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Controlling the Cadence and Admittance of a
Functional Electrical Stimulation Cycle

Christian A. Cousin , Courtney A. Rouse , Victor H. Duenas , and Warren E. Dixon

Abstract— For an individual suffering from a neurolog-
ical condition, such as spinal cord injury, traumatic brain
injury, or stroke, motorized functional electrical stimula-
tion (FES) cycling is a rehabilitation strategy, which offers
numerous health benefits. Motorized FES cycling is an
example of physical human–robot interaction in which both
systems must be controlled; the human is actuated by
applying neuromuscular electrical stimulation to the large
leg muscle groups, and the cycle is actuated through its
onboard electric motor. While the rider is stimulated using
a robust sliding-mode controller, the cycle utilizes an admit-
tance controller to preserve rider safety. The admittance
controller is shown to be passive with respect to the rider,
and the cadence controller is shown to be globally expo-
nentially stable through a Lyapunov-like switched systems
stability analysis. Experiments are conducted on three able-
bodied participants and four participants with neurological
conditions (NCs) to demonstrate the efficacy of the devel-
oped controller and investigate the effect of manipulating
individual admittance parameters. Results demonstrate an
average admittance cadence error of − 0.06 ± 1.47 RPM for
able-bodied participants and −0.02 ± 0.93 RPM for partici-
pants with NCs.

Index Terms— Functional electrical stimulation (FES),
rehabilitation robot, Lyapunov, admittance, passivity.

I. INTRODUCTION

W ITHIN the United States, there are millions of peo-
ple suffering from debilitating neurological conditions

(NCs) such as spinal cord injury (SCI), traumatic brain injury,
Parkinson’s disease (PD), and stroke, among others. Stroke
alone affects 800,000 Americans annually and leaves millions
of people permanently disabled [1]. Because NCs can cause
damage to the brain, spinal cord, or nerves, they can manifest
themselves in incredibly complex ways, oftentimes compro-
mising a person’s ability to properly utilize and accurately
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control their neuromuscular system. Consequently, people may
suffer from negative secondary side-effects such as diabetes,
obesity, and muscle atrophy, etc. resulting from sedentary
lifestyles. To improve the overall quality of life and activities
of daily living of these affected individuals, multiple efforts
are being made in the field of rehabilitation, namely hybrid
exoskeletons, which combine functional electrical stimulation
(FES) and rehabilitation robots [2], resulting in physical
human-robot interaction.

FES is the application of an electric field across the motor
neurons of a muscle to induce an artificial, involuntary contrac-
tion to perform a functional movement. Numerous benefits of
FES have been reported throughout literature such as increased
muscle mass, increase bone mineral density, and improved
cardiovascular parameters, among others [3], [4].

Rehabilitation robots have also been reported to improve
sensory perception and motor function [5]–[7]. Rehabilitation
robots should be able to accommodate every unique individual
instead of holding them all to the same standard (i.e., the
same cadence or torque objective) [8]. Admittance control,
established by Hogan [9], provides an intuitive method for
rehabilitation robots to safely interact with humans without
unduly forcing them to adhere to predefined trajectories [10].
Admittance control allows force feedback to modify desired
trajectories, and based on the parameters selected, can modify
it to various degrees designed assist or resist a person [11].

Hybrid exoskeletons attempt to blend the advantages of
FES and rehabilitation robotics while mitigating the draw-
backs of each. However, hybrid exoskeletons are inherently
challenging to implement, particularly when applied to people
whose neuromuscular systems are severely compromised [10].
Additionally, the dynamics of both muscle activation and
robotic systems are nonlinear and uncertain [12]. An example
of a hybrid exoskeleton is a motorized FES cycle; it includes
the application of FES to a person’s leg muscles to coopera-
tively pedal a recumbent cycle along with an electric motor
attached to the cycle [12]. The benefits of performing FES
cycling combine the benefits of rehabilitation robots and FES;
however, they may be reduced compared to volitional cycling
due to the early onset of fatigue caused by the external (and
not physiologically optimized) activation of motor units within
muscle and other obstacles to rehabilitation [13]–[15]. Further-
more, because the sensation from FES can be uncomfortable
[16] and the benefits from FES are reported to culminate over
long time periods (cf. [16], [17]), improved FES cycles (and
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controllers) are needed to accelerate the benefits and reduce the
discomforts. Recently, FES cycling gained significant attention
at the 2016 Cybathlon in Zürich, Switzerland where an FES
cycling race was one of six competitive events designed
for people with physical disabilities. Of the eleven teams
to complete the race, all used open-loop methods or rider-
controlled stimulation parameters [18], where the efficiency
advantages of implanted electrodes were demonstrated by the
winning team.

Other FES cycling studies have been produced which simi-
larly modulate the FES input (and/or the current actuating the
cycle’s motor) using open-loop methods [19], or closed-loop
methods such as linear [20] or nonlinear control techniques
(e.g., fuzzy logic, sliding mode) [21]. Few of these results,
however, provide a rigorous stability analysis, required to
illustrate rider safety. Moreover, because pedaling a cycle
involves the cooperation of multiple muscle groups, FES
cycling is a state-dependent switched system, which requires
a switched systems analysis and design methods [22].

