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two-player zero-sum game with the controller being the mirthe dynamic system is affected by a single control strategy.
imizing player and the disturbance being the maximizingrevious research has also inigated the genatization of
player. In a zero-sum game with linear dynamics and &L controllers to differential game problems [31], [33]-[39].
in nite horizon quadratic cost function, the Nash equilibriunTechniques utilizing Q-learning algorithms have been devel-
solution is equivalent to solving the generalized game algeped for a zero-sum game in [40]. An ADP procedure that
braic Riccati equation. Howevefor nonlinear dynamics or a provides a solution to the HJI equation associated with the
nonzero-sum game, analyticeblutions may not be tractabletwo-player zero-sum nonlinearftérential game is introduced
for the Hamilton—Jacobi—Bellman (HJB) partial differentiain [33]. The ADP algorithm involves two iterative cost func-
equation. tions nding the upper and lower performance indices as
Due to the dif culty involved in determining a solution to sequences that converge to the saddle point solution of the
the HJIB equation, dynamic programming [10]-[14] is usegame. The AC structure required for learning the saddle point
to approximate a solution to the optimal control problensolution is composed of four action networks and two critic
Reinforcement learning (RL) ig/pically employed to imple- networks. The iterative ADP solution in [34] considers solving
ment dynamic programming online and forward in time. RL igero-sum differential games under the condition that the saddle
a method wherein appropriate actions are learned basedpaint does not exist, and a mixed optimal performance index
evaluative feedback from the environment. A widely useflinction is obtained under a deterministic mixed optimal
RL method is based on the actor—critic (AC) architecturepntrol scheme when the saddle point does not exist. Another
where an actor performs certain actions by interacting withDP iteration technique is presented in [35], in which the
their environment, the critic evaluates the actions and giveenlinear quadratic zero-sumaggpe is transformed into an
feedback to the actor, leadinto an improvement in the equivalent sequence of LQ zero-sum games to approximate
performance of subsequent actions. AC algorithms are pan optimal saddle point solution. In [36], an integral RL
vasive in machine learning and are used to learn the optinmaéthod is used to determine an online solution to the two
policy online for nite-space discrete-time Markov decisiorplayer nonzero-sum game for a linear system without complete
problems [15]-[17]. knowledge of the dynamics. The synchronous Pl method
The machine learning community [15], [17]-[20] providesn [31] was then further generalized to solve the two-player
an approach to determine the solution of an optimakero-sum game problem in [38] and a multiplayer nonzero-
control problem using approximate dynamic programmirgum game in [39] and [41] for nonlinear continuous-time
(ADP) through RL-based adaptive critics [10]-[14]. The dissystems with known dynamics. Furthermore, [42] presents a
crete/iterative nature of the ADP formulation naturally leads 8l method for an in nite horizon two-player zero-sum Nash
the design of discrete-time optimal controllers [13], [21]-[25game with unknown nonlinear continuous-time dynamics. The
Some results have also been developed for continuopseposed work expands upon thppéicability of [31], [38],
time problems. Baird [26] proposed advantage updating9], and [41] by eliminating the assumption that the drift
an extension of the Q-learning algorithm, which couldynamics is known, and advances the theory in [32] and [42]
be implemented in continuous-time and provided fasb solve the more general multiplayer nonzero-sum differential
convergence. A HJB-based framework is used in [27] amphme where the objective is to minimize a set of coupled
[28], and Galerkin’s spectral method is used to approximatest functions. The single player game in [32] and two-player
the generalized HJB solution in [29]. zero-sum game in [42] are special cases of the multiplayer
The aforementioned approaches for continuous-tinmenzero-sum game presented in this paper.
nonlinear systems are computed ofine and/or require This paper aims to solve aN-player nonzero-sum in nite
complete knowledge of system dynamics. A contributionorizon differential game subject to continuous-time uncertain
in [30] is the requirement of only partial knowledge of thewonlinear dynamics. The main contribution of this paper is
system, and a hybrid continuous-time/discrete-time samplédriving an approximate solution to éf-player nonzero-sum
data controller is developed based on policy iteration (Pame with a continuous controller using an ACI technique.
where the feedback control operation of the actor occurs Ritevious research has focused on scalar nonlinear systems
a faster time scale than the learning process of the critar.implemented iterative/hybrid techniques that required com-
The method in [31] was extended by designing a hybrijglete knowledge of the drift dynamics. The developed tech-
model-based online algorithm called synchronous PI, whictique usesN-actor and N-critic neural network structures
involved synchronous continuous-time adaptation of both approximate the optimal control laws and the optimal
actor and critic neural networks. Bhasihal.[32] developed a value function set, respectively. The main traits of this online
continuous AC-identi er (ACI) technique to solve the in nite algorithm involve the use of ADP techniques and adaptive
horizon single player optimal control problem using a robugeory to determine the Nash equilibrium solution of the game
dynamic neural network (DNN) to identify the dynamicsn a manner that does not require full knowledge of the system
and a critic NN to approximate the value function. Thislynamics and approximately solves the underlying set of
technique removes the requirement of complete knowledgeupled HJB equations of the game problem. For an equivalent
of the system drift dynamics through the use of an indireobnlinear system, previous research makes use of ofine
adaptive control technique. procedures or requires full knowledge of the system dynamics
Most of the previous continuous-time RL algorithms thab determine the Nash equilibrium. A Lyapunov-based stability
provide an online approximate optimal solution assume thamalysis shows that uniformly ultimately bounded (UUB)
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tracking for the closed-loop system is guaranteed for thehere V, Vi I x RN Assuming the value
proposed ACI architecture and a convergence analysis demfumctional is continuously differentiable, the Bellman
strates that the approximate control policies converge topanciple of optimality can be used to derive the following

