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Time-Varying Input and State Delay Compensation
for Uncertain Nonlinear Systems

Rushikesh Kamalapurkar, Nicholas Fischer, Serhat Obuz, and Warren E. Dixon

Abstract—A robust controller is developed for uncertain, second-
order nonlinear systems subject to simultaneous unknown, time-
varying state delays and known, sufficiently small time-varying
input delays in addition to additive, sufficiently smooth distur-
bances. An integral term composed of previous control values
facilitates a delay-free open-loop error system and the develop-
ment of the feedback control structure. A stability analysis based
on Lyapunov-Krasovskii (LK) functionals guarantees uniformly
ultimately bounded tracking under the assumption that the delays
are bounded and slowly varying. Numerical simulations illustrate
robustness of the developed method to various combinations of
simultaneous input and state delays.

Index Terms—Delay systems, Lyapunov methods, nonlinear
control systems, robust control, uncertain systems.

I. INTRODUCTION

Numerous control techniques exist for linear systems with constant
input delays (cf. [1]-[3] and references therein). Many of these re-
sults are extensions of classic techniques such as Smith predictors
[4], Artstein model reduction [5], or finite spectrum assignment [6].
Results that focus on simultaneous constant state and input delays for
linear systems are provided in [7]-[9]. Extensions of linear control
techniques to time-varying input delays are also available [10]-[15].

For nonlinear systems, controllers considering constant [16]-[23]
and time-varying [20], [24]-[32] state delays have been recently
developed. However, linear results considering delayed inputs are far
less prevalent, especially for systems with model uncertainties and/or
disturbances. Examples of these include constant input delay results in
[33]-[45] and time-varying input delay results based on linear matrix
inequality conditions [46], [47], backstepping [48], [49] and other
robust techniques [50]. Even more unique are results that consider
both state and input delays in nonlinear systems. Recently in [49], the
predictor-based techniques in [7] were extended to nonlinear systems
with time-varying delays in the state and/or the input utilizing a back-
stepping transformation to construct a predictor-based compensator.
The development in [49] requires knowledge of the plant dynamics
and assumes that the plant is disturbance-free.

In this technical note, we expand our previous time-varying in-
put delay result [50] in two directions: a) Utilizing techniques for
constant input-delayed systems first introduced in [45], we consider
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time-varying input delays in a nonlinear plant, and b) we add the
ability to compensate for simultaneous arbitrarily large unknown time-
varying state delays based on the techniques in [32]. Robust control
methods are developed to compensate for the unknown time-varying
state delays. To compensate for the input delay, an integral term
composed of previous control values is used to yield a delay-free
open-loop system. A Lyapunov-based stability analysis motivated by
Lyapunov-Krasovskii (LK) functionals demonstrates the ability to
achieve uniformly ultimately bounded tracking in the presence of
model uncertainty, additive sufficiently smooth disturbances, time-
varying state delays and sufficiently small input delays. The result is
based on the assumption that the unknown state delay is bounded and
slowly varying. Improving on the result in [50], we relax previous
sufficient conditions on the control gains that required knowledge
of the second derivative of the input delay. Numerical simulations
examine the robustness of the method to various combinations of
simultaneous input and state delays.

II. DYNAMIC SYSTEM

Consider a class of second-order! (Euler-Lagrange-like) nonlinear
systems given by?:

&= f(z,2,t) +g(x(t —7s),2(t —75),t) +d + ur, ¢))

where =, € R™ are the system states, v € R™ is the control in-
put, f: R™ x R™ x [0, 00) — R is an unknown function, uniformly
bounded in ¢, g : R™ x R™ x [0,00) — R™ is an unknown function
with delayed internal state, uniformly bounded in ¢, d € R™ denotes a
sufficiently smooth disturbance (e.g., unmodeled effects), and 7;, 75 €
[0,00) denote time-varying, non-negative input and state delays,
respectively.

The subsequent development is based on the assumption that x
and & are measurable outputs. Throughout the technical note, a time-
dependent delayed function is denoted as

¢ A{C(th) t—1> 19
To t—7<to
where £y denotes the initial time. Thus, ., is defined by
A{u(thl) t—1; > to
Uy, =
° 0 t— Ti S t().
Additionally, || - || denotes the Euclidean norm of a vector and the

following assumptions will be exploited.

The result in this technical note can be extended to mth-order nonlinear
systems following a similar development to that presented in [31].