As in other hybrid exoskeletons (cf. [11], [23], [24]), to
improve user comfort and safety, the motorized FES cycle in
this paper utilizes admittance control, rather than other control
methods such as cadence [12], [25] or cadence and torque [26]
control. While the listed results in [12], [25], [26] do provide
a rigorous switched systems stability analysis, they do not
include admittance control of FES cycling. With admittance
control of motorized FES cycles, the cadence trajectory is
allowed to deviate based on force-feedback from the rider to
better accommodate for unique cases and rider capabilities.
By selectively modifying the admittance parameters (i.e.,
the injected inertia and damping), the admittance controller
is capable of emulating a cadence controller (by increasing
the inertia and damping) or admitting to the rider significantly
(by decreasing the inertia and damping). By appropriately
selecting the admittance parameters, the cycle can be made
increasingly stiff or compliant by activating the cycle’s motor
accordingly. Hence, if the rider is unable to pedal at the desired
speed, the cycle can assist the rider in maintaining a desired
cadence to a degree dictated by the selected admittance para-
meters. In other words, admittance control is more concerned
about the dynamic behavior of the system instead of explicit
position or torque tracking [9].

While admittance control has been extensively used on
rehabilitation robots, to the authors’ knowledge it has only
been implemented on an FES cycle in the authors’ previous
works, such as in [27]–[29], which this work is predicated
upon. Compared to our previous results, this work includes a
complete stability analysis for both the admittance and cadence
controllers; results on four participants with NCs and three
able-bodied participants, compared to results on a single able-
bodied participant (cf. [27], [28]); and an in-depth analysis of
the results based on each participant’s NC.

In this paper, a combined admittance/cadence controller is
developed for implementation on an FES cycle to simultane-
ously pedal the FES cycle and stimulate the rider’s muscles.
The admittance controller is implemented on the cycle’s motor
and the robust sliding-mode cadence controller is applied
to the rider’s muscle groups. Closed-loop control allows the

electrical stimulation to be adjusted online to account for the
nonphysiological recruitment of muscle fibers, and over time,
fatigue. Furthermore, the FES delivered to the rider’s muscle
groups is saturated for comfort, and due to the admittance
controller, the cycle responds appropriately by slowing down if
the delivered stimulation is insufficient to produce the desired
torque at the desired cadence. While the cycle’s motor is
active for all time, the rider’s muscles are activated only
when they can efficiently contribute torque about the crank.
Heuristically, the cycle strikes a balance between rider safety
(which addresses muscle/joint spasticity by allowing the rider
to deviate from the desired cadence) and capability. Using a
Lyapunov-like switched systems stability analysis, the cadence
controller is proven to be globally exponentially stable and the
admittance controller is proven to be passive with respect to
the rider.

Experiments were conducted on four participants with var-
ious NCs (i.e., spina bifida, spinal cord injury, post-stroke
hemiparesis, and Parkinson’s disease) and three able-bodied
participants to demonstrate feasibility and desired performance
metrics. Admittance parameters were varied across all pro-
tocols and the admittance controller achieved an average
admittance cadence error of −0.06 ± 1.47 RPM for able
bodied participants and −0.02 ± 0.93 RPM for participants
with NCs. Experimental results validate the controllers which
hold promise for a novel cycling experience to promote
rehabilitation while ensuring safety and comfort.

II. DYNAMICS

A. Cycle-Rider System

The nonlinear, uncertain cycle-rider dynamics can be mod-
eled as1 [12]

M (q) q̈ + V (q, q̇) q̇ + G (q)+ P (q, q̇)+ bq̇ + d (t)

= Bm (q, q̇) um (t)
︸ ︷︷ ︸

τm(q,q̇,t)

+ Beue (t)
︸ ︷︷ ︸

τr (t)

, (1)

where q : R≥0 → Q, q̇ : R≥0 → R, and q̈ : R≥0 → R

denote the measurable crank angle, calculable angular velocity
(cadence), and unknown acceleration, respectively; and Q ⊆
R denotes the set of achievable crank angles. The torque
contribution from the rider’s leg muscles is denoted by τm :
Q × R × R≥0 → R, and the torque contribution from the
cycle’s electric motor is denoted by τr : R≥0 → R. The
inertial, centripetal-Coriolis, and gravitational effects of the
combined cycle-rider system are denoted by M : Q → R,
V : Q × R → R, and G : Q → R, respectively.
The torques from the rider’s passive viscoelastic tissue and
the cycle’s friction are denoted by P : Q × R → R and
b : R>0 → R, respectively. System disturbances are denoted
by d : R≥0 → R. The subsequently designed muscle control
input (i.e., electrical stimulation) is denoted by um : R≥0 → R,
the known motor control constant relating the motor’s input
current to output torque is denoted by Be ∈ R>0, and the
subsequently designed motor control current is denoted by

1For notational brevity, all explicit dependence on time, t , within the states
q(t), q̇(t), q̈(t) is suppressed.
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ue : R≥0 → R. The unknown, nonlinear lumped muscle
control effectiveness Bm : Q × R → R>0 is defined as

Bm (q, q̇) �
∑

m∈M
bm (q, q̇) kmσm (q) , (2)

where the set M includes the right and left quadriceps
femoris, gluteal, and hamstring muscle groups, respectively,
and accounts for the summed torque contribution arising from
the muscle groups of the legs when stimulated. Furthermore,
the unknown, nonlinear individual muscle control effectiveness
mapping input stimulation to output torque is denoted by
bm : Q × R → R>0, and the constant muscle control gains
are denoted by km ∈ R>0. The piecewise right-continuous
switching signals for the activation of the individual muscle
groups are denoted by σm : Q → {0, 1} and defined as [12]

σm (q) �
{

1 q ∈ Qm

0 q /∈ Qm
, (3)

∀m ∈ M, where Qm ⊂ Q denotes the region in which muscle
group m is stimulated. The regions are defined as

Qm � {q ∈ Q | Tm (q) > εm} , (4)

∀m ∈ M, where Tm : Q → R denotes the torque
transfer ratio of each muscle group about the cycle’s crank.
The selectable torque transfer threshold is denoted by εm ∈
(

