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Distributed Coordination of Multiple Unknown
Euler-Lagrange Systems

Zhi Feng, Student Member, IEEE, Guoqiang Hu, Member, IEEE, Wei Ren, Fellow, IEEE,
Warren E. Dixon, Fellow, IEEE, and Jie Mei

Abstract—A robust consensus tracking problem is addressed for
multiple unknown Euler-Lagrange systems where only a subset
of the agents is informed of the desired time-varying trajectory.
Challenging unstructured uncertainties, including unknown non-
linear dynamics and disturbances, are considered in the agent
dynamics. A model-free, identifier-based, continuous, distributed
robust control method is designed to solve this problem under both
undirected and directed graphs. The control inputs and coupling
gains depend only on local information and the consensus tracking
errors are proven to converge to zero asymptotically. Under an
undirected graph, a distributed nonlinear identifier is developed
for each agent to compensate for the unknown nonlinear dynamics
and disturbances. Based on this identifier, a continuous distributed
control law is designed to enable asymptotic robust consensus
tracking. By selecting the gains of the designed controller accord-
ing to the derived conditions, closed-loop stability is proven using
graph theory and Lyapunov analysis. Furthermore, the directed
graph case is investigated via a distributed two-layer coordination
scheme in which a model-free continuous distributed controller is
designed by using information obtained from a distributed leader
estimator. Numerical simulation results are given to illustrate the
effectiveness of the proposed methods.

Index Terms—Asymptotic convergence, distributed model-free
identifier design, Lyapunov method, nonlinear multiagent systems,
robust consensus tracking, undirected and directed graphs.

I. INTRODUCTION

CONSENSUS of multiagent systems has attracted much
attention due to its broad applications in control and ro-

botics, such as transportation, multivehicle systems, and sensor
networks. The objective is to design a distributed protocol
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using local information exchange to achieve an agreement. As
an effective consensus seeking approach, the leader-following
strategy has received significant interest (e.g., [1]–[5]). In [1],
the authors studied a coordinated tracking problem by an ob-
server design. The leader-following consensus of multiagent
systems was studied in [3] by an internal model method. The
authors in [5] used passivity for constructing a distributed sta-
bilizing feedback law. The aforementioned results focus on sin-
gle or double-integrator agent dynamics. However, almost all
practical systems are inherently nonlinear, and distributed coor-
dination of nonlinear multiagent systems is more challenging.

Distributed coordination of multiple Euler-Lagrange systems
has received increasing attention (e.g., [2], [6]–[15]). Euler-
Lagrange equations can be used to model a broad class of elec-
tromechanical systems, such as autonomous vehicles, robotic
manipulators, mobile robots, and rigid bodies. Due to the in-
herent nonlinearity of Euler-Lagrange systems, the results for
linear multiagent systems cannot be directly applied. [6] de-
veloped a model-based controller via nonlinear contraction
analysis to analyze the coordinated tracking problem. Neural-
network-based adaptive controllers were proposed in [8] and
[9] to yield uniformly ultimately bounded (UUB) consensus
tracking. In [10] and [11], the authors developed distributed
algorithms for networked Euler-Lagrange systems in which
a discontinuous sliding-mode design was used. Based on the
“linearity-in-parameters” assumption, distributed adaptive con-
trollers, combined with discontinuous sliding-mode estimators,
were proposed to solve the problem. Note that few results
design a continuous model-free distributed controller to deal
with unstructured uncertainties of networked Euler-Lagrange
systems, especially under a directed graph.

Distributed coordinated tracking under unknown dynamics
and disturbances is a practical and challenging problem. The
agents are not only affected by the interaction among neigh-
boring agents, but also by its own dynamics. A variety of ap-
proaches, such as nonsmooth sliding-mode control [10]–[18],
pinning control [19], and neural-network-based control
[20]–[22] has been used to solve this problem. A robust finite-
time coordinated tracking problem for multiple Euler-Lagrange
systems with input disturbances was examined in [16] using a
discontinuous sliding-mode controller. In practical implementa-
tions, discontinuous control methods may lead to chattering be-
havior and excite unmodelled high-frequency dynamics [17]. A
pinning control scheme was introduced for synchronizing inter-
connected systems with identical dynamics in [19]. Practically,
node dynamics are often nonidentical or even unknown. Based
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on neural-network methods, consensus problems for multia-
gent systems with uncertainties and external disturbances were
proven to yield UUB tracking in [20]–[22]. In contrast to the
aforementioned approaches, an identifier-dependent distributed
design was proposed [24]. However, compared to the results
in this paper, [24] considered only second-order multiagent
systems. In previous work [12], consensus tracking of multi-
ple Euler-Lagrange systems was studied under an undirected
graph.

This paper addresses a robust consensus tracking problem for
heterogeneous multiple Euler-Lagrange systems with unknown
dynamics and disturbances. The objective is that a team of
agents can achieve robust consensus tracking. A key challenge
is to develop an identifier to compensate for the unknown
dynamics and disturbances. We leverage a blend of Lyapunov
methods and graph theory to resolve this challenge.

A contribution of this paper is that the agents in the net-
work are modelled by nonlinear Euler-Lagrange dynamics. The
uncertain nonlinear dynamics present a challenge that inhibits
direct application of results developed for linear systems (cf.
[1]–[5], [18]–[29]). Moreover, in comparison to results that
have been developed for nonlinear dynamics or disturbed linear
dynamics (cf., [6]–[29]), a contribution of this work is that the
developed continuous distributed controller is model indepen-
dent, and the model that is used for stability analysis does not
include the typical linear in the uncertain parameters assump-
tion. Compared with centralized approaches (cf., [1]–[29]),
the developed controller does not require global information
about the graph. The developed asymptotic consensus tracking
result is achieved under the derived stability conditions. The
novelty of this result is also that directed information topology
is considered, compared with the results in [6]–[29] that only
consider undirected graphs assuming that the upper bounds of
the disturbances are exactly known constants, the developed
distributed continuous scheme in this paper does not require
this prior knowledge. This bidirectional case is nontrivial and
brings significant theoretical challenges. Since the information-
exchange matrix is asymmetric, it is unclear and challenging
on how to develop a model-independent continuous distrib-
uted controller to achieve an asymptotic consensus tracking
for multiple Euler-Lagrange systems with unknown nonlinear
dynamics and disturbances. In this paper, by a distributed two-
layer coordination design and by using information obtained
from a distributed leader estimator, a novel model-free contin-
uous robust distributed control law is developed to solve this
problem.

This paper is organized to provide mathematical develop-
ment and stability analysis along with numerical simulations.
Specifically, in Section II, the relevant concepts on graph theory
and nonsmooth analysis are given and a robust coordinated
tracking problem is formulated. In Section III, the distributed
controller design and stability analysis are both presented
for asymptotic robust consensus tracking under an undirected
graph. In Section IV, a novel control law via a distributed two-
layer design is further presented for a directed graph case and
the consensus tracking errors are proven to converge to zero
asymptotically. Section V provides the numerical stimulations,
followed by the conclusion in Section VI.

