds per square inch on the circular disk.

The dynamics for the testbed are given as follows:

JG+ f(q) +7a(t) = 7(t), (2-42)

where J € R denotes the combined inertia of the circular disk and rotor assembly, the
friction torque f(¢) € R is defined in (2-2), and 74 (t) € R denotes a general nonlinear

disturbance (e.g., unmodeled effects). The parameters o, 73, 75 are embedded inside
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Figure 2-2. Desired trajectory used for the experiment.

the nonlinear hyperbolic tangent functions and hence cannot be linearly parameterized.

Since these parameters cannot be compensated for by an adaptive algorithm, best-guess

estimates 7, = 50, 43 = 1, 75 = 50 are used. The values for 75, 73, 75 are based on

previous experiments concerned with friction identification. Significant errors in these

static estimates could degrade the performance of the system. The control torque input

7(t) is given by (2-11), where Y (¢4, Ga) € R™* is the regression matrix defined as

Yy = {Q'd tanh (72¢q) — tanh (y3¢a) tanh (Y5¢a) (jd] )
and 0 () € R* is the vector consisting of the unknown parameters defined as
A T
6= [J B A %} : (2-43)
The parameter estimates vector in (2-43) is generated on-line using the adaptive update
law in (2-14). The desired link trajectory (see Figure 2-2) was selected as follows (in

degrees):
qa(t) = 45.0sin(1.2t)(1 — exp(—0.01¢%)). (2-44)

For all experiments, the rotor velocity signal is obtained by applying a standard
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backwards difference algorithm to the position signal. The integral structure of the
adaptive term in (2-14) and the RISE term in (2-12) was computed on-line via a standard
trapezoidal algorithm. In addition, all the states and unknown parameters were initialized

to zero. The signum function for the control scheme in (2-12) was defined as:

1 es > 0.0005
sgn(e2(t)) =4 0 —0.0005 < ey < 0.0005 -
1 ey < —0.0005

The RISE controller is composed of proportional-integral-derivative (PID) elements
and the integral of sign term. There are several tuning techniques available in the
literature for the PID elements in the controller, however, the control gains were obtained
by choosing gains and then adjusting based on performance. If the response exhibited a
prolonged transient response (compared with the response obtained with other gains),
the proportional and integral gains were adjusted. If the response exhibited overshoot,
derivative gains were adjusted. To fine tune the performance, the adaptive gains were
adjusted after the feedback gains were tuned as described to yield the best performance.
In contrast to this approach of adjusting the control and adaptation gains, the control
gains could potentially be adjusted using more methodical approaches. For example,
the nonlinear system in [65] was linearized at several operating points and a linear
controller was designed for each point, and the gains were chosen by interpolating, or
scheduling the linear controllers. In [66], a neural network is used to tune the gains of
a PID controller. In [67], a genetic algorithm was used to fine tune the gains after an
initialization. Additionally, in [68], the tuning of a PID controller for robot manipulators is
discussed.

Experiment 1
In the first experiment, the controller in (2-11) was implemented without including

the adaptation term. Thus the control torque input given in (2-11) takes the following
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Figure 2-3. Position tracking error without the adaptive feedforward term.

form [22]:
7(t) = ().
The gains for the controller that yielded the best steady-state performance were

determined as follows:

ks =100 B=115 a3 =40 ay = 30. (2-45)

The position tracking error obtained from the controller is plotted in Figure 2-3, and the
torque input by the controller is depicted in Figure 2-4.
Experiment 2

In the second experiment, the control input given in (2-11) was used. The update
law defined in (2-14) was used to update the parameter estimates defined in (2-43). The
following control gains and best guess estimates were used to implement the controller in

(2-11):

ke =100 B=115 a; =40 a, =30 I = diag{10, 1,1, 10} -
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Figure 2-4. Torque input without the adaptive feedforward term.
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Figure 2-5. Position tracking error for the control structure that includes the adaptive
feedforward term.

The position tracking error obtained from the controller is plotted in Figure 2-5, the
parameter estimates are depicted in Figure 2-6, the contribution of the RISE term is

shown in Figure 2-8, and the torque input by the controller is depicted in Figure 2-7.
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Figure 2-6. Parameter estimates of the adaptive feedforward component: (a) 41, (b) 44, (c)
Y6, (d) J.
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Figure 2-7. Torque input for the control structure that includes the adaptive feedforward
term.
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Figure 2-8. The contribution of the RISE term for the control structure that includes the
adaptive feedforward term.

2.6 Discussion

Figure 2-5 illustrates that the incorporation of a model-based feedforward term
eliminates the spikes present in Figure 2-3 that occur when the motor changes direction.
The spikes are initially present in Figure 2-5, but reduce in magnitude and vanish as
the adaptive update converges. These figures exactly illustrate how the addition of the
adaptive feedforward element injects model knowledge into the control design to improve
the overall performance. Figure 2-8 indicates that the contribution of the RISE term
in the overall torque decreases with time as the feedforward adaptation term begins to
compensate for part of the disturbances.

Both the experiments were repeated 10 consecutive times with the same gain values
to check the repeatability and accuracy of the results. For each run, the root mean
squared (RMS) values of the position tracking errors and torques are calculated. The
average of these RMS values for the two cases (with adaptation and without adaptation)
obtained over 10 sets are plotted in Figure 2-9, where the bars indicate the variance about

the mean. An unpaired t-test assuming equal variances was performed using a statistical
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package (Microsoft Office Excel 2003) with a significance level of v = 0.05. The results of
the t-test for the RMS error, and the RMS torque are shown in Table 2-1 and Table 2-2,
respectively. Table 2-1 indicates that the P value obtained for the one-tailed test is less
than the significance level a. Thus, the mean RMS error for case 2 is lower than that of
case 1, and this difference is statistically significant. Similarly, from Table 2-2, the mean
RMS torque for case 2 is lower than that of case 1. The results indicate that the mean
RMS value of the position tracking error when the adaptive feedforward term is used is
about 43.5% less than the case when no adaptation term is used. This improvement in
performance by the proposed controller was obtained while using 17.6% less input torque
as shown in Figure 2-9.

While the developed controller is a continuous controller, it can exhibit some
high frequency content due to the presence of the integral sign function. However, the
frequency content is finite unlike current discontinuous nonlinear control methods. The
experimental results show some chattering in the input/output signals, but the mechanical
system acts a low-pass filter because the actuator bandwidth is lower than the bandwidth
produced by the controller. Also, the controller requires full-state feedback (i.e., both
position and velocity measurements are needed), but as mentioned earlier, only the
position is measured and the velocity is obtained by an unfiltered backward difference
algorithm. The need for velocity feedback is also a source of noise, especially for the
sub-degree errors that the controller yields.

2.7 Conclusions

A new class of asymptotic controllers is developed that contains an adaptive
feedforward term to account for linear parameterizable uncertainty and a high gain
feedback term which accounts for unstructured disturbances. In comparison with previous
results that used a similar high gain feedback control structure, new control development,
error systems and stability analysis arguments were required to include the additional

adaptive feedforward term. The motivation for injecting the adaptive feedforward term is
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Table 2-1. t-test: two samples assuming equal variances for RMS error

RMS Error
Variable 1 Variable 2
Mean 3.214 x 1072 | 1.817 x 1072
Variance 1.044 x 10~ | 3.170 x 1077
Observations 10 10
Pooled 5.378 x 107
Variance
Hypothesized 0
Mean
Difference
df 18
t Stat 13.47
P(T<=t) 3.847 x 10711
one-tail
t Critical 1.734
one-tail
P(T<=t) 7.693 x 10711
two-tail
t Critical 2.101
two-tail

RMS Error [degrees] RMS Torque [N-m]
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0.03 41— 25 !
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Figure 2-9. RMS position tracking errors and torques for the two cases - (1) without the
adaptation term in the control input, (2) with the adaptation term in the
control input.
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Table 2-2. t-test: two samples assuming equal variances for RMS torque

RMS Torque
Variable 1 | Variable 2
Mean 27.79 22.90
Variance 3.452 1.474
Observations 10 10
Pooled 2.463
Variance
Hypothesized 0
Mean
Difference
df 18
t Stat 3.971
P(T<=t) 8.208 x 10~7
one-tail
t Critical 1.734
one-tail
P(T<=t) 1.642 x 107
two-tail
t Critical 2.101
two-tail

that improved tracking performance and reduced control effort result from including more
knowledge of the system dynamics in the control structure. This heuristic idea was verified
by our experimental results that indicate reduced control effort and reduced RMS tracking

eIrors.
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CHAPTER 3
ASYMPTOTIC TRACKING FOR UNCERTAIN DYNAMIC SYSTEMS VIA A
MULTILAYER NEURAL NETWORK FEEDFORWARD AND RISE FEEDBACK
CONTROL STRUCTURE

3.1 Introduction

The contribution in this chapter is motivated by the question: Can a NN feedforward
controller be modified by a continuous feedback element to achieve an asymptotic tracking
result for a general class of systems? Despite the pervasive development of NN controllers
in literature and the widespread use of NNs in industrial applications, the answer to this
fundamental question has remained an open problem.

To provide an answer to the fundamental motivating question, the result in this
chapter focuses on augmenting a multi-layer NN-based feedforward method with a recently
developed [21] high gain control strategy coined the Robust Integral of the Sign of the
Error (RISE) in [19, 20]. The RISE control structure is advantageous because it is a
differentiable control method that can compensate for additive system disturbances and
parametric uncertainties under the assumption that the disturbances are C? with bounded
time derivatives. Due to the advantages of the RISE control structure a flurry of results
have recently been developed (e.g., [22, 23, 25-27]).

A RISE feedback controller can be directly applied to yield asymptotic stability for
the class of systems described in this chapter. However, the RISE method is a high-gain
feedback tool, and hence, clear motivation exists (as with any other feedback controller)
to combine a feedforward control element with the feedback controller for potential gains
such as improved transient and steady-state performance, and reduced control effort.

That is, it is well accepted that a feedforward component can be used to cancel out some
dynamic effects without relying on high-gain feedback. Given this motivation, some results
have already been developed that combine the RISE feedback element with feedforward
terms. In [60], a remark is provided regarding the use of a constant best-guess feedforward

component in conjunction with the RISE method to yield a UUB result. In [19, 20], the

43



RISE feedback controller was combined with a standard gradient feedforward term for
systems that satisfy the linear-in-the-parameters assumption. The experimental results
in [19] illustrate significant improvement in the root-mean-squared tracking error with
reduced root-mean-squared control effort. However, for systems that do not satisfy the
linear-in-the-parameters assumption, motivation exists to combine the RISE controller
with a new feedforward method such as the NN.

To blend the NN and RISE methods, several technical challenges must be addressed.
One (lesser) challenge is that the NN must be constructed in terms of the desired
trajectory instead of the actual trajectory (i.e., a DCAL-based NN structure [36]) to
remove the dependence on acceleration. The development of a DCAL-based NN structure
is challenging for a multi-layer NN because the adaptation law for the weights is required
to be state-dependent. Straightforward application of the RISE method would yield an
acceleration dependent adaptation law. One method to resolve this issue is to use a “dirty
derivative” (as in the UUB result in [69]; see also [25]). In lieu of a dirty derivative, the
result in this chapter uses a Lyapunov-based stability analysis approach for the design
of an adaptation law that is only velocity dependent. In comparison with the efforts in
[19, 20], a more significant challenge arises from the fact that since a multi-layer NN
includes the first layer weight estimate inside of a nonlinear activation function, the
previous methods (e.g., [19, 20]) can not be applied. That is, because of the unique
manner in which the NN weight estimates appear, the stability analysis and sufficient
conditions developed in previous works are violated. Previous RISE methods have
a restriction (encapsulated by a sufficient gain condition) that terms in the stability
analysis that are upper bounded by a constant must also have time derivatives that are
upper bounded by a constant (these terms are usually denoted by N, (t) in RISE control
literature, see [60]). The norm of the NN weight estimates can be bounded by a constant
(due to a projection algorithm) but the time derivative is state-dependent (i.e., the norm

of Ny (t) can be bounded by a constant but the norm of Ny (t) is state dependent). To
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address this issue, modified RISE stability analysis techniques are developed that result
in modified (but not more restrictive) sufficient gain conditions. By addressing this issue
through stability analysis methods, the standard NN weight adaptation law does not need
to be modified. Through unique modifications to the stability analysis that enable the
RISE feedback controller to be combined with the NN feedforward term, the result in this
chapter provides an affirmative answer for the first time to the aforementioned motivating
question.

Since the NN and the RISE control structures are model independent (black box)
methods, the resulting controller is a universal reusable controller [36] for continuous
systems. Because of the manner in which the RISE technique is blended with the
NN-based feedforward method, the structure of the NN is not altered from textbook
examples [15] and can be considered a somewhat modular element in the control structure.
Hence, the NN weights and thresholds are automatically adjusted on-line, with no
off-line learning phase required. Compared to standard adaptive controllers, the current
asymptotic result does not require linearity in the parameters or the development and
evaluation of a regression matrix.

For systems with linear-in-the-parameters uncertainty, an adaptive feedforward
controller has the desirable characteristics that the controller is continuous, can be
proven to yield global asymptotic tracking, and includes the specific dynamics of the
system in the feedforward path. Continuous feedback NN controllers don’t include the
specific dynamics in a regression matrix and have a degraded steady-state stability
result (i.e., UUB tracking); however, they can be applied when the uncertainty in
the system is unmodeled, can not be linearly parameterized, or the development and
implementation of a regression matrix is impractical. Sliding mode feedback NN
controllers have the advantage that they can achieve global asymptotic tracking at the
expense of implementing a discontinuous feedback controller (i.e., infinite bandwidth,

exciting structural modes, etc.). In comparison to these controllers, the development
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in this chapter has the advantage of asymptotic tracking with a continuos feedback
controller for a general class of uncertainty; however, these advantages are at the expense
of semi-global tracking instead of the typical global tracking results.
3.2 Dynamic Model

The dynamic model and its properties are the same as in Chapter 2; however, the

dynamics are not assumed to satisfy the linear-in-the-parameters assumption.
3.3 Control Objective

The control objective is to ensure that the system tracks a desired time-varying

trajectory, denoted by g4(t) € R", despite uncertainties in the dynamic model. To quantify

this objective, a position tracking error, denoted by e;(t) € R", is defined as
e 2 q.—q. (3-1)

To facilitate the subsequent analysis, filtered tracking errors, denoted by es(t), r(t) € R",
are also defined as

es £ €1+ aye (3-2)
A .
T = €2 + (geo (3*3)

where aq, as € R denote positive constants. The filtered tracking error r(t) is not
measurable since the expression in (3-3) depends on ¢(t).
3.4 Feedforward NN Estimation

NN-based estimation methods are well suited for control systems where the dynamic
model contains unstructured nonlinear disturbances as in (2-1). The main feature that
empowers NN-based controllers is the universal approximation property. Let S be a
compact simply connected set of RM*1 With map f : S — R", define C" (S) as the
space where f is continuous. There exist weights and thresholds such that some function

f(z) € C"(S) can be represented by a three-layer NN as [15, 32]

fz)=W'o (V'z) + ¢ (2) (3-4)
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for some given input x(t) € RM*1 In (3-4), V € RMHDXNe and I € ROV2FDX7 gre
bounded constant ideal weight matrices for the first-to-second and second-to-third layers
respectively, where N7 is the number of neurons in the input layer, N, is the number

of neurons in the hidden layer, and n is the number of neurons in the third layer. The
activation function® in (3-4) is denoted by o (-) € R™™! and ¢ (z) € R" is the functional
reconstruction error. Note that, augmenting the input vector x(t) and activation function
o (+) by “1”7 allows us to have thresholds as the first columns of the weight matrices

[15, 32]. Thus, any tuning of W and V' then includes tuning of thresholds as well. If

e(x) = 0, then f (z) is in the functional range of the NN. In general for any positive
constant real number ey > 0, f (z) is within ey of the NN range if there exist finite
hidden neurons Ns, and constant weights so that for all inputs in the compact set, the
approximation holds with ||e]| < ey. For various activation functions, results such as

the Stone-Weierstrass theorem indicate that any sufficiently smooth function can be
approximated by a suitable large network. Therefore, the fact that the approximation
error ¢ (z) is bounded follows from the Universal Approzimation Property of the NNs [30].

Based on (3-4), the typical three-layer NN approximation for f(x) is given as [15, 32]
fx)2Wio(V) (3-5)

where V(t) € RMHTDxN2 and W (t) € ROY2+D*n are subsequently designed estimates of the
ideal weight matrices. The estimate mismatch for the ideal weight matrices, denoted by

V(t) € RMFDXN2 and W (t) € RMN2HD*7 are defined as

~ ~

VEV -V,

~ A

WaEW-Ww

1A variety of activation functions (e.g., sigmoid, hyperbolic tangent or radial basis)
could be used for the control development in this dissertation.
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and the mismatch for the hidden-layer output error for a given z(t), denoted by 6(z) €
RN2+1 s defined as

E0—6=0(VTe)—o(VTz). (3-6)

The NN estimate has several properties that facilitate the subsequent development. These
properties are described as follows.
Assumption 3-1: (Boundedness of the Ideal Weights) The ideal weights are assumed to

exist and be bounded by known positive values so that
V%= tr (VIV) = vec (V) vee (V) < Vg (3-7)

W[5 = tr (WTW) = vec(W)" vee (W) < W, (3-8)

where ||-|| - is the Frobenius norm of a matrix, ¢r (-) is the trace of a matrix, and the
operator vec (-) stacks the columns of a matrix A € R™*" to form a vector vec(A) € R™
as

vec(A)é A Asi. Apn A As A Ans

Assumption 3-2: (Convezr Regions) Based on (3-7) and (3-8), convex regions (e.g., see

Section 4.3 of [70]) can be defined. Specifically, the convex region Ay can be defined as?
Ay £ {v:v"v <V}, (3-9)

where Vp was given in (3-7). In addition, the following definitions concerning the region
Ay and the parameter estimate vector vec (V) € RWMi+DN2 (j e the dynamic estimate
of vec (V) € Ay) are provided as follows: int(Ay) denotes the interior of the region Ay,
J(Ay) denotes the boundary for the region Ay, vec (V)l € RMiHDN2 g o it vector
normal to d(Ay) at the point of intersection of the boundary surface d(Ay) and vec (‘7)

A\ L
where the positive direction for vec (V) is defined as pointing away from int(Ay) (note

2 See Lemma 3 of the Appendix for the proof of convexity.
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A\ L ~
that vec (V) is only defined for vec <V> € d(Ay)), P(¢) is the component of the vector
P € RMHDN2 that is tangent to d(Ay) at the point of intersection of the boundary surface

J(Ay) and the vector vec <V>, and
PH(Y) = ¢ — Pi(y) e RIHDT (3-10)

is the component of the vector ¢» € RIM+DN2 that is perpendicular to d(Ay) at the point
of intersection of the boundary surface d(Ay ) and the vector vec (V) Similar to (3-9),

the convex region Ay is defined as
Aw = {v:v"v < Wg}, (3-11)

where Wy was given in (3-8).
3.5 RISE Feedback Control Development

The contribution of this chapter is the control development and stability analysis
that illustrates how the aforementioned textbook (e.g., [15]) NN feedforward estimation
strategy can be fused with a RISE feedback control method as a means to achieve an
asymptotic stability result for general Euler-Lagrange systems described by (2-1). In this
section, the open-loop and closed-loop tracking error is developed for the combined control
system.
3.5.1 Open-Loop Error System

The open-loop tracking error system can be developed by premultiplying (3-3) by
M (q) and utilizing the expressions in (2-1), (3-1), and (3-2) to obtain the following
expression:

M(g)r=fo+S+m—7 (3-12)

where the auxiliary function fy (g4, G4, Ga) € R™ is defined as

fa = M(qa)da + Vin(qas Ga)da + G(ga) + F (da) (3-13)
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and the auxiliary function S (q, q, g4, 4a, Ga) € R" is defined as

S £ M (q) (arér + asea) + M (q) Ga — M(qa)da + Vin(q: 4)d — Vin(qa, 4a)da (3-14)

+G(q) — Glga) + F (4) — F (da) -
The expression in (3-13) can be represented by a three-layer NN as
fa= WTO'(VTl’d) +ée (l’d) . (3*15)

In (3-15), the input x4(t) € R**! is defined as xq4(t) = [1 ¢L(t) ¢¥(t) ()" so that
Ny = 3n where N; was introduced in (3—4). Based on the assumption that the desired

trajectory is bounded, the following inequalities hold
||€ (xd>H < Eby s ’|5(2L’d,l’d>“ < Ebos Hg(xdvxdvxd)n < Eby (3716>

where €, , €p,, €y, € R are known positive constants.
3.5.2 Closed-Loop Error System
Based on the open-loop error system in (3-12), the control torque input is composed

of a three-layer NN feedforward term plus the RISE feedback terms as
T2 fut . (3-17)
Specifically, the RISE feedback control term p(t) € R" is defined as [22]
p(t) & (ks + 1)ea(t) — (ks + 1)ea(0) + /Ot[(k‘s + Dages(0) + Bisgn(ex(o))ldo (3-18)

where kg, 31 € R are positive constant control gains. The feedforward NN component in

(3-17), denoted by fu(t) € R", is generated as

Fa 2 WTa(VT2y). (3-19)
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The estimates for the NN weights in (3—19) are generated on-line (there is no off-line

learning phase) using a smooth projection algorithm (e.g., see Section 4.3 of [70]) as

( ~
i if vec (W) € int (Aw)
o . 2 T S\ -+
W =proj (1) = I if vec <W) € 0(Aw) and vec (u1) vec (W) <0
. z T T L
P () A if vee (W) € 0 (Aw) and vec (u1)” vec (W) >0
\
(3-20)
( .
12 if vec (V) € int (Ay)
: ' . . N
V = proj (us) = 12 if vec <V) € 0(Ay) and vec (u2)” vec (V) <0 (321
. > T A\ +
P} (pe) 1 if vee (V) € 0 (Ay) and vec (us)" vec (V) >0
\
where
vec (W (O)) cint (Aw), wvec (V (O)) € int (Ay)
and the auxiliary terms p (t) € RV2+Dxm 0 (#) € RINHDXN2 are defined as
M1 £ Fl&'VTgbdeg s 125) =S ngd(&’TWeQ)T (3722)

where I'; € RWV2HDx(No+1) 1) ¢ RVADX(N+1) gre constant, positive definite, symmetric
matrices. In (3-20) and (3-21), P}, (A) = devec (P! (vec (A))) for a matrix A, where the
operation devec (+) is the reverse of vec (+).
Remark 3.1. The use of the projection algorithm in (3-20) and (3-21) is to ensure that
W (t) and V() remain bounded inside the conver regions defined in (3-9), and (3-11).
This fact will be exploited in the subsequent stability analysis.

