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Adaptive Inverse Optimal Neuromuscular
Electrical Stimulation
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Abstract—Neuromuscular electrical stimulation (NMES) is a
prescribed treatment for various neuromuscular disorders, where
an electrical stimulus is provided to elicit a muscle contraction.
Barriers to the development of NMES controllers exist because
the muscle response to an electrical stimulation is nonlinear and
the muscle model is uncertain. Efforts in this paper focus on the
development of an adaptive inverse optimal NMES controller. The
controller yields desired limb trajectory tracking while simulta-
neously minimizing a cost functional that is positive in the error
states and stimulation input. The development of this framework
allows tradeoffs to be made between tracking performance and
control effort by putting different penalties on error states and
control input, depending on the clinical goal or functional task.
The controller is examined through a Lyapunov-based analysis.
Experiments on able-bodied individuals are provided to demon-
strate the performance of the developed controller.

Index Terms—Functional electrical stimulation (FES), inverse
optimal control, Lyapunov stability, neural network (NN), neuro-
muscular electrical stimulation, nonlinear system control.

I. INTRODUCTION

N EUROMUSCULAR electrical stimulation (NMES) (also
known as functional electrical stimulation (FES), particu-

larly when eliciting functional tasks) has the potential to facili-
tate improved functionality in persons with certain neurological
disorders [1]–[3] (e.g., stroke, spinal injuries, etc.). As a reha-
bilitation tool, traditional NMES/FES methods are open-loop
approaches used to strengthen muscle [4]. With advances in and
application of feedback control, new rehabilitative capabilities
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are possible, such as accurate and precise limb motions for gait
retraining [5].

The development of closed-loop NMES controllers is chal-
lenging because the muscle response is inherently nonlinear
and the muscle activation and limb dynamics contain paramet-
ric and unstructured uncertainty. Several proportional integral
derivative (PID)-based NMES controllers have been developed
(cf. [6]–[9] and the references within), but these methods typ-
ically either lack a stability analysis or are based on a linear
muscle model. Neural network (NN)-based NMES controllers
(cf. [10]–[20]) have been also developed based on the idea
that the universal approximation property of NNs can be used
to approximate the nonlinear (unstructured) dynamics. Robust
NMES methods have been also recently developed in [21] and
[22], which achieve guaranteed asymptotic limb tracking.

Closed-loop control of muscle has been proven to yield
accurate limb positioning, but continuous external stimulation
of muscle can lead to rapid fatigue (particularly if the con-
troller requires high gains to include robustness to disturbances/
uncertainty in the dynamics). Rehabilitative procedures seek to
maximize the number of repetitive steps; thus, muscle fatigue
is a critical concern. While various stimulation strategies have
been investigated (cf. [23]–[26]) such as choosing different
stimulation patterns and parameters, improving fatigue resis-
tance through muscle retraining, sequential stimulation, and
size order recruitment, reducing the onset of fatigue remains
a largely open research topic.

As closed-loop NMES continues to become part of the suite
of available rehabilitative tools, one question to consider is
the balance between stimulation and the resulting performance.
Is it better to use less control authority for potentially less
fatigue and more tracking error, or is it better to maintain low
tracking errors with greater control authority at the expense of
potentially faster fatigue? As researchers from various fields
investigate the answer to such questions, there is a need for
a control framework to examine such tradeoffs. The contri-
bution in this paper is the formulation of an inverse optimal
control framework where a stabilizing proportional- derivative
controller is shown to minimize a meaningful cost functional
of the limb tracking errors and control input for the uncertain
nonlinear muscle model.

Nonlinearities in the system dynamics pose challenges in
developing controllers that can guarantee both stability and
minimization of cost function. Inverse optimal control [27],
[28] is used to avoid the complexity of solving the steady-
state Hamilton–Jacobi–Bellman equations. Rather than mini-
mizing a given cost functional, inverse optimal control aims to
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parameterize a family of stabilizing controllers that minimize a
meaningful derived cost functional. The derived cost functional
is meaningful in the sense that it puts a positive penalty on the
states and control input.

