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Partial differential equation (PDE)-based control methods are developed for a class of
uncertain nonlinear systems with bounded external disturbances and known/unknown time-
varying input delay. Inspired by predictor-based delay compensators, a linear transformation is
used to relate the control input to a spatially and time-varying function. The transformation
allows the input to be expressed in a manner that separates the control into a delayed control
and non-delayed control and also facilitates the ability to compensate for the time-varying
aspect of the delay with less complex gain conditions than previous robust control approaches.
Unlike previous predictor-based approaches, which inherently depend on the system dynamics,
an auxiliary error function is introduced to facilitate a robust control structure that does not
depend on known dynamics. The designed controller features gains to compensate for the
delay and delay derivative independently and further robustness is achieved since the controller
does not require exact model knowledge.

In Chapter 2, a tracking controller is developed for a second order system with a known
time-varying input delay. A novel Lyapunov-Krasovskii functional is used in the Lyapunov-
based stability analysis to prove uniform ultimate boundedness of the error signals. Chapter 3
and Chapter 4 focus on the development of a tracking controller for a generalized uncertain
nonlinear systems with bounded external disturbances and unknown time-varying input delay.
In Chapter 3, a nonlinear mapping is used to map the non-compact time domain to a compact

spatial domain, and then a neural network (NN) is used to estimate the unknown time-varying



input delay. In Chapter 4, an accelerated gradient descent (AGD) based optimization method
is demonstrated to estimate the unknown time-varying delay magnitude. Application of input
time-delay for flexible system is examined in Chapter 5. Specifically an aircraft wing dynamics
is considered. The NN based estimation scheme developed in Chapter 3 is combined with a

boundary control method, to mitigate oscillations in the aircraft wing in Chapter 5.



CHAPTER 1
INTRODUCTION

1.1 Motivation

Various applications exhibit a delay before the controller can affect the system dynamics,
i.e., the so-called input delay problem. Input delay problems are technically challenging because
they heuristically require the controller to predict the future response of the system, which
is difficult for nonlinear systems, especially when the dynamics are uncertain. The number of
practical systems that experience input delays and the theoretical challenges associated with
this problem have motivated significant research interest over the last decade. Various results
have been developed in literature for the input delay problem, and most results can be primarily
subdivided into two categories: known input delay and unknown time delay. There are primarily
two methods developed for a nonlinear system subject to a known time-varying delay: robust
control and predictor-based control. Robust strategies use an upper bound worse case effects
of the input delay and use a delay dependent control gain to ensure stability. Predictor-based
strategies compensate for the input delay, by predicting the system state for future time,
while utilizing knowledge of model dynamics. One advantage of robust control strategies over
predictor based strategies is that the former does not require system model knowledge to
design the controller. However, predictor based control strategies typically yield exponential
stability, unlike the uniformly ultimately bounded type stability of robust methods.

These two approaches clearly have their advantages, and this motivates the necessity of
combining these two approaches to define a partial differential equation (PDE) based robust
control strategy, to compensate time-varying input delay in an uncertain nonlinear dynamics.
This new approach also significantly opens a new avenue, by providing an inherent way of
applying different parameter estimation methods to compensate for unknown time-varying
input delays. A Neural network (NN) based functional approximation method and an adaptive
gradient descent based optimization method are demonstrated to be able to successfully

estimate the unknown time-varying input delay for an uncertain nonlinear dynamics. To fully
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demonstrate the effectiveness of NN based functional approximator, a boundary controller is
developed for a flexible aircraft system, subjected to an unknown time-varying input delay.
1.2 Literature Review

Various applications exhibit a delay before the controller can affect the system dynamics,
i.e., the so-called input delay problem [2-20]. Input delay problems are technically challenging
because they heuristically require the controller to predict the future response of the system,
which is difficult for nonlinear systems, especially when subject to uncertain time-varying
delays, which are the focus in this work.

In [21], a pioneering strategy is developed to compensate for the effects of input delay,
followed by the finite spectrum approach in [22], and model reduction in [23]. Motivated by
pioneering development such as [21-23], various results have been developed for linear systems
with input delay, including results such as [24-26] for uncertain linear systems with known
time-varying delays. However, such results explicitly use the linearity of the system to conclude
the stability result.

More recently, researchers have focused on nonlinear systems with input delays. For
example, in results such as [3, 7-11, 20, 24, 27-32], controllers are developed for nonlinear
systems with known dynamics subjected to known time-varying input delay. Predictor-based
controllers [24,27-30] and robust controllers [3,7, 8, 20, 31, 32] are two prominent strategies
to compensate for input delay, for nonlinear systems. Both strategies inject delayed and
delay-free control inputs in the open-loop error system. Predictor-based methods make use
of a linear transformation to map the time dependent control input to a modified control
input with temporal and spatial varying components (cf., [24,27-30]). An advantage of this
approach is that resulting gain conditions are generally less conservative/restrictive than
robust control methods. For example, compared to robust control results such as [30, 33, 34]
predictor methods often have less restrictive conditions on the magnitude of the delay, and
of the few predictor-based results that consider variable delays (cf., [27, 29, 30, 35]), both the

delay and the delay rate have less restrictive conditions. However, in general, based on the
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need to predict the state transition, such strategies have only been applied to linear systems
(cf., [29, 34,36-38]) or nonlinear systems with known dynamics (cf., [27,28, 30, 33, 35, 39-43)).
Unlike predictor based approaches, robust approaches do not require exact model knowledge
(cf., [3,7,8,20,31,32]); although, they can yield complex sufficient gain conditions, compared
to predictor based methods.

In the preliminary work in [44,45] a robust control approach was combined with the PDE-
based transformation for uncertain nonlinear systems with known time-varying delays. The
results in [44, 45] were extended in [46]. Specifically, in [46] a PDE-based method is developed
for uncertain second order systems with unknown time-varying input delay, with an adaptive
delay estimate.

Controllers for systems with unknown bounded time-varying delays have been studied in
recent years [47-51]. An observer based controller is designed in [47] for a nonlinear system
with unknown bounded state and input delays, which yields exponential convergence. Similarly,
for a linear system with unknown time-varying input delay, a sliding mode observer based
design approach is used in [48] to yield exponential convergence. In [50], for a class of an
uncertain linear systems with unknown time-varying state delay, an observer and a controller
is developed. An adaptive learning approach is utilized in [51], which shows error signal
boundedness for a first order uncertain nonlinear system with unknown time-varying input
delay, although this work is specific to first order nonlinear systems and can't be generalized for
higher order systems.

Time delays are present in common engineering applications and can cause instability in
an otherwise stable system, and also subsequently can cause system performance degradation.
To alleviate the negative effects of delay, a control signal can be designed by predicting the
future state of the system. However, an unknown and time-varying input delay adds to the
complexity of the problem. For example, when the control is communicated to a plant over a
network, the input delay can be unknown and time-varying due to transmission uncertainties

in the communication channel. In addition to unknown variation of the input delay, unmodeled
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effects (e.g., exogenous disturbances) make the delay control problem more challenging for
uncertain nonlinear systems. Datko et al. in [52] proved that a arbitrarily small amount of time
delay, present in the boundary feedback control can destabilize an elastic system (e.g., one
dimensional Euler-Bernoulli beam).

There exist literature that deals with controller design to suppress oscillation for two-
dimensional airfoil system. These literature include linear-quadratic regulator [53-55], feedback
linearization [56], linear reduced order model-based control approaches [57, 58], a Nissim
aerodynamic energy-based control approach [59], and state-dependent Riccati equation and
sliding mode control approaches [60]. Most recently, a RISE control structure was used to
ensure asymptotic tracking of a two-dimensional airfoil section with modeling uncertainties in
the structural and aerodynamic properties [61], and then extended to compensate for actuator
saturation [62]. There are two boundary control methodologies that have been developed for
a system described by a set of PDEs. The first method approximates the PDE system with a
finite number of ordinary differential equations (ODE) using operator theoretic tools [63—66]
or Galerkin and Rayleigh-Ritz methods [67-69]. A boundary controller is then designed using
the resulting reduced-order model. The primary concern with using a reduced-order model
for the control design is the potential for spillover instabilities [70, 71], in which the controller
excites higher-order modes that were neglected in the approximation. In special cases, the
placement of actuators and sensors can guarantee the neglected modes are not excited [72].
Specifically, placing actuators at known zero locations of the higher-order modes will alleviate
spillover instabilities; however, this can conflict with the desire to place actuators away from
the zeros of the controlled modes. Many PDE-based and ODE-based control strategies have
been developed to stabilize the bending of a flexible beam such as [65,66, 73, 74].

Motivated by this development, the effect of an input delay has been studied for an
aircraft wing, which is subjected to store induced limit cycle oscillation [1]. The controller
compensates for the input delay, the magnitude of which is unknown and time-varying. The

contribution of the work is to consider an example of a flexible elastic system with input
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delay. To replicate the claim of Datko in [52], Bialy et al. in [1] designed a adaptive boundary
controller for a 2D aircraft wing in order to mitigate the effect of limit cycle oscillation on the
elastic wing. This current work extends the boundary controller design to compensate for an
unknown time-varying delay in boundary control feedback.
1.3 Contribution

In Chapter 2, the amalgamation of predictor based and robust based control strategies
is examined. A second order Euler-Lagrange system is considered, subjected to a known
time-varying input delay. The effectiveness of both predictor and robust control strategies for
a time-delayed system, are taken into consideration while developing this PDE based robust
control strategy. A linear PDE based transformation is developed to map the time-varying
control input to a two variable control input. Doing so provides some added flexibility by
keeping the time-varying delay outside of the control input term. Similar to a robust control
strategy, this PDE based method has the flexibility to be applied to an uncertain system, since
it does not require the system model for future system state prediction, unlike typical predictor
based control strategies. Finally to demonstrate the theoretical claim of the developed PDE
based robust control method, an experimental demonstration of the controller is shown for
knee-shank dynamics in Chapter 2.

Chapter 3 focuses on more generalized dynamics and extends the PDE-based robust

th order dynamic

controller developed for an Euler-Lagrange system, to an uncertain (n + 1)
system. As previously described, because of added flexibility of the PDE based robust strategy,
an unknown time-varying input delay case is considered for Chapter 3. For estimation of

an unknown time-delay, a Neural Network (NN) based function approximator is designed in
Chapter 3. Unlike a traditional NN function approximator, this modified version can effectively
handle a explicit time dependent function such as the time-delay, by using a nonlinear mapping
to convert time into a compact variable space. This method motivates the further development

of a delay dependent controller design, and subsequent demonstration in Lyapunov based

stability analysis, for an unknown time-varying input delayed system.
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Chapter 4 starts with the same generalized dynamical system described in Chapter 3. The
main contribution of Chapter 4 is the demonstration of an optimization based strategy, namely
Nesterov's accelerated gradient based (AGD) strategy, for estimating the present unknown
time-varying input delay. This approach utilizes the PDE based robust controller developed in
Chapter 3, by adding a AGD based estimation, and demonstrating the theoretical effectiveness
for a 2-link system, subjected to an unknown time-varying input delay. Simulation results show
the effective estimation of the unknown time-varying input delay. Further, this AGD based
estimation is extended for a m variable dynamical system, subjected to n different unknown
time-varying input delays. While, most of the previous development in Chapter 4, remains
unchanged, a significant modification of the estimation scheme has been demonstrated by
mapping the m state variable onto a m — 1 order hyperbolic manifold, while mapping the
unknown n input delay onto a n — 1 order hypersphere.

The development of control strategies in the previous chapters (Chapter 2-Chapter 4)
is extended for a flexible nonlinear system in Chapter 5. Without loss of generality, a flexible
aircraft wing dynamic is examined. A boundary controller is developed for Chapter 5 and
a delay compensation term is added to the developed adaptive boundary controller. The
novelty of Chapter 5 is the combination of the NN functional approximator based unknown
time-varying delay compensator with a adaptive boundary controller, to successfully mitigate
unnecessary oscillations of a 2D flexible aircraft wing. A Galerkin based simulation model

demonstrates the controller effectiveness, through a Lyapunov stability analysis.
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CHAPTER 2
CONTROL OF AN UNCERTAIN SECOND-ORDER SYSTEM WITH KNOWN
TIME-VARYING INPUT DELAY: A PDE-BASED APPROACH

This chapter develops a PDE-based approach, which uses the linear transformation
discussed in [30] to map the time dependent control input to a modified control input that
depends on both time and a spatial variable. PDE-based approaches are generally used to
solve input delay problems since they produce finite-dimensional solutions, while solutions
to input delayed differential equations are infinite-dimensional in general. In addition to the
transformation of infinite to finite-dimensionality, a PDE-based approach gives an added
advantage of extracting the delay term from its functional, facilitating the stability analysis.
Additionally, these advantages may help to reduce control effort and improve the delay
compensating term, as discussed in [30]. The most prominent benefit of the approach in the
current work is the amalgamation of the flexibility seen in other PDE-based approaches with
the ability to robustly compensate for uncertain dynamics. This is accomplished by modifying
the robust control approach in results such as [20, 32] so that it incorporates the PDE-based
approach in [30]. A novel tracking error is used in this chapter to inject a delay-free control
term into the closed-loop error dynamics by integrating the control states over the finite delay
interval. Moreover, this robust, PDE-based design approach allows for the delay derivative
gain, as well as the conventional delay magnitude gain, to be tuned independently, unlike the
previous works in [20,32]. A novel Lyapunov-Krasovskii functional is developed and used in the
stability analysis to yield uniformly ultimate boundedness of the tracking error signal. Tracking
experiments for the knee-shank dynamics are demonstrated to show the effectiveness of the
developed controller.

2.1 Dynamic Model and Properties

Consider a class of second-order systems modeled as

B(t) = f(x(t), &) +d(t) + Ut — D(1)), (2-1)

16



where z, & and & € R" denote the system states, f : R” x R" X [tg, 00) — R™ is an uncertain
nonlinear function, d : [ty,00) — R™ is an uncertain exogenous disturbance (e.g., unmodeled
effects), U (t — D(t)) € R™ represents the generalized delayed input vector, and D € R is a
known, bounded, time-varying delay. The subsequent development is based on the assumption
that x, & are measurable. Furthermore, the following conditions are assumed to be satisfied.

A linear transformation is used to represent the generalized input U(t) as a function of two
independent variables, i.e. p and t, where t € [ty,00) and p € [0,1]. The spatial variable, p,
denotes delayed and delay free control inputs at two end points of its domain. The two variable

control input u : R X [tg,00) — R™ is analogous to U(¢) in the sense that [30]

u(p,t) 2 U (¢t +p (¢ (t) — 1)), ¢(t) < t,VE>0 (2-2)

where ¢ : [tg,00) — R is a known delay dependent invertible monotonous time function. Let

p(t) =t — D(t), sO

t=¢"'(t)—D(¢7'(1) - (2-3)

Based on (2-2) and (2-3), the delayed control input can be expressed as U(t—D(t)) = u(0, t),
and the delay-free control input can be expressed as U(t) = u(1,1).

To further facilitate the subsequent development, a relationship between the spatial and
temporal variation of u(p,t), i.e., uy(p,t) and u(p,t) respectively, is developed. From (2-2)

and from the auxiliary function t, : [tg,00) x [0,1] — R defined as t; =t + p (¢~ (t) — 1)

)= SO (1, (00) 1)),

(R (@) ((52-0).

p=(t) —t
= 3(p, t)uy(p, 1), (2-4)

up(p7 t)a
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where the auxiliary function § : R x (0,00) € R™ is defined as

1+p <—d(¢d;(t)) - 1)
5(p,t) = ST . (2-5)

Since D is a known time-varying function, ¢~

(t) is calculated by solving (2-3). To facilitate
the subsequent stability analysis the time derivative of ¢

(t) can be calculated by taking the
time derivative of (2-3) as

L= 670 - D (67 (0).
L D) d 67 0)
) ) a
d

and then rearranging to yield

d(¢~'(t) _ 1
dt 1-D (¢ (1) (2-6)
where D*(¢71(t)) £ df((f—() Using (2-3), (2-5), and (2-6), the p variation of §(p, 1), i.e,
d,(p,t) can be calculated as
_ D7) 1 _
"D G ) D 0y )
From (2-3), (2-5), and (2-7), §(0,t) = &, =

1 Ay _ 1
sy O = 0 = Goprgray %o
and d,(p,t) = &, = W

D)__5,. Using Assumptions 2.1 and 2.3, 8, < &y < &

01 <61 <61, 16,] <16, < 16,], where &q, 80, 01,61, 10,], |6,] € R are known positive constants
2

Lot —t =D (¢7Y(t)) and D(t) is assumed to be non-zero

2 The upper bounds of D(¢(t)), and D(¢'(t)) are the same as D(t) and D(t), respec-
tively.
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Remark 2.1. From (2-7), singularities can occur in dg, d; and 6, when D(¢~'(¢)) = 0 and
when D*(¢71(t)) = 1. When D(¢'(t)) = 0 there is no delay in the system. While do,
41 and 6, will be singular in this case, these terms will vanish from the control and stability

analysis. From (2-4), when D*(¢~'(t)) = 1, for a nonzero delay magnitude D(¢~1(t)),

up(1,t) =0 <= u(l,t) =u(0,t) <= 6,=0 <= 0y =0 = D(¢,11(t)).
Assumption 2.1. The nonlinear exogenous disturbance term and its first time derivative (i.e.,
d, d) exist and are bounded by known positive constants [75-77].
Assumption 2.2. The desired trajectory x4 € R™ is designed such that x4, i4, T4 exist and
are bounded by known positive constants.
Assumption 2.3. The time-varying delay D(t) € R is bounded by known positive constants D
and D, as D < D(t) < D. The system remains bounded in the interval [to,ty + D).
Assumption 2.4. The delay rate D(t) € R is bounded by known constants D and D, as
D <D <D.
2.2 Control Objective

The objective is to develop a continuous controller which ensures that the generalized

state « of the input-delayed system in (2-1) tracks a desired trajectory, x4, despite uncertain-

ties and additive disturbances in the dynamics. To quantify the control objective, a tracking

error, denoted by ¢ € R”, is defined as
e ry— . (2-8)

To facilitate the subsequent analysis, a measurable auxiliary tracking error, denoted by r € R™,
is defined as

r 2 é+ ae— fBey, (2-9)

where a, B € R are known, positive constants. In (2-9), e,, € R" is an auxiliary signal that

is used to obtain a delay dependent control signal to negate the effect of the delayed input in
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(2-1), defined as

1

e [uetydp (2-10)
0
By using the Leibnitz integral rule and (2-4), the time derivative of e, can be determined as
1 1
eu= [wln.ydp= [ 5001 (u(p.0). (1)
0 0

Integrating (2-11) by parts yields®

6w = 001, Du(1, 1) — 5(0, Hu(0,t) — /5pu (p. ) dp,
(1, u(L, ) — 5(0, u(0, 1) — 0. (2-12)

Since e, é are assumed to be measurable e, can be obtained from (2-12) and r can be
computed for all time and used as feedback.
2.3 Control Development
The open-loop error system for 7 is obtained by taking the time derivative of (2-9) and

using the expressions in (2-1), (2-8), and (2-12) as

7 =ay— f(x(t),z(t)) —d(t) — u(0,t) + a (r — ae + Pe,) — 01 5u(1,t)

+60Su(0, ) + 6,06, (2-13)

The open-loop error system in (2-13) contains both a delayed and delay-free control input
resulting from the time derivative of e,. Based on the subsequent stability analysis, the control
input is designed as

U(t) 2 u(l,1) 2 %7‘, (0-14)

3§, is independent of p.
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where k& € R™ is constant, adjustable control gain. To facilitate the subsequent stability anal-
ysis, the terms in (2-13) can be segregated into terms upper bounded by a state-dependent

function and terms upper bounded by a known constant as
7= N4 Ny — e+ afe, — 6, pu(l,t) — (1 —5o3) u(0,t) + 5,8e., (2-15)

where the terms N, N, € R" are defined as

N & f(xg(t),2q() = f(x@),3 (1) +ar—a’e+e, (2-16)

and

Ng= —f(xq(t),2q(t) +dq—d(t). (2-17)
By substituting (2-14) into (2-15), the closed-loop error system for  is

6157"

T":N+Nd_e+aﬁeu_ /{Z

— (1 = 608) u(0,t) + 6,8¢y. (2-18)

Remark 2.2. Using the Mean Value Theorem and Assumption 2.2, the expression in (2-16) can

be upper bounded as
NEENED (2-19)

where p: R — R is positive definite, non-decreasing, radially unbounded function, and z € R3"

is a vector of error signals, defined as

T
z & [ el ¢ el } : (2-20)

Remark 2.3. Using Assumptions 2.1 and 2.2, Ny can be upper bounded as
sup ||Nq|| < O, (2-21)
t€[0,00)

where © € R is a known positive constant.
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2.4 Stability Analysis

To facilitate the subsequent stability analysis, let y € R3"*! be defined as

yé[ZT \/@r, (2-22)

where Q € R is an LK functional defined as

1
Q22 / e |Ju(p, ) 2dp, (2-23)

where wy, \g € R are constants. Let Z be an open and connected set, and Sy C Z is

Sg = {y € R [ly|| < inf{p‘1 <[ %700)> }} : (2-24)

where €; and A\; € R are known, positive constants.

defined as

Theorem 2.1. Given the open-loop error system in (2-13), the controller in (2-14) ensures

UUB tracking in the sense that
lel| < Iyexp (—Iht) + I3, (2-25)

provided that y (n) € S4,Yn € [to,to + Dz, the control gains satisfy sufficient gain
conditions (see Section 2.6), and Assumptions 2.1-2.3 are satisfied, where Ty, Ty and Ty are

known positive constants, where 'y can be made arbitrarily small.