2For brevity of notation, unless otherwise specified, the domain of all the
functions is assumed to be R~ (. Furthermore, unless otherwise specified, all
mathematical quantities are assumed to be time-varying and time-dependence is
suppressed in equations and definitions. For example, the trajectory x : R~g —
R"™ is defined by abuse of notation as z € R™ and unless otherwise specified,
an equation (inequality) of the form f + h(y,t) = (<)g(x) is interpreted as
F@&) + h(y(t),t) = ()g(x(t)) forall t € Rso.

0018-9286 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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Assumption 1: Each of the functions f and g, along with their
first and second partial derivatives, is bounded on each subset of its
domain of the form J# x [0, 00), where #~ C R™ x R"™ is compact.
Furthermore, given such compact %, the corresponding bound is
known.

Assumption 2: The nonlinear disturbance term and its time deriva-
tive are bounded by known constants.?

Assumption 3: The desired trajectory x4 € R" is designed such that
xf;) e R", Vi =0,1,...,3 exist and are bounded by known positive
constants, where the superscript (i) denotes the i'" time derivative.*

Assumption 4: The input and state delays are bounded such that
0<7; <¢; and 0 < 7, < @,,, and the rate of change of the delays
are bounded such that |7;| < ¢;, < 1and |7,| < p,, < 1 where p; €
Rt Vj =iy,12, 51, 52 are known constants. Furthermore, the bounds
on the input delay satisfy ¢;, 4+ ¢;, < 1. The state delay is assumed
to be unknown, while the input delay is assumed to be known.

Remark 1: In Assumption 4, the slowly time-varying constraint
(i.e., |Ti,s] < @iy,s, < 1) is common to results which utilize classi-
cal LK functionals to compensate for time-varying time-delays [14].
Knowledge of the state delays in the system is not required; however,
the input delays present a more significant challenge. Although the
controller requires the input delay to be known so that the interval
of past control values can be properly sized, numerical simulations
illustrate robustness to uncertainties in the input delay.

III. CONTROL OBJECTIVE

The objective is to design a controller to ensure that the state x
of the system in (1) tracks a desired state trajectory. To quantify the
control objective, a tracking error, denoted by e; € R™, is defined as

e1 2 xy— )

To facilitate the subsequent analysis, two auxiliary tracking errors
e, € R™ are defined as [45]

€2 26 +ane 3)
r2é +ases+e, )

where «7,a5 € R denote constant positive control gains, and
e, € R™ denotes the mismatch between the delayed control input and
the computed control input, defined as’

€y 2 Ur, — U. ®))

The auxiliary signal e, injects a delay-free control input into the
error system development. In contrast to the development in [50], the
term in (5) is embedded in a higher order derivative (i.e., r instead
of ey). Functionally, e, still injects an integral of past control values
into the open-loop system; however, the development introduces
fewer cross-terms. The auxiliary signal 7 is introduced to facilitate
the stability analysis and is not used in the control design since the
expression in (4) depends on the unmeasurable state &. The structure
of the error systems is motivated by the need to inject and cancel terms
in the subsequent stability analysis as demonstrated in Section IV.

3Many practical disturbance terms are continuous including friction (see
[51], [52]), wind disturbances, wave/ocean disturbances, etc.

4Many guidance and navigation applications utilize smooth, high-order
differentiable desired trajectories. Curve fitting methods can also be used to
generate sufficiently smooth time-varying trajectories.

A . .
Let h=max(tg,t—7;). Then, h:[0, 00) — [0, 00) is continuous. Further,
since u(to) = 0, ur; = u(h), and e, = u(h) — u. Hence, e, is a continuous
function of time if w is a continuous function of time, and e, (tg) = 0.

Using (1)-(3), and (5) to eliminate the delayed input term, (4) can
be represented as

T = S 1+ 52 — U (6)
where the auxiliary functions S; € R™ and S, € R™ are defined as

A . . .
Sl :f(xdawdvt) - f(.’l,',ﬁ,t) +g(xd757xd‘fs7t)
—g (@, Er,,t) + 0161 + 2€2

So B iq— f(2a,da,t) — g (Tar,, Far,, 1) — d.
Based on (6) and the subsequent stability analysis
uZ K (es—ealto)) +v ©)
where v € R™ is the solution to the following differential equation
0= K(ases +€,), v(tg) =0 (8)

and K € R is a positive constant control gain. In contrast to the
development in [50], the controller developed in (7) and (8) acts as
a proportional-integral-derivative feedback in the absence of delay.

