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Accurate modeling of complex physical systems has garnered significant interest
alongside the expansion of computational power. In recent years, Lyapunov-based neu-
ral networks (NNs) have emerged as powerful tools for real-time function approximation
in closed-loop control. However, while traditional real-time adaptation of NNs compen-
sates for unknown dynamics to achieve tracking, it often fails to identify the underlying
system physics.

To address this, this dissertation shifts toward physics-informed learning. While
incorporating physical constraints has shown empirical success in offline settings,
developing real-time, physics-informed adaptation laws is an open research direction.
Furthermore, providing formal guarantees on function approximation is difficult due
to the nonlinear-in-parameter (NIP) structure of these learning algorithms, which
complicates parameter convergence and identifiability analysis.

Chapter 1 provides a literature survey of physics-informed learning techniques
and motivations, introduces the research section of the dissertation, and provides an
outline of the remaining chapters. Chapter 2 develops two approaches for a physics-
informed control framework using the Euler-Lagrange equation and designs real-time
adaptation laws which incorporate the physics of the system. Chapter 3 establishes
the identifiability conditions required to guarantee function approximation performance,

bridging the gap between architectural identifiability and the excitation conditions
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common in adaptive control. Chapter 4 develops a combined approach for identification
and control leveraging historical information in the adaptation law. Chapter 5 concludes
the dissertation by highlighting the contributions of each chapter. Additionally, future

extensions based on the results in this dissertation are proposed.
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CHAPTER 1
LITERATURE REVIEW AND DISSERTATION OUTLINE

To provide context for the contributions of this dissertation, this chapter surveys
the existing literature across the three interconnected pillars of machine learning (ML),
physics-informed learning, and adaptive control. The literature review begins with
an overview of ML applications in control and establishes the motivation for physics-
informed machine learning (PIML) architectures. This is followed by an overview of
current PIML techniques, noting that while these methods offer a means to embed
physical principles, they are predominantly relegated to offline applications which is
unsuitable for many control applications. To bridge this gap, the chapter concludes with
an exploration of adaptive control and real-time learning, focusing on Lyapunov-based
techniques that provide formal stability guarantees and rigorous methods for system
identification. Ultimately, this dissertation demonstrates how PIML methods can be used
in Lyapunov-based control frameworks to enhance performance and system identifica-
tion. After establishing the conditions necessary to guarantee approximation accuracy,
subsequent chapters detail the development of a unified control and identification
objective.

1.1 Machine Learning Background

The use of ML in engineering disciplines has shifted the way in which complex
systems are modeled and controlled. Traditional engineering methods rely on white-box,
mathematical, representations of systems derived from first principles. While these
mathematical models offer high interpretability and guaranteed adherence to physical
laws, they struggle to capture nuances of nonlinear or poorly understood systems
without significant engineering effort. In contrast, ML methods have gained widespread
popularity for their ability to generate predictions directly from raw data. By operating as
black-box models, methods such as Neural Networks (NNs) can map inputs to outputs

without requiring an explicit mathematical description of the systems internal physics.
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This capability is particularly advantageous for complex systems where obtaining
high-fidelity analytical models is computationally prohibitive or theoretically intractable.
1.1.1 Machine Learning in Control

The applications of learning methods, such as NNs, within control systems has
evolved from static function approximation to dynamic, real-time, adaptation. Early
works [3—11] established NN-based control, proving that NNs could approximate
system dynamics when an analytical model was unavailable. Initial methods focused on
offline optimization, where NN weights were determined by minimizing a loss function
over a fixed dataset [5—8]. While useful in regression problems, the applicability of
offline methods to control problems is limited due to their inability to handle out-of-
distribution data and the requirement that the training set is sufficiently rich over the
operating region. To address concept drift and improve generalization capabilities, the
ML community has proposed various online methods and domain adaptation techniques
[12—14]. However, these methods generally lack the formal guarantees required for
safety-critical hardware. To solve this, adaptive NN-based control was developed which
allows the weights in a NN to update in real-time based on a Lyapunov-based stability
analysis allowing for guaranteed performance in unseen environments [9, 15-22].
Notably, the early approach in [9] applies to shallow NNs characterized by an input layer,
a single hidden layer, and an output layer.

Deep Neural Networks (DNNSs), in comparison to shallow NNs, are exponentially
more efficient in terms of the number of neurons required to achieve similar function
approximation performance [23]. Motivated by these performance improvements,
subsequent research in [18—-22,24] leverages DNNs in an adaptive control framework.
1.1.2 Motivation for Physics-Informed Learning

Despite their efficiency, ML models, including NNs, remain inherently data-driven
and are susceptible to producing outputs which are not interpretable, and in some

cases, violate fundamental physical laws. The violation of physical principles and desire
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Observational Bias Inductive Bias Learning Bias

Softest Constraint Strictest Constraint Most Flexible Constraint
“Observational data should “NN architecture should “Balance the observed data
reflect underlying physical strictly embed prior and known physical
principles.” knowledge.” constraints.”

Figure 1-1. Different types of biases that can be used to incorporate physical principles
into learning algorithms. Original figure adapted from [1]

to leverage known information has led to the development of PIML. PIML embeds
properties of the system into the ML architecture or training regime with the goal of
ensuring the ML-based solution is consistent with physical principles.
1.2 Physics-Informed Learning Background

Physics-informed learning leverages the function approximation capabilities of ML
with established physics-based principles in a “gray-box” strategy [1,25-27]. It has
been shown that using prior knowledge or constraints in ML methods yields improved
accuracy particularly for exploratory or generalization tasks where black-box methods
often struggle [1]. Similarly, empirical results indicate that gray-box, physics-informed
methods, lead to faster learning while requiring significantly less data and simpler
models compared to black-box methods [25]. These gray-box approaches have been
described by various terms in the literature including 'physics-informed’, 'physics-based’,
‘physics-guided’, and ‘informed deep learning’ [28].
1.2.1 How Physical Knowledge is incorporated

The incorporation of physical knowledge in PIML models can generally be viewed
as enforcing biases in the form of an observational bias, inductive bias, or learning
bias [1] (Figure 1-1). Observational bias assumes that physical principles are inherently

captured within gathered data, yet this reliance demands vast datasets and carries
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the risk of overfitting in complex systems. Inductive bias offers a stricter alternative

by enforcing hard mathematical constraints which ensure physical laws are satisfied,
though the mathematical complexity of encoding these constraints often limits their
application to specific, well-defined laws. In contrast, learning bias provides a flexible
middle ground by encouraging predictions to approximately respect physical principles
through a soft constraint thus balancing traditional ML learning techniques with physical
plausibility. Although the selection of biases is often task-dependent, the enforcement
either hard or soft constraints has been shown to reduce the error of the variables that
appear in the constraints [29]. These theoretical biases are realized through feature
engineering, architecture design, or regularization strategies [28], with most frameworks
adopting a combined approach.

Feature engineering leverages domain knowledge to transform input data and
improve model performance [30]. In physics-informed learning, feature engineering can
involve basing the transformations on known physical parameters such as invariance
properties [31], Lie point symmetries [32], or scaling methods [33]. These methods can
be supplemented by data augmentation methods [34], where high-fidelity simulations
or digital twins are used to enhance the training dataset when data is scarce [35].
Within this context, physics-informed surrogate models have been shown to decrease
computation time [36].

By embedding physical knowledge into the architectural design, the learning
method is transformed from an observation-based regression to a structured series of
operations where physical-consistency is enforced through hard constraints [31,37—42].
This can be achieved by using known linear relationships [37], activation or basis
function selection [31, 38, 42], or specific design of layers based on physical properties
[39-42].

Physics-informed regularization incorporates physical laws as soft constraints

within the loss function used during training and improves generalization in data-scarce
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environments [25]. By penalizing violations of governing principles, this approach
constrains the space of admissible solutions [25] and has been applied across various
architectures including feedforward [25], graph [43], long-short term memory [44], and
recurrent [40] neural networks. The general structure of the combined physics-informed

loss follows

L = Ydata Z l; data + Yphysics Z lj,physiCSa (1-1)

J

where [; 4ata represents n data-driven objective terms and [; pnysics represents m physics-
based regularization terms. The objectives are typically scaled by factors ~ygyaa and
Yohysics 10 balance the contributions of the data-driven and physics-based components
in the overall loss function of the model. The terms ; gaa and [; pnysics could represent a
variety of objective formulations such as mean squared error, mean absolute error, or
cross entropy loss functions. The specific formulation of the physics loss can enforce

a variety of requirements such as mass conservation [45], expected behavior at the
boundary of the systems [46, 47], and the difference between the solution to the
governing equation and the model [48-50].

1.2.2 Types of Physical Knowledge

Implementation strategies provide the framework for using physical data, but the
specific attributes selected are determined by the available domain knowledge. These
attributes generally appear in the form of governing equations, symmetry constraints,
and conservation laws. By matching the learning bias to enforce the available domain
knowledge, the model is conditioned to adhere to the known properties of the system
and lead to improved accuracy [1].

Using NNs to solve ordinary differential equations (ODEs) and partial differential
equations (PDEs) has been a topic of long-standing interest [51-54]. Within physics-
informed methods, utilizing the governing equation has been widely used to guide
the learning process. Originating from the PDE domain, researchers have employed

initial and boundary constraints to refine the developed model [46, 53, 55-58]. These
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implementations incorporate a variety of conditions such as periodic [57], Neumann and
Dirichlet boundary conditions [56, 58], as well as specific initial state information [46, 53].
While many physics-informed methods originated from the fluid dynamics community

in search of solving PDEs, their underlying principles are inherently applicable to a
broad spectrum of dynamical systems. For instance, governing equations can be used
as a regularization to learn system dynamics [48] or to approximate non-conservative
forces [59] in the Euler-Lagrange equation. Furthermore, the governing equation can be
embedded explicitly in the loss function [46] or used to provide a simulated output for
feature engineering methods [50].

Beyond using the governing equations, symmetry constraints can significantly re-
duce the search space of learning algorithms [60]. While convolutional neural networks
are the classic example of architectures designed to respect symmetry groups [61], their
application to physical phenomena is relatively new [42,62]. Symmetry constraints are
often complemented by structural or temporal symmetries. For example, specialized hub
layers have been used to enforce even/odd symmetry in noisy environments [39] while
Lie point symmetries were used in [32]. Furthermore, for reversible classical systems,
temporal consistency can be enforced via time-reversal symmetry (¢t — —t), using the
discrepancy between forward and backward predictions as a regularization metric [63].

Conservation laws offer a framework for grounding ML in physical properties. Be-
yond fluid dynamics applications where mass conservation can regularize flow field
reconstruction [45], a significant body of research has focused on system energy con-
servation [26, 27,49, 64—69]. Lagrangian NN (LNN) architectures like Deep Lagrangian
Neural Networks (DelLaN) parameterize kinetic and potential energy by minimizing the
squared residual of the Euler-Lagrange Equation [26]. While DeLaN typically operates
using position and velocity, Hamiltonian Neural Networks (HNNSs) utilize position and
momentum. The choice between LNN and HNN models is dictated by the availability of

coordinate data [64]. Recent refinements have extended these frameworks to handle
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practical implementation challenges, such as utilizing differentiable ODE solvers to
bypass the need for second order derivatives [49, 67], or providing a combined HNN and
LNN approach to learn contact properties [68].
1.3 Physics Informed Learning in Control

There is strong motivation to use PIML in control due to its ability to ensure physical
plausibility of the prediction and providing greater confidence in ML generated solutions
to control engineers. In its simplest form, a physics informed model can replace the
unknown dynamics in a controller. For instance, in [49] and [26] the physics-informed
architecture outputs were incorporated in a PD controller. In [69], physics-informed
architectures were applied to inverse dynamic control and energy control. Beyond its
use as a feedforward component, PIML is also widely used in model-based methods,
such as model predictive control (MPC) or model-based reinforcement learning (MBRL).
This is typically accomplished by combining the physics-based priors with various
regression methods to improve control performance.
1.3.1 Physics-informed Model Predictive Control

ML methods have been widely used in MPC control (for a full review see [70]).
Building on recent advances in physics-informed learning, results such as [46,47,71,72]
incorporate physics-informed learning methods into the control architecture using MPC
techniques. Early approaches utilized physics-based linear models to ensure safety
of the system while a ML model was used to maximize control performance [73, 74].
Modern iterations, however, embed physical laws directly into the predictive element.
This is achieved by using the solutions to governing ODEs as a regularization method
[46] or by augmenting the physics-informed neural networks (PINNs) to accept initial
states and control inputs as parameters [47]. To address temporal accuracy degradation
common in PINNs, the ODE solution has been partitioned into valid sub-intervals, and

applied to serial robot manipulators and quadrotor control [71,72].
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1.3.2 Physics-informed Reinforcement Learning and Control

MBRL has been developed to improve sample efficiency of reinforcement learning
(RL) methods by using a learned model to make predictions about future behavior.
By employing a model, MBRL avoids the high costs of trial-and-error learning which
can be particularly detrimental when applied to mechanical systems [75]. However,
MBRL can suffer from inaccurate modeling (i.e., model bias) which can lead to a lower
success rate compared to model-free RL approaches [76, 77]. Incorporating physical
properties into the RL architecture allows for regularization of the hypothesis space
towards physically consistent solutions. Modern frameworks achieve this through varied
strategies including directly encoding boundary conditions and conservation laws within
auto-encoding recurrent networks to ensure structural consistency [75] or explicitly
coupling deep RL agents with physically consistant NNs [78, 79].
1.3.3 Connections Between Physics-Informed Learning and Adaptive Control

Adaptive control methods are naturally suited for physics-informed learning due to
their interconnection between system dynamics, performance metrics, and adaption
laws that link learning to the systems behavior. Traditionally, adaptive control employs
linear-in-the-parameters (LIP) formulations, commonly expressed as f = Y0, where f is
an unknown function describing the system dynamics, Y is a known regression matrix
derived from the system’s dynamics, and ¢ is a set of unknown parameters which are
being estimated. The adaptation of the parameter estimates 4 typically follow the form
é =TI'Y Te, where 9 denotes the designed time derivative of 0, T is a user-selected gain
matrix, and e is an error term (e.g., position error, prediction error, etc.) in the system.
A key feature of LIP adaptive control is that the adaptation is driven by a regression
matrix, Y, derived from the system’s dynamics thus directly incorporating properties of
the physical system into the learning process.

Due to their versatility, adaptive control methods have been extended to use ML

techniques such as NNs and DNNs [9, 15, 16, 20-22, 80—83]. In these approaches,
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instead of the regression updating based off of a regression matrix derived from the
system’s dynamics, the regression is based on properties of the architecture. This

leads to a black-box formulation that discards known system information. While such
algorithms preform well, PIML has significant advantages including reduced data
requirements, improved generalization, and increased interpretability [84]. These
benefits are particularly important in control applications where reducing computational
load and allowing the users to interpret the model are critical. Therefore, there is strong
motivation to combine PIML with adaptive control methods. This would allow for real-
time adaptation to changing system parameters while leveraging known physical laws of
the system and simultaneously utilizing ML techniques to improve performance.

While many DNN formulations in PIML literature rely on offline optimization,
adaptive control methods facilitate real-time learning or adaptation of NN weights. This
capability addresses the challenge of obsolescence of pre-trained weights, particularly
when the training set is not comprehensive. Early work on shallow NNs, such as the
development in [16], enabled the real-time adaptation of the NN weights. Motivated
by the desire to leverage the improved function approximation capabilities of deep
networks, [19] introduced an approach where the inner layer weights are iteratively
adjusted through batch updates, while the outer layer weights adapt in real-time. A
similar iterative approach is used in [47] to counteract the degradation of the PINN
over time. Recently, [20] developed a method which enables real-time adaptation of all
weights within a DNN. This full adaptation approach is particularly advantageous as
it allows the DNN to fully exploit its function approximation capabilities, enhancing its
ability to respond to changing system dynamics.

1.4 Real-Time System Identification
The connection between System Identification and PIML efforts is defined by the

shared transition from unconstrained function approximation to structured parameter
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recovery. Historically, system identification has focused on determining physical con-
stants from system data where early work focused on inertial parameters in rigid-body
loads [85]. System identification techniques are applicable to a broad range of tasks
including fault detection and accurate state estimation during intermittent feedback
loss [86]. While PIML methods have demonstrated that embedding physical struc-
ture into the learning process enhances generalization capabilities and robustness to
noise [60, 87], a fundamental challenge remains in translating these offline discovery
techniques into real-time control applications.

Offline PIML results have demonstrated that when a learned mathematical model
accurately captures the underlying equations, it can generalize beyond the training
domain [60]. Recently, data-driven discovery of unknown governing equations using
symbolic regression differences have been investigated to determine the underlying
dynamic equations [88, 89]. Within the PIML community, [87] demonstrated that incorpo-
rating physics-based constraints can result in parameter identification and leads to fewer
violations of physical laws compared to black-box NNs. Additionally, in the presence of
noisy data the incorporation of the data-driven methods with known model properties
showed significant improvement in mean squared error (MSE) performance compared
to traditional modeling approaches [87].

The primary difficulty with using high-fidelity ML for real-time system identification
lies in the distinction between closed-loop stability and parameter convergence. While
an ML-based controller can achieve asymptotic tracking, the identification problem may
remain ill-posed if the system’s regressor lacks sufficient rank or excitation. In such
cases, the weights of the DNN are not guaranteed to be unique or physically consistent.
Therefore, establishing the mathematical conditions for well posedness is essential go
guaranteed that the ML architecture is capable of true system identification rather than

black-box error compensation.
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Traditional adaptive control methods have embraced composite [90] and concurrent
learning (CL) methods [91] as a regularization technique that guarantees convergence
to the actual parameter values. A key aspect of these developments is the use of a
prediction error in the adaptation law. When incorporated into the update law for real-
time learning, prediction errors in the adaptation law are comparable to PIML methods
using the solution to the differential equation alongside the ML model’s estimate of that
solution as seen in [48, 87]. However, in real-time learning, the solution to the dynamic
function cannot be calculated a prioi, as it is often done in offline training for PIML
methods. As a result, the prediction errors seen in traditional adaptive control are often
reconstructed versions of the unknown system dynamics and their estimates [22,90-94].

While classical adaptive control methods can guarantee parameter convergence for
LIP uncertainties assuming various exploration/excitation conditions, few works consider
nonlinear-in-parameter (NIP) uncertainties [22,91, 95-98]. Existing solutions often rely
on simplifying assumptions such as convex/concave nonlinear parameterizations as
in [99] or strong monotonicity as in [100] and [101]. However, the NIP structure of DNNs
is neither convex/concave nor strongly monotonic.

Recent efforts to achieve parameter convergence such as [22, 95, 102, 103], use
dynamic state derivative estimators and least-squares update laws. Such methods
also rely on a Persistence of Excitation (PE) condition which cannot be verified online.
Additionally, such stability results rely on excitation assumptions without addressing the
fundamental well-posedness of the parameter estimation problem. While parameter
convergence is guaranteed contingent on these assumptions, the structural condi-
tions required to ensure unique parameter determination in NIP architectures remain
unestablished.

