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This dissertation develops an assured control framework for multi-agent target tracking,

addressing challenges of nonlinear dynamics, uncertainty, and constrained sensing. First,

foundational methods are established, including an online ResNet-based adaptive controller for

uncertain dynamics and an observer for target tracking using only relative position information.

Second, a distributed, robust controller is developed for heterogeneous nonlinear systems. Using a

Robust Integral of the Sign of the Error (RISE) methodology, a novel P-function construction

enables a fully distributed, single-hop design that guarantees exponential tracking convergence.

Third, an adaptive framework is designed for directed graphs with limited sensing. It uses an

online deep residual network observer to learn unknown target dynamics, and a generalized

trackability condition ensures stability using only partial, relative position measurements.

Validated by constructive Lyapunov analysis, this integration of robust and adaptive strategies

provides a rigorous foundation for assured performance in distributed, nonlinear multi-agent

environments.
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CHAPTER 1 INTRODUCTION

The study of multi-agent systems has expanded significantly, driven by applications from

swarm robotics to communication networks. A primary challenge in modern systems is the

integration of heterogeneous agents. These agents may operate in multiple domains, such as air,

ground, and maritime environments. Furthermore, individual agents often possess distinct

dynamical models, computational capabilities, and operational time-scales.

Achieving a collective, system-wide objective requires network control. This field governs

the interactions between agents to ensure coherent behavior. Foundational problems in network

control, such as consensus, synchronization, and formation control, establish the principles for

coordinating group dynamics.

The multi-agent target-tracking problem serves as a comprehensive abstraction of these

coordination challenges. In this problem, a network of agents must collectively monitor or pursue

a target. This capability is essential for applications including environmental monitoring,

surveillance, and search and rescue operations.

Developing effective solutions for target tracking presents significant technical difficulties.

Many existing control methods rely on simplifying assumptions that are unrealistic in practical

deployments. A common assumption is the availability of full state feedback, including position

and velocity, for each agent. In practice, measurements such as velocity may be unavailable or

excessively noisy. This disparity necessitates the use of relative sensing, where agents must

operate using only local measurements from onboard sensors without access to a global

coordinate frame.

Similarly, theoretical models for inter-agent communication often presume fixed,

undirected, or strongly connected graphs. Real-world networks are characterized by directed,

intermittent, or rapidly switching topologies. Agents must contend with asynchronous updates,

communication delays, and packet dropouts caused by environmental factors or network faults.

The physical dynamics of the agents and the target are also frequently uncertain. Controllers

must be robust to unmodeled dynamics and external disturbances. Agents must navigate complex
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physical environments, requiring solutions that account for obstacle avoidance and spatial

constraints beyond simple Euclidean settings. Some existing methods, particularly those based on

potential fields, can suffer from local minima and coordination deadlocks.

The combination of these challenges highlights the need for new approaches. Developing

controllers for such systems requires a focus on robustness to handle uncertainty and disturbances.

It demands adaptivity to learn and compensate for unknown system parameters or environmental

changes. The solutions must be distributed, relying only on local information and computation.

Finally, these methods must provide assurance of performance, guaranteeing stability and task

completion despite the complex, nonlinear dynamics and challenging operational conditions. This

text establishes the foundation for developing such assured, robust, and adaptive strategies for

collaborative autonomy.

1.1 Background

The canonical multi-agent control problem is that of consensus, a field whose fundamental

goal is to design local control laws that enable a group of agents to agree upon a common value,

such as position or velocity, using only information from their local neighbors (e.g.,

[65, 64, 63, 78, 45]). This foundational work established the core principles of distributed

coordination and inspired extensive research into related problems (e.g., [80, 56, 81, 43, 5]).

Many of these coordination tasks are formulated within a leader-follower architecture, where

one or more agents act as leaders, possessing information about the collective objective, while the

follower agents must coordinate to track the leaders’ states (e.g., [13, 20]). This paradigm extends

naturally to the dynamic problem of multi-agent target tracking, where the target itself is treated as

a dynamic, and often non-cooperative, leader. This problem is prominent due to its versatility in

modeling real-world scenarios involving second-order systems like manipulator robots, aircraft,

and spacecraft (e.g., [4]). The leader-follower paradigm also encompasses problems such as

indirect regulation, where a small number of informed agents are used to influence the collective

behavior of a much larger group (e.g., [46, 88, 60]). Certain adversarial formulations of these

problems are analyzed using the tools of differential games (e.g., [89, 96, 28, 50]).

11



Much of the initial literature on these varied problems has relied on ideal conditions, such as

linear agent dynamics and complete information, to establish feasibility and design control laws.

1.1.1 Challenges in Sensing and Communication

A fundamental distinction in multi-agent control is the architecture for information

processing and decision-making. Centralized control relies on a single processing unit that

gathers all information from every agent and computes a global solution. While potentially

optimal, this approach suffers from a single point of failure and high communication overhead.

To overcome this, distributed control strategies were developed, where agents make

decisions based on their own local information and information received from a limited set of

neighbors over a communication network. This approach often assumes some knowledge of the

network structure, such as the total number of agents, but does not require a central coordinator. A

more restrictive case is decentralized control, where each agent operates in complete isolation,

using only its own onboard sensor measurements without any inter-agent communication.

A significant body of research assumes the availability of full state information for each

agent. The practical difficulty or impossibility of obtaining complete state measurements, such as

velocity, has motivated the development of control strategies based on incomplete information

(e.g. [1]). A common example is the reliance on relative velocity measurements, which may not

be accessible or accurate in various robotics applications. This has motivated a desire to develop

methods that rely solely on relative position information, allowing for on-board computation using

sensors like cameras or ultrasonic sensors without a common reference frame. When global state

information is impractical to obtain, relative sensing is a viable alternative, as many aerial,

ground, and underwater platforms operate where GPS or external beacons are degraded or absent

(e.g., [1, 2, 12, 4]).

Distributed observers are one such approach, where agents collaboratively estimate the state

of the target or other agents using only local measurements and communication (e.g., [19]). Initial

work addressed the multi-agent tracking problem where the tracked leader has unmeasurable

velocity states, but assumed first-order follower dynamics [20]. While second-order dynamics
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were later considered, relative velocity measurements were still assumed to be known. This

limitation was addressed in [19, 24] by incorporating a linear second-order dynamic model for

agents and constructing a distributed observer. Subsequent results further expanded upon these

ideas to incorporate heterogeneous linear dynamics. However, these results do not account for

nonlinearity in the dynamics. The work in [58] proposed a distributed observer for second-order

agents that relies solely on relative positions, establishing exponential tracking under

heterogeneous, nonlinear agent dynamics and indicating that velocity-free strategies are feasible in

realistic sensing regimes.

Other works have focused on output feedback control, designing controllers that function

with only partial state measurements (e.g., [32]). Research on systems with even more constrained

sensing, such as formation tracking or localization problems relying on bearing-only or range-only

measurements, has also become prominent, particularly for applications where global positioning

is denied (e.g., [47, 85]).

The communication network topology also presents a major challenge. Early research often

considered static, undirected communication graphs, where information flow is bidirectional and

constant. Subsequent work addressed more realistic cases such as directed graphs, which better

represent sensing and communication constraints, as well as time-varying or switched network

topologies (e.g., [55]). Directed information flow is common in field robotics due to asymmetric

links and limited broadcast ranges. For directed graphs that are only rooted, the graph Laplacian

matrix is asymmetric, which complicates standard ensemble-level stability proofs that rely on

symmetry. While consensus and formation control over directed graphs are well studied (e.g.,

[55, 54, 99, 101]), a further challenge arises when the target agent’s states are only partially

observable. This creates a need to understand how the asymmetric topology and limited

information jointly affect the system’s ability to track the target. There is limited work that

integrates (i) partial target feedback, (ii) relative-only measurements, and (iii) online adaptive

learning in a single, implementable framework for target tracking over directed graphs.
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The assumption of continuous communication, which is energetically costly and can lead to

network congestion, has motivated the study of intermittent communication (exchanging

information at discrete instants) and the paired challenge of asynchronous communication (agents

updating on individual clocks) (e.g., [79, 77, 61]). To manage network bandwidth even further,

event-triggered and self-triggered control strategies have been developed to reduce the frequency

of information exchange while preserving stability and performance, along with extensive analysis

into other non-idealities such as communication delays (e.g., [66, 34, 8, 62, 100, 84]).

1.1.2 Control of Uncertain Nonlinear Systems

Many physical systems are governed by nonlinear dynamics, for which linear control

methods are inadequate, and the added presence of unmodeled dynamics and external

disturbances necessitates the use of robust and adaptive control methods.

Robust control techniques guarantee performance in the face of bounded uncertainties,

ensuring that the tracking error remains within acceptable bounds despite disturbances. Among

these techniques, the Robust Integral of the Sign of the Error (RISE) methodology has

demonstrated significant potential by achieving exponential tracking error convergence with

continuous control inputs despite time-varying disturbances [67, 72, 70]. The RISE approach

incorporates integration of a signum term and a specific 𝑃-function construction in the Lyapunov

analysis. Extending this 𝑃-function to multi-agent systems is challenging due to the

ensemble-level analysis. The first application to multi-agent tracking in [33] required 2-hop

communication. Other RISE-based works have addressed related but distinct problems, such as

flocking [98] or stabilization [23]. This approach can be viewed as a form of implicit learning, as

it provides instantaneous reactivity to attenuate disturbances but requires continuous feedback to

function effectively.

In contrast, for systems with parametric uncertainty where the model is unknown, adaptive

controllers serve as a form of explicit learning by estimating the unknown parameters online to

achieve the tracking objective. Neural networks (NNs) are well established for approximating

unstructured uncertainties in continuous functions over compact domains (e.g., [91, 22, 31, 35]).
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The evolution of NN-based control has progressed from single-layer architectures with

Lyapunov-based adaptation (e.g., [41, 42, 73]) to more complex deep neural network (DNN)

implementations, motivated by numerous examples of improved function approximation

efficiency (e.g., [40, 15, 82]). Early DNN approaches develop Lyapunov-based adaptive update

laws for the output layer while the inner layers are updated either in an iterative offline manner as

in [26] and [93], or using modular adaptive update laws [38]. Recent developments have

established frameworks for real-time adaptation of all DNN layers (e.g., [68, 83]) for various DNN

architectures, addressing issues in transient performance (e.g., [39]) and leveraging persistence of

excitation (e.g., [69]).

Deep residual neural network (ResNet) architectures have emerged as particularly promising

candidates for adaptive control. The ResNet architecture is popular because it addresses

optimization challenges that arise with increasing network depth by introducing "skip

connections" that create direct paths for information flow (e.g., [17, 97]). These connections help

prevent the vanishing gradient problem by learning the "residual" difference, which simplifies

optimization. Theoretical analyses have demonstrated their favorable optimization properties

(e.g., smoother loss landscapes [44], absence of spurious local optima [16, 30], and stability of

equilibria [57]) and universal approximation capabilities (e.g., [48, 94, 49]). Critical

advancements include pre-activation shortcuts [18], which improve information flow, and

conceptual similarities to DenseNets [25]. Recently, [71] introduced the first Lyapunov-based

ResNet for online control, though it utilized the original architecture without pre-activation and

required matching input-output dimensions. Adaptive NNs have also been explored for state

estimation, such as in [59], where a Lyapunov-based DNN learns unknown target behavior online

and a "trackability" condition was introduced for systems with partial information, though this

work assumed an undirected communication graph.

This adaptive approach offers the potential for extrapolation and provides better behavior in

situations where feedback may be temporarily lost or degraded, but is often ineffective at learning
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explicit functions of time and requires a sufficient richness of data for online parameter

convergence.

The combination of these two approaches is particularly effective (e.g., [86, 75, 11]).

Robustness provides baseline stability against unstructured uncertainties, while adaptation learns

structured, parametric uncertainties to improve performance. This synergy is critical in the

multi-agent context, where uncertainties propagate throughout the network and agent interactions

create complex, difficult-to-model emergent dynamics. The fusion of robust and adaptive

techniques, validated through constructive Lyapunov stability analysis, provides a rigorous

foundation for assured performance in these complex, distributed, and nonlinear environments.

1.2 Dissertation Scope

The preceding literature review highlights a significant gap. While foundational multi-agent

problems are well understood under ideal conditions, practical multi-agent systems are governed

by nonlinear dynamics and are subject to significant uncertainties and operational constraints.

This dissertation develops a scalable and resilient distributed framework to address the core

problem of target tracking for agents that are heterogeneous, uncertain, and possess limited

sensing.

To build this framework, the dissertation is organized as follows.

Chapter 2 establishes the mathematical preliminaries used throughout the dissertation. This

includes notation and the fundamentals of nonsmooth analysis and algebraic graph theory.

Chapter 3 introduces foundational work on online ResNet-based adaptive control and

multi-agent target tracking of second-order systems. This work develops an online ResNet-based

adaptive control method for the target tracking of a single agent with unknown dynamics. An

observer is also developed to solve the second-order target tracking problem using only relative

position information.

Chapter 4 tackles the challenge of robust performance against external disturbances and

unmodeled dynamics. A distributed controller using a Robust Integral of the Sign of the Error

(RISE) methodology is developed. This approach provides assured stability, guaranteeing
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exponential convergence for heterogeneous systems. The design is notable for its novel

Lyapunov-based 𝑃-function construction, which enables a fully distributed implementation

requiring only local, single-hop communication.

Chapter 5 addresses the practical limitations of sensing and communication. An adaptive

framework is developed for systems operating over directed communication graphs and using only

partial, relative position feedback. This solution employs deep residual neural networks to learn

unknown target dynamics online. A generalized trackability condition for directed networks is

established, and the locally implementable adaptation law ensures convergence without requiring

velocity measurements or symmetric communication.

Chapter 6 concludes the dissertation by discussing directions for future research. This future

work focuses on generalizing the developed frameworks using sheaf-theoretic tools to solve more

complex problems involving multi-target tracking, heterogeneous agent objectives, and

spatiotemporal communication constraints.

By integrating these robust and adaptive techniques, this work provides a comprehensive,

assured solution for distributed control in complex, uncertain, and nonlinear multi-agent

environments.
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CHAPTER 2 PRELIMINARIES

This chapter introduces the notation, mathematical foundations, and core technical concepts

used throughout the dissertation.

2.1 Notation and Mathematical Conventions

This section establishes the notation and core mathematical frameworks used in this work.

2.1.1 General and Set Notation

Let R denote the real numbers, Z the integers, and C the complex numbers. Define

Z>0 ≜ {1, 2, . . .} and Z≥0 ≜ {0, 1, 2, . . .}. For 𝑀 ∈ Z>0, set [𝑀] ≜ {1, 2, . . . , 𝑀}. Let 𝑃 be a set

and 𝑄 (𝑥) be a predicate on 𝑃. The universal quantifier (∀𝑥 ∈ 𝑃)𝑄 (𝑥) states that 𝑄 (𝑥) holds for

every 𝑥 ∈ 𝑃. The existential quantifier (∃𝑥 ∈ 𝑃)𝑄 (𝑥) states that 𝑄 (𝑥) holds for at least one

𝑥 ∈ 𝑃. The cardinality of a set 𝑆 is |𝑆 |; if 𝑆 is finite, |𝑆 | is its number of elements. The empty set is

∅, and any set 𝑆, ∅ ⊆ 𝑆 and |∅| = 0.

For propositions 𝐴 and 𝐵, 𝐴 ∧ 𝐵 means both are true, 𝐴 ∨ 𝐵 means at least one is true, and

¬𝐴 is “not 𝐴”. Implication is written as 𝐴 =⇒ 𝐵 and is logically equivalent to ¬𝐴 ∨ 𝐵. The

phrase “if and only if” (abbreviated iff) means both directions hold with 𝐴 ⇐⇒ 𝐵 meaning

𝐴 =⇒ 𝐵, and 𝐵 =⇒ 𝐴.

Set-builder notation {𝑥 ∈ 𝑃 : 𝑄 (𝑥)} denotes the elements of 𝑃 that satisfy 𝑄 (𝑥). For sets

𝐴, 𝐵, containment 𝐴 ⊆ 𝐵 means (∀𝑥 ∈ 𝐴) 𝑥 ∈ 𝐵 and the proper containment 𝐴 ⊂ 𝐵 means 𝐴 ⊆ 𝐵

and 𝐴 ≠ 𝐵. The intersection and union are 𝐴 ∩ 𝐵 ≜ {𝑥 : 𝑥 ∈ 𝐴 ∧ 𝑥 ∈ 𝐵} and

𝐴 ∪ 𝐵 ≜ {𝑥 : 𝑥 ∈ 𝐴 ∨ 𝑥 ∈ 𝐵}, respectively.

Given some sets 𝐴 and 𝐵, a set-valued map 𝐹 from 𝐴 to subsets of 𝐵 is denoted by

𝐹 : 𝐴 ⇒ 𝐵. The notation co𝐴 denotes the closed convex hull of the set 𝐴. The closure of a set 𝑆,

denoted by 𝑆, is the union of 𝑆 and its boundary points. A set is compact if it is closed and

bounded, and a set is precompact if its closure is compact. Given any sets 𝐴, 𝐵 ⊂ R, the notation

𝐴 ≤ 𝐵 is used to state 𝑎 ≤ 𝑏 for all 𝑎 ∈ 𝐴 and 𝑏 ∈ 𝐵.
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2.1.2 Vector and Matrix Notation

For 𝑛 ∈ Z>0, let 1𝑛 ∈ R𝑛 be the column vector whose entries are all one, and let 0𝑛 ∈ R𝑛 be

the column vector whose entries are all zero. For 𝑚, 𝑛, 𝑝 ∈ Z>0, let 0𝑚×𝑛 be the 𝑚 × 𝑛 zero matrix,

and let 𝐼𝑝 denote the 𝑝 × 𝑝 identity matrix. For 𝑣 ∈ R𝑚, 𝑣𝑖 denotes its 𝑖th entry. For 𝑀 ∈ R𝑚×𝑛,

𝑀𝑖 𝑗 denotes the 𝑗 th entry of the 𝑖th column. For a set 𝐴 and input 𝑥, the indicator function is

1𝐴 (𝑥), with 1𝐴 (𝑥) = 1 if 𝑥 ∈ 𝐴 and 1𝐴 (𝑥) = 0 otherwise.

For 𝑟 ∈ R𝑛, the Euclidean norm is ∥𝑟 ∥ ≜
√
𝑟⊤𝑟. The open ball is

B𝜀 (𝑥) ≜
{
𝑦 ∈ R𝑑 : ∥𝑦 − 𝑥∥ < 𝜀

}
for 𝑥 ∈ R𝑑 and 𝜀 > 0. For 𝐷 ⊆ R𝑑 , the interior is

int (𝐷) ≜ {𝑥 : ∃𝜀 > 0 with B𝜀 (𝑥) ⊆ 𝐷} , and the boundary is

𝜕𝐷 ≜
{
𝑥 : ∀𝜀 > 0,B𝜀 (𝑥) ∩ 𝐷 ≠ ∅ and B𝜀 (𝑥) ∩

(
R𝑑 \ 𝐷

)
≠ ∅

}
.

A matrix 𝐴 ∈ R𝑛×𝑛 is said to be symmetric if 𝐴 = 𝐴⊤. The minimum and maximum

eigenvalues of a symmetric matrix 𝐴 are denoted by 𝜆min (𝐴) ∈ R and 𝜆max (𝐴) ∈ R, respectively.

For 𝐴 ∈ R𝑚×𝑛, the spectral norm is ∥𝐴∥ ≜
√︁
𝜆max (𝐴⊤𝐴) = 𝜎max {𝐴}. The spectrum Λ (𝐴) of a

square matrix 𝐴 is the set of its eigenvalues. For any eigenvalue 𝜆 ∈ Λ (𝐴) ⊆ C, Re (𝜆) denotes its

real part.

For a symmetric matrix 𝐴 ∈ R𝑛×𝑛, 𝐴 is called positive definite (PD), positive semidefinite

(PSD), negative definite (ND), or negative semidefinite (NSD) if 𝑥⊤𝐴𝑥 > 0, 𝑥⊤𝐴𝑥 ≥ 0, 𝑥⊤𝐴𝑥 < 0,

or 𝑥⊤𝐴𝑥 ≤ 0 for all 𝑥 ∈ R𝑛\ {0𝑛}, respectively. Equivalently, write 𝐴 ≻ 0, 𝐴 ⪰ 0, 𝐴 ≺ 0, or 𝐴 ⪯ 0,

respectively. For symmetric 𝐴, 𝐵 of the same size, the Loewner partial order is defined by

𝐴 ⪰ 𝐵 ⇐⇒ 𝐴 − 𝐵 ⪰ 0 and 𝐴 ≻ 𝐵 ⇐⇒ 𝐴 − 𝐵 ≻ 0, with analogous meanings for ⪯ and ≺.

Given 𝑁 ∈ Z>0 and vectors {𝑥1, . . . , 𝑥𝑁 }, define the stacked vector

[𝑥𝑖]𝑖∈[𝑁] ≜
[
𝑥⊤1 · · · 𝑥⊤

𝑁

]⊤
∈ R𝑛𝑁 , where 𝑥𝑖 ∈ R𝑛 for all 𝑖 ∈ [𝑁]. Given maps {𝐹𝑖}𝑖∈[𝑁] with

𝐹𝑖 : R𝑛𝑖 → R𝑚𝑖 , define the stacked map 𝐹 ≜ [𝐹𝑖]𝑖∈[𝑁] :
∏
𝑖∈[𝑁] R

𝑛𝑖 → ∏
𝑖∈[𝑁] R

𝑚𝑖 by

𝐹

(
[𝑥𝑖]𝑖∈[𝑁]

)
≜ [𝐹𝑖 (𝑥𝑖)]𝑖∈[𝑁] .

For 𝑣 ∈ R𝑚, let 𝑣𝑖 denote the 𝑖th entry of 𝑣 for all 𝑖 ∈ [𝑚]. For 𝑣 ∈ R𝑚, diag {𝑣} ∈ R𝑚×𝑚 is

the diagonal matrix with diagonal entries 𝑣1, . . . , 𝑣𝑚. For 𝐻 ∈ R𝑚×𝑛 with columns {ℎ𝑖}𝑖∈[𝑛] ⊂ R𝑚,

the vectorization operator is vec (𝐻) ≜
[
ℎ⊤1 · · · ℎ⊤𝑛

]⊤
∈ R𝑚𝑛. Given 𝐴 ∈ R𝑝×𝑞 and 𝐵 ∈ R𝑚×𝑛,
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define the Kronecker product 𝐴 ⊗ 𝐵 ∈ R𝑝𝑚×𝑞𝑛 by 𝐴 ⊗ 𝐵 ≜
[
𝐴𝑖 𝑗𝐵

]
𝑖=1,...,𝑝; 𝑗=1,...,𝑞. For 𝐴 ∈ R𝑝×𝑞,

𝐵 ∈ R𝑎×𝑟 , and 𝐶 ∈ R𝑟×𝑠, the identity vec (𝐴𝐵𝐶) = (𝐶⊤ ⊗ 𝐴) vec (𝐵) holds, and hence
𝜕

𝜕vec(𝐵)vec (𝐴𝐵𝐶) = 𝐶⊤ ⊗ 𝐴. For a matrix 𝐴 ∈ R𝑚×𝑛, the column space col (𝐴) ⊆ R𝑚 is the set of

all linear combinations of its columns, and the row space row (𝐴) ⊆ R𝑛 is defined analogously.

For any linear subspace 𝑆, dim (𝑆) denotes the cardinality of any basis of 𝑆. The rank of 𝐴 is

rank (𝐴) = dim (col (𝐴)) = dim (row (𝐴)). The kernel is ker (𝐴) ≜ {𝑥 ∈ R𝑛 : 𝐴𝑥 = 0𝑚}. Viewing

𝐴 ∈ R𝑚×𝑛 as a linear map R𝑛 → R𝑚, injectivity holds if and only if ker (𝐴) = {0𝑛}, equivalently

rank (𝐴) = 𝑛 with 𝑛 ≤ 𝑚; surjectivity holds if and only if col (𝐴) = R𝑚, equivalently

rank (𝐴) = 𝑚 with 𝑚 ≤ 𝑛. A matrix 𝐴 has full rank when rank (𝐴) = min {𝑚, 𝑛}. If 𝑚 = 𝑛, then

𝐴 is invertible if and only if it has full rank.

The Moore-Penrose inverse (pseudoinverse) of 𝐴 ∈ R𝑚×𝑛 is denoted as 𝐴+ ∈ R𝑛×𝑚. In the

full row rank (surjective) case, 𝐴+ = 𝐴⊤ (𝐴𝐴⊤)−1 and 𝐴𝐴+ = 𝐼𝑚; in the full column rank

(injective) case, 𝐴+ = (𝐴⊤𝐴)−1
𝐴⊤ and 𝐴+𝐴 = 𝐼𝑛.