The closed-loop tracking error system can be developed by substituting (3-17) into
(3-12) as

M(q)r = fo— fa+S+7a—p. (3-23)

To facilitate the subsequent stability analysis, the time derivative of (3-23) is determined

as

Mgy = —M(@)r + fi— fat S+ 50— ju (3-24)
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Taking the time derivative of the closed-loop error system is typical of the RISE stability
analysis. In our case, the time differentiation also facilitates the design of NN weight
adaptation laws instead of using the typical (as in [15, 32]) Taylor series approximation
method to obtain a linear form for the estimation error V. Using (3-15) and (3-19), the

closed-loop error system in (3-24) can be expressed as
M(q)i = =M (q)r + W'o' (VT2a) VTidg — Wa(V ) (3-25)

— WTUI(VTxd)VTxd — WTJI(VTxd)VTx'd +E+ S+ 7y — [t

where o' (V) = do (VTz) /d (VTz) |yrp_pr,. After adding and subtracting the terms

WT6'VTig+WT6'V iy to (3-25), the following expression can be obtained:
M(q)r = —M(q)r + W6 VTiag+ W6 VTiag+ Wi o'Viag — WT5'Viig  (3-26)
~WE'VTig+ S — W — WP Vg + 74+ € — fi

where the notations ¢ and & are introduced in (3-6). Using the NN weight tuning laws in

(3-20), (3-21), the expression in (3-26) can be rewritten as
M(q)i =~V (a)r+ N+ N — e — (ks + 1)r — fusgn(es) (3-27)

where the fact that the time derivative of (3-18) is given as
f1(t) = (ks + 1)r + Bisgn(ez) (3-28)

was utilized, and where the unmeasurable auxiliary terms N (ey, eg,7,t), N (W, V.24, da, t) €

R™ are defined as

N(t) & —ZM(q)r — proj(I16' VEigel)Ts (3-29)

— WT&lproj(ng:d(&/TWeg)T)Txd + S +ey
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and

N 2 Ny + Ng. (3-30)

In (3-30), Ny (x4, 2q,t) € R" is defined as
Ny 2WTo' Vg4 ¢+ 74 (3-31)
while NB(W, V.24, da, t) € R" is further segregated as
Ng 2 Ny, + Ng, (3-32)
where N, (W, V, x4, 4q,t) € R" is defined as
Npg, &2 -WT6'VTiy—WT6' Vi, (3-33)
and the term Ng, (W, V, 24, @4, t) € R" is defined as
Ng, 2WT6' VT ig+WT6' VT iy (3-34)

Motivation for segregating the terms in (3-30) is derived from the fact that the
different components in (3-30) have different bounds. Segregating the terms as in
(3-30)-(3-34) facilitates the development of the NN weight update laws and the
subsequent stability analysis. For example, the terms in (3-31) are grouped together
because the terms and their time derivatives can be upper bounded by a constant and
rejected by the RISE feedback, whereas the terms grouped in (3-32) can be upper
bounded by a constant but their derivatives are state dependent. The state dependency
of the time derivatives of the terms in (3-32) violates the assumptions given in previous
RISE-based controllers (e.g., [19, 20, 22, 23, 25-27]), and requires additional consideration
in the adaptation law design and stability analysis. The terms in (3-32) are further
segregated because N, BI(W, v, xq) will be rejected by the RISE feedback, whereas
N, B2(W, V, xq) will be partially rejected by the RISE feedback and partially canceled

by the adaptive update law for the NN weight estimates.
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In a similar manner as in Chapter 2, the Mean Value Theorem can be used to develop

the following upper bound
|[%®)| <o 121 (3-35)
where z(t) € R3" is defined as

At) = ey e o] (3-36)

and the bounding function p(||z||) € R is a positive globally invertible nondecreasing
function. The following inequalities can be developed based on Assumption 2-3, (3-7),

(3-8), (3-16), (3-32)-(3-34):
IND <G INml <G INml <G ||Nd]| <o (3-37)
From (3-30), (3-32) and (3-37), the following bound can be developed
[N < INall + [ Nugll < [[Nall + | N1g, [l + [|N15, | < G2+ G2 + G- (3-38)
By using (3-20), (3-21), the time derivative of Nz(W,V, z4) can be bounded as
|75 < G+ Go leal. (3-39)

In (3-37) and (3-39), ¢; € R, (i = 1,2, ...,6) are known positive constants.
3.6 Stability Analysis
Theorem 3-1: The combined NN and RISE controller given in (3-17)-(3-21) ensures
that all system signals are bounded under closed-loop operation and that the position

tracking error is regulated in the sense that
lle ()] — 0 as  t— 00

provided the control gain k introduced in (3-18) is selected sufficiently large (see the

subsequent proof), ay, ay are selected according to the following sufficient condition

1
o) > 5, Qo > ﬁg + 1, (3*40)
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and [3; and (3, are selected according to the following sufficient conditions:

ﬁl>maX{C1+C2+C3, C1+C2+g+§}> B3 > (6 (3-41)

(&%) (%)

where (; € R, i =1, 2,..., 5 are introduced in (3-37)-(3-39) and [, is introduced in (3-44).
Proof: Let D C R*? be a domain containing y(t) = 0, where y(t) € R*"2 is defined

as
y(t) = 211 VP Ve (3-42)
In (3-42), the auxiliary function P(t) € R is defined as

n

P(t) = 35 |eai(0)| — e2(0)T N(0) — /0 L(r)dr (3-43)

i=1
where the subscript ¢ = 1,2, ..,n denotes the ith element of the vector, and the auxiliary

function L(t) € R is defined as
L(t) & r7(Np, (1) + Na () = Bisgn(es)) + éa(t) N, (£) — B [le2(1)])” (3-44)

where [, € R is a positive constant chosen according to the second sufficient condition in

(3-41). The derivative P(t) € R can be expressed as
P(t) = —L(t) = =r"(Np, (1) + Na () = Bisgn(es)) — éa(t) Np, (8) + Bz [le2()|*. (3-45)

Provided the sufficient conditions introduced in (3-41) are satisfied, the following

inequality can be obtained in a similar fashion as in Lemma 2 of the Appendix

/0 L(r)dr < 512 le21(0)] — ex(0Y N (0). (3-46)

Hence, (3-46) can be used to conclude that P(t) > 0. The auxiliary function Q(¢) € R in
(3-42) is defined as
Q(t) & Zar(WTTT'W) + Zar(VIT3 D). (3-47)

Since I'y and 'y are constant, symmetric, and positive definite matrices and ay > 0, it is

straightforward that Q(t) > 0.
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Let Vi(y,t) : D x [0,00) — R be a continuously differentiable positive definite function
defined as

1 1
Vi(y,t) £ efel + 56562 + irTM(q)r +P+Q (3-48)

which satisfies the following inequalities:
Ui(y) < Vi(y,t) < Us(y) (3-49)

provided the sufficient conditions introduced in (3-41) are satisfied. In (3-49), the

continuous positive definite functions U;(y), Us(y) € R are defined as

Ui(y) 2 Ml . Ua(y) 2 Ma(q) Iyl (3-50)

where A1, A2(q) € R are defined as

1 1_
A\ 2 imln{l,ml} , Aa(q) = max{gm(q), 1}

where my, m(q) are introduced in (2-3). After utilizing (3-2), (3-3), (3-27), (3-28), the

time derivative of (3-48) can be expressed as
: B 2 T TN 2 2
Vi(y,t) = =2aq [lea]” + 230 + 7 N(t) = (ks + 1) [I7]]” = az ez (3-51)
+ s |leal|® + azel [WT&’V% W6 Vi,
+ tr(aeWITT'W) + tr(apVIT, V).
Based on the fact that
1 1
e < 2l + 1 fleal?

and using (3-20), (3-21), the expression in (3-51) can be simplified as?

Vily. t) < TN(t) = (ks + 1) 7] = (200 = 1) [ler | = (@2 = B2 = 1) [Jez” - (3-52)

3 See Lemma 4 of the Appendix for the details of obtaining the inequality in (3-52).
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By using (3-35), the expression in (3-52) can be further bounded as
Vily, t) < =Asllzl* = (ks Irl* = o(ll=0) 171 11=1]) (3-53)

where A3 £ min{2a; — 1, a3 — 2 — 1, 1}; hence, A3 is positive if oy, ap are chosen according
to the sufficient conditions in (3-40). After completing the squares for the second and

third term in (3-53), the following expression can be obtained:

: AOIER
Vi(y,t) < =Xs]lz]|” + T (3-54)

The expression in (3-54) can be further upper bounded by a continuous, positive

semi-definite function

Vi(y,t) < ~Uly) = —c|l=|*  vyeD (3-55)
for some positive constant ¢ € R, where

D& {ye R ||yl <o (2vAk.) |

Larger values of k£ will expand the size of the domain D. The inequalities in (3—49) and
(3-55) can be used to show that Vi (y,t) € L in D; hence, e1(t), e2(t), r(t), P(t), and
Q(t) € L in D. Given that e;(t), ea(t), and r(t) € L. in D, standard linear analysis
methods can be used to prove that é;(t), és(t) € Lo in D from (3-2) and (3-3). Since
e1(t), ea(t), r(t) € Lo in D, the assumption that g4(t), da(t), da(t) exist and are bounded
can be used along with (3-1)-(3-3) to conclude that ¢(t), ¢(t), ¢(t) € L in D. Since ¢(t),
4(t) € Lo in D, Assumption 2-2 can be used to conclude that M(q), V,.(q,q), G(q), and
F(§) € L in D. Therefore, from (2-1) and Assumption 2-3, we can show that 7(t) € L
in D. Given that r(t) € L, in D, (3-28) can be used to show that /i(t) € L, in D. Since
q(t), {(t) € Lo in D, Assumption 2-2 can be used to show that V,,(q,¢), G(q), F(q) and

M(q) € Lo in D; hence, (3-24) can be used to show that 7(t) € L. in D. Since é(t),
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éo(t), 7(t) € Lo in D, the definitions for U(y) and z(t) can be used to prove that U(y) is
uniformly continuous in D.

Let S C D denote a set defined as follows:*
s2{uw en |t <x (o (2vak)) ). (3-50)
Theorem 8.4 of [63] can now be invoked to state that
cllz@®)]? =0 as t—oo  Vy(0)eS. (3-57)
Based on the definition of z(t), (3-57) can be used to show that
ler(t)]] — 0 as t — 00 Vy(0) € S. (3-58)

3.7 Experiment
As in Chapter 2, the testbed depicted in Figure 2-1 was used to implement the
developed controller, however, no external friction is applied to the circular disk. The

desired link trajectory is selected as follows (in degrees):
ga(t) = 60.0in(3.06)(1 — exp(—0.01£%)). (3-59)

For all experiments, the rotor velocity signal is obtained by applying a standard backwards
difference algorithm to the position signal. The integral structure for the RISE term in
(3-18) was computed on-line via a standard trapezoidal algorithm. The NN input vector
T4 (t) € R* is defined as

Ta=[1 q da "

The initial values of TV (0) were chosen to be a zero matrix; however, the initial values of

A

V' (0) were selected randomly between —1.0 and 1.0 to provide a basis [71]. A different

4 The region of attraction in (3-56) can be made arbitrarily large to include any initial
conditions by increasing the control gain k; (i.e., a semi-global type of stability result) [22].
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Figure 3-1. Tracking error for the RISE control law with no NN adaptation.

transient response could be obtained if the NN weights are initialized differently. Ten
hidden layer neurons were chosen based on trial and error (i.e., No = 10). In addition, all
the states were initialized to zero. The following control gains were used to implement the

controller in (3-17) in conjunction with the NN update laws in (3-20) and (3-22):

ks =30, =10, ay =10, ay =10, 'y =5I;, I's=0.05I,. (3-60)

3.7.1 Discussion

Two different experiments were conducted to demonstrate the efficacy of the proposed
controller. The control gains were chosen to obtain an arbitrary tracking error accuracy
(not necessarily the best performance). For each controller, the gains were not retuned
(i.e., the common control gains remain the same for both controllers). For the first
experiment, no adaptation was used and the controller with only the RISE feedback
was implemented. The tracking error is shown in Figure 3-1, and the control torque is
shown in Figure 3-2. For the second experiment, the proposed NN controller was used in

(hereinafter denoted as RISE+NN). The tracking error is shown in Figure 3-3, and the
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Figure 3-2. Control torque for the RISE control law with no NN adaptation.
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Figure 3-3. Tracking error for the proposed RISE4+NN control law.
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Figure 3-4. Control torque for the proposed RISE+NN control law.
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Figure 3-5. Average RMS errors (degrees) and torques (N-m). 1- RISE, 2- RISE+NN
(proposed).
control torque is shown in Figure 3-4. Each experiment was performed five times and the
average RMS error and torque values are shown in Figure 3-5, which indicate that the
proposed RISE4+NN controller yields a lower RMS error with a similar control effort.
3.8 Conclusions
The results in this chapter illustrate how a multilayer NN feedforward term can

be fused with a RISE feedback term in a continuous controller to achieve semi-global
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asymptotic tracking. Improved weight tuning laws are presented which guarantee
boundedness of NN weights. To blend the NN and RISE methods, several technical
challenges were addressed through Lyapunov-based techniques. These challenges include
developing adaptive update laws for the NN weight estimates that do not depend on
acceleration, and developing new RISE stability analysis methods and sufficient gain
conditions to accommodate the incorporation of the NN adaptive updates in the RISE
structure. Experimental results are presented that indicate reduced RMS tracking errors

while requiring slightly higher RMS control effort.
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CHAPTER 4
A NEW CLASS OF MODULAR ADAPTIVE CONTROLLERS

4.1 Introduction

The results in this chapter provide the first investigation of the ability to yield
controller /update law modularity using the RISE feedback. First, we consider a general
class of multi-input multi-output (MIMO) dynamic systems with structured (i.e., LP)
and unstructured uncertainties and develop a controller with modularity between
the controller/update law, where a model-based adaptive feedforward term is used
in conjunction with the RISE feedback term [19]. The RISE-based modular adaptive
approach is different than previous work (cf. [40, 41, 43]) in the sense that it does not
rely on nonlinear damping. The use of the RISE method in lieu of nonlinear damping
has several advantages that motivate this investigation including: an asymptotic modular
adaptive tracking result can be obtained for nonlinear systems with non-LP additive
bounded disturbances; the dual objectives of asymptotic tracking and controller /update
law modularity are achieved in a single step unlike the two stage analysis required in some
results (cf., [40, 43]); the development does not require that the adaptive estimates are
a priori bounded; and the development does not require a positive definite estimate of
the inertia matrix or a square integrable prediction error as in [40, 43]. Modularity in the
adaptive feedforward term is made possible by considering a generic form of the adaptive
update law and its corresponding parameter estimate. The general form of the adaptive
update law includes examples such as gradient, least-squares, and etc. This generic form
of the update law is used to develop a new closed-loop error system, and the typical RISE
stability analysis is modified to accommodate the generic update law. New sufficient gain
conditions are derived to prove an asymptotic tracking result.

The class of RISE-based modular adaptive controllers is then extended to include
uncertain dynamic systems that do not satisfy the LP assumption. Neural networks (NNs)

have gained popularity as a feedforward adaptive control method that can compensate
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for non-LP uncertainty in nonlinear systems. A limiting factor in previous NN-based
feedforward control results is that a residual function approximation error exists that
limits the steady-state performance to a uniformly ultimately bounded result, rather

than an asymptotic result. Some results (cf. [33-36, 72-74]) have been developed to
augment the NN feedforward component with a discontinuous feedback element to achieve
asymptotic tracking. Motivated by the practical limitations of discontinuous feedback,

a multilayer NN-based controller was augmented by RISE feedback in [75] to yield the
first asymptotic tracking result using a continuous controller. However, in most NN-based
controllers, the NN adaptation is governed by a gradient update law to facilitate the
Lyapunov-based stability analysis.

Since multilayer NNs are nonlinear in the weights, a challenge is to derive weight
tuning laws in closed-loop feedback control systems that yield stability as well as bounded
weights. The development in the current chapter illustrates how to extend the class of
modular adaptive controllers for NNs. Specifically, the result allows the NN weight tuning
laws to be determined from a developed generic update law (rather than be restricted to
a gradient update law). We are not aware of any modular multilayer NN-based controller
in literature with modularity in the tuning laws/controller. The NN feedforward structure
adaptively compensates for the non-LP uncertain dynamics. For the tuning laws that
could be used in this result, the NN weights can be initialized randomly, and no off-line
training is required.

The modular adaptive control development for the general class of multi-input
systems is then applied to a class of dynamic systems modeled by the Euler-Lagrange
formulation. The Euler-Lagrange formulation describes the behavior of a large class
of engineering systems (e.g., robot manipulators, satellites, vehicular systems). An
experimental section is included that illustrates that different adaptation laws can be
included with the feedback controller through examples including a gradient update law

and a least squares update law for the LP dynamics case, and a common gradient weight
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tuning law based on backpropagated error [76] and a simplified tuning law based on the
Hebbian algorithm [77] for the non-LP dynamics case.

