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Abstract—The control of dynamic systems that undergo an
impact collision is both theoretically challenging and of practi-
cal importance. An appeal of studying systems that undergo an
impact is that short-duration effects such as high stresses, rapid
dissipation of energy, and fast acceleration and deceleration may
be achieved from low-energy sources. However, colliding systems
present a difficult control challenge because the equations of
motion are different when the system suddenly transitions from
a noncontact state to a contact state. In this paper, an adaptive
nonlinear controller is designed to regulate the states of two
dynamic systems that collide. The academic example of a planar
robot colliding with an unactuated mass—spring system is used to
represent a broader class of such systems. The control objective is
defined as the desire to command a robot to collide with an unac-
tuated system and regulate the mass to a desired compressed state
while compensating for the unknown constant system parameters.
Lyapunov-based methods are used to develop a continuous adap-
tive controller that yields asymptotic regulation of the mass and
robot links. It is interesting to note that one controller is respon-
sible for achieving the control objective when the robot is in free
motion (i.e., decoupled from the mass—spring system), when the
systems collide, and when the system dynamics are coupled.

Index
dynamics.

Terms—Adaptive control, backstepping, impact

I. INTRODUCTION

OBOT motion and force control has been well studied
for several decades (e.g., [1]-[17]). Most of this paper
involves designing a controller to position the end-effector
of a robot manipulator constrained to move along a surface
to a desired point while controlling the force exerted on the
surface. Several techniques to compensate for uncertainty in
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the robot dynamics during contact with the surface have also
been reported (e.g., [S], [6], [11], [13], and [17]). The robot
typically is required to stay in contact with a static surface;
however, techniques have also been developed for the robot to
remain in contact with a moving object (e.g., [7]-[9]). However,
the results from this literature have not addressed the problem
where the robot transitions from a noncontact state to an impact
collision with another dynamic system, with an objective to
then control the coupled dynamic systems.

The control of dynamic systems that undergo an impact
collision is both theoretically challenging and of practical im-
portance. If the impact dynamics are not properly modeled
and controlled, the impact forces could result in poor system
performance and instabilities. One difficulty in controlling
systems subject to impacts is that the dynamics are different
when the system status transitions from a noncontact state
to a contact state. Another difficulty is measuring the impact
force, which can depend on the geometry of the robot, the
geometry of the environment, and the type of impact. As stated
in [18], the appeal of systems with impact conditions is that
short-duration effects such as high stresses, rapid dissipation of
energy, and fast acceleration and deceleration may be achieved
from low-energy sources. Some example current and emerging
applications that motivate this field of research include man-
ufacturing, biped walking robots, manipulation of rigid and
nonrigid bodies, grasping or catching with a robotic hand, and
human-machine interaction applications such as robot-assisted
rehabilitation.

Largely motivated by manufacturing applications, the study
of systems that undergo an impact collision has historically
targeted “hard-on-hard” collisions with an infinitely large and
rigid mass. As a result, the impact collision is modeled as a
discontinuous event, where discontinuous controllers have been
developed to compensate for the instantaneous velocity jump
(e.g., [4] and [19]-[25]). For example, a discontinuous con-
troller was designed in [24] to regulate the impact of a hydraulic
actuator with a static environment. A switching controller was
developed in [25] to eliminate the bouncing phenomena asso-
ciated with a robot impacting a static surface. In [19], a class
of switching controllers was examined for mechanical systems
subject to an algebraic inequality condition and an impact rule
relating the interaction impulse and the velocity. The analysis
in [19] utilized a discrete Lyapunov function that required the
use of the Dini derivative to examine the stability of the sys-
tem. A hybrid bang-bang impedance/time-delay controller was

1083-4419/$25.00 © 2008 IEEE



DUPREE et al.: ADAPTIVE LYAPUNOV-BASED CONTROL OF A ROBOT

developed in [20] that establishes a stable contact and achieves
the desired dynamics for contact or noncontact conditions.

Although discontinuous impact models with impulsive ve-
locity effects may effectively characterize collisions between
rigid objects, these models do not capture the effects when a
rigid body collides with a deformable surface. Existing models
of contact with a deformable surface typically characterize the
deformation as a linear or nonlinear spring with some bounded
stiffness (e.g., [18] and [26]-[35]). A challenge for the develop-
ment of controllers based on these models is that the stiffness
may not be a priori known or may change through repeated
use (e.g., strain hardening). For example, a two-degree-of-
freedom planar manipulator was asymptotically regulated to
contact an infinitely rigid surface with a deformable second link
represented by a massless linear spring in [27], where the robot
controller either required measurement of the interaction force
or the spring stiffness. A reduced-order observer was used in
[26] to control the impact between the end-effectors of two
cooperating manipulators, where the exact knowledge of the
robot dynamics and stiffness of the contact was required. In
[33], a backstepping approach is used to asymptotically regulate
the impact of two systems where the exact system dynamics are
known. In [34], a class of continuous energy-based controllers
was developed that achieves global asymptotic stabilization/
regulation of an underactuated Euler-Lagrange system subject
to an elastic contact with finite stiffness provided that the exact
knowledge of the impact stiffness is known.