For 𝐴 ∈ R𝑚𝐴×𝑛𝐴 and 𝐵 ∈ R𝑚𝐵×𝑛𝐵 , the block-diagonalization operator is

blkdiag {𝐴, 𝐵} ≜


𝐴 0𝑚𝐴×𝑛𝐵

0𝑚𝐵×𝑛𝐴 𝐵

 ∈ R(𝑚𝐴+𝑚𝐵)×(𝑛𝐴+𝑛𝐵) . Given 𝐴 = blkdiag {𝐴1, . . . , 𝐴𝑁 }

with 𝐴𝑖 ∈ R𝑚𝑖×𝑛𝑖 and 𝑥 = [𝑥𝑖]𝑖∈[𝑁] where 𝑥𝑖 ∈ R𝑛𝑖 , 𝐴𝑥 = [𝐴𝑖𝑥𝑖]𝑖∈[𝑁] . For an indexed family{
𝐴𝑝

}𝑚
𝑝=1 of conformable matrices, the right-to-left product is

↶
𝑚∏
𝑝=𝑎

𝐴𝑝 ≜ 𝐴𝑚𝐴𝑚−1 . . . 𝐴𝑎, for

1 ≤ 𝑎 ≤ 𝑚, and is defined to be 𝐼 of appropriate size when 𝑎 > 𝑚.

2.1.3 Function Spaces and Nonsmooth Analysis

Let 𝐴 ⊆ R𝑑 be equipped with Lebesgue measure 𝜇, and let 𝐵 � R𝑚 be a finite-dimensional

normed space with norm ∥·∥. Define

∥ 𝑓 ∥∞ ≜ inf {𝑀 > 0 : ∃𝑁 ⊆ 𝐴 with 𝜇 (𝑁) = 0 and ∥ 𝑓 (𝑥)∥ ≤ 𝑀 for all 𝑥 ∈ 𝐴\𝑁}. Let

L∞ (𝐴; 𝐵) be the collection of all measurable 𝑓 : 𝐴→ 𝐵 for which ∥ 𝑓 ∥∞ < ∞. For 𝐴 ⊆ R𝑛 and

𝐵 ⊆ R𝑚, let C (𝐴, 𝐵) denote the set of continuous mappings 𝑓 : 𝐴→ 𝐵. A function is of class C𝑘

if it has 𝑘 continuous derivatives.
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The notation ”a.e.” (almost everywhere) means that a property 𝑃 holds for all 𝑥 ∈ 𝑋\𝑁 ,

where 𝑁 ∈ Σ and 𝜇 (𝑁) = 0 in a measure space (𝑋,Σ, 𝜇). Consider a Lebesgue measurable and

locally essentially bounded function ℎ : R𝑛 × R≥0 → R𝑛. The Filippov regularization of ℎ is

defined as

𝐾 [ℎ] (𝑦, 𝑡) ≜
⋂
𝛿>0

⋂
𝜇S=0

coℎ (B𝛿 (𝑦) \S, 𝑡) ,

where
⋂
𝜇S=0 denotes the intersection over all sets S of Lebesgue measure zero. A function

𝑦 : I𝑦 → R𝑛 is called a Filippov solution of ¤𝑦 = ℎ (𝑦, 𝑡) on the interval I𝑦 ⊆ R≥0, if 𝑦 is absolutely

continuous on I𝑦, and is a solution to the differential inclusion ¤𝑦 a.e.∈ 𝐾 [ℎ] (𝑦, 𝑡). Clarke’s

generalized gradient for a locally Lipschitz function 𝑉 : R𝑛 × R≥0 → R is defined as

𝜕𝑉 (𝑥, 𝑡) ≜ co {lim∇𝑉 (𝑥, 𝑡) : (𝑥𝑖, 𝑡𝑖) → (𝑥, 𝑡) , (𝑥𝑖, 𝑡𝑖) ∉ Ω𝑉 } ,

where Ω𝑉 denotes the set of measure zero wherever ∇𝑉 is not defined.

2.1.4 Algebraic Graph Theory

Let 𝑁 ∈ Z>0 and V ≜ [𝑁] = {1, . . . , 𝑁}. Consider a static, weighted, directed graph

(digraph) 𝐺 ≜ (V, 𝐸, 𝑤), where 𝐸 ⊆ V ×V contains only arcs between distinct vertices, and

𝑤 : 𝐸 → R>0 assigns a positive weight 𝑤 (𝑒) to every arc 𝑒 ∈ 𝐸 . The relation 𝑖 → 𝑗 means

(𝑖, 𝑗) ∈ 𝐸 . The relation 𝑖 ↔ 𝑗 means (𝑖, 𝑗) ∈ 𝐸 and ( 𝑗 , 𝑖) ∈ 𝐸 with 𝑖 ≠ 𝑗 .

For each 𝑖 ∈ V, the in-neighborhood is N𝑖 ≜ { 𝑗 ∈ V : ( 𝑗 , 𝑖) ∈ 𝐸, 𝑗 ≠ 𝑖}. Define the

adjacency matrix 𝐴 ∈ R𝑁×𝑁 by 𝐴𝑖 𝑗 ≜ 𝑤 (( 𝑗 , 𝑖)) 1{( 𝑗 ,𝑖)∈𝐸} so that 𝐴𝑖 𝑗 > 0 when 𝑗 → 𝑖. The

in-degree and out-degree of 𝑖 are 𝑑in
𝑖
≜

∑
𝑗∈N𝑖

𝐴𝑖 𝑗 = (𝐴1𝑁 )𝑖 and

𝑑out
𝑖

≜
∑
𝑗 :(𝑖, 𝑗)∈𝐸 𝑤 ((𝑖, 𝑗)) = ∑𝑁

𝑗=1 𝐴 𝑗𝑖. Let 𝐷 ≜ diag {𝐴1𝑁 } be the in-degree matrix and let the

in-Laplacian be 𝐿 ≜ 𝐷 − 𝐴.

A directed path 𝑖 ⇝ 𝑗 is a finite sequence of distinct arcs (v1, v2) , . . . , (v𝑚−1, v𝑚) ∈ 𝐸 with

v1 = 𝑖 and v𝑚 = 𝑗 . The reachable set of 𝑗 is R ( 𝑗) ≜ {𝑖 ∈ V : 𝑗 ⇝ 𝑖} ∪ { 𝑗}. A set R ⊆ V is a

reach if R = R (𝑖) for some 𝑖 and there is no 𝑗 such that R (𝑖) ⊂ R ( 𝑗). The digraph 𝐺 is rooted if

there exists at least one 𝑟 ∈ V, termed a root, such that 𝑟 ⇝ 𝑗 for every 𝑗 ∈ V.
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A subset W ⊆ V is strongly connected if 𝑖 ⇝ 𝑗 and 𝑗 ⇝ 𝑖 for all 𝑖, 𝑗 ∈ W. A strongly

connected component (SCC) is a maximal strongly connected subset of V.

The condensation ℭ (𝐺) is the directed acyclic graph (DAG) whose vertices are the SCCs of

𝐺, with an arc S1 → S2 when some 𝑣 ∈ S1 and 𝑤 ∈ S2 satisfy (𝑣, 𝑤) ∈ 𝐸 . An SCC S is a root

SCC if its vertex in ℭ (𝐺) has in-degree zero; equivalently, no arc enters S from V\S. Since

ℭ (𝐺) is acyclic, at least one root SCC exists; if 𝐺 is rooted, there is only one root SCC.

2.1.5 Deep Residual Neural Network Model

Consider a fully connected feedforward ResNet with 𝑏 ∈ Z≥0 building blocks, input

𝑥 ∈ R𝐿in , and output 𝑦 ∈ R𝐿out , as shown in Fig. 2-1. For each block index 𝑖 ∈ {0, . . . , 𝑏}, let

𝑘𝑖 ∈ Z>0 be the number of hidden layers in the 𝑖th block. Let 𝜗𝑖 ∈ R𝐿𝑖,0 denote the block input

(with 𝜗0 ≜ 𝑥 and 𝐿0,0 ≜ 𝐿in) and let 𝜃𝑖 ∈ Rp𝑖 be the vector of parameters (weights and biases)

associated with the 𝑖th block.

For each block 𝑖 ∈ {0, . . . , 𝑏}, let 𝐿𝑖, 𝑗 ∈ Z>0 denote the number of neurons in the 𝑗 th layer

for 𝑗 ∈ {0, . . . , 𝑘𝑖 + 1}. Furthermore, define the augmented dimension 𝐿𝑎
𝑖, 𝑗

≜ 𝐿𝑖, 𝑗 + 1, for all

(𝑖, 𝑗) ∈ {0, . . . , 𝑏} × {0, . . . , 𝑘𝑖}. Each block function Φ𝑖 : R𝐿
𝑎
𝑖,0 × Rp𝑖 → R𝐿𝑖,𝑘𝑖+1 is a fully

connected feedforward DNN, with 𝐿𝑖,𝑘𝑖+1 ≜ 𝐿out for all 𝑖 ∈ {0, . . . , 𝑏}, where

p𝑖 ≜
∑𝑘𝑖
𝑗=0 𝐿

𝑎
𝑖, 𝑗
𝐿𝑖, 𝑗+1. For any input 𝑣 ∈ R𝐿

𝑎
𝑖, 𝑗 , the DNN is defined recursively by

𝜑𝑖, 𝑗 (𝑣) ≜


𝑉⊤
𝑖,0𝑣, 𝑗 = 0,

𝑉⊤
𝑖, 𝑗
𝜙𝑖, 𝑗

(
𝜑𝑖, 𝑗−1 (𝑣)

)
, 𝑗 ∈ {1, . . . , 𝑘𝑖} ,

(2-1)

with Φ𝑖 (𝑣, 𝜃𝑖) = 𝜑𝑖,𝑘𝑖 (𝑣).

For each 𝑗 ∈ {0, 1, . . . , 𝑘𝑖} the matrix 𝑉𝑖, 𝑗 ∈ R𝐿
𝑎
𝑖, 𝑗
×𝐿𝑖, 𝑗+1 contains the weights and biases; in

particular, if a layer has 𝑛 (augmented) inputs and the subsequent layer has 𝑚 nodes, then

𝑉 ∈ R𝑛×𝑚 is constructed so that its (𝑖, 𝑗)th entry represents the weight from the 𝑖th node of the

input to the 𝑗 th node of the output, with the last row corresponding to the bias terms. For the DNN

architecture described by (2-1), the vector of DNN weights of the 𝑖th block is

𝜃𝑖 ≜
[ (

vec
(
𝑉𝑖,0

) )⊤ · · ·
(
vec

(
𝑉𝑖,𝑘𝑖

) )⊤ ]⊤
∈ Rp𝑖 . The activation function 𝜙𝑖, 𝑗 : R𝐿𝑖, 𝑗 → R𝐿

𝑎
𝑖, 𝑗 is
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given by 𝜙𝑖, 𝑗
(
𝜑𝑖, 𝑗−1

)
=

[
𝜍𝑖, 𝑗

( (
𝜑𝑖, 𝑗−1

)
1
)
𝜍𝑖, 𝑗

( (
𝜑𝑖, 𝑗−1

)
2
)

· · · 𝜍𝑖, 𝑗

( (
𝜑𝑖, 𝑗−1

)
𝐿𝑖, 𝑗

)
1]⊤ ∈ R𝐿

𝑎
𝑖, 𝑗

where
(
𝜑𝑖, 𝑗−1

)
ℓ

denotes the ℓth component of 𝜑𝑖, 𝑗−1 for all ℓ ∈
[
𝐿𝑎
𝑖, 𝑗

]
. Here, 𝜍𝑖, 𝑗 : R → R is the

smooth activation function used by layer 𝑗 of block 𝑖, and the appended 1 accounts for the bias

term, for all (𝑖, 𝑗) ∈ {0, . . . , 𝑏} × {0, . . . , 𝑘𝑖}.

A pre-activation design is used so that before each block (except block 0), the output of the

previous block is processed by an external activation function. Specifically, for each block

𝑖 ∈ {1, . . . , 𝑏}, define the pre-activation mapping 𝜓𝑖 : R𝐿𝑖,𝑘𝑖+1 → R𝐿
𝑎
𝑖,𝑘𝑖+1 by 𝜓𝑖 (𝜗𝑖) = [𝜚𝑖 ((𝜗𝑖)1)

𝜚𝑖 ((𝜗𝑖)2) · · · 𝜚𝑖

(
(𝜗𝑖)𝐿𝑖,𝑘𝑖+1

)
1]⊤ ∈ R𝐿

𝑎
𝑖,𝑘𝑖+1 where (𝜗𝑖)ℓ denotes the ℓth component of 𝜗𝑖. Here,

𝜚𝑖 : R → R is the single element-wise smooth pre-activation function used by block 𝑖, and the

appended 1 accounts for the bias term. The output of 𝜓𝑖 serves as the input to block 𝑖 and the

residual connection is implemented by adding the current block output to the pre-activated output

from the previous block. Hence, the ResNet recursion is defined by

𝜗𝑖+1 ≜


Φ0

(
𝜗𝑎0 , 𝜃0

)
, 𝑖 = 0,

𝜗𝑖 +Φ𝑖 (𝜓𝑖 (𝜗𝑖) , 𝜃𝑖) , 𝑖 ∈ {1, . . . , 𝑏} ,
(2-2)

with output 𝑦 ∈ R𝐿out and overall parameter vector Θ ≜
[
𝜃⊤0 · · · 𝜃⊤

𝑏

]⊤
∈ R𝑝, where

𝑝 ≜
∑𝑏
𝑖=0 p𝑖 denotes the total number of ResNet parameters, and where 𝜗𝑎0 ≜

[
𝜗⊤0 1

]⊤
∈ R𝐿

𝑎
0,0

denotes the augmented input to block 0. Therefore, the complete ResNet is represented as

Ψ : R𝐿in × R𝑝 → R𝐿out expressed as Ψ (𝜗,Θ) = 𝜗𝑏+1.

...
... ···

...
Φ1

ψ1

+

ψ1(κ1)

Φ1(ψ1(κ1),θ1)

... Φb

ψb

+

ψb(κb)

Φb(ψb(κb),θb)

κ0 Φ0(κ
a
0 ,θ0)= κ1 κ2 κb κb+ 1

Figure 2-1. Deep Residual Neural Network Architecture.
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The partial derivative of the ResNet with respect to its parameters is represented as
𝜕
𝜕Θ

Ψ (𝜗,Θ) =
[

𝜕
𝜕𝜃0

Ψ (𝜗,Θ) · · · 𝜕
𝜕𝜃𝑏

Ψ (𝜗,Θ)
]
∈ R𝐿out×𝑝 and

𝜕
𝜕𝜃𝑖

Ψ (𝜗,Θ) =
[

𝜕

𝜕vec(𝑉𝑖,0)Ψ (𝜗,Θ) · · · 𝜕

𝜕vec(𝑉𝑖,𝑘𝑖 )
Ψ (𝜗,Θ)

]
∈ R𝐿out×p𝑖 , where

𝜕

𝜕vec(𝑉𝑖, 𝑗)Ψ (𝜗,Θ) ∈ R𝐿out×𝐿𝑎𝑖, 𝑗𝐿𝑖, 𝑗+1 for all (𝑖, 𝑗) ∈ {0, . . . , 𝑏} × {0, . . . , 𝑘𝑖}. Using (2-1), (2-2), and

the property of the vectorization operator yields

𝜕Ψ

𝜕vec
(
𝑉𝑖, 𝑗

) =
©­­«

↶
𝑏∏

𝑚=𝑖+1

©­­«𝐼𝐿out +
©­­«

↶
𝑘𝑚∏
ℓ=1

𝑉⊤
𝑚,ℓ

𝜕𝜙𝑚,ℓ

𝜕𝜑𝑚,ℓ−1

ª®®¬𝑉⊤
𝑚,0
𝜕𝜓𝑚

𝜕𝜗𝑚

ª®®¬
ª®®¬
©­­«

↶
𝑘𝑖∏

ℓ= 𝑗+1
𝑉⊤
𝑖,ℓ

𝜕𝜙𝑖,ℓ

𝜕𝜑𝑖,ℓ−1

ª®®¬
(
𝐼𝐿𝑖, 𝑗+1 ⊗ 𝜘⊤𝑖, 𝑗

)
,

where 𝜘𝑖, 𝑗 ≜ 𝜗𝑎0 if 𝑖 = 0 and 𝑗 = 0, 𝜙0, 𝑗

(
𝜑0, 𝑗−1

(
𝜗𝑎0

))
if 𝑖 = 0 and 𝑗 > 0, 𝜓𝑖 (𝜗𝑖) if 𝑖 > 0 and 𝑗 = 0,

𝜙𝑖, 𝑗
(
𝜑𝑖, 𝑗−1 (𝜓𝑖 (𝜗𝑖))

)
if 𝑖 > 0 and 𝑗 > 0.

For some 𝑣 ∈ R𝐿𝑖, 𝑗 , the Jacobian 𝜕𝜙𝑖, 𝑗 (𝜑𝑖, 𝑗−1 (𝑣))
𝜕𝜑𝑖, 𝑗−1 (𝑣) : R𝐿𝑖, 𝑗 → R𝐿

𝑎
𝑖, 𝑗
×𝐿𝑖, 𝑗 of the activation function

vector at the 𝑗 th layer is given by 𝜕𝜙𝑖, 𝑗 (𝜑𝑖, 𝑗−1 (𝑣))
𝜕𝜑𝑖, 𝑗−1 (𝑣) =diag

 d𝜍𝑖, 𝑗 ((𝜑𝑖, 𝑗−1)1)
d(𝜑𝑖, 𝑗−1)1

, . . . ,
d𝜍𝑖, 𝑗

(
(𝜑𝑖, 𝑗−1)𝐿𝑖, 𝑗

)
d(𝜑𝑖, 𝑗−1)𝐿𝑖, 𝑗

 0⊤
𝐿𝑖, 𝑗

]⊤
. Similarly, the Jacobian

𝜕𝜓𝑚 (𝜗𝑚)
𝜕𝜗𝑚

: R𝐿out → R𝐿
𝑎
out×𝐿out of the pre-activation function vector at block 𝑚 is given by 𝜕𝜓𝑚 (𝜗𝑚)

𝜕𝜗𝑚
=[

diag
{

d𝜚𝑚 ((𝜗𝑚)1)
d(𝜗𝑚)1

, . . . ,
d𝜚𝑚( (𝜗𝑚)𝐿out)

d(𝜗𝑚)𝐿out

}
0⊤
𝐿out

]⊤
.

24



CHAPTER 3 FOUNDATIONAL METHODS

This chapter introduces the foundational methods that are extended upon in later chapters of

the dissertation.

3.1 Online ResNet-Based Adaptive Control for Nonlinear Target Tracking

Neural networks are widely used to approximate unmodeled dynamics in control, with

progress from single-layer adaptive schemes to deep models capable of real-time, all-layer

adaptation. Residual networks (ResNets) are particularly suitable because skip connections

mitigate vanishing gradients and simplify optimization, while theory indicates favorable loss

landscapes and universal approximation. However, earlier Lyapunov-based ResNet controllers

employed the original architecture without pre-activation shortcuts and enforced equal

input-output dimensions, constraining learning efficiency and applicability. This work introduces

a generalized ResNet for online nonlinear target tracking that places pre-activation shortcuts

before nonlinearities to enhance information flow and adds a zeroth-layer block to accommodate

dimension mismatches and strengthen feature propagation and reuse. A Lyapunov-based

adaptation law updates all layers online and guarantees exponential convergence to a

neighborhood of the target state under unknown dynamics and disturbances. Performance is

validated through a comparative experiment, demonstrating improved tracking and broader

applicability relative to prior ResNet-based controllers.

3.1.1 Problem Formulation

Consider the second-order nonlinear dynamical system described by the differential equation

¥𝑞 = 𝑓 (𝑞, ¤𝑞) + 𝑔 (𝑞, ¤𝑞, 𝑡) 𝑢 (𝑡) + 𝜔 (𝑡) , (3-1)

where 𝑡0 ∈ R≥0 denotes the initial time, 𝑡 ≥ 𝑡0 denotes the current time, 𝑞 : R≥𝑡0 → R𝑛 denotes the

known generalized position, ¤𝑞 : R≥𝑡0 → R𝑛 denotes the known generalized velocity,

¥𝑞 : R≥𝑡0 → R𝑛 denotes the unknown generalized acceleration, the unknown functions

𝑓 : R𝑛 × R𝑛 → R𝑛 and 𝜔 : R≥𝑡0 → R𝑛 represent drift dynamics and exogenous disturbances,
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respectively, 𝑔 : R𝑛 × R𝑛 × R≥𝑡0 → R𝑛×𝑚 denotes a known control effectiveness matrix,

𝑢 : R≥𝑡0 → R𝑚 denotes the control input, and 𝑚 ∈ Z>0 denotes the number of control channels.

The reference trajectory is governed by the autonomous second-order system

¥𝑞𝑑 = 𝑓𝑑 (𝑞𝑑 , ¤𝑞𝑑) , (3-2)

where 𝑞𝑑 : R≥𝑡0 → R𝑛 denotes the known reference position, ¤𝑞𝑑 : R≥𝑡0 → R𝑛 denotes the known

reference velocity, ¥𝑞𝑑 : R≥𝑡0 → R𝑛 denotes the unknown reference acceleration, and

𝑓𝑑 : R𝑛 × R𝑛 → R𝑛 represents the unknown reference dynamics.

Assumptions regarding the dynamical system outlined by (3-1) and (3-2) are provided as

follows.

Assumption 3.1. There exist known constants 𝑞𝑑 , ¤𝑞𝑑 ∈ R>0 such that ∥𝑞𝑑 (𝑡)∥ ≤ 𝑞𝑑 and

∥ ¤𝑞𝑑 (𝑡)∥ ≤ ¤𝑞𝑑 for all 𝑡 ∈ R≥𝑡0 .

Assumption 3.2. The functions 𝑓 and 𝑓𝑑 are of class C1.

Assumption 3.3. The function 𝑔 is of full row rank for all (𝑞, ¤𝑞, 𝑡) ∈ R𝑛 ×R𝑛 ×R≥𝑡0 and is of class

C0. Furthermore, for each fixed (𝑞, ¤𝑞), the map 𝑡 ↦→ 𝑔 (𝑞, ¤𝑞, 𝑡) is uniformly bounded in 𝑡 ∈ R≥𝑡0 .

Assumption 3.4. The function 𝜔 is of class C0 and there exists a known constant 𝜔 ∈ R≥0 such

that ∥𝜔 (𝑡)∥ ≤ 𝜔 for all 𝑡 ∈ R≥𝑡0 .

By [74], Assumption 3.3 ensures the the pseudoinverse 𝑔+ : R𝑛 × R𝑛 × R≥𝑡0 → R𝑚×𝑛 acts as

a right inverse for all 𝑡 ∈ R≥𝑡0 . In addition, the following condition is imposed.

Assumption 3.5. The function 𝑔+ is of class C0 and for each fixed (𝑞, ¤𝑞), the map 𝑡 ↦→ 𝑔+ (𝑞, ¤𝑞, 𝑡)

is uniformly bounded in 𝑡 ∈ R≥𝑡0 .

The control objective is to design a ResNet-based adaptive controller such that the state

trajectory 𝑞 is exponentially regulated to a neighborhood of the reference trajectory 𝑞𝑑 , despite the
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presence of unknown dynamics and bounded disturbances. To facilitate the control objective,

define the tracking error 𝑒 ∈ R𝑛 as

𝑒 ≜ 𝑞𝑑 − 𝑞. (3-3)

3.1.1.1 Control Synthesis

To facilitate the control design, the auxiliary tracking error function 𝑟 ∈ R𝑛 is defined as

𝑟 ≜ ¤𝑒 + 𝑘1𝑒, (3-4)

where 𝑘1 ∈ R>0 is a constant control gain. Differentiating (3-4) with respect to time and

substituting (3-1)-(3-4) yields

¤𝑟 = ¥𝑒 + 𝑘1 ¤𝑒

= ¥𝑞𝑑 − ¥𝑞 + 𝑘1 (𝑟 − 𝑘1𝑒)

= 𝑓𝑑 (𝑞𝑑 , ¤𝑞𝑑) − ( 𝑓 (𝑞, ¤𝑞) + 𝑔 (𝑞, ¤𝑞, 𝑡) 𝑢 + 𝜔 (𝑡)) + 𝑘1 (𝑟 − 𝑘1𝑒)

= 𝑓𝑑 (𝑞𝑑 , ¤𝑞𝑑) − 𝑓 (𝑞, ¤𝑞) − 𝑔 (𝑞, ¤𝑞, 𝑡) 𝑢 − 𝜔 (𝑡) + 𝑘1 (𝑟 − 𝑘1𝑒)

= ℎ (𝑞, ¤𝑞, 𝑞𝑑 , ¤𝑞𝑑) − 𝑔 (𝑞, ¤𝑞, 𝑡) 𝑢 − 𝜔 (𝑡) + 𝑘1 (𝑟 − 𝑘1𝑒)

(3-5)

where ℎ : R𝑛 × R𝑛 × R𝑛 × R𝑛 → R𝑛 is defined as ℎ (𝑞, ¤𝑞, 𝑞𝑑 , ¤𝑞𝑑) ≜ 𝑓𝑑 (𝑞𝑑 , ¤𝑞𝑑) − 𝑓 (𝑞, ¤𝑞).