Proof. Let V : & X [ty, o0) — R be a continuously differentiable, positive-definite functional
defined as
1 1 w1

VE_—eled —rlr+

T
U ) 2-2
5 5 5 Cut +Q (2-26)

where @, ||y||> < V < @, ||y||*>. The time derivative of (2-26) can be obtained after applying
the Leibniz integral rule to obtain the time derivative of (2-23) and utilizing (2-9), (2-12), and

(2-18) as

V=T (N + N, + afe, — 515%70) — 7T (1 = 608) u(0,t) — 6,0e,) — widpele,
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widrelr
k
1 1
e [ 30 a0l dp —Xad, [ o) P, (2-27)
0 0

—elae + e’ Be, + — wiboelu(0,t) + Aodre??||u(1, 1) [|*—=Aodo||u(0, 1)

By using (2-14), (2-17), and (2-19), and canceling common terms in (2-27), an upper bound
can be obtained for (2-28) as
Bou|Ir|l*
k
3 T 3 T < €ul
+ (08 + 1) [l u(0, 8)[[ + 8 (a + [0p]) [l eull + wid|[ ==l

J Aadie I
k2

1 1
~Agwa [ 8.0 ulp, ) PdpAl5) [ e ulp.t)dp. (2-28)
0 0

V< o1l 1zl + 171 + wildplllea]® - —alle]]” + Blle"e]]

—Aqdal[u(0, t)[[* + widolle, u(0, )|

From (2-5) and (2-6), d(p, ) can be lower bounded as
5(}?, t) = 50 + ((51 — (50)]) > min {(50, (51} s (2—29)

for p € [0, 1]. Using the Cauchy-Schwarz inequality,

1 1
leal® < / 2 (p,) dp / Ldp,

1
leall? < / I (p, ) [2dp. (2-30)

After using Young's Inequality and the inequalities in (2-29) and (2-30), (2-28) can be upper

bounded as
. 1 1
V< SRR A + 267 - (o —) el ~ 2% min (30,6, e
Bé b (61 +€2) 2 5]5 |a € a?Be 9
(52 - Il + % 25N i
kﬁ|6_p| = kﬁ 2 w151k3 6&)1(5_0 2
(S ald o+ Y el + (2525 4 S Y e
AQ(S_le wl(51€ 2 (i]ﬁ2€ wlé_o—i-l 9
e L R e e N
AQw _ [t
2 (o5} [ e 0Pl [ e lutp P (23
0 0
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Since by definition |ly|| > ||z||, the following upper bound can be obtained

. VIR D VI
< (= _ = _ = _
V<= (5= o 0ol Bl = P =

— [ min {5, - 15,1] @. (2-32)

1
u(0,1)||* + 562

where A\, A\, Ay Ag,.. € R are defined as

A1 £ min { (a - %) A )\eu} , (2-33)
0B (ate) R dohet | flilat ot _widhe o
Tk 4 2ke k2 2k 2k 2 2k3
)\QC«)Q . = k?ﬁ 5|5 |]{? w161k5 6(4)1(50
)\eu = 9 min {(50, (51} — W1|(5p| — 7 — 26(1;2 — 2 — ok (2—35)
503 So+1
Aov.. = Moo — k ( Og el ;; ) . (2-36)

Provided y(n) € Sy,Vn € [t — D,t] and all the gain conditions are satisfied sufficiently (see

Section 2.6), the expression in (2-32) reduces to
. s 1
V< dollyl®+ —6% (2-37)
2
where A\, € R is defined as
N Al wy S
>\2 = min ?, 7 min {50, (51} — |5p| . (2—38)
The inequality in (2-37) can be further upper bounded as
. A 1
V< —fv + -0 (2-39)

2 €9

The solution of the inequality in (2-39) can be obtained as

V(t) < V (to) exp (—g (t to)) + qf@z (1 ~exp (_g (t— to))) L (240

2 2€2
where €2 € R can be made arbitrarily large to make I'y, introduced in (2-25), arbitrarily small.
Using (2-26) and (2-40), the inequality in (2-25) can be obtained, and e(t), r(t), e.(t) € L.

Hence, from (2-14), u(t) € L. O
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2.5 Experimental Results

Neuromuscular electrical stimulation (NMES) (or functional electrical stimulation (FES)
for functional exercise tasks) is the application of electrical current across muscle fibers to
produce a muscle contraction. The presence of an electromechanical delay (EMD) in the
muscle response to the control input results in performance degradation in the tracking of a
human limb via NMES, including potentially destabilizing effects (cf., [13, 14,19, 78, 79]).

Motivated by the nature of the EMD in NMES systems, the performance of the developed
controller in (2-14) was examined through a series of dynamic tracking experiments of the

knee-joint dynamics. The nonlinear dynamics of the knee-shank can be modeled as in [80] as

Bn(q,q)U(t — D(t)) = J§ + mglsin(q) + M. + k1 exp(—k2q)(q — K3)

—p1 tanh(—p2q) + Bsq + d(t), (2-41)

where ¢, ¢, G € R denote the angular position, velocity and acceleration of the shank about the
knee-joint, respectively, x;, 5; € R,i = (1,2,3) are uncertain positive constants, d : [0,00) —
R is a unknown exogenous disturbance assumed to be bounded, B,,(q,¢) : R — R denotes the
control effectiveness of the quadriceps muscle group, which is a uncertain function dependent
on the muscle's moment arm and the map between stimulation intensity to muscle force,

U : [0,00) — R is the voltage potential applied across the quadriceps muscle group by the
electrical stimulation, and D : [0, 00) — R denotes the EMD. The uncertain positive constants
J, m, g, | € R symbolize the inertia of shank and foot, the combined mass of the shank and
foot, the gravitational acceleration, and the distance between the knee-joint and the lumped
center of mass of the shank and foot, respectively.

Six healthy individuals (5 male, 1 female, aged 21-31) participated in the experiments.
Prior to participation, written informed consent was obtained from all participants, in ac-
cordance with the institutional review board at the University of Florida. The experimental
apparatus, illustrated in [81], consisted of the following: 1) a modified leg extension machine

equipped with orthotic boots to fix the ankle and securely fasten the shank and the foot, 2)
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optical encoders (BEI technologies) to measure the leg angle (i.e., the angle between the verti-
cal and the shank), 3) a current-controlled 8-channel stimulator (RehaStim, Hasomed GmbH),
4) a data acquisition board (Quanser QPIDe) with QUARC software, 5) a desktop computer
running Matlab/Simulink, and 6) a pair of 3" by 5" Valutrode® surface electrodes placed
proximally and distally over the quadriceps muscle group.* Surface electrical stimulation

was applied to quadriceps muscle group using a single conventional channel during knee-joint
tracking experiments with a testing duration of 60 seconds.

During the experiments, electrical pulses were delivered at a constant stimulation fre-
quency of 35 Hz, the pulsewidth was fixed to a constant value (i.e., between 300 and 400
us), and the controller in (2-14) was used to modulate the amplitude. The main factors to
determine the pulsewidth value for an individual were the muscle sensitivity to stimulation,
tracking accuracy, and stimulation sensitivity. The control gains were adjusted during pretrial
tests to achieve satisfactory trajectory tracking where the desired angular trajectory of the knee
joint was selected as a sinusoid with a range of 5° to 50° and a period of 2 seconds [81]. The
time-varying nature of the EMD was modeled as a continuously differentiable sigmoid function
ranging between [80 — 140] ms. This choice of EMD is based on recent results reported in
NMES studies such as [19, 78]. The root-mean-square (RMS) tracking error was computed
over the entire trial as a control performance metric. Table 2-1 presents the mean RMS error
over the entire experiment duration in all the tracking trials. An illustrative example of a
complete dynamic tracking trial is shown in Figure 2-1. To further illustrate the impact of
compensating for the delay, Figure 2-2 shows a brief trial where the control gain multiplying
the delay compensation term e, in (2-9) was set to zero (i.e., 5 = 0), while keeping the
other gains the same. The resulting performance depicted in Figure 2-2 shows unsatisfactory

performance.

% Surface electrodes for the study were provided compliments of Axelgaard Manufacturing
Co., Ltd.
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Remark 2.4. The gain conditions in Section 2.6, although only sufficient conditions, were
used as a guide to determine the gains during the experiments. Specifically, for the sets of
experiments o € [3.5,12], k € [0.02,0.06], 8 € [0.4,0.5], where ¢ € [0.0008,0.005], w; = 0.01,
wy = 2 and \g € [0.01,0.025], based on the approximate delay model from [19, 78]. For
example, for subject 4 (S4) right leg (R), the gains were selected as £ = 0.03, a = 7.5
and 5 = 0.5, which satisfy the gain conditions in Section 2.6. Note that, in addition to
gain selection, various factors also contribute to the experimental results including: electrode
placement, level of muscle fatigue, sensitivity to stimulation, etc. The experiments were
performed in healthy normal volunteers, as in results such as [14, 78, 80-87], to illustrate the
robustness to uncertainty in the dynamics and the input delay. Different neurological conditions
can impact the results (e.g., increased/decreased sensitivity to stimulation, more susceptible
to fatigue, etc.). Hence, further experiments would be required via clinical trials in specific
populations of individuals with neurological conditions to gauge the impact of the developed
controller for specific rehabilitation outcomes.
2.6 Control Gain Selection

The stability analysis in Section 2.4 requires that A; in (2-33), A, in (2-34), \., in
(2-35), A\g... in (2-36), and A in (2-38) be positive constants. For some given lower and
upper bounds on the delay and delay rate D, D and D, (i.e., a, 8, 61, &1, |5,]), this section
develops sufficient gain conditions to ensure Ay, A;, Ac,, Ag,.. and Ay > 0. Using the
definitions of A\; in (2-33) and )\ in (2-38), and using the inequality in (2-32), sufficient lower

bounds for o and w» can be obtained as

a > %, (2-42)
2/,
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From the definition of A\g, .. in (2-36), it is clear that for an arbitrarily large k& and /5 and

arbitrarily small w; and ¢, that Ay can be selected sufficiently large as

= 9 _
k (505 €+W1(50 + 1) ’ (2_44)

2 2€

to ensure that \g,.., > 0. Also from the definition of A, in (2-35), A\ also needs to satisfy

the following inequality

- 2kew |6,| + k2ef + % + w101 k2 + €2widy
@ ]{ZECL)Q min {(50, 51} ’

(2-45)
to ensure \., > 0. By selecting a on the order of k2, 3 on the order of k3, € on the order

of 2, and w; on the order of 2, the lower bound in (2-44) can be proven to be larger than
(2-45). For example, if @ = k%, 8 = k% €= 5 and w; = 5 then

Sok3 b + kP 1 200, 4 sl = . o
00" K k| 4 6 4+ 2 246
(mﬁ T R R R =l (2-46)

for large values of k£ > 1 and ws.

From (2-34), A\ is multiplied by a negative term in the definition of \,. To develop a
sufficient condition to ensure A\, > 0, the lower bound for A in (2-44) is substituted into
(2-34) to develop the following sufficient inequality:

g (25 — 502(3566”2 — |dplec® — 0426> L lata)k +2€2) b

1 wlgo = wlgle 80
— w3 = 2-47
+(6%+eéﬂ)5le tet gt (2-47)

Based on (2-47), a sufficient condition for the upper bound on € can be established as

201

< Sl 2 | doak ’
0 w2
|0pla? + a2 + 20, €

(2-48)

to ensure the parenthetical terms on the left side of (2-47) are positive. Based on (2-47) and

(2-48) a sufficient lower bound for 5 can be established for an arbitrarily large k, €2, wy and
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arbitrarily small w; and ¢, to ensure A\, > 0 as

(e14€2)k 1 wido 5_ w2 widye %o
7 — + 2 + A +et Tz
20) — Meewz |5 |ea? — a2e
=7 95, ‘ p’

g > (2-49)

To yield (2-46) and to satisfy (2-44), (2-48), and (2-49), €2, a, A\ and [ are selected
sufficiently large and € and w; are selected sufficiently small. For example, selecting v = k2,
B=1Fk%and e = 1%4 as previously, then (2-49) can be written as
1 wlg[) = = 50 (61 + 62)
k:ﬁ((— —>5e‘*’2—|—5)—|—k‘5 (—e”2+1+——25
o & ) 0 200 2 oL

+/§13‘5_p| + ]%'2 + wlé_l > O,

which clearly holds for any & > 1.
2.7 Conclusion

In this work, a robust controller was developed for an uncertain nonlinear second-order
system with an additive disturbance subject to time-varying input delays. A filtered track-
ing error signal was designed to facilitate the control design and stability analysis. A novel
Lyapunov-Krasovskii functional was used in the Lyapunov-based stability analysis to show UUB
of the tracking error. The designed controller is a novel, continuous, robust controller which
has explicit delay magnitude and delay derivative dependent control gain terms. Dynamic
tracking experiments for the knee-shank dynamics are performed to demonstrate the appli-
cability and the effectiveness of the PDE robust control approach. Motivated by the present
results, future work will focus on extending the input delay method developed in this paper to

compensate for uncertain time-varying delays.
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Table 2-1. Mean RMS Error (Degrees) for Subject 1 (S1) to Subject 6 (S6) for both Right (R)
and Left (L) legs.

Subject Leg RMS Error

(deg.)

R 3.44

Sl L 452
R 5.03

>2 L 6.75
R 5.86

33 L 5.85
R 4.72

>4 L 3.72
R 5.27

35 L 5.10
R 5.73

56 L 5.26
Mean 5.10
SD 0.93

r (deg)
o

RMS Erro
o N &

Figure 2-1. Tracking performance example taken from the right leg of subject 1 (S1-Right).
Plot A includes the desired trajectory (blue solid line) and the actual leg angle (red
line). Plot B illustrates the angle tracking error. Plot C depicts the RMS tracking
error. Plot D depicts the control input (current amplitude in mA).
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Figure 2-2. Tracking performance example taken from the right leg of subject 5 (S5-Right).

Plot A illustrates the angle tracking error when 5 = 0 in (2-9). Plot B depicts the
control input (current amplitude in mA).
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CHAPTER 3
CONTROL OF AN INPUT DELAYED UNCERTAIN NONLINEAR SYSTEM WITH AN
ADAPTIVE DELAY ESTIMATE

The focus of this chapter is a robust controller for an uncertain nonlinear system with
bounded disturbances and an unknown time-varying input delay. The developed controller uses
the linear mapping approach inspired by predictor-based approaches such as [30] to map the
time dependent control input to a modified control input that depends both on time and a
spatial variable. Similar to predictor-based approaches, the modified input can be segregated
into delayed and delay-free components. This segregation impacts the stability analysis in a
way that allows for arbitrarily large delay rates, unlike existing results (cf., [3,8, 31, 32]). While
benefiting from the added flexibility in the stability analysis resulting from the linear mapping,
the controller maintains robustness to unmodeled effects. Due to challenges associated
with stability analysis, previous approaches (e.g., [88]) have relied on a constant estimate
of the delay, despite the fact that the delay is known to vary in time. Motivated by this
fact, another contribution of this result is that a neural network (NN) estimation scheme
is introduced to estimate the unknown time-varying delay magnitude. Since the universal
functional approximation theorem only holds for continuous functions whose domain is
compact, a nonlinear mapping is introduced to map the non-compact time domain to a
compact domain. Lyapunov-Krasovskii functionals (LK) are used in the Lyapunov-based
analysis to prove that the tracking errors exponentially converge to a steady-state residual that
is a function of the system uncertainty (i.e., uniform ultimately bounded (UUB) tracking).

3.1 Dynamic Model

Consider a class of nonlienar systems expressed in Brunovsky canonical form, described as

fbi:$i+1, izl,...,n,
Inp1 = f(X) +d(t) + U (t = D(1)), (3-1)
where z; : [0,00) — R™ i = 1,...,n denote the system states, X = [a:{xﬂT :

[0,00) — R™™, f: R™™ — R™ is an uncertain nonlinear function, uniformly bounded
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int,d : [0,00) — R™is an unknown exogenous disturbance (e.g., unmodeled effects),

U :]0,00) — R™ represents the generalized input vector, and D : [0, 00) — R is an unknown,
bounded, time-varying delay. A linear transformation is used to represent the generalized

input U(t) as a function of two independent variables, i.e. p and ¢, where t € [0, 00) and

p € [0,1] [30]. The spatial variable, p, denotes delayed and delay free control inputs at p = 0

and p = 1, respectively. The dynamic model in (3-1) can be written as
" = [(X) +d(t) + U (t = D(1)). (3-2)

where the superscript (i) denotes the i time derivative. The two variable control input

w: [0, 1] X [tg,00) — R™ is analogous to U(t) in the sense that [30]

u(p, ) 2 U (6t +p (67 (1) — 1)) (t) < 1,5t >0, (3-3)

where ¢ : [0,00) — R is a known delay dependent invertible monotonic time function,
defined as ¢(t) £ t — D(t), where D(t) represents a subsequently designed time-varying delay
estimate! , where ¢~!(t) exists for all time. The transformation defined in (3-3), is used to
express the delayed control input as U(t — 7(t)) = u(0,t), and the delay-free control input
as U(t) = u(1,t). The spatial and time variation of u(p,t), denoted by w,(p,t) and u.(p,t)

respectively, can be related as

ut(p7 t) - 5(]77 t)U’IJ(pu t)7 (3_4)

where the auxiliary function § : [0, 1] x (0,00) € R is defined as

d(o—1 d(o—1
1+p<%—1) 1+p<%—1)

5(p,t) = - = Do) : (3-5)

1 The upper bounds of D(¢(t)), and 15(¢*1(t)) are the same as of D(t) and ﬁ(t) re-
spectively.
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To facilitate the subsequent stability analysis the time derivative of ¢~'(¢) can be determined
by first substituting ¢t = ¢~ () in the definition of ¢(¢) and taking the time derivative of the

resulting expression

: (3-6)
where D*(¢71(t)) £ %. Using (3-5) and (3-6), the p variation of d(p, ), i.e, d,(p,?)

can be calculated as

(1 . D*(¢—1(t>)) D(¢-\(t))
Evaluating d(p,t) at p = 0,1 and using (3-6), yields
1
50,6) 26 = — 3-8
0= = 5w &)
S(1,1) 2 5, = ! . (3-9)

(1= D67 1))
Using Assumptions 3.1 and the projection law discussed in Section 3.7, following bounds have
been developed for &y, 0, and 6, as &y < 8y < 0o, 01 < 01 < 6y, |6, < [6,] < 10,], where &g,

8o, 01, 01, 19, and |(5}| are known positive constants.