This paper considers a rigid robotic system that undergoes an
impact collision with an underactuated deformable mass—spring
system. The robot/mass—spring collision is modeled as a differ-
entiable impact, as in the recent work in [18] and [34]-[36].
The dynamic model for both systems and the impact force are
assumed to have uncertain parameters. This paper is specifically
focused on a planar robot colliding with a mass—spring system
as an academic example of a broader class of such systems.
The control objective is defined as the desire to enable a
robot to collide with an unactuated system and regulate the
resulting coupled mass—spring robot (MSR) system to a desired
compressed state despite parametric uncertainty (i.e., unknown
masses and stiffness) throughout the MSR system.

Based on the aforementioned objective, one control strategy
could be to implement a controller that regulated the robot
to a desired constant set point associated with the desired
mass—spring system. The main drawback of such an approach
is that the dynamics associated with the impact collision would
appear as a disturbance to the controller, requiring the controller
to exploit high-gain or high-frequency feedback to ensure sta-
bility. In contrast to a regulation control strategy, the control
development in this paper uses integrator backstepping [37] to
design a desired robot trajectory as a virtual control input to the
mass—spring system. The desired robot trajectory is designed
based on a Lyapunov analysis that includes the dynamics of the
impact collision and the coupled motion of the MSR system.
A force control input (that can be related to the actual robot
joint torque inputs) is then designed to asymptotically eliminate
the mismatch between the time-varying desired robot trajectory
and the actual trajectory. Unlike some other results in literature,
the continuous force controller does not depend on measuring
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Fig. 1. MSR system is an academic example of an impact between two
dynamic systems.

the impact force or the measurement of other acceleration
terms and, due to the adaptive nature, does not depend on the
knowledge of the masses or stiffness, although upper bounds
are assumed known.

II. DYNAMIC MODEL

The subsequent development is motivated by the academic
problem illustrated in Fig. 1. The dynamic model for the two-
link revolute robot depicted in Fig. 1 can be expressed in the
joint space as follows:

M(q)i+C(q,4)g+h(q) =T ¢))

where ¢(t),G(t),G(t) € R? represent the angular position, the
velocity, and the acceleration of the robot links, respectively,
M (q) € R?*? represents the uncertain inertia matrix, C(q, §) €
R2%2 represents the uncertain centripetal Coriolis effects,

h(q) 2 [h1(q), ha(q)]T € R? represents uncertain conservative
forces (e.g., gravity), and 7(¢) € R? represents the torque con-
trol inputs. The Euclidean position of the endpoint of the second
robot link is denoted by @, (t) 2 [z1(t), 2,2(t)]7 € R, which
can be related to the joint space through the following kinematic
relationship:

iy = J(q)q 2)

where J(q) € R?*? denotes the manipulator Jacobian. The un-
forced dynamics of the mass—spring system in Fig. 1 is given by

MIy, + ks(xm - -770) =0 3

where x,,(t), &1 (t), £, (t) € R represent the displacement,
the velocity, and the acceleration of the unknown mass m € R,
o € R represents the initial undisturbed position of the mass,
and k; € R represents the unknown stiffness of the spring.

Assumption 1: We assume that x,1(t) and z,,(t) can be
bounded as follows:

Cx,‘ < xrl(t) xm(t) < Cmm 4

where (. € R is a known constant that is determined by the
minimum coordinate of the robot along the X -axis, and (,,, €
R is a known positive constant. The lower bound assumption
for x,1(t) is based on the geometry of the robot, and the upper
bound assumption for x,,(t) is based on the physical fact that
the mass is attached by the spring to some object, and the mass
will not be able to move past that object.
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In the following, the contact model is considered as an elastic
contact with finite stiffness. An impact between the second link
of the robot and the spring—mass system occurs when z,1 () >
Zm (t). The impact will yield equal and opposite force reactions
between the robot and the mass—spring system. Specifically, the
impact force acting on the mass, represented by F, (2., ) €
R, is assumed to have the following form [18], [36]:

Fm - KIA(xrl - xm) (5)

where K € R represents an unknown positive stiffness con-
stant, and A(z,, ,,) € R is defined as
1 222
A={, o 6
0 x1 <xpe. ©)
The impact force acting on the robot links produces a torque,
denoted by 74(z,, T, q) € R2, as follows:

1y sin(q1) + l2sin(g2 + ¢1)

. 7
lasin(g2 + q1) @

Td = K]A(J?Tl — (L‘m) |:
where 1,15 € R denote the robot link lengths. Based on (1),
(3), and (5)—(7), the dynamic model for the MSR system can be
expressed as follows:

M(q)g+C(q,4)q+h(g) —Ta=T7
MLy + ks(mm - 330) =Fpn. ®

After premultiplying the robot dynamics by the inverse of the
Jacobian transpose and utilizing (2), the dynamics in (8) can be
rewritten as

M(2,)ir + C(xr, )iy + h(z,) + ﬁﬂ =F (9

My + ks (T — x0) = F (10)

where F(t) 27 “T(q)7(t) € R? denotes the manipulator
force. The dynamic model in (9) exhibits the following prop-
erties that will be utilized in the subsequent analysis.

Assumption 2: During the subsequent control development,
we assume that the minimum singular value of J(q) is
greater than a known small positive constant § > 0, such that
max{||J"1(q)||} is known a priori, and hence, all kinematic
singularities are always avoided.

Assumption 3: We assume that the mass of the mass—spring
system can be upper and lower bounded as

mp < m < My,

where m;, m,, € R denote known positive bounding constants.
The unknown stiffness constants K; and k, are also assumed
to be bounded as follows:

Cp <EKr<Cx ¢ <hs<(, (11)

where ¢ K’ZK’ ¢ k’Zk € R denote known positive bounding
constants.

