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«Qr ,

* Joint work with Sean Phillips and Alex Soderlund (both at RV) led to time-
constrained MPC for satellites

* Gabriel Behrendt (PhD student) created a time-constrained MPC algorithm that has
been implemented in the SPACER Lab at RV

* Underlying idea: space-grade processors are slow, so we often cannot solve MPC
sub-problems exactly

* Main question: with limited time, do we achieve stability/high performance?
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‘%,\\w/) ’ laborations with Air Force Colleagues

* For Summer 2024:
 William Warke is at RW with Kevin Brink

* The paper “Pose Graph Optimization over Planar Unit Dual Quaternions:
Improved Accuracy with Provably Convergent Riemannian Optimization” is
under review

* Working on a joint journal paper extension
 Adam Pooley is at RW with Adrienne Dorr
* Alexander Benvenuti is at RW with Mitzi Dennis

* The joint paper “Differentially Private Reward Functions for Multi-Agent
Markov Decision Processes” was just accepted to CCTA 2024

* A journal extension will be submitted soon
* Gabriel Behrendt is at RW with Zach Bell

* The paper “Distributed Asynchronous Discrete-Time Feedback
Optimization” is under review

* Multiple time-varying non-convex optimization papers are in preparation
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\/ , Safety-critical systems are widely used

 Safety-critical systems...
« Have state-based constraints that designate a safe region
« Must prioritize safety over optimality
« Require a guarantee that safety can be maintained ahead of time

« Example systems:
« Autonomous vehicles
« Medical robots
« Industrial robots
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'_%,.\/ , Forward invariance encodes safety
Q.,"

 Safety & Bad things never happen

« Forward invariance is a method used for safety-critical systems

 Identify a safe region C € X
» Goal is to make C forward invariant through control-action

Definition:
(t A set C c R" is forward
invariant if every solution with
x(0) € C implies x(t) € C for
& allt > 0.
x(to)
™
Safeset C attime t State domain X
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\/ ’ ol barrier functions are commonly applied

Control Barrier Functions (CBFs) are used in nonlinear,
control-affine systems

x=f(x)+gx)u
e The state, x € X c R" 1 1
 The input, u € U c R Polynomial functions

The CBF function b: € — R defines the safe area C
C={xeX|blx) =0}
« Assume that (1.) b is polynomial, (2.) C is compact, (3.) C € X, for this talk

Problem o, Safety verification:

Develop conditions that guarantee that safe control action
is always available, with respect to the CBF and other
system-specific requirements.
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‘_%,\/ , BFs apply forward invariance to a system
50

it b(x)=0- a(0)=0
Definition (Ames et al., 2019): (x) a(0)

A function b: € — R is a CBF if there exists a
class K, function « such that
sup[Lfb(x) + Lyb(x)u + a(b(x))] >0

ueu
forall x € C.

b(x) >0 - a(b(x))>0

» The admissible input set is
Wi(x) = {u€U|Lb(x)+ Lyb(x)u + a(b(x)) >0}

Theorem (Ames et al., 2019):

Given a CBF b, any Lipschitz continuous
controller u: [0, ) — U such that

u(t) € W, (x(t)) for all t = 0 renders C
forward invariant.

Aaron D Ames, Samuel Coogan, Magnus Egerstedt, Gennaro Notomista, Koushil Sreenath, and Paulo Tabuada, Control barrier functions: Theory and applications, 2019 18t European control conference (ECC), IEEE, 2019, pp.

L SHNTH L]
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\/ etimes, higher-degree techniques are needed
-'%' -0 ,

« High Order Control Barrier Functions (HOCBFs) are an
extension of CBFs
« The input does not appear on the first derivative

Leb(x) +Wu(t) + a(b(x)) >0 ﬁ
0

Control action is
rendered ineffective

» The relative degree r is the number of times b must be differentiated until
the input shows up

» The high-degree functions:

PYo(x) = b(x)
Y1 (x) =‘1,I)0(x) + a1 (P (x))

lpr—l(x)‘: l/:)r—z(x) + g (Pr_2(x)) —
Ur(x, u) =‘¢r—1(x; u), + ar(Yr_1(x))

The input shows up here!

Wei Xiao and Calin Belta. Control barrier fu nctons for systems with high relative degree. In 2019 IEEE 5gth conference on decision and control (CDC), pages 474-479. |IEEE, 2019.