The closed-loop error system can be developed by taking the time
derivative of (6) and substituting for (4) and the time derivative of (7)
to yield

=N+ Ng—ey— Kr )
where N € R” and Ny € R™ are defined as

Nésl+82
A .
Nd:SQ.

(10)
an

The design of the auxiliary signal in (5) is motivated by the desire
to eliminate the delayed input, yielding the closed-loop error system
in (9). The structure of (9) is advantageous because it facilitates the
stability analysis by segregating terms that can be upper bounded
by a state-dependent term and terms that can be upper bounded by
constants. Based on Assumptions 2 and 3, the following inequalities
can be developed from the expression in (11):

[Nall < ¢y (12)

where (n,, € R, is a known positive constant. The Mean Value
Theorem can be utilized to find an upper bound for the expression in
(10) as [53, Lemma 5]

INT < o1 (I121) 121+ p2 12+, 1) |2, | (13)
where z € R*" denotes the vector
22 [e{, el rT, ef]T (14)

and the bounding terms p1, ps : [0,00) — [0, 00) are positive, non-
decreasing and radially unbounded functions.® The upper bound for
the auxiliary function N is segregated into delay-free and delay-
dependent bounding functions to eliminate the delayed terms with the
use of an LK term in the stability analysis.

To facilitate the subsequent stability analysis, several auxiliary
terms are introduced. Let the control gain K be split in two parts
as K = ks + ks1. Let {1; e Rli =1,...,8} be positive adjustable

%For some classes of systems, the bounding functions p; and ps could
be selected as constants. For these classes of systems, a global uniformly
ultimately bounded result can be obtained as described in Remark 2.
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constants such that to + t3 + 14 = 1, and ¢5 + tg + t7 + tg = 1. Let
p :]0,00) — [0, 00) be an auxiliary bounding function defined as

pi (Ilz[)
L3

p(l=l) = \/(71 +2m204,) P3 (Il21) + (15)

where ; and 5 are positive adjustable constants, and let £ € R3" be
defined as

(2 [l eF, 7" (16)

Auxiliary bounding constants o, J € R are defined as

al . Jar a wes (1 — i)
== —, = ks, ——— 17
o 2 mln{ 2 ) 2 ) 1 @i, ( )

saLl o U7WL7(1*901'2)7L6(1*801'2)7
2 Piy Piy
2 (1 — 9062) (1 — 9032) (18)
gé! ’ 2S0.51

where w € R is a known, positive, adjustable constant.
Let

& feew iy g <t {p ([Voka,)) }}
Sy 2 {g c 7 |¢| < \/ginf{p_l ({\/mw))}}

where, for a set A C R, the inverse image p~!(A) C R is defined as
p~1(4) 2 {a € R|p(a) € A}. Furthermore, let the functions’ Prx :

[0,00) = [0,00), QLK : [0,00) — [0,00), Rpk : [0,00) — [0, 00),
and Spx : [0,00) = [0, 00) be defined as
Pry 78011 / Hu || g (19)
QLK—w / /Hu )I?de | ds (20)
A
S [ Aol dr e
t—Ts
t t
suc2 2 [ [ RN P | e e
t—7s s
Additionally, let 5y € R3"** be defined as
yé[féT \/PLK \/QLK \/RLK \/SLK]T (23)

IV. STABILITY ANALYSIS

Theorem 1: Given the dynamics in (1), provided the control gains
are selected based on the following sufficient conditions

> 17 Qg >(1+L1), Y1 > m
52
Piy

w >
(piz) Litlg

21— @

"The construction of Py, i, Q1. i, R i, and St i is based on LK function-
als. However, in this result, they are to be interpreted as time-varying signals
that are a part of the system state.
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and the input delay is small enough so that there exists a gain k, that
satisfies the sufficient conditions®
Lgk s

) LIS 25
Y S DK? 25)
Csz

2 2
2 < (it {p ([V2heo. ) ) })
L4]€55
the controller given in (7) and (8) ensures uniformly ultimately
bounded tracking in the sense that lim sup,_, . |ly|| < 4 /Q%,dl /taksd,
provided y(to + ¢i,) € So.