neighborhood of the optimal solutions. optimality condition

z

II. N-PLAYER DIFFERENTIAL GAME FOR

NONLINEAR SYSTEMS 0= min Vi f+ 0 gjuj +r

Consider theN-player nonlinear, time-invariant, af ne in

the input dynamic system given by Vi (=0 1 N (®)

N which is the N-coupled set of nonlinear partial differential
x=f(x)+ g (x) uj (2)  equations called the HJB equation. Suitable nonnegative
=1 de nite solutions to (7) can be used to evaluate the in nite
wherex R" is the state vectony; R™i is the control integral in (5) along the system trajectories. A closed-form
input, andf : R"  R"andg; : R" R™™ are the drift expression of the optimal feedback control policies is given by
and input matrices, respectively. Assume tbat..., gy and 1 «
f are second-order differentiable, and thia0) = 0. The u (x)=5 .?1giT x) V(%) T (9)
in nite-horizon scalar cost functional; associated with each 2
player can be de ned as The closed-form expression for the optimal control policies
o ’ in (9) obviates the need to search for a set of feedback policies
5= that minimize the value function; however, the solutign to
where i {1,..., N}, t is the initial time, andr; : the HJB equation given in (8) is required. The HJB equation
RM Nom R is the local cost for the state and controli” (8) can bg rewritten by sgbsfututmg for the_IocaI cost in (4)
de ned as and the optimal control policy in (9), respectively, as

¢ Ti(x,ug,uz,...,uN)ds 3)

z

T

N
ri(x,ul,--.,uN)=Qi(X)+j 1ujTRajUj 4 0= Qi+ Viféi Vi giRY'gl Vv
j=1
where Q; : R" R are continuously differentiable and 1 N 5 5
positive de nite functions andRj; ~ RM*™ and R; + Vi giRATR RG]V, T
RM>*M are positive de nite symmetric matrices. 4,-:1
The objective of theN-player game is to nd a set of V, (0) = 0. (10)
admissible feedback policie@i;, u,, ..., uy) such that the
value functionV; : R" R de ned as Since the HIB equation may not have an analytical solution
A N in general, an approximate solution is sought. Although
. _ , T . nonzero-sum games contain noncooperative components,
Vi (X Uz, UN) = QO+ upRiup ds ) e Solution to each player's coupled HJB equation in (10)
requires knowledge of all the other player's strategies in (9).
is minimized, whereV; (x; u, ..., un) denotes the value of The underlying assumption of rational opponents [43] is char-
statex under feedback policie@is, ..., un). This paper will acteristic of differential gamenheory problems, and it implies
focus on the Nash equilibrium solution for tiNeplayer game, that the players share information, yet they agree to adhere
in which the following N inequalities are satis ed for all to the equilibrium policy determined from the Nash game.
u  Ui,i N:

j=1

Vl V1 X; Ug, U, ...y Uy V1 X; Ui, Up,..., Uy I11. HIB APPROXIMATION VIA ACI

Vo, V2 X;Uq,Uy,..., Uy Vo X;Uq, Uz,..., Uy This paper uses an ACI [42], [44] approximation archi-
tecture to solve for (10). The ACI architecture eliminates
the need for exact model knowledge and utilizes a DNN to
robustly identify the system, a critic NN to approximate the
where U; denotes the set of admissible policies for the itkalue function, and an actor NN to nd a control policy that
player. The Nash equilibrium outcome of tieplayer game minimizes the value functions. The following development
is given by the N-tuple of quantities{V,,V,,..., Vy}. focuses on the solution to a daplayer nonzero-sum game.
The value functions can be alternately presented by Tae approach can easily be extended to thelayer game
differential equivalent given by the following nonlineampresented in Section Il. This section introduces the ACI

VN VN X;Ug, Uy, ..., Uy VN X;Uq,Uy,...,Uun (6)

Lyapunov equation [39] architecture, and subsequent sections give details of the design
\ for the two-player nonzero-sum game solution.
The Hamiltonian H; R of the system in (2) can be
0=r(Xuy,...,un)+ Vi FX)+  gj(X)uj de ned as !

j=1
V. (0)=0 @) Hio=ry + ViR (11)
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where V, Vi/ x R" denotes the Jacobian of thewhereus,u R" are the control inputs, and the state R"
value functionV;, and is assumed to be measurable. The following assumptions about
N the system will be utilized in the subsequent development.
Fu(X,U1,...,un)  f(X)+ gj()u; R" Assumption 1:The input matriceg1 andg, are known and

bounded, i.e.,g1 g1 and g» g whereg; andg, are

. . L known positive constants.
denotes the system dynamics. The optimal policies in (9) andAssumption 2:The control inputsu; and up are bounded
the associated value function satisfy the HIJB equation ; L

. . L . l.e., Up, Uz
with the corresponding Hamiltonian as Based on Property 1, the nonlinear system in (16) can be

Hi X, V,,up,...,uy =1y + V,F, =0. (12 represented using a multilayer NN as

=1

Replacing the optimal JacobianV;, and optimal control X = Fu (X, ug, u2)
policiesu; by estimates V; anduj, respectively, yields the = WfT f Vfo + t(X)+ g (Xur+ ga(X)uz  (17)

approximate Hamiltonian N+ 1 <N
where Wk RN+ and Vs R™ Nt are unknown

Hi X, Vi,ui,...,un =ry+ ViR, (13) ideal NN weight matrices wittN¢ representing the neurons

The approximate Hamiltonian in (13) is dependent on corl? t:e (OytTpXu)t Iaéﬁrfi'l-r‘:ﬁd act|.v§tr|10n fégcitéoyh;sfu%l\clteizgn by
plete knowledge of the system. To overcome this limitation, arf f ' f-

online system identi er replaces the system dynamics, Whiéﬁconstructmn_ error-In apprommatlng the functian The
modi es the approximate Hamiltonian in (13) as proposed multilayer dynamic neural network (MLDNN) used

to identify the system in (16) is
Hi x,X, Vi,uy,...,un =r1,+ ViF, (14)