Remark 3.1. From (3-7)-(3-9) singularities can occur in &, &; and 6, when D*(¢~'(t)) = 1,

keeping in mind the singularity due to lA)(QS*l(t)) = 0 is avoided by designing projection law as
discussed in Section 3.7. From (3-4), when D*(¢~1(t)) = 1, for a nonzero delay magnitude

D(¢7 (1), up(1,t) =0 <= u(1,t) = u(0,t) <= 6, =0 <= 6 =0 =

1
D(¢=1(t)”
Assumption 3.1. The unknown time-varying delay D(t) € R is upper and lower bounded by

known positive constants D and D respectively, as D < D(t) < D, Vt.
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Assumption 3.2. The desired trajectory x4(t) € R™ is designed such that x&i) (t) € R™ Vi =
0,1,...,(n+2) exist and are bounded by known positive constants.
3.2 Control Objective
The control objective is to develop a controller which ensures that the state x; of (3-2)
tracks x4, despite uncertainties and additive disturbances in the dynamics. To quantify the

control objective, a tracking error, e; : [0,00) — R™, is defined as
er 2 xy— a1 (3-10)

To facilitate the subsequent analysis, measurable auxiliary tracking errors, denoted by e;(t) €

R™ i=2,3,...,n, are defined as
€9 = él + €1,
A .
€3 = ez + es + ey,
€n £ én—l + €n_1+ en_2. (3—11)
A general expression for e;(t), @ =2,3,...,n can be written as

—_

€; = CLZ‘Jng), (3—12)

J

Il
=)

where a; ; € R, are known coefficients, calculated using the definition of Fibonacci sequences,

with a, (,—1y = 1. An auxiliary tracking error signal, r : [0,00) — R™, is defined as
T = en + ae, — 66u7 (3_13)

where o, € R are known, positive, constant gains. In (3-13), ¢, : [0,00) — R™ is an

auxiliary error term, introduced to obtain a delay-free control expression for the input in the
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closed-loop error system and is defined as

1

— /u (p,t) dp. (3-14)

0
To calculate e, é, needs to be measured and integrated over the time domain [0,¢]. Using the

Leibnitz integral rule, and differentiating (3—-14) with respect to time gives é, as
éu = 51“(1, t) - 50U(07 t) - 5peu. (3—15)

Given an initial condition for e,, (3—-15) can be used to compute ¢, and é,.
3.3 Development of Error Signals
The open-loop error system for r(t) can be obtained by taking the time derivative of
(3-13) and using (3-2), (3-10), (3-12) and (3-15) as

n—2
= x&n“i’l) — f(X)—=d(t) —U(t— D(t)) + aé,, + 6,Pe, + Z an,j€§j+2)

J=0

—018u(1,t) + 6o Pu(0,1). (3-16)

The open-loop error system in (3—16) contains both a delayed and delay-free control input,
since the time derivative of (3-14) is used in (3-16). Based on the subsequent stability

analysis, the delay-free control input is designed as
Al
U(t) =u(l,t) = =" (3-17)

where & € R* is a constant, adjustable control gain. To facilitate the subsequent stability
analysis, (3-16) can be segregated into terms that can be upper bounded by a state-dependent

function and terms which can be upper bounded by a known constant as

i =N+ Ng— e, — 6, 8u(1,t) + 6u(0,t) — U (t — D(t)) + 6,5e,. (3-18)
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In (3-18), N (X, Xd,en,én,egl),egz), o ,e§">) € R™ is an auxiliary term defined as
B n—2 ‘
N2 —f(X)+f(Xa)+entacy+ Y anel™?, (3-19)

J=0

where X4(t) = [2%,0,...0]T. Using the Mean Value Theorem, and Assumption 3.2,

N (X, X4, €n, €n, egl),e?), - ,egn)) in (3-19) can be upper bounded as
N EENED (3-20)

where p : R — R is a known positive definite, non-decreasing, radially unbounded function, and

z € R™"+2) is a vector of error signals, defined as
T
A
z = [ el el el T | . (3-21)

Also in (3-16), Ny <Xd,x£ln+1), d) € R™ is an auxiliary term defined as

Ny 2 —f (X)) +20 —d (). (3-22)
Using Assumptions 3.1 and 3.2, N, (Xd,wénﬂ),d) can be upper bounded as
sup ||Nq|| < O, (3-23)
te(0,00)

where © € R* is a known constant. Substituting (3—17) into the open-loop error system in

(3-18), the closed-loop error system can be obtained as

5157"
k

=N+ Ny—e, — + 00Bu(0,t) — U (t — D(t)) + 6,8¢.. (3-24)

3.4 Estimation of Delay
A neural network (NN) based function approximator is used to estimate the unknown
delay magnitude. The universal function approximation theorem only holds over a compact

domain. Therefore, to approximate the unknown delay function, a nonlinear mapping is defined
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to map the non-compact domain to a compact spatial domain. Let f; : ¢ — £ be defined as

Kt

N
fL_l—l—mf’

te0,00), £€]0,1], (3-25)

where k€ R" is a user defined saturation coefficient. Using (3-25), D(¢) can be mapped into

the domain & as

D(t) =D (f;' (€)) = Dy, (&)- (3-26)

The universal functional approximation theorem can be used to represent Dy, (£) by a three-

layer NN as
Dy, () =WTo (VIE) +e, (3-27)

where V € R?*F and W € RUEAD*1 are the unknown bounded unknown constant ideal weights
for the first-to-second and second-to-third layers, respectively, L is the number of neurons in
the hidden layer, ¢ € R+ is activation function, e is the functional reconstruction error,

and Z = [1 £]7 denotes the input to the NN. Based on (3-26), the NN estimation for 7(t) is

given by

A

D(t) = WZo (VT5> , (3-28)

where TV and V are estimates of the ideal weights. In (3-28), o is selected as a saturated
activation function (i.e., logsig, tanh), in order to simplify the development of projection law,
discussed in Section 3.7. Using (3-27) and (3-28), the mismatch between D(t) and D(t) can
be obtained using a Taylor’s series approximation, which after some algebraic manipulation, can

be expressed as

~ 2 - ~ ~
+WTO (VTE) tetrWo (VTE> Vs, (3-29)
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where W =W — W € REFDXL and V = V — V € R2*L, are the estimate mismatch for the
ideal weight matrices, and O represents higher order terms. As mentioned before, due to the
development of projection law in Section 3.7, the elements of W and V' can all be upper and
lower bounded by known positive constants. Hence, W7o’ (VTE> VTZ and WTO <‘~/T5>2

can also be bounded by known positive constants, and therefore,
D(t) - D(t) < W'o (VTE> W (VTE) VTE 1 ¢, (3-30)

where € € R is a positive bounding constant.
3.5 Stability Analysis

To facilitate the stability analysis, let y € R™"+2+1 be defined as

T
yé{zT m} : (3-31)
where ) € R denotes an LK functional defined as
1
Q20 [ e utp. ), (3-32)
0

where Ao, w2 € R are known, positive constants. Let & be an open and connected set, and

Sy C 2 is defined as

Sy 2 {y e R [ly] < inf{pl ([ %,o@) }} (3-33)

where ¢; and \; € R are known, positive constants.
Theorem 3.1. Given the open-loop error system in (3-16), the controller in (3-17) ensures

UUB tracking in the sense that
lerl| < Tyexp (—I1t) + I3, (3-34)

where I,y and I'; are known positive constants, provided that y (n) € S5,Vn € [to, to + D).
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Proof. Let Vi, : & X [ty, o0) — R be a continuously differentiable, positive-definite function

defined as
| Ze e + r Ty g 1T Leu+Q+ tr (WTA 1W> + ltr (VTA 1V> (3-35)
2 2

where @, ||yH2 +ep <V <y ||y||2 + ¢y, cr,cy € RT are known bounding constants. Taking

the time derivative of (3-35) and using (3-11)-(3-14) and (3-24), yields

1
vV, =r" <J\7 + Ny — en> — e Bey +etr 4+ (=U (t — D(t))) — >\Qw2/ 5¢2P ||u||*dp
0
n—1

—0
+ﬂ( f"+ww@w+%&0‘§jfﬁ—4%f”5ﬁl
=1

J
+wpel (% — dou(0,t) — 5peu) + Agdre?||u(1, ) ||* — Agdol|u(0,1)||?

1 . .
~\od, / 2P |[u|[2dp + tr (VVTA;IW) +tr (VTAglv) . (3-36)
0

By using (3-17), (3-20), (3-23), and the facts that W= —WandV = —\>, an upper bound

on V., can be obtained as

n—1
Vi < lrllp (121 1] + [1rl|© + (608 + 1) 77 u(0, )| = ) ef es — allen|?

=1

_QLBHTHQ T (w08 —U(t—D 5 T T
Tl W) -Ut (lf)))|+| plBII7" eull + [len_senl|
+Bllenenll +wild, !Heu\!2+w151H S+ widollelu(o, )

—Asz/ 56“2p||u||2dp—|—/\Q|5p|/ ew2p||u||2dp—tr (WTA;lW)
0 0

| Aader?

e — Aodul[u(0, DI — 7 (VTA;W) . (3-37)

To facilitate the subsequent analysis, note that

(o~ (t)

1
d(p,t) = peTr— ) > min {dg, 01 } - (3-38)
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Using the Cauchy-Schwarz inequality,

1 1
leal? < [ [ (.1) l1dp / Ldp,
0 0
1
leall? < / I (o, ) [2dp. (3-39)
0

Using the Mean Value Theorem and the expression in (3—-30), the following inequalities can be

developed:
1 ((0,) = U (t = 7)) | < " (D) = D(t)) it (0.1)|
< MTWTo (VIZ) |+ MW o' (VTE) V72)
+ M|r'e. (3-40)

The inequalities in (3-38)-(3-40), can be used to upper bound (3-37) as

<o Lo () J)? = (@2+Me) tr (WTATW) — (a—1—£> lex] [

e i (VTE) o (772) V7] | o (7
—Zefe, ~ glleacal — (22 - et ) Il

)\Q§1€ 2 (61 + 62) MEQ 2 € 5_06 2
+( e plaral Ve e (£ 29

dok koo 52e
- (Rom = 228 juo. o7+ (225 4 2 o
B ()\QWQ min{éo,él} - /\Q|Sp‘) Q— ()\QWQ min{5o,51} |5 |5k 1|5 |> ||€u||2

2 2 2eq?
wl&k wlgge kﬁ 2
e 41
b (250 2 B e (-41)

Using the fact that a”b = trace(ba™), W (t) and V(t) are designed to cancel cross terms as

W = proj (AlMJ <VTE) TT7 W) , (3-42)

V = A METWT S <\7TE> . (3-43)
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The function proj(.,.) in (3—42) denotes a Lipschitz continuous (discussed in Section 3.7)

projection operator, which ensures D + ¢; < ﬁ(t) < D +¢€,, where ¢, ¢, € R are subsequently

defined positive constants (see Section 3.8). Since ||y|| > ||z , the following upper bound can

be obtained
. A 1 1 . A
Vi <= (5 == (i) ) I2I* + = (8° + M) — ZH|2|* = Ao,
2 €1 €9 2
womin{dp, 01} =
_(2 201_’51)’)@’
where Ay, 11, (, Ag,.. € R are defined as
A I B\ 1
Al—mln{(a 2 2]€ 727C7N )
A % _ ‘(Sipyﬂcﬁﬁ _ wlgl - MEQ _ )\Qé?l€w2 B (61 +62) _ i _ &
S 2% 2 4 2 4 2% 2%
Cé /\QMQ I'IliIl {60,51} _ |5p|5k W ‘5_ ’ _ w1(51k; _ w1(50€ _ @
- 2 2ea2 1o 2 2k 2
Sowi + 1 0gB%
2 B oW1 0
AQT&S - AQQO. k ( 26 + 2 ) *

Provided y(n) € Sg,Vn € [t — D, t], the expression in (3-44) reduces to
Vi < =X llyll* + e,
where ¢, Ay € R are defined as

goél(@2+M€2),
€2

Mémm{%fwmj%&}—@@.

An upper bound can be obtained for (3-49) as

A c
2VL—|——U—|—QD

v, < 22
b= ®, O

The solution of the inequality in (3-52) can be obtained as

A o A
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u(0,1)]?

(3-44)

(3-45)
(3-46)
(3-47)

(3-48)

(3-49)

(3-50)

(3-51)

(3-52)

(3-53)



Using (3-35) and (3-53), the inequality in (3—-34) can be obtained. Since egi)(t), r(t), eu(t) €

L, (3-17) can be used to conclude that u(t) € L. O

3.6 Simulation Results
A numerical simulation was performed to examine the performance of the controller in (3-
17) along with the NN weights update laws described in (3-42) and (3-43). For the simulation

the following second order system was used

Ui(t — D(t)) | Prt2psca pa+paco iy
Us(t — D(t)) P2 + D3C2 D2 T
—p3Sada  —Pps3Se (L1 + @a) T far O T dy
+ + + . (3-54)
D352 0 T 0 fa T dy

In (3-54), dy, dy represent added disturbances defined as d; = 0.2sin (0.5¢) and dy =
0.1sin (0.25¢). Additionally, p; = 3.473 kg - m?, py = 0.196 kg - m?, p3 = 0.242 kg - m?,
ps = 0.238kg-m?, ps = 0.146 kg - m?, fy1 = 5.3Nm-sec, fqo = 1,1 Nm -sec, and sy, ¢ denote
sin (z9) , and cos (x3), respectively.
The initial conditions for the system were selected as x1 (0), 22 (0) = 0. The desired

trajectories were selected as

zar (1) = (30sin (1.5¢) + 20) (1 - e—O-O“S) ,

g () = — (20sin (£/2) + 10) (1 - 6—0-0“3) .

The dynamics described in (3-54), is simulated for time varying delay magnitude of D(t) =
0.04 tanh(5) + 0.08, where 0.08 < D(t) < 0.12. A neural network of two hidden layers
with 5 neurons in each layer is used for the delay estimation. First hidden layer has a sigmoid
activation function and the second hidden layer has a linear activation function . Update laws
developed in (3—-42) and (3-43) are used to update neural network weights in each training

iteration. Figure 3-1 shows the tracking error variation and the control force variation for

the 2-link robot dynamics. Using the auxiliary tracking error data, available in discrete time
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from the simulation, NN weights are trained using 90 percent available training data, and
tested on remaining 10 percent available simulated data. In order to enforce learning, k-fold
method is used while training the designed network, for delay magnitude D(t) estimation, with
k = 10. Figure shows the percentage variation of delay mismatch, with training iteration,
which indicates a successful training while estimating unknown delay magnitude using the
update laws in (3-42) and (3-43).
3.7 Projection Law

Based on Assumption , unknown time-varying delay D(t) belong to the compact convex
set  := {D(t) : D < D(t) < D}, where D, D € R are known positive constants. The
standard Lipschitz continuous projection operator (e.g., [89,90]), introduced in (3—-42) is given
by

W= proj (U, W)
v, ifpj.. (D) > 00r Pjyian (ﬁ) <0
. AT
v, ifpj,. (D) <0 and Vpj,, (D)
W=dquv, if Dinian (ﬁ) > 0 and Vpj,.. ﬁ) v <0

~

. T
(I —<)v,if p;.. (D) <0 and Vpj,,., <D> v<0

(I =) v,if pj,... <l§> > 0and Vpj,. . <ﬁ>TU >0

\

P over mven (T P von (DVom. (D)
Jlow (D) Yy, (D)Vpj, (D) A Ihigh(D)Vejy, 0 (D)VEg, . (D)

V10w (D)Tijlo'Lu ([)) VDihigh ([))Tijhigh (D)

g
AMo (VIE) 0T e R, p, (D) 2 252D c g ) (p) 2 DiD-D? c cR
1 ag - r 1] p]low - €l2+2€lD ] p‘jhi‘qh - 6%+26uD ’ 6[7 Eu are

where ¢ £ I

e R, v

positive constants, and V is the gradient operator. Given D(O) € , the projection operator
mentioned in (3—42) has the properties, D + ¢, < D(t) < D + ¢, and proj (U, W) is Lipschitz
continuous. Lipschitz continuity of W along with the continuous update law of V in (3-43),
guarantee the existence of ﬁ(t) which gives a continuous estimate of unknown delay D(t) at

all time.
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3.8 Control Gain Selection
Control gains, such as Ay in (3-45), 1 in (3-46), ¢ in (3-47), Ag,., in (3-48) and Ay in
(3-51), introduced in the stability analysis (Section 3.5) are required to be positive constants.
Based on the designed bounds of time-delay estimate 7 in this section, and subsequently
derived bounds of &y, &, and 8, (i.e., &, &, 01, 01, |6,]), this appendix develops sufficient gain
conditions to ensure Ay, 1, ¢, Ag,., and A > 0. Using the definitions of A; in (3-45) and Ay

in (3-51), sufficient lower bounds for @ and wy can be obtained as

k

T (3-55)
2|6p|
Wy > o {50751}. (3 56)

Using the definition of A\g, .. in (3-48), it is clear that for an arbitrarily large k& and 5 and

arbitrarily small w; and €, that A\g can be selected sufficiently large as

< S Q2
o> (5(’“1 +1, %0 6) , (3-57)

o 2¢ 2

to ensure that \g,., > 0. Also from the definition of ( in (3-47), A also needs to satisfy the

following inequality

2 |(5_‘5l€ = wlglk wlgoﬁ k‘ﬂ
A P 0 — -
Q- mein{5o,(51}< 2eq? ooyl + > T T (3-58)

to ensure ¢ > 0. By selecting o on the order of k2, 3 on the order of k?, ¢ on the order of 1,
and w; on the order of %, the lower bound in (3-57) can be proven to be larger than (3-58).
For example, if « = k2, 8 = k% € = 77 and wy = 75 then

L[k 6ok Oy 2 10,0k [6,] S Kk
g(7+7+5)>w2min{50,51}< > T T Tty ) (399

for large values of & > 1 and ws.
From (3-46), Ag is multiplied by a negative term in the definition of y. To develop a

sufficient condition to ensure ;1 > 0, the lower bound for A\ in (3-57) is substituted into
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(3-46) to develop the following sufficient inequality:

5 o |6,] € B Socved; e - (€1 + €2) L &
Y 20, 1 2% 2%

wlgo +1 (5_1€w2 w1§_1 M62
(2@)k+%3+4. (3-60)
Based on (3-60), a sufficient condition for the upper bound on € can be established as
2410,
— (3-61)

€< — = N
0,000 + dpaukdq e
to ensure the parenthetical terms on the left side of (3-60) are positive. Based on (3-60) and

(3-61) a sufficient lower bound for 3 can be established for an arbitrarily large k, €2, wy and

arbitrarily small w; and ¢, to ensure © > 0 as

(El+52) € ﬁ wlgo-i-l 5716“)2 wl(i Meo
4 + 2k + 2 + 264@5 k + 2k3 + 4
01 Iople?  Spaedie2

k 2k Qéa

(3-62)

To obtain the sufficient condition in (3-59) and to satisfy the sufficient conditions in (3-57),

(3-61), and (3-62), €2, a, A\g and (3 are selected sufficiently large and € and w; are selected

sufficiently small. For example, selecting o = k2, 3 = k3 and € = k—14 as previously, so that

1.6 (M516w2+@)+k5 (50516 +1+(61+€2)+M62_QL)

200 2 200 2 4 4
k3|9, o
| p| +W1 1

* 2 2

> 0,

which clearly holds for any k& > 1, then the sufficient condition in (3-62) is satisfied.
3.9 Conclusion
For a class of uncertain nonlinear systems subject to unknown time-varying input delay,
a tracking controller is designed where the control input varies with both time and a spatial
variable. The designed controller features gains to compensate for the delay and the delay
derivative independently. Due to the separation of the delay term outside the control input,
a NN-based estimation scheme is used to estimate the unknown input delay magnitude. A

nonlinear mapping is used to transform the non-compact time interval to a compact set to
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facilitate the use of a NN. A Lyapunov-Krasovskii functional is used in the Lyapunov-based

stability analysis to prove uniform ultimate boundedness of the error signals.
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Figure 3-1. Variation of errors and control forces.
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Figure 3-2. Delay mismatch variation with training iteration.
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CHAPTER 4
CONTROL OF AN UNCERTAIN NONLINEAR SYSTEM WITH AN UNKNOWN
TIME-VARYING INPUT DELAY USING AN ACCELERATED GRADIENT DESCENT BASED
DELAY ESTIMATE

The developed robust PDE-based design approach doesn't restrict the delay rate mag-
nitude. The delay derivative gain, as well as the conventional delay magnitude gain, can be
independently adjusted. The amalgam of the predictor-based transformation, the robust control
error system, and the delay estimate allows for new control development and stability analysis
methods that can be applied to uncertain nonlinear systems with unknown time-varying delays.
These contributions are based on Nesterov's AGD based strategy [91] to successfully estimate
the delay magnitude at all time. Two different observer based methods are developed, where
one requires the knowledge of highest order state derivative, and the other uses Nesterov's
AGD based approach. A constrained optimization problem is formulated to estimate the delay.
Subsequently, an augmented Lagrangian based unconstrained optimization in the dual space
is formulated, which is solved using Nesterov's AGD based technique. Lyapunov-Krasovskii
functionals are used in the Lyapunov-based analysis to prove the tracking errors exponentially
converge to a steady-state residual that is a function of system uncertainty (i.e., uniform
ultimately bounded (UUB) tracking). Simulation results demonstrate the controller perfor-
mance for a second order nonlinear system and shows an estimation of delay and delay rate
magnitudes.

4.1 Dynamic Model

™ order nonlinear systems model developed in Section 3.1.

Consider a class of (n + 1)
Along with the dynamic model, Assumptions 3.1, and Assumptions 3.2 are considered for this
chapter. In addition, following assumptions are specific for this chapter.

Assumption 4.1. The nonlinear exogenous disturbance term and its first derivative (i.e., d, d)

exist and are bounded by known positive constants, (cf. [88]).

Assumption 4.2. The unknown first and second delay derivatives D(t), D(t) € R are upper
<

bounded by known positive constants D, D respectively, as D(t) < D, D(t) D,vt.
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A

Assumption 4.3. The estimate D(t) is sufficiently accurate such that D(t) £ D(t) — D(t),
can be upper bounded as | D(t)| < D VYt €R, where D € R is a known positive constant,
(cf. [88]).

Based on the delay estimation in Section 4.5 and Assumptions 3.1-4.2, 5 < &y < o,
01 <6 <6 and |8, < |0,|, where &y, 0o, 01,9, and |,| are known positive constants.

4.2 Control Objective

The objective is to develop a controller which ensures that the state x;(t) of the input-
delayed system in (3-2) tracks x4(t), despite uncertainties and additive disturbances in the
dynamics. To quantify the control objective, a tracking error, denoted by e () € R™, is
defined in (3-10). Measurable auxiliary tracking errors, e;(t) € R™ i = 2,3,...,n, are
defined in (3-11). A general expression for ¢;(t), ¢ = 2,3,...,n can be expressed as in
(3-12). Another measurable auxiliary tracking error signal r(t) € R™, is defined in (3-13).
ey 1 [0,00) — R™ is designed as in (3—-14) to obtain a delay dependent control term to negate
the effect of the delayed input in (3-1).

4.3 Development of Error Signals

The open-loop error system for r(t) can be obtained by taking the time derivative of r(t),

in (3-13), and can be expressed as (3—-16). Based on the subsequent stability analysis, the

delay-free control input is designed as
Ut) = u(l,t) £ kr, (4-1)

where k& € R is a constant, positive, adjustable control gain. Using the definition of N, N, €
R™ in (3-19) and (3-22), and using the definition of = € R("*2™ in (3-21), the closed-loop

error system for r can be obtained as

i =N+ Ny — e, — 01kBr + 6ou(0,t) — U (t — D(t)) + 5,8¢.. (4-2)
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Using the Mean Value Theorem, and Assumption 3.2, the expression in (3—19) can be upper

bounded as
(i I (EDIETR (4-3)

where p : R — R is a known positive definite, non-decreasing, radially unbounded function.

Using Assumptions 4.1 and 3.2, N, can be upper bounded as

sup ||Nq|| < O, (4-4)

te(0,00)
where © € R is a known positive constant.
4.4 Stability Analysis

To facilitate the subsequent stability analysis, let y(t) € R(™+2m+1 be defined as

T
yé{zT m} : (4-5)
where Q(t) € R denotes an LK functional defined as
1
Q20 [ e utp. ), (4-6)
0

where A\g,ws € R are known, positive constants. Let & be an open and connected set, and

Sy C P is defined as S, £ {y e ROFDmHL|ly|| < /mdbiakinf {51 ([ /o, oo))}}, where

w1,0 € R are known, positive constants.

Theorem 4.1. Given the dynamics in (3-2), the controller in (4-1) ensures UUB tracking in

the sense that

H@lH S Foexp(—Flt)+F2, (4—7)

where Iy = \/\2‘/ (0) — 2%22| [y £ —c}% and I, £ /2222, provided that y (n) € Sy,Vn €
[to, to + D], where ®1,®y € R, ®y £ max{2,w;},®; 2 min{l,w;} and p, A € R are

subsequently developed control gains.
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Proof. Let V : & x [ty, c0) — R be a continuously differentiable, positive-definite functional

defined as

VE - Ze e; + r T+7€u6u+Q (4-8)

where @y ||y||> < V < @, ||y||>. The time derivative of (4-8) can be obtained after applying
Leibniz integral rule to obtain the time derivative of (4-6), and utilizing (3-11)-(3-14) and

(4-2), as

V=o' (N4 Ny— ) + 17 (<U (¢ = D(1))) +wiel (dukr = 55(0,1) = dye)

+rT (=618kr + 0pBu(0,t) + 0p5e,) — eiTeZ- — egaen + eg_len
1

—_

i

1
—enBew + e, + Agdre” [[u(1, )[* — Agdo|[u (0, 8)|]* — >\Q5p/ ¢ ||ul[*dp
0

1
) (50||u(0,t)||2 — )\ng/ 5ew2p||u\|2dp. (4-9)
0

B S0+ 1+ widy
2¢ (éﬂ — 25_16“2)

By using (4-1), (4-3), (4-4), and canceling common terms in (4-9), an upper bound can be

obtained as

V< p () 7=l + 1171© — auskllr(? + (305 + 1) [ u(0, 1)
Hlen—seall + Blleqeall + " (w(0,8) = U (t = D(2))) | + Blo, ] eu]

w0 k||e7 | + widolleXu(0, )| + wld |lleall? + Aodre|[u(l, )|
n—1 o -
0 B +1 +UJ160
=2 ele—allel’ ~ Ao~ | 5 - 0 0,¢)|?
izlele allen|| [ Q <2€ (00— 20,0%) da| |u(0, )|

1 !
“Agws / 56 Jul[2dp + Agl5,) / & | dp. (4-10)
0 0

By using Assumption 3.1, Young's Inequality, the Cauchy-Schwartz Inequality, the fact

that d(p,t) > min {d, 61} (derived from the definition of §(p,t) in (3-5)), the fact that
2

leall? = (Hfu p.i dpu) < [N 1ap,)lldp. [} Ldp < [ 1[u2(p,0)lldp, the following
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inequalities can be developed

u(1,t) = ci(0,¢)D 4+ u(0,t) < cMD + u(0,1t), (4-11)

Ju(0.t) = U (¢t~ D) > < ((1 _c)D+D)2M2, (4-12)

where M ! is a positive constant. Inequalities in (4—11)-(4-12) can be used to upper bound

(4-10) as

| 1 (003
< =2 ey,
Vs oo (D 11217 + 5.0% + ( ;

[\
i
[\

—_

M?D? S w 1 AT 2 T 2
+<€(é[)__2516w2))516 2—|—§((1—C)D+D> M —Zeiei_§||en71”

~(amg- 5l - (B2 = -k — B2

018k 6|5 3 5 018k 6w15_1 5
- (B2 LY e (L R

Agws min {dg, 01} - S0 + 1 4+ widy 5
— — Xold — Ao — — 0 0,t
S alil) 0= Do (325 gy ) 8] o001

Aowomin {6y, 01} Blo,| B 2 widik | ewidy S 2 4
- (et td B O el - (14 2 S g ) el (413

Since ||ly|| > |||l , (4-13) can be simplified to obtain

. o 1 o Agwe min {dq, 0 =
V<= (5 - g o)) el = a1 - (Pt g5

2 2
(&)B —+ wlgo) C2M2D2 s w
= 516 2
€ (QQ - 2616W2)

AM?2D?
_ o —@2 4-14
+(6<éﬂ_2516w2)> 16 ok ( )

1 _ =\ 2
_ 2 _ 2
A [0, DI + o ((1 c)D+D) M +<

! Similar to [88], the subsequent analysis does not assume that the inequality &« < M holds
for all time. The subsequent analysis only exploits the fact that provided ||z(n)|| < ~,Vn €
[to, t], then & < M.
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where 0, K, (, Ag,., € R are defined as

Jémin{(g—%—g),%,g,m}, (4-15)
o Aquamin{dg, 01} Blol B @ik ewidy il (4-16)

2 2¢ . ? %e 2
N = =1L )
CA (BB —1)k—c—© (5_05-2# 15:18) €w1251k‘. (4-18)

Provided y(n) € 2,Vn € [t — D, t] the expression in (4-14) reduces to
V< Ayl + o, (4-19)

where A\, ¢ € R are defined as

AL min {% Agws mig {0 00} AQ@} , (4-20)
oL %@2 + % ((1 oD+ 5)2 M2+ <(5_°5 t(léj_w;i)ei)jwmj e (4-21)

An upper bound can be obtained for (4-19) as
: A
V<——V+o. (4-22)
@y

The solution of the differential equation in (4-22) can be obtained as

V <V (0)exp (-%t) + % (1 — exp (—(%t)) : (4-23)

Using (4-8) and (4-23), following upper bounds can be obtained for egi),i =0,1,....n,

le < \/ 2V (0) exp (—(}%t) + 202 (1 ~exp (—(}%t)), (4-24)
Il < \/ 2V (0) exp (_(%t) + 202 (1 ~exp (—(%t)), (4-25)
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2V (0) A 2Dy A
< — ¢ 1— ——t]). 4-2

Since €\”| 7, e, € Lo, from (4-1), u € L. Based on inequalities developed in (4-24)-(4-26),

e Nl < Cey, Wi = 0,1, (4-27)

leu]] < Ce,. (4-28)

where \/2V (0) exp <—q%t> - ETW <1 — exp (—%t)) <C,, € Rt Vtand C,, = SZ% €

R™. ]
4.5 Accelerated Gradient Descent based Estimation of Delay
From the relationship in (3—-4) the time and spatial variation of the control input can be

related. Evaluating (3-4) at p = 1, yields
us (1,t) = b, (1,1). (4-29)

The left side of (4-29) equals to the time derivative of the delay free control input, which after
using (4-1), is u; (1,¢) = kr. To determine the expression for u, (1,t), the linear variation of
u(p,t) over x is used (as defined in (3—4)), which states that at a fixed time instant, u(p,t)

varies linearly in p. Using the Mean Value Theorem, u, (1,t) can be expressed as

w, (1,1) = (“ (1,7) - “(O’t)) —w(1,t) —u(0,1). (4-30)

Using (4-1), (4-29), and (4-30), and the time derivative of (3-13), the following expression

can be obtained:
k(é,+ aé, — Bé,) — 1 (u(1,t) —u(0,t)) = 0. (4-31)
Substituting for (3-15) yields

k (€, + aéy) — kd1pu(1,t) + kdofu (0,t) + kdpSe, — 01 (w(1,t) —u(0,t)) =0.  (4-32)
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After substituting for &y, d; and d,, the expression in (4-32) can be written as

(ké, + kaép) eD(¢~ (1)) (1 _ cb(qu(t))) — (én + ae, — Bey) (K28 + k)

4B (1 _ cb<¢—1<t))) w(0,8) + eD(¢7(£))kBew +u (0, ) = 0. (4-33)

Given initial conditions for e, (t) and D(¢71(t)), (4-33) can be solved for D (¢~ (t)).
Remark 4.1. To estimate D(t), é,(t) needs to be measurable, i.e., the highest order state
derivative needs to be measurable.

Remark 4.1 motivates the necessity of removing the requirement of highest order state
derivative measurement by designing an accelerated gradient descent based delay estimation
scheme. From the relationship in (3-4) the time and spatial variation of the control input can

be related. Evaluating (3-4) at p = 1 and at p = 0, yields

w (1,1) = 81w, (1, 1) | (4-34)

ug (0,1) = dou, (0,1) . (4-35)

After dividing (4-34) by (4-35), and using the relations in (3-8) and (3-9), following relation

has been developed

ue(1,6) 1w, (1,t)
w(0.0) 1B (0.0) (4-36)

After taking a partial with respect to p of the relation in (3-3), the following relationship is

developed

Soup) = 5 U (6l +p (670 ~1)),
up (pt) = U (St +p (67 (1) = 1)) 6 (t+p (671(8) = 1)) x (67'(t) — 1),
up (1,8) =tU () (¢7(t) — 1), (4-37)
uy (0,6) = (1- cb(t)) U (t=cD) (670 1) (4-38)

Before proceeding further with the estimation, the following upper bound on 7(¢) is derived

using the relationship in (4-2) and substituting the inequalities from (4-3), (4-4), (4-27) and

56



(4-28) as

i =N+ Ny — e, — 01kBr + 6ou(0,t) — U (t — D(t)) + 5,8e.,
17| < Vok + 6 + C., + §,kBC, + 8yBkC, + kC, + |6,|5C.,, (4-39)

7]l < G, (4-40)

where Cy 2 ok + 0 + C,, + 61kBC,, + +00kCe, + kC,, +16,|5C., .
Remark 4.2. |#(k)| < €z, where 2 k € [t,t — D], Vt and ¢; > 0. Also, ¢; is small enough such
that ¢; << C;, and cDg—i < &, where §. > 0.

Using Remark 4.2, and using Taylor's Remainder Theorem, the following upper bound is

up(1,t)
up(0,t)

developed for

up(1,t) 7(t) < 7 (t) 7
up(0,8) <t - c[)(t)) h (f(t) — cf?@)ﬂ“))
S(lTng—i)S (1+é—:> <1+, (4-41)

where k € [t — ¢D(t),]. Substituting (4—41), the expression in (4-36) can be written as

146,
1—cD

w (1,1) < s (0,1). (4-42)

After integrating (4-42) and using (4-1) and the fact that u(0,t) = kr (t - ﬁ)

[y < +8) [ ——=dw.a).
J J1-D
r(r — D) i D
(r(t)—r(t) <(1+4+06)|—F—| — [ r|7—D(1) —.QdT] (4-43)
1-D(r) |, / ( )(1—15)

2 The subsequent analysis does not assume that the inequality |#*(k)| < ¢; holds for all time.

The subsequent analysis only exploits the fact that provided x € [t,t — D], then |#(k)| < ;.
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Based on the development in Section 3.2, (3-13) provides a continuous 7(¢) that is composed
of measurable signals (i.e., e, (t), é,(t)) and e,(t), which can be computed from (3-15) given
an initial condition of the delay and its derivative (i.e., D(t,), ﬁ(to)) and r(to). Considering
the upper bound of r(t) developed in (4-43), a discrete estimate of r(t), denoted by 7(7) is

given by3

-—[TT(p—=DOﬂ>——l2£L——@1. (4-44)

The subsequent designed adaptive estimate for D(t) is motivated by the desire to minimize the
mismatch between the auxiliary error signal 7(7) and the discrete estimate 7(7). To quantify

this objective, an objective function is defined as

E- /t (F(r) — r(r)) dr, (4-45)

where t € RT is the time of interest while discretizing for delay estimation. From (4-45), the

following gradient is derived

O () —#(r)) (1 +5) (—w o[- D) —E—p
1— D(r) T Jo (1=D(p))?

+ [ ito— Doy —2L gy LD z(p_p—(p))dp) (4-46)

A A

1-DE)p a-bEp - b))y
Note that, in the above equation, “a%” and “%” are interchanged with “ ["" by using the
Leibniz integral rule, since the partial derivative (with respect to “%” and “%”) of the
integrand is continuous and is pointwise bounded. Nesterov's AGD technique is used to
2D OE

update D. Since the update of D at each iteration is S = 55 (see [92]), the expression in

% The inequality sign in (4-43) has been replaced by an equality sign for discrete estimate of
r(t), by considering the worst case scenario.

58



(4-46) can be used to update D. Before using the Nesterov's AGD algorithm to update D
development is provided to indicate that given a bound on the error, E, there will always be a
smooth D, i.e., the Nesterov's AGD algorithm converges. In other words, given an arbitrary e,
such that ff #(1) — (1) dr <, @ — 0.

Theorem 4.2. Foralle >0, ifat somet =T, E = ft —7(1))*dr < €, there exists a

5 > 0 such that, att =T, ﬁ <8D(7)> dr < 6 for some T, i.e., E — 0 implies 92 — 0 in L*

Sense.