Proof: Let V : 2 — R be a candidate Lyapunov function de-
fined as

(26)

1 1 1
2 5 efe += 62 €2+ rTr+Pre+Qrx+Rrx+Scx  (27)
which satisfies the following inequalities:
1
Syl < V(y) < lyl* (28)

The time derivative of (27) can be found by applying the Leibniz Rule
to (19)—(22), and by substituting (2)—(4), (7), and (9), yielding

Vv =cT'(ey - ajer) + el (r— agzes —ey)
+TT(N+Nd—€2—K’I")
+ (Wi + @i,) K2 |Ir)1? = @i, (1 =
t

(-7 / io)|? do

o2 2 2
G = AEIE

n (11— )
2k

73) llier, 1*

P53 (2 1) N1z, I

t

- 24 / A3 (112(60)]) 12(0)]> do.

t—Tg

(29)

Using (4), (12), (13), the inequality 75 < 1 and the Young’s inequality
to show that [leT ez | < (1/2)[lex | + (1/2) e %, e eul] < (11/2)
lle2l|? + (1/201)lew]|® and [|7]|p2 ([ 27, D27, | < (Ks/2) 71> + (1/
2k3)p2(||22. 1) |12+ |2, the expression in (29) can be upper bounded as

) k.
V < —aqlen]? — azllex||* — (2 + ksl) |12
1, L /1
+ 5\|e1H + (5 +
2 N —7) 5

1
%Sp%(HZTSH)HZTSH T P3 (2. ) 12,117
+ @i, (L4 @) K2[|r]|* + [|r [,
t

9 el 4 - e
L lleall® + 5 el

—w(l—7) / 1(8) 11 6 + ([l o (I|21)) |12l

t

t—7;
7 1= 2 2
G AN
g
— 30
3 (30)

f(l — %) / 05 (1=(0)11) ||=(0)]|* do.

t—7g

8Since & increases with increasing ks, the left-hand side of (26) decreases
with increasing ks. Since p is a nondecreasing function, the right-hand side of
(26) is nondecreasing with respect to ks. Hence, (26) can be satisfied for some
ks. Furthermore, for any given ks, (25) is satisfied if the delay is small enough.
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TABLE 1
RMS ERRORS FOR TIME-VARYING TIME-DELAY RATES AND MAGNITUDES
RMS Error

| | Tg (ms) | 7; (ms) 7 o
Case 1 5sin,(i) +10 —508in‘(f%) +100 | 1.42° | 1.36°
Case 2 108in‘<§) + 40 —105in/(%) + 30 0.32° | 0.36°
Case3 | 10sin (L) + 40 —50sin (%) + 100 1.15° | 1.22°
Case 4 | 10sin (1—0) + 40 50sin (%) + 100 1.54° | 1.83°
Case 5 50sin (t) + 800 SSin‘(%) + 30 0.23° | 0.37°

u(0)d6, the Cauchy-Schwarz inequal-
N1(6)[12db.

Using the fact thate,, = jiT( "

ity can be used to establish the bound ||e,||? < 7 j
Completing the squares for r, utilizing the inequalities

t t t
- [raopas-L [ { [ruoPas ) =9
Ti wT;

=T t—7; \s

and

t

- / 22 (1=O)1) [12(0)]? do
<f—/ /p2 U=O)) =) do | ds = -

and (19), (21), and (26), (30) can be rewritten as

ksSLK

V2Ts

(JJL5(1—TZ) H2

V<**|I6 HQ**HSQII2 ks Ir]|* — — lleu
K2

_%_1 2_(%_1_2) 2
(5 2)uelu 773

Lok 2 2 CNdl
. )|r g

UL)Lg(l*TZ) 1 2 (1*7"5)
( Ti 2L1 HeuH 2’7’5 SLK

o 71(177.—3) 7i
2k, 2k,

L (pidi=l) |
+2k < L3

+ (71 + 272%05,) P
(UL7(1—7.'7;)P L6(1—7.'i)
_ K —

Piy T;

— Piq (1 + w)K

P3 Uz ) 12,117
(|Z|)> 21

1—7
Qrix— 2 )RLK
T

(3

If the conditions in (24) are satisfied, based on the inequalities ||z]|? >
IZ]|> and ||z]| < ||y||, the expression in (31) reduces to