UFiisiivh €




'_%,.\/ , OCBFs are a natural extension of CBFs

Definition:

A function b: C; — R is an HOCBF with relative degree r if there
exist r class K, functions a; such that

sup[y,-(x,u)] =0 forall xe€C,

ueu

* The admissible input set is
Y.(x)={uelUly.(x,u) 20}

Theorem:

Given a relative degree r HOCBF, any Lipschitz continuous

controller u: [0, 0) - U such that u(t) € ¥,(x(t)) forall t > 0
renders C, forward invariant.

and Calin Belta. Control barrier functions for yt ms with high relative degree. In 2019IEEE58 onference on decision

UFisiion €

and control (CDC), pages 474-479. |IEEE, 2019.




\/ The forward invariance connection
-'%' -0 ,

Theorem:

Given a relative degree r HOCBF, any Lipschitz continuous controller
u: [0,0) — U such that u(t) € ¥, (x(t)) for all t > 0 renders C; forward

invariant.
[C ={xeX|b(x)=0} }Cl ={x eX | yYy(x) =0} Information about\
C, = {xeX| ¢1(X) >0} one companion set
. provides
) information about
Cro1 =X €X [Prp(x) 20} all companion

Cr={x€X |yYp_1(x) = 0} sets. .

Theorem 1 (Pond & Hale, In Preparation):
Assume: All C; are compact and nonempty

G=1xe€X|9Y;1(x) 20} _ Cipg ={x€X |h(x) 20}
1s forward invariant 1s forward invariant

Aaron D Ames, Samuel Coogan, Magnus Egerstedt, Gennaro Notomista, Koushil Sreenath, and Paulo Tabuada, Control barrier functions: Theory and applications, 2019 18t European control conference (ECC), IEEE, 2019, pp.

L SHNTH L]
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\/ ’ otential conflicts can arise in real-time

CBFs/HOCBFs are typically implemented in real-time with sequential
quadratic programs (SQPs)

SQP

. 2
ur(%‘élul lu(o)|

s.t i (x(@®),u(®) =0
: —— HOCBFs

Pl (x(@®),u(®) =0
LV (x(®) + LgV (x(©)u(®) + ¥ (V(x(©)) < 0 == CLF

Possible conflicts:

1. Validation of the HOCBF definition — Does b always satisfy its
definition?

2. Actuation limits — Will the input needed for safety ever be
outside the system’s input bounds?

3. Safe stabilization — Can the CLF and CBF constraint be
satisfied by the same input?

4. Multiple HOCBFs — Will there be a time when the intersection
of the safe sets is empty?

i
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..Q;-\j ’ Dur goal is to verify systems with HOCBFs
Qr

Problem 1, Single HOCBF Verification:

For a single HOCBF b, determine a sufficient condition to
guarantee the continued feasibility of the SQP.

Definition:

A system has a guarantee of continued
feasibility if the existence of a continuous SQP
input that satisfies:

, 2
1.  The actuation limits u € U = {Au(x) < ¢} ———— ) u{?}&' ol

2. The HOCBF definition validation s.t P (x(®),u(t)) 2 0

3. The CLF definition validation LfV(x (0) + LgV(x ©)u(t) +y (V(X (t))) <0

has been established.

i
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\/ gebraic geometry has a natural connection
-'%' -0 ,

« Nonnegativity certificates

* Question: Is the polynomial g € R[x]| nonnegative over the semialgebraic set
Ks={xeR"|vi(x)=0,..,v,(x) =0}?

« Answer: If g € (g, then yes! Qs is an algebraic object )
— a specifically
structured polynomial
set that requires

— i
Definition (Powers, 2021): A “";‘;ffﬁeﬁgp"r D
The quadratic module generated by the set S = {v, ..., v,,,} is

Qs = {q € R[x] | g(x) = sp(x) + X2 1151(96)171-(96)}

Sums-of-squares polynomial:

si(x) = %pi(x)

« Recall, we need to know if 1,.(x, u) = 0 over the set
Cr={x €X | Yr_1(x) = 0}

« Nonnegativity certificates can be solved using semidefinite programs
(SDPs)

!ﬂ,@nm&,%
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\/ ’ The verification for a single HOCBF