Property 1: The inertia matrix M (x,) is symmetric, posi-
tive definite, and can be lower and upper bounded as follows

[38], [39]:
ar]|€]]? < €T ME < an|€)?, VE € R?

where a1, as € R are positive constants.
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Property 2: The following skew-symmetric relationship is
satisfied [38], [39]:

1
T —
o (L
Property 3: The robot dynamics given in (9) can be linearly
parameterized as follows [38], [39]:

M(z,) — C(z», aa,)) £€=0, V¢eR%. (12

_ ~ - F,
Y(xrwjjryjtr)e = M(xr)-'ir + C(mrv-ftr)j:r + h(‘rT) + |: (;’ﬂ:|

where 6 € RP contains the constant unknown system parame-
ters, and Y (z,., ., #,.) € R?*P denotes the known regression
matrix.

III. CONTROL DEVELOPMENT

As previously stated, the control objective is defined as the
desire to enable a robot to collide with an unactuated system
and regulate the resulting coupled MSR system to a desired
compressed state despite parametric uncertainty (i.e., unknown
masses and stiffness) throughout the MSR system. To achieve
this objective, the control development is based on integrator
backstepping [37] to design a desired robot trajectory as a
virtual control input to the mass—spring system. The desired
robot trajectory is designed based on a Lyapunov analysis
that includes the dynamics of the impact collision and the
coupled motion of the MSR system. A force control input (that
can be related to the actual robot joint torque inputs) is then
designed to asymptotically eliminate the mismatch between the
time-varying desired robot trajectory and the actual trajectory.
As is typical with integrator backstepping methods, the force
controller depends on the time derivative of the desired robot
trajectory (i.e., the virtual control input to the mass—spring
system). Taking the derivative of the desired trajectory could
lead to unmeasurable higher order terms (i.e., acceleration). The
subsequent development exploits the hyperbolic filter structure
developed in [40] and [41] to overcome the problem of injecting
higher order terms in the controller and to facilitate the de-
velopment of sufficient gain conditions used in the subsequent
stability analysis.

A. Control Objective

The control objective is to regulate the states of an uncertain
dynamic system (i.e., a two-link planar robot) that has an
impact collision with another uncertain dynamic system (i.e.,
a mass—spring). A regulation error, denoted by e(t) € R3, is
defined to quantify this objective as

e=[en el ]T
where e,.(t) 2 [er1,er2)T € R? and e,,(t) € R denote the reg-
ulation error for the endpoint of the second link of the robot and
mass—spring system (see Fig. 1), respectively, and are defined
as follows:
(13)

€r =Trd —Tr €Em = Tmd — Tm-
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In (13), z,,,4 € R denotes the constant known desired position
of the mass, and x,4(t) £ [Zra1(t), 2ra2]T € R? denotes the
desired position of the endpoint of the second link of the robot.
The subsequent development is based on the assumption that
q(t), 4(t), xm(t), and Z,,(t) are measurable, and that x,(¢)
and &, (t) can be obtained from ¢(t) and ¢(t). To facilitate
the subsequent control design and stability analysis, filtered
tracking errors,! denoted by 7,,(t) € R and 7,.(t) € R?, are
defined as follows [40], [41]:

Nm = €m + aq tanh(e,,) + oo tanh(ey)
. =6 + ae,

(14)

where a, a1, a2 € R are positive constant gains, and e (¢) € R
is designed as follows [40], [41]:

ér = —agtanh(ey) + ag tanh(en,) — ky coshz(ef)nm (15)

where k1 € R is a positive constant control gain, and ag € R is
a positive constant filter gain. The filtered tracking error 7. (t)
is introduced to reduce the terms in the Lyapunov analysis
[i.e., 7-(t) can be used in lieu of including e, (t) and é,.(t)].
The filtered tracking error 7, (¢) and the auxiliary signal e (¢)
are introduced to eliminate dependence on acceleration in the
subsequently designed force controller [42].

B. Closed-Loop Error System

By taking the time derivative of mm,,(t) and utilizing (5),
(10), (13), and (14), the following open-loop error system can
be obtained:

mnm = Yded - KIA(xrl - xm)

+ agmcosh™(ef)ép + aymcosh (e )ém.  (16)

In (16), Ya(zm) = (xm — z,) and 04 = k. To facilitate the
subsequent analysis, the following notation is introduced [40]:

Yaba = YaK1K; 04 = Yai0u

Kl(xmxo){ks} (17

K
After using (14) and (15), the expression in (16) can be rewrit-
ten as follows:

mijm = Yabla + K (xrdl - Axrl)

+KrAxy, — Krzrqr +x — agmkin, (18)

where x(em, ef,Nm,t) € Ris an auxiliary term defined as

X =aimcosh 2 (em) (Mm — aq tanh(e,,))
— ajagm cosh™2(e,,) tanh(ey)
+ agmcosh™2(ef) (—az tanh(ey))

+ agm cosh™?(ef) (ag tanh(e,,)) . (19)

The motivation for the introduction of the filter signals 7,, ()
and e¢(t) and the selective grouping of the terms in (19) allow

I The term filtered tracking error is used to indicate that the filter input [e.g.,
er(t)] is equal to a low-pass filtered version of the output [e.g., r(t)].