II. PROBLEM FORMULATION

A. Graph Theory

Let G = {V , E} represent a graph and V ∈ {1, . . . , N} de-
note the set of vertices. The set of edges is denoted as E ⊆
V × V . In this paper, we assume that there is no self loops in the
graph, that is, (i, i) �∈ E . Ni = {j ∈ V|(j, i) ∈ E} denotes the
neighborhood set of vertex i. Graph G is said to be undirected if
for any edge (i, j) ∈ E , edge (j, i) ∈ E . A matrix A = [aij ] ∈
R

N×N denotes the adjacency matrix of G, where aij > 0 if and
only if (j, i) ∈ E , else aij = 0. A matrix L � D −A is called
the Laplacian matrix of G, where D = [dii] is a diagonal matrix
with dii =

∑N
j=1 aij ∈ R

N×N .
Consider a distributed coordinated tracking case where the

access of agents to the desired trajectory is represented by a
diagonal matrix B = diag{b1, b2, . . . , bN}. If bi > 0, then the
i-th agent has access to the desired trajectory; otherwise, bi = 0.
For further analysis, an information-exchange matrix H = L+
B is defined. To facilitate the subsequent design, we define a
virtual leader V0 whose states are equal to qd(t) and q̇d(t).

B. Nonsmooth Analysis

A nonsmooth LaSalle-Yoshizawa Theorem in [33] is recalled
to provide boundedness and convergence of solutions for the
system ẋ = f(x, t) with a discontinuous right-hand side, where
x ∈ R

n is the state vector and f(x, t) is Lebesgue measurable
and essentially locally bounded, uniformly in t.

Lemma 1—[33]: For the above nonsmooth system, let D ⊂
R

n be an open and connected set containing x = 0 and suppose
that f(x, t) is Lebesgue measurable and essentially locally
bounded, uniformly in t. Let a function V : D × [0,∞) → R

be locally Lipschitz and regular such that V̇ (x, t)
a.e.
∈

·
Ṽ (x, t)1

satisfies

W1(x) ≤ V (x, t) ≤ W2(x)
·
Ṽ (x, t) ≤ −W (x), ∀ t ≥ 0, ∀x ∈ D (1)

where W1(x) and W2(x) are continuous positive definite func-
tions and W (x) is a continuous positive semi-definite function
on D. Choose r > 0 and c > 0 such that Br ⊂ D and let c <
min‖x‖=r W1(x). Then, all Filippov solutions of ẋ = f(x, t)
with x(t0) ∈ {x ∈ Br|W2(x) ≤ c} are bounded and satisfy
W (x) → 0 as t → ∞.

C. Agent Model

Consider a team of N agents governed by the unknown
Euler-Lagrange dynamics (e.g., [9])

Mi(qi)q̈i + Ci(qi, q̇i)q̇i +Gi(qi) + fi(q̇i) + δi = τi (2)

where qi, q̇i, q̈i ∈ R
l denote the link position, velocity, and

acceleration vectors of generalized configuration coordinates,

1Based on the Chain Rule in [33], the function V (x, t) is absolutely continu-
ous and its time derivative exists almost everywhere (a.e), i.e., for almost all t∈

[0,∞)and V̇(x, t)
a.e.
∈

·
Ṽ (x, t) where

·
Ṽ (x, t)�∩ς∈∂V (x,t)ς

T

(
k[f ](x, t)

1

)
.
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respectively, Mi(qi) ∈ R
l×l is the symmetric positive definite

inertia matrix, Ci(qi, q̇i)q̇i ∈ R
l is the vector of Coriolis and

centrifugal torques, Gi(qi) ∈ R
l is the vector of gravitational

torque, τi ∈ R
l is the vector of control inputs, fi(q̇i) ∈ R

l

represents the unknown unmodelled dynamics (or frictions),
and δi ∈ R

l is a time-varying input disturbance. The inertia,
Coriolis, gravity and friction terms are all assumed unknown.
To facilitate the subsequent analysis, the following results are
based on the assumption that qi(t) and q̇i(t) are available.
Moreover, the following properties [37], [38] of system (2) will
be exploited in the subsequent development.

Property 1: The inertia matrix Mi(qi) is symmetric, positive
definite and satisfies mi‖y‖2 ≤ yTMi(qi)y ≤ mi(qi)‖y‖2,
∀ y ∈ R

l, where mi ∈ R is a known positive constant,mi(qi) ∈
R is a known positive bounded function.

Property 2: Mi(qi), Ci(qi, q̇i), Gi(qi) and fi(q̇i) are second-
order differentiable such that their first and second order partial
derivatives exist and are bounded, if qi, q̇i, q̈i,

...
q i ∈ L∞.

The following assumptions are made on the disturbance term
δi and the virtual leader V0, respectively.

Assumption 1: The nonlinear disturbance term δi(t) and
its first two time derivatives are bounded by some unknown
constants (i.e., δi(t), δ̇i(t), δ̈i(t) ∈ L∞, i ∈ {1, . . . , N}).

Assumption 2: The desired trajectory qd(t) of V0 and its
m-order (m = 1, 2, 3, 4) time derivatives are assumed to be
bounded by some unknown constants.

D. Control Objective

The control objective is to ensure that the states of all the
agents modeled by the multiple unknown Euler-Lagrange sys-
tems (2) reach robust consensus asymptotically and track a
desired time-varying trajectory which is only provided to a sub-
group of agents. The model-free continuous distributed control
law for each agent will be synthesized based on local informa-
tion exchanged from neighboring agents despite the unknown
nonlinear dynamics fi(q̇i) and disturbances δi.

The robust consensus tracking problem is defined as below.
Definition 1—(Robust Consensus Tracking): Design a dis-

tributed control law τi(t), i ∈ {1, . . . , N} such that the states
qi(t) and q̇i(t) of N Euler-Lagrange systems governed by (2)
can reach asymptotic robust consensus, respectively, and track
the corresponding desired time-varying signals qd(t) and q̇d(t)
in the sense that

qi(t)− qd(t) → 0l and q̇i(t)− q̇d(t) → 0l as t → ∞

for all the agents in the presence of the unknown nonlinear
dynamics fi(q̇i) and disturbances δi.

III. ROBUST CONSENSUS TRACKING UNDER

AN UNDIRECTED GRAPH

Before presenting the main result in this section, an assump-
tion on the undirected graph is given as follows.

Assumption 3: The graph G is undirected and V0 has directed
paths to all the agents of G.

Lemma 2—[2]: Suppose that Assumption 3 holds, then H is
positive definite and symmetric.

Since not all the agents have access to the desired trajectory,
the relative position and velocity consensus tracking errors
eξi(t), exi(t) ∈ R

l, and efi(t) ∈ R
l are defined using only local

information exchanged from neighboring agents as

eξi =

N∑
j=1

aij(qj − qi) + bi(qd − qi) (3)

exi =

N∑
j=1

aij(q̇j − q̇i) + bi(q̇d − q̇i) (4)

efi = exi + α1ieξi, i = 1, 2, . . . , N (5)

where α1i ∈ R is a positive constant gain to be designed.