3.1.1.2 Residual Neural Network Function Approximation

The ResNet architecture, characterized by skip connections and hierarchical feature

extraction, models incremental changes rather than complete transformations of the underlying

nonlinear mapping. This architecture learns the differences (or "residuals") between input and

desired output at each layer, thereby enabling effective function approximation for complex

nonlinear systems without requiring explicit governing equations.

To approximate the unknown dynamics given by ℎ (𝑞, ¤𝑞, 𝑞𝑑 , ¤𝑞𝑑) in (3-5), define the ResNet

input vector 𝜅 ∈ R4𝑛 as 𝜅 ≜
[
𝑞⊤ ¤𝑞⊤ 𝑞⊤

𝑑
¤𝑞⊤
𝑑

]⊤
∈ Ω, where Ω ⊂ R4𝑛 is a compact set over

which the universal approximation property holds. The ResNet-based approximation of ℎ (𝜅) is
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given by Ψ

(
𝜅, Θ̂

)
, where Ψ : R4𝑛 × R𝑝 → R𝑛 denotes the ResNet architecture mapping and

Θ̂ ∈ R𝑝 denotes the adaptive parameter estimate. By Assumption 3.2, ℎ is continuous on Ω.

Fix a user-prescribed accuracy 𝜀 > 0. By the universal approximation property on the

compact domain Ω (e.g., [94, Corollary 5.2]), there exists a corresponding ResNet architecture

(hence, 𝑝 ∈ Z>0) and a compact parameter search space ℧ ∈ R𝑝 with C∞ boundary and

0𝑝 ∈ int (℧) such that inf𝜗∈℧ sup𝜅∈Ω ∥ℎ (𝜅) − Ψ (𝜅, 𝜗)∥ ≤ 𝜀.

For subsequent analysis, introduce Θ∗ ∈ arg min𝜗∈℧ sup𝜅∈Ω ∥ℎ (𝜅) − Ψ (𝜅, 𝜗)∥ under the

fixed Ψ (·, ·). By joint continuity of (𝜅, 𝜗) ↦→ ∥ℎ (𝜅) − Ψ (𝜅, 𝜗)∥ on Ω ×℧ and compactness of Ω,

the map 𝜗 ↦→ sup𝜅∈Ω ∥ℎ (𝜅) − Ψ (𝜅, 𝜗)∥ is continuous. Since ℧ is compact, a minimizer exists by

Weierstrass’s Theorem (e.g., [36, Theorem 10.55]). Fix such a Θ∗. With this choice,

sup𝜅∈Ω ∥ℎ (𝜅) − Ψ (𝜅,Θ∗)∥ ≤ 𝜀. Using this fixed parameter, write

ℎ (𝜅) = Ψ (𝜅,Θ∗) + 𝜀 (𝜅) , (3-6)

where 𝜀 (𝜅) ≜ ℎ (𝜅) − Ψ (𝜅,Θ∗) satisfies the uniform bound sup𝜅∈Ω ∥𝜀 (𝜅)∥ ≤ 𝜀. To see this,

observe that since ℎ and 𝜅 ↦→ Ψ (𝜅, 𝜃∗) are continuous on Ω, 𝜀 is continuous on Ω. Because the

Euclidean norm is continuous, 𝜅 ↦→ ∥𝜀 (𝜅)∥ is continuous on Ω. By Weierstrass’s Theorem, 𝜀 (·)

attains a finite maximum on Ω (e.g., [36, Theorem 10.55]). Define 𝜀act ≜ max𝜉∈Ω ∥𝜀 (𝜉)∥ which

satisfies 𝜀act ≤ 𝜀 by construction.

The same compactness-and-continuity argument does not rely on the specific ResNet

notation and extends verbatim to any continuous target and any jointly continuous architecture

with a compact parameter set containing the origin in its interior.

Remark 3.1. Let Ω ⊂ R𝑚 be nonempty and compact. Let 𝑓 : Ω → R𝑛 be continuous and let

Φ : Ω × R𝑝 → R𝑛 be jointly continuous. Fix 𝜀 > 0. Define

F𝜀 ≜
{
(Φ,℧) : inf

𝜃∈℧
sup
𝑥∈Ω

∥ 𝑓 (𝑥) −Φ (𝑥, 𝜃)∥ ≤ 𝜀
}
,
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where ℧ ⊂ R𝑝 is compact, has C∞ boundary, and satisfies 0𝑝 ∈ int (℧). The set F𝜀 is nonempty.

Indeed, by universal approximation on Ω, there exists an architecture Φ and a parameter 𝜃𝜀 whose

uniform error does not exceed 𝜀. Choosing any 𝑅 > ∥𝜃𝜀∥ and setting ℧ = {𝜃 : ∥𝜃∥ ≤ 𝑅} produces

a pair (Φ,℧) in F𝜀.

Fix any (Φ,℧) ∈ F𝜀 and consider the optimization problem

min
𝜃∈℧

sup
𝑥∈Ω

∥ 𝑓 (𝑥) −Φ (𝑥, 𝜃)∥ .

Define the corresponding minimizer set

Θ ≜ arg min
𝜃∈℧

sup
𝑥∈Ω

∥ 𝑓 (𝑥) −Φ (𝑥, 𝜃)∥ .

Joint continuity of Φ and compactness of ℧ imply that Θ is nonempty (e.g., [36, Theorem 10.55]).

Select any 𝜃∗ ∈ Θ and define Φ∗ (𝑥) ≜ Φ (𝑥, 𝜃∗). Then

sup
𝑥∈Ω

∥ 𝑓 (𝑥) −Φ∗ (𝑥)∥ ≤ 𝜀.

Thus, after fixing 𝜀, one may first choose a feasible architecture–parameter-set pair (Φ,℧) and

then choose a particular parameter 𝜃∗ ∈ ℧ that achieves error at most 𝜀 on Ω. This is the same

construction used in Section 3.1.1.2, where 𝑓 corresponds to the unknown dynamics, Φ

corresponds to the ResNet mapping Ψ (·, ·), the set ℧ is the compact parameter search space

containing the origin in its interior, and 𝜃∗ is the selected parameter that realizes the

approximation error bound.

Remark 3.2. The discussion above hides an implicit feasibility requirement linking the target

accuracy 𝜀, the allowed parameter radius, and the chosen architecture Φ. To make this explicit, fix

an architecture Φ and a radius 𝑅 > 0, and define

℧ (𝑅) ≜ {𝜃 : ∥𝜃∥ ≤ 𝑅} , 𝐸Φ (𝑅) ≜ inf
∥𝜃∥≤𝑅

sup
𝑥∈Ω

∥ 𝑓 (𝑥) −Φ (𝑥, 𝜃)∥ .
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The quantity 𝐸Φ (𝑅) is the best uniform error that Φ can achieve on Ω using parameters whose

norm does not exceed 𝑅. The map 𝑅 ↦→ 𝐸Φ (𝑅) is nonincreasing. The pair (Φ,℧ (𝑅)) belongs to

F𝜀 if and only if 𝐸Φ (𝑅) ≤ 𝜀. In particular, if the desired accuracy 𝜀 is chosen too small relative to

the allowed radius 𝑅 (or relative to the expressive power of Φ), then no parameter 𝜃 with ∥𝜃∥ ≤ 𝑅

will satisfy the uniform error requirement. This does not contradict the construction above; it only

means that such a pair (Φ,℧ (𝑅)) cannot be selected at the stage where (Φ,℧) ∈ F𝜀 is chosen.

A simple example illustrates this point. Take 𝑓 (𝑥) = 𝑥 on Ω = [−1, 1] and Φ (𝑥, 𝜔) = 𝜔𝑥

with |𝜔 | ≤ 𝑅 . Then

sup
|𝑥 |≤1

| 𝑓 (𝑥) −Φ (𝑥, 𝜔) | = sup
|𝑥 |≤1

| (1 − 𝜔) 𝑥 | = |1 − 𝜔 | .

Minimizing over |𝜔| ≤ 𝑅 gives 𝜔∗ = proj[−𝑅,𝑅] (1), where proj[𝑎,𝑏] (𝑦) ≜ min {max {𝑦, 𝑎} , 𝑏}

denotes projection onto [𝑎, 𝑏]. Hence,

𝐸Φ (𝑅) = inf
|𝜔|≤𝑅

|1 − 𝜔 | = max {0, 1 − 𝑅} .

If 𝑅 < 1 and 𝜀 < 1 − 𝑅, then 𝐸Φ (𝑅) > 𝜀. In that case, the ball ℧ (𝑅) = {𝜔 : |𝜔 | ≤ 𝑅} is too small

to reach accuracy 𝜀, so (Φ,℧ (𝑅)) ∉ F𝜀. Increasing the allowable radius 𝑅, or enlarging the

architecture class so that Φ is more expressive, restores feasibility.

In practice, the supremum over Ω is not evaluated exactly but is approximated by the

maximum error over a finite set of sampled states in Ω. The informal design loop is therefore:

first, select a desired accuracy 𝜀; next, increase 𝑅 (and, if necessary, the size of the architecture Φ)

until training with the norm constraint ∥𝜃∥ ≤ 𝑅 achieves a maximum observed error that is at most

𝜀; finally, define ℧ (𝑅) ≜ {𝜃 : ∥𝜃∥ ≤ 𝑅}. At that point, ℧ contains the corresponding minimizing

parameter, 0𝑝 lies in its interior, and (Φ,℧) ∈ F𝜀 in the sense described above.
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3.1.1.3 Control Design

Based on (3-5) and the subsequent stability analysis, the control input is designed as

𝑢 = 𝑔+ (𝑞, ¤𝑞, 𝑡)
((

1 − 𝑘2
1

)
𝑒 + (𝑘1 + 𝑘2) 𝑟 + Ψ

(
𝜅, Θ̂

))
, (3-7)

where 𝑘2 ∈ R>0 is a constant control gain. Substituting (3-6) and (3-7) into (3-5) yields

¤𝑟 = −𝑘2𝑟 − 𝑒 + 𝜀 (𝜅) − 𝜔 (𝑡) + Ψ (𝜅,Θ∗) − Ψ

(
𝜅, Θ̂

)
. (3-8)

Based on the subsequent stability analysis, the adaptive update law for Θ̂ is designed as

¤̂
Θ = proj

©­­«Γ
©­­«
𝜕Ψ

(
𝜅, Θ̂

)
𝜕Θ̂

⊤

𝑟 − 𝑘3Θ̂
ª®®¬
ª®®¬ , (3-9)

where 𝑘3 ∈ R>0 is a user-defined forgetting rate, Γ ∈ R𝑝×𝑝 is a user-defined symmetric

positive-definite learning rate matrix, and the projection operator is defined as in [52, Appendix E,

Equation E.4] and ensures the parameter estimates satisfy



Θ̂ (𝑡)




 ≤ Θ for all 𝑡 ∈ R≥𝑡0 , where

Θ ≜
√︁
Θ2

max + 𝜖 , Θmax ≜ sup𝜗∈℧ ∥𝜗∥, and 𝜖 > 0 is a margin introduced to ensure Lipschitz

continuity of the projection mapping.

3.1.2 Stability Analysis

The ResNet mapping Ψ (𝜅,Θ) described in (3-6) is inherently nonlinear with respect to its

weights. Designing adaptive controllers and performing stability analyses for systems that are

nonlinearly parameterizable presents significant theoretical challenges. To address this

nonlinearity, a first-order application of Taylor’s theorem about the current parameter estimate is

used. To quantify the approximation, the parameter estimation error Θ̃ ∈ R𝑝 is defined as

Θ̃ ≜ Θ∗ − Θ̂. (3-10)
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Applying first-order Taylor’s theorem to Ψ (𝜅,Θ∗) about the point
(
𝜅, Θ̂

)
, and using (3-10) yields

Ψ (𝜅,Θ∗) = Ψ

(
𝜅, Θ̂

)
+ 𝜕

𝜕Θ̂
Ψ

(
𝜅, Θ̂

)
Θ̃ + 𝑅

(
𝜅, Θ̃

)
, (3-11)

where 𝜕

𝜕Θ̂
Ψ

(
𝜅, Θ̂

)
≜ 𝜕

𝜕𝜗

����
Θ̂

Ψ (𝜅, 𝜗) ∈ R𝑛×𝑝 and 𝑅 : R4𝑛 × R𝑝 → R𝑛 denotes the first Lagrange

remainder. Substituting (3-11) into (3-8) yields

¤𝑟 = 𝜕

𝜕Θ̂
Ψ

(
𝜅, Θ̂

)
Θ̃ + 𝑅

(
𝜅, Θ̃

)
+ 𝜀 (𝜅) − 𝑘2𝑟 − 𝑒 − 𝜔 (𝑡) . (3-12)

Let 𝑧 ∈ R𝜑 denote the concatenated state vector 𝑧 ≜
[
𝑒⊤ 𝑟⊤ Θ̃⊤

]⊤
, where 𝜑 ≜ 2𝑛 + 𝑝.

The evolution of 𝑧 is governed by the initial value problem

¤𝑧 = f (𝑧, 𝑡) , 𝑧 (𝑡0) = 𝑧0, (3-13)

𝑧0 ∈ R𝜑 is the initial state and, using (3-3), (3-9), (3-10), and (3-12), the vector field

f : R𝜑 × R≥0 → R𝜑 is defined as

f (𝑧, 𝑡) =


𝑟 − 𝑘1𝑒

𝜕

𝜕Θ̂
Ψ

(
𝜅, Θ̂

)
Θ̃ + 𝑅

(
𝜅, Θ̃

)
+ 𝜀 (𝜅) − 𝑘2𝑟 − 𝑒 − 𝜔 (𝑡) .

−proj
(
Γ

((
𝜕

𝜕Θ̂
Ψ

(
𝜅, Θ̂

))⊤
𝑟 − 𝑘3Θ̂

))

. (3-14)

Following Assumptions 3.2 and 3.4, and invoking [52, Lemma E.1], f is locally Lipschitz in

𝑧 and continuous in 𝑡. Therefore, by the Picard-Lindelöf theorem (e.g., [7, Chapter 1, Theorem

3.1]), for every 𝑧0 ∈ R𝜑 there exists a unique maximal solution.

Since the universal approximation property of the ResNet holds only on the compact

domain Ω, the subsequent stability analysis requires ensuring 𝜅 ∈ Ω for all 𝑡 ≥ 𝑡0. This outcome is

achieved by yielding a stability result which constrains 𝑧 to a compact domain. Consider the
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Lyapunov function candidate 𝑉 : R𝜑 → R≥0 defined as

𝑉 (𝑧) ≜ 1
2
𝑧⊤𝑃𝑧, (3-15)

where 𝑃 ≜ blkdiag
{
𝐼2𝑛, Γ

−1} ∈ R𝜑×𝜑. By the Rayleigh quotient, (3-15) satisfies

1
2
𝜆1 ∥𝑧∥2 ≤ 𝑉 (𝑧) ≤ 1

2
𝜆𝜑 ∥𝑧∥2 , (3-16)

where 𝜆1 ≜ 𝜆min {𝑃} = min
{
1, 𝜆min

{
Γ−1}} and 𝜆𝜑 ≜ 𝜆max {𝑃} = max

{
1, 𝜆max

{
Γ−1}}.

By the mean value theorem (e.g., [37, Theorem 3.9]) and Taylor’s theorem (e.g., [37,

Theorem 4.7]), there exists a polynomial 𝜌0 (∥𝜅∥) = 𝑎2 ∥𝜅∥2 + 𝑎1 ∥𝜅∥ + 𝑎0 with 𝑎2, 𝑎1, 𝑎0 ∈ R>0

such that



𝑅 (

𝜅, Θ̃

)


 ≤ 𝜌0 (∥𝜅∥)



Θ̃


2

. Using the fundamental theorem of calculus and

Assumption 3.2, there exists a function 𝜌 : R≥0 → R≥0 defined as

𝜌 (∥𝑧∥) ≜ 3Θ
2
𝜌2

0

(
(𝑘1 + 2) ∥𝑧∥ + 2

(
𝑞𝑑 + ¤𝑞𝑑

))
which satisfies 𝜌 (·) ≜ 𝜌 (·) − 𝜌 (0) ∈ K∞. Based

on the subsequent analysis, define 𝛿 ≜ 3(𝜔+𝜀)2

4𝑘2
+ 𝑘3Θ

2

2 and 𝑘min ≜ min
{
𝑘1,

1
3 𝑘2,

1
2 𝑘3

}
. The region

to which the state trajectory is constrained is defined as

D ≜
{
𝜄 ∈ R𝜑 : ∥𝜄∥ ≤ 𝜌−1 (𝑘2 (𝑘min − 𝜆𝑉 ) − 𝜌 (0))

}
, (3-17)

where 𝜆𝑉 ∈ R>0 is a user-defined parameter which controls the desired rate of convergence. The

compact domain over which the universal approximation property must hold is selected as

Ω ≜
{
𝜄 ∈ R4𝑛 : ∥𝜄∥ ≤ 2

(
𝑞𝑑 + ¤𝑞𝑑

)
+ (𝑘1 + 2) 𝜌−1 (𝑘2 (𝑘min − 𝜆𝑉 ) − 𝜌 (0))

}
. (3-18)

For the dynamical system described by (3-13), the set of initial conditions is defined as

S ≜

{
𝜄 ∈ R𝜑 : ∥𝜄∥ ≤

√︄
𝜆1
𝜆𝜑
𝜌−1 (𝑘2 (𝑘min − 𝜆𝑉 ) − 𝜌 (0)) −

√︂
𝛿

𝜆𝑉

}
, (3-19)
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and the uniform ultimate bound is defined as

U ≜

𝜄 ∈ R𝜑 : ∥𝜄∥ ≤

√︄
𝜆𝜑𝛿

𝜆1𝜆𝑉

 . (3-20)

Theorem 3.1. Consider the dynamical system described by (3-1) and (3-2). For any 𝑧0 ∈ S, the

controller given by (3-7) and the adaptation law given by (3-9) ensure that 𝑧 uniformly

exponentially converges to U with estimate

∥𝑧 (𝑡)∥ ≤

√︄
𝜆𝜑

𝜆1
∥𝑧0∥2 e−

2𝜆𝑉
𝜆𝜑

(𝑡−𝑡0) +
𝜆𝜑𝛿

𝜆1𝜆𝑉

(
1 − e−

2𝜆𝑉
𝜆𝜑

(𝑡−𝑡0)
)
,

for all 𝑡 ∈ R≥𝑡0 , provided that the sufficient gain condition 𝑘min > 𝜆𝑉 + 1
𝑘2
𝜌

(√︃
𝜆𝜑𝛿

𝜆1𝜆𝑉

)
is satisfied

and Assumptions 3.1-3.4 hold.

Proof. Taking the total derivative of (3-15) along the trajectories of (3-13) yields

d
d𝑡
𝑉 (𝑧 (𝑡)) = 𝑒⊤ (𝑡) ¤𝑒 (𝑡) + 𝑟⊤ (𝑡) ¤𝑟 (𝑡) + Θ̃⊤ (𝑡) Γ−1 ¤̃Θ (𝑡) . (3-21)

Substituting (3-14), invoking [52, Appendix E.4], and using (3-10) yields

d
d𝑡
𝑉 (𝑧 (𝑡)) ≤ −𝑘1 ∥𝑒 (𝑡)∥2 − 𝑘2 ∥𝑟 (𝑡)∥2 − 𝑘3




Θ̃ (𝑡)



2

+ 𝑟⊤ (𝑡)
(
𝑅

(
𝜅 (𝑡) , Θ̃ (𝑡)

)
+ 𝜀 (𝜅 (𝑡))

)
− 𝑟⊤ (𝑡) 𝜔 (𝑡) + 𝑘3Θ̃

⊤ (𝑡) Θ∗.

(3-22)

Using (3-3), Assumption 3.1, and the triangle inequality yields ∥𝑞 (𝑡)∥ ≤ ∥𝑒 (𝑡)∥ + 𝑞𝑑 . Similarly,

using (3-4), Assumption 3.1, and the triangle inequality yields ∥ ¤𝑞 (𝑡)∥ ≤ 𝑘1 ∥𝑒 (𝑡)∥ + ∥𝑟 (𝑡)∥ + ¤𝑞𝑑 .

Therefore, using the definition of 𝜅 yields

∥𝜅∥ ≤ (𝑘1 + 2) ∥𝑧∥ + 2
(
𝑞𝑑 + ¤𝑞𝑑

)
. (3-23)
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Using (3-10) and (3-23), and the definition of Θ yields




𝑅 (
𝜅, Θ̃

)
+ 𝜀 (𝜅)




 ≤ 2Θ𝜌0

(
(𝑘1 + 2) ∥𝑧∥ + 2

(
𝑞𝑑 + ¤𝑞𝑑

)) 


Θ̃


 + 𝜀.
Thus, using Young’s inequality and the definitions of 𝛿 and 𝑘min yields that (3-22) is bounded

above as
d
d𝑡
𝑉 (𝑧 (𝑡)) ≤ −

(
𝑘min −

𝜌 (∥𝑧 (𝑡)∥)
𝑘2

)
∥𝑧 (𝑡)∥2 + 𝛿. (3-24)

It is now shown, by contradiction, that the maximal solution to (3-13) exists for all time and

remains in the interior of D. Fix any 𝑧0 ∈ S and let 𝑧 : [𝑡0, 𝑇max) → R𝜑 be the corresponding

unique maximal solution of (3-13). Let I ≜ {𝑡 ∈ [𝑡0, 𝑇max) : 𝑧 (𝜏) ∈ D for all 𝜏 ∈ [𝑡0, 𝑡]}, where

𝑇max ∈ (𝑡0,∞] denotes the supremum of all times 𝑇 > 𝑡0 for which a solution exists on [𝑡0, 𝑇).

Since 𝑧0 ∈ S ⊂ D and 𝑡 ↦→ 𝑧 (𝑡) is continuous, the set I is non-empty and contains an interval

[𝑡0, 𝑡0 + 𝜖) for some 𝜖 > 0.

For any 𝑡 ∈ I, the construction of D gives 𝜌 (∥𝑧 (𝑡)∥) ≤ 𝑘2 (𝑘min − 𝜆𝑉 ) − 𝜌 (0). Hence,

using 𝜌 (·) = 𝜚 (·) − 𝜚 (0) implies 𝑘min − 𝜌(∥𝑧(𝑡)∥)
𝑘2

≥ 𝜆𝑉 . Therefore, combining (3-16) with (3-24)

gives

d
d𝑡
𝑉 (𝑧 (𝑡)) ≤ −2𝜆𝑉

𝜆𝜑
𝑉 (𝑧 (𝑡)) + 𝛿, (3-25)

for all 𝑡 ∈ I. Applying the Grönwall-Bellman inequality to (3-25) yields

𝑉 (𝑧 (𝑡)) ≤ 𝑉 (𝑧 (𝑡0)) e−
2𝜆𝑉
𝜆𝜑

(𝑡−𝑡0) +
𝜆𝜑𝛿

2𝜆𝑉

(
1 − e−

2𝜆𝑉
𝜆𝜑

(𝑡−𝑡0)
)
, (3-26)

for all 𝑡 ∈ I. Applying (3-16) to (3-26) yields

∥𝑧 (𝑡)∥ ≤

√︄
𝜆𝜑

𝜆1
∥𝑧 (𝑡0)∥2 e−

2𝜆𝑉
𝜆𝜑

(𝑡−𝑡0) +
𝜆𝜑𝛿

𝜆1𝜆𝑉

(
1 − e−

2𝜆𝑉
𝜆𝜑

(𝑡−𝑡0)
)
, (3-27)
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for all 𝑡 ∈ I. Using (3-19), since 𝑧0 ∈ S, ∥𝑧0∥ ≤
√︃

𝜆1
𝜆𝜑
𝜌−1 (𝑘2 (𝑘min − 𝜆𝑉 ) − 𝜌 (0)) −

√︃
𝛿
𝜆𝑉

.