1053

the development of the following linear inequality (versus a
quadratic inequality):

Ix| < G-l (20)

where (; € R is a positive bounding constant, and z(t) € R? is
defined as follows:

z=[nm tanh(e,) tanh(ey)]. 21

That is, the use of hyperbolic functions in the development
of 7, (t) and ef(t) allows the linear inequality in (20) to be
developed; without the hyperbolic functions, the bound would
be quadratic. Feedback terms in the controller can be used
to damp out terms that are bounded by a linear function of
the states without restricting the domain of the stability result
as demonstrated in the subsequent stability analysis. If the
hyperbolic terms had not been used in the filter structure, the
bound in (20) would have been quadratic, potentially limiting
the domain of the stability result (i.e., a semiglobal result).

Based on (18) and the subsequent stability analysis, the
desired robot link position is designed as follows:

Tra1 = Yabax + T + ko tanh(e,, )
— k1ks cosh?(ey) tanh(ey)

Tra2 =€. (22)

In (22), € € R is an appropriate positive constant (i.e., € is
selected, so the robot will impact the mass—spring system in the
vertical direction), k2 € R is a positive constant control gain,
and the control gain k; € R is defined as
1
k1= — (3+ k(i) (23)
my

where k1 € R is a positive constant nonlinear damping gain.
The parameter estimate 6,4 (t) € R in (22) is generated by the
adaptive update law, i.e.,

Oar. = proj(TYyim)- (24)
In (24), T' € R is a positive constant, and proj(-) denotes a suf-
ficiently smooth projection algorithm [43] utilized to guarantee
that 644 (¢) can be bounded as follows:

O < Oar < Oar (25)

where 6., 041 € R denote known constant lower and upper
bounds for 64 (t), respectively.

After substituting (22) into (18), the closed-loop error system
for 1,,,(t) can be obtained as follows:

mnm = Kl(xrdl - Axrl) + KI(Axm - xm) B
+ Krkiks cosh? (ef) tanh(ef) + Y04k

— Krko tanh(en,) + x — aamkin,. (26)

In (26), the parameter estimation error 6,4, (t) € R s defined as
Ok = Oar — Oak.-

The open-loop robot error system can be obtained by taking
the time derivative of r,.(¢) and premultiplying by the robot
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inertia matrix as follows:

M, =Y,0, —Cr, — F (27)
where (9), (13), and (14) were utilized, and
Y0, = Mipq+ aMé, + h+ Ciyg
+ aCxpq + [KIA(xr()l B xm)] —aCz, (28)

where Y, (2, @, Ty Ty €4, iy t) € R2*F denotes a known
regression matrix, and 6, € RF denotes an unknown constant
parameter vector. See Appendix A for a linearly parameter-
izable expression for M (z,.)iq(t) that does not depend on
acceleration terms. Based on (27) and the subsequent stability
analysis, the robot force control input is designed as follows:

F=Y0,+e, + kar, (29)

where k3 € R is a positive constant control gain, and 6,.(t) €
R’ is an estimate for @, generated by the following adaptive
update law:

0, = proj (L,.Y,"r,). (30)
In (30), T, € RP*F is a positive-definite constant diagonal
adaptation gain matrix, and proj(-) denotes a projection algo-
rithm utilized to guarantee that the ith element of 6,.(¢) can be
bounded as follows:

Qri S éri S éri

0,5 0,; € R denote known constant lower and upper
bounds for each element of 6,.(¢), respectively.
The closed-loop error system for r,.(t) can be obtained after
substituting (29) into (27) as follows:

where 0

My = Y0, — ksr, — Cry. — e,. (31)

In (31), the parameter estimation error 6,.(t) € R is defined as

0, =0, —0,. (32)

Remark 1: Based on (29), the control torque input can be
expressed as follows:

7= JT (Y0, + e, + ksr,) (33)

where J(q) denotes the manipulator Jacobian introduced in (2).

IV. STABILITY ANALYSIS

Theorem: The controller given by (22), (24), (29), and (30)
ensures asymptotic regulation of the MSR system in the sense
that the mass—spring system converges to the desired set point,
and the robot links converge to the desired trajectory as follows:

lem ()] — 0 Jles(t)]] — O, ast — oo
provided that kq, ko, and k,; are selected sufficiently large

(see Appendix B), and the following sufficient gain condition
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is satisfied:

-2
2| Ck
)}4 (34)
where (;, . (s, (k. and o are defined in (4), (11), and (14),
respectively.

Proof: See Appendix B.

Remark 2: The sufficient gain condition in (34) indicates
that as Ky becomes infinitely large, ao must also grow infinitely
large. See the classic discussion on this issue given in [44]. In
this result, we only consider contact with surfaces with finite
K. In the experimental results for this paper, the actual values
for ais were selected much lower than the sufficient condition in
(34) indicates, as is typical in nonlinear control designs.

Remark 3: As is typical in the literature, the controller de-
veloped in (22), (24), (29), and (30) is based on the underlying
assumption that arbitrarily large (but finite) control authority is
available. A potential disadvantage of the controller is that the
gain conditions developed in Appendix B and in (34) indicate
that k.1, ko, and ao, respectively, should be selected suffi-
ciently large. As demonstrated by the subsequent experimental
results, the gains may be selected much lower in practice (i.e.,
the gain conditions are the result of a conservative Lyapunov
analysis). However, the subsequent experimental section also
illustrates that even when the gain conditions are violated, large
initial conditions and a high stiffness coefficient result in a high-
gain controller that initially saturates the actuators. The control
torque in the experiment was artificially saturated to reduce
the magnitude of the impact to protect a capacitance probe
from contact by excessive bending of the aluminum rod/spring
assembly. Research that can limit the required control torque
for systems that undergo an impact collision seems to be an
interesting open problem.