A. Robust Consensus Tracking Control Law Design

The distributed control protocol is designed as

τi(t) = biq̇d(t)− α1iq̇i(t) + α2iefi(t) + f̂i(t) (6)

where α1i, α2i ∈ R are two control gains and f̂i(t) ∈ R
l de-

notes a subsequently designed term to compensate for the un-
known dynamics and disturbances.

The distributed estimation law for f̂i(t) is given by

·
f̂ i(t) = (ksi+1) (ėfi(t)+α2iefi(t))+biβi(t)� ηi(t) + θi(t)

θi(t) =

N∑
j=1

aij (βi(t)� ηi(t)− βj(t)� ηj(t))

ηi(t) = vsgn (efi(t)) , f̂i(0) = f̂iO (7)

where f̂iO is an initial condition, ksi and α2i are two positive
constant control gains, βi(t) ∈ R

l is a time-varying control
term to be determined later, the symbol � denotes the ele-
mentwise vector multiplication, and vsgn(efi) � [sgn(efi1),
sgn(efi2), . . . , sgn(efil)]

T ∈ R
l.

Since ėfi(t) in (7) is not available, the following form is
utilized to generate the estimation signal f̂i(t)2:

f̂i(t) = (ksi + 1) (efi(t)− efi(0)) + υi(t),

υ̇i(t) = (ksi + 1)α2iefi(t) + biβi(t)� ηi(t) + θi(t) (8)

where βi(t) introduced in (7) and (8) is defined as

βi(t) =β1i(t) + β2i1l, β1i(0) = 0l

β1i(t) = |efi(t)| − |efi(0)|+ α2i

t∫
0

|efi(τ)| dτ (9)

where |efi(t)|=[|efi1(t)|, |efi2(t)|, . . . , |efil(t)|]T ∈R
l, β1i(t)∈

R
l and β2i1l ∈ R

l is a positive constant part.

2Note that f̂i(t) is the Filippov solution to the differential equation in
(7) that is discontinuous due to the presence of the sign function. Using
Filippov’s theory of differential inclusions, the existence of solutions can be

established for a system with a discontinuous right-hand side:
·
ϕ ∈ k[h](σ, t),

where h is defined as the right-hand side of
·
ϕ and k[h](σ, t) � ∩δ>0 ∩μN=0

coh(Bδ(σ) \N, t) as shown in [33] for more details.
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B. Filtered Error Dynamics

To facilitate the subsequent stability analysis, define an aux-
iliary error ri(t) ∈ R

l as

ri = κ−1
i

⎛
⎝ėfi + α2iefi +

N∑
j=1, j �=i

aijrj

⎞
⎠ (10)

where κi =
∑N

j=1,j �=i aij + bi. Defining r � col(r1, . . . , rN )

andEf � col(ef1, . . . , efN ) ∈ R
Nl yields ((D +B)⊗ Il)r =

Ėf + Λ2Ef + (A⊗ Il)r, where Λ2 � diag(α21, . . . , α2N )⊗
Il ∈ R

Nl×Nl denotes a diagonal matrix, and Il is a l × l identity
matrix. Thus, H̃r = Ėf + Λ2Ef , H̃ = (L+B)⊗ Il. Accord-
ing to Lemma 2, H̃ is positive definite and symmetric. Thus, it
follows from (10) that:

r = H̃−1(Ėf + Λ2Ef ). (11)

C. Closed-Loop System Development

The consensus tracking errors and the control law in (3)–(6),
respectively, can be expressed as:

Eξ = − H̃(Q−Qd), Ėξ = −H̃(Q̇− Q̇d),

Ef = Ėξ + Λ1Eξ, Γ = B̃Q̇d − Λ1Q̇+ Λ2Ef + F̂
(12)

which yields the time derivative of Ef

Ėf = H̃M−1(F+CQ̇+G+δ−B̃Q̇d+Λ1Q̇−F̂−Λ2Ef )

− Λ1H̃Q̇+ Λ1B̃Q̇d + B̃Q̈d (13)

where Q � col(q1, . . . , qN ), Eξ � col(eξ1, . . . , eξN), F �
col(f1, . . . , fN ), F̂ � col(f̂1, . . . , f̂N ), G � col(G1, . . . , GN ),
δ � col(δ1, . . . , δN ), Qd � (1N ⊗ qd); and B̃ � diag(b1,
b2, . . . , bN) ⊗ Il, Λ1 � diag(α11, . . . , α1N ) ⊗ Il, M �
diag(M1, . . . ,MN ) and C � diag(C1, . . . , CN ).

After premultiplying (11) by M , the following expression is
obtained by using (11) and (13) as

Mr = F − F̂ +G+ δ − (INl −MH̃−1Λ1)B̃Q̇d

+MH̃−1B̃Q̈d − (INl −MH̃−1)Λ2Ef

+ (C + Λ1 −MH̃−1Λ1H̃)Q̇

� Ω− F̂ − (INl −MH̃−1)Λ2Ef + δ − B̃Q̇d (14)

where Ω�F+G+(C+Λ1−MH̃−1Λ1H̃)Q̇+MH̃−1(B̃Q̈d+
Λ1B̃Q̇d) ∈ R

Nl and INl is an identity block matrix.
According to (7)–(9), the time derivative of F̂ is given by

·
F̂ =(Ks + INl)(Ėf + Λ2Ef ) + H̃sgn(Ef )Π1

+ H̃sgn(Ef )Π21Nl (15)

Π̇1 =sgn(Ef )(Ėf + Λ2Ef ) (16)

where sgn(Ef )�diag(dsgn(ef1), . . . , dsgn(efN )), dsgn(efi)�
diag(sgn(efi1), . . . , sgn(efil)), Ks � diag(ks1, . . . , ksN )⊗ Il,

Π2 � diag(β21, . . . , β2N ) ⊗ Il ∈ R
Nl×Nl and Π1(t) �

col(β11(t), . . . , β1N (t)) ∈ R
Nl.