0, max
(

Tm (q)
)]

and dictates the angles at which each
muscle group is stimulated based on its respective kinematic
effectiveness. Because the torque transfer ratios are dependent
on each rider’s leg geometry, they are calculated indepen-
dently for each rider and based on the result in [12]. The
torque transfer threshold is selected such that backpedaling
is prevented, stimulation is only applied when each muscle
group can positively contribute to the motion of the crank
(i.e., εm > 0, ∀m ∈ M), and muscle fatigue is delayed
by only stimulating muscles in kinematically efficient regions
(i.e., τm (q) > εm, ∀m ∈ M). The union of all muscle
stimulation regions establishes the combined FES region of
the crank cycle, defined as QM � ∪

m∈M
Qm , and the kinematic

deadzone (KDZ) region as the remainder QK � Q\QM .
By discretely switching between muscle groups to control
continuous dynamics, a state-dependent switched system is
created. Although the parameters in (1) capture the torques
affecting the dynamics of the combined cycle-rider system,
the exact value of these parameters are unknown for each rider.
However, the subsequently designed controllers only require
known bounds on the aforementioned parameters. Specifically,
the following properties [12] are provided for the switched
system in (1)2:

Property 1: The inertia parameter is upper- and lower-
bounded by cm ≤ M ≤ cM , where cm, cM ∈ R>0 are known
constants.

Property 2: The centripetal-Coriolis parameter is upper-
bounded by |V | ≤ cV |q̇|, where cV ∈ R>0 is a known
constant.

2For notational brevity, all functional dependencies are hereafter suppressed
unless required for clarity of exposition.

Property 3: The torque generated by gravity is upper-
bounded by |G| ≤ cG , where cG ∈ R>0 is a known constant.

Property 4: The torque generated by the rider’s viscoelastic
tissues is upper-bounded by |P| ≤ cP1 + cP2 |q̇|, where
cP1, cP2 ∈ R>0 are known constants.

Property 5: The torque generated by the cycle’s friction
is upper-bounded by b ≤ cb, where cb ∈ R>0 is a known
constant.

Property 6: The torques generated by system disturbances
are upper-bounded by |d| ≤ cd , where cd ∈ R>0 is a known
constant.

Property 7: The system is skew-symmetric by the relation
Ṁ − 2V = 0.

Property 8: The individual muscle control effectiveness,
bm , is subject to nonlinear activation dynamics and a muscle
fiber recruitment curve (commonly represented by sigmoidal
function) [30], [31]. However, when q ∈ QM , the lumped,
unknown muscle control effectiveness mapping the FES input
to the output muscle force, and hence, torque about the cycle’s
crank, is bounded by Bm ≤ Bm ≤ Bm , where Bm, Bm ∈ R>0
are known constants [32].

III. CONTROL DEVELOPMENT

The following section includes the development of an admit-
tance controller for the cycle’s motor and cadence controller
for the rider’s muscles. The admittance controller is designed
to be passive with respect to the rider to ensure safety and
used to indirectly track a desired torque to assist the rider in
maintaining cycle cadence. The cadence controller is used to
directly regulate cycle cadence in the FES regions by rejecting
the torque from the admittance controller.

A. Admittance Controller

While the rider’s muscles regulate cadence in the FES
regions (i.e., while q ∈ QM ), the cycle’s controller is designed
such that it will resist the rider if the cadence is too high (i.e.,
q̇ > q̇d ) or assist the rider if the cadence is too low (i.e.,
q̇ < q̇d ) in both the FES and KDZ regions (i.e., q ∈ Q) , where
q̇d : R≥0 → R denotes the desired cadence. The assistance
modality is vital because the rider’s muscles only contribute
torque about the crank in the FES regions; therefore when the
rider’s muscles are inactive in the KDZ regions, the cycle is
expected to decelerate. Admittance control is commonly used
as a method of indirect torque tracking, and therefore, employs
an interaction torque error, quantified by eτ : R≥0 → R, and
defined as

eτ � τint − τd , (5)

where the desired interaction torque is denoted by τd : R≥0 →
R, and τint : R≥0 → R denotes the measurable bounded
interaction torque between the cycle and rider (i.e., τint ∈
L∞) [33], [34]. By subsequently implementing an admittance
filter, the interaction torque error can be transformed into an
admitted trajectory, which can be tracked using an inner-loop
position controller. The admittance filter is designed as

eτ � Md q̈a + Bdq̇a, (6)
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where qa, q̇a, q̈a : R≥0 → R denote the admitted position,
velocity, and acceleration, respectively; and Md , Bd ∈ R>0
denote the desired inertia and damping, respectively. To ensure
boundedness of the admitted trajectory, the parameters in (6)
are selected such that the transfer function of (6) is passive
[35, Lemma 6.4]. After the admitted trajectory is generated
by (6), an inner-loop position controller is designed to track
the admittance error system, quantified by ξ : R≥0 → R and
ψ : R≥0 → R, defined as

ξ � qa + qd − q, (7)

ψ � ξ̇ + βξ, (8)

where qd : R≥0 → R denotes the desired position, designed
to be sufficiently smooth (i.e., qd , q̇d , q̈d ∈ L∞). Hence,
if the position controller can regulate the errors in (7) and
(8), the controller will preserve the admitted dynamics of
the filter in (6) and accomplish its indirect torque tracking
objective. The open-loop admittance error system is generated
by taking the time derivative of (8), multiplying by M , adding
and subtracting ξ, and substituting (1), (7), and (8) to yield