1
g > max {047 (Cibm + ‘C%

V. EXPERIMENTAL RESULTS

The results in this section are not intended to represent the
best possible results that can be obtained by the controller.
Different control gains and initial conditions will yield different
results. The motivation for the experimental results in this
section is to demonstrate the capability of the controller to yield
a certain level of performance (see Figs. 4—12).

The test bed depicted in Figs. 2 and 3 was developed for
experimental demonstration of the proposed controller. The
test bed is composed of a mass—spring system and a two-
link robot. The body of the mass—spring system includes a
U-shaped aluminum plate [item (8) in Fig. 2] mounted on an
undercarriage with porous carbon air bearings, which enables
the undercarriage to glide on an air cushion over a glass-covered
aluminum rail. A steel core spring [item (1) in Fig. 2] connects
the undercarriage to an aluminum frame, and a linear variable
displacement transducer [LVDT; item (2) in Fig. 2] is used
to measure the position of the undercarriage assembly. The
impact surface consists of an aluminum plate connected to the
undercarriage assembly through a stiff spring mechanism [item
(7) in Fig. 2]. A capacitance probe [item (3) in Fig. 2] is used
to measure the deflection of the stiff spring mechanism. The
two-link robot [items (4—6) in Fig. 2] is made of two aluminum
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Fig. 2. Top view of the experimental test bed, including (1) spring,
(2) LVDT, (3) capacitance probe, (4) link1, (5) motorl, (6) link2, (7) stiff spring
mechanism, and (8) mass.

Fig. 3.

links, mounted on 240.0 N - m (base link) and 20.0 N - m (sec-
ond link) direct-drive switched reluctance motors. The motors
are controlled through power electronics operating in the torque
control mode. The motor resolvers provide rotor position mea-
surements with a resolution of 614 400 pulses/revolution, and a
standard backward difference algorithm is used to numerically
determine the velocity from the encoder readings. A Pentium
2.8-GHz PC operating under QNX hosts the control algorithm,
which was implemented via a custom graphical user interface
[45] to facilitate real-time graphing, data logging, and the
ability to adjust control gains without recompiling the program.
Data acquisition and control implementation were performed at
a frequency of 2.0 kHz using the ServoToGo I/O board.

The control gains « and k3, defined as scalars in (14) and
(29), were implemented (with nonconsequential implications to
the stability result) as diagonal gain matrices to provide more
flexibility in the experiment. Specifically, the control gains were
selected as follows:

Side view of the experimental test bed.

k1 =0.18

ky=0.9

ks = diag{185,170}
a1 = 45

Qg = 8

a3 = 0.01

o = diag{60, 90}. (35)
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The control gains in (35) were obtained by choosing gains
and then adjusting based on performance. If the response
exhibited a prolonged transient response (compared with the
response obtained with other gains), the proportional gains
were adjusted. If the response exhibited overshoot, derivative
gains were adjusted. Last, to fine-tune the performance, the
adaptive gains were adjusted after the feedback gains were
tuned as described to yield the best performance. As a result
of a conservative stability analysis, the final gains used may not
satisfy the sufficient gain conditions developed in the theorem
proof provided in Appendix B. The subsequent results indicate
that the developed controller can be applied despite the fact that
some gain conditions are not satisfied. In contrast to the above
approach, the control gains could potentially have been adjusted
using more methodical approaches. For example, the nonlinear
system in [46] was linearized at several operating points, and
a linear controller was designed for each point; moreover, the
gains were chosen by interpolating or scheduling the linear
controllers. In [47], a neural network is used to tune the gains of
a PID controller. In [48], a genetic algorithm was used to fine-
tune the gains after an initial guess was made by the controller
designer. Additionally, in [49], the tuning of a PID controller
for robot manipulators is discussed.
The adaptation gains were selected as follows:

=90
I, =diag{4.01 x 10'% /1.2 x 107,0.2,3.3 x 10*%,6 x 105,
0.1,2.4 x 10',7 x 10°,0.1,2.35 x 10'*}.
(36)

The adaptation gains I';. in (36) are used to enable the adaptive
estimate to sufficiently change relative to the large values of the
uncertain parameters in #,.. Smaller adaptation gains could be
used to obtain different results. The initial conditions for the
robot coordinates and the mass—spring position were given by
(in meters)

[2,1(0)

The initial velocities of the robot and the mass—spring were
zero, and the desired mass—spring position was given by (in
meters)

2,:2(0)  2,,(0)] =[0.008 0.481 0.202].

Tma = 0.232.

That is, the tip of the second link of the robot was initially
224 mm from the desired set point and 194 mm from x( along
the X;-axis (see Fig. 2). Once the initial impact occurs, the
robot is required to depress the spring [item (1) in Fig. 2] to
move the mass 30 mm along the X -axis.