This lack of a uniqueness guarantee underscores a critical gap in the literature
regarding identifiability conditions for NIP systems and their relationship to the classical

excitation definitions used in adaptive control. A key aspect of identifiability is whether
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an architecture is sufficiently “rich” to capture necessary behaviors. For example, an
architecture lacking a bias term would struggle with learning offsets. Deep learning
architectures such as DNNs exhibit structural richness in the form of symmetries, where
multiple weight configurations yield the same input-output map. While these symmetries
may yield acceptable function approximation, they complicate the unique determination
of parameters. Therefore, the pressing challenge is establishing properties that deter-
mine whether finite recorded data can uniquely identify the underlying system. Without
these properties, the learned parameters may overfit the instantaneous data rather than
capturing the local system dynamics.
1.5 Dissertation Outline

Chapter 2 and the work in [2] and [24] develops the first physics-informed real-
time learning architecture which leverages the known structure of the Euler-Lagrange
Equation in the architecture design. Section 2.1 introduces a physics-informed Long
Short-Term Memory (PI-LSTM) controller, which leverages the memory retention
capabilities of LSTMs to achieve stronger observational bias. The architecture is
designed using the structure of the Euler-Lagrange equation, enabling the model to
learn unknown system components separately and leverage known properties. This
development employs a Lyapunov-based analysis to derive real-time weight adaptation
laws for the PI-LSTM. Due to the architecture design being based on the governing
equation, the PI-LSTM'’s output must be post-multiplied by dynamic terms such as
position or velocity. This results in the adaptation law being further informed by the
dynamics of the system compared to a traditional adaptation law. A Lyapunov-based
stability analysis was performed to ensure asymptotic tracking error convergence and
boundedness of the developed PI-LSTM controller. Simulations were performed on a
two-link robot manipulator yielding a RMS tracking error of 0.0185 rad and achieved
33.76% improvement over a physics-informed architecture which does not leverage

memory capabilities of a LSTM.
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Section 2.2 leverages the development in Section 2.1 and incorporates a physics-
based regularization term in the adaptation. This additional term is motivated by the
desire to leverage known model properties to guide the architecture’s adaptation.
Specifically, the regularization is applied to the approximation of the inertia and Coriolis
matrices which are known to be skew-symmetric. Using this property, a skew-symmetric
prediction error is developed based on the output of the estimates and incorporated
into the real-time adaptation law. This chapter addresses challenges with compounding
effects of uncertainties stemming from function approximation error and higher-order
terms. This is the first result which uses a combination of architecture design and
regularization to enforce physics-constraints in a real-time context. A Lyapunov-based
stability analysis results in asymptotic convergence of the tracking and skew-symmetric
prediction error. Simulations were performed on a two-link robot manipulator yielding a a
19.87% improvement in overall function approximation compared to methods which do
not consider the symmetry constraint.

Chapter 3 addresses the fundamental question of when function approximation per-
formance can be guaranteed and under what conditions it can be verified. Specifically,
this chapter establishes the requirements for parameter identification in NIP systems
and bridges the gap between theoretical identifiability and the verifiable finite excitation
(FE) condition. By defining the conditions under which deep learning architectures,
such as DNNs, become unidentifiable, this chapter provides a framework for assessing
network convergence. Numerical analysis of the rank condition for DNNs validates the
feasibility of the FE condition and demonstrates how these identifiability requirements
can serve as a diagnostic metric for informed architectural design.

Chapter 4 and the work in [103] applies the results in Chapter 3 to the simultaneous
system identification and control problem. Section 4.1 presents the first result enabling a
CL adaptation law for all layers of a DNN-based controller. The developed CL framework

achieves convergence of the DNN parameter estimates to a neighborhood of the values
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which minimize the difference between the estimated and actual function, provided
the DNN Jacobian satisfies the verifiable FE condition discussed in Chapter 3. A
Lyapunov-based stability analysis is conducted to ensure the simultaneous convergence
of the tracking error, weight estimation errors, and observer errors to a neighborhood
of the origin. Simulation results demonstrate approximately 40% improvement in
function approximation performance and 65% improvement in off trajectory evaluations
compared to a baseline DNN controller which does not provide parameter convergence
guarantees. Section 4.2 presents the first result which leverages Continuous Learning
from Offline Experience (CLOE) which uses known function values to improve system
estimates. Compared to Section 4.1, the developed method does not require an
observer to be used and thus allows for robust disturbance rejection techniques such as
sliding mode control without corrupting estimate.

Chapter 5 concludes the dissertation and comments on future research directions
which can build on this dissertation.

1.6 Notation and Preliminaries

1.6.1 Notation

The space of essentially bounded Lebesgue measurable functions is denoted
by Lo.. Given A £ [a;,] € RV vec(A) £ [a11,. .-, n1, -Gl -+ - Gnm) - ThE
Kronecker product is denoted by ®. Given any A € R™*™, B € R™*? and C' € RP*",
vec (ABC) = (CT ® A) vec (B). The identity matrix of size n x n is denoted by I,,.
The notation Amin(A4) and Amax(A) denote the minimum and maximum eigenvalues of a
matrix, respectively. The notation A > 0 denotes that the matrix A is positive-definite
(PD), such that all eigenvalues of A are strictly positive. The zero vector of size ¢ x 1
is given by 0,. The signum function, denoted by sgn(D) where D € R!, is defined as
sgn(D) = 1if D > 0,sgn(D) £ 0if D = 0, and sgn(D) = —1if D < 0. For a vector
D c R* definedas D = [Dy, D, ..., Dn]Tthe sign function is applied element-wise such

a.e.

that sgn(D) 2 [sgn(D,), sgn(Ds), ..., sgn(D,)]" . The notation (-) denotes the relation
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a.at

() holds almost everywhere (a.e.). The notation (-) denotes the relation (-) holds for

almost all time (a.a.t). The notation K[-] denotes the Filippov’s regularization [-] [104].

The right-to-left matrix product operator is represented by [, i.e., [[ 4, = An ... A2A;
p=1

and ﬁ A, = I, if a > m. Given some functions f and g function composition is denoted
by o, where (f o g) (x) 2 f(g(x).
1.6.2 Deep Neural Network (DNN) Model

Consider a collection of feedforward DNNs indexed by i € Z where Z denotes the
index set. In the case where only a single DNN is considered, the index i is omitted for
brevity. For each i € Z, a feedforward DNN &, (X;, ;) € R"™ with output size n; € N5,

can be modeled as [20]
‘I)z'(Xi, 9z‘) £ (U];Z¢k,i ©..0 UlTZ.(?l,i)(UoTZ.Xa,i)’ (1—2)

where 0; = [vec(voi)T,...,vec(v,%.)T}T € R*, where »; = Z?;O LiLii1,j €40,...,k}
and k; € N denotes the number of hidden layers within 6;, v;; € R%i*Li+1: denotes
the matrix of weights and biases in the ;" hidden layer, L;; € N denotes the number
of nodes within the j** hidden layer for all j € {0, ..., k;}, and Lo; = m; + 1, where m;
is the dimension of the R™: input vector to the DNN. Inputs to the DNN are denoted by
X; € Q,and Q;, Cc R™ denoteg a compact set, and the augmented input X,,; € R™*!
is defined as X,; = {XI 1] for all i € Z. The vector of smooth activation functions
at the j'" layer is a function denoted by ¢;;(+) : R — R, It isTdefined for an input
vector z;; € RLii as ¢;,(z;;) £ {gjﬂ-,l(zl) oo Saina(zr, ) 1] ,whereg,, :R—R
denotes the activation function at the 3 node of the ;' layer for all j € {1, ..., k;} and
1 € Z. To incorporate a bias term into the DNN model in (1-2), the input X; and the
activation functions ¢;,; are augmented with a 1 forall j € {1,...,k;} and i € 7.

To facilitate the development of the online weight adaptation laws, the DNN model

in (1-2) can also be represented recursively using the shorthand notation @, ; for all
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j€40,...,k} as[20]

UTi¢',i(q)’—1,i)7 Jge{l,. .k},
®;; = P (1-3)

T -
Yo,iLa,i J=0,

where ®; (X, 0;) = Oy ;.

The Jacobian of the feedforward DNN, denoted &'( X}, 6;), is represented here in a
structured recursive form to support the subsequent stability proofs, this matrix is equiv-
alent to the gradients calculated via standard backpropagation where the computational
complexity of the DNN forward and backward pass is O(s). The analytical form of the
Jacobian can be represented as ¢'(X;, 6;) = [9((X;,6:), ..., D}(X;,0;)] € R, where
@ & 020 o prixliiliiii forall j € {0,...,k} and i € Z. Using (1-3), the chain

vec(vy,;)

rule, and properties of the vectorization operator, the terms &; and ¢’ can be expressed
as [20]

k.
(I)/ Xl’e é (Hvl—rz(blz) ILl ®XT)

@ (X;,0;) A( H UM%) (IL,.i®9)]), (1-4)

l=j5+1,i

forall j € {1,...,k;}, where the activation function at the ;™" layer and its Jacobian
are expressed using the shorthand notations ¢, ; £ ¢ji (P51, (X;,0;)) and ¢, £

L i(®5-1:(X;, 0;)), respectively, and ¢, : Rl — RE*Lis is defined as ¢/ ;(z;-1,) =
a%%‘(@z’)

analysis, the following assumption is made on the activation functions.

o—z,_1..» forall y € R+ and i € Z. To facilitate the subsequent development and

Assumption 1.1. For each j € {0, ..., k;}, the activation function ¢, its Jacobian ¢/ ,,

and Hessian ¢/, (y) £ 2 5y 2 ,: (y) are bounded as

05 W < avgllyll + ao,

l95: @I < o,
o5 @l < e, (1-5)
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where ag;, a3, bo;, ¢o; € R>o are known constants for i € Z.

Remark 1.1. Most activation functions used in practice satisfy Assumption 1.1. Specifi-
cally, sigmoidal activation functions (e.qg., logistic function, hyperbolic tangent etc.) have
55 I, (|65 ()

tions of rectified linear unit (ReLUs) such as Swish grow linearly, and hence satisfy the

,and ||¢/; (y)|| bounded uniformly by constants. Smooth approxima-

bound ||¢;,; (v)|| < a1, ||yl + ao; of Assumption 1.1.
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CHAPTER 2
EULER-LAGRANGE PHYSICS-INFORMED NEURAL NETWORKS FOR ADAPTIVE
CONTROL

Motivated by the desire to leverage a priori knowledge of the system dynamics,
the results presented in this chapter, and published in in [2] and [24], utilize the known
structure of the Euler-Lagrange equation within a Lyapunov-based adaptive control
framework. The key contribution of this chapter is the transition from data-driven estima-
tion to a physics-informed architecture which estimates only the unknown matrices of
the Euler-Lagrange equation. The chapter is organized into two primary investigations,
the first section introduces a multi-model learning architecture, and demonstrates how
various frameworks can be combined to generate an overall estimate. This modular ap-
proach can be leveraged for the subsequent developments, though they are presented
with a single-algorithm implementation for clarity. The second section focuses on the
enforcement of physical consistency through regularization, specifically targeting the
skew-symmetric relationship between the inertia and Coriolis matrices.

2.1 Lyapunov-Based Physics-Informed Long Short-Term Memory (LSTM) Neural
Network-Based Adaptive Control

Motivated by the desire to capture time-dependent relationships, LSTMs have
gained popularity due to their ability to retain relevant information across multiple time
steps [105]. Specifically, the LSTM cell includes an explicit memory which can be used
to model internal dynamics and complex temporal behaviors. This chapter provides
the first result on an adaptive physics-informed LSTM (PI-LSTM) control architecture,
merging the function approximation capabilities of DNNs with LSTM’s memory to model
and compensate for unknown system dynamics using physical insights. Unlike the
black-box DNN and LSTM architectures in previous results [17, 20], the developed
PI-LSTM controller incorporates the known dynamic structure into the architecture, with
real-time weight updates governed by Lyapunov-based adaptation laws. The Lyapunov-

based PI-LSTM controller demonstrates a significant advancement in physics-informed
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learning for control such as with real-time adaptability and physical consistancy. A
Lyapunov-based stability analysis ensures asymptotic tracking error convergence and
boundedness of the developed PI-LSTM controller. Simulations were performed on a
two-link robot manipulator and yielded an root mean square (RMS) tracking error of
0.0185 rad and achieved a 33.76% improvement over the baseline method presented
in [2]. The results of this section have been published in [24].

2.1.1 Problem Formulation

Model Dynamics and Control Objective

Consider an uncertain Euler-Lagrange system modeled as
M(q)q+C(g:4)q+ Glq) + F(q) +7a(t) =7 (1), (2-1)

where ¢,¢,§ € R™ denote the generalized position, velocity, and acceleration,
respectively. The generalized inertia matrix, generalized centripetal-Coriolis effects,
generalized potential forces, generalized dissipation effects, the time-varying
disturbances, and the control input are denoted by M ¢ R™" C € R"*",

G € R",F € R",7;, € R*,and 7 € R", respectively. The system disturbances
are assumed to be bounded as ||7; (¢)|| < d, where d € R., denotes a known

constant. The system in (2—1) satisfies following properties described in [106, Sec. 2.3].

Property 1. The inertia matrix M (q), satisfies m,||C||*> < ("M (q)¢ < my||¢||? for all

(,q € R", where my, ms € Ry denote known constants.

Property 2. The time-derivative of the inertia matrix and centripetal-Coriolis matrix

satisfy the skew-symmetry relation, CT(M(q) —2C(q,q4))¢ = 0,forall ¢,q,( € R".

The control objective is to design a PI-LSTM controller to asymptotically track

a user-defined, time-varying desired trajectory, ¢; € R", which is designed to be
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sufficiently smooth such that ¢,4(t), 4a(t), ¢a(t) € Q, for all t € R>,, where Q C R™ denotes
a known compact set. To quantify the objective, the tracking error e € R™ and auxiliary

tracking error r € R™ are defined as
e s q—qu, r2é+ae, (2-2)

respectively, where a € R., denotes a user-selected constant control gain. Quantita-
tively, the objective is to ensure |le(t)|| — 0 and ||7(¢)|| — 0 as t — co. Using (2—1)-(2-2),

the open-loop dynamics for r can be determined as
M(q)t =1 — M(q) (Ga — a¢) = C(q,9) (r + da — ae) — G(q) — F (q) — 7a- (2-3)

2.1.2 Control Law Development
2.1.2.1 Adaptive PI-LSTM Architecture

Recent trends show an increased implementation of PINN architectures in control
design, because they use known physical properties of systems to enhance the model
accuracy and generalization [26]. Leveraging the memory capabilities and improved
transient performance of LSTMs, the developed method combines LSTM cells which
capture dynamic time dependencies with the function approximation power of feedfor-
ward DNN terms. Motivated by the known structure of Euler-Lagrange dynamics, the
developed PI-LSTM structure is developed to individually approximate the contribu-
tion of the unknown terms M (q), C(q, ¢), G(q), and F(¢) based on the model structure
(e.g., functional dependencies, vectors that multiply by each uncertainty) thereby in-
tegrating the physics into the architecture. This differs from black box approaches that
approximate the entirety of the dynamics.
2.1.2.2 Long Short-Term Memory Network (LSTM) Model

An LSTM cell can be modeled in continuous time as [17]

f (Zi, Wf,l) =0y o W]]:'LZH p (Zia Wp,i) = 0yg © Wp—l,—izia
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o (Zia Wo,i) =040 WJ‘Zia c (Zi7 WC,i) = 0c0 WTZZZ’

»? C,

¢ = —beici + b Ve (25, ¢,94) ,

h; = —bpihi + bWy (2, ¢, 05) (2—4)

where user-selected constants are given by b.;, b,; € R-, the cell and hidden states
are denoted by ¢; € R2¢ and h; € R respectively where ¢; (0) = h; (0) = 0 for all
i € Twhere T = {M,C,G,F}, andl,; € R., denotes the number of neurons within the

JAN

LSTM. The concatenated state vector z; € R+ is defined as z; £ [ X", 1/, 1] T where
lii = m; + ly; + 1. The state z; is augmented with 1 to incorporate a bias term. The
forget gate, input gate, cell gate, and output gate are represented by f (z;, W;,;) € Rz,
p(2i,W,;) € R, ¢(z;,W,;) € R, and o (z;, W,;) € R, respectively, and the
vector sigmoid and tanh activation functions are denoted by o, € R27 and 0. € R4,
respectively. The weight matrices are given by W, W\, W[, W, € R and
W, € R where the size of the output is defined as [s;, and the collection of
adaptive weight estimates is given by J; £ [vec (W..)", vec(W,,)", vec (W;,)",

vec (W,;) ", vec (W) " '€ Rikihitiaisi for i € 7. The functions W, (2i,c,0;) € R4

and Wy, ; (z;, ¢;,9;) € R2i in the cell and hidden state dynamics are defined as

U, (2, ¢, ;) = fzi,Wei) ©ci+p (2, Wyi) ® (2, Wes)

Uy, (23, ¢, 9;) £0 (2i, Woi) © (0.0 U, (2, ¢4, 1)),

respectively. To ensure the output of the LSTM is of the appropriate dimension, a fully-
connected layer with weight matrix 1, is added to the LSTM cell. Thus, the output of the

i" LSTM Z; (2, ¢;, 9;) € R can be modeled as
Zi (25, ¢,04) = W;Ii‘ph (2, ¢i,74) (2-5)

fori e 7.
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2.1.2.3 Adaptive PI-LSTM Control Strategy

Using the developed PI-LSTM architecture, an adaptive estimate of the dynamics
is developed and implemented in the subsequently designed controller. The universal
function approximation property states that the space of DNNs given by (1-3) is dense
in C(£2;), where C(£2;) denotes a space of continuous functions over €2, [107, Thm 3.2].
Therefore, for any given f; € C(€2;) and prescribed ¢; € R, there exist some k;, L,, € N,

and corresponding ideal weights and biases 6;; € Ri*Li+1i V5 € {0, ..., k; }, such that

supy,eq, |[fi( Xi) — xi(Xi, 0;)|| < &, foralli € Z. Based on this property, the unknown

terms M(q), V(q,q), G(q), and F(¢§) can be modeled as

vec (M (q)) = XM (X]V[7 0M7 CM, hM7 19M) +em (XM) ; (2_6)
vec(C(q,q)) = xc (Xe,0c,co, he,Ve) +ec (Xe) (2-7)
G(q) = x¢ (Xa, 0, ca, ha,Va) + eq (Xa) , (2-8)
F(d):XF(XFveFchahFaﬁF)+€F(XF>, (2_9)

where the function y; defined as x;(X;, 0;, ¢;, hi, 0;) = ®; (X;,0;) + Zi (X5, ¢, hi, 9;)
represents the combined DNN-LSTM estimate, where y; € R for i € Z. The unknown
function approximation errors are denoted as ¢; € R’ fori € Z. The output of the
DNN and the LSTM are of the same dimension such that is; = Ly, ,. Therefore the
dimension of x, can be equivalently expressed as y; € R+ for all i € Z. The inputs for
each DNN-LSTM are denoted as X, £ ¢, X¢ = [qT,qT]T, Xe £ ¢,and Xr £ ¢. The
following assumption facilitates the subsequent development.
Assumption 2.1. There exists known constants §; € R., 9; € R, such that the
unknown ideal weights can be bounded as ||0;|| < 8;, ||9;|| < 9, foralli € T [10,
Assumption 1].