Mψ̇ = χ1 − Beue − τm − Vψ − ξ, (9)

where the lumped auxiliary signal χ1 : Q × R ×
R≥0 → R is defined as χ1 � M

(

q̈a + q̈d + βψ − β2ξ
) +

V (q̇d + βξ + q̇a)+ G + P + b (q̇a + q̇d − ψ + βξ)+ d + ξ
and is bounded by Properties 1-6 as |χ1| ≤ c1 + c2||φ|| +
c3||φ||2, where c1, c2, c3∈ R>0 are known constants, ‖·‖
denotes the standard Euclidean norm, and the error vectors
φ ∈ R

4 and ζ ∈ R
2 are defined as φ �

[

ζ T , q̇a, q̈a
]T

and
ζ � [ξ, ψ]T , respectively. Based on (9) and the subsequent
stability analysis, the admittance controller is designed as

ue � 1

Be

[

k1ψ +
(

k2 + k3 ‖φ‖ + k4 ‖φ‖2
)

sgn (ψ)
]

,

(10)

where sgn(·) denotes the signum function, included to provide
robustness to the uncertainty in χ1, and ki ∈ R>0 ∀i =
1, 2, 3, 4 denote constant control gains. Substituting (10)
into (9) yields the closed-loop admittance error system

Mψ̇ = χ1 − τm − Vψ − ξ

−
[

k1ψ +
(

k2 + k3 ‖φ‖ + k4 ‖φ‖2
)

sgn (ψ)
]

. (11)

B. Cadence Controller

While the cycle is assigned to regulate the admitted error
system throughout the entire crank cycle (i.e., q ∈ Q), the
cycle’s cadence is regulated using the rider’s muscles in the
FES regions (i.e., q ∈ QM ). The cadence tracking objective is
quantified by e : R≥0 → R and r : R≥0 → R, each defined
as

e � qd − q, (12)

r � ė + αe, (13)

where α ∈ R>0 denotes a constant control gain. The open-
loop cadence error system is obtained by taking the derivative

of (13), multiplying by M , adding and subtracting e, and
substituting (1), (12), and (13) to yield

Mṙ = χ2 − Bmum − Beue − V r − e, (14)

where the lumped auxiliary signal χ2 : Q × R × R≥0 → R

is defined as χ2 � M
(

q̈d + αr − α2e
) + V (q̇d + αe)+ G +

P + b (q̇d − r + αe) + d + e and bounded by Properties 1-
6 as |χ2| ≤ c4 + c5 ‖z‖ + c6 ‖z‖2 , where c4, c5 c6 ∈ R>0
are known constants, and the error vector z ∈ R

2 is defined
as z � [e, r ]T . Based on (14) and the subsequent stability
analysis, the cadence controller is designed as

um = 1

Bm

[

k5r +
(

k6 + k7 ‖z‖ + k8 ‖z‖2

+ k9 |ue|
)

sgn(r)
]

, (15)

where sgn (·) is included to provide robustness to the uncer-
tainty in χ2, ki ∈ R>0 ∀i = 5, 6, . . . , 9 denote constant con-
trol gains, Bm is introduced in Property 8, and ue is included
to overcome the torque supplied by the motor. Substituting
(15) into (14) yields the closed-loop cadence error system

Mṙ = χ2 − Beue − V r − e − Bm

Bm

[

k5r

+
(

k6 + k7 ‖z‖ + k8 ‖z‖2 + k9 |ue|
)

sgn(r)
]

. (16)

IV. STABILITY ANALYSIS

For the following theorems, let V1 : R
2 → R denote a

positive definite storage function defined as

V1 � 1

2
Mψ2 + 1

2
ξ2, (17)

which satisfies the following inequalities: γ ‖ζ‖2 ≤ V1 ≤
γ ‖ζ‖2 , where γ , γ ∈ R>0 are known constants defined as
γ � 1

2 min (cm, 1) , and γ � 1
2 max (cM , 1) . Let V2 : R

2 →
R denote a positive definite Lyapunov function candidate
defined as

V2 � 1

2
Mr2 + 1

2
e2, (18)

which satisfies the following inequalities: γ ‖z‖2 ≤ V2 ≤
γ ‖z‖2 .

Theorem 1: Given the closed-loop admittance error system
in (11) and the admittance relation in (6), the admittance
controller in (10) is passive from input |τm | to output |ψ| ,
provided the constant gain conditions are satisfied: k2 ≥
c1, k3 ≥ c2, k4 ≥ c3. Furthermore, when in isolation (i.e.,
decoupled from the rider and τm = 0) the admittance error
system is globally exponentially stable in the sense that

‖ζ(t)‖ ≤
√

γ

γ
‖ζ(t0)‖ exp

[

− δ

2γ̄
(t − t0)

]

, (19)

∀t ∈ [t0, ∞), where δ � min(k1, β).
Proof: Let ζ(t) for t ∈ [t0, ∞) be a Filippov solution to

the differential inclusion ζ̇ ∈ K [h1](ζ ), where K [·] is defined
as in [36], and where h1 : R

2 → R
2 is defined as h1 �

[

ξ̇ ψ̇
]T
. Because of the discontinuity in the motor controller
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in (10), the time derivative of V1 exists almost everywhere
(a.e.) (i.e., for almost all t ∈ [t0, ∞)), and V̇1(ζ )

a.e.∈ ˙̃V1(ζ ),
where ˙̃V1 is the generalized time derivative of V1 along the
Filippov trajectories of ζ̇ = h1(ζ ) [37]. Using the calculus of
K [·] from [37], and substituting (8) and (9) into ˙̃V1 yields

˙̃V1 ⊆ −βξ2 + ψχ1 +
(

1

2
Ṁ − V

)

ψ2 − k1ψ
2 − ψτm

−
(

k2 + k3||φ|| + k4||φ||2
)