While the current result encompasses a large variety of adaptive update laws, an
update law design based on the prediction error is not possible because the formulation of
a prediction error requires the system dynamics to be completely LP. Future efforts can
focus on developing a RISE-based adaptive controller for a completely LP system that
could also use a prediction error/torque filtering approach. Also, one of the shortcomings
of current work is that only a semi-global asymptotic stability is achieved, and further
investigation is needed to achieve a global stability result. Inroads to solve the global
tracking problem are provided in [78] under a set of assumptions.

4.2 Dynamic System

Consider a class of MIMO nonlinear systems of the following form:
2™ = f(x, g, .. 2™+ G, &, ™+ h(2), (4-1)

where (-)? (¢) denotes the i derivative with respect to time, 2 (t) € R", i =0, ..., m — 1
are the system states, u (t) € R" is the control input, f(-) € R"” and G (-) € R™™" are
unknown nonlinear C? functions, and h (t) € R™ denotes a general nonlinear disturbance
(e.g., unmodeled effects). The outputs of the system are the system states. Throughout
the chapter |-| denotes the absolute value of the scalar argument, ||-|| denotes the standard
Euclidean norm for a vector or the induced infinity norm for a matrix, and ||-||» denotes
the Frobenius norm of a matrix.

The subsequent development is based on the assumption that all the system states are
measurable. Moreover, the following properties and assumptions will be exploited in the
subsequent development.

Assumption 4-1: G (-) is symmetric positive definite, and satisfies the following

inequality Vy(t) € R™

gllyl* <y"G7()y < gla, @, ™ V) [y (4-2)
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where g € R is a known positive constant, g(z,, ..., zm=Y) € R is a known positive
function.
Assumption 4-2: The functions G7!(-) and f(-) are second order differentiable such that
G, GYO), GO, FO), fO), () € Logif 2D (1) € Log, i =0,1,...,m + 1.
Assumption 4-3: The nonlinear disturbance term and its first two time derivatives (i.e.,
h(t),h(t),h(t)) are bounded by known constants.
Assumption 4-4: The unknown nonlinearities G™*(-) and f(-) are linear in terms of
unknown constant system parameters (i.e., LP).
Assumption 4-5: The desired trajectory x4(t) € R™ is assumed to be designed such that
2D(t) € Lo, i=0,1,....m+2.
4.3 Control Objective

The objective is to design a continuous modular adaptive controller which ensures

that the system tracks a desired time-varying trajectory x4(t) despite uncertainties and

bounded disturbances in the dynamic model. To quantify this objective, a tracking error,

denoted by e;(t) € R", is defined as
e1 = x4 — . (4-3)

To facilitate a compact presentation of the subsequent control development and stability

analysis, auxiliary error signals denoted by e; (t) € R", i = 2,3, ..., m are defined as

A .
ey = €1 + ajey

A .
63:€2+a262+€1

A .
€4 = e3 +04363 + €9

ei =61+ 161+ eio (4-4)
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A
€m = €m—1 + Qp_1€m_1 + Em_2,

where o; € R, 7 = 1,2,...,m — 1 denote constant positive control gains. The error signals

e (t),i=2,3,...,m can be expressed in terms of e; () and its time derivatives as
i—1 ‘
€; = Zai,jeﬁj), (4*5>
=0

where the constant coefficients a; ; € R can be evaluated by substituting (4-5) in (4-4),
and comparing coefficients [79]. A filtered tracking error [57], denoted by r(t) € R", is also
defined as

rE b+ e, (4-6)

where a,, € R is a positive, constant control gain. The filtered tracking error r(t) is not
measurable since the expression in (4-6) depends on (™ (t).
4.4 Control Development
The open-loop tracking error system is developed by premultiplying (4-6) by

G (x, &, ..., x(m_l)) and utilizing the expressions in (4-1), (4-4), (4-5) as
Glr=Y0+5—-G;'h—u (4-7)

where the fact that a,, ,,—1 = 1, was used. In (4-7), Y30 € R™ is defined as
Yab £ G el - Gy fa, (4-8)

where Yy (xq4, T4, ..., x&m)) € R™? is a desired regression matrix, and 8 € RP contains the

constant unknown system parameters. In (4-8), the functions G (24, 24, ..., xglm_l)) €

R™™, fa(xq, T4, ...,xglm_l)) € R" are defined as

G 2 G Nag, g, . al" ) (4-9)

fa = flzq, dq, --wxém_l))-
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Also in (4-7), the auxiliary function S (l’, I AU t) € R" is defined as

(Zam] +amem> + G -G - G 4+ Gy - G 4+ G

(4-10)
Based on the open-loop error system in (4-7), the control input is composed of an
adaptive feedforward term plus the RISE feedback term as
u2 Y0+ p. (4-11)

In (4-11), p(t) € R™ denotes the RISE feedback term defined as [19, 22]

p(t) £ (ks + Dem(t) — (ks + 1)en(0) + /0 [(ks + Damen(0) + Bisgn(em(o))ldo,  (4-12)

where kg, 1 € R are positive constant control gains, and «,, € R was introduced in (4-6).
In (4-11), 0 (t) € R? denotes a subsequently designed parameter estimate vector. The

closed-loop tracking error system is developed by substituting (4-11) into (4-7) as
Gl =, (9 - é) L8 —Gh— . (4-13)

To facilitate the subsequent modular adaptive control development and stability analysis,

the time derivative of (4-13) is expressed as
Gl = —%G_lr 4N () + Np (8) — (ks + 1)r — Brsgn(em) — em, (4-14)
where the fact that the time derivative of (4-12) is given as
L(t) = (ks + 1)r + Bisgn(en) (4-15)

was utilized. In (4-14), the unmeasurable/unknown auxiliary terms N(ey, ea, ..., €m, 7, 1),

Npg (t) € R™ are defined as

1. . -
N(t) & —§G_1r + S+ em + No (4-16)
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Np (t) £ Np, (t) + Np, (t), (4-17)

where Np, (t) € R" is given by
Np, £Y,0 — G'h — G7'h, (4-18)

and the sum of the auxiliary terms No(t), Ng, (t) € R™ is given by
Ng, (t) + Ny = =Y40 — Yil. (4-19)
Specific definitions for Ny(t), N, (t) are provided subsequently based on the definition
of the adaptive update law for 6 (¢). The structure of (4-14) and the introduction of the
auxiliary terms in (4-16)-(4-19) is motivated by the desire to segregate terms that can
be upper bounded by state-dependent terms and terms that can be upper bounded by
constants. Specifically, depending on how the adaptive update law is designed, analysis is
provided in the next section to upper bound N(t) by state-dependent terms and N (t) by
a constant. The need to further segregate N (t) is that some terms in Np () have time
derivatives that are upper bounded by a constant, while other terms have time-derivatives
that are upper-bounded by state dependent terms. The segregation of these terms based
on the structure of the adaptive update law (see (4-19)) is key for the development of a
stability analysis for the modular RISE-based adaptive update law /controller.
4.5 Modular Adaptive Update Law Development
A key difference between the traditional modular adaptive controllers that use
nonlinear damping (cf., [1, 41, 63]) and the current RISE-based approach is that the
RISE-based method does not exploit the ISS property with respect to the parameter
estimation error. The current approach does not rely on nonlinear damping, but instead
uses the ability of the RISE technique to compensate for smooth bounded disturbances.
In general, previous nonlinear damping-based modular adaptive controllers first prove an
ISS stability result provided the adaptive update law yields bounded parameter estimates

~

(e.g., 0 (t) € L via a projection algorithm), and then use additional analysis along with
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assumptions (PD estimate of the inertia matrix, square integrable prediction error, etc.)
to conclude asymptotic convergence. In contrast, since the RISE-based modular adaptive
control approach in this chapter does not exploit an ISS analysis, the assumptions
regarding the parameter estimate are modified. The following development requires some
general bounds on the structure of the adaptive update law é (t) and the corresponding
parameter estimate é(t) to segregate the components of the auxiliary terms introduced
in (4-16)-(4-19). Specifically, instead of assuming that 0 (t) € L., the subsequent
development is based on the less restrictive assumption that the parameter estimate 6 (t)

can be described as
0(t)=fi (t)+ Dz, i,....2"" D ey, eg, ..., em, t). (4-20)
In (4-20), fi1 (t) € R? is a known function such that

[F2 (@O < (4-21)

where v; € R, i = 1,2, ...,m + 3 are known non-negative constants (i.e., the constants can

A || <+ D el + mas Il
i=1

m—1)

be set to zero for different update laws), and @ (:B, i, ..., al 1,62, eeey Ems t) € RPis a

known function that satisfies the following bound:
12 (&) < pu(llel) llell (4-22)

where the bounding function p;(-) € R is a positive, globally invertible, nondecreasing

function, and é(t) € R™ is defined as

ét) 2 [ef e .. ef]". (4-23)
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The estimate in (4-20) is assumed to be generated according to an update law of the

following general form
é(t) =g (1) + Qz, &, ..., 2™V e ea, . em, T ). (4-24)
In (4-24), g, (t) € R? is a known function such that
lgr (D) < 61 (4-25)

lgn (E)1 < 62+ D disa lleill + s 17

i=1
where §; € R, i = 1,2,...,m + 3 are known non-negative constants, and Q(z, @, ..., 21,
€1,€2, ..., em, 1, 1) € RP satisfies the following bound:

1O < p2 (121D =1, (4-26)

where the bounding function ps(-) € R is a positive, globally invertible, nondecreasing

function, and z(t) € R™™*Y is defined as
2ty 2 [eF ef el T (4-27)

Remark 4.1. The update law in (/-24) depends on the unmeasurable signal v(t). But it
is assumed that the update law in (4-24) is of the form which upon integration yields an
estimate 0 (t) that is independent of r(t). Thus the controller needs only the measurable
signals for implementation.

The structure of the adaptive estimate and the adaptive update law is flexible in the
sense that any of the terms in (4-20) and (4-24) can be removed for any specific update
law and estimate. For example if all the error-dependent terms in (4-20) are removed,
then the condition on é(t) is the same as in the standard nonlinear damping-based
modular adaptive methods (i.e., 8 (£) € L.). In this sense, the ISS property with
respect to the parameter estimation error is automatically proven by considering this

special case of 6 (t). The results in this chapter are not proven for estimates or update
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laws with additional terms that are not included in the generic structure in (4-20) and
(4-24). For example, a standard gradient-based update law is of the form (4-24), but the
corresponding estimate (obtained via integration by parts) is not of the form (4-20) due to
the presence of some terms that are bounded by the integral of the error instead of being
bounded by the error. However, the same gradient-based update law and its corresponding
estimate can be used in (4-11) if a smooth projection algorithm is used that keeps the
estimates bounded. As shown in [19], the standard gradient-based update law can be
used in (4-11) without a projection algorithm, yet including this structure in the modular
adaptive analysis is problematic because the integral of the error could be unbounded
(so this update law could not be used in nonlinear damping-based modular adaptive laws
without a projection either). Since the goal in this chapter is to develop a modular update
law, a specific update law cannot be used to inject terms in the stability analysis to cancel
the terms containing the parameter mismatch error. Instead, the terms containing the
parameter mismatch error are segregated depending on whether they are state-dependent
or bounded by a constant (see (4-19)).

Based on the development given in (4-20)-(4-25), the terms Ny(t) and Np, (t)
introduced in (4-16)-(4-19) are defined as

No(t) & =Y — V0 (4-28)

NBz (t) £ _Ydfl — Yq91. (4*29>

In a similar manner as in Lemma 1 of the Appendix, by applying the Mean Value
Theorem along with the inequalities in (4-22) and (4-26) yields an upper bound for
the expression in (4-16) as

IO EA(EDIER (4-30)

where the bounding function p(-) € R is a positive, globally invertible, nondecreasing
function, and z(t) € R™™*Y is defined in (4-27). The following inequalities are

developed based on the expressions in (4-17), (4-18), (4-29), their time derivatives,
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and the inequalities in (4-21) and (4-25):

INsOIl < G | s, 00| < 2 (4-31)
| m, ]| < 6o+ D Givs leall + G Il
i=1
where (; € R, 7 =1,2,...,m + 4 are known positive constants.
4.6 Stability Analysis
Theorem 4-1: The controller given in (4-11), (4-12), (4-20), and (4-24) ensures

that all system signals are bounded under closed-loop operation and that the position

tracking error is regulated in the sense that
ller(t)]| — 0 as t — o0

provided the control gain kg introduced in (4-12) is selected sufficiently large (see the

subsequent proof), ;, i = 1,2, ...,m are selected according to the following conditions

1 1 1
o; > _61'—1—17 1=1,2,....m—2 Q1 > =B + = (4*32)
2 2 2
m—1
1 1 1
Ay, > ﬁm-{—l + 5/6m+2 + 5;61'-‘,-1 + 57

and 3;, 1 =1,2,...,m+ 2 are selected according to the following sufficient conditions:
1 1
Bi>CG+—GC+—C (4-33)
Qi Qi
/62'4-1 > Ci+3a 1= 1a 27 am+ ]-7

where (3; was introduced in (4-12), and fs, ..., By 12 are introduced in (4-36).
Proof: Let D C R*™+)*! he a domain containing y(t) = 0, where y(t) € R*m+D+1 ig
defined as
y(t) = 27 VPO (4-34)
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In (4-34), the auxiliary function P(t) € R is defined as

P 2 Y fens(0)] = e (0" No(0) = [ i) (4-35)

where e,,; (0) denotes the ith element of the vector e, (0), and the auxiliary function

L(t) € R is defined as

L(t) £ " (Np(t) — Brsgn(em)) — Zﬁm lei ) lem (O] = Bz llem @I IO, (4-36)

where 3; € R, i = 2,3,...,m + 2 are positive constants chosen according to the sufficient
conditions in (4-33). Provided the sufficient conditions introduced in (4-33) are satisfied,

the following inequality is obtained!® :

n

[ £ < 53 e (O)] - €007 Na(0), (4-37)

i=1
Hence, (4-37) indicates that P(t) > 0.

Let V(y,t) : D x [0,00) — R be a continuously differentiable, positive definite
function defined as

I 1
Vi(y,t) = 526?6,’ + érTG_lr + P, (4-38)
i=1

which satisfies the following inequalities:

Ur(y) < Vi(y,t) < Us(y) (4-39)

provided the sufficient conditions introduced in (4-32)-(4-33) are satisfied. The Rayleigh-Ritz

theorem was used to develop the inequalities in (4-39), where the continuous positive
definite functions Uy (y),Us(y) € R are defined as Uy (y) £ A |ly||* and Us(y) 2

Xo(z, &, ., 2™ D) ||ly|I?, where i, Ao(z, &, ..., 2™ D) € R are defined as

1 1
= §min{1,g} Xo(z, &, ..., (MY émax{§§(a¢,1",...,x(m_l)),l}, (4-40)

! Details of the bound in (4-37) are provided in the Lemma 1 of the Appendix.

74



where g, g(z, &, ...,2(™ ) are introduced in (4-2). After taking the time derivative of

(4-38), V(y,t) is expressed as

) 1 ... m )
Vi(y,t) = TG + irTG_lr + Ze?éi + P.

i=1
The derivative P(t) € R is given by

P(t) = —L(t) = —r"(Ng(t) — Bisgn(en)) + Zﬂm e (O] lem(E)]] + Bz llem )] |7 ()] -
- (4-41)

After utilizing (4-4), (4-6), (4-14), (4-15), and (4-41), V(y,t) is expressed as
1% (y,t) = 17"TG'_17" — ia-ere- +el e, — erG'_lr
L\Y, 2 a— 1&g €4 m—1%m 9
+ "N+ "Ng =Ty — kTr — 617”ngn(em)

— 1" (Np = Bisgn(en)) + Y _Bist lleill llemll + Bz llem|l 17l

i=1

After canceling similar terms, V (y, t) is simplified as

Vily,t) = _Zo‘ieiTei +ef_jem—1Tr —kaTr +07TN

i=1

3 i leall lemll 4 Bse llewll 17

i=1

Based on the fact that a’b < %(HCLHz + [16]I?) for some a,b € R™, Vi(y,t) is upper bounded
using the squares of the components of z(t) as

m—2 1 1

; i — _ﬁz-i-l |QZ|| (m—1 — §/Gm - 5) Hem—lH2
1
(= Bt = 3Btz — Zﬁm DleaP-1rl? @a2)

1 -
= (ks = 5 msa) ]2+ 77N
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By using (4-30), the expression in (4-42) is rewritten as

Vi(y, 1) < =As [l2[* = | (ks — 6”;2) I711* = pCll=11) 117 ||Z||] : (4-43)
where
A3 £ min{ay — =6, as — 1/53, ooy Qg — 1/Gm—l,
2 2 2 -
Q1 — %ﬁm - %7am — Bmt1 — %6711—1—2 - %;ﬁi+l - %7 1}

After completing the squares for the terms inside the brackets in (4-43), the following
expression can be obtained, provided the sufficient gain conditions in (4-32) and (4-33)

are satisfied:

- (| DA [t
Vily,t) < =X ll2[]" + —/————~ (4-44)
4 (k - —5“;2)
The expression in (4-44) can be further upper bounded by a continuous, positive
semi-definite function
Viy,t) < =Uly) = —c|z|* Wy eD (4-45)

for some positive constant ¢ € R, where

D A {y c Rn(m—i—l)-ﬁ-l | HyH < ,0_1 <2\/)\3 (ks o ﬂr;+2)> }

Larger values of & will expand the size of the domain D. The inequalities in (4-39) and

(4-45) indicate that Vi (y,t) € Lo in D; hence, ¢;(t) € L, and r(t) € L, in D. Given
that €;(t) € Lo, and r(t) € L in D, then é;(t) € L, in D from (4-4) and (4-6). Since
ei(t) € Lo, and 7(t) € L in D, the assumption that xfj) (t) exist and are bounded and
(4-3)-(4-6) indicate that () (t) € L, in D. Since 2V (t) € L, in D, (4-20)-(4-25) indicate
that é(t),é(t) € Lo, in D, and G7!(-) and f(-) € L in D from Property 2. Thus, from
(4-1) and Property 3, we can show that u(t) € L, in D. Given that r(t) € L in D,

(4-15) indicates that /i(t) € Lo in D. Since 2 (t) € Lo in D, then G1(-) and f(-) € Lo
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in D based on Property 2; hence, (4-14) indicates that 7(t) € L, in D. Since é;(t) € L
and 7(t) € Lo in D, then U(y) is uniformly continuous in D based on the definitions for
U(y) and z(t).