Substituting this expression into (3-27) and using the facts that e−
2𝜆𝑉
𝜆𝜑

(𝑡−𝑡0) ≤ 1 and

1 − e−
2𝜆𝑉
𝜆𝜑

(𝑡−𝑡0)
< 1 for all 𝑡 ≥ 𝑡0 yield the strict bound ∥𝑧 (𝑡)∥ < 𝜌−1 (𝑘2 (𝑘min − 𝜆𝑉 ) − 𝜌 (0)) for

all 𝑡 ∈ I. Thus, by (3-17), 𝑧 (𝑡) ∈ int (D) for all 𝑡 ∈ I. Now, assume for contradiction that the

maximal time of existence is finite, i.e., sup (I) < 𝑇max. If sup (I) < 𝑇max, continuity of 𝑧 (·)

would imply 𝑧 (sup (I)) ∈ 𝜕D, contradicting 𝑧 (𝑡) ∈ int (D) for all 𝑡 ∈ I. Hence, sup (I) = 𝑇max

and I = [𝑡0, 𝑇max), i.e., 𝑧 (𝑡) ∈ D for all 𝑡 ∈ [𝑡0, 𝑇max).

Since 𝑧 (𝑡) ∈ D for all 𝑡 ∈ [𝑡0, 𝑇max) and D is compact, sup𝑡∈[𝑡0,𝑇max) ∥𝑧 (𝑡)∥ < ∞. By [7,

Chapter 1, Theorem 4.1], the solution extends from [𝑡0, 𝑇max) to [𝑡0,∞). Therefore, the solution

exists for all 𝑡 ≥ 𝑡0 with 𝑧 (𝑡) ∈ D for all 𝑡 ≥ 𝑡0. Consequently, for all 𝑧0 ∈ S, (3-27) holds for

every 𝑡 ≥ 𝑡0.

As 𝑡 → ∞, the bound converges to ∥𝑧 (𝑡)∥ ≤
√︃

𝜆𝜑𝛿

𝜆1𝜆𝑉
, i.e., the solution is ultimately bounded

with ultimate bound U by (3-20). Next, recall that 𝑘min > 𝜆𝑉 + 1
𝑘2
𝜌

(√︃
𝛿
𝜆𝑉

(√︃
𝜆𝜑
𝜆1

+ 𝜆𝜑
𝜆1

))
. Using

the definition of 𝜌 and the fact that 𝜌 is invertible yields√︃
𝜆𝜑𝛿

𝜆1𝜆𝑉
<

√︃
𝜆1
𝜆𝜑
𝜌−1 (𝑘2 (𝑘min − 𝜆𝑉 ) − 𝜚 (0)) −

√︃
𝛿
𝜆𝑉

, i.e., U ⊂ S. Furthermore, since 𝜆1
𝜆𝜑

≤ 1 and√︃
𝛿
𝜆𝑉
> 0, strict monotonicity of 𝜌 gives

𝑘min > 𝜆𝑉 + 1
𝑘2
𝜌
©­«
√︂

𝛿

𝜆𝑉

©­«
√︄
𝜆𝜑

𝜆1
+
𝜆𝜑

𝜆1

ª®¬ª®¬ > 𝜆𝑉 + 1
𝑘2
𝜌
©­«
√︄
𝜆𝜑𝛿

𝜆1𝜆𝑉

ª®¬ ,
which implies 𝑘2 (𝑘min − 𝜆𝑉 ) − 𝜌 (0) > 𝜌

(√︃
𝜆𝜑𝛿

𝜆1𝜆𝑉

)
> 0. Hence,√︃

𝜆1
𝜆𝜑
𝜌−1 (𝑘2 (𝑘min − 𝜆𝑉 ) − 𝜌 (0)) −

√︃
𝛿
𝜆𝑉
> 0, so S has strictly positive radius i.e., S is nonempty.

Thus, U ⊂ S ⊂ D.

Since 𝑧 (𝑡) ∈ D for all 𝑡 ≥ 𝑡0, the images of U, S, and D under 𝑧 ↦→ 𝜅 lie in Ω by (3-18).

Consequently, 𝜅 (𝑡) ∈ Ω for all 𝑡 ≥ 𝑡0, and the universal approximation property applied in (3-6)

holds for all time.
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Since (3-27) holds with constants 𝜆1, 𝜆𝜑, 𝜆𝑉 , 𝛿 chosen independently of 𝑡0 and 𝑧0, the

right-hand side depends on time only through (𝑡 − 𝑡0). Hence, the exponential convergence to U

is uniform (e.g., [76, Definition 1]).

Additionally, since 𝑧 (𝑡) ∈ D for all 𝑡 ≥ 𝑡0, 𝑧 ∈ L∞
(
R≥𝑡0;R𝜑

)
. Since 𝑧 ∈ L∞

(
R≥𝑡0;R𝜑

)
,

𝑒, 𝑟 ∈ L∞
(
R≥𝑡0;R𝑛

)
and Θ̃ ∈ L∞

(
R≥𝑡0;R𝑝

)
. Therefore, since 𝑞𝑑 , ¤𝑞𝑑 ∈ L∞ (R≥0;R𝑛) by

Assumption 3.1, using (3-3) and (3-4) yields that 𝑞, ¤𝑞 ∈ L∞ (R≥0;R𝑛), implying that

𝑔+ (𝑞, ¤𝑞, 𝑡) ∈ L∞
(
R𝑛 × R𝑛 × R≥𝑡0 ,R

𝑚
)

by Assumption 3.3. Following (3-23) and the fact that

𝑧 ∈ L∞
(
R≥𝑡0;R𝜑

)
yields that 𝜅 ∈ L∞

(
R≥𝑡0;R4𝑛) . Due to the projection operator,

Θ̂ ∈ L∞
(
R≥𝑡0;R𝑝

)
. Since

(
𝜅, Θ̂

)
∈ L∞

(
R≥0;R4𝑛 × R𝑝

)
, Ψ

(
𝜅 (𝑡) , Θ̂ (𝑡)

)
is bounded. Thus, by

(3-7), 𝑢 is bounded. □

3.1.3 Experiment

Experimental validation was performed on a Freefly Astro quadrotor equipped with a PX4

flight controller at the University of Florida’s Autonomy Park outdoor facility. State estimation

utilized the onboard EKF2 fusing GPS, optical flow, and Lidar data. A cascaded control

architecture was employed, where the proposed ResNet-based controller, implemented as a 50 Hz

ROS2 outer loop, generated acceleration commands sent via MAVROS to the PX4’s inner-loop

controller operating at 400 Hz. The quadrotor autonomously tracked a 15 m × 5 m figure-eight

trajectory at 2.5 m altitude for 360 s. The proposed controller was compared against three

Table 3-1. Parameters used in the comparative experiment of SNN, DNN, and ResNet -based
adaptive controllers.

SNN DNN ResNet
Neurons 8 2 2
Layers 1 32 2
Blocks 0 0 4

Parameters 254 226
Outer Activation tanh
Inner Activation N/A Swish

Shortcut Activation N/A Swish
Learning Rate Γ = 0.05 Γ = 0.1 Γ = 0.025

Search Space Bound Θ = 4 Θ = 8 Θ = 1
Control Gains 𝑘1 = 0.77, 𝑘2 = 0.66, 𝑘3 = 1e−6
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Figure 3-1. Tracking error comparison over the 360-second experiment.

benchmarks: a proportional-derivative (PD) controller, a shallow NN-based adaptive controller

(SNN) and a DNN-based adaptive controller (employing Φ instead of Ψ in (3-7)). Controller

parameters are provided in Table 3-1. Figure 3-1 illustrates that the proposed ResNet controller

reduced tracking error by 22.81%, 8.75%, and 4.76% relative to the SNN, PD, and DNN

controllers, respectively, while using approximately 11% fewer parameters compared to the SNN

and DNN controllers.
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Figure 3-2. Trajectory comparison over the 360-second experiment.

3.2 Second-Order Heterogeneous Multi-Agent Target Tracking without Relative Velocities

Second-order multi-agent target tracking underpins diverse systems, from manipulators to

aircraft, and has progressed rapidly in distributed guidance, navigation, and control. Practical

deployments rarely provide reliable relative velocity measurements, making full-state feedback

assumptions unrealistic and motivating strategies that use only relative positions and onboard

sensing. Prior leader–follower and observer-based designs imposed first-order models, required

measured relative velocities, restricted agents to linear dynamics, or assumed identical drift

dynamics, limiting robustness to heterogeneity and nonlinearity. This work develops a distributed

observer for networks with unknown, heterogeneous second-order nonlinear dynamics that

operates without relative velocity measurements by introducing an auxiliary distributed filter

driven solely by relative positions to estimate the velocities of both target and agents. A Lyapunov

analysis establishes exponential regulation of all agents to a neighborhood of the target.

Comparative simulations on a six-agent network against an established baseline demonstrate a

67% reduction in RMS tracking error, indicating improved performance under realistic sensing

constraints.
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3.2.1 Problem Formulation

Consider a network composed of 𝑁 agents indexed by V, with a static, connected, and

undirected communication graph modeled by G ≜ (V, E), where E ⊆ V ×V denotes the edge

set. The model for agent 𝑖 ∈ V is given by

¥𝑞𝑖 = 𝑓𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡) + 𝑢𝑖, (3-28)

where 𝑞𝑖, ¤𝑞𝑖, ¥𝑞𝑖 ∈ R𝑛 denote the generalized position, velocity, and acceleration, respectively,

𝑢𝑖 ∈ R𝑛 denotes the control input, and 𝑓𝑖 : R𝑛 × R𝑛 × R≥0 → R𝑛 denotes an unknown locally

Lipschitz function in 𝑞𝑖 and ¤𝑞𝑖, uniformly bounded in 𝑡. Consider a target with the stable model

¥𝑞0 = 𝑔 (𝑞0, ¤𝑞0, 𝑡) , (3-29)

such that ∥𝑞0∥ ≤ 𝑞0 ∈ R≥0 and ∥ ¤𝑞0∥ ≤ ¤̄𝑞0 ∈ R≥0, where 𝑞0, ¤𝑞0, ¥𝑞0 ∈ R𝑛 denote the generalized

position, velocity, and acceleration, respectively, and 𝑔 : R𝑛 × R𝑛 × R≥0 → R𝑛 denotes an

unknown locally Lipschitz function in 𝑞0 and ¤𝑞0, uniformly bounded in 𝑡. Each agent is capable of

measuring only the relative position between itself and its neighbors, which is given by

𝑑𝑖 𝑗 ≜ 𝑞 𝑗 − 𝑞𝑖, ∀ 𝑗 ∈ N𝑖 . (3-30)

The objective is to develop a distributed controller capable of regulating each agent to the target,

based on only the relative position measurement. To quantify the target regulation objective, let

the tracking error 𝑒𝑖 ∈ R𝑛 of agent 𝑖 ∈ V be

𝑒𝑖 ≜ 𝑞0 − 𝑞𝑖 . (3-31)
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Based on the subsequent stability analysis, we also define the auxiliary tracking error 𝑟𝑖 ∈ R𝑛 of

agent 𝑖 ∈ V as

𝑟𝑖 ≜ ¤𝑒𝑖 + 𝑘1𝑒𝑖, (3-32)

where 𝑘1 ∈ R>0 is a user-defined gain. The following section provides the control design to

achieve the stated objective.

3.2.2 Control Synthesis

Since at least one agent must be able to measure 𝑒𝑖, we let 𝑏𝑖 ∈ {0, 1} denote the indicator of

whether an agent 𝑖 ∈ V is capable of measuring 𝑒𝑖. Let the relative position 𝜂𝑖 ∈ R𝑛 and relative

velocity 𝜁𝑖 ∈ R𝑛 be defined as

𝜂𝑖 ≜
∑︁
𝑗∈N𝑖

𝑑𝑖 𝑗 + 𝑏𝑖𝑒𝑖, (3-33)

and

𝜁𝑖 ≜ ¤𝜂𝑖 =
∑︁
𝑗∈N𝑖

¤𝑑𝑖 𝑗 + 𝑏𝑖 ¤𝑒𝑖, (3-34)

respectively, for all 𝑖 ∈ V.

Define the interaction matrix H ≜
(
LG + diag {𝑏1, . . . , 𝑏𝑁 }

)
⊗ 𝐼𝑛 ∈ R𝑛𝑁×𝑛𝑁 . Using (3-33)

and the definition of the graph Laplacian and interaction matrix, the relative positions can be

expressed in an ensemble form as

𝜂 = H𝑒, (3-35)

where 𝜂 ≜ [𝜂𝑖]𝑖∈V ∈ R𝑛𝑁 and 𝑒 ≜ [𝑒𝑖]𝑖∈V ∈ R𝑛𝑁 . Based on (3-35), the relative velocities can be

expressed in an ensemble form as

𝜁 = H ¤𝑒, (3-36)

where 𝜁 ≜ [𝜁𝑖]𝑖∈V ∈ R𝑛𝑁 .

Remark 3.3. Since the communication graph is connected and 𝑏𝑖 ≠ 0 for at least one 𝑖, H is a

positive-definite 𝑀-matrix. [80, Corollary 4.33].
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3.2.2.1 Distributed Observer Development

Since the relative velocities are unknown, we develop a distributed observer that generates

estimates of 𝜂𝑖 and 𝜁𝑖, given by 𝜂𝑖, 𝜁𝑖 ∈ R𝑛, respectively. The corresponding relative position

estimation error 𝜂𝑖 ∈ R𝑛 and the relative velocity estimation error 𝜁𝑖 ∈ R𝑛 are quantified as

𝜂𝑖 ≜ 𝜂𝑖 − 𝜂𝑖, 𝜁𝑖 ≜ 𝜁𝑖 − 𝜁𝑖, (3-37)

respectively, for all 𝑖 ∈ V. To facilitate the subsequent development, we introduce the auxiliary

estimation error 𝑟𝑖 ∈ R𝑛 defined as

𝑟𝑖 ≜ ¤̃𝜂𝑖 + 𝑘3𝜂𝑖 + 𝜌𝑖, (3-38)

for all 𝑖 ∈ V, where 𝑘3 ∈ R>0 is a user-defined gain, and 𝜌𝑖 ∈ R𝑛 denotes the output from a

dynamic filter which compensates for the fact that the state 𝜁𝑖 is not measurable. Based on the

subsequent stability analysis, 𝜌𝑖 is designed as the output of the dynamic filter

¤𝜌𝑖 ≜ 𝜂𝑖 − (𝑘3 + 𝑘4) 𝑟𝑖 − 𝑘5𝜌𝑖, 𝜌𝑖 (𝑡0) = 0, (3-39)

where 𝑘4, 𝑘5 ∈ R>0 are user-defined gains. Substituting (3-38) into (3-39) and integrating the

resulting equation from 𝑡0 to 𝑡, (3-39) is implemented as

𝜌𝑖 (𝑡) =
(
1 − 𝑘2

3 − 𝑘3𝑘4

) ∫ 𝑡

𝑡0

𝜂𝑖 (𝜏) d𝜏 − (𝑘3 + 𝑘4 + 𝑘5)
∫ 𝑡

𝑡0

𝜌𝑖 (𝜏) d𝜏 − (𝑘3 + 𝑘4) 𝜂𝑖 (𝑡) , (3-40)

for all 𝑖 ∈ V. Based on the subsequent analysis, we design the distributed observer as

¤̂𝜂𝑖 = 𝜁𝑖, 𝜂𝑖 (𝑡0) = 0,

¤̂𝜁𝑖 =
∑︁
𝑗∈N𝑖

(
𝑢 𝑗 − 𝑢𝑖

)
− 𝑏𝑖𝑢𝑖 + (2𝑘3 + 𝑘4 + 𝑘5) 𝜌𝑖 −

(
2 − 𝑘2

3

)
𝜂𝑖, 𝜁𝑖 (𝑡0) = 0, (3-41)
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for all 𝑖 ∈ V. Using the definitions of the graph Laplacian and interaction matrix, (3-41) can be

expressed as

¤̂𝜂 = 𝜁,

¤̂𝜁 = −H𝑢 + (2𝑘3 + 𝑘4 + 𝑘5) 𝜌 −
(
2 − 𝑘2

3

)
𝜂, (3-42)

where 𝑢 ≜ [𝑢𝑖]𝑖∈V ∈ R𝑛𝑁 , 𝜂 ≜ [𝜂𝑖]𝑖∈V ∈ R𝑛𝑁 , 𝜁 ≜
[
𝜁𝑖
]
𝑖∈V ∈ R𝑛𝑁 , 𝜌 ≜ [𝜌𝑖]𝑖∈V ∈ R𝑛𝑁 , and

𝜂 ≜ [𝜂𝑖]𝑖∈V ∈ R𝑛𝑁 . Substituting (3-36)-(3-39) and (3-42) into the time-derivative of (3-38) yields

¤̃𝑟 = (𝑘3 + 𝑘4) 𝜌 − 𝜂 −H (𝐺 (𝑞0, ¤𝑞0, 𝑡) − 𝐹 (𝑞, ¤𝑞, 𝑡)) − 𝑘4𝑟, (3-43)

where 𝐺 (𝑞0, ¤𝑞0, 𝑡) ≜ (1𝑁 ⊗ 𝑔 (𝑞0, ¤𝑞0, 𝑡)) ∈ R𝑛𝑁 , 𝐹 (𝑞, ¤𝑞, 𝑡) ≜ [ 𝑓𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡)]𝑖∈V ∈ R𝑛𝑁 ,

𝑞 ≜ [𝑞𝑖]𝑖∈V ∈ R𝑛𝑁 , and 𝑟 ≜ [𝑟𝑖]𝑖∈V ∈ R𝑛𝑁 .

3.2.2.2 Distributed Controller Development

Based on the subsequent analysis, we design the distributed controller as

𝑢𝑖 = 𝑘1𝑘2𝜂𝑖 + 𝑘2𝜁𝑖 + 𝑘2𝑘3𝜂𝑖 + 𝑘2𝜌𝑖, (3-44)

where 𝑘2 ∈ R>0 is a user-defined gain. Substituting (3-35), (3-36), and (3-38) into (3-44) yields

𝑢 = 𝑘2H𝑟 + 𝑘2𝑟. (3-45)

Substituting (3-28), (3-29), (3-31), (3-32), and (3-45) into the time-derivative of (3-32) yields

¤𝑟 = 𝐺 (𝑞0, ¤𝑞0, 𝑡) − 𝐹 (𝑞, ¤𝑞, 𝑡) − 𝑘2H𝑟 − 𝑘2𝑟 + 𝑘1𝑟 − 𝑘2
1𝑒. (3-46)

The block diagrammatic representation for a combined implementation of the distributed filter,

observer, and controller is shown in Figure 3-3. The following section provides the stability
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analysis for the distributed filter, observer, and controller. To facilitate the stability analysis, we

introduce the following lemma.

Lemma 3.1. Let 𝐿 ∈ R≥0 be defined as 𝐿 ≜ max {𝐿1, . . . , 𝐿𝑁 }, where 𝐿𝑖 ∈ R≥0 is the drift

Lipschitz constant for agent 𝑖 ∈ V defined for 𝑞, 𝑄0 ∈ D1 ⊆ R𝑛𝑁 and ¤𝑞, ¤𝑄0 ∈ D2 ⊆ R𝑛𝑁 , where

𝑄0 ≜ 1𝑁 ⊗ 𝑞0 ∈ R𝑛𝑁 . There exists some constant 𝐾 ∈ R≥0 such that

∥𝐺 (𝑞0, ¤𝑞0, 𝑡) − 𝐹 (𝑞, ¤𝑞, 𝑡)∥ ≤ 𝐿 ∥𝑟 ∥ + 𝐿 (1 + 𝑘1) ∥𝑒∥ + 𝑁𝐾. (3-47)

Proof. Adding and subtracting 𝐹 (𝑞0, ¤𝑞0, 𝑡) to 𝐺 (𝑞0, ¤𝑞0, 𝑡) − 𝐹 (𝑞, ¤𝑞, 𝑡) and using the triangle

inequality yields

∥𝐺 (𝑞0, ¤𝑞0, 𝑡) − 𝐹 (𝑞, ¤𝑞, 𝑡)∥ ≤


𝐹 (

𝑄0, ¤𝑄0, 𝑡
)
− 𝐹 (𝑞, ¤𝑞, 𝑡)



 ,
+



𝐺 (𝑞0, ¤𝑞0, 𝑡) − 𝐹
(
𝑄0, ¤𝑄0, 𝑡

)

 . (3-48)

Since 𝑔 and 𝑓 are continuous functions on D1 and D2, there exists some constant 𝐾 ∈ R≥0 such

that

max
𝑖∈V

∥𝑔 (𝑞0, ¤𝑞0, 𝑡) − 𝑓𝑖 (𝑞0, ¤𝑞0, 𝑡)∥ ≤ 𝐾, (3-49)

for all 𝑡 ∈ R𝑛. Applying (3-49) and the Lipschitz property of 𝑓𝑖, ∀𝑖 ∈ V to (3-48), and using the

definitions of 𝑒 and ¤𝑒 yields

∥𝐺 (𝑞0, ¤𝑞0, 𝑡) − 𝐹 (𝑞, ¤𝑞, 𝑡)∥ ≤ 𝐿 (∥𝑒∥ + ∥ ¤𝑒∥) + 𝑁𝐾. (3-50)

Substituting (3-32) into (3-50) and bounding the resulting inequality yields (3-47). □
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Figure 3-3. Block diagram of algorithm implementation for agent 𝑖 ∈ V. Control gains have been
omitted for clarity.

3.2.3 Stability Analysis

Define the state vector 𝜉 : R≥0 → R5𝑛𝑁 as 𝜉 ≜
[
𝑒⊤ 𝑟⊤ 𝜂⊤ 𝑟⊤ 𝜌⊤

]⊤
. Using (3-32),

(3-38), (3-39), (3-43), and (3-46) yields the closed-loop error system

¤𝜉 =



𝑟 − 𝑘1𝑒

𝐺 (𝑞0, ¤𝑞0, 𝑡) − 𝐹 (𝑞, ¤𝑞, 𝑡) − 𝑘2H𝑟 − 𝑘2𝑟 + 𝑘1𝑟 − 𝑘2
1𝑒

𝑟 − 𝑘3𝜂 − 𝜌

(𝑘3 + 𝑘4) 𝜌 − 𝜂 −H (𝐺 (𝑞0, ¤𝑞0, 𝑡) − 𝐹 (𝑞, ¤𝑞, 𝑡)) − 𝑘4𝑟

𝜂 − (𝑘3 + 𝑘4) 𝑟 − 𝑘5𝜌


. (3-51)

Consider the continuously differentiable Lyapunov function candidate 𝑉 : R5𝑛𝑁 → R≥0 defined as

𝑉 (𝜉) ≜ 1
2
𝜉⊤𝜉. (3-52)

Let 𝛾,𝛿 ∈ R>0 be defined as 𝛾 ≜ 𝜆max
{
LG

}
+ 1 and 𝛿 ≜ 𝑁𝐾2 (1+𝛾)

2 , respectively.
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Since the local Lipschitz property of 𝐹 holds over a subset of R𝑛𝑁 , the subsequent stability

analysis requires ensuring 𝑞 ∈ D1 and ¤𝑞 ∈ D2, ∀𝑖 ∈ V,∀𝑡 ∈ R≥0. This is achieved by yielding a

local stability result which constrains the states as ∥𝜉∥ ≤ 𝜒, where 𝜒 ∈ R>0. Based on the

subsequent stability analysis, we define S ≜
{
𝜚 : ∥𝜚∥ ≤

√︃
𝜒2 − 𝛿

𝑘

}
, where 𝑘 ∈ R>0.

Theorem 3.2. Consider the dynamical systems described by (3-28) and (3-29). For any initial

conditions of the states ∥𝜉 (𝑡0)∥ ∈ S, the filter given by (3-40), observer given by (3-42), and

controller given by (3-44) guarantee that there exists a constant 𝑘 such that

∥𝜉 (𝑡)∥ ≤

√︄(
∥𝜉 (𝑡0)∥2 − 𝛿

𝑘

)
e−2𝑘 (𝑡−𝑡0) + 𝛿

𝑘
, (3-53)

∀𝑡 ∈ [𝑡0,∞), provided that the control gains 𝑘1, 𝑘2, and 𝑘4 are selected such that 𝑘1 > 1,

−𝜅1
(
1 − 𝑘2

1
)
− 𝐿 (1 + 𝑘1) (1 + 𝛾) + 2𝑘1 > 0, 𝑘2 >

−𝑘2
1+𝜅1 (𝑘1 (2+𝐿)+𝐿 (3+𝛾)+𝑁)+1

𝜅1 (2𝜆min{H}−𝜅2) , and

𝑘4 >
𝑘2+𝛾𝜅2 (𝐿 (2+𝑘1)+𝑁)

2𝜅2
, where 𝜅1 > 0 and 𝜅2 > 2𝜆min {H} are constants.