K [sgn(ψ)]ψ, (20)

where K
[

sgn(·)] = SGN (·) such that SGN (·) = {1} if (·) >
0, [−1, 1] if (·) = 0, and {−1} if (·) < 0. Hence, by Properties
1-7, and since V̇1(ζ )

a.e.∈ ˙̃V1(ζ ), (20) can bounded above as

V̇1
a.e.≤ |ψ| |τm | − βξ2 − k1ψ

2

− |ψ|
(

λ1 + λ2 ‖φ‖ + λ3 ‖φ‖2
)

, (21)

where λ1, λ2, λ3 ∈ R are defined as λ1 � k2 − c1, λ2 �
k3 − c2, λ3 � k4 − c3. Provided the gain conditions listed
above are satisfied, λ1, λ2, λ3 ≥ 0, thus (21) can be upper
bounded as

V̇1
a.e.≤ |ψ| |τm | − δ ‖ζ‖ 2, (22)

where δ was defined previously. Hence, by [35, Definition
6.3] the robot system is output strictly passive with input |τm |,
output |ψ|, and storage function V1. When the robot acts in
isolation (i.e., the human is decoupled from the robot), τm = 0,
and (22) can be rewritten using (17) as

V̇1
a.e.≤ − δ

γ̄
V1. (23)

Hence, the storage function qualifies as a radially unbounded
positive definite Lyapunov function per the zero-state observ-
ability condition [35, Definition 6.5] and results in global
exponential stability when τm = 0. Using (17) with (23)
provides the result in (19). Because the interaction torque is
bounded, from the perspective of the robot, the physically
applied rider torque is similarly bounded. Hence, from the
closed-loop error system in (11), the admittance relation in (6),
and the passivity result in (22), the robot admittance controller
in (10) is bounded.

Remark 1: The rider’s stimulation-elicited torque contribu-
tion is defined as τm � Bmum , however, τm can be redefined
to include the riders volitional torque contribution, τvol :
R≥0 → R , as τm � Bmum + τvol [38] and the conclusion
of Theorem 1 still holds. Hence, if the rider volitionally
contributes to pedaling the cycle in addition to the stimulation,
the admittance controller is still passive.

For the following theorem, let t M
n ∈ R≥0 denote the time

the crank enters QM of cycle n, and t K
n ∈ R≥0 as the time

the crank enters QK (i.e., exits QM ) of cycle n.
Theorem 2: Given the closed-loop cadence error system in

(16), for q ∈ QM , global exponential tracking is guaranteed
in the sense that

‖z(t)‖ ≤
√

γ

γ

∥

∥

∥z(t M
n )

∥

∥

∥ exp

[

− ρ

2γ
(t − t M

n )

]

, (24)

∀t ∈ [

t M
n , t K

n

)

, ∀n, where γ , γ ∈ R>0 maintain their
definitions from above, and ρ � min (k5, α), provided the
constant gain conditions are satisfied: k6 ≥ c4, k7 ≥ c5, k8 ≥
c6, k9 ≥ Be.

Proof: Similar to the proof of Theorem 1, let z(t) for
t ∈ [t0, ∞) be a Filippov solution to the differential inclusion
ż ∈ K [h2](z) and let h2 : R

2 → R
2 be defined as h2 �

[

ė ṙ
]T
. Using Property 7, and substituting (13) and (14) into

˙̃V2(z) yields

˙̃V2 ⊆ − αe2 − K [Bm]

Bm
k5r2 − r Be K [ue]

− K [Bm]

Bm

(

k6 + k7 ‖z‖ + k8 ‖z‖2

+ k9K [|ue|]
)

K [sgn(r)]r + rχ2, (25)

where K
[|sgn(·)|] = |SGN (·)| such that |SGN (·)| = {1}

if (·) �= 0, [0, 1] if (·) = 0. Note K [Bm] can be lower
bounded by K

[

Bm
]

by Property 8, and in the FES regions,
Bm is continuous; therefore K

[

Bm
]

can be replaced with
Bm . This fact, along with Properties 1-6, and the fact that

V̇2(z)
a.e.∈ ˙̃V2(z), allows (25) to be evaluated in the FES regions

and upper bounded as

V̇2
a.e.≤ − αe2 − k5r2 − |r |

(

λ4 + λ5 ‖z‖
+ λ6 ‖z‖2 + λ7sup (K [|ue|])

)

, (26)

where λi ∈ R>0 ∀i = 4, 5, . . . , 7 are defined as λ4 � k6 −
c4, λ5 � k7 − c5, λ6 � k8 − c6, and λ7 � k9 − Be. Provided
the aforementioned gain conditions are satisfied, λi ≥ 0 ∀i ;
thus, (26) can be upper bounded using (18) as

V̇2
a.e.≤ −ρ

γ̄
V2, (27)

where ρ was introduced in (24). Based on (18) and (27) the
result in (24) can be obtained. From the result of Theorem 1,
and from the closed-loop error systems, the cadence controller
in (15) is bounded.

Remark 2: Redefining the rider’s torque contribution as
τm � Bmum + τvol no longer guarantees exponential tracking;
instead, by assuming the rider is contributing positive torque
about the crank, it guarantees the actual cadence will be at
least the desired cadence (i.e., q̇ ≥ q̇d ).

V. EXPERIMENTS

A. Experimental Testbed

The experimental testbed was constructed by outfitting an
existing recumbent tricycle (TerraTrike Rover) with sensors
and actuators. An SRM Science Road Powermeter was substi-
tuted for the original bike crank to measure torque and a US
Digital H1 encoder was attached to the crank via spur gears to
measure position and cadence. A 250 W motor (Unite Motor
Co. Ltd. MY1016Z2) was coupled to the drive chain and actu-
ated using a current-controlled Advanced Motion Controls3

3ADVANCED Motion Controls supported the development of this testbed
by providing discounts on their branded items.
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TABLE I
PARTICIPANT DEMOGRAPHICS

Fig. 1. Motorized FES cycle: (A) Encoder. (B) Power meter.
(C) Electrodes. (D) E-Stop. (E) Filter card. (F) Stimulator.