To obtain the closed-loop error system, differentiating (15)
and rewriting it utilizing (11) and (15) gives

Mṙ = −1

2
Ṁr − (Ks + INl)H̃r − H̃Ef + δ̇ − B̃Q̈d

− H̃sgn(Ef )(Π1 +Π21Nl) +N(t) (17)

where N(t) ∈ R
Nl denotes an auxiliary term defined as

N(t) � Ω̇−
[
1

2
Ṁ + (INl −MH̃−1)Λ2H̃

]
r

+
[
H̃ + ṀH̃−1Λ2 + (INl −MH̃−1)Λ2

2

]
Ef . (18)

To facilitate the subsequent analysis, another unmeasurable
auxiliary term Nd(t) ∈ R

Nl is defined as

Nd(t) �Nd(Qd, Q̇d, Q̈d,
...
Qd,0Nl,0Nl,0Nl)

=
∂F (Q̇d)

∂Q̇d

Q̈d +
∂G(Qd)

∂Qd
Q̇d + C(Qd, Q̇d)Q̈d

+ Ċ(Qd, Q̇d)Q̇d − Ṁ(Qd)H̃
−1Λ1H̃Q̇d

+
[
Ṁ(Qd)H̃

−1B̃ + (Λ1 −M(Qd)H̃
−1Λ1H̃)

]
Q̈d

+M(Qd)H̃
−1B̃

...
Qd + Ṁ(Qd)H̃

−1Λ1B̃Q̇d

+M(Qd)H̃
−1Λ1B̃Q̈d. (19)

After adding and subtracting Nd(t) in (19), the closed-loop
error system in (17) can be expressed as

Mṙ = −1

2
Ṁr − (Ks + INl)H̃r + Δ̃(t) + H̃Δd(t)

− H̃Ef − H̃sgn(Ef )(Π1 +Π21Nl) (20)

where the unmeasurable auxiliary term Δ̃(t) ∈ R
Nl is

Δ̃(t) � N(t)−Nd(t), Δd(t) � H̃−1(Nd(t) + δ̇ − B̃Q̈d).

Based on Properties 1 and 2, Assumptions 1 and 2, the
auxiliary term Δd(t) and its time derivative satisfy

sup
t∈[0,∞)

|Δdm
(t)| < c1m , sup

t∈[0,∞)

∣∣∣Δ̇dm
(t)

∣∣∣ < c2m (21)

where m = 1, 2, . . . , Nl, Δdm
(t) and Δ̇dm

(t) denote the mth
element of Δd(t) and Δ̇d(t), respectively. Let c1 = col(c11,
c12, . . . , c1N ), c2 = col(c21, c22, . . . , c2N ) ∈ R

Nl, where c1i,
c2i ∈ R

l, i ∈ V . Then in (21), c1 and c2 can be used to denote
some unknown upper bounds on the corresponding element of
Δd(t) and Δ̇d(t), respectively. Furthermore, the Mean Value
Theorem can be utilized to show that the auxiliary error Δ̃(t) is
upper bounded as [25], [26], [36]–[39]∥∥∥Δ̃(t)

∥∥∥ ≤ ρ (‖z(t)‖) ‖z(t)‖ (22)

where ρ(·) is a positive, globally invertible, nondecreasing
function and z(t) � [ET

ξ (t), E
T
f (t), r

T (t)]T ∈ R
3Nl.
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D. Stability Analysis and Sufficient Conditions

Theorem 1: Suppose that Assumptions 1–3 hold. Then, the
proposed distributed control law in (6)–(9) ensures that the
semi-global asymptotic robust consensus tracking objective for
N agents with dynamics in (2) can be achieved as[

qT1 , . . . , q
T
N

]T − 1N ⊗ qd(t) →0Nl[
q̇T1 , . . . , q̇

T
N

]T − 1N ⊗ q̇d(t) →0Nl, as t → ∞ (23)

provided that the gain ksi is selected sufficiently large3 based
on the stabilizing initial conditions (see the subsequent stability
analysis) and α1i, α2i and β2i in (6)–(9) are selected according
to the following sufficient conditions:

α1i > 0.5, α2i > 1, β2i > 0, β1i(0) = 0l. (24)

Proof: Let D ⊂ R
4Nl+2 be a domain containing y(t) �

[zT (t), Π̃T
1 (t),

√
P(t),

√
Φ(t)]T , where z(t) is given in (22)

and P(t) is an auxiliary function, defined as

P(t)=ET
f (0)Π̂1sgn(Ef (0))1Nl−ET

f (0)Δd(0)−S(t) (25)

where S(t) is the Filippov generalized solution to the following
differential equations:

Ṡ(t)=rT (t)H̃
(
Δd(t)−Π̂1sgn (Ef (t)) 1Nl

)
, S(0)=0 (26)

where Π̂1 � diag(β̂11, . . . , β̂1N )⊗ Il ∈ R
Nl×Nl is a subse-

quently designed matrix introduced in (27) and β̂1i > ‖c1i‖∞ +
(1/α2i)‖c2i‖∞ such that P(t) ≥ 0.4 Similarly, another auxil-
iary function Φ(t) is the Filippov generalized solution to the
following defined differential equations:

Φ̇ = ĖT
f Π2sgn(Ef )1Nl, Φ(0) = ET

f (0)Π2sgn (Ef (0))1Nl.

Let VL: D × [0,∞) → R be a continuously differentiable,
non-negative function (i.e., a Lyapunov candidate), defined as

VL(y, t)�ET
ξ Eξ+

1

2
ET

f Ef+
1

2
rTMr+

1

2
Π̃T

1 Π̃1+P(t)+Φ(t)

(27)

where Π̃1(t) = Π1(t)− Π̂11Nl and the positive constant time-
varying term Π̂1 is an estimate of Π1(t). Under Property 1,
the Lyapunov function in (27) is non-negative and satisfies:
λ1‖y‖2 ≤ VL(y, t) ≤ λ2‖y‖2, where λ1 � (1/2)min{1,
minj∈V(mj)} and λ2 � max{(1/2)

∑
j∈V mj , 1}.

Under Filippov’s framework, the time derivative of V (y, t)
exists almost everywhere (a.e.), i.e., for almost all t ∈ [0,∞)

and V̇L

a.e.
∈

·
Ṽ L by Lemma 1, where

·
Ṽ L= ∩

ς∈∂VL

ςTk

[
ĖT

ξ , Ė
T
f , ṙ

T, ˙̃ΠT
1 ,

1

2
P− 1

2 Ṗ, 1
2
Φ− 1

2 Φ̇, 1

]T
(28)

3A lower bound on the control gain ksi can be selected as k0 = ρ2(c0)/

(4λ0λmin(H̃)) where c0 ≥
√

λ2/λ1
∑

i∈V ‖yi(0)‖ with yi(0) related to
the initial values of states. Note that this lower bound requires global informa-
tion. A large enough ksi is selected before the controller is implemented so that
ksi = ks > k0 to yield a semi-global stability result [36]–[39].

4The proof is similar to Lemma 5 in [24], and is thus omitted here.

where ∂VL is the generalized gradient of VL [33]. Since VL is
continuously differentiable in y, then it gives

·
Ṽ L⊂∇V T

L k

[
ĖT

ξ , Ė
T
f , ṙ

T, ˙̃ΠT
1,

1

2
P− 1

2 Ṗ, 1
2
Φ− 1

2 Φ̇, 1

]T
(29)

where∇VL� [2ET
ξ , E

T
f , r

TM, Π̃T
1, 2P1/2, 2Φ1/2, (1/2)rTṀr]

T
.