V < _JHéH2 _ wir (1 - WiZ)PLK _ 2] (1 — 901'2)QLK
iy Piy
2l-pn),  (Q-ve)g Roay
T 2¢5, 2t4ks
=6llyl12, Vilyll > 4/ Sy (32)
’ =V 2u4ksd

provided y € 2, where p(]|z||), o, and § were introduced in (15), (17)
and (18). Using (26), (28), and (32), [54, Theorem 4.18] can be invoked
to conclude that y is uniformly ultimately bounded in the sense that

limsup, . [yl < /G, /eaFs3, provided y(to + 1,) € S

Since ey, 2,7 € Lo, from (6), u € L, which implies u,, € Lo,
and hence, e,, € L. The closed-loop error system can then be used
to conclude that the remaining signals are bounded. |

Remark 2: 1f the system dynamics are such that || N|| is linear in
||z]], then the function p can be selected to be a constant, i.e., p(]|z||) =
P, ¥z € R*™ for some known p > 0. In this case, the gain condition
in (26) reduces to ks > p/20, and the result is global in the sense that
9 = Sgp = R34,

V. SIMULATION RESULTS

The controller in (7) and (8) was simulated to examine the per-
formance and robustness to variations in both the state and input
delay. Specifically the dynamics® from (1) are utilized where n = 2,

P3S2r, Tor,

A | —PpaS2 A= 3 —p3Sar, (T1r, +E2r,) | |Z1r,
f= S lg= ; . +
P582T2 P3S2r,T1r, 0 Tor,

Jar 0 17| and x, o, #€R2. A disturbance d= h
0 fd2 Torg dy

applied where d; = 0.2sin(¢/2) and d2 = 0.1sin(¢/4). Additionally,
p1 = 3.473,p> = 0.196, p3 = 0.242, p, = 0.238, p5s = 0.146, fq1 =
5.3, fa2=1, 1, and sa, sa,, denote sin(z2) and sin(xs(t—7y)).
The initial conditions for the system are selected as z1, zo = 0. The
desired trajectories are selected as
e 0 01t3)

e 0 01t3)

To illustrate robustness to the delays, several simulations are com-
pleted using various time-varying delays. Various time delay combi-
nations are considered, and for each case the root mean square (RMS)
errors are shown in Table L.'° To illustrate the findings, Fig. 1 depicts
the tracking errors, actuation effort and time-varying delays for Case 3
in Table I. Additionally, Case 5 in Table I is provided in Fig. 2. The re-
sults indicate that the performance of the system is relatively less sensi-
tive to the delay frequency and more sensitive to the delay magnitude.
This outcome agrees with previous input delay results where the track-
ing performance degrades as larger delays are applied to the system
[43], [50]. In general, the simulation results illustrate that the proposed
controller is able to achieve better tracking performance as well as
tolerate larger input delays (even with added simultaneous state delays)
than the time-varying input-delayed work in [50]. The controller is
more robust to larger magnitude delays in the state than in the input,
as indicated in the stability analysis and as demonstrated in Case 5.

was

zq1 = (30sin(1.5¢) + 20) (

2as = —(20sin(t/2) + 10) (

9The expressions for f and g are derived from the expression for a two-link
revolute, direct drive robot, which is a commonly used example Euler-Lagrange
dynamic system.

0The simulation results indicate that the condition |7;| < pi, <1 in
Assumption 4 is sufficient in the sense that the developed controller can
compensate for fast variations in the time delay.
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Fig. 1. Tracking errors, actuation effort and time-varying delays vs time for
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Fig. 2. Tracking errors, actuation effort and time-varying delays vs time for
Case 5.

VI. CONCLUSION

This technical note presents a robust controller for uncertain nonlin-
ear systems which include simultaneous time-varying state and input
delays, as well as sufficiently smooth additive bounded disturbances.
The controller utilizes a robust design approach to compensate for
the unknown state delays coupled with an error system structure that
provides a delay-free open-loop error system. The controller and LK
functionals guarantee uniformly ultimately bounded tracking provided
the rates of the delays are sufficiently slow. The controller can be
applied when there is uncertainty in the system dynamics and when
the state delay is unknown; however, the controller is based on the
assumption that the time-varying input delay is known. Numerical sim-
ulations examine the robustness of the method to various combinations
of simultaneous input and state delays. The simulation results illustrate
robustness to uncertainty in the magnitude and frequency of the input
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delay and the state delay. These results point to the possibility that dif-
ferent control or analysis methods could be developed to eliminate the
assumption that the input delay is known. That is, perhaps the interval
of previous control values could somehow be designed big enough to
provide predictive properties despite uncertainty in the input delay.
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