(AMC) PS300W24 power supply and AMC AB25A100 motor
driver. An AMC FC15030 filter card was added in-line with
the motor to reduce electrical noise. The rider was coupled
to the cycle with Orthotic boots (Össur Rebound Air Tall)
attached at the pedals to maintain sagittal alignment of the legs
and constrain the ankles. The cycle was offset from the ground
using a trainer and riser rings. The encoder, powermeter,
and motor were interfaced with a desktop computer running
MATLAB/Simulink/Quarc through a Quanser Q-PIDe data
acquisition board at 500 Hz. A current-controlled Hasomed
Rehastim stimulator delivered symmetric, biphasic, and rec-
tangular pulses via bipolar self-adhesive PALS�4 electrodes to
the rider’s quadriceps, hamstrings, and gluteal muscle groups
at respective amplitudes of 90 mA, 80 mA, and 70 mA at a
frequency of 60 Hz. An emergency stop switch was attached to
the cycle’s handle to allow the rider to immediately halt the
experiment if needed [12]. A rider seated on the motorized
FES cycle is depicted in Figure 1.

B. Experimental Methods

Four experimental protocols (i.e., Protocols A, B, C, and
D) were conducted on three able-bodied participants and

4Surface electrodes for this study were provided compliments of Axelgaard
Manufacturing Co., Ltd.

four participants with NCs, whose demographics are listed in
Table I. Each protocol had a duration of two minutes with the
first twenty seconds consisting of a smooth motor-only ramp to
the desired cadence of 50 RPM. Subsequently, the controllers
in (10) and (15) were activated for the remaining duration
of the experiment. Across all protocols, the desired inertia
parameter was held constant at Md = 2 Nm·s2

rad and the
damping parameter was selected to be a low

(

1 Nm·s
rad

)

, medium
(

2.5 Nm·s
rad

)

, or high value
(

5 Nm·s
rad

)

(i.e., Protocols A, B, and
C, respectively) to investigate the effects of modifying the
parameter. For Protocols A, B, and C, all participants were
asked to remain passive, contribute no volitional torque, and
were blind to the desired trajectory for the duration of the
experiment. An additional protocol was conducted with the
medium damping parameter, but with added volition (i.e.,
Protocol D) where the participants were shown a running
plot of the measured and desired cadences. For Participants
1-3, the interaction torque was selected as τd = 0.5 Nm
for Protocols A-C, and as τd = 2.0 Nm for Protocol D.
For Participants 4-7, the interaction torque was selected as
τd = 0.0 Nm for Protocols A-D, unless otherwise noted.

The stimulation input in (15) was saturated based on
individual participant comfort and was determined prior to
experimentation. The experimental protocols were approved
by the Institutional Review Board at the University of Florida.
Participants are referred to by the letter “P” followed by
their participant number. Unique trials are referred to by
the participant number followed by the protocol letter; for
example, Participant 3 Protocol B is referred to as P3B.

C. Results and Discussion

To estimate the power generated by the rider, an average
passive torque reading, denoted by τp : R≥0 → R, was
collected during each trial for 4.8 seconds prior to controller
activation (i.e., approximately four crank cycles at 50 RPM)
to provide a baseline estimate for the passive torque required
to actuate the combined rider-cycle system at the desired
cadence. Subsequently, an average estimate of the power
generated by the rider, denoted by P : R≥0 → R, was obtained
through the relation, P = mean (q̇) (mean (τint )−τp). Results
from the seven participants are provided in Table II, with
details on the average and standard deviation of the measured
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TABLE II
EXPERIMENTAL RESULTS, REPORTED AS AVERAGE±STANDARD DEVIATION

cadence, admitted cadence, admitted cadence error, measured
interaction torque, measured passive torque, and generated
power. The controller gains in (8), (10), (13), and (15) were
selected as k1 = 6, k2 = k3 = k4 = 0.01, k5 ∈ [2, 4], k6 =
k7 = k8 = 0.1, k9 = 0.5, α ∈ [1, 8], β ∈ [0.8, 1.2] across
all trials. The aforementioned gain conditions are sufficient to
achieve stability based on conservative bounds on the uncertain
parameters in the dynamics. Therefore, the sufficient gain
conditions provide guidelines for the initial gain selection and
the gains can be subsequently adjusted to achieve desirable
performance. Although the listed gains were adjusted using an
empirical-based method, the gains could have been adjusted
using more methodical approaches. For example, the nonlinear
system in [39] was linearized at several operating points
and a linear controller was designed for each point, and the
gains were chosen by interpolating, or scheduling the linear

controllers. In [40], a neural network is used to adjust the
gains of a PID controller. In [41] a genetic algorithm was
used to adjust the gains after an initial guess. The authors in
[42] provide an extensive discussion on the use of extremum
seeking for tuning the gains of a PID controller. Additionally,
in [43], the tuning of a PID controller for robot manipulators
is discussed.