Proof. Substituting (3-51) into the time-derivative of (3-52) yields

¤𝑉 (𝜉) = −𝑘1𝑒
⊤𝑒 − 𝑘2𝑟

⊤H𝑟 − 𝑘3𝜂
⊤𝜂 − 𝑘4𝑟

⊤𝑟 − 𝑘5𝜌
⊤𝜌 + 𝑘1𝑟

⊤𝑟 +
(
1 − 𝑘2

1

)
𝑒⊤𝑟

− 𝑘2𝑟
⊤𝑟 − 𝑟⊤ (H (𝐺 (𝑞0, ¤𝑞0, 𝑡) − 𝐹 (𝑞, ¤𝑞, 𝑡))) + 𝑟⊤ (𝐺 (𝑞0, ¤𝑞0, 𝑡) − 𝐹 (𝑞, ¤𝑞, 𝑡)) . (3-54)

Applying Young’s inequality to
(
1 − 𝑘2

1
)
𝑒⊤𝑟 yields

(
1 − 𝑘2

1

)
𝑒⊤𝑟 ≤

𝜅1
��1 − 𝑘2

1
��

2
∥𝑒∥2 +

��1 − 𝑘2
1
��

2𝜅1
∥𝑟 ∥2 , (3-55)

where 𝜅1 ∈ R>0. Similarly, we have that −𝑘2𝑟
⊤𝑟 may be upper bounded as

−𝑘2𝑟
⊤𝑟 ≤ 𝑘2𝜅2

2
∥𝑟 ∥2 + 𝑘2

2𝜅2
∥𝑟 ∥2 , (3-56)
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where 𝜅2 ∈ R>0. We can upper bound 𝑟⊤ (𝐺 (𝑞0, ¤𝑞0, 𝑡) − 𝐹 (𝑞, ¤𝑞, 𝑡)) by applying Lemma 3.1 as

𝑟⊤ (𝐺 (𝑞0, ¤𝑞0, 𝑡) − 𝐹 (𝑞, ¤𝑞, 𝑡)) ≤ 𝐿 (1 + 𝑘1)
2

∥𝑒∥2 + 𝐿 (3 + 𝑘1) + 𝑁
2

∥𝑟 ∥2 + 𝑁𝐾2

2
. (3-57)

Based on the definition of the graph Laplacian, we can upper-bound the norm of H as

∥H ∥ ≤ 𝛾. (3-58)

Similarly, we can upper bound 𝑟⊤ (H (𝐺 (𝑞0, ¤𝑞0, 𝑡) − 𝐹 (𝑞, ¤𝑞, 𝑡))) by using (3-58), applying

Lemma 3.1, and using Young’s inequality, yielding

𝑟⊤ (H (𝐺 (𝑞0, ¤𝑞0, 𝑡) − 𝐹 (𝑞, ¤𝑞, 𝑡))) ≤ 𝛾
(
𝐿

2
∥𝑟 ∥2 + 𝐿 (1 + 𝑘1)

2
∥𝑒∥2

)
(3-59)

+ 𝛾
(
𝐿 (2 + 𝑘1) + 𝑁

2
∥𝑟 ∥2 + 𝑁𝐾2

2

)
Thus, we may upper bound (3-54) as

¤𝑉 (𝜉) ≤ −𝑘 ∥𝜉∥2 + 𝑁𝐾2 (1 + 𝛾)
2

, (3-60)

by using (3-55)-(3-57), (3-59), and invoking the gain conditions of 𝑘1, 𝑘2, and 𝑘4. Using (3-52),

we can upper bound (3-60) as

¤𝑉 (𝜉) ≤ −2𝑘𝑉 (𝜉) + 𝛿. (3-61)

Solving the differential inequality in (3-61) yields (3-53).

Further upper bounding the right side of (3-53) yields ∥𝜉 (𝑡)∥ ≤
√︃
∥𝜉 (𝑡0)∥2 + 𝛿

𝑘
for all

𝑡 ∈ R≥0. Consider the set B̄𝜒 ≜ {𝜄 : ∥𝜄∥ ≤ 𝜒}. If 𝜉 (𝑡0) ∈ S, then
√︃
∥𝜉 (𝑡0)∥2 + 𝛿

𝑘
≤ 𝜒 which

implies that 𝜉 ∈ B̄𝜒 always holds. Since ∥𝜉 (𝑡)∥ ≤ 𝜒 implies ∥𝑒∥ , ∥𝑟 ∥ ≤ 𝜒, the relations

∥𝑞∥ ≤ 𝜒 + 𝑁𝑞0 and ∥ ¤𝑞∥ ≤ (1 + 𝑘1) 𝜒 + 𝑁 ¤̄𝑞0 hold. Thus, selecting 𝜒 such that
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D1 = {𝜄1 : 𝜄1 ≤ 𝜒 + 𝑁𝑞0} and D2 =
{
𝜄2 : 𝜄2 ≤ (1 + 𝑘1) 𝜒 + 𝑁 ¤̄𝑞0

}
ensures that 𝑞 ∈ D1 and

¤𝑞 ∈ D2 for all 𝑡 ∈ R≥0, thus always satisfying the local Lipschitz property. If 𝐹 is globally

Lipschitz, then the stability result holds for all initial conditions.

Similarly, since ∥𝜌∥ , ∥𝜂∥ , ∥𝑟 ∥ ≤ 𝜒, 𝜌, 𝜂, 𝑟 ∈ L∞. Thus, using (3-38) yields 𝜁 ∈ L∞. Since

𝑒, 𝑟 ∈ L∞, using (3-32) yields ¤𝑒 ∈ L∞. Since 𝑒, ¤𝑒 ∈ L∞, using (3-35) and (3-36) yields

𝜂, 𝜁 ∈ L∞. Since 𝜂, 𝜂, 𝜁 , 𝜁 ∈ L∞, using (3-37) yields 𝜂, 𝜁 ∈ L∞. Since 𝜂𝑖, 𝜁𝑖, 𝜂𝑖, 𝜌𝑖 ∈ L∞, using

(3-44) yields 𝑢 ∈ L∞. Since 𝑢, 𝜌, 𝜂, 𝜁 ∈ L∞, using (3-42) yields ¤̂𝜁, ¤̂𝜂 ∈ L∞. Therefore, all

implemented signals are bounded. □

3.2.4 Simulation

The performance of the developed controller is demonstrated through comparative

simulations, with the method in [9, eq.40] as the baseline. The controller and observer in the

baseline method are given by

𝑢𝑖 = 𝜎𝜂𝑖 + 𝜎𝜁𝑖,

¤̂𝜂𝑖 = 𝜁𝑖 − ℓ𝜂𝑖,

¤̂𝜁𝑖 =
∑︁
𝑗∈N𝑖

(
𝑢 𝑗 − 𝑢𝑖

)
− 𝑏𝑖𝑢𝑖 − ℓ2𝜂𝑖, (3-62)

where 𝜎, ℓ ∈ R>0 are control and observer gains, respectively. The baseline method was

developed assuming the agent dynamics are homogeneous and identical to the target, i.e., 𝑓𝑖 = 𝑔

for all agents 𝑖 ∈ V . The developed method does not rely on this assumption, and thus also

accounts for heterogeneity in the dynamics. To demonstrate the efficacy of the developed method,

six simulations are performed, with each simulation having a different degree of heterogeneity.

Each simulation is performed for 60 seconds, where six agents are tasked with tracking a moving

target. The drift dynamics for agent 𝑖 ∈ V in (3-28) are defined as those of a damped and driven

harmonic oscillator, given by [9, eq.40]

𝑓𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡) = −𝑎𝑖 sin (𝑞𝑖) − 𝑏𝑖 ¤𝑞𝑖 + 𝑐𝑖 cos (𝑑𝑖𝑡) . (3-63)
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To show how varying levels of heterogeneity impact the results, we choose the parameters

𝑎𝑖, 𝑏𝑖, 𝑐𝑖, 𝑑𝑖 from the uniform distribution𝑈 (0, 𝜔). In each simulation, we use different values of

𝜔 to create these ranges, i.e., 𝜔 ∈ {0, 2.5, 5, 7.5, 10, 1000}, where a broader range of these

parameters (i.e., higher 𝜔) suggests a more diverse set of dynamics that controlled agents might

encounter. Additionally, all simulations were conducted with an additive measurement noise

sampled from a Gaussian distribution with variance 0.5.

The initial conditions of the agents are selected so that they form an equilateral hexagon of

radius 0.5, centered at (𝑥, 𝑦, 𝑧) = (0.5, 0.5, 0). The dynamics for the target are also given by

(3-63), with initial conditions

𝑥0 (0) = 𝑦0 (0) = 𝑧0 (0) = 0.5,

¤𝑥0 (0) = ¤𝑦0 (0) = 0, ¤𝑧0 (0) = 0.1.

Three agents are selected so that 𝑏𝑖 = 1, with the remaining three agents having 𝑏𝑖 = 0, i.e.

only three agents could measure the relative positions between themselves and the target. This

configuration results in the indicator matrix being given by diag {0, 1, 0, 1, 0, 1}. The graph

Laplacian for the network is given by

LG =



3 0 −1 −1 −1 0

0 3 0 −1 −1 −1

−1 0 3 0 −1 −1

−1 −1 0 3 0 −1

−1 −1 −1 0 3 0

0 −1 −1 −1 0 3



.

An adaptive Monte-Carlo method is used to select the final gains in each simulation. A total of

25,000 trials are run for each value of 𝜔, with the gains being selected from the uniform

49



distribution𝑈 (0.001, 50). The cost function is defined as

𝐽 =

∫ 𝑡 𝑓

0

(
∥𝑒 (𝑡)∥2 + 𝜏2 

𝜁 (𝑡)

2

)
d𝑡,

where 𝜏 = 0.25 is a scaling factor.

Every 1000 trials, the top 50% performing trials are selected and the corresponding gains

are used to determine the new set for random gain initialization. To ensure a fair comparison, both

scenarios employ the same adaptive Monte Carlo simulation approach, and all the initial

conditions, dynamics, and simulation parameters for both agents and targets are kept identical.

The simulations are ran in parallel to ensure that the random dynamic parameters are identical for

both simulations. The final gains selected for the both the developed controller and the baseline

controller are shown in Table 3-2.

Considering the limitations of the baseline method outlined in [9, eq.40] for heterogeneous

scenarios, we conducted a homogeneous comparison (𝜔 = 0), the results of which are depicted in

Figure 3-4. These results validate the efficacy of our method even in the absence of heterogeneity.

To further test our methods effectiveness, we increased 𝜔 up to 1000. As shown in Table 3-2, our

controller maintains satisfactory tracking performance without significant degradation, even under

high heterogeneity levels.

Figure 3-5 shows the tracking errors using our developed method at 𝜔 = 2.5, with Table 3-3

listing the corresponding randomly initialized parameters. As evident from Figure 3-5, all agents

effectively track the target with ∥𝑒𝑖∥ < 0.1 after approximately 0.5 seconds.

Table 3-2 provides the Root Mean Square (RMS) and maximum tracking and velocity

estimation errors for the six simulations using both developed and baseline methods. The baseline

method shows a performance decline with increasing dynamics heterogeneity (i.e., higher 𝜔) in

contrast to the developed method. Particularly at 𝜔 = 10, the developed method significantly

outperforms the baseline method, as shown in Figure 3-6, achieving a 67% improvement in the

RMS tracking error.
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Figure 3-4. Plots of the tracking and velocity estimation errors for the homogeneous comparison
(𝜔 = 0).
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Figure 3-5. Plot of the tracking errors for each agent, when the dynamic parameters 𝑎𝑖, 𝑏𝑖, 𝑐𝑖, 𝑑𝑖
are selected from the uniform distribution𝑈 (0, 2.5).

Figure 3-6. Comparative plots of the average tracking errors, when the dynamic parameters
𝑎𝑖, 𝑏𝑖, 𝑐𝑖, 𝑑𝑖 are selected from the uniform distribution𝑈 (0, 10).
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Table 3-2. Result Comparison
𝜔 Method Gains Error ∥𝑒∥2 ∥𝜁 ∥2

0
Developed 39.35, 10.24, 4.01, 1.05, 41.25 RMS 0.04 0.87

Max 0.70 5.47

Baseline 36.21, 5.20 RMS 0.11 0.87
Max 0.71 5.47

2.5
Developed 37.45, 14.34, 3.17, 2.51, 39.29 RMS 0.04 1.32

Max 0.70 13.37

Baseline 35.23, 6.91 RMS 0.42 1.50
Max 0.91 10.32

5.0
Developed 30.62, 22.11, 0.34, 8.94, 31.43 RMS 0.03 1.24

Max 0.70 17.70

Baseline 35.11, 13.11 RMS 0.23 1.15
Max 0.71 20.00

7.5
Developed 18.97, 22.39, 0.13, 16.21, 11.45 RMS 0.04 1.52

Max 0.70 25.94

Baseline 34.53, 14.42 RMS 0.18 1.50
Max 0.71 22.44

10
Developed 9.75, 32.41, 0.05, 20.28, 23.45 RMS 0.06 1.78

Max 0.70 32.65

Baseline 34.63, 16.45 RMS 0.18 1.80
Max 0.70 22.93

1000
Developed 9.75, 32.41, 0.05, 20.28, 23.45 RMS 0.31 14.13

Max 0.94 37.95

Baseline 34.63, 16.45 RMS Unstable
Max Unstable
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Table 3-3. Heterogeneity Parameters for 𝜔 = 2.5

Agent 𝑎 = (𝑎𝑥 , 𝑎𝑦, 𝑎𝑧) 𝑏 = (𝑏𝑥 , 𝑏𝑦, 𝑏𝑧)
𝑐 = (𝑐𝑥 , 𝑐𝑦, 𝑐𝑧) 𝑑 = (𝑑𝑥 , 𝑑𝑦, 𝑑𝑧)

Agent 1 2.27, 1.33, 1.86 0.91, 1.86 ,1.76
0.46, 1.96, 0.55 0.46, 1.96, 0.55

Agent 2 0.26, 1.07, 0.87 0.70, 1.27, 0.92
0.88, 1.36, 0.63 1.14, 0.06, 0.87

Agent 3 1.33, 2.34, 0.88 1.10, 1.42, 1.45
2.42, 0.95, 2.24 1.00, 0.81, 0.07

Agent 4 0.56, 0.83, 2.40 0.82, 1.44, 1.39
1.21, 2.36, 0.82 2.35, 1.14, 2.19

Agent 5 1.77, 1.97, 2.40 2.28, 2.25, 0.29
1.38, 1.52, 0.99 1.82, 2.40, 2.17

Agent 6 2.17, 2.17, 1.36 1.80, 1.34, 0.98
0.91, 1.51, 1.53 1.52, 1.37, 2.34

Target 0.23, 2.08, 0.88 0.93, 2.35, 1.92
1.67, 1.76, 0.25 1.82, 1.84, 2.36
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CHAPTER 4 DISTRIBUTED RISE-BASED CONTROL FOR EXPONENTIAL
HETEROGENEOUS MULTI-AGENT TARGET TRACKING OF SECOND-ORDER

NONLINEAR SYSTEMS

Multi-agent target tracking for second-order nonlinear systems faces challenges from

network topology, communication limits, unmodeled dynamics, and disturbances, demanding

robust methods with stability guarantees. The Robust Integral of the Sign of the Error (RISE)

framework achieves exponential tracking error convergence with continuous inputs under

time-varying disturbances by integrating a signum term and employing a 𝑃-function in Lyapunov

analysis, yet extending traditional 𝑃-function constructions to multi-agent ensembles is difficult

because stability is analyzed at the network level. Earlier multi-agent RISE tracking designs

coupled the interaction matrix to the signum term and required two-hop communication, while

related applications focused on flocking or stabilization rather than target tracking. Addressing

these gaps, a distributed RISE-based controller is formulated that embeds the graph interaction

matrix directly in the Lyapunov function, eliminating two-hop communication and motivating a

new 𝑃-function that incorporates the interaction matrix while preserving key 1-norm identities; a

nonsmooth analysis establishes semi-global exponential convergence of all agents to the target

despite heterogeneity and disturbances. Core contributions include a distributed design relying

only on local information exchange, a multi-agent-tailored 𝑃-function construction, and

exponential convergence guarantees under uncertainties.

4.1 Problem Formulation

4.1.1 System Dynamics

Consider a multi-agent system composed of 𝑁 agents indexed by V, and consider a target

agent indexed by {0}. The dynamics for agent 𝑖 ∈ V are given by

¥𝑞𝑖 = 𝑓𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡) + 𝑔𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡) 𝑢𝑖 (𝑡) + 𝑑𝑖 (𝑡) , (4-1)

where: 𝑞𝑖, ¤𝑞𝑖, ¥𝑞𝑖 ∈ R𝑛 denote the agents’ unknown generalized position, velocity, and acceleration,

respectively; the unknown functions 𝑓𝑖 : R𝑛 × R𝑛 × [0,∞) → R𝑛 and 𝑑𝑖 : [0,∞) → R𝑛 represent
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modeling uncertainties and exogenous disturbances, respectively; 𝑔𝑖 : R𝑛 × R𝑛 × [0,∞) → R𝑛×𝑚𝑖

denotes a known control effectiveness matrix; and 𝑢𝑖 : [0,∞) → R𝑚𝑖 denotes the control input.

Here, the functions 𝑓𝑖 are of class C3, the mappings 𝑡 ↦→ 𝑓𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡), 𝑡 ↦→ ∇ 𝑓𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡), and

𝑡 ↦→ ∇2 𝑓𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡) are uniformly bounded, the functions 𝑔𝑖 have full row-rank, are of class C3, the

mappings 𝑡 ↦→ 𝑔𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡), 𝑡 ↦→ ∇𝑔𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡), and 𝑡 ↦→ ∇2𝑔𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡) are uniformly bounded,

and the functions 𝑑𝑖 are of class C2, and there exist known constants 𝑑𝑖, ¤𝑑𝑖, ¥𝑑𝑖 ∈ R>0 such that

∥𝑑𝑖 (𝑡)∥ ≤ 𝑑𝑖,


 ¤𝑑𝑖 (𝑡)



 ≤ ¤𝑑𝑖, and


 ¥𝑑𝑖 (𝑡)



 ≤ ¥𝑑𝑖 for all 𝑡 ∈ [0,∞), for all 𝑖 ∈ V. By the full row-rank

property, the existence of the right Moore-Penrose inverse 𝑔+
𝑖

: R𝑛 × R𝑛 × [0,∞) → R𝑚𝑖×𝑛 is

ensured, for all 𝑖 ∈ V, where the functions 𝑔+
𝑖

are of class C1, and the mappings 𝑡 ↦→ 𝑔+
𝑖
(𝑞𝑖, ¤𝑞𝑖, 𝑡)

and 𝑡 ↦→ ∇𝑔+
𝑖
(𝑞𝑖, ¤𝑞𝑖, 𝑡) are uniformly bounded for all 𝑖 ∈ V.

Remark 4.1. For addressing an uncertain 𝑔𝑖, potential extensions might leverage techniques found

in [95, 53].

The dynamics for the target agent are given by

¥𝑞0 = 𝑓0 (𝑞0, ¤𝑞0, 𝑡) , (4-2)

where 𝑞0, ¤𝑞0, ¥𝑞0 ∈ R𝑛 denote the target’s unknown generalized position, velocity, and

acceleration, respectively, and the function 𝑓0 : R𝑛 × R𝑛 × [0,∞) → R𝑛 is unknown, of class C3,

and the mappings 𝑡 ↦→ ∇ 𝑓0 (𝑞0, ¤𝑞0, 𝑡) and 𝑡 ↦→ ∇2 𝑓0 (𝑞0, ¤𝑞0, 𝑡) are uniformly bounded.

Assumption 4.1. There exist known constants 𝑞0, ¤𝑞0, ¥𝑞0, 𝑞0 ∈ R>0 such that ∥𝑞0 (𝑡)∥ ≤ 𝑞0,

∥ ¤𝑞0 (𝑡)∥ ≤ ¤𝑞0, ∥ ¥𝑞0 (𝑡)∥ ≤ ¥𝑞0, and ∥𝑞0 (𝑡)∥ ≤ 𝑞0 for all 𝑡 ∈ [0,∞).

4.1.2 Control Objective

Each agent 𝑖 ∈ V can measure the relative position 𝑞𝑖, 𝑗 ∈ R𝑛 and relative velocity ¤𝑞𝑖, 𝑗 ∈ R𝑛

between itself and any agent 𝑗 ∈ N 𝑖 , where the relative position is defined as

𝑞𝑖 𝑗 ≜ 𝑞 𝑗 − 𝑞𝑖 . (4-3)
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The objective is to design a distributed controller that enables all agents to track the target

using only relative state measurements, given the unknown dynamics described by (4-1) and (4-2).

To quantify the tracking performance, the target tracking error 𝑒𝑖 ∈ R𝑛 is defined as

𝑒𝑖 ≜ 𝑞0 − 𝑞𝑖 . (4-4)

Using (4-4), the neighborhood tracking error 𝜂𝑖 ∈ R𝑛 is defined as

𝜂𝑖 ≜ 𝑏𝑖𝑒𝑖 +
∑︁
𝑗∈N𝑖

𝑎𝑖 𝑗𝑞𝑖 𝑗 , (4-5)

where 𝑏𝑖 ∈ {0, 1} indicates whether agent 𝑖 ∈ V senses the target. Using (4-3), (4-5) is expressed

in an equivalent analytical form as

𝜂𝑖 = 𝑏𝑖𝑒𝑖 −
∑︁
𝑗∈N𝑖

𝑎𝑖 𝑗
(
𝑒 𝑗 − 𝑒𝑖

)
. (4-6)

4.2 Control Design

Let I ≜ [𝑡0, 𝑡1] denote the interval where solutions exist for the subsequent closed-loop

error system, where 𝑡0, 𝑡1 ∈ R≥0 and 𝑡1 > 𝑡0. Based on the subsequent stability analysis, the

continuous control input 𝑢𝑖 for each agent 𝑖 ∈ V is designed as

𝑢𝑖 = 𝑔
+
𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡) (𝑘3 ¤𝜂𝑖 + ((𝑘1 + 𝑘2) 𝑘3 + 1) 𝜂𝑖 + (𝑘1 + 𝑘2) 𝑏𝑖 ¤𝑒𝑖 + (1 + 𝑘1𝑘2) 𝑏𝑖𝑒𝑖 + 𝜈̂𝑖) (4-7)

where 𝜈̂𝑖 ∈ R𝑛 is designed as a Filippov solution to

¤̂𝜈𝑖 = (𝑘1 + (1 + 𝑘1𝑘2) 𝑘3) 𝜂𝑖 + 𝑘4sgn ( ¤𝜂𝑖 + 𝑘1𝜂𝑖) , (4-8)
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where 𝑘1, 𝑘2, 𝑘3, 𝑘4 ∈ R>0 are user-defined constants. To aid in the stability analysis, the graph

interaction matrix H ∈ R𝑛𝑁×𝑛𝑁 is defined as

H ≜ (𝐿 + 𝐵) ⊗ 𝐼𝑛, (4-9)

where 𝐵 ≜ diag {𝑏1, . . . , 𝑏𝑁 } ∈ R𝑁×𝑁 . Using (4-9), the neighborhood position error in (4-6) is

expressed in an ensemble representation as

𝜂 = H𝑒, (4-10)

where 𝜂 ≜ (𝜂𝑖)𝑖∈V ∈ R𝑛𝑁 and 𝑒 ≜ (𝑒𝑖)𝑖∈V ∈ R𝑛𝑁 . Based on the subsequent stability analysis,

define the filtered tracking error 𝑟1 ∈ R𝑛𝑁 as

𝑟1 ≜ ¤𝑒 + 𝑘1𝑒. (4-11)

Using (4-10), (4-11) is expressed as

H𝑟1 = ¤𝜂 + 𝑘1𝜂. (4-12)

Similarly, define the auxiliary tracking error 𝑟2 ∈ R𝑛𝑁 as

𝑟2 ≜ ¤𝑟1 + 𝑘2𝑟1 + 𝑒. (4-13)

Using (4-12), (4-13) is expressed as

H𝑟2 = ¥𝜂 + (𝑘1 + 𝑘2) ¤𝜂 + (1 + 𝑘1𝑘2) 𝜂. (4-14)
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Using (4-8), (4-12), and (4-14), the time-derivative of (4-7) is expressed in an ensemble

representation as

¤𝑢 = 𝑔+ (H (𝑟1 + 𝑘3𝑟2) + 𝑘4sgn (H𝑟1) + B (𝑘1 ¥𝑒 + 𝑘2 ¤𝑟1 + ¤𝑒)) , (4-15)

where 𝑢 ≜ [𝑢𝑖]𝑖∈V ∈ R𝑁
∑

𝑖∈V 𝑚𝑖 , 𝑔+ ≜ diag
{
𝑔+1 , . . . , 𝑔

+
𝑁

}
∈ R𝑁 (

∑
𝑖∈V 𝑚𝑖×𝑛) , and

B ≜ 𝐵 ⊗ 𝐼𝑛 ∈ R𝑛𝑁 . Substituting (4-15) into the time-derivative of (4-13) yields

¤𝑟2 = ℎ𝐵 + ℎ̃ − 𝑘4sgn (H𝑟1) − (𝑘3H + (𝑘1 + 𝑘2) (B − 𝐼𝑛𝑁 )) 𝑟2

−
(
H +

(
1 − 2𝑘2

1 − 𝑘1𝑘2

)
(B − 𝐼𝑛𝑁 )

)
𝑟1 +

(
𝑘1

(
2 − 𝑘2

1

)
+ 𝑘2

)
(B − 𝐼𝑛𝑁 ) 𝑒, (4-16)

where

ℎ𝐵 ≜
[ ¤𝑓0 (𝑞0, ¤𝑞0, 𝑡) − ¤𝑓𝑖 (𝑞0, ¤𝑞0, 𝑡) − ¤𝑑𝑖 (𝑡)

]
𝑖∈V

−
[
¤𝑔𝑖 (𝑞0, ¤𝑞0, 𝑡) 𝑔+𝑖 (𝑞0, ¤𝑞0, 𝑡) ( ¥𝑞0 − 𝑓𝑖 (𝑞0, ¤𝑞0, 𝑡) − 𝑑𝑖 (𝑡))

]
𝑖∈V ,

and

ℎ̃ ≜
[ ¤𝑓𝑖 (𝑞0, ¤𝑞0, 𝑡) − ¤𝑓𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡) + ¤𝑔𝑖 (𝑞0, ¤𝑞0, 𝑡) 𝑔+𝑖 (𝑞0, ¤𝑞0, 𝑡) ( ¥𝑞0 − 𝑓𝑖 (𝑞0, ¤𝑞0, 𝑡) − 𝑑𝑖 (𝑡))

]
𝑖∈V

−
[
¤𝑔𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡) 𝑔+𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡) ( ¥𝑞𝑖 − 𝑓𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡) − 𝑑𝑖 (𝑡))

]
𝑖∈V .