As in our preliminarily results in [29], an NMES controller
with associated stability analysis is developed, which yields
limb trajectory tracking while minimizing a cost functional of
the error states and control effort (and hence, an attempt to
strike a balance between performance and control stimulation).
In particular, an adaptive inverse optimal NMES controller
is developed for lower limb trajectory tracking in the pres-
ence of parametric uncertainty and external disturbances in
the muscle activation and limb dynamics model. A Lyapunov-
based stability analysis is used to prove that the developed
NN-based controller yields semiglobal uniformly ultimately
bounded (SUUB) tracking while simultaneously minimizing a
cost functional. Experiments on able-bodied volunteers validate
the performance of the proposed controller for a limb tracking
task, a step response, and a sit-to-stand-like task to illustrate
changing loads. Experiments also illustrate the ability to alter
the control performance through changing the weights (i.e.,
control parameters in the cost functional).

II. MUSCLE ACTIVATION AND LIMB MODEL

The dynamics of a free swinging shank when the subject
is seated can be segregated into body segmental dynamics
and muscle activation and contraction dynamics. The complete
dynamic model is given by [30]

MI +Me +Mg +Mv + τd = τ. (1)

In (1), MI(q̈) ∈ R denotes the inertial effects of the shank–foot
complex about the knee joint; Me(q) ∈ R denotes the nonlinear
elastic effects due to joint stiffness; Mg(q) ∈ R denotes the
gravitational component; Mv(q̇) ∈ R denotes the nonlinear
viscous effects due to damping in the musculotendon complex
[31]; τd(t) ∈ R is considered as an unknown bounded distur-
bance, which represents an unmodeled reflex activation of the
muscle (e.g., muscle clonus and spasticity) and other unknown
unmodeled phenomena (e.g., fatigue); and τ(t) ∈ R denotes the
torque produced at the knee joint, where q(t), q̇(t), q̈(t) ∈ R

denote the generalized angular position, the velocity, and the
acceleration of the lower limb about the knee joint, respectively.
The inertial component MI(q) ∈ R is defined as

MI (q̈(t)) = Jq̈(t). (2)

The elastic effects are modeled on the empirical findings by
Ferrarin and Pedotti [31] as

Me = −k1(e
−k2q)(q − k3) (3)

where k1, k2, k3 ∈ R are unknown positive coefficients. As
shown in [30], the viscous moment Mv(q̇) can be modeled as

Mv = B1 tanh(−B2q̇)−B3q̇ (4)

where B1, B2, B3 ∈ R are unknown positive constants. The
torque produced at the knee joint can be modeled as

τ(t) = ζV (t) (5)

where V (t) ∈ R is the electrical stimulus applied to the quadri-
ceps muscle group, and ζ(q, q̇) ∈ R is a mapping function
between the generated knee torque and the applied electrical
stimulus on the quadriceps muscle group. For complete details
of the dynamics in (1), see [22].

Assumption 1: Based on the results in [32], the nonlinear
function ζ(q, q̇) is assumed to be a continuously differentiable,
positive, and bounded function.

Assumption 2: The disturbance term τd(t) and its first time
derivative are assumed to be bounded. This assumption is
reasonable for typical disturbances such as muscle spasticity,
fatigue, and load changes during functional tasks.

To facilitate the subsequent analysis, the expression in (1) is
rewritten as

Jζ q̈(t) +Mζ + τdζ = V (t) (6)

where Jζ(q, q̇),Mζ(q, q̇), τdζ(q, q̇) ∈ R are defined as

Jζ = ζ−1J,Mζ = ζ−1(Me +Mg +Mv), τdζ = ζ−1τd. (7)

Based on Assumptions 1 and 2, the following inequalities can
be developed:

ξ0 ≤ |Jζ | ≤ ξ1, |τdζ | ≤ ξ2 (8)

where ξ0, ξ1, ξ2 ∈ R are known positive constants.