To ensure an appropriate output dimension of the PI-LSTM estimate, the vector-

ization operator is applied to M(q) and C(q, ¢). Using properties of the vectorization
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operator and using (2—6)-(2—9) yields

M(q)r =7 — 74— ((dd - Oéé)T ® In) (xmr +em (X)) — Cq, @)r

— ((ta— )" ® 1) (xc + 20 (X)) = (xo + 20 (Xa)) = (xe + 25 (Xi))

(2-10)
Based on the subsequent stability analysis, an adaptive PI-LSTM control input is
designed as
7(t) = ((qd —ae)' ® In> Xe+Xe+Xr—kir—e+ ((Ga—aé)" @ L) Xu
= sgn(r) (k2 + ksl (6 — a€)” @ L]l +kill (G — )T @ L) (2-11)

where ki, ks, ks, ks € R are user-defined control gains, and ¥; £ y; (Xi, 0., ¢, h;, 1§,~> €
R denotes the combined DNN and LSTM estimate for all i € Z. The sgn func-
tion in (2—11) is motivated to obtain an asymptotic result given the function ap-
proximation error and added disturbance terms. Let the adaptive DNN and LSTM
weight estimates be denoted as 6, £ [vec(fy,)T, ..., vec(ix;)"] € R*andd; £

o \T . \T o N\T _\T _\T1T
{vec <W07i> , vec (Wp7i> , vec (Wf,i> , Vec <W07i> , Vec (Wh,i> } € Riiliitlils;
for all i € Z. Using the LSTM model in (2—4) and the adaptive weight estimates ¥;, the

estimates of the cell state ¢; and hidden state 5, dynamics are

éi = —bciCi + e (f (51‘7 /sz> ©c +p (5’1'7/‘/[7;),1') © G (217W02)> ’ (2-12)
;li = —bh,zf% + bh,i (0 (ﬁi, /Woz> OXopyRe ‘I’c,z' (2% Ci, ﬁz)) ) (2—1 3)

N T
respectively, for all i € Z, where 2, = [XT h} 1} denotes the augmented input of the

LSTM. Substituting (2—11) into (2—10) yields

M(q)r=— ((Qd —ae)' ® 1n> (xc —Xc +ec) — ((da—aé)T @ L) (xar — X +em) — €
— Xc + Xa — XF + Xr — kar — 74 — Clq, ¢)r — sgn(r) (k2 + ks|(da — ae) " & L)

— k4SQﬂ(7’)H(dd — Oéé)T & ]TLH —Eq —EF. (2—1 4)
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2.1.3 PI-LSTM Weight Adaptation Laws
The development of Lyapunov-based adaptation laws for the PI-LSTM architecture
allows for continuous real-time adaptation. Based on the subsequent stability analysis,

the weight adaptation laws are designed as

Zy =Ty ((Ga—aé) @ L) ', (2-15)

~ T T T

Zo=—Tofd ((da—ae) ®1,) (2-16)
Zp=-Texir, (2-17)
é\G = —FG;(\IFTT, (2_1 8)

where Z; £ [ﬁT QT] ,and I'; € Rl+ixli js g positive-definite adaptation gain matrix,

177

where ly; £ 4la;ly; + loils; + 5 fori € Zand j € {0, ..., k;}. The shorthand notation ¥

A, 2 axl(x 0;,85,h; 19)

denotes the Jacobian Y . Therefore, the Jacobian can be expressed as

9Z;
N ~ ~ =, : 0%, (X, ,0; .
T2 [:;, <I>;] , where £/ £ W and ¢, £ % denote the Jacobians of the

LSTM and feedforward DNN (given in Section 1.6.2) for i € Z, respectively.
Jacobians of the LSTM Architecture

A

The Jacobian of the LSTMs =, can be represented as =

~ /\/ ~

Ew,. Ew, .o = ’W“ =W, =w,.)» Where the Jacobian of each weight estimate can be

expressed as Zj, £ Bilwituhid) for i ¢ fcp f 0.k} and i € T. Based on (2-5)

QVGC(W]',,',)
and the chain rule, =}, and Zj,  can be written using =i, = [, ® ¥ (21-, éi, 191>
A I 8‘ljh 24,Ci, V4
Ew,, = th\IJ;lW sand ¥y, = £ W forall j € {c, p,f o} and i € Z. Using (2-4),

(2—12)-(2—13), the chain rule, properties of the Hadamard product, and the vectorization

operator, the terms \If haw,, and \I/ hw,, can be written as [17]

‘I’;L,Wj,i = diag (‘79,2' (WOT/:“)) Ué,i (‘I’c (731'7 Ci 19z>> ‘I’Ic,wjyﬂ

{I};l,Wo,i = d|ag (0’071' <\Ifc <7327 éi, 192))) (O—;},i (/W;;ZA},)) (Ilz,i & 22—) 5
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. . . = V. i (2,819
respectively, for all j € {¢,p, f} and i € Z, where \If’qwj,i = W

of the sigmoid and tanh activation functions are expressed using the shorthand notation

, and the gradient

0,; € R2i*2iand o, € R+, respectively. Similarly, the terms W, ,, , ., . and

U.w,, can be expressed as

respectively, for all i € 7.
2.1.4 Stability Analysis

To address the additional level of complexity due to the nonlinearity of the DNN and
LSTM weight estimates, a first-order Taylor series approximation-based error model is

given by [20, Eq. 22].
XX, 0,3, iy 02) = G = 02+ 02 (12l (2-19)

where 02 (HZH) denotes the higher-order terms, 7 £ 9 — 4,0 £ 6 — 4 and

~ ~ 17T ~
ZE [W BT} fori € Z. Adding and subtracting x(X;, 0;, &, hs,9;), Vi € Z, and us-

ing (2—19), the closed loop error system can be written as

M(q)i == (@ —ae)” @ L) (RoZo + Nic) = ((a— )" @ L) (R4 Zn + Ni )
— Sgn(T) (l{?g + k3l|(q(i — Oé@)T X [nH> — SC\GZVG — NI,G — SC\,FEF — NI,F

— kysgn(r)||(ga — aé)T QI — kir —e—14—Clq, §)r, (2-20)

where the auxiliary function N, ; € R is defined as N ; 2 i( Xy, 05, ¢, hiy 05) —

Xi( X, 0iy i, iy 0) + & (X5) + OF (||Z~Z~||> foralli € Z, and N;, can be bounded as

|N14]] < Ny, for a known constant N, ; € R, [17, Lemma 1].
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To facilitate the subsequent stability analysis, let the concatenated state vector

¢ cRYbedefinedas ¢ 2 [e",r", 2,25, ZF, ZL]T, where ¢ £ 2 + 3", 14, and let the
open and connected set By C R¥ be defined as B, = {5 eRY: €] < %w}, where
w € R, denotes a user selected constant. The following theorem establishes tracking
error convergence using the developed PI-LSTM-based adaptive controller.
Theorem 2.1. For the dynamical system in (2—1), the controller in (2-11) and the
adaptation laws developed in (2—15)-(2—18) ensure asymptotic tracking in the sense that
le(®)|| — 0 and ||r(t)|| — 0 ast — oo, provided Assumption 1 holds, ¢ (t,) € Bx, and the
gain conditions ky > d + Ny + Nia, ks > Ny ¢, and k, > N, ,, are satisfied.
Proof. Consider the candidate Lyapunov function V;, € R, defined as

Vi (¢) & %eTejL %TTMT+Z%§iF;1§i. (2-21)

€L

The candidate Lyapunov function in (2-51) satisfies the inequality 3, ||C||* <
Vi (¢) < BoC|I’, where 8 £ min {%, smy, %22'{‘ (Amin(l“i))} and 5, =
max{%, imo, %r?eazx ()\max(Fi))}. Taking the time-derivative of V; (¢), applying the
chain rule for differential inclusions in [108, Thm 2.2], and applying (2—14) and Property
2 yields

a.a.t.

V() € —elae+rT (‘X\,GZNG — Nig = XpZr — Nip
— ((Ga— aé)" @ I,) (5(\/]\42M + NI,M) — ((Qd —ae)' ® In) ()?/ogc + N1,c>
—eg —ep — 14— kir — K[sgn] (r) (k‘g + ks||(4a — )" @ L ||

il - 0) @ 1)) - 3 (%z?ré?) | (2-22)

€L
Substituting (2—15)-(2—19), and combining like terms yields

a.a.t.

VL () < —e'ae—1" (((Qd - Oéé)T & ]n) Nive + Nig+ kir

+ K [sgn] (1) (k2 + ksl (da — ae) T @ L) + kaK [sgn] (7)1 (Ga — aé) T @ L] + 74
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+ (= 00)" @ 1) Nig + Nyp). (2-23)
Provided the stated gain conditions are satisfied, (2—23) can be bounded as
. a.a.t. 9 9
Vi (€) < —alle|l® = k" (2—24)

Using (2—21) and (2—24) implies e, 7, 7;,0; € L. The fact that 4, §s, e, € L., implies
q,q € L. To show X; € Q,, and therefore that the universal function approximation
property holds for all i € Z, let the open and connected sets T; C 2, be defined as

Ty £ {E€Q: €l <qu+wh Yo £ {EeQe: €]l <qu+ 2+ a)w+qy), Tr =
{€eQr: ¢l <14+ a)w+q,},and Yo 2 {£ € Q||| <q,+w}. The facts that

V(¢ (1) "€ 0,and B Il < Vi (¢) < f|¢|F imply that ¢ (¢) can be bounded as
SO < < (ko) Il 1 1€ (ko) || € /%o, then [[€ (8)]] < w, and therefore [l (£) || < w
and ||~ (t) || < w. Therefore, if ¢ (t)) € B, then X; € T; C Q;. Then, using (2-21), (2—24),
the extension of the LaSalle-Yoshizawa corollary in [109, Corollary 1] can be invoked to

show that [|e(t)]| — 0 and [|r(t)|| — 0 as ¢ — oo. O

2.1.5 Simulations
Simulation results are provided to demonstrate the performance of the developed
method using a two-link planar revolute robot as modeled in [17]. Simulations were

ran for 50 s with the selected desired trajectory ¢ (t) £ [qa1,qa]” € R?as ¢z =
3mgin (Tt
(1 —exp(—0.1)) | ® 1)
3sin (%t)

a Gaussian distribution with standard deviation of 0.001 was injected into the simulation

€ R? [rad] with sensor and process noise generated from

data. The simulation is initialized at ¢(0) = [0.4,—0.3]" [rad] and ¢(0) = [0,0]" [rad/s].
To highlight the contribution of the combined estimation power of DNNs and LSTMs, the
PI-LSTM was composed of 3 of DNNs with 4 layers and 7 neurons and tanh activation
functions for the M, C, and F' matrices while the LSTM model was used with I, = 2

neurons for i € {M,C, F'}. The resulting architecture has 817 individual weights, with
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Table 2-1. Control gains

(6] k’l k’g k’g k’4 M C F
Baseline Method [2] 2.2 9.6 0.7 0.1 0.4

I'pnn 1.6 3.1 23
Developed Method 7.0 0.8 0.6 0.7 0.2

Loy 1.2 36 1.9

st 1.0 10.8 9.2

be 59 76 1.6

b, 27 7.7 20

the DNN and LSTM having 661 and 156 individual weights, respectively. A comparative
simulation was performed with the architecture developed in [2] as a baseline (i.e
without the contribution of the memory properties gained from the LSTMs). The weights
of the DNNs and LSTMs were randomly initialized from a uniform distribution U (-1, 1).
The gains were selected as shown in Table 2-1 with the learning gains I'; selected
asI'; = diag[l'1;, 'y, where I'y; = [ norar - Laiy i1 4100050 @NA Toy = T puw - Ly,

fori € {M,C, F}. The root mean squared (RMS) tracking error for the Lb-PINN and
PI-LSTM controllers were of 0.0279 rad and 0.0185 rad, respectively. Although both
architectures achieved rapid tracking error convergence as shown in Figure 2-1, the
developed PI-LSTM converged faster and was more robust to the injected noise.

The developed method yielded a 33.76% improvement compared to the developed

architecture in [2].
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Figure 2-1. Comparison of tracking error norm for the baseline developed in [2] and the
developed method.

2.1.6 Conclusions

This section provides the first result on Lyapunov-derived adaptation laws for the
weights of a novel PI-LSTM architecture. The combination of the LSTM term within
a physics-informed structure allows the architecture to effectively capture long term
dynamic behavior. Comparative simulation results resulted in a 0.0185 rad RMS tracking
error yielding a 33.76% improvement over the baseline. Future work would include
constraining the output of the PI-LSTM to further respect other physical properties such
as the positive definiteness of the inertia matrix.

2.2 Lyapunov-based Physics-Informed Deep Neural Networks with Skew
Symmetry Considerations

For simplicity, the following development considers a fully-connected DNN de-
scribed in Section 1.6.2, though the control and adaptation laws can be generalized to
other architectures or used in a combined approach presented in the previous section of
this chapter.

Motivated by the objective to incorporate system knowledge into the learning pro-
cess, this section develops an update law which utilizes physics-informed regularization
to promote convergence to outputs that satisfy known physical constraints in real-time.

A Lyapunov-based stability analysis is provided to guarantee asymptotic convergence
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of both the tracking error and the skew-symmetric prediction error. Simulation results
demonstrate that the Skew-Symmetric Lyapunov-based Physics-informed Neural
Network (SS-LbPINN) framework yields a 19.87% improvement in overall function
approximation compared to methods which do not consider the symmetry constraint.
Specifically, the method achieves 4.84%, 21.78%, and 2.52% improvements in the
approximation of the M, C, and F matrices, respectively, while maintaining comparable
tracking performance and control effort.
2.2.1 Time-Derivative of Deep Neural Network (DNN) Model
The subsequent chapter will utilize the time-derivative of the DNN described in
Section 1.6.2. The time derivative of the DNN, represented by £ (®,(X;,6;)) € R™,
follows from the chain rule applied to (1-3), accounting for the change in both X;
and 0; over time for all i« € Z. The time derivative of the Jacobian is represented as
40) L [40),,..., 40)] € R™*# where $0), 2 4 (22:C50) ¢ Rroxdins where 44,
and %@;J can be obtained by applying chain rule to (1—4) forall j € {0,...k;} and i € 7.
Additionally, Assumption 1.1 regarding the boundedness of the activation function
must be modified as follows.
Assumption 2.2. For all y € R" and for each j € {0, ..., k}, the activation function ¢;,
its Jacobian ¢, Hessian ¢7 (y) = 50—;¢j (), and third-order tensor ¢ (y) = 5‘—%@@) are

bounded as

lo; Il < a0, [|¢7 ()| < <o,

195 W <o, [|¢ ()] < 0, (2-25)

where ay, bo, ¢o, 09 € R>o are known constants.
Remark 2.1. Most activation functions used in practice satisfy Assumption 2.2. Specifi-

cally, sigmoidal activation functions (e.qg., logistic function, hyperbolic tangent, etc.) have

lo; W (|25 W], 1|97 ()

|, and ||¢” (y)|| bounded uniformly by constants.
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2.2.2 Model Dynamics and Control Objective

Consider an uncertain Euler-Lagrange system modeled as
M(q)q+Clg:4)q+ Glq) + F (q) =7 (1), (2-26)

where ¢,q4,§ € R"™ denote the generalized position, velocity, and acceleration,
respectively. The system dynamics are characterized by the unknown generalized
inertia matrix, generalized centripetal-Coriolis effects, generalized potential forces,
generalized dissipation effects, and the subsequently designed control input
which are denoted by M € R C € R, G € R", FF € R";and T € R",

respectively. The system in (2—26) satisfies the properties given in Property 1 and 2.

The tracking control objective is to design a controller to asymptotically track a user-
defined, time-varying desired trajectory, ¢, € R, which is designed to be sufficiently
smooth such that q4(), 4a(t), Ga(t) € Q, forallt € R>o, where Q C R" denotes a known
compact set. Quantitatively, the tracking objective is to ensure |le(t)|| — 0 and ||r(¢)|| — 0

as t — oo. Using (2—26) and (2—2), the open-loop dynamics for » can be given as
M(q)r =1 — M(q) (a — aé) = C(q,4) (§a — ae) = G(q) — F(¢) — Clg. 4)r.  (2-27)

Adaptive Physics-Informed Control Development

This physics-informed formulation described in Section 2.1 provides insight
into the specific inputs to the DNNs, ensuring a more informed learning process
and allows for the development of a skew-symmetric prediction error due to the
availability of individual estimates of the skew-symmetric components. Consider
the family of DNNs described in Section 1.6.2 where Z = {M, C, G, F}, and let
F = {vec(M(q)),vec(C(q,q)),G(q), F(4)} where F; represents the correspond-
ing vector in F for the i*" element in Z. The universal function approximation theo-

rem [107, Theorem 3.1] states that the function space of DNNs is dense in the space
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of continuous functions C (§2;) for ¢« € Z. As a result, there exists a DNN &,(X;,0}) and
corresponding parameters 0 € R* such that sup ||F; — ®; (X;,00)| < e; fori € 7.
Remark 2.2. It is not known how to obtain a b)(;ljﬁd f; on such parameter 67 for an
arbitrary ¢;, which causes difficulties in constructing the bounded search space ©;.
Therefore, we allow 6; to be arbitrarily selected in the above analysis, at the loss of
guarantees on the approximation accuracy. Although the bound ¢; which bounds

;g |F: — @; (X5, 65)]] might no longer be arbitrary in this case, it would still exist due to

the continuity of the function being estimated denoted by index i and ;.

Based on this property, the unknown terms, M (q), C(q,q), G(q), and F(¢) can be

modeled as
vec (M(q)) = CI)N[(XM797\4) +€M(X]\/]>, (2—28)
vec (C(g,q)) = Pc(Xe, 00) +ec(Xe), (2-29)
G(q) = Pa(Xa, 05) + ea(Xa), (2-30)
F(q) = ®p(Xp,0%) + cr(XF), (2-31)

respectively, where @,(X;, 0;) € RLouwi for ; € Z are the DNNs with weights which yield
the best approximation of F; in the search space ©;, L,,.; = n?fori € {M,C?}, and
Lout; = nfori € {F,G}. The inputs to the individual DNNs are defined as X;; £ ¢,
Xeo 2 1q,4]", X¢ £ ¢, Xr 2 . The unknown function approximation errors are denoted
by e1(Xar) : R® = R™, e (X¢) : R — R™, eq(Xg) : R* — R, and ep(Xp) : R* — R®
for (X, 00r), Pc(Xe,bc), Pa(Xg,0c), and @ (Xr, 0r), respectively. The following
assumption is made to facilitate the subsequent control development.

Assumption 2.3. Given any compact set €;, there exist known constants 57-,5_; € Ryg
such that the function approximation error and it’s partial derivative with respect to

the input can be bounded as ¢;(X;) < & and Haixﬁi(Xi) < ¢foralli € 7 and

X; € Q. For an analysis of the function approximation properties of partial derivatives,

see [110, Thm. 4.1].
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Remark 2.3. Assumption 2.3 is reasonable because in practice the user can select 0, a
priori and g;, £, can subsequently be prescribed for i € 7 using a conservative estimate
whose feasibility can be verified using heuristic methods (e.g., Monte Carlo search).
Notably, DNN architectures which contain spectral normalization layers as in [111]
inherently involve bounded weights since the weight matrices are normalized by their
spectral norms.

Applying the vectorization operator and its properties on M and C, and substituting

(2—28)-(2—31) into (2—27) yields the open loop error system

Afmyazf-¢epxg¢%g-@F@xﬂe;y—(@m-a@TcaLQ(@C@&;Qg)+gch0»

- <(fjd —aé)' ® In) (Par(Xar, 03y) + en(Xnr)) — ea(Xa) — er(Xr) — Clg, §)r-

(2-32)

Based on the subsequent stability analysis, the adaptive SS-LbPINN control input is

defined as
T <(Qd —ae)' ® [n> O (Xe,00) + Pa(Xa, 0c) + @p(Xp, 0p)

—kir —e+ ((Ga— é)" @ 1,) ar(Xa, 0r) — sgn(r) (kg

+ ks H(Qd - Oée)T ® InH +ky H(qd — Oéé)T X In‘

) (2-33)

where ki, ko, k3, ks € R are a user-defined control gains, ®,(X;, 9}) € Rlouti denotes
the DNN estimate of the unknown matrices, and the individual adaptive DNN weight
estimates are denoted as 6; € R, foralli € Z. To address the additional level of
complexity due to the nonlinearity in the DNN, a first order Taylor series approximation-

based error model is given by [20, Eq. 22]

A ~ ~ ~

Q,(X;,07) — @i(X;,0;) = (X5, 0,)0; + Ri( X, 6;), (2-34)

where R; : RLini x R* — REewi denotes the Lagrange remainder, '(X;, 9}) denotes the

Jacobian described in Section 2.2.1, and §; £ 6, — 6, denotes the parameter estimation
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error for i € Z. Using (2—32)-(2—34) the closed loop error system in (2-32) can be

written as

M(q)r = —kir —e — C(q,q)r — sgn(r) <k2 + ks || (ga — ae)’ ® L||
[ = )T @ L) = (GG — aé)" @ L) (@ (Xar, 6ar)frr + Ny )
_ ((qd — &e)T X [n> (@I(Xc, éc)éc + Nc) — (I)/(Xg, ég)éG — NG

— '(Xp,0p)0p — Np, (2-35)

where the auxiliary function N; € Rfew is defined as N; £ ¢;(X;) + Ri(X;, 9}) foralli € 7.
2.2.3 Skew-Symmetric Prediction Error and Adaptive Update Laws
2.2.3.1 Skew-Symmetric Prediction Error Formulation

To incorporate known properties of the system, a skew-symmetric prediction
error is developed to inform the update law. Specifically, the skew-symmetry relation
stated in Property 2 describes an inherent structure in the system dynamics and is
used to develop a penalty in the adaption. The developed skew-symmetric prediction
error penalizes updates that violate the skew-symmetry constraint. To quantify the

skew-symmetric objective, a skew-symmetric prediction error E € R is defined as

E(t)2 E—E, (2-36)

A

where F is the subsequently designed skew symmetric estimate, £ £
X3 (£ M(Xu(s)) —2C(Xe(s))) &ds, and € € R™ denotes a vector of positive con-

trol gains.