Assumption 4.2. The graph 𝐺 is connected with at least one 𝑏𝑖 > 0, for all 𝑖 ∈ V.

Lemma 4.1. [81, Remark 1.2] Following Assumption 4.2, H is positive definite.
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Define the concatenated state vector 𝑧 : R≥0 → R3𝑛𝑁 as 𝑧 ≜
[
𝑒⊤ 𝑟⊤1 𝑟⊤2

]⊤
. Using

(4-11), (4-13), and (4-16), the closed-loop error system is expressed as

¤𝑧 =



𝑟1 − 𝑘1𝑒

𝑟2 − 𝑘2𝑟1 − 𝑒©­­«
ℎ𝐵 + ℎ̃ − 𝑘4sgn (H𝑟1) − (𝑘3H + (𝑘1 + 𝑘2) (B − 𝐼𝑛𝑁 )) 𝑟2

−
(
H +

(
1 − 2𝑘2

1 − 𝑘1𝑘2
)
(B − 𝐼𝑛𝑁 )

)
𝑟1 +

(
𝑘1

(
2 − 𝑘2

1
)
+ 𝑘2

)
(B − 𝐼𝑛𝑁 ) 𝑒,

ª®®¬


. (4-17)

The following section provides a Lyapunov-based stability analysis to provide exponential

tracking error convergence guarantees with the developed controller. Some supporting lemmas

are first presented to facilitate the subsequent analysis.

Lemma 4.2. There exist known constants 𝜒1, 𝜒2 ∈ R>0 such that ∥ℎ𝐵∥ ≤ 𝜒1 and


 ¤ℎ𝐵

 ≤ 𝜒2.

Proof. By Assumption 4.1, 𝑞0 is defined over a compact set Q ⊂ R𝑛, where

Q ≜
{
𝜄 ∈ R𝑛 : ∥𝜄∥ ≤ 𝑞0

}
. Using the definition of ℎ𝐵 and the triangle inequality yields

∥ℎ𝐵∥ ≤ 𝑁


 d

d𝑡 𝑓0 (𝑞0, ¤𝑞0, 𝑡) − d
d𝑡 𝑓𝑖 (𝑞0, ¤𝑞0, 𝑡) − d

d𝑡 𝑑𝑖 (𝑡) −
d
d𝑡 (𝑔𝑖 (𝑞0, ¤𝑞0, 𝑡)) 𝑔+𝑖 (𝑞0, ¤𝑞0, 𝑡) ( 𝑓𝑖 (𝑞0, ¤𝑞0, 𝑡) + 𝑑𝑖 (𝑡) − ¥𝑞0)∥. Applying Assumption 4.1, the

chain-rule, the Cauchy-Schwarz inequality, and the triangle inequality yields

∥ℎ𝐵∥ ≤ 𝑁
(
¤𝑞0

(



 𝜕 𝑓0𝜕𝑞0





 + 



 𝜕 𝑓𝑖𝜕𝑞0





) + ¥𝑞0

(



 𝜕 𝑓0𝜕 ¤𝑞0





 + 



 𝜕 𝑓𝑖𝜕 ¤𝑞0





) + 



𝜕 𝑓0𝜕𝑡 



 + 



𝜕 𝑓𝑖𝜕𝑡 



 + ¤𝑑𝑖
)

+ 𝑁
(



 𝜕𝑔𝑖𝜕𝑞0





 ¤𝑞0 +




 𝜕𝑔𝑖𝜕 ¤𝑞0





 ¥𝑞0 +




𝜕𝑔𝑖𝜕𝑡 



) 

𝑔+𝑖 (𝑞0, ¤𝑞0, 𝑡)



 (
∥ 𝑓𝑖 (𝑞0, ¤𝑞0, 𝑡)∥ + 𝑑𝑖 + ¥𝑞0

)
.

Since 𝑞0 is defined over the compact set Q, applying the mean value theorem gives ∥ℎ𝐵∥ ≤ 𝜒1.

Using the definition of ℎ𝐵 and the triangle inequality yields


 ¤ℎ𝐵

 ≤ 𝑁 


 d2

d𝑡2 𝑓0 (𝑞0, ¤𝑞0, 𝑡) −
d2

d𝑡2 𝑓𝑖 (𝑞0, ¤𝑞0, 𝑡) − d2

d𝑡2 𝑑𝑖 (𝑡) −
d2

d𝑡2 (𝑔𝑖 (𝑞0, ¤𝑞0, 𝑡)) 𝑔+𝑖 (𝑞0, ¤𝑞0, 𝑡) ( 𝑓𝑖 (𝑞0, ¤𝑞0, 𝑡) + 𝑑𝑖 (𝑡) − ¥𝑞0)∥.

Applying Assumption 4.1, the chain-rule, the product rule, the Cauchy-Schwarz inequality, and

60



the triangle inequality yields



 ¤ℎ𝐵

 ≤ 𝑁 (
¤𝑞0

(



 d
d𝑡

(
𝜕 𝑓0
𝜕𝑞0

)



 + 



 d
d𝑡

(
𝜕 𝑓𝑖

𝜕𝑞0

)



) + ¥𝑞0

(



 𝜕 𝑓0𝜕𝑞0





 + 



 d
d𝑡

(
𝜕 𝑓0
𝜕 ¤𝑞0

)



 + 



 𝜕 𝑓𝑖𝜕𝑞0





 + 



 d
d𝑡

(
𝜕 𝑓𝑖

𝜕 ¤𝑞0

)



))
+ 𝑁

(
𝑞0

(



 𝜕 𝑓0𝜕 ¤𝑞0





 + 



 𝜕 𝑓𝑖𝜕 ¤𝑞0





) + 



 d
d𝑡

(
𝜕 𝑓0
𝜕𝑡

)



 + 



 d
d𝑡

(
𝜕 𝑓𝑖

𝜕𝑡

)



 + ¥𝑑𝑖
)

+ 𝑁
(



 d

d𝑡

(
𝜕𝑔𝑖

𝜕𝑞0

)



 ¤𝑞0 + ¥𝑞0

(



 𝜕𝑔𝑖𝜕𝑞0





 + 



 d
d𝑡

(
𝜕𝑔𝑖

𝜕 ¤𝑞0

)



) + 



 𝜕𝑔𝑖𝜕 ¤𝑞0





 𝑞0 +




 d

d𝑡

(
𝜕𝑔𝑖

𝜕𝑡

)



) 

𝑔+𝑖 

 (
∥ 𝑓𝑖 ∥ + 𝑑𝑖 + ¥𝑞0

)
.

Since 𝑞0 is defined over the compact set Q, applying the mean value theorem gives


 ¤ℎ𝐵

 ≤ 𝜒2. □

Remark 4.2. If uncertainty bounds 𝜒1, 𝜒2 are unknown, adaptive RISE methods (e.g., [3]) can

estimate related bounds online. This typically involves a trade-off, as such adaptive approaches

often yield asymptotic stability or ultimate boundedness, contrasting with the exponential stability

targeted herein, which generally remains an open challenge for adaptive RISE.

Lemma 4.3. [29, Lemma 5] There exists a strictly increasing function 𝜌 : [0,∞) → [0,∞) such

that



ℎ̃


 ≤ 𝜌 (∥𝑧∥) ∥𝑧∥.

4.3 Stability Analysis

To establish exponential stability for the closed-loop error system in (4-17) a 𝑃-function is

introduced. This function is used to develop a strict Lyapunov function and is designed to be

non-negative under specific gain conditions. The 𝑃-function 𝑃 : I → R≥0 is designed as

𝑃 ≜ 𝑘4 ∥H𝑟1∥1 − 𝑟⊤1 H
⊤ℎ𝐵 + e−𝜆𝑃𝑡 ∗

(
𝑟⊤1 H

⊤ ¤ℎ𝐵 + (𝑘2 − 𝜆𝑃)
(
𝑘4 ∥H𝑟1∥1 − 𝑟⊤1 H

⊤ℎ𝐵
) )
, (4-18)

where 𝜆𝑃 ∈ R>0 is a user-defined constant, and the symbol ‘∗’ denotes the convolutional integral,

defined for any given function 𝛼 (𝑡) : I → R as e−𝜆𝑃𝑡 ∗ 𝛼 (𝑡) =
∫ 𝑡

𝑡0
e−𝜆𝑃 (𝑡−𝜏)𝛼 (𝑡) d𝜏. Using

Leibniz’s rule, the time derivative of a convolution integral satisfies
d
d𝑡

(
e−𝜆𝑃𝑡 ∗ 𝛼

)
= 𝛼 (𝑡) − 𝜆𝑃

∫ 𝑡

𝑡0
e−𝜆𝑃 (𝑡−𝜏)𝛼 (𝜏) d𝑡 which simplifies to

d
d𝑡

(
e−𝜆𝑃𝑡 ∗ 𝛼

)
= 𝛼 (𝑡) − 𝜆𝑃e−𝜆𝑃𝑡 ∗ 𝛼 (𝑡). Using (4-18) and the definition of the convolutional

integral yields

𝑃 (𝑡0) = 𝑘4 ∥H𝑟1 (𝑡0)∥1 − 𝑟⊤1 (𝑡0) H⊤ℎ𝐵 (𝑡0) . (4-19)
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Since 𝑡 ↦→ H𝑟1 (𝑡) is absolutely continuous and ∥·∥1 is globally Lipschitz, the mapping

𝑡 ↦→ ∥𝑟1 (𝑡)∥1 is differentiable almost everywhere. By the chain rule from [90, Theorem 2.2], the

derivative of ∥H𝑟1∥1 is given almost everywhere by

d
d𝑡

∥H𝑟1∥1 =
d
d𝑡

∥ ¤𝜂 + 𝑘1𝜂∥1
a.e.∈ ( ¥𝜂 + 𝑘1 ¤𝜂)⊤ 𝐾 [sgn] ( ¤𝜂 + 𝑘1𝜂) .

By the definition of the 𝐿1-norm,

∥ ¤𝜂 + 𝑘1𝜂∥1 = ( ¤𝜂 + 𝑘1𝜂)⊤ 𝐾 [sgn] ( ¤𝜂 + 𝑘1𝜂) .

Using the definitions of the chain rule and the 𝐿1-norm, taking the time-derivative of (4-18), using

Leibniz’s rule, and substituting (4-12), (4-14), and (4-18) into the resulting expression yields that

𝑡 ↦→ 𝑃 (𝑡) satisfies the differential inclusion

¤𝑃 a.e.∈ −𝜆𝑃𝑃 − 𝑟⊤2 H
⊤ (ℎ𝐵 − 𝑘4𝐾 [sgn] (H𝑟1)) . (4-20)

To facilitate the inclusion of the 𝑃-function into the subsequent Lyapunov function candidate, 𝑃

must be designed to be non-negative under certain sufficient gain conditions.

Proposition 4.1. For the 𝑃-function defined as in (4-18), if 𝑘4 > 𝜒1 + 𝜒2
𝑘2−𝜆𝑃 with 𝜆𝑃 ∈ (0, 𝑘2),

then 𝑃 (𝑡) ≥ 0, for all 𝑡 ∈ I.

Proof. By Lemma 4.2, the 𝑘4 ∥H𝑟1∥1 − 𝑟⊤1 H
⊤ℎ𝐵 term in (4-18) satisfies

𝑘4 ∥H𝑟1∥1 − 𝑟⊤1 H
⊤ℎ𝐵 ≥ (𝑘4 − 𝜒1) ∥H𝑟1∥1 ≥ 0,
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by the Cauchy-Schwarz inequality and the condition 𝑘4 > 𝜒1. The convolution integrand in (4-18)

is bounded as

𝑟⊤1 H
⊤ ¤ℎ𝐵 + (𝑘2 − 𝜆𝑃)

(
𝑘4 ∥H𝑟1∥1 − 𝑟⊤1 H

⊤ℎ𝐵
)
≥ ∥H𝑟1∥1 ((𝑘2 − 𝜆𝑃) (𝑘4 − 𝜒1) − 𝜒2) .

This expression is non-negative when (𝑘2 − 𝜆𝑃) (𝑘4 − 𝜒1) ≥ 𝜒2 which is equivalent to

𝑘4 ≥ 𝜒1 + 𝜒2
𝑘2−𝜆𝑃 . Since 𝑘4 > 𝜒1 + 𝜒2

𝑘2−𝜆𝑃 by assumption, the convolution integrand is positive,

making the entire convolution positive. Therefore, 𝑃 (𝑡) ≥ 0, for all 𝑡 ∈ I. □

To state the main results, the following definitions are introduced. Let𝑊 : R3𝑛𝑁 → R≥0 be

defined as

𝑊 (𝜎) ≜ 𝜆
− 1

2
𝑄

√︃
𝜆𝑄 ∥𝜎∥2 + 2 (𝑘4 + 𝜒1) ∥H ∥1 ∥𝜎∥1, (4-21)

for all 𝜎 ∈ R3𝑛𝑁 , where 𝑄 ≜ diag (𝐼2𝑛𝑁 ,H) ∈ R3𝑛𝑁×3𝑛𝑁 and 𝜒1 is defined as in Lemma 4.2.

Additionally, let 𝑘min ∈ R be a constant gain defined as

𝑘min ≜ min {𝑘1 − 1
2 , 𝑘2 − 1

2 , 2 (𝑘1 + 𝑘2)
(
𝜆H𝜆(B−𝐼𝑛𝑁 ) + 𝑘3𝜆

2
H

)
−(

𝜆(𝐼𝑛𝑁−H2) +
(
1 + 2𝑘2

1 + 𝑘1𝑘2
)
𝜆H𝜆(B−𝐼𝑛𝑁 )

)2
−

(
𝑘1

(
2 − 𝑘2

1
)
+ 𝑘2

)2
𝜆

2
H 𝜆

2
(B−𝐼𝑛𝑁 )

}
, 𝜆𝑉 ∈ R>0 be

the desired rate of convergence, and the set of stabilizing initial conditions S ⊂ R3𝑛𝑁 be defined as

S ≜
{
𝜎 ∈ R3𝑛𝑁 : 𝜌 (𝑊 (𝜎)) ≤ 𝑘min − 𝜆𝑉

𝜆H

}
. (4-22)
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Let 𝜉 : I → R3𝑛𝑁+1 be defined as 𝜉 (𝑡) =
[
𝑧⊤ (𝑡) 𝑃 (𝑡)

]⊤
, and 𝜓 : R3𝑛𝑁+1 × R≥0 ⇒ R3𝑛𝑁+1

denote the set-valued map

𝜓 (𝜉, 𝑡) ≜



𝑟1 − 𝑘1𝑒

𝑟2 − 𝑘2𝑟1 − 𝑒©­­­­­«
ℎ𝐵 + ℎ̃ − 𝑘4𝐾 [sgn] (H𝑟1) − (𝑘1 + 𝑘2) (B − 𝐼𝑛𝑁 ) 𝑟2

−
(
1 − 2𝑘2

1 − 𝑘1𝑘2
)
(B − 𝐼𝑛𝑁 ) 𝑟1 −H𝑟1 − 𝑘3H𝑟2

+
(
𝑘1

(
2 − 𝑘2

1
)
+ 𝑘2

)
(B − 𝐼𝑛𝑁 ) 𝑒

ª®®®®®¬
−𝜆𝑃𝑃 − 𝑟⊤2 H

⊤ℎ𝐵 + 𝑘4𝑟
⊤
2 H

⊤𝐾 [sgn] (H𝑟1)



. (4-23)

Then using (4-17) and (4-20), it follows that the trajectories 𝑡 ↦→ 𝜉 (𝑡) satisfy the differential

inclusion ¤𝜉 a.e.∈ 𝜓 (𝜉, 𝑡).

Theorem 4.1. All solutions to (4-17) with 𝑧 (𝑡0) ∈ int (S) satisfy ∥𝑧 (𝑡)∥ ≤ 𝑊 (𝑧 (𝑡0)) e
− 2𝜆𝑉

𝜆𝑄
(𝑡−𝑡0)

,

for all 𝑡 ∈ [𝑡0,∞), provided that the sufficient control gains 𝑘1, 𝑘2, 𝑘3 are selected to satisfy

𝑘1 >
1
2 , 𝑘2 >

1
2 , 𝑘3 >

(
𝜆(𝐼𝑛𝑁−H2) + 𝜆H𝜆(B−𝐼𝑛𝑁 )

)2
+ 2𝜆2

H𝜆
2
(B−𝐼𝑛𝑁 ) , 𝑘4 is selected to satisfy

Proposition 4.1, and Assumptions 4.1 and 4.2 hold.

Proof. Consider the function 𝑉 : R3𝑛𝑁+1 × R≥0 → R≥0 defined as

𝑉 (𝜉) ≜ 1
2
𝑧⊤𝑄𝑧 + 𝑃. (4-24)

For the subsequent analysis, consider all arbitrary trajectories 𝑡 ↦→ 𝜉 (𝑡) satisfying (4-19) and

𝑧 (𝑡0) ∈ int (S). Since Proposition 4.1 holds, it follows that these trajectories satisfy 𝑃 (𝑡) ≥ 0 for

all 𝑡 ∈ I which implies that 𝑉 (𝜉 (𝑡)) > 0 for all 𝑡 ∈ I. Invoking the Rayleigh quotient theorem

and using (4-24) yields
𝜆
𝑄

2
∥𝑧∥2 + 𝑃 ≤ 𝑉 (𝜉) . (4-25)

Based on the chain rule for differential inclusions in [90, Theorem 2.2], the derivative of

𝑡 ↦→ 𝑉 (𝜉 (𝑡)) exists almost everywhere and is a solution to ¤𝑉 (𝜉) a.e.∈ ¤̃
𝑉 (𝜉), where the set ¤̃𝑉 (𝜉) is
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defined as ¤̃
𝑉 (𝜉) ≜ ⋂

𝜁∈𝜕𝑉 (𝜉)
𝜁⊤𝜓 (𝜉, 𝑡). Since 𝑉 (𝜉) is continuously differentiable for all 𝜉 ∈ R3𝑛𝑁+1,

Clarke’s gradient reduces to the singleton {∇𝑉 (𝜉)} =
{[

𝑒⊤ 𝑟⊤1 𝑟⊤2 H 1
]⊤}

. Thus,
¤̃
𝑉 (𝜉) = ⋂

𝜁∈𝜕𝑉 (𝜉)
𝜁⊤𝜓 (𝜉, 𝑡) = (∇𝑉 (𝜉))⊤ 𝜓 (𝜉, 𝑡). Evaluating ¤̃

𝑉 (𝜉) yields

¤̃
𝑉 (𝜉) = −𝑘1𝑒

⊤𝑒 − 𝑘2𝑟
⊤
1 𝑟1 − 𝜆𝑃𝑃 + 𝑟⊤2 H ℎ̃ − 𝑟⊤2

(
(𝑘1 + 𝑘2) H (B − 𝐼𝑛𝑁 ) + 𝑘3H2

)
𝑟2

+ 𝑟⊤2
(
𝐼𝑛𝑁 −H2 −

(
1 − 2𝑘2

1 − 𝑘1𝑘2

)
H (B − 𝐼𝑛𝑁 )

)
𝑟1 +

(
𝑘1

(
2 − 𝑘2

1

)
+ 𝑘2

)
𝑟⊤2 H (B − 𝐼𝑛𝑁 ) 𝑒

+ 𝑘4𝑟
⊤
2 H

⊤ (𝐾 [sgn] (H𝑟1) − 𝐾 [sgn] (H𝑟1)) . (4-26)

By [33, Footnote 2], the right-hand side of (4-26) is continuous almost everywhere. Specifically,

it is discontinuous only on a set of times with Lebesgue measure zero, where

𝐾 [sgn] (H𝑟1) − 𝐾 [sgn] (H𝑟1) ≠ 0. Since this set is Lebesgue negligible,

𝐾 [sgn] (H𝑟1)
a.e.
= {sgn (H𝑟1)}. Furthermore, from Lemma 4.3,




ℎ̃


 ≤ 𝜌 (∥𝑧∥) ∥𝑧∥. Applying the

Cauchy-Schwarz inequality, the triangle inequality, and Young’s inequality yields that (4-26) is

upper bounded as

¤̃
𝑉 (𝜉)

a.e.
≤ −

(
𝑘1 −

1
2

)
∥𝑒∥2 −

(
𝑘2 −

1
2

)
∥𝑟1∥2 − (𝑘1 + 𝑘2)

(
𝜆H𝜆(B−𝐼𝑛𝑁 ) + 𝑘3𝜆

2
H

)
∥𝑟2∥2

+
(
𝜆(𝐼𝑛𝑁−H2) +

(
1 + 2𝑘2

1 + 𝑘1𝑘2

)
𝜆H𝜆(B−𝐼𝑛𝑁 )

)2
∥𝑟2∥2

+ 1
2

(
𝑘1

(
2 − 𝑘2

1

)
+ 𝑘2

)2
𝜆

2
H𝜆

2
(B−𝐼𝑛𝑁 ) ∥𝑟2∥2

+ 𝜆H 𝜌 (∥𝑧∥) ∥𝑧∥2 − 𝜆𝑃𝑃. (4-27)

Since 𝑘1, 𝑘2, and 𝑘3 are selected to satisfy 𝑘1 >
1
2 , 𝑘2 >

1
2 , and

𝑘3 >
(
𝜆(𝐼𝑛𝑁−H2) + 𝜆H𝜆(B−𝐼𝑛𝑁 )

)2
+ 2𝜆2

H𝜆
2
(B−𝐼𝑛𝑁 ) , it follows that 𝑘min > 0. Consequently, using

the definition of ∥𝑧∥ yields that (4-27) is upper-bounded as

¤̃
𝑉 (𝜉)

a.e.
≤ −

(
𝑘min − 𝜆H 𝜌 (∥𝑧∥)

)
∥𝑧∥2 − 𝜆𝑃𝑃. (4-28)
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Since 𝑧 (𝑡0) ∈ S, it follows from (4-22) that 𝑘min > 𝜆𝑉 + 𝜆H 𝜌 (𝑊 (𝑧 (𝑡0))). Therefore,

¤̃
𝑉 (𝜉)

a.e.
≤ −

(
𝜆𝑉 + 𝜆H (𝜌 (𝑊 (𝑧 (𝑡0))) − 𝜌 (∥𝑧∥))

)
∥𝑧∥2 − 𝜆𝑃𝑃. (4-29)

By the definition of𝑊 in (4-21), it follows that ∥𝑧 (𝑡0)∥ ≤ 𝑊 (𝑧 (𝑡0)). Because the solution

𝑡 ↦→ 𝑧 (𝑡) is continuous, 𝑧 cannot instantaneously escape S at 𝑡0. Therefore, there exists a time

interval IS satisfying IS ⊆ I such that 𝑧 (𝑡) ∈ S for all 𝑡 ∈ IS , implying ∥𝑧 (𝑡)∥ < 𝑊 (𝑧 (𝑡0)).