III. CONTROL DEVELOPMENT

A rehabilitative goal of NMES is to elicit a desired muscle
response that can lead to restored independent function. For re-
habilitative outcomes, repetitive training is essential; however,
electrically stimulated muscle can often fatigue quickly due to
overstimulation and various other factors such as synchronous
excitation and nonphysiological motor unit recruitment order.
As an inroad to address these concerns, the control objec-
tive is to stimulate the quadriceps muscle group to enable
the shank to track a desired time-varying trajectory, which is
denoted by qd(t) ∈ R, despite uncertainties in the dynamic
model, while also minimizing a given performance index
that includes a penalty on the tracking error and the control
effort.

To quantify the tracking objective, a lower limb angular
position tracking error and an auxiliary tracking error denoted
by e(t), r(t) ∈ R, respectively, are defined as

e = qd − q, r = ė+ αe (9)

where α ∈ R is a positive constant gain.
After taking the time derivative of r(t), multiplying it by

Jζ(q, q̇), and utilizing (6) and (9), the following open-loop error
system can be obtained:

Jζ ṙ = τdζ + f1 + f2 − V (10)

where f1(t), f2(t) ∈ R are defined as

f1 = Jζαė, f2 = Jζ q̈d +Mζ . (11)
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Based on (10) and the subsequent stability analysis (given in
Theorem 1), the voltage control input V (t) is designed as

V = u2 − u1 = f̂2 − u1 (12)

where u1(t) ∈ R is a subsequently designed control input, and
u2(t) = f̂2(t) ∈ R is an NN estimate of f2(t) (see Fig. 1). A
three-layer NN can be used to represent f2 as

f2(y) = WTσ(UT y) + ε(y) (13)

where U ∈ R
(N1+1)×N2 and W ∈ R

(N2+1)×1 are bounded con-
stant ideal weight matrices, σ(·) : RN1+1 → R

N2+1 is an NN
activation function, y(t) ∈ R

N1+1 is an input vector defined as

y(t) = [1 q(t) q̇(t) q̈d(t)]
T (14)

and ε(y) : RN1+1 → R is a functional reconstruction error that
can be upper bounded as

|ε(y)| ≤ δ (15)

where δ ∈ R is a known positive constant. The estimate f̂2(t)
is designed as

f̂2 = ŴTσ(ÛT y) (16)

where Û(t) ∈ R
(N1+1)×N2 and Ŵ (t) ∈ R

(N2+1)×1 are weight
estimate matrices. The ideal weight matrix estimates Û(t)
and Ŵ (t) are updated online using the following projection
algorithm:

˙̂
W = proj(Γwσ̂r

T ),
˙̂
U = proj

(
Γuy(σ̂

′T Ŵ r)T
)

(17)

where Γw ∈ R
(N2+1)×(N2+1) and Γu ∈ R

(N1+1)×(N1+1) are
constant, positive definite, and symmetric gain matrices; σ̂ =
σ(ÛT y); and σ̂′ = σ′(ÛT y) = dσ(UT y)/d(UT y)|UT y=ÛT y .

The weight mismatch errors Ũ(t) ∈ R
(N1+1)×N2 and

W̃ (t) ∈ R
(N2+1)×1 are denoted by

W̃ = W − Ŵ , Ũ = U − Û (18)

and the hidden-layer output mismatch σ̃(y) ∈ R
N2+1 for a

given y(t) is defined as

σ̃ = σ − σ̂ = σ(UT y)− σ(ÛT y). (19)

By using a Taylor series approximation, the hidden-layer output
mismatch σ̃(y) can be expressed as

σ̃ = σ̂′ŨT y +O(ŨT y)2 (20)

where O(ŨT y)2 denotes the higher order terms.
Substituting (12) into (10) and performing some algebraic

manipulation yields

Jζ ṙ = N + W̃T σ̂ + ŴT σ̂′ŨT y + u1 (21)

where the auxiliary term N(W̃ , Ũ , y) ∈ R is defined as

N = f1 + W̃T σ̂′ŨT y +WTO(ŨT y)2 + ε(y) + τdζ . (22)