X = Fu X, X, ug, u2
where F, is an approximation of the system dynamiEg. T
. . . + + +
The difference between the optimal and approximate Wi+ (Ut g(uz+ 1 (18)
Hamiltonian equations in (12) and (14) yields the Bellmawherex R" is the state of the MLDNNW; RNi+1xn
residual errorshj, R de ned as Vi R™Nf are the estimates of the ideal weights of the NNs,
t= (V{x) RN*1are the NN activation functions, and

i Hi x,%, Vij,u1,...,u
hibi T A N i R" denotes the RISE feedback term de ned as
SH; X, V;,Up,..., Uy . (15) .
o k(x(t) S x(0) + (19)
However, sinceHi = 0 i N, the Bellman o )
residual error can be dened in a measurable form aAyhere the measurabidenti cation errorx R" is de ned as
hiby = Hi(X, X, Vi, ug,..., un). The objective is to update x xS x (20)

?n?;ri]r:wj;z;?gr? rsz t?]r;d\é' el(lcr:rzgrfsr) ez:(rjnuua::a:rfgrl:si?/. Z?;Zdet%r;rt,heand _ R" is a generalized Filippov solution to the differential
the actorsu;, the criticsV;, and the identi ersF, constitute equation
the ACI architecture. To facilitate the subsequent analysis, the =(k + )x+ 1sgn(x); O=0
following properties are given.

Property 1: Given a continuous functiolm : S R",
whereS is a compact set, there exist ideal weigki¥sand Vv
such that the function can be represented by an NN

wherek, , , 1 R are positive constant gains, and g9n
denotes a vector signum function. The identi cation error
dynamics are developed by taking the time derivative of (20)

. . d substituting for (17) and (18) as
h(x) = W' VTx + (x) where () is a nonlinear _ g for (17) (18)
activation function and (x) is the function reconstruction x = Fy X, X, Ug, Us
error.

Property 2: The NN activation function (-) and its time =W SWi i+ (()Sk (21)
derivative () with respect to its argument are bounded. where F, = F, § Fy. An auxiliary identi cation error is
Property 3: The ideal NN weight matrices are bounded bye ned as
known positive constants [45], i.¢|W|| W and||V]] V.
Property 4: The NN function reconstruction errors and rx+ x (22)

their derivatives are bounded [45], i.ell ||  and Taking the time derivative of (22) and using (21) yields

r=W (VixSW ¢SW] (v{xSw] (v{x

IV. SYSTEM IDENTIFIER + §(x)SkrS xS isgnx)+ x (23)
Consider the two-player case for the dynamics given in (R)here (= d (VTx)/d(VTx) VToyT R(Nt+DxNt The
as weight update laws for the DNN in (18) are developed based
x = f(xX)+ g (xX)ur+ g2 (X) Uy on the subsequent stability analysis as
X(0) = xo (16) Wi = proj( we fV;rXXT)y V¢ = proj( vaXTWI ) (24)
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where prof-) is a smooth projection operator [46], [47], Theorem 1:For the system in (16), the identi er developed

and s RN+IXNe+1 R™N are positive in (18) along with its weight update laws in (24) ensures

constant adaptation gain miaes. Adding and subtractingasymptotic identi cation of the state and its derivative, in the

W2W! (Vix + (U2JW] ,V{x, and grouping similar sense that

terms, the expression in (23) can be rewritten as ) )

lim x(t) = 0 and lim x(t) =0

r=N+ Npi+ Ng2SkrS xS 1sgnx) (25) ! !
__ _ _ provided Assumptions 1 and 2 hold, and the control gains

where the auxiliary signalsN, Ng1, andNs2  R™in (25) k and are chosen sufciently large based on the initial

are de ned as conditions of the statesand satisfy the following suf cient
N N WfT S WfT foTx conditions
1 1 > , k> 6 35
oW VX W Vixo o (28) ° (39)
where 5 and g are introduced in (31), andy, 2 introduced
Ng1 W] (Vix$ lWfT (Vi x in (33), are chosen according to the sufcient conditions
2 in (34).
=1 Proof: To facilitate the subsequent development, let
Wl o VIx+ 27 _ : :
SoWi fVixd 1) @7 the gainsk and ; be split ask ki + ko, ¢
1+ T 1. T 1 2, and let mn{ 1S 5 ki S g}
Nez2  ,Wr ¢Vix+ Wp ¢Vex. (@8) (z)2  1(z)2+ (z)% and  minfks, of 2}
t D y(t) R&™2| y S1 2 and let