By varying the damping parameter in the admittance filter
in (6), various behaviors can be obtained from the cycle
without changing any other aspect of the control system. For
example, a high damping parameter results in a stiffer, less
compliant cycle that admits less to any rider-applied torque.
Based on Table II, it can be seen that increasing the damping
parameter results in better cadence tracking, but less torque
production (e.g., compare P1A to P1C). This is due to less
position error accumulating in the cadence controller (because
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Fig. 2. P3B: (Top) Measured (q̇), admitted (q̇a), and desired cadences
(q̇d); (Bottom) Measured torque (τ ) and estimated power (P) produced by
the rider. Vertical lines represent time of controller activation, horizontal
lines represent desired values (for cadence and torque).

the cycle admits less) and consequently, less stimulation and
torque production over time. With a low damping parameter,
the admitted trajectory (i.e., q̇a) is allowed to deviate more than
with a high damping parameter (see Column 4 of Table II),
and the position error accumulates more quickly, resulting in
more stimulation and torque production. Regardless of the
cadence tracking error, the admittance tracking error is small
in comparison across all experiments and participants (see
Column 5 of Table II), indicating the motor is able to emulate
the dynamics dictated by the admittance filter in (5) and (6).
As the rider is stimulated, their muscles produce an interaction
torque about the crank (i.e., τint ); if this torque is greater than
the passive amount it takes to actuate their body (i.e., τp),
the interaction torque will be positive. Any torque reading
greater than τp is assumed to be the result of torque generated
by the rider’s muscles and the difference is multiplied by the
measured cadence to get an estimate of the power generated
by the rider.

To facilitate the following discussion, let q̇α : R≥0 → R

denote the admitted cadence trajectory, defined as q̇α �
q̇d + q̇a, in contrast to the admitted trajectory denoted by
q̇a . Note that although admittance error system is passive
with respect to the rider, the admittance controller tracks
the admitted trajectory closely. The cadence error system is
proven to be exponentially stable, and Figure 25 indicates that
when the participant is below their saturation level of 110 μs,
the measured cadence converges to the desired cadence. Fig-
ure 2 also illustrates P3B’s torque production, which over time,
reaches the desired value of 0.5 Nm and demonstrates indirect
regulation of the torque tracking error eτ . Upon reaching the
desired torque, the stimulation begins to plateau, as shown in
Figure 3.6 When the desired torque is reached, the admitted
cadence trajectory begins to align with the desired cadence

5For visual clarity, a one-second moving average filter was applied to all
cadence/torque plots.

6For visual clarity, a half-second moving average filter was applied to the
motor current input. The stimulation input is represented as the maximum
stimulation for each FES region at the corresponding time.

Fig. 3. P3B: (Top) Control effort sent to motor (Bottom) Control effort
sent to rider’s right (R) and left (L) quadriceps (Q), hamstring (H), and
gluteal (G), respectively. Stimulation was saturated at 110 μs for rider
comfort.

trajectory, and the participant is able to achieve the desired
cadence at the desired torque. An estimate of the power
produced by P3B is displayed in Figure 2 alongside the torque
produced. Taken together, Figures 2 and 3 indicate that as
the participant’s stimulation increases, her muscles produce
stronger contractions. Correspondingly, she is able to offset a
portion of the torque required by the motor because it needs
to assist the rider less. This results in a decrease of the amount
of current required to actuate the motor. Of note, by offsetting
a portion of the motor current needed to actuate the cycle with
FES, smaller motors can be utilized, resulting in lighter, less
powerful, and less expensive FES cycles.

To highlight the performance of a participant with a NC,
Figures 4 and 5 display the tracking results and control inputs
for P4B, respectively. As shown in Table II, the admittance
tracking error is small as in the other participants, demon-
strating convergence of the admittance error system. However,
unlike P3, P4 had a low tolerance to the electrical stimulation.
Consequently, only low levels of torques were able to be
evoked, and the desired interaction torque was reduced from
0.5 Nm to 0 Nm. Note that due to the passive torque required
to actuate P4’s legs (i.e., approximately 0.46 Nm), an inter-
action torque of 0 Nm would still require P4’s leg muscle
to produce an average torque of 0.46 Nm. As illustrated in
Figure 4, P4 was unable to achieve the desired torque pro-
duction; hence, the admitted cadence trajectory consistently
lagged the desired cadence trajectory. However, P4 was
able to produce a small amount of torque, as indicated
in Figure 4. As the experiment progresses, the participant
begins to show signs of fatigue and his torque begins to
decline (at approximately t = 55 s). As mentioned in [30],
the early onset of fatigue remains an outstanding challenge
in the use of FES. Despite the participant not achieving
the desired cadence or desired torque (due to stimulation
limitations, or actuator saturation), the admittance controller
was still able to achieve stable operation and ensure participant
safety and comfort. As seen in Table II, the average cadence
achieved is directly related to the selected damping parameter,
regardless of stimulation saturation.
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Fig. 4. P4B: (Top) Measured (q̇), admitted (q̇a), and desired cadences
(q̇d); (Bottom) Measured torque (τ ) and estimated power (P) produced
by the rider.

Fig. 5. P4B: (Top) Control effort sent to motor (Bottom) Control effort sent
to rider’s right (R) and left (L) quadriceps (Q), hamstring (H), and gluteal
(G), respectively. Stimulation was saturated at 65 μs for rider comfort.

To testify to the admittance controller’s capabilities to
handle participant variability and ability, all participants were
asked to repeat Protocol B, but with added volition (Proto-
col D). Figures 6 and 7 display the tracking results and control
inputs for P4D, respectively. Compared to Figure 4, which dis-
plays P4’s performance when he was asked to remain passive
and not contribute to the pedaling task, Figure 6 shows notably
improved tracking performance. When P4 was instructed to
pedal, he not only was able to keep his stimulation levels
below his saturation level, but also produce the desired torque
(without modifying any gains). This trial more closely reflects
the results displayed in Figures 2 and 3 for P3B. Meaning,
if a participant is able to tolerate the required stimulation
to produce the desired amount of torque, their performance
will be similar to that as when they volitionally pedal (in the
sense that they will be able to achieve the desired cadence
at the desired torque). Therefore, the controller is capable
of being applied to an individual with a complete spinal
cord injury or an able-bodied individual that is volitionally
pedaling, without any adjustment to the controller.