Based on (8), (15), and (17), N(W̃ , Ũ , y) can be upper bounded
as [33]

‖N‖ ≤ c1 + c2‖z‖ (23)

where c1, c2 ∈ R are known positive constants, and z(t) ∈ R
2

is defined as

z(t) = [ e r ]T . (24)

Based on (10) and the subsequent stability analysis, the stabi-
lizing PD controller u1 in (21) is designed as

u1 = −R−1r = − (ks1 + ks2 + ks3) r (25)

where R−1, ks1 , ks2 , ks3 ∈ R denote positive adjustable gains.
From Assumption 1, (10)–(12), and (25), it can be shown that

1

2
|J̇ζ | ≤ ρ (‖z‖) (26)

where ρ(‖z‖) ∈ R is a positive global invertible function.

IV. STABILITY ANALYSIS

Theorem 1: The controller given in (12), (16), and (25) en-
sures that all closed-loop signals are bounded, and the position
tracking error is SUUB in the sense that

|e(t)| ≤ ε0 exp(−ε1t) + ε2 (27)

where ε0, ε1, ε2 ∈ R denote positive constants in D Δ
= {z ⊂

R
2|‖z‖ ≤ ρ−1(

√
ks3))}, provided the control gains α and ks2

introduced in (9) and (25) are selected based on the following
sufficient conditions:

min

(
ks2 −

1

2
, α− 1

2

)
> c2, ks2 , α >

1

2
. (28)

Proof: Consider a positive definite, continuously differ-
entiable, and radially unbounded function VL(e, r, W̃ , Ũ) ∈ R

defined as

VL =
1

2
e2 +

1

2
Jζr

2 +
1

2
tr
(
W̃TΓ−1

w W̃
)
+

1

2
tr
(
ŨTΓ−1

u Ũ
)
.

(29)

By using (8) and typical NN properties [34], VL(t) can be upper
and lower bounded as

γ1‖z‖2 ≤ VL ≤ γ2‖z‖2 + γ3 (30)

where γ1, γ2, γ3 ∈ R are known positive constants. Taking the
time derivative of (29), utilizing (17) and (21), and canceling
common terms yield

V̇L = eė+
1

2
J̇ζr

2 + rN + ru1. (31)

Using (9) and Young’s inequality, the expression in (31) can be
bounded as

V̇L ≤ −
(
α− 1

2

)
e2 + r2

(
1

2
J̇ζ +

1

2

)
+ rN + ru1. (32)
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By utilizing (23), (25), and (26), the expression in (32) can be
upper bounded as

V̇L ≤ −
(
α− 1

2

)
e2 −

(
ks2 −

1

2

)
r2

−
(
ks1r

2 − c1|r|
)
+ c2‖z‖2 − (ks3 − ρ (‖z‖) r2. (33)

Applying nonlinear damping and neglecting negative terms, the
expression in (33) can be upper bounded as

V̇L ≤ −γ4‖z‖2 +
c21
4ks1

, ∀ ‖z‖ ∈ D (34)

and γ4 = min(ks2 − (1/2), α− (1/2))− c2 > 0, provided the
sufficient gain conditions in (28) are satisfied. The inequality in
(30) can be used to rewrite (34) as

V̇L ≤ −γ4
γ2

VL + ε, ∀ ‖z‖ ∈ D (35)

where ε ∈ R is a positive constant. The linear differential
inequality in (35) can be solved as

VL(t) ≤ VL(0)e
− γ4

γ2
t + ε

γ2
γ4

[
1− e−

γ4
γ2

t
]
, ∀ ‖z‖ ∈ D.