By using (11)–(15) and (20), the expression in (29) becomes

·
Ṽ L ⊂rT

{
−1

2
Ṁr − (Ks + INl)H̃r − H̃Ef + Δ̃(t)

+

(
H̃Δd(t)− H̃k [sgn(Ef )] (Π1 +Π21Nl)

}

+ 2ET
ξ (Ef − Λ1Eξ) + ET

f (H̃r − Λ2Ef )

+
1

2
rT Ṁr + (Π1 − Π̂11Nl)

Tk [sgn(Ef )] H̃r

+ (H̃r − Λ2Ef )
TΠ2k [sgn(Ef )]1Nl

− rT
(
H̃Δd(t)− H̃Π̂1k [sgn(Ef )]1Nl

)
(30)

where k[sgn(Ef )] = SGN(Ef ) such that SGN(Efik) = 1 if
Efik > 0, [−1,1] if Efik = 0, and −1 if Efik < 0, i = 1, 2,
. . . , N , k = 1, 2, . . . , l [33]. After canceling the corresponding
common terms and exploiting (22), the expression in (30) is
rewritten as

V̇L

a.e.
≤ ‖r‖ρ (‖z(t)‖) ‖z(t)‖+ 2‖Eξ‖‖Ef‖

− λmin(Θ)‖r‖2 − λmin(H̃)‖r‖2

− 2λmin(Λ1)‖Eξ‖2 − λmin(Λ2)‖Ef‖2 (31)

where Θ = (1/2)(KsH̃ + H̃Ks) and the set in (30) reduces
to the scalar inequality in (31) since the RHS is continuous
a.e., i.e., the RHS is continuous except for the Lebesgue
negligible set of time when rT H̃k[sgn(Ef )](Π1 +Π21Nl)−
rT H̃k[sgn(Ef)](Π1+Π21Nl) �={0} and rTH̃Π̂1k[sgn(Ef)]1Nl−
rT H̃Π̂1k[sgn(Ef )]1Nl �= {0} [33].

Based on Young’s Inequality and by completing the squares
for r, the expression in (31) can be rewritten as

V̇L

a.e.
≤ − λ0 ‖z(t)‖2 − λmin(Θ)‖r‖2 + ‖r‖ρ (‖z(t)‖) ‖z(t)‖

a.e.
≤ −

(
λ0 −

ρ2 (‖z(t)‖)
4λmin(Θ)

)
‖z(t)‖2 (32)

where λ0�min{2(λmin(Λ1)−(1/2)), λmin(Λ2)−1, λmin(H̃)},
and the bounding functionρ(‖z(t)‖) is a positive globally invert-
ible nondecreasing function. By selectingα1iand α2i, according
to (24) and using the fact thatH is of full rank,λ0 is positive. Let
U1(y) = −(λ0 − (ρ2(‖z(t)‖)/4λmin(Θ)))‖z‖2 = −u1‖z‖2
be a continuous negative semi-definite function, which is
defined on the following domain:

D �
{
y/‖y‖ < ρ−1

[
2
√
λ0λmin(Θ)

]}
. (33)
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Let the set of stabilizing initial conditions be defined as

Υ �
{
y ∈ D|‖y‖ <

√
λ1

λ2
ρ−1

[
2
√
λ0λmin(Θ)

]}
(34)

where λ1, λ2 and λ0 are given in (27) and (31), respectively.
Under the condition (24) and the control gain ksi is selected

sufficiently large such that y(0) ∈ Υ ⊂ D, it gives

V̇L

a.e.
≤ −u1‖z‖2 (35)

for all y ∈ D and a positive constant u1 ∈ R. Thus, V̇L is
negative semi-definite and VL ≤ VL(0) ∈ L∞ holds in D.

The details are given as below. Based on (3), (5) and (8),
the initial errors eξi(0), efi(0) and ri(0) are not related to ksi.
Thus, ksi can be selected sufficiently large such that y(0) ∈ Υ.
That is, the ratio of the function ρ2(‖z(0)‖) to ksi in (32) can
be made sufficiently small such that V̇L(0) ≤ 0. For t > 0, a
proof by contradiction is provided as follows to show that VL is
monotonically decreasing.

Proof by Contradiction: Let 4λmin(Θ) = c. Assume that
there exists a time instant t∗ > 0 such that λ0 < ρ2(‖z(t∗)‖)/c
and λ0 ≥ ρ2(‖z(t)‖)/c for t ∈ [0, t∗). Thus, V̇L(t) ≤ 0 for t ∈
[0, t∗). That is, ‖z(t)‖ ≤ ‖z(0)‖ for t ∈ [0, t∗).

Case i: ‖z(t)‖ < ‖z(0)‖ for t ∈ [0, t∗). From the assump-
tion, ρ2(‖z(t∗)‖) > λ0c. In addition, by y(0) ∈ Υ, λ0c >
ρ2(‖z(0)‖). Thus, ρ2(‖z(t∗)‖) > ρ2(‖z(0)‖). Since ρ(‖z(t)‖)
is a positive nondecreasing function, ‖z(t∗)‖ > ‖z(0)‖ holds,
which contradicts with ‖z(t)‖ < ‖z(0)‖ for t ∈ [0, t∗) by the
state continuity.

Case ii: ‖z(t)‖≡‖z(0)‖ for t∈ [0, t∗). As λ0c > ρ2(‖z(0)‖)
by y(0) ∈ Υ, λ0c > ρ2(‖z(t)‖) for t ∈ [0, t∗), which contra-
dicts with ρ2(‖z(t∗)‖) > λ0c by the state continuity.

Hence, VL ≤ VL(0) ∈ L∞ holds in D for ∀ t ≥ 0.
Since VL ∈ L∞ in D and the fact that H is positive definite

by Lemma 2, it follows from (12) and (27) that Eξ(t), Ėξ(t),
Ef (t), r(t) ∈ L∞ in D. From (11) and Properties 1 and 2, we
have Ḟ ∈ L∞ in D. From (17), ṙ(t) ∈ L∞ in D. From (10)
and (13), Ëξ(t),

...
Eξ(t), Ëf (t) ∈ L∞ in D, then F̈ ∈ L∞ in D.

Lemma 1 can be used to show that u1‖z‖2 → 0, as t → ∞,
∀ y(0) ∈ Υ. That is Eξ(t) → 0Nl, Ef (t) → 0Nl and r(t) →
0Nl, as t → ∞, ∀ y(0) ∈ Υ. Based on (12) and the fact that H
is of full rank, it has Q = Qd. Similarly, based on Eξ(t) = 0Nl

and Ef (t) = 0Nl, it has Q̇ = Q̇d. Thus, qi(t) → qd(t) and
q̇i(t) → q̇d(t) as t → ∞, ∀ y(0) ∈ Υ. �

Remark 1: According to Theorem 1, a large enough control
parameter ksi in (8) can be selected to enlarge the domain
of convergence to enclose any a priori given arbitrarily large
bounded set as its subset.