The mass—spring and robot errors [i.e., e(t)] are shown in
Figs. 4 and 5. The peak steady-state position errors of the
endpoint of the second link of the robot along the X-axis
[ie., |es1(t)|]] and along the Xo-axis [i.e., |eqo(t)|] are
0.212 mm and 5.77 pm, respectively. The peak steady-state po-
sition error of the mass [i.e., |€,, (¢)|]is 2.72 pm. The 0.212-mm
maximum steady-state error in |e,1 (¢)] is due to the Y 04 (t)
term of .41 (t) in (22), where Yy («.,,) is approximately 0.03 m,
and 04;,(t) has a maximum steady-state value of 0.007 (N/m)/
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Fig. 4. Mass-spring and robot errors e(t). (a) Position error of the robot tip
along the X -axis [i.e., er1(¢)]. (b) Position error of the robot tip along the
Xo-axis [i.e., er2(t)]. (c) Position error of the mass—spring [i.e., em (t)].

E 20 e
£ L0 R
—20 1 I 1
0 0.5 1 1.5 2
[sec]
Fig. 5. Mass—spring and robot errors e(t) during the initial 2 s.

(N/m), yielding a 0.21-mm error. All of the other terms in e, (¢)
are negligible at the steady state.

The input control torques in (33) are shown in Figs. 6 and
7. To constrain the impact force to a level that ensured that
the aluminum plate did not flex to the point of contact with
the capacitance probe, the computed torques are artificially
saturated. Fig. 6 depicts the computed torques, and Fig. 7
depicts the actual torques (solid line) along with the computed
torques (dashed line). The resulting desired trajectory along the
Xi-axis [i.e., xq1(t)] is depicted in Fig. 8, and the desired
trajectory along the Xs-axis was chosen as x,q2 = 370 mm.
Fig. 9 depicts the value of f4;,(¢) € R, and Figs. 10-12 depict
the values of 6,.(t) € R, The order of the curves in the plots
is based on the relative scale of the parameter estimates rather
than the numerical order in 6, (t). A video of the experiment is
provided in [50].
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Fig. 6. Computed control torques J7 (q)F(t) for (a) base motor and
(b) second-link motor.
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| :
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Fig. 7. Applied control torques J7 (q)F(t) (solid line) versus computed
control torques (dashed line) for (a) base motor and (b) second-link motor.
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Fig. 8. Computed desired robot trajectory, 41 (t).
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Fig. 10. Estimate for the unknown constant parameter vector 0, ().
(a) Aﬁrlo(t) = Ky, (b) 0,4(t) = Kyms/m, (¢) 6,1(t) = Kym1/m, and
(d) 0-7(t) = Kymsa/m, where my, ma € R denotes the mass of the first and
second links of the robot, respectively, ms € R denotes the mass of the motor
connected to the second link of the robot, and m € R denotes the mass of the
mass—spring system.

VI. CONCLUSION

An adaptive nonlinear controller is proven to regulate
the states of a planar robot colliding with an unactuated
mass—spring system. The continuous controller yields asymp-
totic regulation of the spring—mass and robot links. New con-
trol design, error system development, and stability analysis
techniques were required to compensate for the fact that the
dynamics changed from an uncoupled state to a coupled state.
Experimental results are provided to illustrate the successful
performance of the controller. Sufficient conditions developed
in the stability analysis indicate that the control gains should
be selected large enough to minimize the closed-loop steady-
state error; however, high gains could result in large torques
for large initial errors. The high-gain problem is exacerbated in
the developed result because of the presence of the estimated
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Fig. 11. Estimate for the unknown constant parameter vector ér(t).

(@) Or5(t) = ksms/m. () Op2(t) = ksmy /m. () O,8(t) = ksma/m.

9 ! !

[sec]
Fig. 12. Estimate for the unknown constant parameter vector é,-(t).

@ 0,6 () = ms. (6) Or3(t) = m1. (€) o (t) = mo.

impact stiffness coefficient. The experimental results were ob-
tained by artificially saturating the torque to prevent damage to
the capacitance probe. These issues point to a need to develop
controllers that account for limited actuation.

APPENDIX A
EXPRESSION FOR Z.4(t)

Since x,.42 is a constant, the subsequent development is only
focused on determining &4 (t). After using (13), (15), (22),
and (24), the first time derivative of x,.41 (¢) can be determined
as follows:

Zra1 =Ya (proj(I'Yanm))+ (édk +1—kocosh™2 (em)) T
—k1ks (sinh?(ey) + cosh®(ey))
x (—ag tanh(ey) + ao tanh(e,,) — ki cosh®(ef)n,,) -
(37)
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Based on the fact that the projection algorithm for G4 (¢) is
designed to be sufficiently smooth [43], the expressions in (24)
and (37) can be used to determine the second time derivative of
Zrq1(t) as follows:

9 (proj(I'Yamm)) .
anm

+ (v 2ol b)) 2proj<Pdem>) o
Oz,
— ko cosh™3

(em) smh(em
+ (édk + 1 — kg cosh™ ) -
— 4k1 ko (sinh(ey) cosh(ef)) ?c
— kiko (smh (e )+COSh (e ))
x (—as cosh_Q(ef) — 2ky cosh(ey) sinh(ef)n,) é;
+ kiks (sinh®(es) + cosh®(ey))
x (—ae cosh™(e,)ém + k1 COShz(ef)f?m) .