Let & € D denote a set defined as

S2{yt)eD| Us(y(t)) < M <p—1 (2\/)\3 (k - %))) . (4-46)

The region of attraction in (4-46) is arbitrarily large and can include any initial condition

by increasing the control gain kg (i.e., a semi-global stability result). By invoking Theorem
8.4 of [63]
cllz@®))? =0 as t—oo  Vy(0)eS. (4-47)

Based on the definition of z(t), (4-47) indicates that
llex(t)]| — 0 as t— o0 Yy(0) € S. (4-48)

4.7 Neural Network Extension to Non-LP Systems

The class of RISE-based modular adaptive controllers developed in the preceding
sections are extended to include uncertain dynamic systems that do not satisfy the LP
assumption (i.e., Assumption 4-4 is not satisfied). NN-based estimation methods are well
suited for control systems where the dynamic model contains unstructured nonlinear
disturbances as in (4-1). The main feature that empowers NN-based controllers is the
universal approximation property as described in Section 3.4 of Chapter 3.
4.7.1 RISE Feedback Control Development

The modular control development and stability analysis is provided to illustrate
how the aforementioned textbook (e.g., [15]) NN feedforward estimation strategy can be
fused with a RISE feedback control method as a means to achieve asymptotic stability for
general class of MIMO systems described by (4-1) while using generic NN weight update
laws. The open-loop and closed-loop tracking error is developed for the combined control

system.
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Similar to (4-7), the open-loop tracking error system is developed by premultiplying

(4-6) by G! and utilizing the expressions in (4-1) and (4-4) to obtain:
G 'r=fyn+8—G;'h—u, (4-49)
where the auxiliary function fyy(z4,Zq, ..., xﬁ[”)) € R" is defined as

fNN é G;lxém) — G;lfd, (4*50)

where G (g, dg, ... 20" V) € R and fy(xg, dq, .., 27" ") € R" are defined in (4-9). In

(4-49), the auxiliary function S (:L', &, M t) € R" is defined similar to (4-10). The

expression in (4-50) can be represented by a three-layer NN as
fNN = WTO’ (VTZZ'd) + € (Zi'd) . (4751)

In (4-51), the input Z4(t) € R s defined as Z4(t) £ [1 27() &7(t) ... «5"T(1)T
so that Ny = (m + 1)n where N; was introduced in (3-4). Based on the assumption

that the desired trajectory is bounded, the inequalities in (3-16) hold. Based on the
open-loop error system in (4-49), the control torque input is composed of a three-layer NN

feedforward term plus the RISE feedback term as

w2 fyn+p (4-52)

where the RISE feedback term 1 € R™ is defined in (4-12), and the feedforward NN

component denoted by fNN(t) € R™, is defined as

fNN S WTO’(VTSZ’d)- (4-53)
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4.7.2 Modular Tuning Law Development
The estimates for the NN weights in (4-53) are generated on-line (there is no off-line

learning phase) using a smooth projection algorithm as

4

A

01 if vec(W) € int(Aw)
W £ proj (01) = 01 if vec(W) € d(Aw) and vee (01)" vee(W)L <0 (4-54)
PL, (01) if vec(W) € d(Aw) and vec (01)" vec(W)* > 0

4

02 if vee(V) € int(Ay)

V 2 proj (o) = 02 if vec(V) € d(Ay) and vec (02)" vee(V)*: <0 (4-55)

Pl (05) if vee(V) € d(Ay) and vece (05)" vee(V): > 0,
where proj (+) is the projection operator and

A

vec(W (0)) € int (Aw), wvec(V (0)) € int (Ay).
In (4-54) and (4-55), the auxiliary terms g;(t) € RM2TDX7 and gy(t) € RMFD*N2 denote
adaptation rules of the following general form:

(m—1)

proj (01) = wy (t) + Zw(z, @, ..., x L €15 €92, eey €y Ty 1) (4-56)

m—1)

proj (o2) = vy (1) + 2y (2, , ...,at( €1, €2,y ey €, T 1),

In (4-56), w; (t) € RM2FDX and v (1) € RMFDXN2 are known functions such that

Jwi @[] <m (4-57)

i (D] < 72+ D _ivz lesll + s [I7l
i=1

[[or ()] < 01 (4-58)

lov (D < 02+ Y disa lleall + s 171l

1=1
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and Ty € RWMVHDxn gand =, € RMHD*N2 gatisty the following bounds:

1Zw (O < D _viems lesll + v2mea lI7] (4-59)

i=1

m
IEv (O < Y Gismes lleill + Gomera 7]
i=1

where v;,0; € R, 7 = 1,2,...,2m + 4 are known non-negative constants (i.e., the
constants can be set to zero for different update laws). In (4-54) and (4-55), Pi;,. (A) =
devec (P! (vec (A))) for a matrix A, where the operation devec (+) is the reverse of vec (+).
The use of the projection algorithm in (4-54) and (4-55) is to ensure that W (t) and
V (t) remain bounded inside the convex regions defined in (3-9) and (3-11). This fact
will be exploited in the subsequent stability analysis. Thus, unlike the general form for
parameter estimate () in (4-20) for the LP case, the NN weight estimates are bounded
by constants. The NN weight adaptation laws are restrictive compared to the adaptive
laws for the parameter estimates in the LP case. This is because the first layer weight
estimates V (t) are embedded inside the nonlinear activation function o (-) (i.e., o(V7Zy)).
Typically the NN activation functions are bounded over the entire domain; however, their
time derivatives depend on the adaptation law V (), which could be state-dependent.
Similar to the LP case, it is assumed that only the NN adaptation rules depend on the
unmeasurable signal r (¢) but the corresponding weight estimate obtained after integration
is independent of r ().

The closed-loop tracking error system can be developed by substituting (4-52) into
(4-49) as

Glr = fay — fan +S —G7th — p. (4-60)

To facilitate the subsequent stability analysis, the time derivative of (4-60) is determined

as

Gy = —G_lr‘l'fNN_fNN_‘_S_Gc?lh_Gc;lh_la‘ (4-61)
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Using (4-51), (4-53), the closed-loop error system in (4-61) can be expressed as
Gl = —G_lT’ + WTO'/ (VTZZ'd) VTZi'd - WTO'(VTZZ'C[) (4762)

— W' (VIZ2) (VT Zg+ VTZg) + 6+ 85— G h — G 'h — i,

where o' (V7z) = do (V7z) /d (VTZ) |yry_pr,. After adding and subtracting the term

WTs'VTz, + WT6'VTz, to (4-62), the following expression can be obtained:
Gl = -G+ W VTa+ W' Vi + Wo' Vg, — WiV, (4-63)
— W'V =W 6 = WP Vizg+e+ 8 — G h— G th — i,

where the notations ¢ and & are introduced in (3-6). Substituting the NN weight
adaptation laws in (4-54), (4-55) in (4-63) yields

1. .
Gl = —iG_lr + N+ N —e,, — (ks + 1)1 — Bisgn(en), (4-64)

where (4-15) was utilized, and the unmeasurable auxiliary terms N(ey, ea, ..., €m, 7, 1),

NB(W, v, i"d,:fd,t) € R™ are defined as
N2 —%G_lr — =6 - W62z, 4+ S + em (4-65)
Ng 2 Ng, + Ng,. (4-66)
In (4-66), Np, (T4, Ta, 1), Np,(W,V,Zq, Ta,t) € R™ are given by
Np, =WTe'Vizg+¢é—G'h— G (4-67)
Ng, =W VTzg+ W6 Vizg—wle — W' vl z, (4-68)

In a similar manner as before, application of the Mean Value Theorem will yield an
upper bound for N (t) as in (4-30). The following inequalities are developed based on
Assumptions 4-2 and 4-3, (3-7), (3-8), (3-16), (4-56)-(4-59), and (4-66)-(4-68):

INsl <G ||,

< G (4-69)
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| s,

<G+ Cuslleill + GnralIrl (4-70)
=1

where (; € R, 7 =1,2,...,m + 4 are known positive constants.
4.8 Stability Analysis
Theorem 4-2: The combined NN and RISE controller given in (4-52)-(4-55) ensures
that all system signals are bounded under closed-loop operation and that the position

tracking error is regulated in the sense that
llex(t)]| — 0 as t — o0

provided similar gains conditions as in Theorem 4-1 are satisfied. The proof of Theorem
4-2 is similar to Theorem 4-1.
4.9 Application to Euler-Lagrange Systems
The Euler-Lagrange formulation describes the behavior of a large class of engineering
systems. In this section, the modular adaptive control development for the general class
of MIMO dynamic systems is applied to dynamic systems modeled by the Euler-Lagrange
formulation

M(q)q + Vim(q: 4)q + G(q) + F () +7a (t) = 7(t). (4-71)

In (4-71), M(q) € R™" denotes the inertia matrix, V,,,(¢,q) € R™™ denotes the
centripetal-Coriolis matrix, G(q) € R™ denotes the gravity vector, F' (¢§) € R"™ denotes
friction, 74 (t) € R™ denotes a general nonlinear disturbance (e.g., unmodeled effects),
7(t) € R™ represents the torque input control vector, and ¢(t), ¢(t), ¢(t) € R™ denote the
link position, velocity, and acceleration vectors, respectively. The control development is
based on the assumption that ¢(t) and ¢(¢) are measurable and that M (q), V,.(q,q), G(q),
F (g) and 7,4 (t) are unknown. The modular adaptive controller developed in the earlier
sections for the a general class of MIMO can be easily applied to Euler-Lagrange systems.

Please see [80], [81] for complete details of the control development.
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i
Figure 4-1. The experimental testbed consists of a two-link robot. The links are mounted
on two NSK direct-drive switched reluctance motors.

4.10 Experiment

To investigate the performance of the modular controller developed in this chapter,
an experiment was performed on a two-link robot testbed as depicted in Fig. 4-1. The
testbed is composed of a two-link direct drive revolute robot consisting of two aluminum
links, mounted on a 240.0 Nm (base joint) and 20.0 Nm (second joint) switched reluctance
motors. The motors are controlled through power electronics operating in torque control
mode. The motor resolvers provide rotor position measurements with a resolution of
614, 400 pulses/revolution, and a standard backwards difference algorithm is used to
numerically determine velocity from the encoder readings. A Pentium 2.8 GHz PC
operating under QNX hosts the control algorithm, which was implemented via a custom
graphical user-interface [64], to facilitate real-time graphing, data logging, and the ability
to adjust control gains without recompiling the program. Data acquisition and control

implementation were performed at a frequency of 1.0 kHz using the ServoToGo 1/O board.
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The dynamics for the testbed are

TL| | Prt2psca patpsca G N —p3Sage —p3S2 (¢1 + §2) G
T2 P2 + P3co D2 Go P352G2 0 o
(4*72)
. Td
@+ |,
Td2

where the nonlinear friction term is assumed to be modeled as [19, 26]

. 71 (tanh (v2¢1) — tanh (ys341)) ya tanh (v5¢1) + Yed
f(q) = ' ' + ‘ E (4-73)
71 (tanh (72¢2) — tanh (y342)) Y4 tanh (5G2) + Y6do

In (4-72) and (4-73), p1, p2, p3, % € R, (i =1,2,...,6) are unknown positive constant
parameters, ¢, denotes cos(qz), s2 denotes sin(qs), and 74,, 74, € R denote general
nonlinear disturbances (e.g., unmodeled effects). Part of the dynamics in (4-72) and

(4-73) is linear in the following parameters:

0=I[p1 P2 P3 M N %’]T
The parameters 79, 73, 75 are embedded inside the nonlinear hyperbolic tangent
functions and hence cannot be linearly parameterized. Since these parameters cannot
be compensated for by an adaptive algorithm, best-guess estimates 7, = 50, 3 = 1,
~s = 50 are used. The values for 75, 73, 45 are based on our previous experiments
concerned with friction identification. Significant errors in these static estimates could
degrade the performance of the system. An advantage of using the NN-based controller
developed in non-LP extension section is that the NN can compensate for the non-LP
dynamics. Specifically, for the NN-based controllers tested in this section, the NN is used
to estimate the friction model, and the best guess values for 7, 73, 75 are not required.

The control objective is to track the desired time-varying trajectory by using the proposed
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modular adaptive control law. Two different update laws were chosen for both the LP
and non-LP cases. To achieve this control objective, the control gains oy, as, ks, and [,
defined as scalars in (4-4), (4-6), and (4-12), were implemented (with non-consequential
implications to the stability result) as diagonal gain matrices. Specifically, the control

gains for both adaptive update laws for both the LP and non-LP cases were selected as

ay = diag {70, 70} s = diag {25, 25}

(4-74)
f1 = diag {10, 0.1} k, = diag {100, 20} .
4.10.1 Modular Adaptive Update Law
The desired trajectories for this experiment were chosen as
a, = —qa, = 60sin(2.0t) (1 — exp (—0.01¢%)) . (4-75)

To test the modularity of the controller, two separate adaptive update laws were tested

including a standard gradient update law defined as
0 = proj (FYdTr) ,

where I' € R5%% is a diagonal positive-definite gain matrix, and a least squares update law
defined as
0 =proj (PY]r),  P=-PY]Y,P

where P (t) € R®*® is a time-varying symmetric matrix. The parameter estimates were all
initialized to zero. In practice, the adaptive estimates would be initialized to a best-guess
estimate of the values. Initializing the estimates to zero was done to test a scenario of no
parameter knowledge. For the gradient and least squares update laws the adaptation gains

and the initial value of P(t) were selected as

I' = P(0) = diag ([0.15,0.01,0.01,0.01, 0.01, 0.2]). (4-76)
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Table 4-1. LP case: Average RMS values for 10 trials

Gradient | Least Squares

Average RMS Error (deg) - Link 1 0.0203 0.0218
Average RMS Error (deg) - Link 2 0.0120 0.0131
Average RMS Torque (Nm) - Link 1 10.3068 | 10.4125
Average RMS Torque (Nm) - Link 2 1.5770 1.5959

Error Standard Deviation (deg) - Link 1 | 0.0016 0.0011
Error Standard Deviation (deg) - Link 2 | 0.0021 0.0014
Torque Standard Deviation (Nm) - Link 1 | 0.1545 0.1029
Torque Standard Deviation (Nm) - Link 2 | 0.0797 0.0677

The adaptation gain in (4-76) is gradually increased by trial and error tuning procedure
based on our previous experience to achieve faster adaptation until a point when no
significant performance improvement is noticed without causing unnecessary oscillations
in the parameter estimates. Each experiment was performed ten times and following
statistical data is provided in Table 4-1.

Figure 4-2 depicts the tracking errors for one experimental trial with a gradient
update law. The control torques and adaptive estimates for the same experimental trial
are shown in Figs. 4-3 and 4-4, respectively. The tracking errors for a representative
experimental trial with a least squares update law is depicted in Figure 4-5. The torques
for the least squares update law are shown in Figure 4-6. The adaptive estimates for the
least squares update law are shown in Figure 4-6.

4.10.2 Modular Neural Network Update Law

The desired trajectories for this experiment were chosen as
qay, = —qa, = 60sin(2.5¢) (1 — exp (—0.01¢%)) . (4-77)

To test the modularity of the controller, two separate neural network tuning laws were

simulated including a standard gradient tuning law based on backpropagated errors [76]

86



Link 1
0.2 T

0.1r 1

Tracking Error [degrees]
o

Link 2

o
o

o
[N
T
I

|
o
=

T

!

Tracking Error [degrees]
o

|
o
[N}

10 15 20
Time [sec]

o
al

Figure 4-2. Link position tracking error with a gradient-based adaptive update law.
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Figure 4-3. Torque input for the modular adaptive controller with a gradient-based
adaptive update law.
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Figure 4-4. Adaptive estimates for the gradient update law.
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Figure 4-5. Link position tracking error with a least-squares adaptive update law.
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Figure 4-6. Torque input for the modular adaptive controller with a least-squares adaptive
update law.
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Figure 4-7. Adaptive estimates for the least squares update law.

89



Table 4-2. Non-LP case: Average RMS values for 10 trials

Gradient | Hebbian

Average RMS Error (deg) - Link 1 0.0221 0.0216
Average RMS Error (deg) - Link 2 0.0173 0.0153
Average RMS Torque (Nm) - Link 1 12.5369 | 12.5223
Average RMS Torque (Nm) - Link 2 2.2129 2.1272

Error Standard Deviation (deg) - Link 1 | 0.0006 0.0011
Error Standard Deviation (deg)- Link 2 | 0.0009 0.0009
Torque Standard Deviation (Nm) - Link 1 | 0.0512 0.0429
Torque Standard Deviation (Nm) - Link 2 | 0.1129 0.0945

and a Hebbian tuning law [77]. The gradient update law is defined as

A

W = proj (F&’f/%deg)
: . \T
V =proj (Gid ((3 TWeg) ) ,

where F' € R1X and G € R™7 are gain matrixes and o (-) € R is a sigmoidal activation
g g

function, and the input vector Z4 (t) € R7 is defined as
Za= o i o Qo da el
The Hebbian update law is defined as
W = proj (F&eg)
‘;/' = proj (Gid&T> )
The adaptation gains for both estimates were selected as

F - 20]11 G - 0.5]7,

where I;; € R and I; € R™7 are identity matrixes. As with the LP case, the initial
values of W (0) were chosen to to be a zero matrix; however, the initial values of V (0)
were selected randomly between —1.0 and 1.0 to provide a basis [71]. A different transient

response could be obtained if the NN weights are initialized differently.
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Figure 4-8. Link position tracking error for the modular NN controller with a
gradient-based tuning law.
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Figure 4-9. Torque input for the modular NN controller with a gradient-based tuning law.

Figure 4-8 depicts the tracking errors for one experimental trial with a gradient
update law. The control torques for the same experimental trial are shown in Figure 4-9.
The tracking errors for a representative experimental trial with a Hebbian update law
is depicted in Figure 4-10. The torques for the Hebbian update law are shown in Figure
4-11.
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Figure 4-10. Link position tracking error for the modular NN controller with a Hebbian

tuning law.
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Figure 4-11. Torque input for the modular NN controller with a Hebbian tuning law.

4.10.3 Discussion

Data from the two sets of experiments illustrate that different adaptive update
laws (which are specific parts of the more general update laws considered in the control
development) can be used for the proposed modular adaptive controller both for the LP
and non-LP case. The different update laws can be used with no change required in the
overall structure of the controller and the stability is guaranteed through the Lyapunov

analysis. The stability results for previous continuous modular adaptive controllers would
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not have been valid for the dynamic model developed for this robot. Specifically, the
advanced friction model derived from [26] contains non-LP disturbances that can not be
considered in previous results.

In Experiment 1, the system dynamics are assumed to be partially LP. The
model-based adaptive controller in (4-11) is implemented with two different update
laws - the standard gradient-based and the least-squares update law. Our experimental
results confirm the widely acknowledged fact that least-squares update laws yield faster
convergence of parameter estimates compared to the gradient-based update laws. The
parameter estimates converge much faster when using the least-squares law as compared
to the gradient-based law (cf. Figure 4-4 and Figure 4-7). But this faster convergence of
parameter estimates does not seem to be beneficial, as the overall tracking performance
and control efforts required are similar for both cases (see Table 4-1).

In Experiment 2, the system dynamics are not assumed to be LP. The NN-based
controller in (4-52) is implemented with two different update laws, specifically the
gradient-based and the Hebbian law. One outcome of the experimental results is the fact
that the Hebbian update laws give a tracking performance that is on par compared to that
of the gradient-based laws (see Table 4-2). This result is significant because in general it is
difficult to prove stability and guarantee performance using the Hebbian laws [15]. On the
contrary, the gradient-based laws are designed to cancel some cross terms in the Lyapunov
stability analysis [32, 75], thus facilitating the analysis and guaranteeing stability. But the
gradient-based laws have a complicated form and require the computation of the Jacobian
of the activation function. Hebbian laws, on the other hand, have a simple structure and
do not require the computation of the Jacobian of the activation function. The fact that
a simpler update law yields better performance in our experiments is interesting and may

lead to a greater use of the Hebbian (or other simpler) update laws in NN-based control.
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4.11 Conclusion

A RISE-based approach was presented to achieve modularity in the controller /update
law for a general class of multi-input systems. Specifically, for systems with structured
and unstructured uncertainties, a controller was employed that uses a model-based
feedforward adaptive term in conjunction with the RISE feedback term (see [19]). The
adaptive feedforward term was made modular by considering a generic form of the
adaptive update law and its corresponding parameter estimate. This generic form of
the update law was used to develop a new closed-loop error system, and the typical
RISE stability analysis was modified. New sufficient gain conditions were derived to
show asymptotic tracking of the desired link position. The class of RISE-based modular
adaptive controllers is then extended to include uncertain dynamic systems that do not
satisfy the LP assumption. Specifically, the result allows the NN weight tuning laws
to be determined from a developed generic update law (rather than being restricted to
a gradient update law). The modular adaptive control development is then applied to
Euler-Lagrange dynamic systems. An experimental section is included that illustrates the

concept.
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CHAPTER 5
COMPOSITE ADAPTIVE CONTROL FOR SYSTEMS WITH ADDITIVE
DISTURBANCES

5.1 Introduction

Applying the swapping approach to dynamics with additive disturbances is
problematic because the unknown disturbance terms also get filtered and included in
the filtered control input. This problem motivates the question of how can a prediction
error-based adaptive update law be developed for systems with additive disturbances.