Proof. Observe in (4-46) that, Hr=D() Cy rr=D() Cy, 7(1 — E(T))& < Cj,

1-D(r) " (1-D(r))? (1-D(r))?
r(r — D(r))—22— < €y and —( < (s, for some constants C; > 0, where ¢y & Y,
(1-D(r)® (1-D(1))? 1-D
Ay Cel Ay C,,z A Ce D _
Cy = (1_5)2, Cs = (D) Cy = - D)5 and C5 £ —(1_D>2. Att =T,
- A 2
L LoD(T) .
5 < (14 00)4(Cy + C5 — 2C)*(t — to),
to
t
/ (7(1) — T(T))2 dr < 4e (14 6.) (Cy + C3 — 20,)2(t — to).
to
Now choose, § = 4e (1 + 6.) (Cy + C5 — 2C4)?(t — to) to conclude the proof. O

The subsequent development uses D. The analytic expression of the gradient derived in
(4-46) is used. Note that, this approach involves derivative and Riemann integration. Central
difference is used to approximate the derivative. Since the Riemann integral for the integrands
in (4-46) is assumed to exist, the integral with upper is approximated with Darboux sum with
uniform interval length of dt (dt is selected based on the discretization of the time axis of
the data). To approximate D, to minimize the error E is minimized, the following objective

function is solved
argmin E + A || D||z + Xo|| D||a (4-47)

subject to (based on Assumption 3.1),

w)
IN
u)
IN
]
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Also, A1, Ao are the regularizers to ensure that the D is twice differentiable. The regularizer \;
is adjusted to enforce the inequality on D, as D < D (based on Assumption 4.2). Similarly,
)Xo is adjusted to enforce the inequality on D, as D < D (based on Assumption 4.2). For T

discrete time steps, then the equivalent Karush-Kuhn-Tucker (KKT) conditions (see [93]) are

given below
. . OE auﬁu 8||DH T
C(D) & = + )\ = § +§ Vi—— )+D)=0
(D) = oD ' ' oD — ) D)=

pi(D(i) — D) = 0,Vi
w; > 0,V1
v(—D(i) + D) = 0,V

v; Z 0, V1.

Nesterov's AGD is used to solve the optimization by formulating an augmented Lagrangian of

the above constrained problem to get

argmin, £ 2(C(D))* = \C(D) + 5 > (u(D(i) ~ b))’
= D A(a(DGE) = )+ 3 0(=D () + ) = D XM(=D() +a)
subject to,
w; > 0,1
v; > 0.Ve

Here, 71, 72, 73 are taken as user specified parameters, and in Algorithm 1 {\/} are learned.
Now, Nesterov's AGD will use to solve the objective function F'in (4-47). The algorithm is
given below.
4.6 Simulation Results
A numerical simulation was performed on the 2-link robot described in (3-54). In

(3-54), D(t) is the actual delay injected in the simulation, which is of the form D(t) =
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Algorithm 1 The algorithm to learn D

Requirei r(7), for x € [to,?] in dt incremental steps, A1, A2, V1,72, 7 > 0, a < b, max__iter, 31 =0
Ensure: D
1: while iter < max_iter do

2. giter+1 @ ;

iter 1-pgiter
@ — Brerti

3
4 ﬁiter+1(i) — Diter(i) _ naD?tﬁ(i)' Vi
5 Diter(i) — (1 _ aiter)Diter—i—l (Z) + aiterDiter(i)’ Vi
6: =gl Vi
7 Vi:V,;fngfi,Vi;
8: i = max {0, p; }, Vi ;
0: v; = max{0,v;}, Vi ;
100 Al =M — (D
115 )\;2 = /\é - 72(/“(Dlteirt(e§) - b)), Vi ; N
120 N, = N — (s (— D () + a)), )
13: iter < iter +1 ;
14: end while
15 D « Diter

0.04 tanh(55) 4 0.08, where 0.08 < D(t) < 0.12. Figure 4-1 shows the tracking error
(i.e., e; and ey) of two states, along with required control forces (i.e., U(t)). Based on the
objective function introduced in (4-45), Nesterov's AGD algorithm in Algorithm 1, successfully
estimates delay magnitude ﬁ(t) as shown in Figure 4-2. Figure 4-2 shows that the estimated
delay is bounded between the known bounds of actual delay D(t), i.e., D(t) and D(t), while
Figure 4-3 shows the existence of f)(t) and ﬁ(t) To justify the performance of Nesterov's
AGD based delay estimation strategy, Figure 4-4 shows the objective function E, defined in
(4-45), decreases with number of iterations and stays constant. This result shows the utility
of using Nesterov's AGD based strategy for estimating unknown time-varying delay magnitude
present in the system. Also unlike existing literature of constant delay estimate, i.e., [88],
the developed Nesterov’'s AGD based time-varying estimate gives less control force and less
tracking error.
4.7 Control Gain Selection

Control gains, such as o in (4-15), x in (4-16), ¢ in (4-18), X in (4-20) and Ag,., in

(4-17), introduced in the stability analysis (Section 4.4) are required to be positive constants.

Based on Nesterov's AGD estimation scheme developed in Section 4.5, the estimated delay is
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designed to be bounded between given bounds as mentioned in Assumption 3.1. Given the fact
that D < D < D, and subsequently derived bounds of &, d; and 4, (i.e., &, do, &1, 01, |0,]),
this section develops sufficient gain conditions to ensure o, &, (, Ag,., and A > 0. Using the

definitions of o in (4-15) sufficient lower bounds for o can be obtained as

3+ 1
a> iy (4-48)
2
From the definition of X in (4-20), w, also needs to satisfy the following inequality
2/,
L J— 4-49
min (00, 51] (4-49)

Now combining the definitions of x in (4-16) and )., in (4-17), a lower bound over A\ can

be obtained as

<BI5}\ +B+2+ “1751’“ + ewr b + 2001\5_10’) A

€

L 4-
Ag > wy min {dq, 01 } A (450
808 + 1 + widy A
AQ > S d = X 4-51
? <26 (QQ — 2516“’2)) = @2 ( )

)\Q > max {)‘Qn )\QQ} . (4—52)

To make ¢ > 0 from the definition of ¢ in (4-18), the following lower bound of & can be

obtained as

L 2ete (608 + |57p|76), (4-53)
(Bt

where w; must satisfy
2(018-1)
6(5_1 ’

wy < (4-54)

to make the denominator positive which gives rise to the following inequality over 3 (both 3

and 5)
B>pB> S (4-55)
o

From the definition of ¢ in (4-21), € is selected sufficiently small.
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4.8 Conclusion

A robust controller is developed for a class of uncertain nonlinear systems with an additive
disturbance subject to unknown time varying input delay without delay rate constraints. A
filtered tracking error signal is designed to facilitate the control design and stability analysis.
A novel Lyapunov-Krasovskii functional is used in the Lyapunov-based stability analysis to
provide UUB of the tracking error. An observer based method is developed for unknown
delay estimation, which uses highest order state derivative measurement, and can cause
potential drawback in practical applications. In order to remove necessity of highest order state
derivative measurement, Nesterov's AGD based estimation is used to provide a time-varying
estimate of the delay. Simulation results show the performance of the controller along with the

estimation of the delay and delay rates magnitude.
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Figure 4-1. Variation of errors and control forces.
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CHAPTER 5
BOUNDARY CONTROL OF STORE INDUCED OSCILLATIONS IN A FLEXIBLE AIRCRAFT
WING WITH UNKNOWN TIME-VARYING INPUT DELAY

This chapter presents a robust controller for an elastic wing subjected to store induced
oscillation with unknown time-varying input delay in boundary control feedback. 2D elastic
aircraft wing is described by uncertain coupled nonlinear PDEs via regulation of the state
variables as in ( [1]) . An adaptive boundary controller added with a PDE based robust
controller is designed to ensure the distributed states of the flexible wing are regulated
exponentially to a residual ball of given radius. Unlike Krstic's work in [94], uncertain nonlinear
PDE can not be transformed into an exponentially stable target system using Voltera Integral
method. As a result, the controller is developed through a Lyapunov-based analysis. In
the Lyapunov analysis, wing energy terms are used along with a novel Lyapunov Krasvoskii
function, introduced in the PDE based delay work as in [44,45,95]. The developed controller
uses the linear mapping approach inspired by predictor-based approaches such as [30] to map
the time dependent control input to a modified control input that depends both on time and
a spatial variable. Similar to predictor-based approaches, the modified input can be segregated
into delayed and delay-free components. This segregation impacts the stability analysis in a
way that allows for arbitrarily large delay rates, unlike existing results (cf., [3, 8,31, 32]).

Another contribution of this result is that a neural network (NN) estimation scheme
is introduced to estimate the unknown delay magnitude. Since the universal functional
approximation theorem only holds for continuous functions whose domain is compact, a
nonlinear mapping is introduced to map the non-compact time domain to a compact domain.
Simulation results demonstrate the controller effectiveness to damp out the oscillation despite
the presence of unknown time-varying input delay in boundary feedback.

5.1 2D Euler-Bernoulli Beam

Flexible aircraft wing can be modeled by a 2D cantilever Euler-Bernoulli beam model (as

shown in Figure 5-1) of length [ € R, chord length ¢ € R, mass per unit span of p € R,

moment of inertia per unit length of I, € R, and bending and torsional stiffnesses of FT € R
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and GJ € R, respectively, with a store of mass m, € R and moment of inertia J;, € R

attached at the free end of the beam.

Figure 5-1. Schematic of the wing section, where E.A. denotes the elastic axis and C.G.
denotes the center of gravity..

Similar to [1], Hamiltonian mechanics is used to develop bending (w) and twisting (¢)

dynamics of the cantilever beam as

L (t) = pwu(y, t) — presin (¢(y, 1)) ¢7 (y, t) + pccos (d(y, 1) du(y, t) + Elwyyy,(y,t), (5-1)

M (t) = (Ly + pa2) du(y. t) + precos (d(y, ) wie(y, t) — GI oy, (y, t), (5-2)

where w : R x [0,00) — Rand ¢ : R x [0,00) — R denote the bending and twisting
displacements, respectively, y € [0, (] denotes spanwise location on the wing, z. € R represents
the distance from the wing elastic axis to the wing center of gravity, L : [0,00) — R

and M : [0,00) — R denote aerodynamic lift and moment per unit length, respectively.
Throughout this paper, (.), and (.), denote partial derivatives of corresponding variable with
respect to time and the spanwise position along a wing, respectively. In addition to the derived

dynamics, boundary control conditions for the 2D cantilever beam are developed as

w (0,t)=w, (0,t) =w,, (I,t) =¢ (0,t) =0, (5-3)

Ly;p(t — D(t)) = mgwy (I, 1) — mgzgsin (¢ (1,1)) o7 (1,t) — Elwy,, (1,1)
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+mgxscos (¢ (1,t)) oy (1,1), (5-4)

Myt — D(t)) = (msxg + JS) Gu (1, 1) + GJIy (1, t) + mszgcos (¢ (1, 1)) we (1, E),  (5-5)

where Ly, : [0,00) — R and My, : [0,00) — R denote the aerodynamic lift and moment
at the wing tip, D : [0,00) — R denotes unknown time-varying input delay, associated with
the time taken for the control forces to get applied on the system, and z, € R is the distance
from the wing elastic axis to the store center of gravity. As in [44], a linear transformation is
used to transform time-varying control input to a control input of two independent variables,
i.e.,, pand t, where t € [0,00) and p € [0, 1]. This transformation produces control input as
a two variable function (i.e., p and t), where evaluating at p = 0 and p = 1 gives delayed and

delay-free control input, respectively. The linear transformation is of the form

ulp,t) 2 U (Wt +p (v H(t) = 1)) () <,V >0, (5-6)

where u : [0,1] x [0,00) — R%, U £ [Ly, My,)T € R% 4 @ [0,00) — R is a known
delay dependent invertible monotonous time function, defined as ¥(t) £ t — D(t), where
ﬁ(t) € R represents a known time-varying subsequently designed delay estimate, )~ !(#) exists
at all time. Transformation defined in (5-6), is used to express the delayed control input as
U(t — D(t)) = u(0,t), and the delay-free control input as U(t) = u(1,t). Similar as in [44],
the spatial and time variation of u(p,t), denoted by w,(p,t) and wu.(p, t) respectively, can be

related as

ut(p7 t) = 5(])7 t>up<p7 t)? (5_7)

and the auxiliary function ¢ : [0, 1] x (0,00) € R is defined as

1
1+p(d(wd—t(t))_1)
A

i(p,t) 0 = ,
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where

0 0, = (50 = = -9
SR TUSIT) )
1
5(1,) 2 6, = : 5o, 5-10
- (1- D) -
050 nes D)

In rest of the paper, () and () indicate maximum and minimum value of the bracketed variable,
respectively. First two assumptions are stated based on Remark 5.1 in [96].

Property 5.1. Based on Remark 5.1 in [96], the potential energy of the system, Ep(t) =
%fol (Elw2, + GJ¢2) dy is assumed to be bounded Vt € [0,00), and ngi and g%f are
assumed to be bounded, uniformly iny vt € [0,00) forn =2,3,4 and m =1,2.

Property 5.2. Similarly, the kinetic energy of the system
sl M0 s L L
Ex(t) = 3 (pwt + 2px. cos (@) gzﬁtwt) dy + 57w (I,t) + §Js¢t (1,1)
0
1 2\ 42
+§ ((]w + pxc) ¢t> dy7
0

is assumed to be bounded Vt € [0, ¢), and %% and % are assumed to be bounded, uniformly
int Yy € [0,l] forq=1,2,3.

Assumption 5.1. The subsequent control development is based on the assumption that

O (L), Weyyy (1,2), &0 (1,.), wyyy (1,.), &y (1,.), and ¢y, (1, .) are measurable.

Assumption 5.2. The unknown time-varying input delay D(t) € R is bounded by known
positive constants, D and D respectively, as D < D(t) < D.

Remark 5.1. In practice, time variation of both wing tip bending and twisting deflection

can be measured by transducers. Spatial variation of bending deflection can be measured

by strain gauges (as mentioned in [73]) or shear sensors (as discussed in [97]), based on

the order of differentiation. Time variations of these sensor measurements can be obtained

through numerical methods. Such measurements and numerical methods can introduce noise,
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and motivation exists for additional research to eliminate these higher-order measurements.
Advances in fiber optic sensing (both Long Period Fiber Gratings and Fiber Bragg Grating)
can also be used to measure the deformation of the wing. For example, fiber optic strain data
from a ground load test of a full-scale aircraft wing can be used to measure the deflection of
the wing and corrugated long-period fiber grating can be used to measure strain, bending and
torsion of the wing as in.
5.2 Instability in Presence of Input Time Delay

An adaptive controller is developed in [1], to stabilize the store induced oscillation in an
aircraft wing. In order to motivate the input delay problem, constant input delays of magnitude
between 0 — 900 ms, with an increment of 1 ms are injected in the system dynamics described
in (5-1)-(5-2), to show impact of injected delay on the stability of the system. Simulation
results validate the claim, that even a slight presence of input delay can destabilize a stable
system. Figure 5-2, shows the designed controller in [1], is not sufficient to handle the presence
of input delay in the system, in case of bending deflection of the wing. Similar result is noticed
for twisting deflection, as shown in Figure 5-3. Figure 5-2 and 5-3 motivate the necessity of a
controller that can compensate the presence of input delay in the system. Although, for this
simulation demonstration, delay magnitude was known, it is needed to generalize the system
by incorporating delay of unknown magnitude. Motivated by this necessity, in the following
section, an adaptive controller is developed for the system described in (5-1)-(5-2), subjected
to an unknown time-varying delay.

5.3 Control Development

Control objective is to ensure that in presence of time delay, both bending and twisting
deflection go to zero throughout the whole wing span, as time progresses, i.e., w(y,t) — 0 and
o(y,t) — 0, Vy € [0,] as t — oo. To facilitate subsequent stability analysis, an auxiliary error

signal, e : [0,00) — R? and mass matrix, .# : [0,00) — R**? defined as

e(t)é wt(lvt>_wyyy(l’t) ’ (5_12)

oL, t) + oy (L t)
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P ms mszscos (p(1,t)) | (5-13)
msxscos (o(l, 1)) msx? + Jg

In order to include boundary control equations (5-4)-(5-5) in the open-loop dynamics, another

auxiliary error signal, r : [0,00) — R? defined as
r(t) £ e(t) + aey(t), (5-14)

where a € R is known, diagonal, positive definite, constant gain. In (5-14), ¢, : [0,00) — R?
is an auxiliary error term, introduced to obtain a delay-free control expression for the input in

the closed loop error system and can be expressed as

1

cult) 2 [ ulp.0)dp. (5-15)

0
Before proceeding further with the error signal development, using Leibniz rule and definitions

of dy, 01 and ¢, from (5-9)-(5-11), time derivative of e,(t) is calculated as
éyu(t) = d1u(l,t) — dou(0,t) — dpeq(t). (5-16)
The open-loop dynamics for the error signal r(t), can be expressed as

ity = |0 [T GO e, (5-17)

Pu(l,1) Pry(L,T)

Before proceeding further, (5-4) and (5-5) are rearranged to facilitate open-loop error signal

development, and can be expressed as

wy (1, 1)
Mino()U (t — D(t)) = Iaxo
bu (1,1)
() —msxssin (¢ (1,1)) ¢7 (1, t) — Elwy,, (1,1) | (5-18)
GJoy, (1,1)
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where 5,5 is 2 X 2 identity matrix and .#,, : [0,00) — R?*? can be expressed as

msa:z-‘rjs Ts COS(d)(l,t) M
Mo () & | PTG s | M 5-19
( ) s cos(p(l,t) 1 M ( )

msx2sin? (¢p(1,t))+Js msx2 sin? (¢p(1,t))+Js

where M : [0,00) — R**2 is defined as M = M+ a - macos (9(1,1) and
msscos (o(1,t) me

M : [0,00) — R is defined as M (t) = m222sin® (¢(I,t)) + ms.J;.