Zrd1 :Yd m

(38)

After substituting (15) and (16) into (38) for é;(t) and 7, (¢),
respectively, and substituting (5) and (8) into (38) for &, (t),
the expression for M (x,)i#.q(t) in the linear parameteriza-
tion in (28) can be determined without requiring acceleration
measurements.

APPENDIX B
THEOREM PROOF

In the following proof, a Lyapunov function and its deriv-
ative are provided. The analysis is then separated into two
cases—contact and noncontact. For the noncontact case, the
stability analysis indicates that the controller and error signals
are bounded and converge to an arbitrarily small region. Ad-
ditional analysis indicates that within this region, contact must
occur. When contact occurs, a Lyapunov analysis is provided
that illustrates that the MSR system asymptotically converges
to the desired set point.

Proof: Let V(rr,er,em,ef,nm,ér,édk,t) € R denote the
following nonnegative radially unbounded function (i.e., a
Lyapunov function candidate):

R Lorna 15 j
Vo= orp Mry+ 50770 + SO0 KT Oak + ko K

1
X [In (cosh(e,,)) + In (cosh(er))] + 2er er + 2m77m
(39)
The time derivative of (39) can be determined as follows:
. _ 1 - ~ o
V =r’Mr, + ETTTMTT + 051,10,
+ ko Ky [tanh(em)ém + tanh(eys)éy]
05 KT g, + €T ey + i (40)

After using (12), (14), (15), (23), (24), (26), and (30)—(32), the
expression in (40) can be rewritten as

V< — kg’f’;{’f’r — a1k K7 tanhQ(em) — 30427772,1
— ko Koz tanhz(ef) - knlgfagnzl — aefer +
X [Kr(zra1 — Axp) + Kr(Azp, — 2) +x]. (41)
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The expression in (41) will now be examined under two differ-
ent scenarios.

Case 1: Noncontact

For this case, the systems are not in contact (A = 0), and (41)
can be rewritten as follows:
V< — kg,rfrr — a1k Ky tanhz(em) — koK 1o tanhQ(ef)

— 30427]31 — kmClQozgnfn — ae?er
+ Tim [KIIT‘dl - KIxm + X]

Rewriting z,.41 (¢) and substituting for x(e,,, ey, N, t) yield

V< - ksrlr, —agko K tanhz(em) — ko Kros tanhQ(ef)
— 200915, — [Ofllt‘3r||2 — Cxclmmlllexl]
— [kniealEng, — Gullzll7ml]

- [0‘277m — Clnmllem — xrl” . (42)
Completing the squares on the bracketed terms yields
V< - kngTrT — a1k Ky tanhz(em) — ko Koz tanhz(ef)

_ S, )
— 2009773, — [a <|ler| " CK|277m> N CKJZH|
2 2
o k” 2 m & ﬁ
[ 102 <77 +2k‘n1a2(j1 o

=2
Cre|Tm — xrl‘Q

+ 40[2

= 2
[ ( <K|xmm>
— |2 777n+
2042

After upper bounding V (¢) by eliminating the three bracketed
negative terms in (43), the following inequality is obtained:

(43)

V<— kgrzrr—alkgKI tanhQ(em) —

=2
¢ z||?
—aznfn—(az—ﬁ n; Iz

ko Koz tanh?(ey)

=2
CK (xm - xrl)Q
4C¥2 '

m 4C¥2 knl *

(44)
Provided that k,; is selected according to the sufficient
condition

1

dasmin{aikaC, ., koG, a3, a2}

kn1 >

the expression in (44) can be further reduced as follows:

—=2
V< <Ml — Esllr |2 - <a2 - f;;)

=2

_ 2
R AT
40[2
where A\; € R is defined as
. 1
A = mm{alkggK, kQQKOQ, as} — Tagh
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Based on (4) in Assumption 1, for the noncontact case
Czr S Tr1 S Tm S Cmm- (46)

Hence, the expression in (45) can be upper bounded as follows:

V< Alyl? + e (47)
where A € R is defined as
Z2
A = min {)\1,]€37 (O&Q — K) }
4o
and y(t) € R® and €, € R are defined as
Coc (Com + 160, )
y=[2T r;:F]T g, = K Im Ir (48)

4052

where €, can be made arbitrarily small by making «- large.
Based on (39) and (47), either A||y||?> < e, or Ally||? > e..
If Al|ly||> > €., then Barbalat’s lemma [51] can be used to
conclude that V' (t) — 0 since V() is lower bounded, V' (t) is
negative semidefinite, and V (¢) can be shown to be uniformly
continuous. As V(t) — 0, eventually, Al|y||> < e,. Provided
that the sufficient gain condition in (34) is satisfied (i.e., €, <
1), then (21), (48), and the facts that 6,.(¢) and 0% (t) € L
from the use of a projection algorithm can be used to con-
clude that V(-) € Loc; hence, [y(O)]l, [zl [ ()], le-(£)].
Nm(t), e¢(t), and e, (t) € L. Signal chasing arguments can
be used to prove that the remaining closed-loop signals are also
bounded during the noncontact case. The previous development
can be used to conclude that for the noncontact case

||y(t)||—>\/§and, hence, ||rr(t)||—>,/% ast—oo.  (49)

Based on (49), linear analysis methods (see Lemma A.19 in
[42]) can be applied to (14) to prove that

Jer @] llerO) expl-at)+ 1/ (1—exp(-at)) (50

as t — oo for the noncontact case.