Remark 2.4. The subsequently designed adaptation law may also utilize a sum of ¢
vectors. In this case £ 2 S°7 | [v¢] (£M(Xu(s)) — 2C(Xe(s))) E-ds where Z denotes
the number of vectors selected in a set of linearly independent vectors {¢.}7_, € R™.

This summation may be utilized to ensure that the set of vectors {¢.}7_, sufficiently
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spans the input space and ensures the estimates of £ M (X (t)) — 2C(X¢(t)) remain
within the skew-symmetric subspace of R"*".

Using Property 2, and the fact that £ = 0, indicates that E(t) = —E. Quantitatively,
the objective of the skew-symmetric constraint is to ensure HE(t)H — 0ast — oo. The
corresponding skew-symmetric estimate given by E € Ris defined as a Filippov solution

of

E 2 (gT ® fT) (%(CD(XM, éM)) - 2¢(Xc, éc) -+ M), (2_37)

where u(t) € R" is given by
(1) 2 =@y 0as + 1 E + (1247 + 7 | X ) san(), (2-38)

where 1,72, 73,74 € R denote constant positive control gains.

To facilitate the subsequent stability analysis, it is desirable to obtain an analytical
expression for E which allows the skew-symmetric prediction error to be explicitly
related to the parameter estimation error of the skew-symmetric matrix estimates
(i.e., 0, and 0¢). Therefore, an equivalent representation for E is developed using
properties of vectorization and the Kronecker product which allows E to be expressed
as B = [ (T ®¢") (vec (£M(Xu(s))) — vec(2C(Xc(<)))) ds. Using (2-29) and the
time derivative of (2—28), and the fact that F is differentiable almost everywhere, then its

time-derivative, where it exists, is given by
: d
B= (7 0") (3 @, 03) +2(Xu) = 2(@(Xe,02) +e(Xe)).  (2-39)

Substituting (2—-37) and (2—39) into (2—-36) and applying (2—34) yields the skew symmet-

ric prediction error E given by the Filippov solution of

E=(w¢ (% <<I>’(XM, Or)0nr + NM> 9 <<I)’(XC, 0c)0c + NC) . u). (2-40)
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Applying the chain rule to % (¥'(X,, 0:)0,), using (2-38), and canceling cross terms, E

can be equivalently expressed as

E= (€T @) (% (cp’(XM,éM)) Orr + % (Ny) — WE
_9 (cp’(XC, 0c)0c + NC) . (72 + s 4 7 HXMH> sgn(E)). (2-41)

2.2.3.2 SS-LbPINN Weight Adaptation Laws

Lyapunov-based adaptation laws which incorporate skew-symmetric penalties
enable continuous, real-time parameter updates which are guided by the performance of
the system and the underlying known physical properties. Specifically, the subsequent
adaptation laws for the inertial and centripetal-Coriolis estimates incorporate the skew-
symmetric prediction error term developed in Section 2.2.3.1. The Lyapunov-based

adaptation laws for the SS-LbPINN are defined as
TN . d R T ~
Orr = proj (FM(E (cI)’ (XM79M>) E@HE
- @/T (XMvéM> ((Qd - aé)—r ®In)TT>7@M>> (2_42)

O 2 proj (Fc<—2‘I"T(Xc, Oc) (@€ E

- 07 (Xe,0c) (@~ ae) @ 1) 1), 00), (2-43)
éF £ proj <_FF¢/T(XF> Or)r, @F>, (2—44)
éG £ proj <—FG(I),T (Xg, ég)T, @G>, (2—45)

where I'; € R*** for i € 7 is a positive definite user-defined adaptation gain matrix and
proj (-) denotes a continuous projection operator (cf. [112, Appendix E]) which ensures
0,(t) e R £ [0, e R* . ||0,]| < 0;} forall t € Rsp and i € Z.
2.2.4 Stability Analysis

Letz £ [eT,rT,E}T € R?"*! denote the concatenated state. Using [113, Thm.
1] and the user-selected bound on the search space, the Lagrange remainder can be
< 4po, (|1 X)) @ where po,; : Rsy — R is a non-decreasing

bounded as ‘ Ri(X;,0,)

48



positive function of the form po, (|| Xi||) = as. || X:]|* + a1, | Xil| + ao.; with some constants
asi, a1, a0 € Rso, forall i € Z. Using the same process as [113], applying the chain rule
to find the time derivative, and using the activation function bounds in (2-25), the time
LRt (Xar,O0) | < 2Bgpon(1Xual) +
XMH) where pr : R>g — R is a non-decreasing positive function of the

h—1

+- 4 b

derivative of Ry (X, 6)) can be bounded as

—2
40 o7 (| Xl

form pr(|| X[ ,

. |1h .
,‘HXz'||h+bh,i X +bh—1,z‘||Xi||h71+bh—1,i X

for some by, ..., bo; € Rso. The terms N; and £ N, can be bounded as || N;|| <
iRM(X]V[,éM H + ||%5M XM) )
_ 66(

respectively, where e,/ (X)) = XM X, The inputs X; can be upper-bounded

HRZ-(XZ-,@) +&i(X)

fori € Zand |4

as | X;|| < 7z + g, where, 737,75 = HZH,% 2 (@+2) 2,z 2 (a+ D],
Gaal, Gac = Qg Qac = Gy + Gas and gzr = qq. The time derivative of the input X,

can be upper bounded as HXMH < Zam + Gur Where Zgr 2 (o + 1) ]|2]] and

Gt = G- Then, ||| < 4§§p07i(2i + q4,) + &, and hence, from Assumption 2.3,

—2 _ _ —2 _ _ _ _ —\ . .
|4 N || < 200700.00(Zos + Tanr) + 400001 (Zar + Toar + Zaens + Qaonr) + €y HXMH: which can
be further bounded as

|N:ll < 48 (p1a(Z) + p2i(@an) + = (2-46)
and
d L ~ .
HENMH <200 (P10 (Zar) + 2,0 (Ganr)) + €y HXMH
+ 40, p71 (Za + Zanar) + 4030prs (Tunr + Tarar) (2-47)

where P RZO — Rzo, P2,i RZO — Rzo, forall i € T, Pr1 - RZO — Rzo, and Pr2 - RZO —

R, are non-decreasing positive functions. Let 773(]|z||) £ 40 (pri(Z) — pri(0)) fori e T

and pra([|2]1) = 40a (pr1 (a1 +2) [[2]]) = p71(0)). Multiplying, 7r5(]l[) and pz([|z]))

by VC“ and VcsT , respectively, where ¢, ;, csr € R are user-defined constants, and

applylng the trlangle-inequality, 71 and 777 can be bounded as 75 (|| 2) < 24 LD | e =

2¢s 4

and pri(|2]) < P55 U2 4 < where there exists p; and pg such that 75 20 <

2csT
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pi(l2) |Iz]| for i € T and Z2U=D < 5. (|12]) ||z||. Then, using (2-46), the developed

2¢csT

bounds, and adding and subtracting 49?;)1,1-(0), then N, can be bounded as

—2 _ 1
INVill < piCll=l) 1211+ 46; (p2(@:) + p1.4(0)) + & + Fesis (2-48)

for i € Z. Similarly, using (2—46) and (2—47),

—2 _ —2 _ —_—
H—NMH o121 + par1210) 21 4+ 28% o0t (@) + 48 g2(T + T0)

CST

_ _ Cs
= HXMH S8 203,101 (0) + 4831 (0) + - (2-49)

To facilitate the subsequent stability analysis, let the concatenated state vector
¢ € R¥bedefinedas ¢ 2 [eT,r,E, Y, ., 0/ "where v £ 2n + 1+ 3,_; »:. Since the
approximation capabilities of DNNs stated in (2—28)-(2—-31) hold only on the compact
domains €);, for i € Z, the subsequent stability analysis requires ensuring X;(t) €
Q; forallt € [ty, 00). This is achieved by demonstrating that ¢ is constrained to a
compact domain. To that end, consider the compact domain D £ {c € R¥ : ||o|| < x}
in which ¢ is supposed to lie. It follows that if ||(]| < x, then || Xi|| < X; + @4, for
i € Twhere \ar,Xg = x, X¢ 2 (a+2)x,and Xz £ (a + 1)x. Therefore, if Q; £
{o e REni: |lo|| < X7+, } fori € Z,then ¢ € D implies X; € Q; foralli € 7. Let \; £
min {a, k1, min (11 (£T ®¢7)) }, A2 € R be the desired convergence rate, ps = p2:(q;) +
pri(0) for i € T, Py (||2l]) = Sicr Qun(l12I1) + €7 @ €7[| @ov U121 + pae(ll21) + parl2])
where Qy £ ||(Ga — 0€)T ® L], Qv = H(Qd —ae)’ ,and Qp, Q¢ = 1, and

P (|lz]]) < P(||z||) where P is a positive strictly increasing and invertible function. Let

the set of stabilizing initial conditions S C D be defined as

S < {0 ERY: [lo(to)] < glx} (2-50)
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where f, 2 min {%,%ml,%, ;mwmmm))}, 5, = max {g, b, %maIx()\max(Fi))}‘ .
1€

The following analysis indicates that convergence starting from an arbitrary {(0) is

ensured by selecting

X:P_l(/\l—)\z),

with a sufficiently large A\; — X,. The following theorem establishes the convergence of
the tracking error and skew-symmetric prediction error using the developed SS-LbPINN
adaptive controller, update laws, and prediction error formulation.

Theorem 2.2. Consider the Filippov regularization of the dynamical system in (2-26),
the controller given in (2-33), and the adaptation laws in (2—42)-(2—45). Provided
Assumptions 2.2-2.3 hold, {(t,) € S, and the following gain conditions are satisfied,

A > Ao+ P ( & Hz(to)HQ), ko > A pey Oopag + 55 + Sewg, ks > 48y oy +Ev + Leav,
ky > 45?\403,1\4 + & + sCsms Y2 > 29?\4,03,1\4 + 45?\4PT2(@ + da) + 45?\/IPT1(0) + 4+ %,

s > 80y psy + Ev + Lesv, and vy > &y, , the tracking and skew-symmetric prediction
errors asymptotically converge to zero. Specifically, |le(t)|| — 0, ||r(¢)|| — 0, and

HE(t)H —0ast— oo.

Proof. Consider the candidate Lyapunov function V;, € R which is a Lipschitz
continuous positive definite function defined as
V(¢ t) & Lerer Lty L > 6T, (2-51)
A 2 2 9 Luni i T

€L

The candidate Lyapunov function in (2-51) satisfies the inequality

BillCl® < Vi(¢,t) < B |ICIP (2-52)

Let ¢ = H(¢,t), where H(¢,t) € Rso x RY denotes the right-hand side of the closed-

loop error signals. Using Filippov’s theory of differential inclusions [114—117], the

! Recall, m;and m, denote known constants defined in Property 1.
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existence of solutions can be established for { € K[H(¢,1)] (¢), where K[H (¢, )] £

(QO MLﬂ:O coH(B((,0) \ L, t), the intersection over all sets L of Lebesgue measure zeros

is denoted N, denotes convex closure, and B((,d) = {w € R?|||¢ —w|| < §}. The
time derivative of (2-51) exists along the trajectories of ¢ = K[H((, t)] almost everywhere
(a.e.), i.e., for aimost all t € [ty,¢/], and V;, "E Y, where V = VVIK[H(¢,t)]". Applying

Property 2 on (2-35), using (2—42)-(2—45), and canceling cross terms yields

ﬁL(CJ) ce' (—ae) + r (—klr — K{sgn(r)] <k2 + ks H(qd _ ae)T ® [nH
i || Ga = a€)T @ L]|) = No = Np = (4 — aé)T @ I, ) Nuy
T ~

. ((qd —ae)" ® 1n> NC> + EE - 5}4% (@’(XM, ém) E

+ 2000 (X, 00)E. (2-53)

Injecting (2—41) into (2-53) and canceling cross terms yields

a.e

Vi(6,t) € e (—ae) + 17 (<kr = Ksgn(r)] (k2 + ks || (da = )" @ |
+ha||(Ga — 0)T @ L) — Ng — Np — ((qd —ad) ® In> Nt
- ((Qd —ae)' ® In) NC) +E( ) (% (Nar) — 2No —nE

— (72 + 73+ HXMH> K [sgn(E)]) (2-54)

Applying the bounds developed in (2—48) and (2—49), and provided the stated gain

conditions are satisfied, (2-54) can be bounded as

QO
(0]

o EE

a.e.

VL(<7t>

No A

X2 ||2]1%, (2-55)

when ¢ € D. Therefore, when ( is initialized such that {(,) € S, then using (2-51) and
(2-55), the extension of the LaSalle-Yoshizawa corollary in [109, Corollary 1] can be
invoked to show that \, ||z||*> — 0 as t — oo, for all ¢(¢,) € S. Based on the definition of z,

it follows that [[e(t)|| — 0, [|#(t)]| — 0, and HE(t)H ~ 0forall C(t) € S.
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Table 2-2. Comparison of Performance (RMS)

wsvawes i u-wu| [o-w |r-a
Baseline Method [2] 3.781 [N-m] 1.271[kg-m*] 6.469 [kg - m{] 6.187 [N - m]
Developed Method  3.030 [N-m] 1.209[kg-m*] 5.060 [kg- ™] 6.032 [N - m]

S

The fact that V., (¢, t) is nonincreasing implies [|((t)|| < % < \/% and
the fact that ((t,) € S guarantees that ((t) € D forallt € [0,00) and thus X; € ; for
allt € [0,00) and i € Z. Using (2-51) and (2-55) implies e, r, E., 6y, 6c, 0p, 0 € Lo
Using the fact that E € L., the definition in (2—36), and the fact that £ = 0, implies
Ec L... Due to the use of the projection operator, 0}- € L. foralli € Z. The fact that
Ga, da, €,7 € Loo implies ¢, ¢ € L. Using (2-33), the fact that e, 7, qu, 44, Ga, and 6; € Lo

implies X; € L., and thus ®(X;, 6}) is bounded for i € Z and therefore 7 is bounded. [

2.2.5 Simulations
Simulation results are provided to demonstrate the performance of the developed

SS-LbPINN using a two-link planar revolute robot modeled in [118, Eqn. (24)-(26)]. Sim-

sin (t)

ulations were run for 50 s with the desired trajectory ¢; = (1 — exp(—0.1)) s 2 €

ssin (31)
R? [rad], initialized at ¢(0) = [0.4,—0.3]" [rad] and ¢(0) = [0,0]" [rad/s]. To examine the
effect of noise, white Gaussian noise with signal-to-noise-ratio (SNR) of 60 dB is added
to the position and velocity measurements. To assess the impact of the skew-symmetric
prediction error, a comparison was done between the developed method and the archi-
tecture in [2] which does not include the skew-symmetric prediction error. Both architec-
tures were composed of 3 DNNs with 4 layers, 7 neurons in each hidden layer, and tanh
activation functions for the M, C, and F’ matrices. The gravitational effects represented
by G were not considered due to the planar configuration of the robot. The simulations
were performed using the same initial DNN weight estimates which were randomly
initialized from a uniform distribution U (—1, 1). For a fair comparison between the base-

line [2] and developed architectures, the gains shared between the architectures were
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selected to be the same; because of this, it is expected that both architectures have
similar tracking performance. The control gains are selected as o« = 3.8, k; = 15.1,

ky = 0.5, k3 = 0.5, k4 = 0.3 with weight adaptation gains 'y, = 1.1- [,

AVEl

e =11.5-1,,
andI'r =9 I,.. The gains associated with the skew-symmetric prediction error were
selected as 7, = 186.1, v, = 1.2, 73 = 6.5, 74 = 2.7, and £ = 0.4. The developed method
achieved an RMS value for HEH of 0.0048 [kg - %2]_ Both architectures achieve similar
tracking performance, with values of 0.0195 rad under 7.345 Nm of control effort, and
0.0194 rad under 7.350 Nm of control effort for the developed and baseline methods,
respectively. However the SS-LbPINN was motivated by improving the accuracy of
the individual estimates. As shown in Figure 2-2 and Table 2-2 the incorporation of a
skew-symmetric prediction error resulted in a 4.84%, 21.78%, and 2.52% improvement
for the individual matrix approximations for M, C, and F', respectively. The improvement
in the individual matrix estimations is reflected in the overall function approximation error
(Figure 2-3) represented as f £ (M — §M> qg+ (C — ‘5(,*) q+ (F — @)F) which exhibited
a 19.87% improvement in the developed architecture compared to the baseline while
requiring similar control effort.
2.2.6 Conclusions

A physics-informed controller is developed for general uncertain Euler-Lagrange
systems. Leveraging the dynamic structure, the controller is composed of individual
estimates of the unknown terms. Then, leveraging the individual estimates, an adaptive
update law is developed which penalizes the skew-symmetric terms to exploit the
known skew-symmetry of the system. Unlike traditional NN approaches, the developed
SS-LbPINN control design and update laws are informed by the known physics of the
system. Stability-driven weight adaption laws are developed for the SS-LbPINN weights
in real-time, eliminating the need for offline pre-training. A Lyapunov-based stability
analysis is performed and guarantees asymptotic convergence of the tracking errors

and the skew-symmetric prediction errors. Simulations validate the SS-LbPINN, showing

54



a 19.87% improvement in function approximation and 4.84%, 21.78%, and 2.52%
improvement in M, C, and F' approximations, respectively, over [2], while maintaining

similar tracking error and control effort.
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Figure 2-2. Individual function approximation errors over time for the developed method
and the baseline method in [2].
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Figure 2-3. Overall function approximation error over time for the developed method and
the baseline method in [2].
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CHAPTER 3
ON THE IDENTIFIABILITY AND CONVERGENCE OF REAL-TIME DEEP NEURAL
NETWORK REGRESSION

While many DNN-based control methods such as those presented in Chapter 2
focus primarily on tracking error convergence and can empirically demonstrate high
function approximation capabilities. The challenge of uniquely identifying system
dynamics is often neglected. This chapter addresses the identifiability of nonlinear-in-
parameter (NIP) structures such as DNNs by deriving formal requirements for parameter
convergence and demonstrates that the verifiable finite excitation (FE) condition is
equivalent to parameter identifiability.

Leveraging this insight, a concurrent learning framework is developed for contin-
uous nonlinear regression using all-layer adaptation. The developed adaptation law
utilizes a history stack of recorded data to drive parameter estimates towards their
desired values. A Lyapunov-based stability analysis is conducted to demonstrate that
the weight estimation error converges to a neighborhood of the origin. Finally, numer-
ical analysis validates the feasibility of the FE condition and demonstrates how these
identifiability requirements can serve as a metric for informed architectural design.

3.1 Continuous-Time Nonlinear Regression

Various applications spanning across the domains of system identification, fault
detection, financial time-series prediction, neuroscience, environmental predictions,
medical diagnostics etc. require online identification of the underlying processes.
Many such processes can be represented as a continuous-time nonlinear regression.