To address this motivating question, a general Euler-Lagrange-like MIMO system
is considered with structured and unstructured uncertainties, and a gradient-based
composite adaptive update law is developed that is driven by both the tracking error and
the prediction error. The control development is based on the recent continuous Robust
Integral of the Sign of the Error (RISE) [19] technique that was originally developed in
21] and [22]. The RISE architecture is adopted since this method can accommodate for
C? disturbances and yield asymptotic stability. For example, the RISE technique was used
in [23] to develop a tracking controller for nonlinear systems in the presence of additive
disturbances and parametric uncertainties. Based on the well accepted heuristic notion
that the addition of system knowledge in the control structure yields better performance
and reduces control effort, model-based adaptive and neural network feedforward elements
were added to the RISE controller in [19] and [75], respectively. In comparison to these
approaches that used the RISE method in the feedback component of the controller, the
RISE structure is used in both the feedback and feedforward elements of the control
structure to enable, for the first time, the construction of a prediction error in the
presence of additive disturbances. Specifically, since the swapping method will result
in disturbances in the prediction error (the main obstacle that has previously limited this
development), an innovative use of the RISE structure is also employed in the prediction
error update (i.e., the filtered control input estimate). A block diagram indicating the

unique use of the RISE method in the control and the prediction error formulation is
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provided in Figure 5-1. Sufficient gain conditions are developed under which this unique
double RISE controller guarantees semi-global asymptotic tracking. Experimental results
are presented to illustrate the performance of the proposed approach.

The asymptotic stability for the proposed RISE-based composite adaptive controller
comes at the expense of achieving semi-global stability which requires the initial condition
to be within a specified region of attraction that can be made larger by increasing
certain gains as subsequently discussed in Section 5.5. Development is also provided
that proves the prediction error is square integrable; yet, no conclusion can be drawn
about the convergence of the parameter estimation error due to the presence of filtered
additive disturbances in the prediction error. The proposed method uses a gradient-based
composite adaptive law with a fixed adaptation gain. Future efforts could also focus on
designing a composite law with least-squares estimation with time-varying adaptation gain
for the considered class of systems.

5.2 Dynamic System

Consider a class of MIMO nonlinear Euler-Lagrange systems of the following form:
2™ = f(x,d, . ™)+ G, &, 2D )+ b () (5-1)

where () (t) denotes the it" derivative with respect to time, 2® (1) € R, i =0,...,m — 1
are the system states, u () € R" is the control input, f (x,i, - x(m_l)) € R™ and
G (:c,x', - x(m_Q)) € R™" are unknown nonlinear C* functions, and h (t) € R"™ denotes
a general nonlinear disturbance (e.g., unmodeled effects). Throughout the chapter, ||
denotes the absolute value of the scalar argument, ||-|| denotes the standard Euclidean
norm for a vector or the induced infinity norm for a matrix.

The subsequent development is based on the assumption that all the system states
are measurable outputs. Moreover, the following assumptions will be exploited in the

subsequent development.
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Assumption 5-1: G (-) is symmetric positive definite, and satisfies the following

inequality Vy(t) € R™
gllyl® <y"G 'y < gla, @, 272 |y (5-2)

where g € R is a known positive constant, and g(z, z, ..., x(m_2)) € R is a known positive
function.
Assumption 5-2: The functions G7'(-) and f(-) are second order differentiable such that
GGG f f, feloifa®(t)e Lo, i=0,1,...,m+1.
Assumption 5-3: The nonlinear disturbance term and its first two time derivatives (i.e.,
h, h, h) are bounded by known constants.
Assumption 5-4: The unknown nonlinearities G7'(-) and f(-) are linear in terms of
unknown constant system parameters (i.e., LP).
Assumption 5-5: The desired trajectory z4(t) € R" is assumed to be designed such that
zg) (t) € Lo, 7 = 0,1,...,m + 2. The desired trajectory z4(t) need not be persistently
exciting and can be set to a constant value for the regulation problem.
5.3 Control Objective

The objective is to design a continuous composite adaptive controller which

ensures that the system state x (¢) tracks a desired time-varying trajectory x,4(t) despite

uncertainties and bounded disturbances in the dynamic model. To quantify this objective,

a tracking error, denoted by e;(t) € R", is defined as

e1 2 1y — . (5-3)
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To facilitate a compact presentation of the subsequent control development and stability

analysis, auxiliary error signals denoted by e; (t) € R", i = 2,3, ..., m are defined as

€9 él + 1€
A .
€3 = €9 + (651 + €1

A .
64:63+Oé363+62

i 2 ¢+ Q161 + €2 (5-4)

A .
Em = €m—1 + Qp_1€m_1 + Em_2

where o; € R, 7 = 1,2,...,m — 1 denote constant positive control gains. The error signals

e (t),i=2,3,...,m can be expressed in terms of e; () and its time derivatives as
i—1 _
€; = Zbi,jegj) s bi,i—l =1 (5*5)
=0

where the constant coefficients b; ; € R can be evaluated by substituting (5-5) in (5-4),
and comparing coefficients. A filtered tracking error [57], denoted by r(t) € R", is also
defined as

rE e+ Amem (5-6)

where «,,, € R is a positive, constant control gain. The filtered tracking error r (¢) is not
measurable since the expression in (5-6) depends on (™).
5.4 Control Development
To develop the open-loop tracking error system, the filtered tracking error in (5-6) is

premultiplied by G™! (+) to yield

G =G, + G lamen. (5-7)
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Substituting (5-5) in to (5-7) for é,, (t) yields

m—1
Gl =G bV + G lagen. (5-8)

5=0
By separating the last term from the summation, (5-8) can also be expressed as
G =G bpmrel™ + G mej U L G aenm. (5-9)
7=0
Using the fact that b,,,,—1 = 1 and making substitutions from (5-1) and (5-3), the

expression in (5-9) is rewritten as

m—2
Glr =G =G = G = u+ G bued TV + G e
7=0
which can be rearranged as
Glr=Y,0+5, — G;lh —u. (5-10)

In (5-10), the auxiliary function S; (:L', &, .., xmh, t) € R" is defined as

<me]ef“ + amem) + G2 a7 -G+ G fa— G+ G
(5-11)
Also in (5-10), Y40 € R™ is defined as

Y0 LGl — Gt (5-12)

(m) )

where Yy(xq, g, ...,xy ) € R™P is a desired regression matrix, and # € RP contains the

constant unknown system parameters. In (5-12), the functions G},'(z4, @4, ..., xém_z)) €

R™ ™ and fy(xq, T4, ...,xfim_l)) € R" are defined as

G2 G Y (wg, i,y al") (5-13)

fd é f(l’d, Zi:'d, ey Iém—l)).
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The open-loop error system in (5-10) is typically written in a form similar to
G lé, =Y,0+ S —G tane, — G;lh —u (5-14)

which can be obtained by substituting (5-6) into (5-10) for the filtered tracking error.
Although (5-10) and (5-14) are equivalent, the atypical form in (5-10) is used to facilitate
the subsequent closed-loop error system development and stability analysis. Specifically,
the subsequent RISE control method is designed based on the time derivative of the
control input. The design of the filtered tracking error in (5-6) is not necessary, but it
simplifies the subsequent development by allowing the closed-loop error system to be
expressed in terms of 7(t) rather than é,,(t).
5.4.1 RISE-based Swapping

A measurable form of the prediction error € (t) € R™ is defined as the difference
between the filtered control input uy (t) € R™ and the estimated filtered control input
us (t) € R™ as

é?éUf—?lf (5*15)
where the filtered control input us (t) € R™ is generated by [3]
U +wup = wu us(0) =0 (5-16)

where w € R is a known positive constant, and iy (t) € R™ is subsequently designed. The

differential equation in (5-16) can be directly solved to yield
Up=0v*u (5-17)

where # is used to denote the standard convolution operation, and the scalar function v ()
is defined as

v = we (5-18)
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Using (5-1), the expression in (5-17) can be rewritten as
up=vx (G 2™ -G f—G'h). (5-19)

Since the system dynamics in (5-1) include non-LP bounded disturbances h (t), they
also get filtered and included in the filtered control input in (5-19). To compensate for
the effects of these disturbances, the typical prediction error formulation is modified to
include a RISE-like structure in the design of the estimated filtered control input. With
this motivation, the structure of the open-loop prediction error system is engineered to
facilitate the RISE-based design of the estimated filtered control input.

Adding and subtracting the term G;lxglm) + G fa 4+ G h to the expression in (5-19)

yields
up = (G 2 4G G — G G G fi— G G th—G ). (5-20)
Using (5—12), the expression in (5-20) is simplified as
up=v* (Vs +5—S;—Gy'h) (5-21)

where S(z, @, ..., 2™), Sy(zq4, T4, ...,xém)) € R" are defined as

S&G e gy -G 'h (5-22)
Se 2 G — G e — G th (5-23)

The expression in (5-21) is further simplified as
Uf:Y;lfe—l-U*S—U*Sd—l-hf (5*24)
where the filtered regressor matrix Yy (24, 4, ..., xfim)) € R™*P is defined as

Yy £vxY, (5-25)
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and the disturbance hy (t) € R™ is defined as
hy & —vx G 'h.

The term v * S(z, @, ..., ™) € R™ in (5-24) depends on z(™). Using the following property
of convolution [57]:

g1* g2 =091 % g2+ g1(0) g2 — 9192 (0) (5-26)

an expression independent of (™ can be obtained. Consider
vkS =vx* (G_1$(m) — G — G_lh)
which can be rewritten as
d 1 m-1) y—1,_ (m—1) -1 -1
U*S:U*(E(G x )—G 'z -G f—=G h). (5-27)
Applying the property in (5-26) to the first term of (5-27) yields
U*S:Sf—l—w (5*28)

where the state-dependent terms are included in the auxiliary function Sy(z, @, ...,2"1) €

R™, defined as
Sp &0 x (G_lx(m_l)) +0(0)G 2™ —px Gl — G —ux G (5-29)
and the terms that depend on the initial states are included in W (t) € R", defined as
W& -G (2(0),4(0), ...,z (0)) 2D (0). (5-30)

Similarly, following the procedure in (5-27)-(5-30), the expression v * Sy in (5-24) is
evaluated as

vx Sy = Sdf + Wy (5*31)
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where Sy (x4, Tq, ..., xfim_l)) € R" is defined as
Sy 2 0% (G2l + 0 (0) Gl — v s Gl — v G fu— v Gh (5-32)
and W, (t) € R™ is defined as
Wa & —vG (w4 (0),44(0), ... 25" (0)2" ™ (0). (5-33)

Substituting (5-28)-(5-33) into (5-24), and then substituting the resulting expression into
(5-15) yields
5:}@f«9+5f—5df+W—Wd+hf—af. (5*34)

5.4.2 Composite Adaptation

The composite adaptation for the adaptive estimates 6 (£) € R? in (5-47) is given by

§— IY/r+TYjfe (5-35)
where I' € RP*P is a positive definite, symmetric, constant gain matrix and the filtered
regressor matrix Yy (zq, T4, ..., xfim)) € R"*? ig defined in (5-25).

Remark 5.1. The parameter estimate update law in (5-35) depends on the unmeasurable

signal r (t), but the parameter estimates are independent of r (t) as can be shown by

directly solving (5-35) as
. . . t Lo
0(t)=26(0)+ FYdT(a)em(U)‘O + / I'Yy (0)e (o) do
0

t
- / {FYdT(U)em(U) — amFYdT(U)em(a)} do.
0
5.4.3 Closed-Loop Prediction Error System
Based on (5-36) and the subsequent analysis, the filtered control input estimate is

designed as

iy = Yol + puo, (5-36)
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where s (t) € R™ is a RISE-like term defined as

o (1) 2 / (ko () + Bosgn(e(o))]do, (5-37)

where ko, 0 € R denote constant positive control gains. In a typical prediction error
formulation, the estimated filtered control input is designed to include just the first
term Ydfé in (5-36). But as previously discussed, the presence of non-LP disturbances
in the system model results in filtered disturbances in the unmeasurable form of the
prediction error in (5-34). Hence, the estimated filtered control input is augmented
with an additional RISE-like term p5 (t) to cancel the effects of disturbances in the
prediction error as illustrated in Figure 5-1 and the subsequent design and stability
analysis. Substituting (5-36) into (5-34) yields the following closed-loop prediction error
system:

EZYdfé—l—Sf—Sdf—l—W—Wd—l—hf—ug (5*38)

where 0 (t) € R” denotes the parameter estimate mismatch defined as

~

6260—9. (5-39)

To facilitate the subsequent composite adaptive control development and stability analysis,

the time derivative of (5-38) is expressed as
€= Y;lfé — Y;lfFY;Z:é + Ng + NQB — ]fgé? — 6289711(8), (5*40)

where (5-35) and the fact that

,[Lg = k’2€ + /628971(5) (5*41)

were utilized. In (5-40), the unmeasurable/unknown auxiliary term Ny(eq, €a, ..., €m, 7, 1) €
R™ is defined as
NQ = Sf - Sdf - YdfFYdTT, (5*42)
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where the update law in (5-35) was utilized, and the term Nyp (t) € R™ is defined as
Nop 2 W — Wy + hy. (5-43)

In a similar manner as in Lemma 1 of the Appendix, by applying the Mean Value

Theorem can be used to develop the following upper bound for the expression in (5-42):
|%) < o =121 (5-44)

where the bounding function py(-) € R is a positive, globally invertible, nondecreasing

function, and z(t) € R™™*Y is defined as
2(t) £ [ef €5 .. e rT]T. (5-45)

Using Assumption 5-3, and the fact that v (¢) is a linear, strictly proper, exponentially
stable transfer function, the following inequality can be developed based on the expression

in (5-43) with a similar approach as in Lemma 2 of [42]:
[No(0)]| < &, (5-46)

where £ € R is a known positive constant.
5.4.4 Closed-Loop Tracking Error System
Based on the open-loop error system in (5-10), the control input is composed of an

adaptive feedforward term plus the RISE feedback term as
w2 Y0+ (5-47)
where p;(t) € R™ denotes the RISE feedback term defined as
pa () £ (k1 + e (t) — (ki + Dew(0) + /Ot{(kl + Damem(0) + frsgn(em(o))tdo  (5-48)

where k1, /) € R are positive constant control gains, and «,, € R was introduced in (5-6).

~

In (5-47), 6 (t) € R? denotes a parameter estimate vector for unknown system parameters
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— 6= TV r+ F?;g
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H_,I" VEU
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7T u=Xd+s X" = f +Gu+h

Figure 5-1. Block diagram of the proposed RISE-based composite adaptive controller

0 € RP, generated by a subsequently designed gradient-based composite adaptive update
law [38, 39, 82].
The closed-loop tracking error system can be developed by substituting (5-47) into
(5-10) as
G lr=Y0+S — G 'h— . (5-49)

To facilitate the subsequent composite adaptive control development and stability analysis,

the time derivative of (5-49) is expressed as
L 1. - : .
Gl = _§G Y+ Yl = YilYfe + Ny + Nig — (k4 1)r — Bisgn(en,) — e (5-50)
where (5-35) and the fact that the time derivative of (5-48) is given as
f1 = (k1 + 1)r + Bisgn(en) (5-51)

was utilized. In (5-50), the unmeasurable/unknown auxiliary terms Ny (eq, €s, ..., €, 7, 1)

and Nip (t) € R™ are defined as

1. . .
N, & —§G_1T + 81+ ey — YUYy (5-52)
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where (5-35) was used, and

Nip & —G7'h — G th. (5-53)

The structure of (5-50) and the introduction of the auxiliary terms in (5-52) and (5-53) is
motivated by the desire to segregate terms that can be upper bounded by state-dependent
terms and terms that can be upper bounded by constants. In a similar fashion as in

(5-44), the following upper bound can be developed for the expression in (5-52):
|% @ <oz (5-54)

where the bounding function p;(-) € R is a positive, globally invertible, nondecreasing
function, and z(¢) € R™™*V was defined in (5-45). Using Assumptions 5-2 and 5-3, the
following inequalities can be developed based on the expression in (5-53) and its time
derivative:

[N ()] < G |vs0] < (5-55)

where (; € R, 7 = 1,2 are known positive constants.

The RISE controller in (5-47) and (5-48), and sliding mode controllers (SMCs)
(e.g., see the classic results in [3, 12]) are the only methods that have been proven to
yield an asymptotic tracking result for an open-loop error system such as (5-10) where
additive bounded disturbances are present that are upper bounded by a constant. Other
approaches lack a mechanism to cancel the disturbance terms (these terms are typically
eliminated through nonlinear damping and yield a uniformly ultimately bounded (UUB)
result). SMC is a discontinuous control method that requires infinite control bandwidth
and a known upper bound on the disturbance term. Continuous modifications of SMC
reduce the stability result to UUB. The RISE control method in (5-47) and (5-48) is
continuous/differentiable (i.e., finite bandwidth) and requires a known upper bound on the
disturbance and the time derivative of the disturbance. Despite which feedback control
method is selected, the control challenge is that the disturbance term A(t) in (5-1) will be

included in the swapping (or torque filtering) method in the prediction error formulation
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as shown in (5-34). This technical obstacle has prevented the development of any previous
composite adaptive controller for a dynamic system with added disturbances such as h(t).
The contribution of the current result is the development of the RISE-based swapping
method to enable the development of composite adaptive controllers for systems such as
(5-1). Specifically, the RISE-based swapping technique provides a means to cancel the
filtered disturbance terms in (5-34).
5.5 Stability Analysis

Theorem 5-1: The controller given in (5-47) and (5-48) in conjunction with the
composite adaptive update law in (5-35), where the prediction error is generated from
(5-15), (5-16), (5-36), and (5-37), ensures that all system signals are bounded under
closed-loop operation and that the position tracking error and the prediction error are

regulated in the sense that
ller(t)|| — 0 and ||e(t)]] — O as t — o0

provided the control gains k; and ks introduced in (5-48) and (5-37) are selected
sufficiently large based on the initial conditions of the system (see the subsequent proof),

and the following conditions are satisfied:

1 1
Q1 > 5 s Ay > 5, (5*56)
1
B> G+ a_CZ ; By > &, (5-57)

where the gains «a,,_; and «,, were introduced in (5-4), 3; was introduced in (5-48), (s
was introduced in (5-37), ¢; and ¢, were introduced in (5-55), and ¢ was introduced in
(5-46).

Proof: Let D C R™™*2+P+2 he a domain containing y(t) = 0, where y(t) €

R(m+2)+p+2 g defined as

y2 " P R 0 (5-58)
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In (5-58), the auxiliary function P;(¢) € R is defined as

P (t) = ﬁlz lemi(0)] — em(0)T Nyp(0) — /0 Ly(7)dr, (5-59)

where e,,; (0) € R denotes the ith element of the vector e,, (0), and the auxiliary function
Ly(t) € R is defined as
L £ TT(N1B — Bisgn(en)), (5-60)

where 3; € R is a positive constant chosen according to the sufficient condition in (5-57).
Provided the sufficient condition introduced in (5-57) is satisfied, the following inequality
is obtained [22]:
/0 L) < 43 Jemi(0)] — em(0) Nin(0). (5-61)
i=1

Hence, (5-61) can be used to conclude that P;(t) > 0. Also in (5-58), the auxiliary

function P(t) € R is defined as
t
Py (t) & — / Ly(7)dr, (5-62)
0
where the auxiliary function Ly(t) € R is defined as
Ly £ £7(Nap — Pasgn(e)), (5-63)

where 3, € R is a positive constant chosen according to the sufficient condition in (5-57).
Provided the sufficient condition introduced in (5-57) is satisfied, then Py(t) > 0.
Let Vi(y,t) : D x [0,00) — R be a continuously differentiable, positive definite

function defined as
Vi(y,t) = lzmjere- + lT‘TG_lr + 1e’:‘T&t +P 4+ P+ léTF_lé (5-64)
’ 247 2 2 L)
which satisfies the inequalities

Ur(y) < Vi(y,t) < Us(y) (5-65)
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provided the sufficient conditions introduced in (5-57) are satisfied. In (5-65), the
continuous positive definite functions Uy(y), Us(y) € R are defined as Uy (y) 2 A\ ||y||* and

Us(y) 2 No(x, i, ..., 2™ 2) [ly||?, where i, Ao(, &, ..., 2™ ?) € R are defined as

M2 2 min {19, A {77} (5-66)

1 1
)\2 = max{§g($,i', "'7$(m_2))’ 5)\max {P_l} ’ 1}

where g, §(z, &, ...,2™"?)) are introduced in (5-2), and Ay {-} and Ayax {-} denote the
minimum and maximum eigenvalue of the arguments, respectively.
After using (5-4), (5-6), (5-35), (5-40), (5-50), (5-59), (5-60), (5—62) and (5-63), the

time derivative of (5-64) can be expressed as

Vi(y.t) = S el e+ €fy_yem —r — ke r 4+ 1 7Va 4 TR,
i=1

+rT' Ny — rTYan?a — BuirTsgn(en) + ETYdfé (5-67)
+ TNy + TNy — koeTe — 5TYdfF§@?5 — BaeTsgn(e)

— 1T (Nig — Bisgn(em)) — €' Nog + €” Bysgn(e) — éTF_l(FYdTT + FYd?E).