Remark 2: Several consensus algorithms are developed for
Euler-Lagrange systems (e.g., [2], [6]–[15]). However, most of
them only deal with structured uncertainties via model-based
parametric linearization. Challenging unstructured uncertain-
ties, including unknown nonlinear dynamics and disturbances,
is an important and challenging problem. The algorithms in [2],
[6], and [7] are based on the exact knowledge of the dynamics
and the leader’s acceleration information was available to all

the followers. Robust UUB coordinated tracking result was ob-
tained in [9] by using the neural-network-based control. In [10]
and [11], the proposed discontinuous distributed sliding-mode
estimators required the parametric uncertainties to satisfy the
“linearity-in-parameters” assumption. However, the proposed
algorithm in this paper removes these constraints.

Remark 3: Several control gians α1i, α2i, ksi and a time-
varying control term βi(t) = β1i(t) + β2i1l are used in (6)–(9).
According to (24), sufficient conditions are derived to achieve
robust consensus tracking. An agent based Lyapunov approach
is used, where β̂1i(t) is an estimate of the time-varying gain
β1i(t) satisfying: β̂1i(t)>‖c1i‖∞ + α−1

2i ‖c2i‖∞. However, this
gain β̂1i(t) is only introduced to facilitate the Lyapunov analy-
sis and not used in the controller. Thus, the designed distributed
control law does not need the unknown upper bounds of c1
and c2. The proposed distributed controller shown in (6)–(9) is
decentralized in the sense that only local feedback is required to
compute the controller. However, by (33) the control gain ksi is
related to H̃ containing global information. This ksi can thus be
selected large enough before the control law is implemented to
yield a semi-global tracking result as described in Theorem 1.

IV. ROBUST CONSENSUS TRACKING UNDER

A DIRECTED GRAPH

For a digraph, the information-exchange matrix H is asym-
metric. In such a case, if we choose a Lyapunov function rTMr,
then the term −rT H̃r will appear in its derivative. Thus, it is
unclear how (6) can be applied, especially when considering
to compensate for rT H̃(Δd − Π̂1sgn(Ef )1Nl) via the defined
errors in (3)–(5) and the filter error: H̃r = Ėf + Λ2Ef . Hence,
new distributed schemes are needed to achieve robust consensus
tracking for a directed graph. In this section, a distributed two-
layer coordination scheme will be proposed, where in the top
layer, a distributed leader estimator is presented to estimate
the leader’s states. Under this distributed estimator, a novel
distributed controller is developed.

Assumption 4: The graph G is directed and V0 has directed
paths to all the agents of G.

Lemma 3—[32]: Suppose that Assumption 4 holds, then H
is nonsingular and all eigenvalues of H have positive real parts.

To facilitate the distributed leader estimator design, we assume
that V0 is generated by the following leader system [42], [43]:

q̈d(t) = S1qd(t) + S2q̇d(t) (36)

where S1, S2 ∈ R
l×l are arbitrary constant matrices.

Define S =

[
0l×l Il
S1 S2

]
, (36) can be rewritten as

[
q̇d
q̈d

]
= S

[
qd
q̇d

]
. (37)

Assumption 5—[3]: The system in (37) is marginally stable.
Remark 4: Note that when S1 = S2 = 0l×l, (37) is a double

integrator system. However, in this subsection, we do not
require (37) to be a double integrator system.
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A. Distributed Leader Estimator Design

For i = 1, 2, . . . , N , the following leader estimation errors
are defined by using only relative information as:

�di1(t) =
N∑
j=1

aij(�j1 − �i1) + bi(qd − �i1)

�di2(t) =

N∑
j=1

aij(�j2 − �i2) + bi(q̇d − �i2) (38)

where �i1(t), �i2(t) ∈ R
l are generated by

�̇i1(t) = �i2(t) + κi�di1(t),

�̇i2(t) =S1�i1(t) + S2�i2(t) + κi�di2(t) (39)

where κi > 0 is an arbitrary constant.
Define new variables: �i(t)�col(�i1, �i2), �di(t)�col(�di1,

�di2) and �d(t) � col(qd, q̇d). Then, the system composed of
(38) and (39) can be further expressed as

�̇i(t) =S�i(t) + κi�di(t)

�di(t) =

N∑
j=1

aij(�j − �i) + bi(�d − �i) (40)

where the matrix S is defined in (37).
Lemma 4: Suppose that Assumptions 4 and 5 hold. Then, un-

der the proposed distributed leader estimator in (39), it follows
that for all κi > 0, i = 1, 2, . . . , N :

�i1(t)− qd(t) → 0l and �i2(t)− q̇d(t) → 0l, as t → ∞.
(41)

Proof: Define a new variable �̃i(t) = �i(t)− �d(t). Then
it follows from (37) and (40) that the closed-loop estimate error
system can be given by:

·
�̃i(t) = �̇i(t)− �̇d(t) = S�i(t)− S�d(t) + κi�di(t)

=S�̃i(t)− κi

⎛
⎝ N∑

j=1

aij (�̃i(t)− �̃j(t)) + bi�̃i(t)

⎞
⎠

which is rewritten in the following compact form for �̃ �
col(�̃1, �̃2, . . . , �̃N ) and κ � diag(κ1, κ2, . . . , κN)⊗ I2l:

·
�̃(t) = [(IN ⊗ S)− κ(H ⊗ I2l)] �̃(t). (42)

By Lemma 3, Lemma 1 in [41] and Assumption 5, if all the
eigenvalues ofS have nonpositive real parts, then for any κ > 0,
the origin of the closed-loop estimate error system (42) is expo-
nentially stable. That is, for all i = 1, 2, . . . , N , limt→∞ �̃i(t) =
0l. As a result, it can be seen that limt→∞ �i1(t)− qd(t) = 0l

and limt→∞ �i2(t)− q̇d(t) = 0l hold. �

B. Robust Consensus Tracking Control Law Design

To introduce the distributed controller, similar to (3)–(5) and
(10), we define the following error signals based on information

Fig. 1. Diagram of the two-layer based distributed control law design.

from the distributed leader estimator:

q̇ri = �i2(t) + κi�di1(t)− α�i(qi − �i1)

si = q̇i − q̇ri = q̇i − �̇i1 + α�i(qi − �i1) (43)

where si is the sliding surface, qri is the virtual reference, and
similar to (10), a filter error signal rsi(t) ∈ R

l is defined as

rsi = ṡi + αrisi (44)

where κi, α�i, αri ∈ R are some positive controller gains.
The two-layer based distributed control law shown in Fig. 1,

for i = 1, 2, . . . , N , is given by

τi(t) = −αqiv̇i − αsisi − f̂�i(t) (45)

where vi = qi − �i1, αqi, αsi are two control gains, and similar
to (8) and (9), the distributed estimation law f̂�i(t) is given by

f̂�i(t) = (k�si + 1) (si(t)− si(0)) + υ�i(t)

υ̇�i(t) = (k�si + 1)αrisi(t) + β�i(t)� vsgn (si(t))

β�i(t) =β�1i(t) + β�2i1l, β�1i(0) = 0l

β�1i(t) = |si(t)| − |si(0)|+ αri

t∫
0

|si(τ)| dτ (46)

where |si(t)| � [|si1(t)|, |si2(t)|, . . . , |sil(t)|]T ∈ R
l.