Further analysis is required to prove that the manipulator
makes contact with the mass—spring system and to achieve
the control objective. Contact between the manipulator and
the mass—spring system occurs when x,1(t) > x,,(t). Based
on (50), a sufficient condition for contact can be developed as
follows:

1 Jeg
Trdl 2 Tm + —4/ -
«

3 (51

After using (22), the sufficient condition in (51) can be ex-
pressed as

. 1 [z,
Yafa + ko tanh(e,,) — k1ka cosh?(ef) tanh(ey) > - %
(52)
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By using (13) and (17) and performing some algebraic manip-
ulation, the inequality in (52) can be expressed as

ko tanh(e,,) — kiko cosh?(ef) >

Q| =

X4/ %x — ZmaOa, + (em +10)0ax  (53)

where 0,41.(t) and 0, (t) are defined in (25). From Assumption
1, e;,(t) can be upper bounded as follows:

em < Em (54)
where ,,, € R denotes a known positive constant. If e,,, (t) < 0,
then the sufficient condition in (53) may not be satisfied. The
condition that e,,(¢) < 0 will only occur if an impact colli-
sion occurs causes the mass to overshoot the desired position.
However, even if an impact occurs, and the mass overshoots the
desired position, the dynamics will force the mass position error
to return to the initial condition. That is, €,,, (t) — Tymg — To >
€m»> Where g, € R denotes a known positive constant. Based on
(54) and the fact that e,, (¢) will eventually be lower bounded
by g,,, in a noncontact condition, the inequality in (53) can be
simplified as follows:

ks (tanh(e,,) — k1 cosh®(es)) >

QI+

Ex — n
X 4/ Y — Tmdl g, + (Em + x())edk~ (55)

To further simplify the inequality in (55), an upper bound can
be determined for e;(t). The inequality in (49) along with
(21) and (48) can be used to conclude that as the manipulator
approaches the mass, e (t) will eventually be upper bounded as

follows:
1 /e
<tanh™ [ —/=2 ) <
ef_ an (Oz A) _Ef

where €7 € R is a known positive constant. Based on (49) and
(56), the control parameter ko can be selected according to the
following sufficient condition to ensure that the robot and the
mass—spring system make contact:

é\/ ETT — Tmdla, + Em + Io)gdk
tanh(g,,) — k1 cosh®(ey)

(56)

ko > (57)

where k4 is chosen as follows:

tanh(e,,)

k< .
! cosh?(g)

Case 2: Contact

Provided that the sufficient condition in (57) is satisfied,
the robot will eventually make contact with the mass. For the
case when the dynamic systems collide (A = 1), and the two



1060

dynamic systems become coupled,” then (41) can be rewritten
as follows:

V< — ksrlr, —a1ko K tanh2(em) — 3agn?,
— kaKrag tanh?(ey) — [aller 1> = Cxclmmlller]]
— [kn1CFaan?, — Gzl [nml]

where (20) was substituted for x(em, ef,%m,t). Completing
the squares on the last two lines yields

V< — ksrlr, —a1ko K tanh2(em)

- 304277,2n — ko Kros tanhQ(ef)

- 2 =2 9
— a<||er|+<K77m|> +CK|77m|

2 4oy

=112

2
Mo (oo el |
102G (Tl * 2kn1000C1 dokny

Eliminating the negative bracketed terms in the last two lines
yields

V < —ksrlr, — koG, tanh?(e,,) — askaC tanh?(ey)

=2
Cent , =11
4o 40(2 knl ’

—3a0m?, + (58)

A final bound can be placed on (58) as follows:
V< - min{on k2C ., askaC ., az}||z|?

Izl _

2 T
N — kar. T
4ok m nr

Gk

* 4o
Because (39) is nonnegative, and its derivative is negative
semidefinite, 7,.(t), 0,(t), Oar(t), e,(t), em(t), es(t), and
Nm (t) € L. Due to the fact that e, (t), ef(t), and 1, (t) €
L, the expression in (14) can be used to conclude that é,,(t) €
L+ (and, hence, e,, () is uniformly continuous). Due to the fact
that e, (t) € L, (13) can be used to conclude that x,,(t) €
L - Previous facts can be used to prove that x,.4(t) € L, and,
since e, (t) € Lo, then z,(t) € L. Due to the fact that ef (),
em(t), and 7, (t) € L, (15) can be used to conclude that
ér(t) € L. The expression in (16) can be used to conclude
that 7,,(t) € L (and, hence, 1,,(t) is uniformly continuous).
Given that 7,.(t), e (t), ef(t), and 9, (t) € L, Yi(+) € L.
Since 0,.(t) € Lo, (32) can be used to prove that ,.(t) € La.
The expression in (29) can then be used to prove that F'(t) €
L. The expression in (31) can be used to conclude that 7,.(t) €
L+ (and, hence, 7,.(t) is uniformly continuous). Due to the fact
that e, (t), r.(t), and 7,,(t) € L2 and uniformly continuous,
Barbalat’s lemma can be used to conclude that |e,, (¢)], ||7.-(¢)
[ (t)| — 0 as t — oo. Based on the fact that ||r,.(¢)|| — 0 as

bl [l

2The dynamic systems can separate after an impact; however, this case can
still be analyzed under the noncontact section of the stability analysis.
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t — o0, standard linear analysis methods (see Lemma A.15 in
[42]) can then be used to prove that ||e,.(¢)|| — 0 as t — oo.
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