After canceling the similar terms and using the fact that a’b < %(||a||2 + 1|6]|?) for some

a,b € R™, the expression in (5-67) is upper bounded as
Vel < =T + 5 lemarlP + 3 el = Il
i=1
— ket ||7))? + TNy — rT}@F}@?E + TNy — koeTe — ET}/dfF}./;ng.
Using the following upper bounds:

pasg] e, [pariz] <o
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where ¢, co € R are positive constants, VL(y, t) is upper bounded using the squares of the

components of z(t) as

Vily,£) < =X 1207 = kIl + el | 80|+ Dl el =+ el || | = (ko = ea) il (5-68)

where

1
A .
)\3 = mln{alaa27 vy A2, Q1 — §>am - 5) ]-}

Letting

ko = kog + kap

where ko, kop € R are positive constants, and using the inequalities in (5-54) and (5—44),

the expression in (5-68) is upper bounded as

Vi(y:t) < =g ll2l* = ke llell* = (Ko I71* = pa (=1 Nl [1=1] (5-69)

— [(kza = c2) lell® = (oa(llzl) + en) llell1=1] -

Completing the squares for the terms inside the brackets in (5-69) yields

d(EDIER 2|) +e)? |2
) < s ol o 2+ BLED I Galll) + o) e

4/{51 4 (k2a - 02)
NI
< g et + DRy e (5-70)
4k
where k£ € R is defined as
ki (koy —
pa_ Fi(ku o) koo > € (5-71)

max {]{71, (]{72[1 — Cg)}’

and p(-) € R is a positive, globally invertible, nondecreasing function defined as

P11) 2 P31 + (pa(llz]) + 1)’
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The expression in (5-70) can be further upper bounded by a continuous, positive
semi-definite function

) 2
Vily,t) < —Uly) = —c H Ea gT}TH Yy e D (5-72)

for some positive constant ¢, where

D& {y(1) e R |yl < p (203K ) |

Larger values of k will expand the size of the domain D. The inequalities in (5-65)
and (5-70) can be used to show that V;(y,t) € L in D; hence, ¢;(t) € Lo and
e(t),r(t),0(t) € Lo in D. Given that ¢;(t) € Lo and r(t) € Lo in D, standard linear
analysis methods can be used to prove that é;(t) € L, in D from (5-4) and (5-6). Since
ei(t) € Lo, and 7(t) € Lo in D, Assumption 5-5 can be used along with (5-3)-(5-6) to
conclude that 2 (t) € Lo, i = 0,1,...,m in D. Since 0 (t) € Lo, in D, (5-39) can be used
to prove that 6(t) € Lo in D. Since 20 (t) € Lo, i = 0,1, ...,m in D, Assumption 5-2 can
be used to conclude that G7!(-) and f(-) € L in D. Thus, from (5-1) and Assumption
5-3, we can show that u(t) € L in D. Therefore, us(t) € Lo in D, and hence, from
(5-15), 4f(t) € L in D. Given that r(t) € L in D, (5-51) can be used to show that
[11(t) € Lo in D, and since G~'(-) and f(-) € Lo in D, (5-50) can be used to show that
7(t) € Lo in D, and (5-40) can be used to show that £(t) € L, in D. Since é;(t) € Lo,
7(t), and € (t) € L in D, the definitions for U(y) and z(t) can be used to prove that U(y)

is uniformly continuous in D.

Let & C D denote a set defined as

Sé{wwepuwmm<A4¢*@¢Eaf}. (5-73)

The region of attraction in (5-73) can be made arbitrarily large to include any initial

conditions by increasing the control gain k (i.e., a semi-global stability result). Theorem
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8.4 of [63] can now be invoked to state that
c H Ed 5T]TH —0 as t— o0 Yy(0) € S. (5-74)
Based on the definition of z(t), (5-74) can be used to show that

llex(t)]] — 0 as t— 00 Vy(0) € S (5-75)

le(®)]] — 0 as t— o0 Vy(0) € S.

5.6 Experiment
As in Chapter 2, the testbed depicted in Figure 2-1 was used to implement the

developed controller. The desired link trajectory is selected as follows (in degrees):
qa(t) = 60.0sin(1.2¢)(1 — exp(—0.01¢*)). (5-76)

For all experiments, the rotor velocity signal is obtained by applying a standard backwards
difference algorithm to the position signal. The integral structure for the RISE term

in (5-48) was computed on-line via a standard trapezoidal algorithm. The parameter
estimates were all initialized to zero. In practice, the adaptive estimates would be
initialized to a best-guess estimate of the values. Initializing the estimates to zero was
done to test a scenario of no parameter knowledge. In addition, all the states were
initialized to zero. The following control gains and best guess estimates were used to
implement the controller in (5-47) and (5-48) in conjunction with the composite adaptive
update law in (5-35), where the prediction error is generated from (5-15), (5-16), (5-36),
and (5-37):

ki =70, B =50, a;=20, ar=10, T =diag{4,0.9,0.9, 2}

ky =400, Bo=1, w=10, 55 =50, F3=1, 75 =50, (5-77)
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Figure 5-2. Actual and desired trajectories for the proposed composite adaptive control
law (RISE4CFF).
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Figure 5-3. Tracking error for the proposed composite adaptive control law (RISE+CFF).
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Figure 5-4. Prediction error for the proposed composite adaptive control law
(RISE+CFF).
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Figure 5-5. Control torque for the proposed composite adaptive control law (RISE+CFF).
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Figure 5-6. Contribution of the RISE term in the proposed composite adaptive control law
(RISE+4CFF).
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Figure 5-7. Adaptive estimates for the proposed composite adaptive control law
(RISE+CFF).
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Figure 5-8. Average RMS errors (degrees) and torques (N-m). 1- RISE, 2- RISE+FF, 3-
RISE+CFF (proposed).

5.6.1 Discussion

Three different experiments were conducted to demonstrate the efficacy of the
proposed controller. For each controller, the gains were not retuned (i.e., the common
control gains remain the same for all controllers). First, no adaptation was used and the
controller with only the RISE feedback was implemented. For the second experiment,
the prediction error component of the update law in (5-35) was removed, resulting in a
standard gradient-based update law (hereinafter denoted as RISE4+FF). For the third
experiment, the proposed composite adaptive controller in (5-47)-(5-48) (hereinafter
denoted as RISE4CFF) was implemented. Figure 5-2 depicts the actual position
compared with the desired trajectory for the RISE4+CFF controller, while the tracking
error and the prediction error are shown in Figure 5-3 and Figure 5-4, respectively. The
control torque is shown in Figure 5-5, and the contribution of the RISE term in the overall
torque is depicted in Figure 5-6. The contribution of the feedback RISE term decreases as
the adaptive estimates converge as shown in Figure 5-7. Each experiment was performed
five times and the average RMS error and torque values are shown in Figure 5-8, which
indicate that the proposed RISE+CFF controller yields the lowest RMS error with a

similar control effort.
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5.7 Conclusion

A novel approach for the design of a gradient-based composite adaptive controller was
proposed for generic MIMO systems subjected to bounded disturbances. A model-based
feedforward adaptive component was used in conjunction with the RISE feedback, where
the adaptive estimates were generated using a composite update law driven by both
the tracking and prediction error with the motivation of using more information in the
adaptive update law. To account for the effects of non-LP disturbances, the typical
prediction error formulation was modified to include a second RISE-like term in the
estimated filtered control input design. Using a Lyapunov stability analysis, sufficient
gain conditions were derived under which the proposed controller yields semi-global
asymptotic stability. The current development, as well as all previous RISE controllers,
require full-state feedback. The development of an output feedback result remains an open
problem. Experiments on a rotating disk with externally applied friction indicate that the

proposed method yields better tracking performance with a similar control effort.
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CHAPTER 6
COMPOSITE ADAPTATION FOR NN-BASED CONTROLLERS

6.1 Introduction

This chapter presents the first ever attempt to develop a prediction error-based
composite adaptive NN controller for an Euler-Lagrange second-order dynamic system
using the recent continuous Robust Integral of the Sign of the Error (RISE) [19] technique
that was originally developed in [21] and [22]. The RISE architecture is adopted since
this method can accommodate for C? disturbances and yield asymptotic stability.
The RISE technique was used in [75] to prove the first ever asymptotic result for a
NN-based controller using a continuous feedback. In this chapter, the RISE feedback is
used in conjunction with a NN feedfoward element similar to [75], however, unlike the
typical tracking error-based gradient update law used in [75], the result in this chapter
uses a composite update law driven by both the tracking and the prediction error. In
order to compensate for the effect of NN reconstruction error, an innovative use of the
RISE structure is also employed in the prediction error update (i.e., the filtered control
input estimate). A block diagram indicating the unique use of the RISE method in
the control and the prediction error formulation is provided in Figure 6-1. Sufficient
gain conditions are derived using a Lyapunov-based stability analysis under which this
unique double-RISE control strategy yields a semi-global asymptotic stability for the
system tracking errors and the prediction error, while all other signals and the control
input are shown to be bounded. Since a multi-layer NN includes the first layer weight
estimate inside of a nonlinear activation function, proving that the NN weight estimates
are bounded is a challenging task. A projection algorithm is used to guarantee the
boundedness of the weight estimates. However, if instead a single-layer NN is used,
projection is not required and the weight estimates can be shown bounded via the stability
analysis. The control development in this chapter can be easily simplified for a single-layer

NN by choosing fixed first layer weights.
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A usual concern about the RISE feedback is the presence of high-gain and high-frequency

components in the control structure. However, in contrast to a typical widely used
discontinuous high-gain sliding mode controller, the RISE feedback offers a continuous
alternative. Moreover, the proposed controller is not purely high gain as a multi-layer NN
is used as a feedforward component that learns and incorporates the knowledge of system
dynamics in the control structure.

6.2 Dynamic System

Consider a class of second order nonlinear systems of the following form:
¥ = f(z,2)+ G(z)u (6-1)

where z (t),4 (t) € R™ are the system states, u (t) € R" is the control input, f (z,4) € R"
and G (z) € R™™ are unknown nonlinear C? functions. The control development for the
dynamic system in (6-1) can be easily extended to a second-order Euler-Lagrange system

of the following form:

M(q)i+ V(g 4)q + G(q) + F (¢) = 7(¢)

where M(q) € R™*" denotes the inertia matrix, V,,(q,q) € R™*" denotes the centripetal-Coriolis

matrix, G(¢q) € R™ denotes the gravity vector, F'(§) € R™ denotes friction, 7(t) € R"
represents the torque input control vector, and ¢(t), ¢(t), (t) € R™ denote the link
position, velocity, and acceleration vectors, respectively. Throughout the chapter, ||
denotes the absolute value of the scalar argument, ||-|| denotes the standard Euclidean
norm for a vector or the induced infinity norm for a matrix, and ||-|| . denotes the
Frobenius norm of a matrix.

The following properties and assumptions will be exploited in the subsequent

development.

120



Assumption 6-1: G (-) is symmetric positive definite, and satisfies the following
inequality V¢(t) € R™

glléll* < TG < gla) |I€]” (6-2)

where g € R is a known positive constant, and g(x) € R is a known positive function.
Assumption 6-2: The functions G7'(-) and f(-) are second order differentiable such that
G71(), G71), G, fO), FO), FO) € Logif 2D () € Lo, i = 0,1,2,3, where ()7 (2)
denotes the i" derivative with respect to time.
Assumption 6-3: The desired trajectory z4(t) € R™ is designed such that :)sg) (1) € Lo,
1=20,1,...,4 with known bounds.
6.3 Control Objective

The objective is to design a continuous composite adaptive NN controller which
ensures that the system state x (¢) tracks a desired time-varying trajectory z4(t) despite
uncertainties in the dynamic model. To quantify this objective, a tracking error, denoted
by e1(t) € R", is defined as

e1 £ xy— 1. (6-3)
To facilitate the subsequent analysis, filtered tracking errors, denoted by es(t), 7(t) € R",
are also defined as
es 2 €1+ aye (6-4)
A .
T = €3 + (ig€2 (6*5)
where oy, as € R denote positive constants. The subsequent development is based on the

assumption that the system states x (t), & (t) are measurable. Hence, the filtered tracking

error 7 (t) is not measurable since the expression in (6-5) depends on Z ().
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6.4 Control Development
The open-loop tracking error system is developed by premultiplying (6-5) by G~ (+)

and utilizing the expressions in (6-1), (6-3), (6-4) as
Glr=v+8 —u. (6-6)
In (6-6), ¥ (x4, T4, Zq) € R™ is defined as
&Gyl — Gyl fa (6-7)
where the functions G;*(z4) € R™™ and fy(74, 74) € R™ are defined as
Gl 2 G N wa),  fa2 f(xa,ta). (6-8)
Also in (6-6), the auxiliary function S; (z,%,t) € R™ is defined as
S1 2 G lagey + G iy — Gllig — G+ G g+ G anéy. (6-9)

The unknown dynamics in (6-7) can be represented by a three-layer NN [15, 32] using the

universal approximation property as described in Section 3.4 of Chapter 3.
v =Wro(VTzy) + ¢ (24). (6-10)
Based on (6-10), the typical three-layer NN approximation for ¢ (Z,4) is given as [15, 32]
iéi@ﬁrﬁﬂéa (6-11)

where V(t) € RMHDxN2 and W (t) € RO2+D)*n gre subsequently designed estimates of the
ideal weight matrices. The estimate mismatch for the ideal weight matrices, denoted by

V(t) € RMFDXN2 and W (t) € RMN2HD*7 are defined as

~ ~

VEV -V,

~ A

WaEW-Ww
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and the mismatch for the hidden-layer output error for a given z,4(t), denoted by 7(z,) €
RN2+1is defined as

620—b=0(Via)—0 (V'aa). (6-12)

Property 6-1: (Taylor Series Approximation) The Taylor series expansion for o (VTEd)

for a given Z4 (t) may be written as [15, 32]
. L/ - - 2
o (V72a) = (V7aa) + 0 (V7)) Viza+ 0 (V') (6-13)

. . 2
where o’ (VTjtd) = do (Vde) /d (Vde) |VT:?:d=\7T:Ed’ and O (VTi'd> denotes the
higher order terms. After substituting (6-13) into (6-12), the following expression can be

obtained
. - 2
5=6VTi4+0 (Vngd> (6-14)

where 6" £ ¢ (VT:Ed>.
Based on the open-loop error system in (6-6), the control input is composed of a NN

estimate term plus the RISE feedback term as [75]
uE )+ (6-15)

where zﬂ(t) € R"™ denotes a first ever, subsequently designed, prediction-error based
NN feedfoward term. In (6-15), u1(t) € R™ denotes the RISE feedback term defined as
21, 22, 75|

1 (t) = (k1 + Dea(t) — (k1 + 1)e2(0) +/0 {(k1 4+ 1)ages(0) + Bisgn(ex(o)) }do  (6-16)

where k1, /1 € R are positive constant control gains, as € R was introduced in (6-5), and

sgn (+) denotes the signum function defined as

sgn(es) £ [sgn(es,) sgn(es,) ... sgn(es,) ... sgn(egn)]T
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The closed-loop tracking error system can be developed by substituting (6-15) into (6-6)
as

G lr=¢—1U+5 — . (6-17)

To facilitate the subsequent composite adaptive control development and stability analysis,

(6-10) and (6-11) are used to express the time derivative of (6-17) as
G_l’f‘ = —G_lT + WTO'/ (VTi’d) VTSL._’d - WTO'(VTLf’d) - WTUI(VTi’d)VTi’d (6*18)
— W (VI )VTZg+ ¢ + S — .

After adding and subtracting the terms W76’ VTz, + WT6' VT, to (6-18), the following

expression can be obtained:
G =G+ Wi Vizg+ Wi Vizg+ Wio'Viz,— W' VTiz, (6-19)
—WTsVTzg+ S = W6 —WT6'VIZy+ ¢ —

where the notations & (VT:Ed> and & (VTEd) are introduced in (6-12) and (6-14),
respectively.
6.4.1 Swapping

In this section, the swapping procedure is used to generate a measurable form of
a prediction error that relates to the function mismatch error (i.e., ¢ (t) — 9 (t)). A
measurable form of the prediction error 7 (t) € R” is defined as the difference between a

filtered control input uy (t) € R™ and an estimated filtered control input y (t) € R™ as
S (6-20)

where the filtered control input is generated from the stable first order differential
equation

Uy +wup = wu us(0) =0 (6-21)
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where w € R is a known positive constant. The differential equation in (6-21) can be
expressed as a convolution as

Up=v*u (6-22)

where # is used to denote the standard convolution operation, and the scalar function v ()
is defined as

v = we (6-23)

Using (6-1), the expression in (6-22) can be rewritten as
up=vx* (G'i—G7'f). (6-24)

The construction of a NN-based controller to approximate the unknown system dynamics
in (6-24) will inherently result in a residual function reconstruction error ¢ (z4). The
presence of the reconstruction error has been the technical obstacle that has prevented
the development of composite adaptation laws for NNs. To compensate for the effects
of the reconstruction error, the typical prediction error formulation is modified to
include a RISE-like structure in the design of the estimated filtered control input. With
this motivation, the open-loop prediction error system is engineered to facilitate the
RISE-based design of the estimated filtered control input.

Adding and subtracting the term v * (G;lid + Gt f4) to the expression in (6-24),
and using (6-7) yields

ur=vx*(p+ 95— ) (6-25)

where S(x, %, %), Sq(zq, T4, Tq) € R™ are defined as
SE&G 1 —-Gf (6-26)

Sq & Glig — G fa (6-27)

The expression in (6-25) is further simplified as

up=vxp+vxS—vxS,. (6-28)
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The term v * S(z,t,%) € R™ in (6-28) depends on Z (¢). Using the following property of
convolution [57]:

g1* g2 = g1 % g2+ g1(0) g2 — 9192 (0) (6-29)

an expression independent of Z (t) can be obtained as
vxS=95;+D (6-30)

where the state-dependent terms are included in the auxiliary function Sy(z, ) € R”,
defined as
Sy 0% (G'E) +v(0)Gli—vxGla —vx GTUf (6-31)

and the terms that depend on the initial states are included in D (¢) € R™, defined as
D2 G (x(0)(0). (6-32)
Similarly, the expression v * Sy (x4, T4, Z4) in (6-28) is evaluated as
v* Sq= Sq + Dy (6-33)
where Sy (24, 24) € R™ is defined as
Sap 2 0% (G g) + v (0) Gy lig — v Glig — v G fy (6-34)
and Dy (t) € R™ is defined as
Dy = —vG3 (24(0))ia (0) . (6-35)

Substituting (6-30)-(6-35) into (6-28), and then substituting the resulting expression into
(6-20) yields
?7=v*¢+5f—5df+D—Dd—ﬂf. (6*36)
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Based on (6-36) and the subsequent analysis, the filtered control input estimate is

designed as
iy =1y + o (6-37)
where the filtered NN estimate sz (t) € R™ is generated by from the stable first order

differential equation

~

Vptwihp=wi,  Pr(0)=0
which can be expressed as a convolution

~ ~

’gbf:U*’gD.