Therefore, consider the nonlinear regression equation (NRE),

y(t) = FX(@)+ (1) (3-1)

forallt € R>,, where X (t) € 2 denotes a known input to the regression and lies in
the compact set 2 € R™, y(t) € R™ denotes the output of the regression with available

measurements, f : 2 — R"™ denotes an unknown continuously differentiable function,
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and §(t) € R” denotes a bounded disturbance with known bound § € R such that
|6(t)|| < & forallt € Rsg. Time-dependency notation is omitted in the subsequent
development for brevity. Given the unknown structure of f, DNNs are employed to learn
the NRE, leveraging their universal function approximation properties over compact
sets [107]. Therefore, consider a DNN ¢ : R™ x R* — R", where a DNN-based

approximation of (3—1) is given by
F= o (X, é) , (3-2)

where § € R” denotes the DNN parameter estimates that are designed based on
the subsequent Lyapunov-based stability analysis. The objective is to find the best
estimates of 4 such that X +— & (X, é) approximates X — f(X) forany X € Q.
To quantify the DNN-based nonlinear regression objective, consider the loss function

L : R* — R, defined as

L(0)= /Q (IlF (X) = @ (X, 0)” + o [|6]*) du (X), (3-3)

where 1 denotes the Lebesgue measure, o € R denotes a regularizing constant, and
the term o ||0||* represents L, regularization (also popularly known as ridge regression)
[119, Sec. 7.1.1]. Note that this loss function is defined independently of the time-
dependent signal ¢ — X (t) because the objective is to ensure the approximation holds
for any X € Q and not just the set of points traversed by ¢ — X (¢). Additionally, consider
a user-selected compact convex parameter search space © satisfying 0,, € © and
having a smooth boundary and the bound 4 £ max 160]] € R<. The objective is to identify
the vector of ideal DNN parameters 6* € © defined as

6* £ argmin £ (0). (3-4)
0cO
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Furthermore, note that local minima for the || f (X) — @ (X, )| term are ubiquitous
for various applications of DNNs. The important question is whether there are local min-
ima of higher cost than the global minima. As noted in [119, Sec. 8.2.2.], this question
remains open for general DNN architectures. However, for some DNN architectures, it
has been established that every local minimum is a global minimum. For example, [120]
established this property for deep residual neural networks (ResNets) with arbitrary non-
linear activation functions. Results such as [121] and [122] have concluded the same for
DNNs with linear activation functions, and [123] establishes the same for single-hidden-
layer deep convolutional neural networks with ReLU activation functions. Furthermore,
from a practical standpoint, it is acceptable to find a point in the parameter space that
has low but not necessarily minimal cost [119, Sec. 8.2.2.].

Although using a bounded search space can restrict the optimality of the identified
parameters to be local instead of global, it allows the subsequent development to be
analyzed from a convex optimization perspective, which otherwise would be non-convex
due to the nested NIP structure of DNNs. Specifically, due to the strict convexity of the
regularizing term o ||0||* in (3—3), there exists o € R., which ensures £ () is convex for
all & € ©. Additionally, the regularizing term has other advantages such as mitigation
of overfitting [119, Sec. 7.1.1]. However, selecting very high values of o can obscure
the contribution of the ||f (X) — ® (X, 0)||* term to the loss function while also causing
underfitting [119, Sec. 7.1.1]. While the regularization term in (3—3) facilitates a convex
optimization perspective within ©, it does not resolve the underlying identifiability issues
inherent to the DNN architecture. DNNs are generally globally non-identifiable due
to structural identifiability issues resulting from redundancies inherent in the network
architecture. To illustrate this problem, consider the following example.

Example 3.1. Consider a scalar input-output NN with one hidden linear and one
hidden neuron, ® (X, 0) = wywy X, where w; and w, are scalar NN weights. Then, for

any a € R, defining the new weights v; = aw; and v, = “© yields an equivalent
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parameterization ® (X, 0) = v;v,X with different weights. This scaling invariance renders
the linear architecture non-identifiable. In contrast, consider a network with a bias term b
and nonlinear activation ¢(-), modeled as ®(X, 0) = wq¢(w1 X + b). The presence of the
bias and nonlinearity breaks the scaling symmetry as ¢(aw X + 2) # Lo(w; X + b) for
general nonlinearities. Consequently, the Jacobian becomes full rank on sufficiently rich
trajectories, rendering the architecture locally identifiable.

Acknowledging that global identifiability is unattainable for DNNs due to remaining
symmetries (e.g., node permutations), we consider local identifiability and seek to
identify a single parameter vector from the set of equivalent parameters that acts as
a unique local representative of 6*. A model is locally identifiable at 6* if there exists a
neighborhood U (6*) such that no other 6 € U produces the same output mapping.

3.2 Identifiability Conditions

To define the conditions under which the problem of identifying 6* is well-posed,
we provide a definition of least squares identifiability, which is a modified version
of [124, Definition 3] tailored to the regression problem in (3—1).

Definition 3.1. The parameter vector 6* is identifiable over the set © if and only if it

is a unique minimizer of £ over ©. If 8* is only an isolated local minimizer (i.e., if there
exists an arbitrarily small neighborhood of 8* where it is a unique minimizer), then 6* is
termed locally identifiable. If 6 is identifiable over the entire Euclidean space R*, then it
is globally identifiable.

For general deep learning tasks, achieving global identifiability can be intractable
due to the aforementioned reasons for why we consider a bounded search space;
therefore, we examine conditions such that ¢* is locally identifiable or identifiable over
©. To obtain the conditions under which 6* is identifiable over O, strict convexity is
imposed on L. Because O is a convex set, imposing strict convexity on £ ensures
unique solutions to (3—4). A sufficient condition for ensuring strict convexity is ensuring

8%L

the Hessian 2% is positive definite, i.e., 2% = 0 for all € © [125, Sec. 3.1.4]. Imposing

) 597
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positive-definiteness on 392 £ yields the condition

/Q ((qﬂ (X,0) % (X,0) + oL,
=30 (P (00 - 00 Jau ) o (3-5)

i=1
where i denotes the index of the individual output elements from vectors f and ®
forall & € ©. Although the inequality in (3-5) offers an identifiability condition, this
condition is challenging to verify because it involves a partial integro-differential in-

equality consisting of the unknown function approximation error f (X) — & (X, 6)

92D (X,0)
962

and the second-derivative of the DNN which is often computationally in-
tractable. However, stricter conditions can be imposed to obtain tractable suffi-

cient conditions for identifiability. To derive these stricter conditions, notice the term

PO (f (X) — (X, 6)) is bounded for all X € Q2 and ¢ € ©; this fact can be estab-

lished by noticing the terms 229 and f (X) — @ (X, 0) are bounded for all X € ©

and 6 € © because @ is C? and f is continuous. Therefore, let 7 € R., denote the

bound s £ sup HEL (82‘1’89‘2’{ O (f,(X) — @ (X, 9))) H Then, a stricter condition for
X€Q,0€0

identifiability is obtained as
/ ("7 (X,0) P (X,0) + 0L, — 6L.) du (X) > 0. (3-6)
Q

Remark 3.1. Selecting a large regularizing constant o can trivially ensure the condition
n (3—6). However, doing so is undesirable as it obscures the DNN’s contribution to the
loss function in (3-3). Instead, it is desirable that the term [, 'T (X,0) @' (X, 0) du (X)
contributes to achieving the identifiability condition in (3—6), which yields the condition
Jo @7 (X,0)" (X,0)du(X) = L. (52). Note that this condition, although still com-
putationally intensive, is relatively easier to verify using a discrete approximation of the
integral as compared to (3-5). Alternatively, a more conservative approach can be taken
where ¢ is selected to be equal to & while requiring only positive-definiteness to be

verified for [, ®'" (X,0) ' (X,0) du (X).
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Remark 3.2. The sufficient condition in (3—6) highlights the intrinsic relationship
between NN architecture and the required regularization. Architectures with high
structural redundancy (e.g., deep linear networks or symmetric layers) often possess
a Hessian spectrum with eigenvalues near zero. In such cases, a larger magnitude of
o is mathematically necessary to enforce the positive definiteness required for unique
parameterization. Conversely, architectures designed with linear independence among
hidden units are structurally identifiable on sufficiently rich trajectories and allow for a
significantly smaller regularization bound &.

The following lemma provides equivalent conditions for verifying if
Jo @7 (X,0) P (X,0)du(X) is positive definite to check for identifiability.
Lemma 3.1. Leto = G. Then 6* is identifiable over © if any of the following equivalent
conditions are satisfied,

i), @7 (X,0)®' (X,0)du(X) > 0foralld € O,

i) there exists X1,...,X,. € Q such that & (X;,0)® (X;,0) = 0 foralld € O,

iii) there exists X1, ..., X,. € Q such that rank ([®'T (X1,0),...,9T (X,,0)]) = » for
allo € ©.

Proof. Condition i) follows from (3—6). By the definition of positive-definiteness of

a matrix, Condition i) is equivalent to stating [;,v"®'" (X,0) ®' (X, 0) vdu (X) =

Jo 197 (X, 0)v||>du (X) > 0forallv # 0,. Because the integrand is nonnegative,
theset E(v) = {X € Q : ||®'(X,0)v||*> > 0} has positive measure, and hence, is
nonempty for all v # 0,,. The subsequent analysis will establish i) implies ii) using

an inductive kernel shrinking argument. To this end, let K, £ R*. For each integer

J > 1, provided K;_; # {0}, define the set K, and points X; and v, using the recursive

algorithm

v; € K;1\{0}

X; € E(v)
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Kj = Kj—l N ker (q)/ (X],Q)) .

The algorithm selects X; such that v; ¢ ker(®’ (X},0)). Hence, by the definition of K,
it follows that v; ¢ K, implying K is a strict subspace of K;_;. It is shown by induction
that whenever K is defined, dim (K;) < s — j. For the base case j = 0, the hypothesis
holds because dim (K,) = ». For the inductive step, assume the hypothesis holds for
j—landthat K;_; # {0,.}, so that K is defined. Since K is a strict subspace of K;_;,
it follows that dim(K;) < dim(K;_1) —1 < (> — (j — 1)) — 1 = s — j. This completes
the induction. Therefore, the construction terminates by step s (since dim(K,,) < 0
implies K, = {0}). As aresult, _, ker (®' (X;,0)) = {0,.}. Hence, forany v # 0,,, it
holds that v ¢ (_, ker (¥ (X}, 0)), so there exists i such that &’ (X;,0) v # 0. Hence,
ol (307, @' (X;,0) P (X;,0)) v > 0. Because this result holds for all v # 0., it follows
that >>7 &7 (X;,0) ¥’ (X;,0) = 0, establishing ii).

To establish that conditions i) and ii) are equivalent, we now establish that condition
i) is also necessary to satisfy condition ii). We establish this by the method of contradic-
tion. Thus, assume for the sake of contradiction that condition i) is violated and condition
ii) is satisfied. Due to the violation of condition i), [, ®'" (X,0) @' (X, 0)du (X) is not
positive-definite but only positive semi-definite. In this case, there exists v # 0,, such
that [, @ (X,0)v|* du (X) = 0. Furthermore, notice that [, [|®’ (X, ) v||* du (X) can
be lower-bounded as 0 < >°7 | ()%ggfz |9 (X, 9)v||2) () < [, 19 (X,0) 0] du (X).

Therefore, if [, |9 (X, 0)v||*du (X) = 0, then 37 | (;ggfz |9 (X, 9)@”2) w () = 0,
which is only possible when inf @' (X, 0)v||> = 0foralli € {1,...,s}. Since

the partitions are arbitrary, this condition must apply for all possible partitions of €2,

i.e., there does not exist a method to partition 2; such that )}Ielg |9 (X,0)v]* > 0
forany i € {1,...,}. Since condition ii) is assumed to be satisfied, there exists

X1,..., X, € Qsuchthat 37 [|® (X;,6) 0| > 0, implying ||®' (X;,0)v|* > 0 for at least

onei € {1,...,}. For such an i, due to the continuity of ||®’ (X;,6) v||%, there exists a
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neighborhood of X; of radius ¢ € R, givenby A; 2 {X € Q: || X — X;|| < ¢} such that
|9 (X,0)v|* > 0forall X e A;. Additionally, note that 1 (A;) > 0. Then partitioning
Q2 such that ; = N yields )%IGIS% |9’ (X,0)v||> > 0, thus leading to a contradiction with
the implications of condition i). Therefore, one cannot violate condition i) and satisfy
condition ii) simultaneously. Hence, condition i) is necessary and sufficient for condition
i)

Now we establish the equivalence between conditions ii) and iii). Notice that
condition ii) holds if and only if rank (>, ®'" (X;,60) ' (X;,0)) = 5, which is equivalent
to the statement ker (372, @7 (X;,6) ¢’ (X;,60)) = {0,.} due to the rank-nullity theorem
[126, Thm. 2.3]. Additionally, due to the property that ker (A + B) 2 ker (A) N ker (B)
for any given matrices A and B, the condition ker (-7, @7 (X;,6) ' (X;,0)) = {0..}
holds if and only if (2, ker (®'" (X;,6) ¢’ (X;,6)) = {0..}. Furthermore, note that
ker (®'7 (X;,0) @' (X;,6)) = ker (¥’ (X;,6)) which is established as follows. For any
vector v € R”, if &' (X;,0)v = 0, then multiplying by " (X;, #) on both sides yields
' (X;,0) 9 (X;,0)v = 0,,.. Additionally, if 7 (X;,0) &' (X;,0) v = 0,,, then multiplying
by v on both sides yields v ®'T (X;,0) &' (X;,0) v = 0, equivalent to ||®’ (X;,0) v|| = 0
which holds if and only if &' (X;,0)v = 0, . Therefore, ®'T (X;,0) ®' (X;,0)v = 0,, if
and only if &' (X;,0) v = 0., thus implying ker (®'T (X;,0) &' (X;,6)) = ker (¥’ (X;,0)).
Therefore, condition ii) is equivalent to the condition ()_, ker (' (X;,0)) = {0..}, which
holds if and only if there exists no vector v # 0,, such that ' (X;,0)v = 0, forall i €
{1,...,}. This condition can hold if and only if the matrix [®'T (X;,6),..., %" (X,, 9)]T
has s« linearly independent columns, which is equivalent to the statement in condition
iii) that rank ([®'7 (X1,6),...,®'T (X,.,6)]) = s. Therefore, conditions ii) and iii) are

equivalent, thus establishing the equivalence between conditions i)-iii). O

Remark 3.3. To determine local identifiability (i.e., identifiability in an arbitrar-
ily small neighborhood of 6* as defined in Definition 3.1) instead of identifia-

bility over ©, the conditions i)-iii) stated in Lemma 3.1 can be relaxed to hold
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only at 6* instead of holding for all # € ©. Furthermore, & can be redefined as

n PR (1 (X) - @, (X, 9*))” to check for local identifiability. This
redeflnltlon of & is expected to yield a significantly smaller value than its previous defi-
nition because it does not involve the supremum to be computed over the entire © but
only at 6*.

Remark 3.4. Notice that the universal function approximation theorem for DNNs was
not invoked in the definition of * or in the derivation of the identifiability conditions. The
universal function approximation theorem [107, Theorem 3.1] states that the function
space of DNNs is dense in the space of continuous functions C (€2). As a result, for any
prescribed ¢ > 0, there exists a DNN ¢ and a corresponding parameter 6 such that
sup || f (X) — @ (X,0)|| < e, and therefore [, [|f (X) — @ (X,0)>du (X) < 2u ().
I)-(g\z/vever, it is not known how to obtain a bound 6 on such parameter 6 for an arbitrary
¢, which causes difficulties in constructing the bounded search space ©. Therefore, we
allow the user-defined search space O to be arbitrarily selected in the above analysis,
at the loss of guarantees on the approximation accuracy. Although the constant ¢ that
bounds sup || f (X) — ® (X, 6%)|| might no longer be arbitrary in this case, it would still
be finite)éieuﬂe to the continuity of f and ®, where minimizing (3—3) would yield the best
regularized approximation of f. Therefore, the unknown nonlinear function can be

modeled as

f(X) =o(X,0%) +e(X), (3-7)

where £(X) £ f(X) — ®(X, §*) is bounded by £ as ||¢(X)| < zforall X € Q.

Recent work [100] provided identifiability conditions for linear regression equa-
tions (LREs) with a LIP model, and they showed that it is equivalent to FE or interval
excitation (IE) conditions. The IE/FE condition is known to be strictly weaker than the
persistence of excitation (PE) condition. Therefore, adaptive methods such as CL (and
other methods discussed in the Introduction) that achieve parameter identification under

only the IE/FE conditions can be interpreted to leverage only the identifiability of the
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parameters. In this context, the conditions in Lemma 3.1 can be viewed as a general-
ization of the identifiability conditions in [100] to NREs where there is an NIP model.
This observation raises the question whether an adaptive estimation technique can be
developed to identify 0* under the sufficient identifiability conditions stated in Lemma
3.1, as opposed to the more stringent PE condition. This chapter answers this question
with an affirmative by developing a CL-based adaptive estimator for 6*.

Before providing the CL-based estimator development, we provide a brief overview
of the gradient-based estimators for DNNs for better context. For the loss function in

2

(3-3), the corresponding loss density is given by £ (0> = Hf (X)—® (X, é) +olldll.

Then the gradient-based estimator is derived by formulating the negative gradient flow of

£ (0) given by
f = —Iv,s (9) — Tof—T'T (X, é) 7, (3-8)
where I' € R*** denotes the adaptation gain, and
2yt - (X.0) (3-9)

denotes the regression error. Using a similar approach as in [22] and [95], § converges
to a neighborhood of 6* provided the PE condition is satisfied. The PE condition requires
that there exist some 7' € R, such that f;*" &' (X(r), é(r)) @’ (X(r), é(r)) dr = 0
for all ¢ € Rs(, which is restrictive because the positive definiteness has to hold on a
moving time window for all time and cannot be verified online. In contrast, Lemma 3.1
suggests that 6* is identifiable if ¢ — X (¢) traverses through points X;,..., X,, € Q
such that conditions ii) or iii) of Lemma 3.1 are satisfied. Specifically, if t — X (t) is
shaped to traverse through such points X, ..., X, € Q in a finite-time interval, it must be
possible to develop an adaptive estimator to identify 6* without requiring PE. Based on

this insight, we provide CL-based adaptive update laws in the following section.
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3.3 Concurrent Learning Algorithm for Continuous-Time Regression Problems
Consider the NRE in (3—1). Using (1-2), Remark 3.4, and (3—7), the regression

error in (3—9) can be represented as

~

g(X) = ®(X,0%) +e(X) + () — (X, 0). (3-10)

Therefore, the parameter identification objective is to minimize the parameter estimation
error, defined as

62059, (3-11)

where 6* is defined in (3—4) and 0 represents the parameter estimates. Using the
definitions of ®(X, #*) and ®(X, 6), a first-order Taylor series approximation-based

model of the estimation error is used to obtain [20]

A~ ~

(X, 0") — (X, 0) = (X, 0)0 + R(X,0), (3-12)

where R(X, ) represents the Lagrange remainder term.
3.3.1 Concurrent Learning (CL) Adaptation Laws for Nonlinear Regression

The adaptation law employs established CL methodologies, utilizing the known
input and the system dynamics estimated by the DNN. The discrepancy between
the known input and the DNN estimate is then stored in a history stack which allows
previous information to be incorporated into the update law. The Jacobian of the DNN
is denoted @'(X, §) and the Jacobian of the DNN at a specified point X; and the current
state estimates is denoted @'(X;, #). The core idea is to leverage the recorded input-
output data to refine the parameter estimates. The implementable form of the CL-DNN

update law is designed as

b= pro (% ST 00) (- 0 (X06)) - 72@) , (3-19)
1

where 1,7, € R denote positive user-selected adaptation gains, N € N, is the user-

selected number of input-output pairs residing in the history stack, and the projection
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operator is a smooth projection operator defined in [112, Appendix E] which ensures
that the adaptive estimate remains within the bounded parameter search space ©. Data
management strategies such as those in [91] and [127] could be leveraged to maximize
the history stack’s rank.