C. Closed-Loop System Development

The filter error signal (44) and the control law (43) together
with (46) can be expressed in the following compact form:

rs = ṡ+ Λrs, s = v̇ + Λ�v

Γ = − Λqv̇ − Λss− F̂� (47)

where given (2), the time derivative of s is written as

ṡ = M−1
[
Γ− (F + CQ̇ +G+ δ)

]
− �̈1 + Λ�v̇ (48)

where s�col(s1, . . . , sN ), rs� col(rs1, . . . , rsN ), v � col(v1,
. . . , vN ), F̂��col(f̂�1, . . . , f̂�N), �1 � col(�11, . . . , �N1); and
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Λq�diag(αq1, . . . , αqN )⊗Il, Λ��diag(α�1, . . . , α�N )⊗ Il,
Λr�diag(αr1, . . . , αrN )⊗Il, Λs � diag(αs1, . . . , αsN )⊗ Il.

After premultiplying (48) by M , the following expression
can be further obtained by using (47):

Mrs = −Λqv̇ − Λss− F̂� − (F + CQ̇+G+ δ)

−M�̈1 +MΛ�v̇ +MΛrs

� N�(t) +Nd�(t)− F̂� (49)

where N�(t)� Fd − F + CdQ̇d − CQ̇+Gd −G+ (MΛ� −
Λq)v̇+(MΛr−Λs)s+(Md−M)�̈1, Nd�(t) �−Fd−CdQ̇d −
Gd −Md�̈1 − δ, and Fd � F (Q̇d), Gd � G(Qd) ∈ R

Nl, and
Cd � C(Qd, Q̇d), Md � M(Qd) ∈ R

Nl×Nl.
Similar to (15)–(17), differentiating (49) by using (46) yields

Mṙs = −1

2
Ṁrs − (K�s + INl)rs + Δ̃�(t) + Δd�(t)

− sgn(s) (Π�1(t) + Π�21Nl)− s (50)

where the unmeasurable auxiliary terms Δ̃�(t) and Δd�(t) are
defined as: Δ̃�(t)�Ṅ�(t)− (1/2)Ṁrs + s, Δd�(t) � Ṅd�(t);
and K�s � diag(k�s1, . . . , k�sN )⊗ Il, Π�2 � diag(β�21, . . . ,

β�2N )⊗ Il, Π�1(t) � col(β�11(t), . . . , β�1N (t)).
Under Assumption 5, qd and q̇d are bounded and so are �i1

and �i2 by (36), (39) and (41). In addition, based on Properties 1
and 2, Assumptions 4 and 5, similar to that in (21), the auxiliary
term Δd�(t) and its time derivative satisfy

sup
t∈[0,∞)

|Δd�m
(t)| < c3m , sup

t∈[0,∞)

∣∣∣Δ̇d�m
(t)

∣∣∣ < c4m (51)

where m = 1, 2, . . . , Nl, c3 � col(c31, c32, . . . , c3N ), c4 �
col(c41, c42, . . . , c4N ) ∈ R

Nl with c3i, c4i ∈ R
l, i ∈ V .

Furthermore, similar to (22), the auxiliary error Δ̃�(t) can be
upper bounded as [25], [26], [36]–[39]∥∥∥Δ̃�(t)

∥∥∥ ≤ ρ� (‖z�(t)‖) ‖z�(t)‖ (52)

where ρ�(·) is a positive, globally invertible, nondecreasing

function and z�(t) � [vT (t), sT (t), rTs (t)]
T ∈ R

3Nl.

D. Stability Analysis and Sufficient Conditions

Theorem 2: Suppose that Assumptions 1, 4 and 5 hold. Then
the proposed distributed control law in (45) together with the
distributed leader estimator in (39) and the distributed nonlinear
identifier in (46) ensure that the semi-global asymptotic robust
consensus tracking objective for N agents with dynamics in (2)
can be achieved in the sense: limt→∞ qi(t)− qd(t) = 0l and
limt→∞ q̇i(t)− q̇d(t) = 0l, provided that the control gain k�si
is selected sufficiently large, and κi, αqi, αsi, α�i, αri, β�2i in
(39), (45) and (46) are selected as

κi >0, αqi > 0, αsi > 0, α�i > 0.5

αri >1, β�2i > 0, β�1i(0) = 0l. (53)

Proof: Let D�⊂R
4Nl+2 be a domain containing y�(t)

defined as y�(t) � [zT� (t), Π̃
T
�1(t),

√
P�(t),

√
Φ�(t)]

T , where

z�(t) is given in (52) andP�(t) andΦ�(t) are two positive semi-
definite auxiliary functions, defined as

P� = sT (0)Π̂�1sgn (s(0))1Nl − sT (0)Δd�(0)− S�

Ṡ� = rTs (t)
(
Δd�(t)− Π̂�1sgn(s)1Nl

)
, S�(0) = 0

Φ̇� = ṡΠ�2sgn(s)1Nl, Φ�(0) = sT (0)Π�2sgn (s(0))1Nl

where Π̂�1 � diag(β̂�11, . . . , β̂�1N )⊗ Il ∈ R
Nl×Nl is a sub-

sequently designed matrix introduced in (54) and β̂�1i >
‖c3i‖∞ + (1/αri)‖c4i‖∞ such that P�(t) ≥ 0.

Let VL̃: D� × [0,∞) → R be a continuously differentiable,
non-negative function (i.e., a Lyapunov candidate), defined as

VL̃(y�, t)�vT v+
1

2
sT s+

1

2
rTs Mrs+

1

2
Π̃T

�1Π̃�1+P�(t)+Φ�(t)

(54)

where Π̃�1(t) = Π�1(t)− Π̂�11Nl and the positive constant
time-varying term Π̂�1(t) is an estimate of Π�1(t).

Next, the proof is similar to Theorem 1 to give VL̃ ≤ VL̃(0) ∈
L∞ in D� � {y�/‖y�‖ < ρ−1

� [2
√
λ�0λmin(Ks)]}, λ�0 �

min{2(λmin(Λ�)− (1/2)), λmin(Λr)− 1, 1}. Based on (38),
(39), (43) and (44), Lemma 1 can be used to show v(t) → 0Nl,
s(t) → 0Nl and rs(t) → 0Nl, as t → ∞, ∀ y�(0) ∈ Υ�.