In (6-37), po (t) € R™ is a RISE-like term defined as

o (1) 2 / k(o) + Basgn(n(o))ldo (6-38)

where ks, 32 € R denote constant positive control gains. In a typical prediction error
formulation, the estimated filtered control input is designed to include just the first term
g (t) in (6-37). But as discussed earlier, due to the presence of the NN reconstruction
error, the unmeasurable form of the prediction error in (6-36) also includes the filtered
reconstruction error. Hence, the estimated filtered control input is augmented with
an additional RISE-like term ps () to cancel the effects of reconstruction error in the
prediction error measurement as illustrated in Figure 6-1 and the subsequent design and
stability analysis.

Substituting (6-37) into (6-36) yields the following closed-loop prediction error
system:

n:u*<¢—¢)+Sf—sdf+D—Dd—u2. (6-39)

To facilitate the subsequent composite adaptive control development and stability analysis,

the time derivative of (6-39) is expressed as

7‘7:@*(w—@ﬁ)ﬂu(w—@ﬁ)+Sf—Sdf+D—Dd—g2 (6-40)
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ﬁf :v*y}+llz e—
7
W= f,(e,.m) .
] ~
V=f.(e.n) +
ufzv*u

x| + . x
2 ‘? u=y+p, — i=f+Gu

Figure 6-1. Block diagram of the proposed RISE-based composite NN controller.

where the property 4 (f * g) = (f * g) (t) + f(0) g (t) was used. Substituting (6-10) and
(6-11) into (6-40) yields

0= (WTa(vTa—:d) te— W%—(V%@) +w (WTa(vTa—:d) te— W%—(V%@) (6-41)
—FSf—Sdf—l-D—Dd—l[Lg.

Adding and subtracting @ (t) * (W o + W76) +w(WTo + W7T6) to (6-41) and rearranging

the terms yields
=0k (WG + W+ Wote)+w(Wa+W o+ Wote) (6-42)
% -Gyt D Du— o
By using the Taylor series expansion in (6-13), (6-42) can be expressed as
=0k (W7o + W5 V7a,) + i+ (WTO (VT;zd>2 + W6 + 5) (6-43)

. o . . 2 . . .
+w(WT6'+WT&VTEd>+w(WTO<VT£d) +WT5'+€>+Sf—Sdf+D—Dd— fio.
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Using the commutativity and distributivity property of the convolution, and rearranging

the terms in (6-43) yields
N=WT (604 wd)+WT6 VT (Zg %0 + wiy) + No + Nog — kan — Basgn(n)  (6-44)

where the fact that

fiz = kon + Basgn(n) (6-45)

was utilized. In (6-44), the unmeasurable/unknown auxiliary term Ny (e, eq,7,t) € R™ is
defined as
Ny 2 Sp— Sy (6-46)
and the term Nop () € R™ is defined as
L . . 2 . N 2
Nop £ D — Dy + (WTO (VTafd) + W + 5) +w (WTO (v%d) + W' + 5) .
(6-47)

In a similar manner as in Lemma 1 of the Appendix, by applying the Mean Value

Theorem can be used to develop the following upper bound for the expression in (6-46):
| %a)]| < o2 (1200 121 (6-48)

where the bounding function ps(-) € R is a positive, globally invertible, nondecreasing

function, and z(¢) € R?" is defined as
2t) 2 [T F o] (6-49)

Using Assumption 6-3, and the fact that v (¢) is a linear, strictly proper, exponentially
stable transfer function, the following inequality can be developed based on the expression

in (6-47) with a similar approach as in Lemma 2 of [42]:
INop ()] <€ (6-50)

where £ € R is a known positive constant.
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6.4.2 Composite Adaptation

The composite adaptation for the NN weight estimates is given by
W 2 Dyproj(ass Vzeel + 5fnT) (6-51)

VA Bproj(ozﬁclegWT&/ + idfnTWT&l) (6-52)

where I'; € ROV2HDx(No+1) 1) ¢ RNADX(N+1) gre constant, positive definite, symmetric
control gain matrices, proj (-) denotes a smooth projection operator (see [70, 75]) that

is used to ensure that W (¢) and V(¢) remain inside the bounded convex region. Also,
n(t) € R" denotes the measurable prediction error defined in (6-20), and the scalar
function v () was defined in (6-23). The filtered activation function 6 (t) € R is

generated from the stable first order differential equation
Gr+wop=we,  64(0)=0 (6-53)
while the filtered NN input vector Zg () € R*"™! is generated by
Tg + Wigy = wig, g (0) =0. (6-54)

In a typical NN weight adaptation law, only the system tracking errors are used
to update the weights and no information about the actual estimate mismatch (i.e.,
¥ (t) — 9 (t)) is utilized as it is unmeasurable, and hence cannot be used in control
implementation. The proposed method uses the swapping procedure in Section 6.4.1
to generate a measurable prediction error 7 (¢) that contains information related to the

estimate mismatch error.

130



The projection used in the NN weight adaptation laws in (6-51) and (6-52) can be

decomposed into two terms as'

W=x"+xt, V=x/+x\ (6-55)
such that the auxiliary functions XZV (G7.m) s X0 (V,jd,id, 62) c RWatDxn 414

X}; (Edf, W, V,n) , ng (W, V,Ed,id,eg) € RIMNHDXN2 gatisfy the following bounds

HXI;VH < b, HXZH < by |ez2]] (6-56)
IVl <olnll, |Ixsl] < by llezll
where by, bs, b’l, and b’2 € R are known positive constants. To facilitate the subsequent

stability analysis, the following inequality is developed based on (6-56) and the fact that

the NN weight estimates are bounded by the smooth projection algorithm:
|+ W76 7| < il (6-57)

where ¢; € R is a positive constant.
6.4.3 Closed-Loop Error System
Substituting for W (¢) and V (¢) from (6-55), the expression in (6-19) can be

rewritten as

G = —§G_1r — X};V& — VAVT6/X;/:Z"d + Ny + Ny — (k1 + 1)r — Bisgn(es) —es  (6-58)

where the fact that the time derivative of (6-16) is given as

(1 = (k1 4+ 1)r + Brsgn(es) (6-59)

1 See Lemma 5 of the Appendix for the proof of the decomposition in (6-55) and the
inequalities in (6-56).
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was utilized. In (6-58), the unmeasurable/unknown auxiliary terms N (eq, €2, 7, t) and

Ny (t) € R™ are defined as

i 1. : e v
N, & _§G Yr+Si e —xmo—Whe X!z

N, £ N, + Nyp.

In (6-61), Ny(Zq, T, t) € R™ is defined as
Ny 2WTa' Vg, +¢
while Nyg(W,V, Zg, Za, t) € R™ is further segregated as
Nip = Nig, + Nip,
where Ny, (W, V., %4, T, t) € R™ is defined as
Nig, & -WT6'VTz, - WTs'VTz,
and the term Nyp, (W, V, :Z’d,fd,t) € R" is defined as

A S T AT ~ oA
Nip, = WisvViz,+ Wia vTz,.

(6-60)

(6-61)

(6-62)

(6-63)

(6-64)

(6-65)

Motivation for segregating the terms in (6-61) is derived from the fact that the different

components in (6-61) have different bounds. Segregating the terms as in (6-61)-(6-65)

facilitates the development of the NN weight update laws and the subsequent stability

analysis. For example, the terms in (6-62) are grouped together because the terms and

their time derivatives can be upper bounded by a constant and rejected by the RISE

feedback, whereas the terms grouped in (6-63) can be upper bounded by a constant but

their derivatives are state dependent. The state dependency of the time derivatives of

the terms in (6-63) violates the assumptions given in previous RISE-based controllers

(e.g., [19, 20, 22, 23, 25-27]), and requires additional consideration in the adaptation

law design and stability analysis. The terms in (6-63) are further segregated because
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NlBa(W, V., Za :fd) will be rejected by the RISE feedback, whereas Nle(W, V, T4, fd) will
be partially rejected by the RISE feedback and partially canceled by the adaptive update
law for the NN weight estimates. In a similar manner as in (6-48), the following upper

bound is developed for the expression in (6-60):
|3 <oz (6-66)

where the bounding function p;(-) € R is a positive, globally invertible, nondecreasing
function, and z(t) € R3" was defined in (6-49). The following inequalities can be

developed based on Assumption 6-3, (3-7), (3-8), (3-16), (6-63)-(6-65):
N <G IVl €6 INsl<G [M|<a 667
From (6-61), (6-63) and (6-67), the following bound can be developed
[N < INall + [ Nugll < [[Nall + | N1g, [| + | V15, | < G1 4 G2 + G- (6-68)
By using (6-51) and (6-52), the time derivative of Nyg(W,V, z4) can be bounded as

b

| <G+ Glleall + Gl (6-69)

In (6-67) and (6-69), ; € R, (i =1,2,...,7) are known positive constants.
For the subsequent stability analysis, let D C R**3 be a domain containing y(t) = 0,

where y(t) € R is defined as

y2 T 9" VP VP QI (6-70)

In (6-70), the auxiliary function P;(¢) € R is defined as

P1 (t) = 612 |€21(0>| - 62(0)TN1(0) - /0 Ll(T)dT (6*71)
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where ey; (0) € R denotes the ith element of the vector e; (0), and the auxiliary function

Ly(t) € R is defined as
Ly £ " (Nig, + Na — Bisgn(es)) + €5 Nug, — Bs |lea|* = 6a [In]|” (6-72)

where (31, (3, B4 € R are positive constants chosen according to the sufficient conditions

61>maX{C1+C2—|—C3, C1+C2+g+§}, ﬁ3><6+g, ﬂ4>g (6-73)
gy Qi 2 2

where (; — (7 were introduced in (6-67) and (6-69). Provided the sufficient conditions

introduced in (6-73) are satisfied, the following inequality is obtained [22], [20]:
¢ "
/ Li(7)dr < 513" ex(0)] — e2(0)7 Ny (0). (6-74)
0 =1

Hence, (6-74) can be used to conclude that Py () > 0. Also in (6-70), the auxiliary

function P»(t) € R is defined as
t
Py(t) & — / La(r)dr (6-75)
0
where the auxiliary function Ly(t) € R is defined as
Ly = UT(N2B — P2sgn(n)) (6-76)
where 5 € R is a positive constant chosen according to the sufficient condition
B> ¢ (6-77)

where ¢ was introduced in (6-50). Provided the sufficient condition introduced in (6-77) is

satisfied, then P(t) > 0. The auxiliary function Q(¢) € R in (6-70) is defined as
2l T —177 L (orpeip N
Q1) & Str (W I W) +5tr (V r; v). (6-78)

Since I'; and I'y are constant, symmetric, and positive definite matrices, it is straightforward

that Q(t) > 0.
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6.5 Stability Analysis
Theorem 6-1: The controller given in (6-15) and (6-16) in conjunction with
the composite NN adaptation laws in (6-51) and (6-52), where the prediction error
is generated from (6-20), (6-21), (6-37), and (6-38), ensures that all system signals
are bounded under closed-loop operation and that the position tracking error and the

prediction error are regulated in the sense that
lex ()] = 0 and [In(t)]| =0 as ¢ —o0

provided the control gains k; and ks introduced in (6-16) and (6-38) are selected
sufficiently large based on the initial conditions of the systems states (see the subsequent
semi-global stability proof), the sufficient conditions in (6-73) and (6-77) are satisfied, and

the following conditions are satisfied:

1
— — 6-79
2a Qg > /63 + 9 ( )

o) >
where the gains oy and ay were introduced in (6-4) and (6-5).

Proof: Let Vi(y,t): D x [0,00) — R be a continuously differentiable, positive definite

function defined as

1 1 1 1
VL £ 56?61 -+ 56;62 -+ §TTG_1T + §TIT7] + P1 + P2 -+ Q (6*80)
which satisfies the inequalities
Ur(y) < Vi(y,t) < Us(y) (6-81)

provided the sufficient conditions introduced in (6-73) and (6-77) are satisfied. In (6-81),

the continuous positive definite functions Uy (y), Us(y) € R are defined as Uy (y) £ A ||y|?
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and Us(y) £ Xa(2) ||ly||°, where Ai, Ao(z) € R are defined as

1 .
5 min {1,4} (6-82)
1

Pr— max{§§(:c), 1}

A1

where g, g(z) are introduced in (6-2). Using (6-4), (6-5), (6-44), (6-58), (6-71), (6-72),
(6-75) and (6-76), the time derivative of (6-80) can be expressed as
. 1. R Aoy ~
Vi = el (es —arer) + e (r — agey) + rT(—iG Ly — X,‘;VU —W's X,‘]/ZEd + N (6-83)
+ N1 — (1{31 + 1)7” — 613gn(e2) — 62) + §TTG_1T + nT(WT&f + WT& VTi’df
+ No + Nag — kan — Basgn(n)) — " (Nip, + Ny — Bisgn(es)) — é3 Nig,
+ Bs [leall” + Ba Inl* = 0" (Nag — Basgn(n)) — tr(WTTTIW) — tr(VIT;'V).
Expanding the terms in (6-83) and using (6-61) and (6-63) yields
. ~ 1 . A /
Vi =eley —arele; +elr — azeles +rT Ny — §T’TG_17“ — rTXgV& —rTwts X}?/:Ttd (6-84)
+ 77 (Ng+ Nig,) + (é5 + ageg)T Nip, — (k1 + DrTr — girfsgn(es) — rley
+ UTWTéf + UTWT&IVT?;Cdf — 0" Nop + 0" No + 0" Nag — kan™n — Bon” sgn(n)
— " (Nig, + Na— Bisgn(es)) — éa(t)" Nig, + B3 [leal|” + Ba[Inll* + Ban" sgn(n))

1 ... - R - .
+ §rTG—1r —tr(WIT'W) — tr(VITS'V),

Canceling the common terms in (6-84), and substituting for NV;p, from (6-65), and using

the fact that a”b = tr (ba”), Vi(y, 1) is expressed as

Vi, = eley —arele; — ageley — kyn'n — T’TXZV(} — TTWT&,X;/:T?d + TN, (6-85)
— (]{71 + 1)7’T7’ + 63 H€2H2 + 54 ||7]||2 + TITNQ + tr <042WT6'I‘A/TSL._’[165) +tr (WT&JC’/]T)

o o o \T ~ R 5 R
. (asz;zd(& TWeQ)T) +tr (vT:zdf (& Twn> ) — tr(WITTYW) — tr(VTT5 V).
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Substituting the update laws from (6-51) and (6-52) in (6-85), canceling the similar
terms, and using the fact that ele, < %(||61H2 + |le2|?), the expression in (6-85) is upper

bounded as

2
— ke[|l

: 1 2 1 2 2
Vi = (a1 3) leal? = (o = = 61 leall = Il + el I + D)

Ay

o+ || M| = (k2 = B2) Il

where (6-57) was used. Using the squares of the components of z(t), Vi(y,t) is upper

bounded as

Vi < =Xall20P = e el + || + o il 120+ Wl | %) = o > (6-86)
where
A3 = min{ 21 —l—ﬁ 1}
3 = Mg 27042 9 31y
Letting
ko = koo + Koy

where ko, kop € R are positive constants, and using the inequalities in (6-48) and (6-66),

the expression in (6-86) is upper bounded as

Ve < =g 1207 = (kay = Ba) Inll* = [k llrll* = o (=0 11121 (6-87)

— [kaa 2l = (p2(ll=11) + o) Il l1=1] -

Completing the squares for the terms inside the brackets in (6-87) yields

AN =1 Coalllzl) + ) J=]?

Vi, < =3 |12)” = (kap — Ba) Inl)* +

Ak Aknq
2 z z 2
< g o+ 2L g, (6-59)
where k € R is defined as
k = min {ki, kaq } (6-89)
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and p(-) € R is a positive, globally invertible, nondecreasing function defined as

P12l £ AEzl) + (o(llz]) + 1)

The expression in (6-88) can be further upper bounded by a continuous, positive

semi-definite function

Vily1) < ~UG) = —||l" 77 weD (6-90)

for some positive constant ¢ € R, where

D& {y() e R |yl <ot (2V/0) }-

Larger values of k will expand the size of the domain D. The inequalities in (6-81)

and (6-90) can be used to show that Vi (y,t) € L in D; hence, e;(t), ex2(t), r(t), and
n(t) € L in D. Given that e;(t), ex(t), and r(t) € L in D, standard linear analysis
methods can be used to prove that é;(t), and éy(t) € L in D from (6-4) and (6-5). Since
é1(t), éa(t), and r(t) € L in D, Assumption 6-3 can be used along with (6-3)-(6-5) to
conclude that () () € L, in D. Since 2()(t) € L, in D, Assumption 6-2 can be used to
conclude that G7!(-) and f(-) € L, in D. Thus, from (6-1) we can show that u(t) € L.
in D. Therefore, us(t) € L in D, and hence, from (6-20), us(t) € Lo in D. Given that
r(t) € Lo in D, (6-59) can be used to show that i1(t) € Lo in D, and since G~*(-) and
f(-) € Lo in D, (6-58) can be used to show that 7(t) € Lo in D, and (6-44) can be used
to show that 7(t) € L in D. Since é(t), éx(t), 7(t), and 7 (t) € L in D, the definitions
for U(y) and z(t) can be used to prove that U(y) is uniformly continuous in D.

Let S € D denote a set defined as

Sé{wﬂeDMMmm<Aﬂﬁ*@¢E@f}. (6-91)

The region of attraction in (6-91) can be made arbitrarily large to include any initial

conditions by increasing the control gain k (i.e., a semi-global stability result). Theorem
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8.4 of [63] can now be invoked to state that
2
c H Ed nT]TH — 0 as  t— 00 Vy(0) € S. (6-92)
Based on the definition of z(t), (6-92) can be used to show that

ller(t)]| — 0 as t— 00 Vy(0) € S

@ —0 as t—oo Wy(0) €S

6.6 Experiment
As in Chapter 2, the testbed depicted in Figure 2-1 was used to implement the
developed controller. No external friction is applied to the circular disk. The desired link

trajectory is selected as follows (in degrees):
qa(t) = 60.0sin(3.0)(1 — exp(—0.01¢%)). (6-93)

For all experiments, the rotor velocity signal is obtained by applying a standard backwards
difference algorithm to the position signal. The integral structure for the RISE term in
(6-16) was computed on-line via a standard trapezoidal algorithm. The NN input vector
T4 (t) € RY is defined as

Ta=01 q da Ga"
The initial values of T (0) were chosen to be a zero matrix; however, the initial values of
V (0) were selected randomly between —1.0 and 1.0 to provide a basis [71]. A different
transient response could be obtained if the NN weights are initialized differently. Ten
hidden layer neurons were chosen based on trial and error. In addition, all the states were
initialized to zero. The following control gains were used to implement the controller in

(6-15) in conjunction with the composite adaptive update laws in (6-51) and (6-52),

where the prediction error is generated from (6-20), (6-21), (6-37), and (6-38):
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Figure 6-2. Tracking error for the proposed composite adaptive control law (RISE+CNN).

k’l = 30, ﬁl = 10, a1 = 10, Qg = 10, Fl = 5]11, Fg = 005]4

ky =30, By=10, w=2. (6-94)

6.6.1 Discussion

Three different experiments were conducted to demonstrate the efficacy of the
proposed controller. The control gains were chosen to obtain an arbitrary tracking
error accuracy (not necessarily the best performance), and for each controller, the gains
were not retuned (i.e., the common control gains remain the same for all controllers).
First, no adaptation was used and the controller with only the RISE feedback was
implemented. For the second experiment, the prediction error component of the update
laws in (6-51) and (6-52) was removed, resulting in a standard gradient-based NN update
law (hereinafter denoted as RISE+NN). For the third experiment, the proposed composite
adaptive controller in (6-15) (hereinafter denoted as RISE4+CNN) was implemented.

The tracking error and the prediction error are shown in Figure 6-2 and Figure 6-3,
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Figure 6-3. Prediction error for the proposed composite adaptive control law
(RISE+CNN).
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Figure 6-4. Control torque for the proposed composite adaptive control law (RISE+CNN).