To facilitate the subsequent stability analysis, an auxilia
term Ng2 R" is de ned by replacingx in Ng2 by x, and
Ng2 N2 S Npg2. The.termsNgl gnd Ng2 are grouped Vi %rTr + % ixTx+ P+ Qs (36)
as Np Ng1 + Np2. Using Properties 1-4, Assumption 1,

(22), (24), (27), and (28) the following inequalities can bwhich satis es the following inequalities

obtained
Ui(y) Vi(y) Ua(y) (37)

N 1(z) z, Np1 1. Ng2 2 (29) . . .
N N 20 whereUy, U, : R?2 R are continuous positive de nite
B 3t 42(2) z (30)  functions de ned as

2
Ur(y) 2min(l, ) vy 2 Ux(y) maxl, ) y?

XTNBZ 5 X “+ g I 2 (31)
T, TIT  R20 : it
wherez  [x"r']" R™, and 1, 3:R ~Rarepositive, | o y = p(y t) represent the closed-loop differential equa-
globally invertible, nondecreasmg functions, and R, ions in (21), (24), (25), and (33), where : R2™2 x
i = , 6 are computable positive constants. To facilitat, ) R2™2 denotes the right-hand side .of the closed-
2n+2 !
the subsequent stability analysis, [t R“"™“ be a domain |, ‘arror signals. Using Filippov's theory of differential

e n+2
containingy = 0, wherey  R“™< s de ned as inclusion [49], the existence of solutions can be established for

| :D R be a positive de nite function de ned as

y xTrT p o¢ T (32) Y K[h](y,t), where K[h] ~ 0 M=o coh(B(y, ) \
. . . . . M, t), where denotes the intersection over all séis
where the auxiliary signaP R is a generalized Filippov uM=0
solution to the differential equation [48] of Lebesgue measure zer@o denotes convex closure,
. 1 5 . 1 andB(y,) = w R*™?2 ySw < . The generalized
P=Sr"(Ng1S 1s9n(x)) S x' Ng2 (33) time derivative of (36) exists almost everywhere (a.e.), and
+ 20202) 2z X Vi(y) 2& V(y) where
n
= T
PO= 1 1|xi(0)|5xT(0)NB(0) v, = Tk (T T ;Psgp ;ngQ
1=
Vi(y)

where 1, 2 R are chosen according to the sufcient

conditiond where V, is the generalized gradient & [50]. SinceV, :
D R is continuously differentiablé/; can be simplied
1>max 1+ 2, 1+ 3), 2> g4 (34) as
. T
such that P(t) 0 for all t [ 0, ). The auxiliary _ T 7.7 1 511 &1
function Q¢ : RN(2Ni+1) R in (32) is dened as Vies VK xn  PreR Q720
Qf VU4 [tr(W] Jtwy) + tr(V] 3Vy)], where tf) 1 T

1 1 1 =1
denotes the trace of a matrix. rT ¢xT2P22Q2 K rTxT 2p5 2P

1The derivation of the sufcient conditions in (34) is provided in the
Appendix. 2see subsequent stability analysis.
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Using the calculus folK[-] from [51], and substituting the V. AC DESIGN

dynamics from (25) and (33), yields Using Property 1 and (9), the optimal value function and

. . . the optimal controls can be represented by NNs as
Vi rT(N+ Nai+ Np2SkrS 1K[sgrx)]$ 1) P P y

+ xTrS ST (Ner S 1K[sgr()]) Vi) = W 100+ 1(x)
SXTNez+ 22(7) z X 100 =8 JRIGI00 1 OWA+ 40T
S; (Wl SHwe) + (Vi Stvi) (38) Vo(x) = WT o(x) + 2(X)
L1l & T
where K[sgr(x)] = SGN(x) [51], such that SGKk) = 1 Up(x) =S DRZGI(X) 5 (We+ (0T (43)

if i >0,[S1,1]if x = 0, andS1 if x; < 0. Substituting \ _ _ _
(24), canceling common terms, and rearranging the expressigtere Wi, Wz~ R™ are unknown ideal NN weights\l is
yields the number of neurons, =[ i1 i2... in]" :R" RN
are smooth NN activation functions, such thgt(0) = 0 and

iJ-(O):Ojzl,...,Nandizl,Z,and 1, 2:R" R
are the function reconstruction errors.