An analytical form of the implementable weight update law can be obtained using

(3-9), (8—10), and (3—12) as

. Z o7 (X,,6) (R(Xi, 6) + 2(X;) + 5(t)>). (3-14)

3.3.2 Stability Analysis
Using the structure of the DNN, the following bounds can be established where the

Lagrange remainder in (3—12) is bounded as
~ ~|12
IRCX )] < polX1) 6] (3-15)

where po (]| X||) : R>p — Rs¢ is a strictly increasing quadratic polynomial of the form
po(|X|) = a2||X||* + a1]| X || + ao with some constants a,, a1, aq € R-o. Similarly, the

Jacobian of the DNN can be bounded as

where p; : R>y — R, denotes a strictly-increasing function. Due to the fact that

¥(X,0)| <o (1X1). (3-16)

R(X, ), =(X), and 4(t), are bounded, the bounds ‘ o7 (X;, 0)R(X,, é))” < pe (1) H9H2

7 (X,,0) (2(X)) + 6(t))H < py (|| Xi]|) hold where pq, py: Rsg — Rs, denote
strictly-increasing bounding functions.
Let A\, 2 2 -m+m <>\min {Z cIYT(Xl,e o’ XZ,H } Aa € Rsg be the desired

_ 2
convergence rate, and constant .; € R, be defined as «; é%@ + 3 (ZZN:I b (HXZ-H)) :
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Assumption 3.1. There exists \. > 0 and there exists " > 0 for all ¢ > T such that

Amin {E;V:l T (X, 0) (X, é)} > )\,

Remark 3.5. The derived stability conditions reveal a direct trade-off between

the level of excitation and the magnitude of the ultimate bound. Specifically, since

Amin {Zf;l (X, 0)D(X;, é)} is positive under Assumption 2 and is lower-bounded by

Ae, @nincrease in A, results in a larger value for \; being obtained, and thus the user

can select a larger desired convergence rate \y,. If Assumption 2 does not hold, the

gain ., which is based on the sigma modification technique in [128, Sec. 8.4.1], assists

in demonstrating the convergence of 4. Because the ultimate bound, 3=, is inversely

proportional to v/\.4, Which is upperbounded by \;, higher excitation directly tightens the

ultimate bound obtained in the theorem allowing for the final error to be smaller than the

bound on the parameter space 6.

Remark 3.6. The subsequent theorem establishes ultimate boundedness for the error

signal, rather than the stronger property of uniform ultimate boundedness (UUB).

This distinction, where the characteristics of the ultimate bound depend on the initial

conditions, is a known consequence of relaxing the PE condition, as observed in the

related literature such as [98] and [129]. In this result, the value of the history stack is

determined by the value of 6 which evolves as a function of the initial condition. This

dependence prevents the ultimate bound from being uniform across all initial conditions.
To facilitate the stability analysis, let the candidate Lyapunov function V' : R* — R

be defined as

V(6) = %éTé. (3-17)
Taking the time derivative of V(f) yields
V(@) =§7g. (3-18)

Theorem 3.1 provides convergence guarantees for the parameter estimation errors for

the update law in (3—14).
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Theorem 3.1. For the parameter identification objective defined in (3—11), the adapta-

tion law developed in (3—14) ensures that the parameter estimation error 6 is bounded in

the sense that Hé(t)” < \/Hé(to)H2 e~2halt=t0) 4 1 (1 — e=2\at), for all t € Ry, provided

~ 2
M >+ 302 (1) [ceo)|

Proof. Consider the candidate Lyapunov function in (3—17). From (3—14) and (3—18),

N
V(@) =67 (% ST (X, ) (X1, 0)8 + 75 (é - 9*)
=1

N

1 30 O (X0, 0) (R(X,,8) +2(X) + (1)) ). (3-19)

=1

Upper bounding (3—19) yields

= 2\ 5 1 [ 252
Vo) < - (Al P NAI ) 1612+ 5 (Zpbmu)) + 27 (320

2

When Ay > Mg+ 202 (| Xq]) Hé(to)

bl

V(0) <~ ‘éHzﬂl. (3-21)

The inequality in (3—21) can be further bounded as V (4(t)) < V(0(ty))e *alt=to) 4

- (1 —e~™a'). Then, [130, Def. 4.6] can be invoked to conclude that 6 is bounded such

tat i) | < /[t

6 € L... Additionally, due to the use of the projection operator, 6 € L. O

2
e~ 2Malt—to) 4 3= (1 — e7?at). Using (3-17) and (3-21) implies

3.4 Numerical Analysis of Identifiability
The theoretical development in Section 3.2 established that for NIP systems, the
FE condition is equivalent to parameter identifiability. Consequently, confirming the
structural validity of a network architecture reduces to verifying whether its Jacobian can
satisfy the rank requirement in Assumption 3.1. This analysis serves as a diagnostic tool

to screen architectures for structural identifiability prior to deployment. To empirically
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validate this capability, a numerical analysis of the rank conditions was performed on
various LIP and NIP network structures.

Four network architectures were evaluated, each constrained to have exactly » = 13
parameters to decouple structural properties from approximation capacity. The shallow
architectures were designed with a single hidden layer containing 4 neurons while the
deep architectures were designed to have 2 hidden layers with 2 neurons each. Both
linear and nonlinear activation functions were employed, with the hyperbolic tangent
chosen for the nonlinear case. For each trial the network was initialized using Xavier
initialization [131] with scaling parameter 4.0, while biases were initialized from a normal
distribution with a standard deviation of 0.75.

The analysis was performed using double-precision floating-point arithmetic to
distinguish between structural singularity and numerical ill-conditioning. In every trial,
the network Jacobian @'(X, §) was evaluated over a discrete set of N = 200 inputs. This
set was obtained by sampling the function X (¢) £ 10 (sin(¢) + sin(0.5t)) uniformly across
the domain ¢ € [0, 20].

Remark 3.7. Utilizing a sinusoidal trajectory in this offline analysis serves as a baseline
validation to isolate structural properties.

To quantify the impact of regularization on the condition number, the relationship
between the regularization magnitude and the resulting condition number, computed
as k(3N , d7(X;,0)%'(X,,0) + oI), was analyzed and is illustrated in Figure 3-1. As
shown in Figure 3-1, there is a critical distinction between the stabilization requirements
of architectures with nonlinear activation functions which can achieve a stable condition
number (x < 10°) with minimal regularization, while the linear baselines require a
regularization parameter orders of magnitude larger to reach the same threshold. This
confirms the assertion in Remark 3.2 that architectures with high structural redundancy
require artificial regularization to enforce uniqueness, whereas nonlinear structures

inherently satisfy the identifiability condition.

72



1010 4 —e— Shallow Linear —%—=Deep Nonlinear
~ —=— Shallow Nonlinear k=10
b 14 .
T 10 Deep Linear K =10
> 1012 4
g 10
:Q 10™ 1
D
2 10° A
=
'_
B 100
i
~
e 102 .
107 1077 107° 1077 107! 10!
o

Figure 3-1. Condition number vs. regularization parameter

3.5 Conclusions

A framework for the online identification of DNNs characterized by a NIP structure
is presented. Addressing the lack of formal connections between excitation and unique
parameterization in existing literature, generalized identifiability conditions were derived
to demonstrate that the verifiable FE condition is equivalent to parameter identifiability.
Furthermore, numerical analysis validates that this rank condition serves as an effective
diagnostic tool for architectural design, confirming that structural redundancies in
linear networks lead to singularity while appropriate nonlinearities restore identifiability.
Leveraging this theoretical foundation, a continuous nonlinear regression framework
was developed using all-layer adaptation. Finally, a Lyapunov-based stability analysis
guarantees the ultimately bounded convergence of weight estimation errors to a

neighborhood of the origin.
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CHAPTER 4
COMBINED SYSTEM IDENTIFICATION AND CONTROL USING LYAPUNOV-BASED
DEEP NEURAL NETWORKS

Building on the theoretical foundations of DNN identifiability established in the
previous chapter, this chapter and the work in [103] presents two approaches to the
combined problem of system identification and control, unified by the use of system
dynamics as a regularization mechanism within the adaptation law. The first section
develops a concurrent learning (CL) framework that utilizes a history stack of recorded
data to satisfy parameter convergence requirements. This history stack is constructed
by leveraging a reconstructed solution to the system dynamics, formulated through the
DNN output and an acceleration observer. The second section introduces a continuous
learning from offline experience (CLOE) adaptation law, which leverages prior knowl-
edge of dynamic behavior under specific operating conditions to enhance estimation in
novel environments. By reformulating the learning objective to operate without the need
for acceleration observers, this method offers increased robustness to disturbances and
permits the use of non-smooth control inputs, such as sliding mode terms. Together,
these results demonstrate how leveraging historical data as a regularization term can
significantly enhance the performance and robustness of real-time control applications.

4.1 Concurrent Learning for System Identification and Control Using
Lyapunov-Based Deep Neural Networks

This section presents the first result that enables the use of a CL adaptation law
for the wights of all the layers of a DNN-based controller applied to a class of second-
order control-affine systems allowing for simultaneous system identification and control.
The developed CL-based adaptation achieves convergence of the DNN’s parameter
estimates to a neighborhood of their ideal values, provided the DNN’s Jacobian satisfies
a finite excitation condition. A Lyapunov-based stability analysis is conducted to ensure
convergence of the tracking error, weight estimation errors, and observer errors to a

neighborhood of the origin. Simulations demonstrated approximately 40% improvement

74



in function approximation performance and over 65% improvement on off-trajectory
evaluations compared to a baseline without CL.The results of this section have been
published in [103].

4.1.1 Control Design

Consider a control-affine nonlinear dynamic system modeled as

where z, & € R™ denotes the available generalized position and velocity, f : R* — R”
denotes an unknown continuously differentiable function, and « € R™ denotes a control
input. The tracking control objective is to simultaneously track a user-defined reference
trajectory z, € R™ and learn the unknown function f(x, &) online using a DNN starting

from the initial time t,. Therefore, f(z, i) can be modeled as

where the input to the DNN is denoted X £ [mT,:tT}T. Due to the continuity of f(z, 1)
and ® and the constraint of a bounded search space, the function approximation error ¢
which bounds sup || f(z, %) — ® (X, 6)|| exists but may not be prescribable as stated in the
universal functigccfrsw2 approximation theorem [107, Theorem 3.1].

The reference trajectory is assumed to satisfy ||z4|| < Zq, ||l@4l| < @4, and ||Z4]] < Zg,
where 7, 74, 74 € R are known constants. To quantify the tracking objective, the

trajectory and auxiliary tracking errors e, € R™ are defined as
esx—xq, TEE+ aqe, (4-3)

where a; € R is a user-selected control gain. Taking the time derivative of (4-3),

applying (4—1), and (4—2) yields the open-loop error system

r=®(X,0%) +e(X)+u—Tqg+ aé. (4-4)
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The subsequent development considers the concurrent tracking control and system
identification problem. The parameter identification objective is quantified using the
parameter estimation error defined as § £ 6* — 0, where § € R”* represents the
parameter estimates. Using the definitions of ®(X, 6*) and ®(X, §), a first-order Taylor

series approximation-based model of the estimation error is used to obtain [20]

~ A~ ~

O(X,0°) — B(X,0) = '(X,0)0 + R(X,0), (4-5)

where R(X,0) represents the Lagrange remainder term.
4.1.1.1 Closed-loop Error System and Control Law Development

Since f(x, %) in (4—4) is unknown, we are motivated to develop an approximation
that can be used as a feedforward control element. Based on the subsequent stability

analysis, the control input is designed as
u=7iq— P(X, é) — kir —e— aqé, (4-6)

where k; € R is a user-defined control gain. Substituting (4—2) and (4—6) into (4—4),

applying (4-5), and canceling cross terms yields

A~ ~

= ®'(X,0)0 + R(z,0) +(X) — kr — e. (4-7)

4.1.1.2 Dynamic State-Derivative Observer

Motivated by the desire to incorporate previous state information into the update
law in a CL style, the update law is augmented with a history stack containing the error
between the calculated control input and a reconstructed version of the control input. To
reconstruct (4—1), an observer is developed to estimate the unmeasurable state . The

dynamic state-derivative observer is designed as

P =A =g+ aé+ o, (4-8)

~

A =74 kaA -, (4-9)
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where #, A € R" denote the observer estimates for » and i, respectively, 7, A € R"
denote the observer errors, 7 = r — # and A = & — A, respectively as, ka € R., denote
constant observer gains, and « is the unmeasurable derivative of the control input.

Taking the time derivative of 7 and A and applying (4-8) and (4-9) yields

A — aoF, (4-10)

,iZ

A= f(z,@)+0—7—kaA -1, (4-11)

d N Of - of - . A 4 -
Sf(x,2) = 5to 4+ E@and u = Su. The observer error 7 is known

where f(z, )
because r and # are known. Because A = 7 + ay7, the implementable form of (4-9) can
be obtained by integrating on both sides and using the relation ftz i = 7(t) — 7(to), which
yields A(t) = A(tg) + ka(F(t) — 7(to)) — (u(t) — ulto)) + fti(k:AaQ + 1)7(7)dr.

Let the concatenated error vectors z € R?" and ¢ € R¥ be defined as » £ [F, AT} !
and ¢ £ [rT, el, éq T, respectively, where 1 £ 2n + . Additionally, let the open and
connected set D C RY be defined as D = {¢ € R : ||| < x}, where x € R, denotes a
subsequently defined known upper bound. The following lemma establishes a bound on
f(x, &) when ¢ € D to facilitate the convergence analysis for the observer.

Lemma 4.1. For all ¢ € D, there exists a constant §; € R, such that the bound

| F(e. )| < 6 hoids.

Proof. Forall ¢ € D, ||c|| < x, and hence |||, |le] He‘ < x. Since |z = |le + x4 <

lell + llzall < llell + 7z and ||| = |Ir — axe +@qll < |Ir]| + au [le]l + Za, the bounds
|z|| < x +Zgand ||i]| < (ay + 1) x + @4 hold for all ¢ € D. Moreover, using (4—1) and (4—
6), i = f(x,i)—®(X,0) — kir — e — oy é + &4. Using the structure of the DNN in (1-2), and

because 0,0* € O, it follows that there exists & € R., such that || (X, 6*)]|,

o(X, é)H <
. Hence, using (4—2) yields H flo, i) — (X, é)H < 23 + . Therefore, the definition (4-3)
and bound ||i4|| < Z,4 yields ||Z|| <% £ 20 + &+ ((ky + a1) + (o2 + 1)) x + &4 for all ¢ € D.
Since f(z, ) is continuously differentiable, there exist constants o1, 0o € R. such that

|30 < o1 and | %]| < exforall¢ € D. Therefore, ||f(z.a)|| < [|52 Il + | %] ]
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< o1 ((a1 + 1) x + 74) + 027 Thus, selecting §; £ o1 ((aq + 1) x + 74) + 057 yields
Hf(%:’c)‘ < d; forall ¢ € D. o

Let A, £ min {ka,2a5}. The following lemma establishes the convergence proper-
ties of the observer error system in (4—10) and (4—11).
Remark 4.1. When the observer is activated with the system at rest, the initial velocity
and acceleration are both zero, simplifying the calculation and eliminating the need
for an upper bound. If the initial acceleration is not exactly known, a conservative
upperbound can be used and will result in a longer settling time ¢4.

Lemma 4.2. Consider the observer given by (4—8) and (4-9). The observer error is

2
bounded in the sense that ||z(t)| < \/H,~z(1t0)H2 e—Ai(t—to) i—f; (1 — e~M(t=t0)) for all

t € Rs, provided ¢ € D. Furthermore, suppose the initial acceleration error is bounded

Aty H < Ay where A, € R-,. The observer can achieve a

kAN AG

prescribed accuracy éa € R with the settl/ng time ta £ t, + 4+ L -In <m> provided
the feasibility gain condition kaAy > <5 /s satisfied.

Proof. Consider the candidate Lyapunov function Va(z) £ 1ATA + LiTy,

Taking the derivative, using (4—-10), (4—11), and canceling cross terms yields
Va(z) < —ATkaA — #Tayi + AT f(x, &). Using Young's inequality and Lemma
4.1, Va(z) can be further upper-bounded as Vo < —A;Va + 5 prowded

¢ € D.Therefore, Va(z(t)) < Va(z(tg))e M1t-to) 4 2;31 (1- e*Al(t*tO ) and

2] < \/H (to)]|? e~Aa(t—to) +—(1—e Mit=t0)), provided ¢ € D. Furthermore, if

HA to H < Ay and #(ty) = r(ty) (because r(ty) can be measured), then ||z(ty)| < A,.

Then ||z|| < \/Age—m(t—to) + (1 — e~M(=t0)), For the prescribed accuracy da, using

kAAl
kaA1A2

the differential inequality, the settling time to = ¢y + Ail In (m) is obtained after

2

imposing dx > \/Age—m(t—to) + kiA (1 — e~M(t=t0)), provided ¢ € D. For the settling time

to be feasible, the argument of the natural logarithm needs to be positive; imposing this

2

condition yields the feasibility gain condition kaA; > ;572 O
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Remark 4.2. Using Lemma 4.2, the observer errors, A and 7 will converge to the
prescribed ultimate bound . after the time ¢A has passed.
4.1.2 CL Adaptation Laws For Adaptive Control

The adaptation law is developed by extending established CL techniques to the NIP
structure of the DNN. The shorthand notation &'(X, 6) in (4—12) denotes the Jacobian
of the DNN at the current state and weight estimates, and &'(X;, §) represents the
Jacobian of the DNN using the current weight estimates and the previous state X;,
where X; = X(t;) and t; € [ta,t], represents states within this time interval. Compared
to other CL approaches which begin gathering data immediately, the history stack is
only constructed after ¢t > ¢, where the observer settling time ¢, is defined in Lemma
4.2. This time-based condition ensures that the user-defined number of data points
N € N which construct the history stack are gathered only after the observer has
reached its ultimate bound which is required to ensure accuracy of the stored data. The

implementable form of the CL-DNN update law is designed as
A A N A A
6 — proj (r (@’T(X, O)r — 3 > T (X0,0) (u; — ;) w)), (4-12)
=1

where 71,72 € R, denote user-selected adaptation gains, and I' € R*** denotes a

positive-definite time-varying least squares adaptation gain matrix where

(

B0 o (0, 9T (X0 (X. ).
EF_I = if )\Rmin < Amin (F) and )\max<F) < )\F,max (4-19)

0, otherwise

\
where 3 represents a user selected forgetting factor 5 : R~y — R0, and Ar min, Ar,max
are user-selected bounds for the minimum and maximum eigenvalues of I, respectively.
The adaptation gain in (4—13) is initialized to be positive-definite (PD) and it can be

shown that I'(¢) remains PD for allt € R, [90]. A reconstructed estimate of the
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calculated control input can be determined as
An analytical form of the implementable weight adaptation law in (4—12) can be obtained

from (4-1), (4-2), (4-5), (4-12), and (4—14) as

. N ~
0 = proj (r (Q)/T(X, O)r — 720 + 71 Y ®'T(X,,0)9(X;,6)0
=1

N
1 3 @7 (X, 0) (ROX,0) + £(X0) A))) (4-15)

=1

4.1.3 Stability Analysis

Using the structure of the DNN, the following bounds can be established

|RCx0)| < o tich 1P

¥(X:,0)| < 2 (1) (4-16)

where p1, p2 : R5y — R5( denote strictly-increasing functions. Due to the fact that

R(X,0), ®(X;,0), and ¢ are bounded, then the following bounds can be established

T (XL DRG0 < ps (G I

where ps,ps : R>yg — Rs( denote strictly-increasing functions. Let pa (J|C]|) >

(X, 0)e(X3)|| < pa (I1X) (4-17)

a2 (IS I + % S5 A3 (IGHD [1€]1%, where pa : R=q — Rsq denotes an in-
vertible strictly-increasing function. Since the approximation capabilities of DNNs

holds on a compact domain €2, the subsequent stability analysis requires ensur-

ing X(t) € Qforallt € [ty, 00). This is achieved by yielding a stability result

which constrains ¢ in a compact domain. Therefore, consider the compact domain

D £ {o €RY: |lo| < x} in which ¢ is supposed to lie to develop Theorem 4.1. It follows

that if ||¢|] < x then X can be bounded as || X|| < (a +2)x + Tq + @4. Therefore,
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select Q £ {0 € R*™ : |jo|| < (q +2) X + Tq + @4} Then ¢ € Dimplies X € Q.