Proposition 5.1. As .#,, € R**?, it is necessary and sufficient to prove that both det(.#;,,)

and trace(.#;,,) are positive, in order to show that #;,, defined in (5-19) is positive

definite Vt € [0,00). det(Mins) = 7 t(%/ from the definition of ./ in (5-13), det(.#) =

m2a?sin® (4(1,t)) + myJs > 0, which gives det(Miy,) = mgxgsinZ(qbl(ut))erst > (. Also,
. msx§+Js 1 _ msz§+Js+ms .
trace('%im’) T m222sin?($(1t))+ms s + msx2sin?(p(I,t))+Js ~ m2x2sin?(¢p(l,t))+msJs > 0. This means

My Is positive definite ¥t € [0, 00).
Proposition 5.2. A set of wing and store parameters satisfying these conditions are listed
in [98]. Based on the sample data values in [98], |ms2?| < |J|, so |M| < L

M(t)~! can be expanded as a binomial series while |m§$2313—s”)| <1

L [Hmsx?siﬁ(qﬁ(l,t))]

M)~ = [mZaZsin® (¢(1, 1)) + myJs] = msJs 5

s

1 1 msz?sin? (¢(1,t)) 1 (mea?sin? (¢(1,1)) ?
Tomgds | Js "2 ( Js )
1 z?sin® (4(1,1)) 1 (mga?sin® (¢(1,t))
e ()]
After substituting, (5-18) and (5-16) in (5-17), yields
r(t) = %U (t—D(t)) + a[01u(l,t) — dou(0,t) — dpe,(t)] + Y (2)0, (5-20)
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where Y : [0, 00) — R?*?7 is a regression matrix of known time-varying quantities and 0 € R?"

is a vector of unknown parameters, defined as

v 2 Y! LY .. YL 0 0 ... 00 | s21)
Y2 .. ¥2 0 ... 0 Y2 ... Y2
T
0216, 6, 05 ... 67| > (5-22)

where 6 = Jom.a?, 0y = TS5 0y = TR 0, = J2, 05 = TS5 0 = T
Or = Jamaad, 05 = "SE 0y = W 0y = JaPE 0y = & ”;;Ef Oy = 2o
brs = w2 O = ™ Gy = M g — EEL g _ B g maiEl
Or = JowsGlJ, O = 957 0y = " G0 = JLG, Oy = S5Oy, = M
Oy = JoasEL g = xi“};’”, Oy = "EF and Y1 = —sin (6(1,1)) wiyyy (1, 1),
Yot = sin (¢(1, 1)) Wiyyy (1, 1), Y = —sin® (0(1, 1)) Wiyyy (L 1), Y = —wiyyy (1, 1),
Yy = sin? (0(1,1) wiyyy (1, 1), Y5 = —sin® (@(1, 1)) wiyyy (1, 1), Y = sin(6(1,1)) 67 (1, 1),
Ve = —sin® (o(1,1) 47 (1, 1), Yo = sin® (¢(1,1)) (1, 1), Yiyy = wyyy(l,1), Yy =
—sin® (B(1, 1)) wyyy (1, 1), Yiy = sin® (o1, 1)) wyyy (1), Yy = sin(6(,1)) ¢7 (1, 1),
Yy = —sin® (o(1,1) 7 (1, 1), Yiy = sin® (6(1, 1) 97 (1, 1), Yis = wyyy(lit), Yir =

—sin® (@1, 1)) wyyy (1), Yig = sin® (3(1,1)) wyyy(1,1), Vi = —y(L,¢) cos (6(, 1)),

Yoo = sin® (6(1,1)) ¢y (1, t) cos (6(1,1)), Yoy = —sin’ (&(1,1)) ¢y (1, 1) cos (6(1, 1)),

Y = sin(6(1,1)) cos (4(1,1) @7 (1, 1) + sin® (6(1, 1)) ¢y (I, 1), Y5 = —sin’ (¢(1, 1)) duy (I, 1) —
sin® (6(1, 1)) cos (6(1,1)) 7 (1, 1), Y5 = sin® ((1, 1)) buy (I, 1) + sin® ((1, 1)) cos (&(1, 1)) 67 (1, 1),
Y = oy (1), Y = —sin® (6(1, 1)) by (1, 1), Y7 = sin (6(1, 1)) duy (1, 1), Vi = —y (L, 1),
Y = sin® (6(1, 1)) 6y (1, 1), Y5y = —sin’ (6(1, 1)) dy(L,1), Yaz = wyyy (1 t) cos (6(1, 1)),

Yig = —sin® (&(1, 1)) wyyy (1, 1) cos (6(1, 1)), Yiz = sin® (&(1, 1)) wyyy (1, 1) cos (6(1,1)).

Remark 5.2. Projection algorithm and adaptation law are used to estimate the unknown
parameters in f. Due to use of projection algorithm in the estimation of #, .# can be upper
and lower bounded by . and . respectively. Similarly using the same argument, M (#) can

be upper and lower bounded by M,, and M;,, respectively.
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Based on the subsequent stability analysis, delay-free control input is designed as

Ut) =u(l,t) & ——r(t) — —Y (1)4(¢), (5-23)

A~

where K € R is a positive constant control gain, 6 : [0,00) — R?7 is a time-varying
estimate of unknown parameters as in 0. Gradient update law is used to update the estimate

of unknown parameters, defined as
a(t) = TY (1)7r (1), (5-24)

where I' € R?*™27 is a positive definite control gain. The closed-loop error dynamics is
developed by substituting delay-free control input (5-23) into open-loop error dynamics in

(5-20), and can be expressed as

P(t) = %U (t— D(t)) — Kr — adyu(0,) — adyel(t) + Y ()0, (5-25)

where 6 : [0,00) —, defined as () = 6 — 0(t), is difference between actual and estimation of
unknown parameter values.
5.4 Neural Network Based Delay Estimation
A neural network (NN) based function approximator is used to estimate the unknown
delay magnitude. The universal function approximation theorem only holds over a compact
domain. Therefore, to approximate the unknown delay function, a nonlinear mapping is defined

to map the non-compact domain to a compact spatial domain. Let f; : ¢ — £ be defined as

Kt
1+ wt

fL = s te [Oa OO), f € [Oa 1}7 (5_26)

where k € R" is a user defined saturation coefficient. Using (5-26), D(t) can be mapped into

the domain & as

D(t) =D (f;' (€)) = Dy, (&) (5-27)
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The universal functional approximation theorem can be used to represent Dy, (£) by a three-

layer NN as

Dy, () EWTo (VIE) +e, (5-28)

where W € RUEADX1 and V' € R3*L are the bounded constant ideal weights for the first-to-
second and second-to-third layers, respectively, L is the number of neurons in the hidden layer,
o € REFD s an activation function, € is the functional reconstruction error, and = = [1  ¢]”

denotes the input to the NN. Based on (5-27), the NN estimation for D(t) is given by
D(t)=WTo (fﬂé) , (5-29)

where TV and V are estimates of the ideal weights. Using (5-28) and (5-29), the mismatch
between D(t) and D(t) can be obtained using a Taylor's series approximation, which after
some algebraic manipulation, can be expressed as
D(t)—D(t) = W (VTE) - W0 (VTE> T
= W7o (V72) + 7o (V1) VT wTo (V1E) e
o (VTE) VTE, (5-30)

where W = W — W € REFDXL and V = V — V € R2*L, are the estimate mismatch for
the ideal weight matrices, and O represents higher order terms. In the subsequent development
a continuously differential projection algorithm as shown in Section 3.7, is used to design
the adaptive update laws for 1V and V. As a result, the elements of W and V can all be
upper and lower bounded by known positive constants. Hence, W%o’ (VTE> VTZE and
wTo (VTE>2 can also be bounded by known positive constants, and therefore,

D(t) — D(t) < W'o (VTE> +WTo! (VTE) VTE 4 ¢, (5-31)

where € € R is a positive bounding constant.
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5.5 Lyapunov-based Stability Analysis
To facilitate the subsequent stability analysis, energy terms Er : [0,00) — R, E¢ :

[0,00) = R, Ep :[0,00) = R are defined as

1 [ 1 /!
Er(t) 2 §/0 (pwi + 2pxc cos (¢) puy + Elw;) dy + 5/0 (Lo + pa2) 07 + GJ¢2) dy,

(5-32)
l l
t) & B/ pwyy (wy + z cos (@) ¢r) dy + 6/ byY (Iw + ,01:3) Opdy
0 0
l
+8 / Gyyp cos (¢) widy, (5-33)
0
l
Ep(t) 2 / (W + w2, + 6+ 0) dy, (5-34)
0

where 5 € R is a positive control gain. Young's Inequality is used to upper and lower bound

Er(t), Ec(t) and can be expressed as

E(t)sé {(p+p\xcl)( +pxl 4 ple]), B GJ}EB (5-35)
Er(t) > gmind(p— plrl), (T + oo — plocl)  ELGT}Bo(t),  (5-30)
Eo(t) < flmax{(p+ plac) 12 (p+ placl) , (L + pa2 + placl) }Bo(0), (5-37)
Eo(t) = Blmax{(p+ plac) Lo+ placl) , (Lo + pa2 + plec]) }Eo(t). (5-38)

Remark 5.3. Provided that |z.| < 1 and I, > pz? — p|z.|, Er will be non-negative. The
conditions |x.| < 1 and I,, > pz? — p|x.| are engineering design considerations that ensure the
store is mounted sufficiently close to the wing center of mass [98].

From (5-35) and (5-38), if [ is selected as § < 2lw 52— where

U1 émin{(p—p\xc\),([w—i—pxz —P’$c’) 7E[7GJ}’

Yo 2 max {(p+plael), 22 (p+ plrel) s (Lo + p2? + plae]) }
then

GEp(t) < Er(t) + Ec(t) < GEB(1) (5-39)
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where the positive constants (; and (, are defined as

G = %% — By, (= %wz + Blipy.

Before proceeding further with the analysis, an LK functional @ : [0,00) — R defined as

Q) = g /0 e*Pu” (p, tyu(p, t)dp, (5-40)

where wy, Ao € R are known, positive constants.
Theorem 5.1. Given the open-loop error system in (5-20), the controller in (5-23) along
with the adaptive law in (5-24), ensures the system states w, ¢ are UUB Yy € [0,1] ast — oo

provided the following sufficient gain conditions are satistied:

Bl < Kpg, (5-41)

Bp—Bpre— Ly >0, (5-42)

g - Z;F‘ >0, (5-43)

B (Lo + px?) — Bpxe — My > 0, (5-44)

BGJ — BM,l° — BM,l — BL,I* — (M + Ly) P> 0, (5-45)
BEIl+ EI — Bp — Bpxd> 0, (5-46)

GJ — Bl (1, + px?) — Bpz.l> 0, (5-47)

and all the gain conditions are satisfied in Section 5.7.

Remark 5.4. The sufficient gain conditions in (5-41-5-47) can be satisfied by a combination
of gain selections and engineering design considerations. Selection of the wing aerodynamic
properties can be done to satisfy aircraft performance criteria (e.g., minimum takeoff distance,
maximum range, etc.). The structural properties of the wing can then be selected to satisfy
the sufficient conditions. Increasing the stiffness and mass of the wing or mounting the store
closer to the wing center of mass will satisfy the sufficient conditions. A set of wing and store

parameters satisfying these conditions are listed in [98].
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Proof. Let Vi, : [0,00) — R, continuously differentiable function defined as

Vi(t) £ Br(t) + Ec(t) + %T(t)TT(t) + %eu(t)Teu(t) +Q(t) + w

1 57T A —17% 1 5T A —177 _
+5tr (W(t) A; W(t)) +5tr (V(t) A; V(t)> . (5-48)
From the definition of the error signals and (), following inequality is developed and can be
expressed as

erllyll? + ez < {%tr (WA W) + g (VO 257 0) + 2r(t)"r(0)

+%eu(t>T6u(t) + Q(t)} < oullyll* + cu, (5-49)

where y : [0,00) — R, defined as y(¢t) = [e(t)” r®)" e ()T Q|7 and ¢z, cp € R
are known bounding constants. Using inequalities in ((5-39)), and the relation that V7, can be

bounded as

Vatt) 2 o) + 2 )| o + . (5-50)
Valt) < oat) + 22 0 g |4 o + (5-51)

where Ain () @and Aq. () denote the minimum and maximum eigenvalues of respective item.
Taking the time derivative of (5-48) and using (5-16), (5-25) and the update law in (5-24),

yields

~ ~ A

Vi (0" (70 (¢ = D) + Y(O9) + Erle) + Eclt) ~ 6071600

+r(t)T (—Kr(t) — adou(0,t) — adpe,(t)) + Aodre?u” (1, t)u(1, )

+wrel ()T (G1u(1,t) — dou(0,t) — Speu(t)) — /\ng/ se“?Pu” (p, t)u(p, t)dp
0

[W{w — Oééﬂ:| + wlgp

262 (éo_ — 516‘”2 (1 + >\M>)

Sou (0,1)u(0,t) — Agdou” (0, ¢)u(0,t)

A0d, /0 1 Py (p, tyu(p, t)dp + tr (W(t)TAflﬁ/(t)) +tr (f/(t)TAglf/(t)>. (5-52)
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By using (5-24), Young's inequality, and the facts that W = —Wand ‘7 — —V, an upper

bound on V; can be obtained as

Vi< rlo)” (70 = D) ) + S5O + Erlo) + Eclt)
KT + (07 (~aduu(0.0) + S2 a0l + g Ju(, 1)

1

Fwieq ()T (01u(1,t) — Sou(0,1)) + cL)1|5;3|||eu(15)||2 — )\Q(JJQ/ se“2PuT (p, t)u(p, t)dp
0

(52 — 0] +wié

Miow Rl 1Y% 9
| e = Sa|u(0,t
(Q [262(@51ew2(1+AM)) 8allu(0,t)]

+Ag0, /01 e“Pul (p, t)u(p, t)dp — tr (W(t)TAflﬁ/(t)) —tr (‘N/(t)TAglf/(t)) . (5-53)

In (5-53), L7 is determined by differentiating (5-32) with respect to time to obtain

l
ET(t) = /0 Wy (Pwtt + pxccos (@) Gy — pr.sin (@) ¢t2) dy
l l
+/ (ijyywtyy + Gj¢y¢ty) dy + / ((Iw + PIz) ¢tt + PT COS (gb) wtt) ¢tdy (5_54)
0 0

Substituting (5-1) and (5-2) into the first two integrals of (5-54) yields

! ! ! !
Er(t) :/0 (Lw; + M ¢y) dy—/o Elwtwyyyydy—l—/o Elwyywtyydy—k/o GJ oy, dy
!
+ [ GIo,0dy. (5-55)
0

Integrating the third and fifth integrals in (5-55) by parts and applying the boundary condi-

tions of the PDE system gives

! l
/ Elwyywryydy = —Elwyy, (1, t)w(l,t) + / Elwwyyy,ydy, (5-56)
0 0

l l
| GI0,0ndy = GI0,0.0040.0) ~ [ 606y (5-57)
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Using the expressions in (5-56) and (5-57) and using the error signal definition in (5-12),

(5-55) can be rewritten as

En(t) = [ L+ Moo dy + e(o) L |0 0+ 0)
2
— 5 (@2(0, 1) + 62(L,1)). (5-58)

After integrating and using Young's Inequality and Lemma A.12 from [96], E¢ can be upper

bounded as

BEII
2

1 EIl
el + éﬁl (Lo + pa2) ¢7 (1, 1) — *87%3 (1,t)

l
Eolt) < — (1 —a) L [ utdy+
0

3EI LB b B[ 1
S — (I 2 _ = 2 - 2
( 5 5 )/3/0 wo dy — (L + pal — px.) 2/0 Prdy + QBGJZ% (1,t)
B (! BEII
—(GJ = MV = M- LP) 5 /O Gydy — —5—wyyy (L 1)
1
+§ﬁplwt2 (1,t) + Bprdoy (1,t) wy (1, 1), (5-59)

where e; denotes the first element of the vector e, (i.e., e1(t) = w; (I,t) — wyy, (1,1)). Before

proceeding further, note that

o~Ht) —t
= 0o + p (61) — pdo,

)
5(]),15)2 ,pE[O,l]

= 0o + (01 — o) p,

Z min {50, 51} . (5—60)
Using the Cauchy-Schwarz inequality,

1 1
||6u||2§/0 [Ju’ (p,t)u(p,t)lldp-/U 1dp,

1
leall? < / e (p,) l1dp. (5-61)
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Using Mean Value Theorem, following inequalities have been developed

Ut) = U(C>D(t)+U(t—z§<t)),
w(l,t) < AwD +u(0,8). (5-62)
WT(L (L) < al(0,0)u(0,t) + 22 Du(0, ) + A2, D,

lu(L, 012 < (1 ) [0, 012 + (s +23) D2 (5-63)

Using Mean Value Theorem and the expression in (5-31), the following equality can be

developed as

Lo (U (1= D) - U - D)) | < T
< %WWTU (V=)
w Bty (712) 97
A CIURIT) I

The expressions in (5-58), (5-59), (5-62), (5-63) and Remark 5.2, can be used to upper

bound (5-53) as

610&(51,

Vi < Sr@)” (U= D)~ U (1 D)) + S ea(dl* + 5% (o)
2 M _ T —wildlle 2
KO+ | £ — o (07 0(0.0) — )]
e ()T [51>\Mf) + 6,u(0, t)} + /l (Lw, + M) dy + e(t)” 7 0 e(t)
0 0 keGJ

0.0+ 0.0) - (450,04 680.0)
! Ell ,
~ (-0 2 [ wpdy + FR e - dodallu(0, )1

3EI LI !
—(T—7>5/0 ,Ay — ( +P$ Px /¢tdy

l
+§5l( +paz) &7 (1) — PEIL » (l,t)—(GJ—Ml3—Ml—Ll3)§/O¢§dy
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_ﬁg” w2 (1) + 5GJZ¢ (1,t) + %Bplwf (1) + Bpcldy (1) wy (1, t)

+AgBe |(1+ M) [u(0, )1 + (har + X) D)

|:M/fw — Oéég] + ngp
2€9 (éﬂ_ — 816‘”2 (1 -+ )\M)

+A0d, /O T Byu(p, t)dp — tr (W@)TA;W@)) _tr (V(t)TA;f/(t)). (5-65)

1
)éuHu(O,t)H2 - )\QwQ/ 6ew2puT(p, tu(p,t)dp
0

Young's inequality is used to upper bound (5-65) as

€W (Sp

Vi < 57" (U= D) = U (1= D)) ) + 52wl = Agulju(0, 1)

B (5_ { “a _o@l} o _acd ) @) = (K w1|5|—@—”151AM> lew(t)]?

2 | Mg 2 2¢ 2

: Bp : 2
—|—/0 (Lwt—l—M@)dy—(l—xC)?/Owtdy

BT 0.0+ w10~ (530.0)+ 62(0.0)

3EI L3 !
- (T - 7) 5/ we dy — (L, + pxl — px.) 5/ o7 dy
0 0

5B (L 022) 67 (1,1) = DETR (1,1) + S Pples? (11) + Bpade (1) i (1,1
l
—(GJ = MI® = M1 — LI?) § / G2y — %wyyy (1.t) + 5GJ1¢2 (1,1)
0

1 1
- (K — 5 max {E + BEIL kyG.J }) lle(®)]* = Aqw / s’ (p, tyu(p, t)dp
0

_ 2 SoaD? !
FAgdie® (A + A3,) D? + wl% + )\Qép/ e“2PuT (p, t)u(p, t)dp
0

[ﬁfw — Ctéo_:| + wi 6,

+262 (éﬁ — 516“"2 (1 + )\M))
—tr (W(t)TA;1W(t)> —tr (f/(t)TAz_lf/(tD : (5-66)

do|u(0, 1)

Using the fact that a”b = trace(ba”), W (t) and V(t) are designed to cancel cross terms as

A . AN NP

W = proj (Al Mloi\;/[ <VT:) TT> , (5-67)
: //)\MH T (V=
V=A, =W (V H>. (5-68)
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The function proj(.,.) in ((5-67)) denotes a projection operator, that is Lipschitz continuous
(as discussed in Section (3.7) ), which ensures D 4+, < D(t) < D + ,, where ;, , € R are
subsequently defined positive constants (see Section 5.7). Using the inequalities in (5-60),

(5-66) can be upper bounded as

Ve < =Allr@? = A, llea®” = Aclle®]® = Aq, . 8allu(0, )|

! !
—l—/o (Lwt—i-]\/[@)dy—(l—xc)@/owfdy

2
L @R 1)+ 3 (11)) 2 (6300,0) + 630,)

3EI LB l s
‘GT“?VA%M i@ 4 v (bt ) § [ i

T3 Bl (L + pa?) 97 (1,1) — PEIL » 2(1,t) — (GJ — MI® — Ml — LP) é/ $2dy
—ﬁb;n wiy, (1, 1) + 6GJZ¢2 (L,t) + ﬁplwt (1, t) + Bpwcldy (1, t) wi (1,1) (5-69)

where A\, A, Ae s AQ1, AQyees Ares € R are defined as

A K M €9 6104810
L | ———ak| -2 7
" 2 Mlow aé& 2 2 ’ (5 O)
1
A = K — 5 max {EI + BEIl ksGJ}, (5-71)
oz<5 wlgl)\M 62&)15],
ey K - - 5 - 2
Ae, Wl‘a ‘ 26 9 9 (5 U )
)\Ql é )\Q (CL)Q min ((50, (51) — |(5_pD s (5—73)
A | + w10
2. & Ag — [Mm } - (5-74)
262 (ég_ - 516""2 (1 + /\]\/j>)
_ - S\ D?
Ares = Aob16*? (Mg + A2)) D? + “’1% (5-75)

Using the definition of 2 = [rT €T el]" and y £ [z7 /Q]”, and provided all the gain
conditions are satisfied sufficiently (see Remark 5.4 and Section (5.7)), following upper bound

of V, is developed and can be expressed as

VL S _>\1 HyH2 - )\QEB + )\res S _g(t> + )\7‘687 (5_76)
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where A\, \s € R are defined as

)\1 é min {>\r7 )\67 >\6u7 )\Q} ) (5_77)
1
A2 & Smin{Bp — Bpr. — L,3EI — LI, B (L + pr?) — Bpz. — M.