(36)

Provided the sufficient conditions given in (28) are satisfied,
the expressions in (29) and (36) can be used to prove that the
control input and all the closed-loop signals are bounded in D.
A larger value of ks3 and ks1 will expand the size of the domain
D to include any initial conditions (i.e., a semiglobal type of
stability result) and reduce the residual error. From (29) and
(36), the result in (27) can be obtained. �

V. COST FUNCTIONAL MINIMIZATION

An inverse optimal controller [27], [35], [36] is optimal with
respect to an a posteriori cost functional that is derived from
a Lyapunov-based analysis (in comparison with minimizing
an a priori given cost functional in direct optimal control).
Due to the use of an NN to compensate for the unstructured
uncertainty in the muscle model, a residual disturbance is
present in the system (i.e., the UUB stability result). Given this
residual disturbance, the succeeding analysis is formulated in
the spirit of a two-player zero-sum differential game, where
the objective is to minimize the cost functional with respect
to the control input in the presence of the maximum “worst
case” disturbance. The feedforward NN element estimates the
uncertain dynamics, whereas the feedback element is penalized
by the cost functional.

Theorem 2: The feedback law given by

u∗
o = −βR−1r (37)

with the scalar gain constant selected as β > 2 and the update
law given in (17), minimizes the cost functional

J = lim
t→∞

⎧⎨
⎩2βVL(t) +

t∫
0

[
l + u2

1R
]
− 2β

c21
4ks1

dσ

⎫⎬
⎭ (38)

where l(z, t) ∈ R is a positive function of the tracking error

l = −2β

(
eė+

1

2
J̇ζr

2 + rN − c21
4ks1

)
+ β2r2R−1 (39)

provided the sufficient conditions in (28) are satisfied.
Proof: The cost functional in (38) is said to be meaningful

if the bracketed terms are positive (i.e., positive state and con-
trol functions). To examine the sign of l(z, t), the expressions
in (25), (31), and (34) and the condition in (28) can be used to
determine that

eė+
1

2
J̇ζr

2 + rN − c21
4ks1

− r2R−1 ≤ 0. (40)

After multiplying both sides by −2β and adding β(β −
2)r2R−1 to both sides of (40), the expression in (40) can be
rewritten as

l ≥ β(β − 2)r2R−1 = Qr2 (41)

where Q ∈ R is a positive constant. The inequality in (41)
indicates that l(z, t) is positive since R is positive and β > 2.
Therefore, J(t) is a meaningful cost functional that penalizes
the error function in z(t) and the feedback control u1(t). The
cost functional in (38) and the result in (41) indicate that
larger values of Q place a greater penalty on the tracking
error, whereas larger values of R place a greater penalty on the
feedback control. The effects of selecting different values for Q
and R are illustrated in Section VI.

To show that u∗
o minimizes J(t), the auxiliary signal v(t) ∈

R is defined as

v = u1 + βR−1r. (42)

Substituting (39) and (42) into (38) and performing some
algebraic manipulation yield

J = lim
t→∞

⎧⎨
⎩2βVL(t) +

t∫
0

v2Rdσ − 2β

t∫
0

V̇Ldσ

⎫⎬
⎭ . (43)

After integrating (43), the cost functional J(t) can be ex-
pressed as

J = 2βVL(0) + lim
t→∞

⎧⎨
⎩

t∫
0

v2Rdσ

⎫⎬
⎭ . (44)

By substituting (37) into (31), it can be shown that u∗
o stabilizes

the system. Since J(t) is minimized if v(t) = 0, the control
law u1 = u∗

o is optimal with respect to the meaningful cost
functional in (38). �

VI. EXPERIMENT RESULTS

The proposed inverse optimal controller was implemented on
healthy normal volunteers to evaluate the performance of the
controller. The focus of this paper is to develop and analyze an
inverse optimal controller as a means to provide a method for
understanding the tradeoff of the control parameters Q and R
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Fig. 1. Structure of the controller.