To show that limt→∞ qi(t)− qd(t) = 0l and limt→∞ q̇i(t)−
q̇d(t) = 0l hold, we need linear input-to-state stability, the con-
clusion (41) in Lemma 4 and the sliding-mode design in (43).
Specifically, substituting (40) into (43) gives

si = q̇i − q̇ri = q̇i − (�i2 + κi�di1) + α�i(qi − �i1) (55)

i.e.,

q̇i − �̇i1 + α�i(qi − �i1) = si. (56)

Since (56) can be viewed as a stable first-order differential
equation with si(t) as the input and this input is bounded for
all t ≥ 0 and tends to zero as t → ∞, by exploiting the linear
input-to-state stability, both q̇i − �̇i1 and qi − �i1 are bounded
over t ≥ 0 and will decay to zero. Thus, by the conclusion (41)
and the sliding-mode design in (43), it follows from:

qi(t)− qd(t) = qi(t)− �i1(t) + �i1(t)− qd(t)

q̇i(t)− q̇d(t) = q̇i(t)− �̇i1(t) + �̇i1(t)− q̇d(t)

= q̇i(t)− �i2(t) + �i2(t)− q̇d(t) (57)

that the robust consensus tracking holds, i.e., limt→∞ qi(t)−
qd(t) = 0l and limt→∞ q̇i(t)− q̇d(t) = 0l. �

Remark 5: Based on the distributed two-layer design, all the
gains are distributed. Moreover, k�si is not related to H̃ con-
taining global information, while ksi given in Theorem 1 does
need this global information. Thus, this limitation is removed
in Section IV for a directed graph case.

Remark 6: The continuous distributed controller in (6) for the
undirected graph case is distributed and relies on neighboring
error signals. The use of these signals in (8) provides asymptotic
consensus tracking of a time-varying leader, although it requires
two-hop communication. However, in Section IV, the two-hop
communication requirement is reduced to single-hop commu-
nication based on a distributed two-layer coordination design
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Fig. 2. An information-exchange undirected graph. Circles denote the labeled
agents and the connecting lines denote weighted information edges among
agents. The desired time-varying trajectory is denoted as a virtual leader.

Fig. 3. Trajectories of the states of the followers and the leader under (6)–(9).

under a class of leader systems in (36) and (37). Sufficient
conditions on the stability of closed-loop system are derived
for both undirected and directed graph cases to achieve robust
consensus tracking asymptotically.

V. NUMERICAL SIMULATION

Two numerical simulations are presented to demonstrate the
effectiveness of the proposed distributed control algorithms.
As studied in [8]–[11], a group of robot manipulators are
considered to model the networked Euler-Lagrange systems
in (2). In this simulation, we investigate the distributed coor-
dinated tracking problem for six networked two-link robotic
manipulators to track a desired time-varying trajectory.

The classic manipulator’s dynamics with unknown dynamics
and disturbances are described as follows:

[
m1i + 2m3i cos(q2i) m2i +m3i cos(q2i)
m2i +m3i cos(q2i) m2i

] [
q̈1i
q̈2i

]

+

[
−m3i sin(q2i)q̇2i −m3i sin(q2i)(q̇1i + q̇2i)
m3i sin(q2i)q̇1i 0

]

×
[
q̇1i
q̇2i

]
+

[
g1i(q1i, q2i)
g2i(q1i, q2i)

]
+ fi(q̇i) + δi = τi (58)

Fig. 4. Tracking errors between the followers and the leader under (6)–(9).

Fig. 5. The control input τi in (6) and the convergence of β1i in (9).

Fig. 6. A directed graph. Circles denote the labeled agents and the connecting
lines denote weighted information edges among all agents and a virtual leader.

where i=1, . . . , 6, q1i, q2i denote joint angles, the uncertain dy-
namic parameters of each manipulator are set as m1i = i,
m2i=0.1i, m3i=0.2i, g1i(q1i, q2i) = 0.2i ∗ cos(q1i) + 0.1i ∗
cos(q1i+q2i), g2i(q1i, q2i) = 0.1i ∗ sin(q1i + q2i), and the un-
known dynamics and disturbances are given by
fi(q̇i) = [0.1i ∗ q̇1i, 0.2i ∗ q̇2i]T and δi = [0.1i ∗ sin(0.1i ∗
t), 0.2i ∗ sin(0.2i ∗ t)]T . The initial joint configuration and
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Fig. 7. Trajectories of the estimated states of the followers and the leader under
the developed distributed leader estimator (39).

Fig. 8. Estimated state tracking errors between the followers and the leader
under the developed distributed leader estimator (39).

velocity are selected as qi(0) = [π/10i,−π/20i]T rad and
q̇i(0) = [0, 0]T rad/s, respectively5.

A. Robust Consensus Tracking Under an Undirected Graph

An undirected communication graph of a team of agents is
shown in Fig. 2.

The controller gains in (6)–(9) are selected as α1i = 10,
α2i = 20, β2i = 1, β1i(0) = [0, 0]T , ksi = 30. Under the pro-
posed distributed control algorithm, the state trajectories of the
followers and the leader, and the tracking errors between the
followers and the leader are shown in Figs. 3 and 4, respectively.

5For each simulation, the desired time-varying trajectory qd(t) for con-
sensus tracking is given by qd(t) = [0.2 sin(2t), 0.1 cos(3t)]T rad, which
is only provided to the agents labeled by 3,6 as indicated in the matrix B =
diag{0, 0, 2, 0, 0, 2}.

Fig. 9. Trajectories of the states of the followers and the leader under (45).

Fig. 10. Tracking errors between the followers and the leader under (45).

Fig. 5 shows the trajectories of τi in (6) and the convergence
of a time-varying gain β1i in (9), respectively. It can be seen
that under the proposed distributed controller, robust consensus
tracking is achieved for a group of unknown Euler-Lagrange
systems under the undirected graph.

B. Robust Consensus Tracking Under a Directed Graph

The directed communication graph of the team of six agents
and one leader is provided in Fig. 6. For the desired time-
varying trajectory, the expression in (36) holds, provided that

S1 =

[
−4 0
0 −9

]
and S2 =

[
0 0
0 0

]
(59)

which implies that Assumption 5 is satisfied.
According to the derived sufficient conditions in Theorem 2,

the distributed controller gains in (45) with (39) and (46) are
selected as κi = 10, αqi = 5, αsi = 10, α�i = 15, αri = 20,
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β�2i = 1, k�si = 30. Under the developed distributed leader es-
timator in (39), the estimated state trajectories of the followers
and the leader and the estimated tracking errors between the
followers and the leader are shown in Figs. 7 and 8, respectively.
Moreover, under the developed distributed control algorithm in
(45), the state trajectories of the followers and the leader and
the tracking errors between the followers and the leader are
shown in Figs. 9 and 10, respectively. As a result, it can be seen
from Figs. 7–10 that robust distributed cooperative tracking
can be achieved for a group of heterogeneous unknown Euler-
Lagrange systems under the directed graph.

VI. CONCLUSION

A robust consensus tracking problem is considered for mul-
tiple unknown Euler-Lagrange systems under both undirected
and directed graphs. The control objective is to enable all the
agents to achieve robust consensus tracking asymptotically. A
distributed nonlinear identifier is firstly developed to compen-
sate for the unknown nonlinear dynamics and disturbances.
Then, a robust distributed control law combined with this iden-
tifier is developed to enable all the agents to reach asymptotic
robust consensus tracking. Furthermore, in the directed case
a distributed two-layer coordination scheme is developed to
solve the problem. For both undirected and directed graphs, the
stability analysis of the closed-loop system is provided.
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