B(GJ — MI®— Ml — LI*) — (M + L) F}. (5-78)

From (5-48) and (5-76), V, € L; hence, Eg € L, e,1,6, € Lo, and 0 € L.

Since Eg € L., it can be concluded that fol wy,dy € Lo and fol ¢ody € Loo; hence, the
elastic potential energy in the wing Ep € L., and by Property 5.1, wy,, ({,-) € L and

oy (l,-) € Loo. Since e € Lo, Wyyy (1,+) € L, and ¢, (1,-) € Lo, (5-12) can be used to
show w; (I,-) € Lo and ¢; (I,-) € L. Since wi (I,+) € Lo, v (I,-) € Lo, and Ep € Lo,
the kinetic energy of the system Ex € L., and by Property 5.2, ‘?;Tij and % are bounded,
uniformly in ¢ Yy € [0,1] for ¢ = 1,2, 3. Equations (5-4) and (5-5) and the fact that e, € L,
can be used to show that the boundary control input, U(t) € L... Differentiating g from

(5-76) with respect to time yields
() = XEp(t) + 2 [y @) 11|, (5-79)

where

!
Ep(t) = 2/ (Wit + WyyWiyy + Gedu + Prydy) dy. (5-80)
0
After integrating by parts the second and fourth terms in (5-80), Ej can be expressed as
_ !
Ep(t) = 2/ (we (Wit + wyyyy) + G (S — Dyy)) dy — 2wy (1, 1) wyyy (1,1)
0
+2¢; (1, 1) ¢y (1, 1) (5-81)

Since all system signals are bounded, (5-81) can be used to conclude that E5 € L.
Equations (5-25) and (5-79) can be used to show that ¢ € L. Given that V() is a non-

negative function in time and VL(t) < —g(t) + Aves, where g(t) is a non-negative function and
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g(t) € Ly, Lemma A.6 in [96] and Lemma 4.3 in [99] can be used to show that Eg (t),y (t)

are UUB. Using (5-34) and Lemma A.12 in [96] the following inequalities can be developed

l
1
Ep(t) > /o wzydy > l—gch >0, (5-82)
l
1
Ep(t) > [ ¢idy > qu? > 0. (5-83)

Since y(t) is UUB as time approaches, that is all the auxiliary error terms (i.e., e(t), r(¢)
and e,(t)), it can be concluded from (5-82) and (5-83) that w, ¢ are UUB as ¢ — oo
Yy € [0,1]. O

5.6 Numerical Simulation
A numerical simulation is presented to illustrate the performance of the developed
controller. To approximate the simultaneous nonlinear system of PDEs that describe the
bending and twisting of aircraft wing with a finite number of ODEs, a Galerkin-based method
is used. The twisting and bending deflections of the wing are represented as a weighted sum of

basis functions as given by

n

o(y,t) = ag(t)ho(y) + Y ai(t)hi(y),

i=1
p

w(y,t) = bo(t)go(y) + Z bi(t)g:(y), (5-84)

i=1

where n = 5,p = 4, denote the number of basis functions used in the approximations of the

wing twisting and bending deflection, respectively. Equation (5-84) is a standard trail solution

for Galerkin's weighted residual method. Selecting the trial solution in this way ensures that

the solution satisfies the PDEs, by using principle of orthogonality between the basis functions
p

and any arbitrary function. A set of linearly independent functions {h;(y)}"_, and {g:(v)}"_, is

used satisfying the following boundary conditions.

ho (O) =h; (0) =0, hyo (l) =1, hyz‘ (l) =0,
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90(0) = g:(0) =0, gy (0) =g, (0) =0,

Jyyo (1) = Gyy; (1) =0, Gyyyo () = L, 9yyy: (1) =0.

First the approximation of the twisting and bending deflection given in (5-84) is substituted in
the system of PDEs in (5-1) and (5-2), and then Taylor's approximation up to two terms is
used to approximate sine and cosine terms, and the resulting equations can be written as a set

of coupled nonlinear ODEs

Gib+ a* (Gora + Goaa®) + i (Ga1 + Goa?) + Gub + Gsa = 0, (5-85)
Hyi + Haotb + Haba? + Hsa + Hya = 0. (5-86)
T T
In (5-85) and (5—86) b(t) = |bo(t) by(t) ... b,J(ze)} ,aft) £ {ao(t) ar(t) ... an(t)
20 [ 9(y)g" (W)dy, Gor 2 —px. [y 9(y) (M(y)h(y)?)" dy, Gap 2 L2 olg<y>( (¥)*h(y)*)"d
Car 2 pr. fo )dy Glao 2 —22 [V g )2) dy, Gi £ EI [ 9(4)g5,,(4)dy
Gs = —L, fo y)dy, Hy £ (I, + px?) fo y)dy, Ha 2 pa. [} h(y)g" (y)dy,
£ e [Th( Vh(y)?)" dy, Hy =—Gth(y)hyy(y)dy, Hy & =M, [y h(y)h" (y)dy

The coupled nonlinear ODEs are simulated with the following initial conditions: w(y,0) =
0 m and ¢(y,0) = % rad. The performance of the controller designed in (5-23) along with
the update laws in (5-24), in the simulation, demonstrated. As indicated in Figures 5-2 and 5-
3, the coupled elastic system become unstable in the presence of time delay. Thus, the control
objective is to regulate the twisting and bending deflection in presence of unknown time-
varying input delay in the system. In order to estimate the time-varying delay and compensate
for that, NN based update laws have been used for this simulation as in (5-67-5-68). Figures
5-4 and 5-5 show that the designed controller sufficiently mitigates the delay induced bending
and twisting deflections respectively, along the length of the beam as time progresses. Figures

5-6 and 5-7 illustrate the time variation of the applied control force and moment, respectively.
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5.7 Control Gain Selection
Control gains, such as A, in (5-70), A, in (5-71), A, in (5-72), Ao, in (5-73), Ag,.. in
(5-74), and A in (5-77), introduced in the stability analysis (Section 5.5) require to be pos-
itive constants. Based on the designed bounds of time-delay estimate (ﬁ) and subsequently
derived bounds of &y, &, and 4, (i.e., 8o, do, 01, 01, |6,]), this section develops sufficient gain

conditions to ensure A, A., Ac,, Ao, and Ag,., > 0. Using the definitions of A, in (5-70) and

Ae in (5-71), sufficient lower bounds for K can be obtained as

K > { l/// — Ckéo_:| €2 + €106, (5-87)
low
1
K > 5 max {EI+ BEIIl, ksGJ}, (5-88)
M _ 1
K > max Sy ady | €2 + €100y, 5 max {EI + SEIL kgGJ} ». (5-89)
low

Using the definition of A., in (5-72), following upper bounds of w; can be obtained as

o
wy < ———24 — (5-90)
(11 3 + =)

In order to ensure that the numerator of inequality in (5-90), stays positive, following upper

bound of o can be obtained as

2K
a< =94 (5-91)
6p
Also from the definition of A\g; in (5-73), wo needs to satisfy the following inequality
19,
> 5-92
min ((50, (51) ( )
In order to satisfy \g,.. in (5-74), A\g has to be selected sufficiently large to ensure
7 _
|: — = Oééo_] + w15
Ao > | —ttow ! (5-93)

2¢ (éo_ — 516“)2 (1 + )\M))

In (5-93), w; has to be selected sufficiently to satisfy
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a <

- (5-94)

From (5-77), it is quite clear that by selecting K, wy, o, Ag, and wy sufficiently as in (5-89)-
(5-94), A1 can be made positive. Based on Remark 5.4, \; > 0 has been satisfied.
5.8 Conclusion

This paper presents a novel approach of developing a boundary control strategy added
with delay compensation, for mitigating store induced oscillations in a flexible aircraft wing,
subjected to unknown time-varying input delay. The designed controller guarantees to provide
a UUB type stability as shown in stability analysis, unlike regular boundary controller in
[1], which ensures asymptotic stability without delay presence in the system. The main
contributions of this work is two fold. First, the designed controller is the first of this kind
which ensures the stability of a coupled PDE based elastic system in presence of unknown
time-varying input delay. Second, NN based update laws have been developed to model the
unknown delay in the system, which uses a nonlinear mapping to transform the time domain
to a compact domain, in order to utilize the universal function approximation theorem. A
potential drawback to the developed method is the need for measurements of high-order spatial
derivatives of the distributed states (e.g., wy,, (I,%)), as shown in (5-21). Future efforts are
focused on developing PDE-based output feedback boundary control strategies that would
eliminate the need for high-order spatial derivative measurements. Finally, numerical simulation

demonstrates the performance of the designed controller along with the adaptive update laws.
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CHAPTER 6
CONCLUSIONS AND FUTURE WORKS

6.1 Conclusions

Input delayed systems are subject of interest of many researchers for past few decades.
Although there exists two different kind of control strategies in existing literature, namely
robust strategy and prediction-based strategy, amalgamation of both two strategies are
not studied. Robust strategy has advantage of not using system model for developing the
controller, along with effective application to system with exogenous disturbances. On
the other hand, although predictor-based strategy uses model knowledge for system state
prediction, it gives a much simpler control gain conditions from stability analysis, unlike robust
strategy. These advantages of both two strategies, motivate the development necessity of a
noble control strategy for nonlinear unknown dynamical system, subjected to input delay.

In Chapter 2 this proposed amalgamation of predictor-based and robust strategy is
demonstrated by developing a partial differential equation based controller, for a second order
uncertain nonlinear system subjected to known time-varying input delay. This noble control
approach utilizes a nonlinear delay dependent transformation, to transform traditional control
input to a modified control input, which depends on both time and a dummy spatial variable.
Introduction of this new spatial variable not only simplifies the control gain conditions, as
demonstrated in the stability analysis, but also takes out time-varying delay term out of the
control input, which is advantageous while designing estimator of the unknown time delay,
as shown in Chapter 3 and Chapter 4. Finally, application of the developed controller is
experimentally demonstrated for a series of dynamic tracking experiments of the knee-joint
dynamics. The dynamic tracking experiments show successful implementation of the developed
controller on six different healthy individuals.

Chapter 3 extends the concept of partial differential equation based controller, intro-

duced in Chapter 2, for a cascading uncertain dynamical system of Brunovsky canonical form,
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subjected to an unknown input delay. In order to apply the spatial and time varying transfor-
mations for the controller, an estimate of delay is needed. A neural network based estimation
strategy is developed for delay estimation, which depends on a nonlinear mapping to transform
time into a compact domain, and uses universal functional approximation theorem for the
estimation. Simulation is performed for a two link robot dynamics, subjected to a unknown
time-varying delay. Simulation results show the performance of the controller, and also an
estimate of the unknown delay magnitude using designed neural network.

Chapter 3, demonstrates a neural network based estimation for unknown delay magnitude,
although the performance of the estimation depends highly on the choice of activation func-
tions and training data set. As with all the data driven techniques, availability of sufficient data
set is much needed, but in order to eliminate the high dependency of estimation performance
on choice of activation function, an optimization based strategy is demonstrated in Chapter
4. Nesterov's accelerated gradient descent based algorithm is used for the delay estimation,
which uses two previous discrete time steps information for estimating the current time step,
instead of one as in traditional gradient descent. Stability analysis also incorporates developed
accelerated gradient descent based method for the estimation, and shows an UUB stability of
the nonlinear system. Simulation is performed on a two link robot dynamics, and simulation
results show a sufficiently smooth delay estimation, and a decay in the objective function.

In Chapter 5, previously developed delay estimation using neural network is applied for a
flexible aircraft wing subjected to an unknown time-varying input delay. A boundary control
strategy with a delay compensation term is developed to mitigate the limit cycle oscillation
of the aircraft wing. The delay compensation term utilizes the neural network based delay
estimation strategy developed in 3. Simulation result justifies the necessity of adding a delay
compensation term to the boundary controller, by demonstrating the effect of input delay
on a flexible aircraft system which is controlled just by an adaptive boundary controller. For

the developed delay compensated boundary controller, same system is simulated and the
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performance of the developed controller significantly improves compare to the case of no delay
compensation in the controller.
6.2 Future Works

Image-based control systems rely on feedback from a single or multiple cameras to achieve
desired guidance, navigation, and control objectives. The raw images need to be processed,
either by a central processing unit or by specialized image processors, to extract and match
desired features and patterns. While dedicated systems and graphical processing units provide
significant computational resources, potential gains in processing time have been offset by
the desire to process higher resolution imagery. Therefore, image-based control systems are
inherently susceptible to time delays resulting from image extraction and processing. The
delay in image processing to obtain the necessary control signal can be regarded as a time-
varying input delay. Additionally, when the camera is not co-located with the system to be
controlled, i.e., when using an off-board camera, a network communication channel (wired or
wireless) is used to stream images from the camera to the controller. The uncertainties in the
communication channel pose another challenge to networked imaging systems as the state
received at the controller is delayed, and the delay could be unknown. The developed neural
network based delay estimation method can be applied, along with the partial differential
equation based controller, for image-based visual servo control problems.

Moreover, another possible application of the developed controller along with delay
estimation strategy can be switched systems. Switched systems are hybrid dynamical system,
consists of switching between different subsystems, and have strong engineering applications.
Similar to linear/nonlinear systems subjected to time delay, switched time-delay systems are
studied extensively in existing literature. Although there exists several literature for both
continuous, and discrete switched system, subjected to known time-varying delays, continuous
uncertain nonlinear switched system subjected to unknown time-varying state delay remains

an open problem, based on author’s best knowledge. This motivates the necessity of using the

08



NN functional approximator approach to estimate unknown time-varying state delay, for an

uncertain continuous switched system.

99



[1]

[2]

[3]

[4]

[3]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

REFERENCES

B. Bialy, I. Chakraborty, S. Cekic, and W. E. Dixon, “Adaptive boundary control of store
induced oscillations in a flexible aircraft wing,” Automatica, vol. 70, pp. 230-238, 2016.

H. T. Dinh, N. Fischer, R. Kamalapurkar, and W. E. Dixon, “Output feedback control for
uncertain nonlinear systems with slowly varying input delay,” in Proc. Am. Control Conf.,
Washington, DC, Jun. 2013, pp. 1748-1753.

N. Fischer, R. Kamalapurkar, N. Fitz-Coy, and W. E. Dixon, “Lyapunov-based control of
an uncertain Euler-Lagrange system with time-varying input delay,” in Proc. Am. Control
Conf., Montréal, Canada, Jun. 2012, pp. 3919-3924.

S. Obuz, E. Tatlicioglu, S. C. Cekic, and D. M. Dawson, “Predictor-based robust control
of uncertain nonlinear systems subject to input delay,” in IFAC Workshop on Time Delay
Syst., vol. 10, no. 1, 2012, pp. 231-236.

J. Huang and F. Lewis, “Neural-network predictive control for nonlinear dynamic systems
with time-delay,” IEEE Trans. Neural Netw., vol. 14, no. 2, pp. 377-389, 2003.

A. Teel, “Connections between Razumikhin-type theorems and the ISS nonlinear small
gain theorem,” IEEE Trans. Autom. Control, vol. 43, no. 7, pp. 960-964, 1998.

N. Fischer, A. Dani, N. Sharma, and W. E. Dixon, “Saturated control of an uncertain
nonlinear system with input delay,” Automatica, vol. 49, no. 6, pp. 1741-1747, 2013.

N. Sharma, S. Bhasin, Q. Wang, and W. E. Dixon, “Predictor-based control for an
uncertain Euler-Lagrange system with input delay,” Automatica, vol. 47, no. 11, pp.
2332-2342, 2011.

M. Henson and D. Seborg, “Time delay compensation for nonlinear processes,” Ind. Eng.
Chem. Res., vol. 33, no. 6, pp. 1493-1500, 1994.

F. Mazenc and P. Bliman, “Backstepping design for time-delay nonlinear systems,” IEEE
Trans. Autom. Control, vol. 51, no. 1, pp. 149-154, 2006.

M. Jankovic, “Control of cascade systems with time delay - the integral cross-term
approach,” in Proc. IEEE Conf. Decis. Control, Dec. 2006, pp. 2547-2552.

|. Karafyllis, M. Malisoff, M. de Queiroz, M. Krstic, and R. Yang, “A new tracking
controller for neuromuscular electrical stimulation under input delays: Case study in
prediction,” in Proc. Am. Control Conf., 2014, pp. 4186-4191.

S. Obuz, R. J. Downey, A. Parikh, and W. E. Dixon, “Compensating for uncertain time-
varying delayed muscle response in isometric neuromuscular electrical stimulation control,”
in Proc. Am. Control Conf., 2016, pp. 4368-4372.

100



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]
[22]

[23]

[24]

[25]

[26]

[27]

R. Downey, R. Kamalapurkar, N. Fischer, and W. E. Dixon, Recent Results on Nonlinear

Delay Control Systems: In honor of Miroslav Krstic. Springer New York, 2015, ch. Com-
pensating for Fatigue-Induced Time-Varying Delayed Muscle Response in Neuromuscular

Electrical Stimulation Control, pp. 143-161.

S. Obuz, R. J. Downey, J. R. Klotz, and W. E. Dixon, “Unknown time-varying input delay
compensation for neuromuscular electrical stimulation,” in /[EEE Multi-Conf. Syst. and
Control, Sydney, Australia, Sep. 2015, pp. 365-370.

M. Merad, “Isometric torque control in neuromuscular electrical stimulation with fatigue-
induced delay,” Master’s thesis, University of Florida, 2014.

F. Bouillon, “Measure, modeling and compensation of fatigue induced delay during
neuromuscular electrical stimulation,” Master's thesis, University of Florida, 2013.

S. Subramanian, J. W. Curtis, E. L. Pasiliao, J. M. Shea, and W. E. Dixon, “Continuous
congestion control for differentiated-services networks,” in Proc. IEEE Conf. Decis.
Control, Maui, HI, Dec. 2012, pp. 4591-4596.

M. Merad, R. J. Downey, S. Obuz, and W. E. Dixon, “Isometric torque control for
neuromuscular electrical stimulation with time-varying input delay,” /EEE Trans. Control
Syst. Tech., vol. 24, no. 3, pp. 971-978, 2016.

R. Kamalapurkar, N. Fischer, S. Obuz, and W. E. Dixon, “Time-varying input and state
delay compensation for uncertain nonlinear systems,” |[EEE Trans. Autom. Control,
vol. 61, no. 3, pp. 834-839, 2016.