that are included in a cost functional composed of terms such
as the limb tracking error and stimulation input terms. This
section describes the performance of the developed strategy
when implemented on a group of healthy normal volunteers.
The performance of the developed method may vary when
implemented in populations of individuals affected with differ-
ent neurological disorders: Clinical trials on specific affected
populations of interest are motivated as future work to further
the clinical implications of the succeeding outcomes. The re-
sults obtained from healthy normal subjects here may provide
some insights into further clinical trials. For example, in [37]
(and in results such as [38]–[40], which directly or indirectly
cite the work in [37]), a relaxed limb is shown to behave
like a recently paralyzed limb. However, there are differences
in the muscle response, which are associated with different
conditions. For example, a limb that has been paralyzed for
some time will exhibit muscle atrophy with disuse, will fatigue
more rapidly, and may exhibit clonus and muscle spasticity
[39]. The adaptive structure of the controller compensates for
effects such as lower force outputs (e.g., due to fatigue or
muscle atrophy). The controller has been also developed and
analyzed while including added unmodeled disturbances which
could be used to capture the effects of clonus and spasticity.
However, the aforementioned effects for paralyzed muscle are
not present in the healthy normal volunteer subjects. Able-
bodied volunteers can potentially execute unintentional muscle
contractions (which may be also captured by τd(t)) that can aid
or hinder the desired limb motion. To mitigate this potential,
volunteers were instructed to relax and to allow the stimulation
to control the limb motion (i.e., the subjects were not supposed
to influence the leg motion voluntarily and were not allowed to
observe the desired limb trajectory).

The study volunteers were seated in a nonmotorized leg
extension machine (LEM). The free swinging legs of the volun-
teers were attached to the movable arm of the LEM, where the
position of the LEM arm is measured by an optical encoder and
used as a feedback signal. Adjustments were made before each
trial to ensure that the centers of the knee and the encoder were
aligned. A 4.5-kg (10 lb) weight was attached on the weight bar
of the LEM arm, and a mechanical stop was used to prevent
hyperextension.

Self-adhesive reusable neuromuscular stimulation electrodes
were used in the experiments. One electrode was placed over
the distal–medial portion of the quadriceps femoris muscle
groups, and the other was placed over the proximal–lateral
portion. Electrical pulses were delivered through a custom-built
stimulator. Data acquisition was performed at 1000 Hz, and two

digital-to-analog signals were used as inputs to the stimulation
circuitry that produces a positive square pulse between 3 and
100 Hz with a voltage output between 1- and 50-V peak.

The modulated pulsewidth was set to a constant 400 μs,
and the frequency of the pulse sequence was 28 Hz. The
motivation for choosing a 400-μs pulse is due to the fact that
it generates reliable output based on its force–frequency and
force–amplitude relationships relative to other pulsewidths. The
stimulation frequency was selected based on force–frequency
curves [41], which show that, as stimulation frequency is in-
creased, muscle force increases to a saturation limit. Higher
frequencies can be chosen to generate more force up to a
saturation limit, but muscles tend to fatigue faster at higher
frequencies. The 28-Hz pulse wave yields reduced fatigue in
comparison with higher frequencies, but lower frequencies tend
to produce pulsed motion in the shank [41], [42].

A. Tracking Experiments

Tracking experiments were conducted on five volunteers
(two females and three males, ages 22–40 years). The desired
angular trajectory for the knee joint was

qd =

{
35
2

(
1 + sin

(
2π
T t+ 3

2π
))

, t < T
2

15
(
1 + sin

(
2π
T t+ 3

2π
))

+ 5, t ≥ T
2

(45)

with a frequency of 1.5 Hz and range of motion between 5◦ and
35◦. Any sufficiently smooth desired trajectory could have been
selected. For the tracking experiments, Q and R are adjusted by
trial and error for each individual to yield the best performance.
Each individual was stimulated for five to ten trials with a
minimum rest of 5 min between trials. Each trial was 30 s. The
steady-state RMS and peak (i.e., max|e|) tracking errors are
calculated from 3 to 30 s. Table I summarizes the RMS and
peak errors for given Q and R gains. Figs. 2 and 3 illustrate a
typical limb tracking performance. The Q and R gains were
adjusted to obtain the results in Table I. The mean steady-
state RMS is 1.92◦ with a standard deviation (STD) of 0.20◦,
and the mean steady-state peak error is 6.57◦ with an STD
of 1.41◦.