3 1
Vi %% xXTxSkrTr+rTN+ , XTWT Vi

1 to7 T T & Assumption 3:The NN activation functions
* o, X Wi Vix+ X' (Ne2 S Neo) i :i=1...,N,i=12 are chosen such that as
¥ oa(2) 7 xS 1 (Wl VIxxT) N ,  provides a complete independent basis Ygr
2 andV,.
g 1 tr (VW ). (39) Using Assumption 3 and Weierstrass higher order approxi-
mation Theorem, botW; and V, can be uniformly approx-
The set inclusion in (38) reduces to the scalar inequality in (3gjated by NNs in (43), i.e., adl  , the approximation
because the RHS of (38) is set valued only on the Lebesdtl€°rs i, ; 0 fori = 1,2, respectively. The criti¢/ and

negligible set of timegt | x = 0 & x = 0}. Substituting for the actoru approximate the optimal value function and the
k ki+kpand f 1+ 2, using (24), (29), and (31), andoptimal controls in (43), and are given as
completing the squares, (39) can be upper bounded as .1 &

Vi) = W 100, u1(0) =S D REOT (%) 1 ()Waa

Va(x) = WL 2(x), uz(x) =S ;Rzgzlgg () ZT(X)WZa (44)

a.e..

Vi8S (18 5) x25(aS g r?
1(2)222+ 222(2)222

. (40)
4kz 4 2 whereWie, Woe RN andWia, Wo, RN are estimates of
Provided the suf cient conditions in (35) are satis ed, (40jhe ideal weights of the critic and actor NNs, respectively. The
can be rewritten as weight estimation errors for the critic and actor are de ned

. , - asWie W S WeandWga W S W, fori = 1,2,
Vi S z?2%+ (42) z?2 S U(y) y D. (41) respectively. The actor andittc NN weights are both updated
based on minimizing the Bellman errayjp in (14), which can
In (41),U(y) = ¢ z 2 is a continuous, positive semide nite be rewritten by substitutiny, and V. from (44) as
function de ned onD, wherec is a positive constant. B
The inequalities in (37) and (41) can be used to show thathibs ~
Vi L ; hence,x,r L . Using (22), standard linear hjb, = Wi, oFy + ra(X, ug, Up) = Wy, 2+ ri(x, Uz, Uy)
analysis can be used to show tlxat L , and sincex L (45)
x L .SinceW;s L from the use of projection in (24),
¢ L from Property 2, andi L from Assumption 2, Where i(x,u,t) ;F, RN fori= 1,2, is the critic NN
(18) can be used to conclude that L . Using the above reégressor vector.
bounds and the fact that;, L , it can be shown
from (23) thatr L .LetS D denote asetdenedas A |east Squares Update for the Critic

T —wT
Wi 1Fy+ ra(x,ug, u2) = Wy 1+ ra(x, ug, up)

~ 2 H H
S y D|Ux(y)< % 51 5 _ (42) Consider the integral squared Bellman erkgyr
~t
From (gl), [52, Corollary 1] can be i_nvoked to ;how that Ec(Wie, Woc, t) = r21jb1() + ﬁjbz() d. (46)
c z(1) 0 ast , Yy(0) S. Using the de nition of

z the following result can be shown 0

The LS update law for the crititVic is generated by mini-
X(t) , x(t) , r(t) 0 as't y(0) S. mizing the total prediction error in (46)

Note that the region of attraction in (42) can be made arbi-
trarily large to include any initial conditions by increasing the c=2 hiby ()
control gain . Wiac 0 Wiae( )

hjby( ) d =0
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