Because 𝜌 is strictly increasing, 𝜌 (∥𝑧 (𝑡)∥) < 𝜌 (𝑊 (𝑧 (𝑡0))) for all 𝑡 ∈ IS . Consequently, using

(4-25), selecting 𝜆𝑃 > 𝜆𝑉 and recalling ¤𝑉 (𝜉) a.e.∈ ¤̃
𝑉 (𝜉) yields that

¤𝑉 (𝜉) ≤ −2𝜆𝑉
𝜆𝑄

𝑉 (𝜉) , (4-30)

for all 𝑡 ∈ IS . Solving the differential inequality in (4-30) and using (4-25) yields that ∥𝑧∥ is

upper-bounded as

∥𝑧 (𝑡)∥ ≤
√︃

2𝜆−1
𝑄
𝑉 (𝜉 (𝑡0))e

− 2𝜆𝑉
𝜆𝑄

(𝑡−𝑡0)
, (4-31)

for all 𝑡 ∈ IS . Using (4-19) yields that

𝑉 (𝜉 (𝑡0)) = 1
2𝜆𝑄 ∥𝑧 (𝑡0)∥2 + 𝑘4 ∥H𝑟1 (𝑡0)∥1 − 𝑟⊤1 (𝑡0) H⊤ℎ𝐵 (𝑡0). Since ℎ𝐵 is bounded by Lemma

4.2, using the Cauchy-Schwarz inequality and the fact that ∥𝑟1 (𝑡0)∥ ≤ ∥𝑟1 (𝑡0)∥1 ≤ ∥𝑧 (𝑡0)∥1 yields

√︃
2𝜆−1

𝑄
𝑉 (𝜉 (𝑡0)) ≤ 𝑊 (𝑧 (𝑡0)) , (4-32)

where𝑊 is defined in (4-21). Finally, applying (4-32) to (4-31) yields

∥𝑧 (𝑡)∥ ≤ 𝑊 (𝑧 (𝑡0)) e
− 2𝜆𝑉

𝜆𝑄
(𝑡−𝑡0) , for all 𝑡 ∈ IS .

It remains to be shown that IS can be extended to [𝑡0,∞). Let 𝑡 ↦→ 𝜉 (𝑡) be a maximal

solution to the differential inclusion ¤𝜉 a.e.∈ 𝜓 (𝜉, 𝑡) with initial conditions satisfying (4-19) and

𝑧 (𝑡0) ∈ int (S). From the preceding analysis, 𝑧 (𝑡) ∈ int (S) for all 𝑡 ∈ IS . This implies that

𝜉 (𝑡) ∈ D ≜
{
𝔖 ∈ R3𝑛𝑁+1 : 𝔖 =

[
𝜎⊤ 𝜍

]⊤
, 𝜎 ∈ int (S) , 𝜍 ∈ R≥0

}
. For any compact
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subinterval J ⊆ IS , ∥𝑧 (𝑡)∥ ≤ 𝑊 (𝑧 (𝑡0)) e
− 2𝜆𝑉

𝜆𝑄
(𝑡−𝑡0) , for all 𝑡 ∈ J . Since𝑊 is a locally bounded

function and e
− 2𝜆𝑉

𝜆𝑄
(𝑡−𝑡0) ≤ 1 for all 𝑡 ≥ 𝑡0, the mapping 𝑡 ↦→ 𝑧 (𝑡) is uniformly bounded on J . By

definition, (𝜉, 𝑡) ↦→ 𝜓 (𝜉, 𝑡) is locally bounded when 𝜉 is bounded. Since 𝑧 (𝑡) is bounded on J

and 𝑃 (𝑡) is non-negative, the trajectory 𝑡 ↦→ (𝜉 (𝑡) , 𝑡) is precompact. Furthermore, since the map

(𝜉, 𝑡) ↦→ 𝜓 (𝜉, 𝑡) is locally bounded, it follows from [27, Remark 3.4] that
⋃
𝑡∈J 𝜓 (𝜉 (𝑡) , 𝑡) is

bounded for every compact subinterval J ⊆ IS . Therefore, the conditions of [27, Lemma 3.3] are

satisfied, guaranteeing that 𝑡 ↦→ 𝜉 (𝑡) is complete, i.e., I = [𝑡0,∞). Thus, all trajectories

satisfying 𝑧 (𝑡0) ∈ int (S) also satisfy ∥𝑧 (𝑡)∥ ≤ 𝑊 (𝑧 (𝑡0)) e
− 2𝜆𝑉

𝜆𝑄
(𝑡−𝑡0) , for all 𝑡 ∈ [𝑡0,∞).

Recall that 𝑘min > 𝜆𝑉 + 𝜆H 𝜌 (𝑊 (𝑧 (𝑡0))), implying that the exponential stability result is

semi-global [76, Remark 2], as the set of stabilizing initial conditions in (4-22) can be made

arbitrarily large by appropriately adjusting 𝑘min to encompass any 𝑧 (𝑡0) ∈ R3𝑛𝑁 .

Because 𝑘4, 𝜒1, and 𝜆𝑉 are independent of the initial time 𝑡0 or initial condition 𝑧 (𝑡0), the

exponential convergence is uniform [51]. Additionally, the convergence and boundedness of ∥𝑧∥

implies the convergence and boundedness of ∥𝑒∥, ∥𝑟1∥, and ∥𝑟2∥. Therefore, since

𝑞0, ¤𝑞0, ¥𝑞0 ∈ L∞ by Assumption 4.1, using (4-4), (4-6) and (4-10)-(4-14) yields that

𝑞𝑖, ¤𝑞𝑖, ¥𝑞𝑖 ∈ L∞, for all 𝑖 ∈ V. Thus, 𝑓𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡) and 𝑔𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡) are bounded for all 𝑖 ∈ V.

Therefore, using (4-1) yields that 𝑢 ∈ L∞. □

4.4 Simulation

Numerical simulations were performed to evaluate the proposed distributed controller. The

scenario involved 𝑁 = 8 agents tracking a dynamic target agent, with inter-agent communication

following a cycle graph topology. The pinning matrix was 𝐵 = diag {1, 0, 1, 0, 1, 0, 1, 0}. Agent

initial positions were sampled from𝑈 (−10, 10) m per axis, with zero initial velocities. The

target’s initial position was sampled from𝑈 (−10, 10) m with an initial velocity of
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Figure 4-1. Left: Tracking error norm for 𝑡 ∈ [0, 1.5]. Right: Control effort norm for
𝑡 ∈ [0, 1.5]s.

[
1 −1 0.5

]⊤
𝑚/𝑠. Each agent 𝑖 adhered to the dynamics in (4-1) with

𝑓𝑖 =


𝑐𝑖,1 (𝑦𝑖 − 𝑧𝑖) + 𝑐𝑖,2 tanh ( ¤𝑥𝑖𝑡)

𝑐𝑖,3 (𝑧𝑖 − 𝑥𝑖) + 𝑐𝑖,4 tanh ( ¤𝑦𝑖𝑡)

𝑐𝑖,5 (𝑥𝑖 − 𝑦𝑖) + 𝑐𝑖,6 tanh ( ¤𝑧𝑖𝑡)


,

𝑔𝑖 =


1 − 𝑐𝑖,7 cos (𝑡) 0 0

0 1 − 𝑐𝑖,8 sin (𝑡) 0

0 0 1 − 𝑐𝑖,9 cos (𝑡) sin (𝑡)


,

and

𝑑𝑖 =


𝑐𝑖,10 cos (𝑡)

𝑐𝑖,11 sin (𝑡)

𝑐𝑖,12 cos (𝑡) sin (𝑡)


with parameters 𝑐𝑖, 𝑗 sampled from𝑈 (−0.5, 0.5). The target’s dynamics were

𝑓𝑖 =


sin (𝑥0) − cos (𝑦0 ¤𝑥0)

cos (𝑧0 ¤𝑦0) − sin (𝑥0)

− sin (𝑦0 ¤𝑧0) − sin (𝑧0)


.
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Relative position and velocity measurements were corrupted by additive zero-mean

Gaussian noise (𝜎 = 0.001 m and 𝜎 = 0.001 m/s, respectively). Furthermore, heterogeneous time

delays, unique to each agent, were introduced: communication delays for inter-agent information,

actuation delays for control signal application, and target sensing delays for pinned agents were

each randomly sampled for every agent from𝑈 (0.001, 0.02) s. Control gains are 𝑘1 = 𝑘2 = 10,

𝑘3 = 25, and 𝑘4 = 50. The total simulation duration was 30 s. Fig. 4-1 depicts the tracking error

norms and control effort norms, demonstrating robust target tracking despite the uncertainties,

noise, and varied delays, over a subset of the 30-second simulation.
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CHAPTER 5 COLLABORATIVE STATE ESTIMATION AND TRACKING UNDER
DIRECTED PARTIAL RELATIVE STATE FEEDBACK USING DEEP RESIDUAL NEURAL

NETWORKS

Obtaining global state information is often impractical in field robotics, motivating

relative-only sensing and velocity-free strategies for multi-agent target tracking; yet most adaptive

observer-controller designs assume undirected communication and struggle with directed, rooted

graphs where asymmetric Laplacians complicate ensemble-level stability and can force multi-hop

exchanges. Addressing these limitations, the study considers second-order agents that receive only

relative positions and partial relative target states over rooted digraphs, and develops a framework

that unifies partial-feedback estimation, relative-only measurements, and online adaptive learning.

Core elements include a generalized trackability condition tailored to asymmetric topologies, a

locally implementable adaptation law that avoids Laplacian symmetry and multi-hop

requirements, and a condensation-graph analysis that exposes how strongly connected

components and directed cycles impact trackability under partial information. A deep residual

network-based observer learns unknown target dynamics online, while a distributed controller

drives agent errors, with a Lyapunov analysis furnishing explicit conditions for exponential

convergence to a quantifiable neighborhood of the target. Multi-spacecraft simulations under

representative directed topologies corroborate the analysis, with all agents converging within 5 s

to a velocity-estimation error of approximately 10.5 m/s and a steady-state tracking error near 1.0

m. The resulting approach removes full-state observability and symmetry assumptions, enabling

practical deployment in realistic directed networks.

5.1 Problem Formulation

5.1.1 System Dynamics

Consider a multi-agent system composed of 𝑁 agents indexed by 𝑖 ∈ V and a target agent

indexed by {0}, with V ≜ V ∪ {0}. The dynamics for agent 𝑖 ∈ V are given by

¥𝑞𝑖 = 𝑓𝑖 (𝑞𝑖, ¤𝑞𝑖) + 𝑔𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡) 𝑢𝑖 (𝑡) + 𝜔𝑖 (𝑡) , (5-1)
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where 𝑡0 ∈ R≥0 denotes the initial time, 𝑡 ≥ 𝑡0 denotes the current time, 𝑞𝑖 : R≥𝑡0 → R𝑛 denotes the

agents’ unknown generalized position, ¤𝑞𝑖 : R≥𝑡0 → R𝑛 denotes the agents’ unknown generalized

velocity, the unknown functions 𝑓𝑖 : R𝑛 × R𝑛 → R𝑛 and 𝜔𝑖 : R≥0 → R𝑛 represent drift dynamics

and exogenous disturbances, respectively, 𝑔𝑖 : R𝑛 × R𝑛 × R≥0 → R𝑛×𝑠𝑖 denotes a known control

effectiveness matrix, 𝑢𝑖 : R≥0 → R𝑠𝑖 denotes the control input, 𝑠𝑖 ∈ Z>0 denotes the number of

control channels, and ¥𝑞𝑖 : R≥𝑡0 → R𝑛 denotes the agents’ unknown generalized acceleration.

The dynamics for the target agent are given by

¥𝑞0 = 𝑓0 (𝑞0, ¤𝑞0) , (5-2)

where 𝑞0 : R≥𝑡0 → R𝑛 denotes the target agent’s unknown generalized position, ¤𝑞0 : R≥𝑡0 → R𝑛

denotes the target agent’s unknown generalized velocity, the function 𝑓0 : R𝑛 × R𝑛 → R𝑛 is

unknown, and ¥𝑞0 : R≥𝑡0 → R𝑛 denotes the target agent’s unknown generalized acceleration.

Assumptions regarding the dynamical system outlined by (5-1) and (5-2) are provided as

follows.

Assumption 5.1. There exist known constants 𝑞0, ¤𝑞0 ∈ R>0 such that ∥𝑞0 (𝑡)∥ ≤ 𝑞0 and

∥ ¤𝑞0 (𝑡)∥ ≤ ¤𝑞0 for all 𝑡 ∈ R≥𝑡0 .

Assumption 5.2. The functions 𝑓𝑘 are globally Lipschitz for all 𝑘 ∈ V.

Assumption 5.3. The functions 𝑔𝑖 are full row rank for all (𝑞𝑖, ¤𝑞𝑖, 𝑡) ∈ R𝑛 × R𝑛 × R≥𝑡0 and are of

class C0. Furthermore, for each fixed (𝑞𝑖, ¤𝑞𝑖), the map 𝑡 ↦→ 𝑔𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡) is uniformly bounded in

𝑡 ≥ 𝑡0 for all 𝑖 ∈ V.

Assumption 5.4. The functions 𝜔𝑖 are locally Lipschitz, and there exist known constants 𝜔𝑖 ∈ R>0

such that ∥𝜔𝑖 (𝑡)∥ ≤ 𝜔𝑖 for all 𝑡 ∈ R≥𝑡0 and for all 𝑖 ∈ V.

By [74], Assumption 5.3 ensures that the pseudoinverses 𝑔+
𝑖

: R𝑛 ×R𝑛 ×R≥𝑡0 → R𝑠𝑖×𝑛 act as

right inverses for all 𝑖 ∈ V and 𝑡 ∈ R≥𝑡0 . In addition, the following condition is imposed.
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Assumption 5.5. The functions 𝑔+
𝑖

are of class C0, and for each fixed (𝑞𝑖, ¤𝑞𝑖) the map

𝑡 ↦→ 𝑔+
𝑖
(𝑞𝑖, ¤𝑞𝑖, 𝑡) is uniformly bounded in 𝑡 ≥ 𝑡0 for all 𝑖 ∈ V.

5.1.2 Communication Topology

Information exchange among the 𝑁 agents is represented by the static, weighted digraph

𝐺 = (V, 𝐸, 𝑤). The relation 𝑖 → 𝑗 indicates (𝑖, 𝑗) ∈ 𝐸 and corresponds to agent 𝑖 having access

to information from agent 𝑗 . For each 𝑖 ∈ V, the in-neighborhood is

N𝑖 ≜ { 𝑗 ∈ V : ( 𝑗 , 𝑖) ∈ 𝐸, 𝑗 ≠ 𝑖}.

To model access to the target agent, introduce an external vertex 0 and consider the extended

vertex set V ≜ V ∪ {0} together with extended arc set 𝐸 ⊆ V ×V. The notation 0 → 𝑖 indicates

(0, 𝑖) ∈ 𝐸 ; in this case, vertex 𝑖 is said to be pinned. The extended in-neighborhood is

N 𝑖 ≜
{
𝑗 ∈ V : ( 𝑗 , 𝑖) ∈ 𝐸, 𝑗 ≠ 𝑖

}
.

5.1.3 Control Objective

Each agent 𝑖 ∈ V can measure the relative position 𝑑𝑖, 𝑗 ∈ R𝑛 between itself and its

in-neighbors 𝑗 ∈ N𝑖, defined as

𝑑𝑖, 𝑗 ≜ 𝑞 𝑗 − 𝑞𝑖 . (5-3)

Each agent 𝑖 ∈ V can measure its partial relative position with respect to the target agent, defined

as

𝑦𝑖 ≜ 𝑏𝑖𝐶𝑖 (𝑞0 − 𝑞𝑖) , (5-4)

where 𝑦𝑖 ∈ R𝑚𝑖 , 𝐶𝑖 ∈ R𝑚𝑖×𝑛 represents agent 𝑖’s output matrix (known only to agent 𝑖)

characterizing its heterogeneous sensing capabilities, 𝑚𝑖 ∈ Z>0 denotes the number of sensing

channels, and 𝑏𝑖 ∈ {0, 1} denotes a binary indicator of agent 𝑖’s ability to sense the target.

The primary objective is to design a distributed controller for each agent 𝑖 ∈ V that guides

the agent towards the target agent using only the partial relative measurement model. Since

relative velocity measurements are unavailable, a secondary objective is to develop a decentralized

observer that can estimate the relative velocities using only locally available information from

each agent. Additionally, because the target agent’s state is unknown, a tertiary objective is to
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design a distributed system approximator that reconstructs the target agent’s unknown state while

simultaneously using online learning techniques to approximate its dynamics.

To quantify the tracking objective, a position tracking error 𝑒𝑖 ∈ R𝑛 is defined as

𝑒𝑖 ≜ 𝑞0 − 𝑞𝑖, (5-5)

for all 𝑖 ∈ V. Furthermore, a relative position error 𝜂𝑖 ∈ R𝑛 is defined as

𝜂𝑖 ≜
∑
𝑗∈N𝑖

𝐴𝑖 𝑗𝑑𝑖, 𝑗 + 𝐶⊤
𝑖
𝑦𝑖, and a relative velocity error is denoted by 𝜁𝑖 ≜ ¤𝜂𝑖, for all 𝑖 ∈ V.

Using (5-3) and (5-5), 𝜂𝑖 is expressed in an equivalent analytical form as

𝜂𝑖 ≜
©­«𝑏𝑖𝐶⊤

𝑖 𝐶𝑖𝑒𝑖 −
∑︁
𝑗∈N𝑖

𝐴𝑖 𝑗
(
𝑒 𝑗 − 𝑒𝑖

)ª®¬ , (5-6)

for all 𝑖 ∈ V.

Remark 5.1. The summation
∑
𝑗∈N𝑖

𝐴𝑖 𝑗
(
𝑒 𝑗 − 𝑒𝑖

)
penalizes state dissimilarity among neighboring

agents, while the proportional term 𝑏𝑖𝐶
⊤
𝑖
𝐶𝑖𝑒𝑖 penalizes deviations between a pinned agent and the

target. Emphasis on inter-agent consensus or target tracking is set by assigning 𝐴𝑖 𝑗 = 𝑘𝑎 and

𝑏𝑖 = 𝑘𝑏, with 𝑘𝑎, 𝑘𝑏 ∈ R>0. If an application requires more rapid consensus among controlled

agents, selecting 𝑘𝑎 ≫ 𝑘𝑏 is suitable. Conversely, if rapid convergence to the target is paramount

and inter-agent similarity is less critical, then selecting 𝑘𝑏 ≫ 𝑘𝑎 is appropriate.

5.2 Control Design

To facilitate the control design, the filtered tracking error 𝑟𝑖 ∈ R𝑛 is defined as

𝑟𝑖 ≜ ¤𝑒𝑖 + 𝑘1𝑒𝑖, (5-7)

for all 𝑖 ∈ V, where 𝑘1 ∈ R>0 is a user-defined constant. Denote by 𝜂𝑖 ∈ R𝑛 and 𝜁𝑖 ∈ R𝑛 the

relative position error and relative velocity error estimates, respectively. The corresponding

relative position estimation error 𝜂𝑖 ∈ R𝑛 and relative velocity estimation error 𝜁𝑖 ∈ R𝑛 are defined
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as

𝜂𝑖 ≜ 𝜂𝑖 − 𝜂𝑖, 𝜁𝑖 ≜ 𝜁𝑖 − 𝜁𝑖, (5-8)

respectively, for all 𝑖 ∈ V. Taking the second time-derivative of (5-5), substituting (5-1) and (5-2)

into the resulting expression, and adding and subtracting by 𝑓0
(
𝜂𝑖, 𝜁𝑖

)
− 𝑓𝑖

(
𝜂𝑖, 𝜁𝑖

)
yields

¥𝑒𝑖 = 𝑓0
(
𝜂𝑖, 𝜁𝑖

)
− 𝑓𝑖

(
𝜂𝑖, 𝜁𝑖

)
− 𝑔𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡) 𝑢𝑖 (𝑡) − 𝜔𝑖 (𝑡) + 𝑓𝑖

(
𝑞0, ¤𝑞0, 𝑞𝑖, ¤𝑞𝑖, 𝜂𝑖, 𝜁𝑖

)
, (5-9)

where 𝑓𝑖
(
𝑞0, ¤𝑞0, 𝑞𝑖, ¤𝑞𝑖, 𝜂𝑖, 𝜁𝑖

)
≜ 𝑓0 (𝑞0, ¤𝑞0) − 𝑓0

(
𝜂𝑖, 𝜁𝑖

)
+ 𝑓𝑖

(
𝜂𝑖, 𝜁𝑖

)
− 𝑓𝑖 (𝑞𝑖, ¤𝑞𝑖). Substituting (5-9)

into the time derivative of (5-7) yields

¤𝑟𝑖 = ℎ𝑖
(
𝜂𝑖, 𝜁𝑖

)
− 𝑔𝑖 (𝑞𝑖, ¤𝑞𝑖, 𝑡) 𝑢𝑖 (𝑡) − 𝜔𝑖 (𝑡) + 𝑓𝑖

(
𝑞0, ¤𝑞0, 𝑞𝑖, ¤𝑞𝑖, 𝜂𝑖, 𝜁𝑖

)
+ 𝑘1 ¤𝑒𝑖, (5-10)

where ℎ𝑖
(
𝜂𝑖, 𝜁𝑖

)
≜ 𝑓0

(
𝜂𝑖, 𝜁𝑖

)
− 𝑓𝑖

(
𝜂𝑖, 𝜁𝑖

)
∈ R𝑛 for all 𝑖 ∈ V.

5.2.1 Residual Neural Network Function Approximation

Physics-based models often struggle to represent the nonlinear, coupled dynamics present in

multi-agent tracking problems because they rely on simplifying assumptions and uncertain

parameters. ResNets provide a data-driven alternative, enabling the unknown dynamics to be

learned without explicit knowledge of the governing physics. Accordingly, a ResNet function

approximator is adopted to obtain more accurate and robust models of nonlinear dynamics.

To approximate the unknown dynamics ℎ𝑖
(
𝜂𝑖, 𝜁𝑖

)
in (5-10) for all 𝑖 ∈ V, define the ResNets’

input vector 𝜅𝑖 ∈ R2𝑛 as 𝜅𝑖 ≜
[
𝜂⊤
𝑖

𝜁⊤
𝑖

]⊤
∈ Ω, where Ω ⊂ R2𝑛 is a compact set over which the

universal approximation property holds for all 𝑖 ∈ V. The ResNet-based approximation of

ℎ𝑖
(
𝜂𝑖, 𝜁𝑖

)
is given by Ψ𝑖

(
𝜅𝑖, 𝜃𝑖

)
, where Ψ𝑖 : R2𝑛 × R𝑝𝑖 → R𝑛 denotes the ResNet architecture

mapping and 𝜃𝑖 ∈ R𝑝𝑖 denotes the adaptive parameter estimates, for all 𝑖 ∈ V. By Assumption

5.2, each ℎ𝑖 is continuous on Ω, for all 𝑖 ∈ V.
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Fix a user-prescribed accuracy 𝜀 > 0. By the universal approximation property on the

compact domain Ω (e.g., [94, Corollary 5.2]), there exist corresponding ResNet architectures

(hence 𝑝𝑖 ∈ Z>0) and compact parameter search spaces ℧𝑖 ⊂ R𝑝𝑖 with C∞ boundaries and

0𝑝𝑖 ∈ int (℧𝑖) such that inf𝜗∈℧𝑖
sup𝜅𝑖∈Ω ∥ℎ𝑖 (𝜅𝑖) − Ψ𝑖 (𝜅𝑖, 𝜗)∥ ≤ 𝜀, for all 𝑖 ∈ V.

For subsequent analysis, introduce 𝜃∗
𝑖
∈ arg min𝜗∈℧𝑖

sup𝜅𝑖∈Ω ∥ℎ𝑖 (𝜅𝑖) − Ψ𝑖 (𝜅𝑖, 𝜗)∥ under

these fixed Ψ𝑖 (·, ·), for all 𝑖 ∈ V. By joint continuity of (𝜅𝑖, 𝜗) ↦→ ∥ℎ𝑖 (𝜅𝑖) − Ψ𝑖 (𝜅𝑖, 𝜗)∥ on Ω×℧𝑖

and compactness of Ω, the map 𝜗 ↦→ sup𝜅𝑖∈Ω ∥ℎ𝑖 (𝜅𝑖) − Ψ𝑖 (𝜅𝑖, 𝜗)∥ is continuous for all 𝑖 ∈ V.