Fig. 6. P4D: (Top) Measured (q̇), admitted (q̇a), and desired cadences
(q̇d); (Bottom) Measured torque (τ ) and estimated power (P) produced
by the rider.

Fig. 7. P4D: (Top) Control effort sent to motor (Bottom) Control effort sent
to rider’s right (R) and left (L) quadriceps (Q), hamstring (H), and gluteal
(G), respectively. Stimulation was saturated at 65 μs for rider comfort.

Figures 8 and 9 are provided to highlight the performance of
P5, the participant with a spinal cord injury. Because she was
unable to contribute volitionally to the cycling task, Protocol D
was not completed. As illustrated in Figure 8, there was no
improvement in the cadence tracking error over the course
of the experiment. Correspondingly, this is attributed to the
near-zero torque production elicited by the stimulation. It is
hypothesized that because P5 experienced a spinal cord injury
12 years prior, her muscles had atrophied significantly and
were small in comparison to other tissues present. According
to [44], this can prevent the electricity from penetrating
sufficiently deep into the leg to recruit muscle fibers for con-
traction. Consequently, despite reaching the maximum amount
of stimulation deliverable by the stimulator (i.e., 500 μs) as
shown in Figure 9, P5 is likely not receiving the full benefits
of FES, but only of participating in range-of-motion exercises.

Despite P6 suffering a hemorrhagic stroke four years prior to
her involvement in the study, she had regained some functional
ability in the affected right arm and leg. Figure 10 displays the
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Fig. 8. P5C: (Top) Measured (q̇), admitted (q̇a), and desired cadences
(q̇d); (Bottom) Measured torque (τ ) and estimated power (P) produced
by the rider.

Fig. 9. P5C: (Top) Control effort sent to motor (Bottom) Control effort
sent to rider’s right (R) and left (L) quadriceps (Q), hamstring (H), and
gluteal (G), respectively. Stimulation was saturated at 500 μs.

tracking results for P6D, when she was tasked with volitionally
contributing to the cycling objective. Because P6 was able
to pedal the cycle near the desired cadence, but with slight
undershoot, she accumulated position and cadence error and
correspondingly received an increasing amount of stimulation
over the course of the experiment, as displayed in Figure 11.
Because P6 was contributing volitionally, despite the increase
in stimulation, she showed no sign of fatigue or decrease in
torque production.

Although P7 had Parkinson’s disease, he had ample mus-
cle tone and strength due to his regular exercise regime.
Accordingly, he was able to produce large amounts of torque
and the desired interaction torque was varied according to
Table II. When examining P7’s trial with volition (P7D),
it can be seen in Figure 12 that he is able to quickly
track the desired cadence and meet the desired interaction
torque. Compared to the counterpart protocol with the medium
damping parameter (Protocol B), P7 was able to produce 44%
more torque without significantly affecting the performance

Fig. 10. P6D: (Top) Measured (q̇), admitted (q̇a), and desired cadences
(q̇d); (Bottom) Measured torque (τ ) and estimated power (P) produced
by the rider.

Fig. 11. P6D: (Top) Control effort sent to motor (Bottom) Control effort
sent to rider’s right (R) and left (L) quadriceps (Q), hamstring (H), and
gluteal (G), respectively. Stimulation was saturated at 60 μs for rider
comfort.

of the admittance controller. As depicted in Figure 13, P7
was able to keep his stimulation levels low by contributing
volitionally. Furthermore, it can been seen that the rider is
able to offset the current required by the motor to actuate the
cycle.

Across all participants undergoing Protocols A-C, the low
damping parameter selected for Protocol A resulted in the
generation of the least-stiff admitted trajectory. The admitted
trajectory was allowed to deviate the most, and consequently,
the position/cadence errors were the largest across all proto-
cols; this resulted in high stimulation and in the highest torque
production. Comparatively, the highest damping parameter in
Protocol C held the admitted trajectory close to the desired,
reduced the position/cadence error, and resulted in the lowest
torque production. Hence, without modifying the controller
structure or gains, the FES cycle can place more or less
emphasis on cadence tracking or torque production. Allowing
riders to contribute volitionally (if possible) further increased
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Fig. 12. P7D: (Top) Measured (q̇), admitted (q̇a), and desired cadences
(q̇d); (Bottom) Measured torque (τ ) and estimated power (P) produced
by the rider.

Fig. 13. P7D: (Top) Control effort sent to motor (Bottom) Control effort
sent to rider’s right (R) and left (L) quadriceps (Q), hamstring (H), and
gluteal (G), respectively. Stimulation was saturated at 120 μs for rider
comfort.

the torque production, especially when the desired interaction
torque was set to a high value (e.g., 2.0 Nm). Accordingly,
volition does not destabilize the controllers, nor compro-
mise their performance, and should be encouraged whenever
possible.

VI. CONCLUSION

FES cycling is a promising rehabilitation option for neu-
rologically impaired individuals, and is an example of a
hybrid rehabilitation robot which requires controllers to be
implemented on both the human and the robot. By utilizing
admittance control on the robot and guaranteeing passivity
of the muscle stimulation controller through a Lyapunov-like
stability analysis, safety is guaranteed in terms of the devel-
oped physical human-robot interaction. Experimental results
are presented for three able-bodied participants and four
participants with neurological conditions to demonstrate the
efficacy of the proposed controllers. The admittance controller

achieved an average admittance cadence error for Protocols
A-C of −0.06 ± 1.47 RPM for able bodied participants and
−0.02 ± 0.93 RPM for participants with NCs. The ease of
use, comfort, and guaranteed safety makes this FES cycle a
promising method for future rehabilitation strategies, particu-
larly in terms of in-home use.
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