O. M. Smith, “A controller to overcome deadtime,” ISA J., vol. 6, pp. 28-33, 1959.

A. Manitius and A. Olbrot, “Finite spectrum assignment problem for systems with delays,”
IEEE Trans. Autom. Control, vol. 24, no. 4, pp. 541-552, 1979.

Z. Artstein, “Linear systems with delayed controls: A reduction,” /EEE Trans. Autom.
Control, vol. 27, no. 4, pp. 869-879, 1982.

R. Lozano, P. Castillo, P. Garcia, and A. Dzul, “Robust prediction-based control for
unstable delay systems: Application to the yaw control of a mini-helicopter,” Automatica,
vol. 40, no. 4, pp. 603-612, 2004.

Z. Wang, P. Goldsmith, and D. Tan, “Improvement on robust control of uncertain systems
with time-varying input delays,” IET Control Theory Appl., vol. 1, no. 1, pp. 189-194,
2007.

D. Yue and Q.-L. Han, “Delayed feedback control of uncertain systems with time-varying
input delay,” Automatica, vol. 41, no. 2, pp. 233-240, 2005.

N. Bekiaris-Liberis and M. Krstic, “Compensation of time-varying input and state delays
for nonlinear systems,” J. Dyn. Syst. Meas. Control, vol. 134, no. 1, p. 011009, 2012.

101



[28] M. Krstic, “Input delay compensation for forward complete and strict-feedforward
nonlinear systems,” IEEE Trans. Autom. Control, vol. 55, pp. 287-303, Feb. 2010.

[29] ——, “Lyapunov stability of linear predictor feedback for time-varying input delay,” /EEE
Trans. Autom. Control, vol. 55, pp. 554-559, 2010.

[30] D. Bresch-Pietri and M. Krstic, “Delay-adaptive control for nonlinear systems,” IEEE
Trans. Autom. Control, vol. 59, no. 5, pp. 1203-1218, 2014.

[31] N. Fischer, R. Kamalapurkar, N. Sharma, and W. E. Dixon, “RISE-based control of an
uncertain nonlinear system with time-varying state delays,” in Proc. IEEE Conf. Decis.
Control, Maui, HI, Dec. 2012, pp. 3502-3507.

[32] J. R. Klotz, S. Obuz, Z. Kan, and W. E. Dixon, “Synchronization of uncertain Euler-
Lagrange systems with unknown time-varying communication delays,” in Proc. Am.
Control Conf., Jul. 2015, pp. 683-688.

[33] M. Krstic, “On compensating long actuator delays in nonlinear control,” IEEE Trans.
Autom. Control, vol. 53, no. 7, pp. 1684-1688, 2008.

[34] M. Krstic and D. Bresch-Pietri, “Delay-adaptive full-state predictor feedback for systems
with unknown long actuator delay,” in Proc. IEEE Am. Control Conf., 2009, pp. 4500—
4505.

[35] N. Bekiaris-Liberis and M. Krstic, “Compensation of time-varying input delay for nonlinear
systems,” in Mediterr. Conf. Control and Autom., Corfu, Greece, 2011.

[36] D. Bresch-Pietri, J. Chauvin, and N. Petit, “Adaptive control scheme for uncertain
time-delay systems,” Automatica, vol. 48, no. 8, pp. 1536-1552, 2012.

[37] ——, “Adaptive backstepping for uncertain systems with time-delay on-line update laws,”
in Proc. Am. Control Conf., 2011, pp. 4890-4897.

[38] ——, “Adaptive backstepping controller for uncertain systems with unknown input time-
delay. application to si engines,” in Proc. IEEE Conf. Decis. Control, 2010, pp. 3680-3687.

[39] I. Karafyllis and M. Krstic. (2011) Predictor-based output feedback for nonlinear delay
systems. arXiv:1108.4499v1.

[40] M. Krstic, Delay Compensation for Nonlinear, Adaptive, and PDE Systems.  Springer,
2009.

[41] F. Mazenc, M. Malisoff, and T. N. Dinh, “Robustness of nonlinear systems with respect to
delay and sampling of the controls,” Automatica, vol. 49, no. 6, pp. 1925-1931, 2013.

[42] F. Mazenc, M. Malisoff, and Z. Lin, “Further results on input-to-state stability for
nonlinear systems with delayed feedbacks,” Automatica, vol. 44, no. 9, pp. 2415-2421,
2008.

102



[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

F. Mazenc, S. Niculescu, and M. Bekaik, “Stabilization of time-varying nonlinear systems
with distributed input delay by feedback of plant’s state,” IEEE Trans. Autom. Control,
vol. PP, no. 99, p. 1, 2012.

|. Chakraborty, S. Obuz, R. Licitra, and W. E. Dixon, “Control of an uncertain euler-

lagrange system with known time-varying input delay: A pde-based approach,” in Proc.
Am. Control Conf., 2016, pp. 4344—4349.

I. Chakraborty, S. Obuz, and W. E. Dixon, “Control of an uncertain nonlinear system
with known time-varying input delays with arbitrary delay rates,” in Proc. IFAC Symp. on
Nonlinear Control Sys., 2016.

|. Chakraborty, S. Mehta, E. Doucette, and W. E. Dixon, “2.5D visual servo control in the
presence of time-varying state and input delays,” in Proc. Am. Control Conf., 2017.

M. Ghanes, J. Den Leon, and J. Barbot, “Observer design for nonlinear systems under
unknown time-varying delays,” IEEE Trans Autom. Contol, vol. 58, no. 6, pp. 1529-1534,
2013.

A. Seuret, T. Floquet, J. Richard, and S. Spurgeon, “A sliding mode observer for linear
systems with unknown time varying delay,” in Proc. of American Control Conf, 2007.

——, “Observer design for systems with non small and unknown time-varying delay,”
Topics in Time Delay Systems, pp. 233-242, 20009.

P. Jiang and C. Li, “Observer-based robust stabilization for uncertain systems with
unknown time-varying delay,” Journal of Control Theory and Applications, vol. 2, no. 2,
pp. 155-160, 2004.

W. Chen and Z. Zhang, “Nonlinear adaptive learning control for unknown time-varying
parameters and unknown time-varying delays,” Asian Journal of Control, vol. 13, no. 6,
pp. 903-913, 2011.

R. Datko, “Not all feedback stabilized hyperbolic systems are robust with respect to small
time delays in their feedbacks,” SIAM Journal on Control and Optimization, vol. 26, no. 3,
pp. 697-713, 1988.

J. J. Block and T. W. Strganac, “Applied active control for a nonlinear aeroelastic
structure,” J. Guid. Control Dynam., vol. 21, pp. 838-845, 1999.

W. Zhang and Z. Ye, “Control law design for transonic aeroservoelasticity,” Aerospace
Science and Technology, vol. 11, pp. 136-145, 2007.

Z. Prime, B. Cazzolato, C. Doolan, and T. Strganac, “Linear-parameter-varying control
of an improved three-degree-of-freedom aeroelastic model,” J. Guid. Control Dynam.,
vol. 33, pp. 615-618, 2010.

J. Ko, T. W. Strganac, and A. Kurdila, “Stability and control of a structurally nonlinear
aeroelastic system,” J. Guid. Control Dynam., vol. 21, pp. 718-725, 1998.

103



[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

B. P. Danowsky, P. M. Thompson, C. Farhat, T. Lieu, C. Harris, and J. Lechniak,
“Incorporation of feedback control into a high-fidelity aeroservoelastic fighter aircraft
model,” J. Aircraft, vol. 47, pp. 1274-1282, 2010.

P. M. Thompson, B. P. Danowsky, C. Farhat, T. Lieu, J. Lechniak, and C. Harris, “High-
fidelity aeroservoelastic predictive analysis capability incorporating rigid body dynamics,”
in Proc. AIAA Atmospheric Flight Mechanics, AIAA 2011-6209, 2011.

L. Cavagna, S. Ricci, and A. Scotti, “Active aeroelastic control over a four control surface
wing model,” Aerospace Science and Technology, vol. 13, pp. 374-382, 2009.

M. R. Elhami and M. F. Narab, “Comparison of SDRE and SMC control approaches for
flutter suppression in a nonlinear wing section,” in Proc. Am. Control Conf., 2012, pp.
6148-6153.

B. J. Bialy, C. L. Pasiliao, H. T. Dinh, and W. E. Dixon, “Lyapunov-based tracking of
store-induced limit cycle oscillations in an aeroelastic system,” in Proc. ASME Dyn. Syst.
Control Conf., Fort Lauderdale, Florida, Oct. 2012.

B. Bialy, L. Andrews, J. Curtis, and W. E. Dixon, “Saturated rise tracking control of
store-induced limit cycle oscillations,” in Proc. AIAA Guid., Navig., Control Conf., AIAA
2013-4529, Aug. 2013.

F. Bucci and |. Lasiecka, “Optimal boundary control with critical penalization for a PDE
model of fluid-solid interactions,” Calc. Var., vol. 37, pp. 217-235, 2010.

C. I. Byrnes, I. G. Lauké, D. S. Gilliam, and V. |. Shubov, “Output regulation for linear
distributed parameter systems,” |[EEE Trans. Autom. Control, vol. 45, pp. 2236-2252,
2000.

Z.-H. Luo, “Direct strain feedback control of flexible robot arms: New theoretical and
experimental results,” IEEE Trans. Autom. Control, vol. 38, pp. 1610-1622, 1993.

Z -H. Luo and B. Guo, “Further theoretical results on direct strain feedback control of
flexible robot arms,” IEEE Trans. Autom. Control, vol. 40, pp. 747-751, 1995.

P. D. Christofides and P. Daoutidis, “Finite-dimensional control of parabolic pde systems
using approximate inertial manifolds,” J. Math. Anal. Appl., vol. 216, pp. 398-420, 1997.

A. Shawky, A. Ordys, and M. Grimble, “End-point control of a flexible-link manipulator
using H., nonlinear control via a state-dependent riccati equation,” in 2002 IEEE
International Conference on Control Applications, 2002.

L. Meirovitch, Analytical Methods in Vibrations. New York, NY, USA: The Macmillan
Company, 1967.

M. J. Balas, “Feedback control of flexible systems,” IEEE Trans. Autom. Control, vol.
AC-23, pp. 673679, 1978.

104



[71]

[72]

[73]

[74]

[75]

[76]

[77]

[78]

[79]

[80]

[81]

[82]

[83]

L. Meirovitch and H. Baruh, “On the problem of observation spillover in self-adjoint
distributed-parameter systems,” J. Optim. Theory App., vol. 39, pp. 269-291, 1983.

M. J. Balas, “Trends in large space structure control theory: Fondest hopes, wildest
dreams,” IEEE Trans. Autom. Control, vol. AC-27, pp. 522-35, 1982.

M. P. Fard and S. |. Sagatun, “Exponential stabilization of a transversely vibrating beam
by boundary control via lyapunov’s direct method,” J. Dyn. Syst. Meas. Control, vol. 123,
pp. 195-200, 2001.

A. A. Siranosian, M. Krstic, A. Smyshlyaev, and M. Bement, “Gain scheduling-inspired
boundary control for nonlinear partial differential equations,” J. Dyn. Syst. Meas. Control,
vol. 133, p. 051007, 2011.

P. M. Patre, W. MacKunis, K. Kaiser, and W. E. Dixon, “Asymptotic tracking for
uncertain dynamic systems via a multilayer neural network feedforward and RISE feedback
control structure,” IEEE Trans. Autom. Control, vol. 53, no. 9, pp. 2180-2185, 2008.

P. Patre, W. Mackunis, K. Dupree, and W. E. Dixon, “Modular adaptive control of

uncertain Euler-Lagrange systems with additive disturbances,” IEEE Trans. Autom.
Control, vol. 56, no. 1, pp. 155-160, 2011.

N. Sharma, S. Bhasin, Q. Wang, and W. E. Dixon, “RISE-based adaptive control of a
control affine uncertain nonlinear system with unknown state delays,” IEEE Trans. Autom.
Control, vol. 57, no. 1, pp. 255-259, Jan. 2012.

N. Sharma, C. Gregory, and W. E. Dixon, “Predictor-based compensation for electrome-
chanical delay during neuromuscular electrical stimulation,” IEEE Trans. Neural Syst.
Rehabil. Eng., vol. 19, no. 6, pp. 601-611, 2011.

R. Downey, M. Merad, E. Gonzalez, and W. E. Dixon, “The time-varying nature of
electromechanical delay and muscle control effectiveness in response to stimulation-
induced fatigue,” IEEE Trans. Neural Syst. Rehabil. Eng., to appear.

N. Sharma, K. Stegath, C. M. Gregory, and W. E. Dixon, “Nonlinear neuromuscular
electrical stimulation tracking control of a human limb,” IEEE Trans. Neural Syst. Rehabil.
Eng., vol. 17, no. 6, pp. 576-584, Jun. 2009.

R. J. Downey, T.-H. Cheng, M. J. Bellman, and W. E. Dixon, “Closed-loop asynchronous
electrical stimulation prolongs functional movements in the lower body,” IEEE Trans.
Neural Syst. Rehabil. Eng., vol. 23, no. 6, pp. 1117-1127, 2015.

R. J. Downey, M. Bellman, N. Sharma, Q. Wang, C. M. Gregory, and W. E. Dixon, “A
novel modulation strategy to increase stimulation duration in neuromuscular electrical
stimulation,” Muscle Nerve, vol. 44, no. 3, pp. 382-387, Sep. 2011.

R. J. Downey, T.-H. Cheng, M. J. Bellman, and W. E. Dixon, “Closed-loop asynchronous
neuromuscular electrical stimulation prolongs functional movements in the lower body,”
IEEE Trans Neural Syst. Rehabil. Eng., vol. 23, no. 6, pp. 1117-1127, Nov. 2015.

105



[84] W. E. Dixon and M. Bellman, “Cycling induced by functional electrical stimulation: A
control systems perspective,” ASME Dyn. Syst. & Control Mag., vol. 4, no. 3, pp. 3-7,
Sept 2016.

[85] M. Ferrarin and A. Pedotti, “The relationship between electrical stimulus and joint torque:
A dynamic model,” IEEE Trans. Rehabil. Eng., vol. 8, no. 3, pp. 342-352, Sep. 2000.

[86] E. Ambrosini, S. Ferrante, T. Schauer, G. Ferrigno, F. Molteni, and A. Pedrocchi, “Design
of a symmetry controller for cycling induced by electrical stimulation: preliminary results
on post-acute stroke patients,” Artif. Organs, vol. 34, no. 8, pp. 663-667, Aug. 2010.

[87] M. J. Bellman, T. H. Cheng, R. J. Downey, C. J. Hass, and W. E. Dixon, “Switched
control of cadence during stationary cycling induced by functional electrical stimulation,”
IEEE Trans. Neural Syst. Rehabil. Eng., vol. 24, no. 12, pp. 1373-1383, 2016.

[88] S. Obuz, J. R. Klotz, R. Kamalapurkar, and W. E. Dixon, “Unknown time-varying input
delay compensation for uncertain nonlinear systems,” Automatica, vol. 76, pp. 222-229,
February 2017.

[89] R. Marino and P. Tomei, “Robust adaptive state-feedback tracking for nonlinear systems,”
IEEE Trans Autom. Contol, vol. 43, no. 1, pp. 84-89, 1998.

[90] J. Pomet and L. Praly, “Adaptive nonlinear regulation: Estimation from the lyapunov
equation,” IEEE Trans Autom. Contol, vol. 37, no. 6, pp. 729-740, 1992.

[91] Y. Nesterov, Introductory lectures on convex optimization: A basic course.  Springer
Science & Business Media, 2013.

[92] B. Horn, Robot vision. MIT Press, 1986.

[93] S. Boyd and L. Vandenberghe, Convex Optimization. New York, NY, USA: Cambridge
University Press, 2004.

[94] M. Krstic and A. Smyshlyaev, Boundary control of PDEs: A course on Backstepping
Designs. SIAM, 2008.

[95] I. Chakraborty, S. Mehta, J. W. Curtis, and W. E. Dixon, “Compensating for time-varying

input and state delays inherent to image-based control systems,” in Proc. Am. Control
Conf., 2016, pp. 78-83.

[96] M. S. de Queiroz, D. M. Dawson, S. P. Nagarkatti, and F. Zhang, Lyapunov-Based
Control of Mechanical Systems. Birkhauser, 2000.

[97] M. S. de Queiroz, D. M. Dawson, M. Agarwal, and F. Zhang, “Adaptive nonlinear
boundary control of a flexible link robot arm,” /EEE Trans. Robot. Autom., vol. 15, pp.
779-787, 1999.

[98] D. E. Thompson Jr. and T. W. Strganac, “Nonlinear analysis of store-induced limit cycle
oscillations,” Nonlinear Dynamics, vol. 39, pp. 159-178, 2005.

106



[99] J. Slotine and W. Li, Applied Nonlinear Control. Prentice Hall, 1991.

107



BIOGRAPHICAL SKETCH

Indra received his bachelor's and master’s from Jadavpur University, India and 1T
Kharagpur, India, respectively, both in mechanical engineering. He worked for one and half
years as an Edison engineer in General Electric (GE Energy), after his master's degree. He is
pursuing master's and PhD in mechanical engineering, under the advisement of Prof. Warren
E. Dixon, along with master’s in Applied Mathematics, at University of Florida. He has worked
as a summer intern at UF-REEF, during May 2015 to August 2015 and May 2016 to August
2016. He is currently working as a PhD intern at Pacific Northwest National Laboratory

(PNNL), starting from June 2017.

108



	ACKNOWLEDGMENTS
	TABLE OF CONTENTS
	LIST OF FIGURES
	ABSTRACT
	1 INTRODUCTION
	1.1 Motivation
	1.2 Literature Review
	1.3 Contribution

	2 Control of an Uncertain Second-Order System with Known Time-Varying Input Delay: A PDE-Based Approach
	2.1 Dynamic Model and Properties
	2.2 Control Objective
	2.3 Control Development
	2.4 Stability Analysis
	2.5 Experimental Results
	2.6 Control Gain Selection
	2.7 Conclusion

	3 Control of an Input Delayed Uncertain Nonlinear System with an Adaptive Delay Estimate
	3.1 Dynamic Model
	3.2 Control Objective
	3.3 Development of Error Signals
	3.4 Estimation of Delay 
	3.5 Stability Analysis
	3.6 Simulation Results
	3.7 Projection Law
	3.8 Control Gain Selection
	3.9 Conclusion

	4 Control of an Uncertain Nonlinear System with an Unknown Time-Varying Input Delay using an Accelerated Gradient Descent Based Delay Estimate
	4.1 Dynamic Model
	4.2 Control Objective
	4.3 Development of Error Signals
	4.4 Stability Analysis
	4.5 Accelerated Gradient Descent based Estimation of Delay
	4.6 Simulation Results
	4.7 Control Gain Selection
	4.8 Conclusion

	5 Boundary Control of Store Induced Oscillations in a Flexible Aircraft Wing with Unknown Time-Varying Input Delay
	5.1 2D Euler-Bernoulli Beam 
	5.2 Instability in Presence of Input Time Delay
	5.3 Control Development
	5.4 Neural Network Based Delay Estimation
	5.5 Lyapunov-based Stability Analysis
	5.6 Numerical Simulation
	5.7 Control Gain Selection
	5.8 Conclusion

	6 Conclusions and Future Works
	6.1 Conclusions
	6.2 Future Works

	REFERENCES
	BIOGRAPHICAL SKETCH