Theorem 2 (Pond & Hale, In Preparation): | Decision Variables

The continued feasibility for a system with u € R7[x]

1. A HOCBF S0, 51,52, 53 € L|x]
. S4,Ss € L9 x]

2. ACLF

3. Actuation constraints
is guaranteed if there is a solution to the SDP:
min 0
S.t. lpr(x,u(x)) = 50(x) + 51 (X)Pr_1(x)
—LeV(x) = LeV(@)ux) —y(V(x)) = s, (%) + s3()Pe(x)
—Au(x) + ¢ = 5,(x) + s5()Po(x)

Nonnegativity certificates:
Yr(x,u(x)) = 0 forall x € C, =) HOCBF definition satisfied and C; forward invariant
LeV(x) + LgV(x)u(x) + )/(V(x)) <0 forall x € C; [ Safe stabilization is possible

Au(x) <c forall x € C; IZ> Actuation limits satisfied

UF [FLORIDA



‘g\/) , xtending verification to multiple HOCBFs
Qr

SQP Problem 2, Multiple HOCBF Verification:
r(rg)lnu| |u(t)||2 Given a collection of HOCBFs {by, ..., b;},
u(t)e . . o o, .
s.t Y (x(0),u(®) = 0 determine a SllfflCl.ent cond1t1.01.r1.to
: guarantee the continued feasibility of the
SQP.

P, (x(0), u(®)) = 0
LV (x(0) + LyV (x(0))u(t) +y (V(x(t))) <0

* Now, we must establish
« HOCBF definition validation for each j € [/]
» CLF definition validation
 Actuation constraint compliance

over the forward] Invariant intersection set

ﬂc{ = (X EX 1 PER) 20, ..., 9 (x) > 0)
j=1
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‘%,\\‘_’/) ’ The verification for multiple HOCBFs

Theorem 3 (Pond & Hale, In Preparation): Decision Variables
The continued feasibility for a system with u € R9[x]

1. ] HOCBFs 5 ...,si], si]+1 € X[x]
2. ACLF si]+2 € X9[x]

3. Actuation constraints

is guranteed if there is a solution to the SDP:
min 0
s.t. (o, u(x) = s5(0) + st COPF, 1 (0) + - + 57 ()P (x)

P, (6, u() = 5300 + 5] COPE @) + - + 5] (DY) _, ()
—LeV (x) — LgV(Dux) —y(V(x) = 557 () + 577 (Opg(x) + -+ s/ ()5 (x)
—Au(x) + ¢ =577 (0 + 51 TP + -+ 57 T 0OPY (%)

Each HOCBF definition is

l/ij (x,u(x)) =0 forall xe Cln--n erj n--n¢] ) satisfied over the forward
Ivariant operating region

UF [FLORIDA
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\j , Simulations for multiple HOCBF verification

* Dynamics —0
00 1 0 0 0 T '
. 0O 0 0 1 0 0 20
X = X + u 0 . |
0 0 00 10 (Simulation of ol
0000 01 u(x) and x ) ?Z-T.,h“.%_
by(x) = %2 + x2 — 12 (verified SDP ) |
b,(x) = —x2 — x% + 102 "
by (x) = —x§ — x5 + 15 e
+ One CLF ¢ _ e ;e
T 10 —— -_::I. 15 i
3 : o) ol 23T NN
Ve =\ x - 0 |0 ’ -fff 1 / \\l 5 fﬁ IIII'I. \\'.
. . ! ’ 5ot () : - o |[ \ Jl .||
* Actuation Constraints _ hlSZ (x) = | \E— ..
| i ) JI.'
~30 < u < 30 sp / 72 I BN /
q‘”"“"&»%
UNIVERSITY of y ‘ LI
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-%"\wj , Remaining Work

 Synthesizing HOCBFs

e The class K, functions lack intuition

 Can be difficult to determine any feasible class K, functions, let alone
optimal class K, functions

e The class K., functions determine restrictiveness for the intercession of
safety

« All issues with class K., functions are exacerbated for HOCBFs
Pr(x) = Lfb(x) + L L? 1b(x)u + ar(lpr 1(x)) + Z Lf(al 1(1/Jr i— 1(X)))

 Incorporate a; functions as a decision Varlable
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Thank you!

epond3@gatech.edu
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