Lot A 2 min(& — L a1, 3 (Amn (S0 @7 (X, H)@'(X,,0)) — 1= Noa) =4 + %) and
A € R, denote the desired convergence rate. To ensure that arbitrary initial conditions
are always included, the user-selected constant y is selected as x = pi' (A — \y).
Then, it follows that z(ty) € D = {¢ € R** . ||¢|| < x} is always satisfied. Because the
solution ¢ — ((t) is continuous due to the Caratheodory existence conditions [132, Ch.2,
Theorem 1.1], there exists a time-interval Z £ [to, ;) such that ||((t)|| < D forall t € Z.
It follows that X (¢t) € Q forallt € Z, therefore the universal function approximation
property holds over this time interval. In the subsequent stability analysis, we analyze
the convergence properties of the solutions and also establish that Z can be extended to

[to, 00). Let the set S C D be the set of stabilizing initial conditions defined as

2 {oew ot < 1 grra (= Ao —fd},

where 5, £ min {% %

2loa S~ p2 (X))

To guarantee that the adaptive update law in Theorem 4.1 achieves the parameter

L B 2 max{d, it d and 0 2 32 20743 S g2 (1)) +

identification, i.e., ||#|| is minimized, the history stack needs to be sufficiently rich, i.e.,
the system needs to be excited over a finite duration of time as specified in the following
assumption.
Assumption 4.1. There exists A\, > 0 and there exists T" > t for all t > T such that
A {ZiNzl T (X,,0) (X, é)} > )\,

Consider the Lyapunov candidate function V : R¥ — R defined as

1 1 o
V() = §TT7" + §eTe + %QTF_IQ, (4-18)
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which satisfies the inequality 5, [|[|> < V(¢) < 8 ||¢||* . Taking the time derivative of

V(¢), and applying (4-3) and (4-7) yields

V=r' <<I>’(X, 0)0 + R(X,0) +e(X) — kyr — e) —e'aje

~ s 1~ d ~
To+=-6" ([ —=T71)6. 4—1
+0TT70 + 0 (dt )9 (4-19)

Using (4—13), the last term in (4—19) can be bounded as
—eT (d 1) < léw <i ' (X,;,0) (Xl,é)> 0. (4-20)
dt 2 —
Theorem 4.1 provides convergence guarantees for the tracking and parameter estima-
tion errors using the update law in (4—15).
Theorem 4.1. Let the gain conditions kaA, > % and \; > 0 be satisfied, and
1€(0)|| € S. For the dynamical system in (4—1), the controller in (4—6) and the adaptation

law developed in (4—15) ensures the concatenated error vector ( is bounded in the

sense that (1) < \/%uw e s (12 HO), forall € Ruo

Proof. Consider the candidate Lyapunov function in (4-18). From (4-15), (4—19), and
using (4—20), V can be upper bounded as
. ~ ~ N ~ ~ ~
V< Tk —eTane +rT (R(X, 0) + 5(X)> - GT% S T(X, 00 (X, 0)0

1=

N
— é—r’}/gé + éT’YQQ* — éT,yl Z q)/T(XZ', é) (R(X 6)) + 5( ) A )

=1

holds for all i € {1,..., N}, provided ¢ € D, the
data is collected after the settling time ¢, and the feasibility gain condition kaA; > %
is satisfied. Therefore, using the bounds in (4—16) and (4—17), ¥ can be upper bounded

asV < —(A—pa (<IN IICI? + ¢, when ¢ € D. Therefore, when ¢ is initialized such

that ((ty) € S, then, from the definition of S, A\ > \; + pa <\/% 1C(t)||” + BB&LJ

Recall that, because the solution ¢ — ((¢) is continuous, ¢ cannot instantaneously
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escape S at ty, therefore there exists a time-interval Z such that ((t) € Sforallt € Z,

implying ||C(®)|| < Hg“(to)H + 52‘ forallt € Z. Because pa is strictly increasing,

pa (ICEO)]) < pA( B c(to)|I? + L2 ) forall t € Z. As a result,

V< =AallC) +e (4-21)

forall t € Z. Using 51 ||C||> <V(O)< B |I¢|I%, V, and solving the differential inequality over
7 yields V(C(t)) < V(C(to))e ) + Bat (1 - eﬁi“t@). Using [130, Thm. 3.3], Z can

be extended to the interval [to, 00) and [[¢(#)]| < /2 [[C(to)[|* + 22 for all t € [ty,00).
Under more excitation Amin {Zi]il @’T(Xi, é)@’(Xi, é)} grows, thus increasing \. and

Ag, tightening the ultimate bound of {. Hence, if ((¢,) € S,then ((t) € S € D and
therefore X € Q for all ¢ > 0. Using (4—18) and (4—21) implies ¢, r,0 € L... The fact that
Tq, T4, Tq, 6,7 € Lo implies z, 2 € L, using this and the fact 6 € L., is bounded by the

use of the projection operator implies « is bounded. O

4.1.4 Simulations

Comparative simulation results are provided to demonstrate the perfor-
mance of the developed method with a baseline which is tracking error based (i.e.,
~v = 0). Simulations were performed on a 6-DOF rigid body vehicle with state
vector z = [x,y,z,¢,9,¢] € RE. The system dynamics are represented by
flod) = |~k [B], —%5191 (3], -9 — S22l [3], 2200 - kaglol %],
Lalez o) — k0] [B], 200 — kadhld)| [rad]]Twhere kp = 0.25,ky = 0.03,
m = 1.5kg, g = 9.81%, I, = 0.0348kg - m?, I,, = 0.0348kg - m?, I, = 0.0977kg - m?,
represent the linear and angular drag coefficients, mass, gravity, X-axis, Y-axis,
and Z-axis inertia, respectively. Simulations were run for 100s with an update pre-
formed every 0.01s to demonstrate the impact of the real-time adaptation. The
settling time ¢, was selected as 5s and the history stack was constructed using
a sliding window of the previous 100 data points (1s of data) with the stack be-

ing updated every 5 new data points gathered or 0.05s. The tracking objective
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Figure 4-1. Function approximation errors evaluated at off trajectory points.

Table 4-1. Tracking and Function Approximation Metrics for the Developed Methods vs.
Baseline Method

RMS | Jleall [deg] | llyll Imm] | |I7]| | ||/or
Baseline | 0.0524 8.48 0.163 | 3.03
CL-DNN | 0.0624 9.33 0.097 | 1.03

was to track the desired trajectory 2, = [2sin(0.5¢), 1.5c0s(0.7t), 1 + 0.8sin(0.3¢),
0.2sin(0.4t), 0.15c0s(0.6t), O.33in(0.2t)]T € RS and tracking performance e = e, , ef;]
where e, € R* and ez € R3 are the errors for the position and rotation metrics, re-
spectively. The simulation is initialized at z(0) = [0.1,—0.1,0.05,0.02, —0.02,0.01] "
and z(0) = [0,0,0,0,0,0]. The DNNs are composed of 4 layers, 12 neurons, and tanh
activation functions. The weights of the DNN were randomly initialized from a uniform
distribution U (—0.25,0.25). The gains were selected as a; = 15, as = 50, k; = 3,
ka = 20, 8 = 0.1, v = 0.5, 7 = 0.001, and I'(0) = 0.25. The same randomly selected
initial weights and control gains were used to demonstrate the performance of the
adaptation under the same conditions.

The developed method improved function approximation while maintaining baseline-
level control effort of 10.1 N and tracking performance. The minimal tracking difference
is consistent with the function approximation capabilities of DNNs. The developed

method’s guaranteed parameter convergence led to a 40.54% reduction in the function
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approximation error which is defined as f £ f(X) — ®(X,6). To evaluate off-trajectory
performance, a test set of 100 inputs denoted by X was constructed from a uniform
distribution, U (—1, 1). The function approximation error for this unseen data is denoted
for 2 f(Xor) — ®(Xor, ). The mean function approximation error for the off-trajectory
points shown in Figure 4-1 and in Table 4-1, which demonstrates a 65.75% improvement
in off-trajectory function approximation compared to the baseline.
4.1.5 Conclusions

This work overcomes challenges in parameter convergence for continuous all-
layer DNN adaptation, arising from the NIP nature of the inner layers by introducing
a Lb-CL-DNN update law. A Lyapunov-based stability analysis guarantees ultimately
bounded error convergence for both the tracking and the weight estimation errors.
Simulations conducted on a 6-DOF rigid body vehicle demonstrated improvements in
function approximation of 40.54% compared to the baseline method and off-trajectory
simulations demonstrated 65.75% improvement for the developed method.

4.2 Continuous Learning with Offline Experience (CLOE): A Lyapunov-Based
Deep Neural Network Approach for Real-Time Control and System
Identification

This section introduces a framework which unifies offline and online approaches
and presents the first method for continuous, all-layer DNN weight adaptation that is
formally informed by offline-trained data. Compared with the previous section, this
approach allows the data gathered offline to inform the adaptation and thus, does
not require the use of an observer which allows for the use of discontinuous control
laws and thus, allows for robust disturbance rejection. The developed adaptation law
guarantees parameter estimation error convergence to a neighborhood about the origin
provided the Jacobian evaluated using the offline experience meets a FE condition.

A Lyapunov-based analysis ensures that the tracking error, parameter estimation

error, and offline function approximation errors are ultimately bounded. Simulations
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demonstrate 45.5% improvement in function approximation capabilities compared to the
baseline.
4.2.1 Unknown System Dynamics, Objective Definitions, and Control Design

To illustrate the contribution of the CLOE approach, we consider a second-order,

control-affine, nonlinear dynamic system described by
&= f(x,2) +d(t) + u, (4-22)

where & € R” denotes generalized acceleration, z,7 € R" denote the available
generalized position and velocity, f : R" — R" denotes an unknown continuously
differentiable function, d(t) € R™ denotes an unknown time varying disturbance which
can be upper bounded by ||d(t)|| < d where d € R, denotes a known constant, and
u € R™ denotes a control input. The objective of the developed controller and update law
is to achieve identification of the unknown function f(z, i) despite the presence of an
unknown disturbance, d(t), while simultaneously tracking a desired trajectory.

The subsequent development considers the concurrent tracking control and system
identification problem. The parameter identification objective is quantified using the
parameter estimation error defined as § £ 6* — 0, where § € R”* represents the

parameter estimates. The unknown function f(x, ) can be modeled as
fla, &) = B(X,07) +e(X), (4-23)

where the input to the DNN is denoted by X £ [z, x‘T]T € R?", the DNN estimate
which results in the best approximation of f(z, &) is denoted by ®(X,0*) € R", and
e(X) & f(z,7) — ®(X,0*) is bounded by £ as ||s(x)|| < £ for all z € Q. To quantify the

system identification objective, the parameter estimation error is defined as

A

020" -0, (4—24)
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where § € R” represents the current parameter estimates. Using the definitions of
d(X,0%), d(X, é), and a first-order Taylor series approximation-based model in [20], the

following relation is obtained

A~ ~

(X, 0") — B(X,0) = D'(X,0)0 + R(X,0), (4-25)

where R(X,0) represents the Lagrange remainder term.
Tracking Objective Definition and Control Law Development

The tracking objective is to ensure the system state x tracks a user-defined refer-
ence trajectory x, € R™ which is sufficiently smooth such that ||z,|| < g, ||44]] < 4, and
|4 < 74, Where T4, 24, T4 € R denote known constants. Taking the time derivative of
(4-3), applying (4—-22), and using the DNN representation for f(x, i) from (4-23) yields

the open-loop error system
r=0(X,0") +e(X)+u—Iq+ aqé+d(t). (4—26)
The control input is designed as
w=ig—B(X,0) — kyr — kosgn(r) — e — ayé, (4-27)

where ki, ks € R are a user-defined control gains. Using the definitions of (X, #*) and

d(X, é), substituting (4—25) and (4—27) into (4—26), and canceling cross terms yields

~

F=®(X,0)0+ R(X,0) +e(X) — kyr — kosgn(r) — e + d(t). (4-28)

4.2.2 CLOE Prediction Error and Weight Adaptation Laws
4.2.2.1 Offline Experience Prediction Error Formulation

To incorporate knowledge gathered from offline experience, the adaptation law
includes a prediction error-based penalty. This term discourages parameter updates that
cause the function estimate to deviate from its known, offline-trained value at specific

points within the training dataset. The motivation for the offline learning penalty is to
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ensure that the output of the DNN in real-time continues to satisfy the value of the
function at known points. The use of offline experience in the real-time adaptation law
allows the DNN to adapt in unexplored regions and enables the subsequent parameter
convergence guarantee. To quantify the offline-experience prediction error, Y € R is
defined as

V(X 1) 2 ko /t t ( F(X,) = (X, 7)) dr, (4—29)

where «, is a user-selected constant scaling factor, X, € R*" denotes a specific offline
training point, ?(Xo, 7) is the subsequently designed estimate of the offline trained
function, and f(X,) is the known function which has been learned using offline-learning
methods. Therefore, the offline learned function can be equivalently expressed using
(4-23) as

F(X,) = B(X,,0%) + £(X,), (4-30)

where £(X,) is bounded as ||=(X,)|| < &.

Remark 4.3. The bound &, encompasses the function approximation error and the
offline learning error. The assertion that the offline learning error is bounded has been
widely adopted in learning-based control methods e.g., [111,133].

The corresponding offline-learning estimate given by 37(X0, t) € R™is defined as
V(Xo,t) = B(X,,0) + rY(Xo, 1), (4-31)

where k; € R denotes a constant positive user-selected control gain. To facilitate
the subsequent stability analysis it is desirable to obtain an analytical expression
for JN)(XO, t) which allows the offline-based prediction error to be explicitly related to
the parameter estimation error of the DNN estimate. Using (4—-25), (4-30), (4—-31),
and the fact that j/V(XO, t) is differentiable, the time-derivative of (4-29) is given by
j7 = K1 (f(Xo) ~ (X, t)). Equivalently, the analytical form can be written as

Y =r <<I>’(XO, )8 + R(X,,0) + £(X,) — koD (X,, t)) . (4-32)
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4.2.2.2 CLOE-Lb-DNN Weight Adaptation Laws

To leverage a priori knowledge, the adaptation law is regularized using a penalty
term based on the offline prediction error developed in Section 4.2.2.1. The Lyapunov-
based real-time adaptation law for the CLOE-Lb-DNN is defined as

é £ prOj (F (CI)/T<X, é)T + Z (I),T(Xo’i, QA)JNJZ — ’}/Qé + Y1 Z CI)/T(XOVZ', é) <5}1 + m/{g)z-)).

€O €O
(4-33)
The set O denotes the set of points where the value of the function is known based
on the offline experience. User-selected constant adaptation gains are denoted by
7,7 € Rygand I' € R**~ is a positive definite time-varying least squares adaptation

gain matrix where

p

—BT 4 i o @ (X, 6) (X, 0),
EF“ = if )\F,min < Amin (P) and /\max<r) < )\F,max (4_34)

0, otherwise

0
where  represents a user selected forgetting factor 5 : R>g — Rxg, and Armin, Armax
are user-selected bounds for the minimum and maximum eigenvalues of I, respectively.
The adaptation gain in (4—34) is initialized to be PD, and it can be shown that I'(¢)
remains PD for all ¢ € R> [90].

The analytical form of the offline experience prediction error given by (4-32) can be
used in (4-33) to obtain the equivalant analytical form of the update law given as

6= proj (1(87 (X, B+ 300 (X,6)3% 20

€O

YT (X, 0k (R(Xm, 4) + g(Xm-)) o YT (X, 0 @ (X, 0)0.
€O €O

(4-35)
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4.2.3 Stability Analysis
Let¢ £ |eT, 7", Y0 )Z-T,éT] € RY denote the concatenated state, where

Y £ 3n + . Using (4-34), 4T-! can be bounded as

Y dt

d

%F_l < k1 (Z (X, 0)0' (X, é)> . (4-36)
€O

The Lagrange remainder in (4—-25) is bounded as [113]

IRCEA) < p(IXD]J7] (4-37)

where po (]| X]|) : Rso — R is a strictly increasing quadratic polynomial. Similarly,

using [113], the Jacobian of the DNN can be bounded as

where p; : R>y — R, denotes a strictly-increasing function. Due to the fact that R(.X, é)

¥(X,0)|| < pr (1X1), (4-38)

and e(z) are bounded, the following bounds can be established

HR(X,@N) < pa (IX1D €11

| R, 0| < a1 Xoal) I

O (Xo, ) R(Xo,0) || < pe (1 Xo,l) €11

where p., po, pe, pa : Rso — Rsq denote strictly increasing functions. Let p (|[¢]|) £

2 K1 2 1 2 .
3P0 IXIDICI + 53 Xico A UIXal) 1K™ + %51 Xico £2 (1 Xoill) I, where p -

R>o — R, denotes an invertible strictly-increasing function. Since the approximation

O (X0, 0)e(Xoa) || < pa (1 Xo,ll) (4-39)

capabilities of the DNN stated in (4—23) holds only on the compact domain €2, the
subsequent stability analysis requires ensuring X (t) € Qforall¢t € [ty,00). This
goal is achieved by demonstrating that ¢ is constrained to a compact domain. To that

end, consider the compact domain D £ {¢ € R¥ : ||| < B} in which ¢ is supposed
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to lie. It follows that if ||C|| < B, then || X|| < (a +2)B + T4 + 4. Therefore, if Q@ =
{ceR™: |[¢]| < (a+2) B+T4+ 4}, then ¢ € Dimplies X € Q. Furthermore, to ensure

that arbitrary initial conditions are included, let user-selected constant B be selected as
B=p (A=) (4-40)

Let A 2 min{ky = 1,051 (k2 = 1), B k1min (Lico @7 (Xois )0 (X0, 0)) + % = 1101 |,

Ai € Rs( be the desired convergence rate, and the constant . € R., be defined as

= B Y ico (Pa (HXOJ-H))2 + %EQ + 5> cooi T 77252. Let the set Z C D be the set of

stabilizing initial conditions defined as

72 {e R ol < \ o (-2 - 1 }-

To guarantee that the adaptive update law in (4—33) achieves the parameter iden-
tification objective given in (4—-24), the generated data record needs to be sufficiently
rich, i.e., the system needs to be excited on points in O according to the following
assumption.

Assumption 4.2. There exists \. > 0 and there existst > ¢, such that

A {Zieo (X, 0 (X, é)} > )\,

Remark 4.4. An important advantage of the developed method is that the excitation
condition noted in Assumption 4.2 can be satisfied from inputs explored during offline
training and does not have to be executed by the physical system as in [102]. This
provides the practical advantage that the system is not required to operate through
trajectories which are unsafe or detrimental to performance in order to achieve sufficient
excitation. As a result, the theoretical guarantee of parameter convergence is estab-
lished without compromising the operational safety or performance of the closed-loop
system.

Theorem 4.2. Let the gain conditions \; > 0 and k, > d be satisfied and ||(0)|| € .

For the Filippov regularization of the dynamical system in (4-22), the controller in
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(4-27), the offline prediction error in (4-29), and the adaptation law developed in (4—

35) ensure the concatenated error vector ¢ is bounded in the sense that ||((t)] <
2
\/% 1C(t)| e Fto) v <1 —e ﬂzt>, for all t € Ry.