Unit step tests were also conducted on three volunteers (one
female and two males, ages 25–40 years). Each individual was
stimulated for five trials for 20◦ and 40◦, respectively. Each
session was 20 s with a minimum rest of 5 min between trials.
The results are summarized in Table II. A representative trial is
shown in Fig. 4.

B. Performance Tradeoffs

To demonstrate the ability for a clinician to choose different
combinations of Q and R to place a greater emphasis on track-
ing performance or feedback control input, tracking experi-
ments were conducted on three healthy normal volunteers (ages
25–40 years). Two groups of experiments were conducted with
fixed NN update gains. The first experiments fixed Q = 1 and
varied R from 8 to 10 000 to illustrate the effect of penalizing
the control input. Additional experiments varied Q between 8
and 600 for a fixed R = 2000 to show the effect of penalizing
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TABLE I
RMS and PEAK ERRORS FOR FIVE HEALTHY NORMAL INDIVIDUALS

Fig. 2. Tracking performance for a representative trial. (Solid line) Desired
trajectory. (Dotted line) Actual trajectory.

Fig. 3. Tracking error for a representative trial.

TABLE II
STEP TESTS FOR THREE HEALTHY NORMAL INDIVIDUALS. THE

SETTLING TIME WAS SET TO BE 10% OF THE FINAL VALUE. THE

STEADY-STATE RMS WAS CALCULATED FROM SETTLING TIME TO 20 s

Fig. 4. Step test for a representative trial. (Solid line) Desired angle. (Dotted
line) Actual trajectory.

Fig. 5. Experiments with Q = 1, where R varied from 8 to 10 000.

the performance. Each session was 20 s with a minimum rest
of 5 min between trials; and RMS values were calculated for
the error, total control input, and optimal control input (i.e.,
u1(t)), respectively. Fig. 5 illustrates that the feedback control
input decreases and the tracking error increases by increasing
R. Fig. 6 illustrates that the error decreases and the feedback
control input increases with increasing Q. The results in Figs. 5
and 6 represent the outcome for one volunteer, but the results
showed the same trends for the other two subjects with different
adjustable ranges.
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Fig. 6. Experiments where Q varied from 10 to 600 and R = 2000.

Fig. 7. Trajectories of the standing experiment. (Solid line) Desired trajectory.
(Dashed line) Actual trajectory.

C. Changing Gravity Load

To illustrate that the proposed inverse optimal controller can
be used for a task, which involves a changing load (i.e., the
moment arm of gravity force changes), a sit-to-stand transition-
like experiment was conducted on a 38-year-old healthy normal
male. Note that a physiological sit-to-stand transaction involves
a mixed eccentric–concentric contraction of the muscles due
to the biarticular nature of the quadriceps group. For this
experiment, the electrodes were placed on one leg, and the
volunteer was seated on the edge of a chair. The knee joint
angle was measured by a goniometer (Biometrics Ltd.,VA),
where the goniometer measured 90◦ in the seated position
and approximately 180◦ in the standing position. Given the
large initial condition of error (i.e., 90◦), an experimentally
determined desired sit-to-stand trajectory was designed as qd =
135◦ + 45◦ sin((2π/5)t+ (3/2)π) if t < (5/2) and 180◦ if t ≥
(5/2). Fig. 7 depicts the actual versus desired trajectory for
the standing experiment. The maximum positive and negative
transient errors are +6.0◦ and −5.3◦, respectively. The steady-
state error is −0.63◦ ± 0.17◦ with a maximum stimulation
voltage of 30 V.

VII. DISCUSSION

An NN-based inverse optimal controller is proposed and
evaluated. The controller is proven to achieve UUB tracking in
the presence of bounded unmodeled disturbances. The structure
of the controller is organized as a combination of an NN
feedforward and a PD feedback element. The NN element com-
pensates for the nonlinear uncertainties present in the dynamics
such as passive constraints on joint movement and muscle
stimulation, which include nonlinear recruitment, torque angle,
torque-velocity scaling, etc. A cost functional is constructed to
allow gains to be adjusted to scale the relative penalty of the
tracking error or the feedback control portion of the control.