141



RMS Errors RMS Torques
]
0.35 3
0.32364 8.39698 8.40588 8.34062
8
0.3
7
0.25
6
0.2 5
4
0.15 0.13776
0.10284 3
0.1
2
0.05 1
0 0
1 2 3 1 2 3

Figure 6-5. Average RMS errors (degrees) and torques (N-m). 1- RISE, 2- RISE+NN, 3-
RISE+4CNN (proposed).

respectively. The control torque is shown in Figure 6-4. Fach experiment was performed
five times and the average RMS error and torque values are shown in Figure 6-5, which
indicate that the proposed RISE+CNN controller yields the lowest RMS error with a
similar control effort.
6.7 Conclusion

A first ever gradient-based composite NN controller is developed for nonlinear
uncertain systems. A NN feedforward component is used in conjunction with the RISE
feedback, where the NN weight estimates are generated using a composite update law
driven by both the tracking and the prediction error with the motivation of using
more information in the NN update law. The construction of a NN-based controller to
approximate the unknown system dynamics inherently results in a residual function
reconstruction error. The presence of the reconstruction error has been the technical
obstacle that has prevented the development of composite adaptation laws for NNs.
To compensate for the effects of the reconstruction error, the typical prediction error
formulation is modified to include a RISE-like structure in the design of the estimated
filtered control input. Using a Lyapunov stability analysis, sufficient gain conditions

are derived under which the proposed controller yields semi-global asymptotic stability.
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Experiments on a rotating disk indicate that the proposed method yields better tracking

performance with a similar control effort.
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CHAPTER 7
CONCLUSIONS AND FUTURE WORK

7.1 Conclusions

A new class of asymptotic controllers is developed that contains an adaptive
feedforward term to account for linear parameterizable uncertainty and a high gain RISE
feedback term which accounts for unstructured disturbances. In comparison with previous
results that used a similar high gain feedback control structure, new control development
was required to include the additional adaptive feedforward term. The motivation for
injecting the adaptive feedforward term is that improved tracking performance and
reduced control effort result from including more knowledge of the system dynamics in the
control structure. This heuristic idea was verified by our experimental results that indicate
reduced control effort and reduced RMS tracking errors.

The research further illustrates how a multilayer NN feedforward term can be fused
with a RISE feedback term in a continuous controller to achieve semi-global asymptotic
tracking. Improved weight tuning laws are presented which guarantee boundedness of NN
weights. To blend the NN and RISE methods, several technical challenges were addressed
through Lyapunov-based techniques. These challenges include developing adaptive update
laws for the NN weight estimates that do not depend on acceleration, and developing
new RISE stability analysis methods and sufficient gain conditions to accommodate the
incorporation of the NN adaptive updates in the RISE structure. Experimental results are
presented that indicate reduced RMS tracking errors.

Further, a RISE-based approach was presented to achieve modularity in the
controller /update law for a general class of multi-input systems. Specifically, for systems
with structured and unstructured uncertainties, a controller was employed that uses a
model-based feedforward adaptive term in conjunction with the RISE feedback term.

The adaptive feedforward term was made modular by considering a generic form of

the adaptive update law and its corresponding parameter estimate. This generic form
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of the update law was used to develop a new closed-loop error system, and the typical
RISE stability analysis was modified. New sufficient gain conditions were derived to
show asymptotic tracking of the desired link position. The class of RISE-based modular
adaptive controllers is then extended to include uncertain dynamic systems that do not
satisfy the LP assumption. Specifically, the result allows the NN weight tuning laws

to be determined from a developed generic update law (rather than being restricted to

a gradient update law). The modular adaptive control development is then applied to
Euler-Lagrange dynamic systems. An experimental section is included that illustrates the
concept.

In addition, a novel approach for the design of a gradient-based composite adaptive
controller was proposed for generic MIMO systems subjected to bounded disturbances.
A model-based feedforward adaptive component was used in conjunction with the RISE
feedback, where the adaptive estimates were generated using a composite update law
driven by both the tracking and prediction error with the motivation of using more
information in the adaptive update law. To account for the effects of non-LP disturbances,
the typical prediction error formulation was modified to include a second RISE-like term
in the estimated filtered control input design. Using a Lyapunov stability analysis,
sufficient gain conditions were derived under which the proposed controller yields
semi-global asymptotic stability. Experiments on a rotating disk with externally applied
friction indicate that the proposed method yields better tracking performance with a
similar control effort.

This technique is then extended to develop a first ever gradient-based composite
NN controller for nonlinear uncertain systems. A NN feedforward component is used
in conjunction with the RISE feedback, where the NN weight estimates are generated
using a composite update law driven by both the tracking and the prediction error with
the motivation of using more information in the NN update law. The construction of a

NN-based controller to approximate the unknown system dynamics inherently results
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in a residual function reconstruction error. The presence of the reconstruction error has
been the technical obstacle that has prevented the development of composite adaptation
laws for NNs. To compensate for the effects of the reconstruction error, the typical
prediction error formulation is modified to include a RISE-like structure in the design of
the estimated filtered control input. Using a Lyapunov stability analysis, sufficient gain
conditions are derived under which the proposed controller yields semi-global asymptotic
stability:.

7.2 Future Work

e The results in this dissertation, as well as all previous RISE controllers, require
full-state feedback. The development of an output feedback result remains an open
problem.

e Also, one of the shortcomings of current work is that only a semi-global asymptotic
stability is achieved, and further investigation is needed to achieve a global stability
result. Inroads to solve the global tracking problem are provided in [78] under a set
of assumptions.

e  While the modular adaptive result in Chapter 4 encompasses a large variety of
adaptive update laws, an update law design based on the prediction error is not
possible because the formulation of a prediction error requires the system dynamics
to be completely LP. Future efforts can focus on developing a adaptive controller
that could also use a prediction error in the modular adaptive update law.

e The composite adaptation presented in Chapters 5 and 6 utilize the gradient-based
update laws. Future efforts could focus on developing composite adaptation that use
least-squares estimation.
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APPENDIX

Lemma 1. The Mean Value Theorem can be used to develop the upper bound in (2-21)

|7 < o120

where z(t) € R3 is defined as
2(t) = [e] e) rT}T. (A-1)

Proof: The auxiliary error N(t) in (2-18) can be written as the sum of errors

pertaining to each of its arguments as follows:

N(t) = N(q,q,Ga, 4a- €1, e2.7) — N (44, Ga: Ga> 4 4,0,0,0)
= N (4,4, Ga» 94,0,0,0) — N (qa, 4, Ga» 94, 0,0,0)

+ N (¢, 4, {4, €4,0,0,0) = N (q, a, Ga ¢4, 0,0,0)

+ N (4,4, Ga, 44,0,0,0) = N (¢, 4, Ga, 44,0,0,0)

+ N (4,4, Ga, 44,0,0,0) = N (¢, 4, Ga, 44,0,0,0)

+ N (4,4, Ga Qa,€1,0,0) = N (¢, 4, Ga, 44,0,0,0)

+ N (4,4, Ga, Qa,e1,€2,0) = N (q,¢,Ga, 4a,€1,0,0)

+ N (Q> CL (jda .q‘da €1, €2, T) - N (Q> CL (jda .q‘da €1, €2, 0) .

Applying the Mean Value Theorem to further describe N(t),

> aN(Ulan7ijd7 .q.d,0,0,0) aN(anZaQ-da .q..d,0,0,0)

N(t) = Do |ov=0: (@ — qa) + Do |oo=vz (4 — Ga)
N ION(q,q, Uagéjd’ 0,0,0) oo (G — da) + ON(q,q, cédUT 0,0,0) o (T i)
(A-2)
n ON(q, 4, C'J}ga'z'd, 05,0,0) oo (61— 0) + IN (g, 4, ddé:id’ e1,06,0) s (€3 — 0)
4 IN(q, 4, Qdégj, €1, €2,07) lyoes (1 — 0)
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where

v1 € (qa,q), v2 € (4a,qd), v3 € (GasGa), va € (Ta, Ta), vs € (0,e1),

vg € (0, €e9),

vr € (0,7).

From equation (A-2), N(t) can be upper bounded as follows:

By noting that

=q¢—c1(q—qi), va=q¢—ca(¢d—qa), vs=e1(l—c5), v6=re2(l—cg),

vy =r(1—c;)

H < H@N 01, G4, Ga, 44,0,0,0)

0. |ov=un || ll€1]]
+ 8N(q,ag,gcgzqd,0,0,0)‘on lea — areq|
4 aN(qaq‘aq-da.q‘daafyaO?O)‘ _ HelH
dos 7o
T AR TR
Jog e
b [l Smerezon) )
dor o

where ¢; € (0,1) € R, i = 1,2,5,6,7 are unknown constants, we can upper bound the

partial derivatives as follows:

H&N O'1,Qd7§::1qd,0 0, 0)|al:v1 < pr(es)
H@N q,m,gc(z;zqcz,o 0, 0)|02:U2 < maler, )
H@N 4,9, chaqcz,as,() 0)|05:U5 < paler.ea)
H@N q,4, C_Idé;l:,el,aﬁ,o)|06:% < palessea)
H@N 4,4, Qd,aj:z, e1,€2,07) oo | < prter,en ).
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The bound on N(t) can be further simplified:

| %@ < pi(en) lerll + paler, e2) llea = arerl] + psfer, e2) lea
+ po(er, ea) |le2l| + pr(er, e2,7) |7 -
Using the upper bound
le2 — arer|| < [leaf| + au [lex]].

N(t) can be further upper bounded as follows:
|5 < (orten) + arpaten, e2) + ps(er, 2) Jleal
+ (p2(ex; €2) + ps(en, €2)) lleal| + pr(er, ea,7) ]l

Using the definition of z(t) € R3 in (A-1), N(t) can be expressed in terms of z(t) as

follows:

|V < (a(e2) + arpalersea) + paler. ) 20 + (palersea) + paler. ) 120
+ pr(er, ea,7) [|2(0) |

< (pi(er) + aipa(er, e2) + ps(er, e2) + pa(er, e2) + psler, e2) + pr(er, ez, 7)) ||2(1)]] .

Therefore,
|5 <paz120

where p (||z]]) is some positive globally invertible nondecreasing function. O

Lemma 2. Let the function L (t) € R be defined as

L(t) £ r" (Ng(t) — Bisgn(em)) Zﬁm!lez )Hlem @I = Bz llem@ @O (A-4)

If the following sufficient conditions are satisfied:

pr> G+ ng + LC?) (A-5)
O, a

m

ﬂi+1 > §i+37 1= 1727 7m+ 17
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then
+ n
/ L(t)dr < BIZ lemi(0)] — €m(0)T Np(0).
0 i=1
Proof: Integrating both sides of the equation in (A-6)
t t
| Lnr = [0 atr) = Brsgnten(z Z@H et lew(

0 0

= B2 lem ()| |7 () [DdT

Substituting (4-6) into (A-T7),

/OL(T)d7:/0 degjﬂ NB(T)dT+/O Umem (T)(N(T) = Bisgn(en(7)))dr
_/0 degi 7) Brsgn (e, (T dT—/ ZﬁH—l lles ()| | em ()| dT

- / Brnsz lem(O) (7 | dr.

Integrating the first integral in (A-8) by parts yields

/0 L(7)dr = ep(r)"Np(7)|, — /0 em(f)Td]\i’l-”‘f)dT

-|-/0 men (T) (Np(7) — Brsgn(en(r)))dr
- [ st - [ Zm et lem (P dr

- / Bunsz lem (D) ()] dr.

By using the fact that

dNB(T) _ d(NBl(T) _'_NBz(T)) _ dNBl(T> + dNBz(T>
dr dr dr dr
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the expression in (A-9) is rewritten as
[ 20y = [ w7 () = - g (r))ar
0 0 dr
- [ entrr D / Zﬁm e lew (] d

—/0 Bz [lem (T)| |7 ()| dT — /9’12 lemi(8)] + /612 |€mi(0)
tem(t)T Np(t) — em(0)T Np(0).

Rearranging terms in (A-10), yields

/ L(r)dr < / o llem ()| (1N ()] + -

m

dNBl (T)
dr

dNBz

# [ llentr

—P [em(t) ||+ﬁlz|6mz )+ llemOHIN5 )] — e(0)" N (0)

where the fact that
> lemi(®)] > llem(®)]
i=1

was used. Using the inequalities (4-31) in (A-11) yields

/0 L(r)dr < / e G+ G+ =G — r)dr

— ﬁl)dT

(A-10)

/ Zmuez M llewm () d7 — / Brsa lem (™) Ir() | dr

(A-11)

(A-12)

+/0 lem () (Z lei ()] (Givs = Biga))dr + /0 lem (DI (DI (Gmsa = Bmia2)dr

Hllem @ (G = Br) + ﬂlz |emi(0)] — €m(0)" N(0).

From (A-12), if the sufficient conditions in (A-5) are satisfied, then (A-6) holds.

O

Lemma 3. The regions Ay and Ay defined in (3-9) and (5-11), respectively, are convex

/83].
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Proof: Let vec (V1) and vece (Va) € Ay, therefore vee (V;)" vee (V) < Vi and
vee (Vo) vee (Va) < Vg.
Consider

vec (V) = dvec (V1) + (1 — N vec (Va), A€ 0,1]. (A-13)

Taking the transpose of (A-13) and multiplying by itself yields

vee (V) vee (V) = Nvec (V1) vee (Vi) + (1 — X)? vee (Vo) vee (Va)

+2X (1 = N vee (V1) vee (Vs) .
Using (3-7), the following inequality can be developed:

vee (V) wee (V) < XNV + (1= A)* Ve + 2\ (1 — \) V3

IN

B-

Therefore, Ay is convex. The convexity of Ay follows the same development. 0J
Lemma 4. Given the composite NN and RISE controller in (3-17)-(3-21), if vec(W (0)) €
int (Ayw) and vec(V (0)) € int (Ay), then W (t) and V (t) never leave the regions Ay and
Ay described in Assumption 3-2, respectively, and an upper bound for the expression given

in (3-51) can be formulated as follows

Vi(y,t) < TN () — (ks + 1) [Ir])” (A-14)

= (2a1 = 1) [lea|* = (@2 = B2 = 1) [les]*.

Proof: The following nine cases must be considered (see Appendix B.3.2 of [70]).

A A

Case 1: vec(W (t)) € int (Aw), vec(V (t)) € int (Ay)

In this case, (3-51) can be expressed as

Vi(y.t) = =2aq [leal|* + 2e5eq +r N (1) = (ks + 1) I7]]* = as [leall” + B [leal” (A-15)

+ el [WT (6) + VAVT&/f/Txd] —tr(aeWT6el) — tr(aaVT zy(6 TWey)T),
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Based on the fact that
a"b=tr(ba”)  VabeR"

(A-15) can be reduced to (A-14). In addition, the direction in which the estimates

A A

vec(W) and vec(V') are updated for Case 1 is irrelevant, since the worst case scenario is
that vec(W) and vec(V) will move towards the boundaries of the convex regions denoted
by 0 (Aw) and 0 (Ay), respectively, which is addressed subsequently.

Case 2: vec(W () € int (Aw),

vee(V) € 9 (Ay) and vee (pg)" vee(V): <0

In this case, (3-51) can be expressed as (A-15), which can be reduced to (A-14).
In addition, the vector vec (uz) has a zero or nonzero component perpendicular to

~

the boundary 0 (Ay) at vec(V') that points in the direction towards the int (Ay).

~

Geometrically, this means that vec(V') is updated such that it either moves towards

the int (Ay) or remains on the boundary. Hence, vec(V) never leaves Ay .

A

Case 3: vec(W (1)) € int (Aw),
vee(V) € 9 (Ay) and vec (p2)" vece(V)*: >0

Vi(y, 1) = =2au [lex||* + 2¢5er + 7T N(E) = (ks + 1) |7]]” = az lea|” + Bz [lea]|”
+ agey [WT () + VAVT&,f/Txd} —tr <a2WT665>

—tr (OQXN/TF;ldevec (P! (vec (u2)))> ,

Vi(y.t) = =2 [leal|* + 2e5eq +r N (1) = (ks + 1) [7]]* — o [leal|* + 52 ez

+tr (052‘7TF2_11LL2> —tr (OQVTF;ldevec (P! (vec (/@)))) ,

Vi(y.t) = =2au [leal|* + 2e5eq + TN (1) = (ks + 1) 7]]* — o [leal| + 52 ez

st (VT3 (ps — devee (P! (vee (1))
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Using (3-10), we get

Vi(y, 1) = =20 [le]|* + 2e5eq + 17N (t) — (k, + 1) |Ir]

— ay ||62H2 + [ He2||2 +tr (OKQVTF2_1 (devec (PTl (vec (,uz))))) g

Vi(y,t) = —2a ler || + 2e5er + rTN (1)
= (ks + 1) [Ir]]* — az [lezl” + B lleall”
+ apvec(V) diag {071, T3, ..N; times} (A-16)

X PTJ_ (U€C (/1’2)> )

~

where Ny was described in (3-4). Because vec(V') € 9 (Ay), and vec (V) must lie either on

the boundary or in the interior of Ay, then the convexity of Ay implies that vec(V') will
either point tangent to @ (Ay) or towards int (Ay). That is, vec(V) will have a component
in the direction of vec(V)* that is either zero or negative. In addition, since P (vee (11z))

points away from int (Ay ), the following inequality can be determined
agvee(V) diag {T5*,T5", ...Ny times} x P (vec (12)) <0 (A-17)

The inequality given in (A—17) can now be used to simplify the expression given in (A-16)

N

as (A—14). Furthermore, since V = devec (P! (vec(u2))), the parameter estimate vec(V') is
ensured to be updated such that it moves tangent to d (Ay). Hence, vec(V) never leaves
Ay.

Case 4: vec(W) €  (Ayw) and vec (u1)" vec(W)*+ < 0, vee(V) € int (Ay)

Similar to Case 2.

Case 5: vec(W) € @ (Aw) and vec (u1)" vee(W)* > 0, vee(V) € int (Ay)

Similar to Case 3.

Case 6: vec(W) € 8 (Aw) and vec (u1)" vee(W)* <0,

vee(V) € @ (Ay) and vec (jz)" vee(V)*+ < 0

Similar to Case 2.
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Case 7: vec(W) € @ (Aw) and vec (u1)" vee(W)* > 0,
vee(V) € 8 (Ay) and vec (p2)" vee(V)*: <0
Similar to the arguments in Case 2 and Case 3.
Case 8: vec(W) € d (Aw) and vec (p1)" vec(W)*+ <0,
vee(V) € 9 (Ay) and vec (p2)" vece(V)*: >0
Similar to Case 2 and Case 3.
Case 9: vec(W) €  (Ayw) and vec (p1)" vec(W)* > 0,
vec(V) € 9 (Ay) and vee (ug)” vee(V): > 0
Similar to Case 3. 0J

Lemma 5. Proof of the decomposition in (6-55) and the inequalities in (6-56)
Proof: The smooth projection used in (6-51) is of the form

A

01 if vec(W) € int(Aw)
W £ proj (01) = 01 if vec(W) € A(Aw) and vee (01)" vee(W)* <0
P, (01) if vee(W) € d(Aw) and vec (01)" vec(W): > 0

where

01 = F1a2&lVdeeg + Fl&fT]T.
For the first two cases of the projection, we have proj (01) = g1, and therefore,
oW w
W - X77 + Xeg
such that
X};V = Flé'fT]T, XZZ = Flag&/Vdeeg

which using the fact that the NN weight estimates and input vector are bounded, can be

upper bounded as

o || < bu il Ixes || < bales| -
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For the third case of the projection, we have
W = P]{/[T, (Flag&'VT:}:deg + FléfnT) .

Since the tangential component of the sum is the same as the sum of the tangential

components, we get
W =Pl (Flo@&,f/T@eg) + Pi,, (FléfnT> .
Therefore, choose
X,‘;V =Pl <F15fnT) , XZZ =P, (Flo@&,f/T@eg)
and the following inequalities hold

o || < bu il xes || < bales| -
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