Proof. Consider the candidate Lyapunov function V : R¥ — R, which is a Lipzchitz

continuous positive definite function defined as

| 1 lm formy  Lar -
VG2 ST seled o3 (979 + 50T, (4—41)
€O

which satisfies the inequality

BillCl® < V(. t) < Ba |I¢) (4-42)

where 5, & m|n{2, ™ }and By & max{Q, = } Let ¢ = H(¢,t), where H((,t) €
R-o x R denotes the right-hand side of the closed-loop error signals. Using Filippov’s
theory of differential inclusions [114—117], the existence of solutions can be established
for ¢ € K[H(¢,1)] (€), where K[H(¢,t)] £ 0 up:o coH(B(¢,0) \ L,t), the intersection over
all sets L of Lebesgue measure zeros is denoted by ., Lﬂ: ) co denotes convex closure,
and B(¢,0) = {w e RY|||[( —w| <&} .Lett — ((t) be a maximal solution to the
differential inclusion ¢ € H(¢, t) with initial condition ((¢y) € Z defined on the interval of
existence T, = [to, tmas). Define ty = inf{t € 7, : ((t) ¢ D} and consider the time interval
T £ [to, tx). By continuity and the fact that D is closed, we have ((tz) € 0D where 0D
denotes the boundary of D. Since ((ty) € Z C D, then the time interval 7 exists such
that ||((¢)|| < D, forall t € T. It follows that X (¢) € Q for all ¢t € T, therefore the universal
function approximation property holds over this time interval. In the subsequent stability
analysis, we analyze the convergence properties of the solutions and also establish that
T can be extended to 7., which in turn can be extended to [t,, c0). The time derivative
of (4-41) exists along the trajectories of ¢ = K[#(¢,t)] almost everywhere (a.e.), i.e., for

almostall ¢ € T, and V', ‘& V,, where V = VVJK[H((, )] . Applying (4-3), (4-28), and
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canceling cross terms yields

V) crT (®(X,0)0+ R, 8) + £(X) — kur — koK [sgn(r)] + (1))

~ ~ s 1~ d ~
T T ) Tr—1 gl [ -1 _
e ae+;ylyz+er 0+ 50 (dtr )e. (4-43)

From (4-32), (4-35), (4—36), and (4—43), V can be upper bounded as

~

~ a.e. ~ ~ ~ ~ ~ o~ A ~
V(C, t) S —erlr — GTOZB — Z yZ.TI{Q/{lyZ‘ — QT’VQH — HT%K/l <Z @lT(XO7Z', H)CI)'(XO,i, 0)9

€0 i€O
+r" (R(x,§)+5(X) koK [sgn(r) )_i_Zmi( X, 0) + (X, )>
i€0
+2 Z (X, 0) (R(Xo,i, 0) + €(Xo,i))) + 07 y,0". (4—44)
i€0

Therefore applying the gain condition &, > d and using the bounds in (4-39), V can be
upper bounded as

a.e.

V(1) < — (A= (I ICI* + e, (4-49)

when ¢ € D. Therefore, when ( is initialized such that ((¢y) € Z, then it follows that

A > Mg+ p< 2 I¢(to)II” + /flﬁd). Let ¢ — ¢ be a maximal solution to the differential

inclusion ¢ c H((,t), defined on its interval of existence and assume for contradiction

that iz < oco. Applying A > \; + p <\/52 1<) ||” + 52‘ ) yields
~ a.e. )
V(Gt) < =AallCl” +¢ (4-46)

fort € T. Using (4—42) and the fact that V(¢, 1) & V(C, ¢) yields V(C, 1) < —24Y 4 for
all ¢t € 7. Solving the differential inequality over 7 yields V((,t) < V(((t))e 7 (t=t0) +
% (1 — e_zgt) forallt € 7. Then, [130, Def. 4.6] can be invoked to conclude that

B1Ad

Ad
¢ is bounded such that ||¢(¢)] < \/%Hg( o)|[Pe At 4 pa (1—e_ﬂ2t> for all

t € T. Further taking the upper bound yields ||((t)|| < ||((t0)|\ + ’8” for

t € T.Since ((ty) € Z,we have ||((to)]| < \/p*1 (/\—Ad)——for allt € T.

Therefore, ||((t)]| < 52p*1 (A=) forallt € T. Taking the limitas t — tg yields
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I1C(tr)|| < %p*l (A — Ag) which implies ((tg) € int (D), violating the assumption made for
contradiction. Therefore, tz = oo and ((t) € D for all ¢ € 7. and thus ((¢) is bounded on
T .

It remains to be shown that 7. can be extended to [ty, ). Based on the preceding

analysis, for any compact subinterval 7 C 7 we have [[C(t)]| < /2 ¢ (to)[I” + 225

By definition, (¢,t) — H((,t) is locally bounded when ¢ is bounded. Since ((t) is
bounded on 7, the Filippov solution t — ((t) is precompact. Furthermore since the map
(¢,t) — H((,t) is locally bounded it follows from [134, Remark 3.4] that |J #H((,t) is
bounded for every compact subinterval ;7 C 7.. Therefore [134, Lemma t?fg] is satisfied,

guaranteeing that ¢t — ((t) is complete, i.e., 7. = [to, 00). Thus, all trajectories satisfy

IK@Il < /2 Hg“(to)H?e‘%(t‘to) S (1 - e‘ggt> forall ¢t € [ty, c0). Hence, if C(ty) € T,
then ((t) € Z C D, and therefore X € Q for allt > 0. Using (4—41) and (4—46) implies
e, Y eo Vi 0 € Lo, andthus Y € L.,. The fact that x4, iq, #g,¢,7 € Lo, implies

z,i € L. Due to the use of the projection operator, § € L... Using the fact that X,
are user selected points from a bounded training set, and 6, Y € L., implies ®(X,,f) is
also bounded, and therefore ) is bounded. Using the fact that e, r, 24, 4, 24 and 0€ Lo

implies X € L., and thus ®(X, ) is bounded, and therefore v is bounded. O

4.2.4 Simulations

To validate the performance of the developed method, simulations were conducted
on a nonlinear two-dimensional Duffing oscillator system. The total dynamics f(z, 1) =
[fe1, fz2] " are defined as the sum of linear and nonlinear components f,; £ fin: + fu.: for

each dimension i € {1, 2} where the linear and nonlinear components are given by

ﬁimi(ﬂ?i, .Z’Z) = —03537Z — 05551,

fri(zi, 2;) = —0.01527 — 0.3537. (4-47)

This composition is motivated to showcase a scenario where offline data may be

restricted to a subspace of the operating region (e.g., data collected from an air foil in a
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wind tunnel that has confined operating conditions). The tracking objective is designed

o L [BeosED |
to force the system to track the desired trajectory z,(t) = , Which leads

8sin({5t)

to conditions where nonlinear dynamics are more prevalent. To evaluate robustness,
simulations were run both with and without additive Gaussian noise d(t) ~ N (0, 1).
4.2.4.1 Generation of Offline Experience Data

To analyze the method'’s performance under realistic availability of data, we simulate
a scenario where the offline experience is limited to a low-energy region which mimics
practical constraints where the data is only available from a safe or restricted region. To
generate the offline experience traditional offline machine learning methods were used.
However, the developed method is agnostic to the means by which the offline experi-
ence is obtained. An offline training dataset containing 20,000 samples was generated
by uniformly sampling the state variables (z;, ;) for € {1, 2} from the restricted domain
X, € 10,0.25]. Sampling within this domain ensures that the nonlinearities are not the
dominating dynamics and result in less than 12% of the total. The corresponding true
function values were computed using (4—47). Prior to training, input data was scaled
to a range of [0,1], and output data was scaled to [-1,1]. The pre-processed data was
subsequently partitioned into training and validation sets with an 85% to 15% split.

The offline DNN model employs a fully-connected feedforward architecture con-
sisting of three hidden layers with 128, 128, and 64 neurons, respectively where ReLU
activation functions were applied to all hidden layers. The output layer was composed
of 2 neurons with a linear activation function. The model was trained using the Adam
optimizer and the MSE as the loss function. The mean absolute error (MAE) was con-
currently monitored with the values reported in Table 4-2. Training utilized a mini-batch
size of 32 samples and the Adam optimizer’s default learning rate (0.001). A learning
rate reduction strategy was implemented with a patience of 50 epochs. If no improve-

ment in validation loss was observed, the learning rate would be reduced by a factor of
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Figure 4-2. Function approximation performance compared to learning without offline
experience.
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Table 4-2. Evaluation of Offline Training Results on Training and Test Sets
Train Test

MSE 7x 107 8 x 107

MAE 2.175 x 1073 2.214 x 1073

RMSE 2.705 x 1073 2.765 x 1073
# Epochs 237 -

0.5, with a minimum allowable learning rate of 1 x 10~7. Training ceased via early stop-
ping if the validation loss failed to improve by a minimum of 1 x 10~° for 200 consecutive
epochs. Upon stopping, the model weights corresponding to the epoch with the best
validation loss were automatically restored.

The final offline experience dataset, O, for subsequent online adaptation was
constructed using a K-Means diversity sampling method to select 50 representative
samples from the original training domain. The input states and their corresponding
predicted values from the offline-trained model were saved and subsequently used as
the offline experience for the real-time adaptation of a DNN.
4.2.4.2 Online Adaptation and Results

Simulations were run for 200s with a time step of t = 0.01s to track the desired
trajectory, which operates outside the offline experience dataset domain, X,. A baseline
comparison was performed with an adaptation law which does not leverage offline
experience (i.e., k1, k2, 5,71 = 0) . The states were initialized at 2(0) = [7.0472, —0.5236]T
and i(0) = [0,0]" [rad/s]. The DNN that adapts in real-time, and is responsible for
achieving the control and identification objective, was constructed with 4 layers, with
2 neurons in each layer, and tanh activation functions, with weights initialized using
Xavier initialization [131]. The gains for the respective controllers and adaptation laws
were selected as k; = 10, o = 1, o = 0.0001, and I'(0) = 1, for both the developed
and baseline methods. When disturbances were considered &k, = 1, otherwise k, = 0.

The developed method utilized the additional gains 5 = 0.1, k; = 0.0001, xk; = 1, and
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Table 4-3. RMS Tracking, Control Effort, and Function Approximation Metrics for the
Developed vs. Baseline Method.

RMS Values  |lefirad] |7||IN] HJNJH[mN] HfH[N]
d(t)=0
Baseline Method  0.0728 6.057 - 1.189
Developed Method 0.0701 5.979  30.02 0.6476
d(t) ~ N(0,1)
Baseline Method  0.0841 6.033 - 1.776
Developed Method 0.0671 6.038 27.95 1.117

v = 0.01. The offline experience updates to account for the new § parameters every 5
time steps or 0.05 seconds.

The results presented in Table 4-3 demonstrate that the most notable improvement
lies in the function approximation error f £ Hf(x, t) — $(X, é)H. Qualitatively, as
demonstrated in Figure 4-2, the developed method achieves improved performance
compared to the baseline with fewer and less severe oscillations during steady state
operation. Quantitatively, the developed method demonstrates a 45.5% improvement
compared to the baseline in the absence of disturbances, and a 37.1% improvement in
the presence of Gaussian noise.

4.2.5 Conclusions

A CLOE-based adaptation law was developed to guide online adaptation of a
Lb-DNN. The developed method results in simultaneous system identification and
control where parameter estimation convergence is facilitated by excitation from offline-
explored trajectories. The practical implication of using offline-explored trajectories is
that exploration can be performed in the offline domain which balances exploration
and exploitation and mitigates hardware damage and system behavior risks inherent
in online exploration. A Lyapunov-based stability analysis results in ultimately bounded
error convergence of the tracking, parameter estimation, and offline prediction errors.

Simulation results demonstrated CLOE improved system identification by 45.5%
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compared to the baseline in the absence of disturbances and by 37.1% in the presence

of Gaussian noise.
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CHAPTER 5
CONCLUSIONS AND FUTURE WORK

This dissertation has contributed to the development of physics-informed adap-
tation and guaranteed identifiability in adaptive control frameworks. While traditional
deep learning methods prioritize function approximation at the expense of physical
consistency and stability, the research presented in this dissertation demonstrates that
using a priori structural knowledge with Lyapunov-based adaptation yields improved
tracking and identification metrics. The technical contributions of this dissertation are
unified through leveraging additional system information and mathematical identifiability
guarantees.

5.1 Conclusions

Chapter 2 leverages the known structure of Euler-Lagrange systems to transition
from black-box estimation to a physics-informed architecture. The physics-informed
design was initially leveraged in a combined learning architecture framework and
demonstrated that the structuring process and combining different architectures resulted
in performance gains. Subsequently, the structure of the physics-informed architecture
also facilitates additional constraints to be incorporated including the skew-symmetric
relationship between the inertia and Coriolis matrices in a regularization approach.

While Chapter 2 focuses on architecture designs to improve function approximation
capabilities, Chapter 3 focuses on whether the ML model parameters can be uniquely
determined and system identification can be guaranteed. By deriving generalized
identifiability conditions for NIP DNN structures, this chapter establishes the formal
requirements for parameter convergence and links them with the verifiable FE condition.
This theoretical foundation allows the black-box DNN approximations to be transformed
into a reliable system identification tool with guaranteed convergence.

Building on the foundations in Chapter 3, Chapter 4 develops CL and CLOE

adaptation laws. By utilizing system dynamics as a regularization mechanism, the
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developed frameworks achieved simultaneous system identification and control. The
use of historical data in the adaptation law as a regularization method that mirrors the
principles of physics-informed learning, providing the necessary excitation for parameter
convergence without compromising real-time stability.

Ultimately, this dissertation develops frameworks which will bridge the gap between
deep learning and control theory while providing a methodology for designing adaptive
systems that are physically grounded and verifiable.

5.2 Future Work

Future work would include extending the physics-informed work to include addi-
tional constraints including conservation properties and positive definiteness of the
inertia matrix, and using physics-informed adaptive control methods in PDE-based
control.

5.2.1 Positive Definite Constraints

While Section 2.2 investigated how to incorporate a skew-symmetric penalty
into the update law, another key property of Euler-Lagrange systems is the positive
definiteness of the inertia matrix, M (¢). While current results do not guarantee the
estimate of M (q) is positive definite, future research should explore architectural
constraints that enforce this property by construction.

Cholesky Decomposition Architectures

The decomposition M (q) = L' (q)L(q) ensures that M(q) is at least positive semi-
definite. However, the use of this decomposition into a Lyapunov-based framework
introduces significant analytical complexity. Specifically, the Taylor Series expansion
of the product ' (X, §)®(X, 0) results in high-order cross-terms involving the function
approximation error (X ) and Lagrange Remainder R(X, ).

Future approaches may have success in the use of strictly triangular architec-

tures where the diagonal elements of L(g) are constrained to be strictly positive (e.g.,
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through activation function selection). This would allow the estimate to be strictly pos-
itive definite. However, the complexity within the Lyapunov-framework would remain.
Additionally, the decomposition of the inertia matrix poses a major challenge for system
identification. If we learn L(q) instead of M (q) the relationship between the physical
parameters and network weights becomes more complex and may result in challenges
in guaranteeing identifiability.
Control Barrier Function (CBF) on the Output Set

A promising direction is to treat the positive definiteness as a safety constraint
using a control barrier function (CBF) approach. While traditional CBFs ensure that
the system states ¢(¢) remain within the safe set, they could be reformulated to ensure
that the estimated inertia matrix (i.e., the output of the DNN) remains within the strictly
positive definite cone C = {M € R"*"|M > §1,} . Where the candidate barrier function is
based on the minimum eigenvalue. This direction may raise questions with feasibility of
the safe set particularly when balancing a tracking error and PD constraint.
Extension to Manifold-Valued Learning

Beyond the inertia matrix, many robotic properties lie on specific Lie Groups (e.g.,
SO(3) or SE(3)). A promising future direction is the development of Geometric Physics-
Informed Neural Networks for Adaptive control. Rather than treating the weights as
Euclidean vectors, future adaptation laws could be formulated as the gradient flow along
the manifold of positive definite matrices ensuring that the weight update moves along a
path which preserves the structural properties of M (q). This would require bridging the
gap between Riemannian Geometry, Lyapunov Stability, and Real-time Learning with
adaptive control techniques.
Implications in other areas

While ensuring positive definiteness is a physical requirement for learning the

inertia matrix, the ability to enforce such constraints has significant implications for other
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areas of control design. Specifically, learning approaches with guaranteed positive
definite outputs may be useful for areas such as learning Lyapunov functions or CBFs.
5.2.2 Extension to Partial Differential Equations (PDEs)

As established in Chapter 1, existing physics-informed architectures are predom-
inately limited by their offline nature and often decoupled from control objectives. The
focus of this dissertation has been linking concepts of physics-informed learning with
adaptive control methods however the focus has predominately been ordinary differ-
ential equation systems. Future work should investigate physics-informed PDE-based
control which is guided by a Lyapunov-based stability framework. To achieve this, the
Lyapunov-based analysis must account for the infinite-dimensional state space of PDEs
and the designed controller must remain robust to function approximation errors. Due
to the infinite dimensionality of PDEs, control is often restricted to boundary or sparse
interior actuation. To ensure physical feasibility and to facilitate many of the analysis
methods, future control laws should maintain smoothness and avoid the use of dis-
continuous sliding mode terms (i.e., sgn(-)). Furthermore, given that UUB or bounded
results can manifest as instabilities in an infinite-dimensional context, pursuing asymp-
totic stability is essential. This objective requires changes to Lyapunov analysis to
ensure that the disturbances from real-time learning and PDE approximations vanish
over time.

Lyapunov-Based PDE Analysis

As the real-time learning framework is extended from lumped-parameter systems
to PDEs, the Lyapunov-based stability analysis must be adjusted to account for the
infinite-dimensional spaces. One approach involves defining a Lyapunov candidate
which represents the total energy of the distributed system. While these energy-
based methods are traditionally suitable for stabilization tasks, adapting them for
trajectory tracking remains a significant challenge. For systems lacking a natural energy

interpretation, the PDE backstepping framework offers a principled alternative. This
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method utilizes a Volterra-type integral transformation to map an uncertain, unstable
PDE into a stable target system.
Operator Learning for Infinite-Dimensional Mapping

While standard architectures presented in this dissertation are designed to approx-
imate functions between finite-dimensional Euclidean spaces, Operator Networks such
as DeepONets and Fourier Neural Operators are capable of learning the underlying
operators that map between infinite-dimensional function spaces. This shift offers the
transformative potential required for spatially distributed parameters; however, previous
results in operator learning have been primarily limited to offline training. For these
architectures to be effective in autonomous and safety-critical PDE systems, real-time
adaptation is required to handle time-varying environments and parameter drift that
static, offline-trained models cannot capture. In practical applications like flexible-link
robotics or fluid-structure interactions, the physical properties of the medium may evolve,
necessitating a "living model" that updates its internal representation online. Further-
more, the discretization-invariant nature of operator networks allows a real-time adaptive
controller to remain robust even as sensor configurations change or mobile agents move
across different spatial coordinates. This evolution from offline estimation to real-time
operator adaptation represents a shift from data-driven curve fitting toward the on-
line identification of the fundamental physics of the operators themselves, providing a
pathway for certifiably stable control of infinite-dimensional systems.
Physics-informed Learning in PDEs

While physics-informed learning has primarily been driven by the desire to solve
PDEs in offline settings, this dissertation has focused on the intersection of online
system identification and real-time adaptive control using physics-informed methods.
There is a significant opportunity to extend the identification methods presented here
to the PDE domain. By leverage the theoretical foundations of all-layer adaptation and

identifiability established in the previous chapters, future research would move toward
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identifying the underlying operators of PDEs in real-time. Furthermore, a PDE-based
analysis offers an opportunity to refine the adaptive control results by incorporating more
traditional physics-informed techniques to enhance the fidelity of the learned models in
high-dimensional state spaces with applications in flexible structure or fluid-structure

interaction.
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