As indicated in Table I, a mean RMS error of 1.92◦ ±
0.2◦ (for 3–30 s) was achieved for the given desired trajec-
tory. The sit-to-stand transition-like experiment shows that the
controller also yields promising results, where the maximum
positive and negative transient errors are +6.0◦ and −5.3◦,
respectively, with a steady-state error within −0.63◦ ± 0.17◦.
The control accuracy from these experiments is sufficient for
typical functional tasks. In addition to developing a controller
(and associated stability proof) that can yield desired tracking
error performance, a contribution of this effort is to develop a
framework to adjust the performance versus control effort.

The tradeoff between tracking performance and feedback
control effort can be achieved by choosing different values of Q
and R. Larger values of Q yield better tracking performance at
the expense of a larger feedback control effort, whereas larger
values of R yield reduced feedback control effort with larger
tracking errors. As illustrated in Fig. 5, with Q = 1, increasing
R from 8 to 10 000 results in a reduction in the RMS feedback
control input from 8.2 to 0.5 V. Fig. 6 illustrates that, with R =
2000, increasing Q from 20 to 600 reduces the RMS tracking
error from 7◦ to 3.5◦. Additional development remains to exam-
ine the effects on fatigue of increased control input. Moreover,
the current development is not able to include the entire control
input in the cost functional (i.e., only the feedback portion of
the controller is included). The results validate the ability to
directly alter the feedback control through R, but the results do
not show a correlation between changes in the feedback portion
versus changes in the overall control (i.e., the overall control
output was relatively invariant to changes in R). This can be
explained by the NN feedforward component compensating for
the differences. However, heuristically, it is well accepted that
larger feedback gains result in noise amplification and higher
frequency control. It is also well accepted that higher frequency
stimulation can lead to more rapid fatigue. These results point
to the need for further studies in future work to investigate the
relationship between fatigue as a function of feedback control
versus feedforward control. From a theoretical perspective, the
approach in [43] provides an inroad to developing an inverse
optimal controller that includes a portion of the feedforward
component in the cost functional for the parametric strict-
feedback systems.

Able-bodied individuals are a heterogeneous group with
muscle size, strength, and fatigability varying greatly, which
is seen in the experiment group. The results reflect robustness
since the controller is able to account for individual differences
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in response to electrical stimulation. The response of muscles
to electrical stimulation could be different between able-bodied
individuals and individuals with various disorders. For exam-
ple, a person with a spinal cord injury that occurred prior to
a few weeks has muscles that are atrophied, experience more
rapid fatigue, and is potentially subject to disturbances such
as spasticity and clonus. The muscle atrophy and rapid fatigue
can be improved through muscle reconditioning using electrical
stimulation. The experimental population used in this study
provides a proof of concept that the controller works to regulate
electrically stimulated limb tracking, but the results should not
be extrapolated to the potential performance of the system in
individuals who have disorders without clinical trials in such
populations.

VIII. CONCLUSION

An NN-based inverse optimal NMES controller has been
developed to enable the lower limb to track a desired trajectory
through electrical stimulation of the quadriceps despite uncer-
tainties in the considered muscle activation and limb model.
Experimental results for tracking a desired trajectory and a sit-
to-stand transition-like experiment illustrate the performance of
the controller. The motivation for this result is a framework
that can be used to examine the interplay between the perfor-
mance and the control authority for rehabilitation clinicians.
An inverse optimal method was used to ensure optimality for a
derived meaningful cost functional. The framework illustrates
that NN controllers augmented by a PD feedback mechanism
can minimize a cost functional, which can be adjusted (e.g.,
through Q and R) to place more emphasis on tracking error
performance versus the feedback control input. While this
work makes a contribution as the first analysis to explore
an optimal controller for NMES, given a nonlinear uncertain
muscle model, the development is limited by the restriction to
use a derived cost functional. Future efforts will explore the
use of implicit learning methods to solve for a value function
that minimizes the cost of a given desired functional versus a
derived cost, as in our preliminary work for generic nonlinear
systems in [44].
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