Since each ℧𝑖 is compact, a minimizer exists by Weierstrass’s Theorem (e.g., [36, Theorem

10.55]). Fix such a 𝜃∗
𝑖
, for all 𝑖 ∈ V. With this choice, sup𝜅𝑖∈Ω



ℎ𝑖 (𝜅𝑖) − Ψ𝑖
(
𝜅𝑖, 𝜃

∗
𝑖

)

 ≤ 𝜀, for all

𝑖 ∈ V.

Using these fixed parameters, write

ℎ𝑖 (𝜅𝑖) = Ψ𝑖
(
𝜅𝑖, 𝜃

∗
𝑖

)
+ 𝜀𝑖 (𝜅𝑖) , (5-11)

where 𝜀𝑖 (𝜅𝑖) ≜ ℎ𝑖 (𝜅𝑖) −Ψ𝑖
(
𝜅𝑖, 𝜃

∗
𝑖

)
satisfies the uniform bound sup𝜅𝑖∈Ω ∥𝜀𝑖 (𝜅𝑖)∥ ≤ 𝜀 for all 𝑖 ∈ V.

5.2.2 Distributed Observer-based Control Design

The controller, filter, observer, and adaptation law are constructed to ensure closed-loop

stability of the system with dynamics defined in (5-1) and (5-2). The design cancels the

cross-coupled terms in the Lyapunov derivative while bounding or exploiting the remaining terms

to guarantee negative definiteness. Auxiliary variables such as a filtered estimation error and

tunable gains are introduced to realize this objective. The subsequent stability analysis establishes

boundedness and convergence of the closed-loop signals and justifies the design of the control

input, observer, and adaptation law.

To facilitate the distributed observer design, a filtered estimation error 𝑟𝑖 ∈ R𝑛 is defined as

𝑟𝑖 ≜ ¤̃𝜂𝑖 + 𝑘3𝜂𝑖 + 𝜌𝑖, (5-12)

for all 𝑖 ∈ V, where 𝑘3 ∈ R>0 is a user-defined constant, and 𝜌𝑖 ∈ R𝑛 is designed as
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𝜌𝑖 (𝑡) = − (𝑘3 + 𝑘4) 𝜂𝑖 (𝑡) +
(
1 − 𝑘2

3 − 𝑘3𝑘4

) ∫ 𝑡

𝑡0

𝜂𝑖 (𝜏) d𝜏 − (𝑘3 + 𝑘4 + 𝑘5)
∫ 𝑡

𝑡0

𝜌𝑖 (𝜏) d𝜏,

𝜌𝑖 (0) = 0𝑛,
(5-13)

where 𝑘4, 𝑘5 ∈ R>0 are user-defined constants for all 𝑖 ∈ V. The distributed observer is designed

as
¤̂𝜂𝑖 = 𝜁𝑖,

¤̂𝜁𝑖 =
∑︁
𝑗∈N𝑖

𝐴𝑖 𝑗
(
𝑔 𝑗𝑢 𝑗 − 𝑔𝑖𝑢𝑖

)
− 𝑏𝑖𝐶⊤

𝑖 𝐶𝑖𝑔𝑖𝑢𝑖 + 𝑏𝑖𝐶⊤
𝑖 𝐶𝑖Ψ𝑖

(
𝜅𝑖, 𝜃𝑖

)
−

∑︁
𝑗∈N𝑖

𝐴𝑖 𝑗
(
Ψ 𝑗

(
𝜅 𝑗 , 𝜃 𝑗

)
− Ψ𝑖

(
𝜅𝑖, 𝜃𝑖

) )
−

(
𝑘2

3 − 2
)
𝜂𝑖 − (2𝑘3 + 𝑘4 + 𝑘5) 𝜌𝑖,

(5-14)

for all 𝑖 ∈ V. Based on the subsequent stability analysis, the control input is designed as

𝑢𝑖 = 𝑔
+
𝑖

(
Ψ𝑖

(
𝜅𝑖, 𝜃𝑖

)
+ 𝑘2

(
𝑘1𝜂𝑖 + 𝜁𝑖 − 𝑘3𝜂𝑖 − 𝜌𝑖

) )
− 𝑏𝑖

(
𝑘2

1 + 1
)
𝑔+𝑖 𝐶

⊤
𝑖 𝑦𝑖, (5-15)

where 𝑘2 ∈ R>0 is a user-defined constant. Similarly, the adaptation law for the ResNet is

designed as

¤̂𝜃𝑖 = proj (Θ𝑖) , (5-16)

where

Θ𝑖 ≜ 𝑘1Γ𝑖

(
𝜕Ψ𝑖

(
𝜅𝑖, 𝜃𝑖

)
𝜕𝜃𝑖

)⊤
𝐶⊤
𝑖 𝑦𝑖 + |N𝑖 | Γ𝑖

(
𝜕Ψ𝑖

(
𝜅𝑖, 𝜃𝑖

)
𝜕𝜃𝑖

)⊤ (
𝑘3𝜂𝑖 + 𝜌𝑖 − 𝜁𝑖

)
+ 𝑏𝑖Γ𝑖

(
𝜕Ψ𝑖

(
𝜅𝑖, 𝜃𝑖

)
𝜕𝜃𝑖

)⊤
𝐶⊤
𝑖 𝐶𝑖

(
𝑘3𝜂𝑖 + 𝜌𝑖 − 𝜁𝑖

)
− 𝑘6Γ𝑖

©­«𝜉𝑖𝜃𝑖 −
∑︁
𝑗∈N𝑖

𝐴𝑖 𝑗
(
𝜃 𝑗 − 𝜃𝑖

)ª®¬ ,
where 𝑘6 ∈ R>0 is a user-defined forgetting rate, 𝜉𝑖 ∈ R>0 are user-defined nodal regularization

gains, and Γ𝑖 ∈ R𝑝𝑖×𝑝𝑖 are user-defined symmetric positive-definite learning rate matrices, for all

𝑖 ∈ V. Here, the projection operator is defined as in [52, Appendix E, Equation E.4] and ensures

the parameter estimates satisfy


𝜃𝑖 (𝑡)

 ≤ 𝜃 for all 𝑡 ∈ R≥𝑡0 and 𝑖 ∈ V, where 𝜃 ≜

√︁
𝜃2

max + 𝜖 ,
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𝜃max ≜ max𝑖∈V sup𝜗∈℧𝑖
∥𝜗∥, and 𝜖 > 0 is a margin introduced to ensure Lipschitz continuity of

the projection mapping.

Remark 5.2. The term −𝑘6

(
𝜉𝑖𝜃𝑖 −

∑
𝑗∈N𝑖

𝐴𝑖 𝑗
(
𝜃 𝑗 − 𝜃𝑖

) )
introduces a distributed parameter

coupling mechanism. This component can be interpreted as a consensus-based regularization,

which adjusts the local parameter 𝜃𝑖 by incorporating information from the neighborhood N𝑖 in

the communication graph. This coupling biases the parameter update towards consistency across

neighboring agents, promoting consensus in the estimated weights. From the perspective of

distributed optimization, this term is analogous to the strategy of minimizing a global cost

function through local interactions, a characteristic feature of distributed gradient-based

algorithms (e.g., [92]). The interplay between the gradient-like term and the consensus protocol

enables agents to refine their estimates using both local data and information propagated through

the network, which is critical for achieving distributed adaptation.

5.2.3 Ensemble Representation

To aid in the stability analysis, the interaction matrix H ∈ R𝑛𝑁×𝑛𝑁 is defined as

H ≜ (𝐿 ⊗ 𝐼𝑛) + 𝐶, (5-17)

where 𝐶 ≜ blkdiag
{
𝑏1𝐶

⊤
1 𝐶1, . . . , 𝑏𝑁𝐶

⊤
𝑁
𝐶𝑁

}
∈ R𝑛𝑁×𝑛𝑁 .

Lemma 5.1. The interaction matrix H , as defined in (5-17), is a linear operator acting on the

vector space R𝑛𝑁 . More precisely, for any vector x ∈ R𝑛𝑁 partitioned into components x𝑖 ∈ R𝑛

such that x = [x𝑖]𝑖∈[𝑁] ∈ R𝑛𝑁 , the action of H on x yields a vector y = Hx ∈ R𝑛𝑁 , similarly

partitioned as y = [y𝑖]𝑖∈[𝑁] ∈ R𝑛𝑁 , where each y𝑖 ∈ R𝑛 is given by

y𝑖 = 𝑏𝑖𝐶
⊤
𝑖
𝐶𝑖x𝑖 −

∑
𝑗∈N𝑖

𝐴𝑖 𝑗
(
x 𝑗 − x𝑖

)
, for 𝑖 ∈ [𝑁].

Proof. For any 𝐴 ∈ R𝑁×𝑁 and z = [z𝑖]𝑖∈[𝑁] ∈ R𝑛𝑁 with z𝑖 ∈ R𝑛, (𝐴 ⊗ 𝐼𝑛) z =
[∑𝑁

𝑗=1 𝐴𝑖 𝑗z 𝑗

]
𝑖∈[𝑁]

.

Following the structure of 𝐿, 𝐿𝑖𝑖 =
∑
𝑗∈N𝑖

𝐴𝑖 𝑗 and 𝐿𝑖 𝑗 = −𝐴𝑖 𝑗 for 𝑗 ∈ N𝑖 and 0 otherwise. Hence,∑𝑁
𝑗=1 𝐿𝑖 𝑗x 𝑗 =

(∑
𝑗∈N𝑖

𝐴𝑖 𝑗

)
x𝑖 −

∑
𝑗∈N𝑖

𝐴𝑖 𝑗x 𝑗 =
∑
𝑗∈N𝑖

𝐴𝑖 𝑗
(
x𝑖 − x 𝑗

)
. Since 𝐶 is block diagonal,

(𝐶x)𝑖 = 𝑏𝑖𝐶⊤
𝑖
𝐶𝑖x𝑖. Thus, y𝑖 = ((𝐿 ⊗ 𝐼𝑛) x)𝑖 + (𝐶x)𝑖 = 𝑏𝑖𝐶⊤

𝑖
𝐶𝑖x𝑖 −

∑
𝑗∈N𝑖

𝐴𝑖 𝑗
(
x 𝑗 − x𝑖

)
. □
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Using Lemma 5.1, (5-6) is expressed in an ensemble form as

𝜂 = H𝑒, (5-18)

where 𝜂 ≜ [𝜂𝑖]𝑖∈V ∈ R𝑛𝑁 and 𝑒 ≜ [𝑒𝑖]𝑖∈V ∈ R𝑛𝑁 . Using (5-7) and (5-18) yields the expression

H𝑟 = ¤𝜂 + 𝑘1𝜂, (5-19)

where 𝑟 ≜ [𝑟𝑖]𝑖∈V ∈ R𝑛𝑁 . Using (5-4), (5-18) and (5-19), (5-15) is expressed in an ensemble form

as

𝑢 =𝑔+
(
Ψ̂ + 𝑘2H𝑟 − 𝑘2𝑟 −

(
𝑘2

1 + 1
)
𝐶𝑒

)
, (5-20)

where 𝑢 ≜ [𝑢𝑖]𝑖∈V ∈ R
∑

𝑖∈V 𝑠𝑖 , 𝑔+ ≜ blkdiag
{
𝑔+1 , . . . 𝑔

+
𝑁

}
∈ R

∑
𝑖∈V 𝑠𝑖×𝑛𝑁 ,

Ψ̂ ≜
[
Ψ𝑖

(
𝜅𝑖, 𝜃𝑖

) ]
𝑖∈V ∈ R𝑛𝑁 , 𝑟 ≜ [𝑟𝑖]𝑖∈V ∈ R𝑛𝑁 . Using (5-17), (5-14) is expressed in an ensemble

form as
¤̂𝜂 = 𝜁,

¤̂𝜁 = H
(
Ψ̂ − 𝑔𝑢

)
−

(
𝑘2

3 − 2
)
𝜂 − (2𝑘3 + 𝑘4 + 𝑘5) 𝜌,

(5-21)

where 𝜂 ≜ [𝜂𝑖]𝑖∈V ∈ R𝑛𝑁 , 𝜁 ≜
[
𝜁𝑖
]
𝑖∈V ∈ R𝑛𝑁 , 𝑔 ≜ blkdiag {𝑔1, . . . 𝑔𝑁 } ∈ R𝑛𝑁×

∑
𝑖∈V 𝑠𝑖 ,

𝜂 ≜ [𝜂𝑖]𝑖∈V ∈ R𝑛𝑁 , and 𝜌 ≜ [𝜌𝑖]𝑖∈V ∈ R𝑛𝑁 . Furthermore, the time-derivative of (5-13) is

expressed in an ensemble form as

¤𝜌 ≜ 𝜂 − (𝑘3 + 𝑘4) 𝑟 − 𝑘5𝜌. (5-22)

Substituting (5-20) and (5-11) into the ensemble representation of (5-10) and using the ensemble

representation of (5-7) yields

¤𝑟 = Ψ∗ − Ψ̂ − 𝑘2H𝑟 + 𝑘2𝑟 + 𝑘1𝑟 +
((
𝑘2

1 + 1
)
𝐶 − 𝑘2

1𝐼𝑛𝑁

)
𝑒 − 𝜔 + 𝑓 + 𝜀, (5-23)
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where Ψ∗ ≜
[
Ψ𝑖

(
𝜅𝑖, 𝜃

∗
𝑖

) ]
𝑖∈V ∈ R𝑛𝑁 , 𝜔 ≜ [𝜔𝑖]𝑖∈V ∈ R𝑛𝑁 , 𝑓 ≜

[
𝑓𝑖
]
𝑖∈V ∈ R𝑛𝑁 , and

𝜀 ≜ [𝜀𝑖]𝑖∈V ∈ R𝑛𝑁 .

Taking the time-derivative of (5-12), using (5-9), (5-11), (5-12), and (5-18), and then

substituting (5-21) and (5-22) into the ensemble representation of the resulting expression yields

¤̃𝑟 = H
(
Ψ∗ − Ψ̂ + 𝜀 − 𝜔 + 𝑓

)
− 𝜂 + (𝑘3 + 𝑘4) 𝜌 − 𝑘4𝑟, (5-24)

where 𝑟 ≜ [𝑟𝑖]𝑖∈V ∈ R𝑛𝑁 .

5.3 Stability Analysis

The ResNet described in (5-11) is nonlinear with respect to its parameters. Designing

adaptive controllers and performing stability analyses for nonlinearly parameterized systems

present significant theoretical challenges. To address this nonlinearity, a first-order application of

Taylor’s theorem about the current parameter estimate is used. Define the parameter estimation

error 𝜃𝑖 ∈ R𝑝𝑖 as

𝜃𝑖 = 𝜃
∗
𝑖 − 𝜃𝑖, (5-25)

for all 𝑖 ∈ V. Applying first-order Taylor’s theorem to Ψ𝑖
(
𝜅𝑖, 𝜃

∗
𝑖

)
about the point

(
𝜅𝑖, 𝜃𝑖

)
and using

(5-25) yields

Ψ𝑖
(
𝜅𝑖, 𝜃

∗
𝑖

)
= Ψ𝑖

(
𝜅𝑖, 𝜃𝑖

)
+ 𝜕

𝜕𝜃𝑖
Ψ𝑖

(
𝜅𝑖, 𝜃𝑖

)
𝜃𝑖 + 𝑅𝑖

(
𝜅𝑖, 𝜃𝑖

)
, (5-26)

where 𝜕

𝜕𝜃𝑖
Ψ𝑖

(
𝜅𝑖, 𝜃𝑖

)
≜ 𝜕

𝜕𝜗𝑖

����
𝜃𝑖

Ψ𝑖 (𝜅𝑖, 𝜗𝑖) ∈ R𝑛×𝑝𝑖 and 𝑅𝑖 : R2𝑛 × R𝑝𝑖 → R𝑛 denotes the first

Lagrange remainder for all 𝑖 ∈ V. Substituting (5-26) into (5-23) yields

¤𝑟 = 𝜕Ψ̂

𝜕𝜃
𝜃 − 𝑘2H𝑟 + 𝑘2𝑟 + 𝑘1𝑟 − 𝜔 + 𝑓 + 𝑅 + 𝜀 +

((
𝑘2

1 + 1
)
𝐶 − 𝑘2

1𝐼𝑛𝑁

)
𝑒, (5-27)

where 𝜃 ≜
[
𝜃𝑖
]
𝑖∈V ∈ R𝑝𝑁 , 𝜕Ψ̂

𝜕𝜃
≜ blkdiag

{
𝜕

𝜕𝜃1
Ψ1

(
𝜅1, 𝜃1

)
, . . . , 𝜕

𝜕𝜃𝑁
Ψ𝑁

(
𝜅𝑁 , 𝜃𝑁

)}
∈ R𝑛𝑁×𝑝𝑁 ,

𝜃 ≜
[
𝜃𝑖
]
𝑖∈V ∈ R𝑝𝑁 , and 𝑅

(
𝜅, 𝜃

)
≜

[
𝑅𝑖

(
𝜅𝑖, 𝜃𝑖

) ]
𝑖∈V ∈ R𝑛𝑁 , with 𝑝 ≜

∑
𝑖∈V 𝑝𝑖 and
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𝜅 ≜ [𝜅𝑖]𝑖∈V ∈ R𝑛𝑁 . Substituting (5-26) into (5-24) yields

¤̃𝑟 = H
(
𝜕Ψ̂

𝜕𝜃
𝜃 + 𝑅 + 𝜀 − 𝜔 + 𝑓

)
+ (𝑘3 + 𝑘4) 𝜌 − 𝜂 − 𝑘4𝑟. (5-28)

The ensemble representation of (5-16) is expressed as ¤̂𝜃 ∈ R𝑝𝑁 , where

¤̂𝜃 =
[

proj (Θ1)⊤ · · · proj (Θ𝑁 )⊤
]⊤
. (5-29)

Substituting (5-29) into the ensemble representation of (5-25) yields

¤̃𝜃 = −
[

proj (Θ1)⊤ · · · proj (Θ𝑁 )⊤
]⊤
. (5-30)

5.3.1 Trackability

This work examines scenarios in which multiple agents with limited sensing capabilities

collectively track a single target. In this setting, each agent typically measures only a subset of the

target’s states. Without sharing these measurements, the group may be unable to reconstruct the

target’s full state. For instance, in a two-dimensional setting, two agents that each measure only

distinct coordinates of the target’s position and do not communicate can at best align themselves

collinearly with the target. By contrast, if they exchange their partial measurements, they can

collaborate to reconstruct the complete state, enabling effective multi-agent tracking. The

trackability condition formalizes this principle by requiring that the collective sensing capabilities

of all agents provide sufficient information for accurate state estimation. In particular, the

trackability condition enables the feasibility of the tracking objective and, together with the

positivity of the interaction term introduced below (obtained either from a local feasibility

condition or from a balanced or undirected communication topology), yields strict positivity of

the interaction matrix used in the subsequent stability analysis.
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Recall that communication among agents is modeled by a static weighted digraph

𝐺 = (V, 𝐸, 𝑤). Information must flow from the sensing agents to the rest of the network, which is

captured by the following pinning condition at the root.

Assumption 5.6. The digraph 𝐺 is rooted, and at least one root vertex of 𝐺 senses the target 0;

that is, there exists a root vertex 𝑟 ∈ V with 0 → 𝑟. Consequently, there exists at least one 𝑖 ∈ V

with 𝑏𝑖 > 0, where 𝑏𝑖 ∈ {0, 1}.

For general unbalanced digraphs, the next local condition ensures strict positivity of the

quadratic form of H .

Assumption 5.7. Each agent 𝑖 ∈ V satisfies 𝜆min
(
𝑏𝑖𝐶

⊤
𝑖
𝐶𝑖

)
+ 1

2
(
𝑑in
𝑖
− 𝑑out

𝑖

)
> 0.

The aggregate sensing required in the root components to ensure feasibility of the tracking

problem is as follows.

Definition 5.1. (Trackability) The target is trackable if there exists a 𝜇 > 0 such that

∑︁
𝑘∈S

𝑏𝑘𝐶
⊤
𝑘 𝐶𝑘 ⪰ 𝜇𝐼𝑛 ⇐⇒ 𝜆min

(∑︁
𝑘∈S

𝑏𝑘𝐶
⊤
𝑘 𝐶𝑘

)
≥ 𝜇.

Equivalently, the target is trackable if rank
(∑

𝑘∈S 𝑏𝑘𝐶
⊤
𝑘
𝐶𝑘

)
= 𝑛. Here, S is the unique root SCC.

The next definition isolates the minimal algebraic requirement under which the target state

can be uniquely reconstructed from the ensemble of partial measurements and the known agent

states at a given time.

Definition 5.2. (Target Identifiability) The target state 𝑞0 ∈ R𝑛 is said to be identifiable from

[{𝑞𝑖, 𝑦𝑖}]𝑖∈V if the measurement map Υ : R𝑛 → R
∑𝑁

𝑖=1 𝑚𝑖 , Υ (𝑞) ≜ [𝑏𝑖𝐶𝑖 (𝑞 − 𝑞𝑖)]𝑖∈V is injective,

i.e., Υ (𝑞) is full column rank.

Two auxiliary results are needed.

Lemma 5.2. Let 𝐴 ∈ R𝑛×𝑛 satisfy 𝑥⊤𝐴𝑥 > 0 for every 𝑥 ∈ R𝑛\ {0𝑛}. Then every eigenvalue 𝜆 of 𝐴

satisfies Re (𝜆) > 0.
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Proof. Decompose 𝐴 = 𝐴Sym + 𝐴Skew, where 𝐴Sym ≜ 1
2 (𝐴 + 𝐴⊤) and 𝐴Skew ≜ 1

2 (𝐴 − 𝐴⊤) (e.g.,

[21, Section 0.2.5]). For any 𝑥 ∈ R𝑛,

𝑥⊤𝐴Skew𝑥 =
1
2𝑥

⊤ (𝐴 − 𝐴⊤) 𝑥 = 1
2𝑥

⊤ (𝐴 − 𝐴⊤)⊤ 𝑥 = −1
2𝑥

⊤ (𝐴 − 𝐴⊤) 𝑥 = −𝑥⊤𝐴Skew𝑥 = 0, so

𝑥⊤𝐴𝑥 = 𝑥⊤𝐴Sym𝑥. Thus, 𝐴Sym is positive definite. If 𝐴𝑣 = 𝜆𝑣 with 𝑣 ∈ C𝑛\ {0𝑛}, then

Re (𝜆) 𝑣∗𝑣 = Re (𝑣∗𝐴𝑣) = Re
(
𝑣∗𝐴Sym𝑣

)
+ Re (𝑣∗𝐴Skew𝑣) = 𝑣∗𝐴Sym𝑣 > 0 because 𝑣∗𝐴Sym𝑣 is real

and positive and 𝑣∗𝐴Skew𝑣 is purely imaginary for real skew-symmetric 𝐴Skew. Hence,

Re (𝜆) > 0. □

Lemma 5.3. Let 𝐺 = (V, 𝐸, 𝑤) be a rooted digraph with 𝑁 vertices and in-Laplacian

𝐿 = 𝐷 − 𝐴, where 𝐷 is the in-degree matrix and 𝐴 is the adjacency matrix. Then dim (ker 𝐿) = 1

and ker 𝐿 = span {1𝑁 }.

Proof. Since 𝐺 is rooted, there exists 𝑟 ∈ V with the property that for every 𝑗 ∈ V, the relation

𝑟 ⇝ 𝑗 holds. Hence, the reachable set of 𝑟 satisfies R (𝑟) = {𝑖 ∈ V : 𝑟 ⇝ 𝑖} ∪ {𝑟} = V. Thus, V

itself is a reach, and by maximality no other distinct reach can occur. Therefore, the number of

reaches of 𝐺 is one. Since each row of 𝐿 sums to zero, 1𝑁 ∈ ker 𝐿.

By [6, Corollary 4.2], the algebraic multiplicity of the eigenvalue 0 is equal to the number of

reaches. Since the number of reaches is one and 1𝑁 ∈ ker 𝐿, it follows that dim (ker 𝐿) = 1 and

ker 𝐿 = span {1𝑁 }. □

The main result connects the definiteness of H , trackability, and target identifiability.

Theorem 5.1. Suppose 𝐺 is rooted.

1. If Assumption 5.7 holds, then 𝑥⊤H𝑥 > 0 for all 𝑥 ≠ 0𝑛𝑁 .

2. If 𝑥⊤H𝑥 > 0 for all 𝑥 ≠ 0𝑛𝑁 , then the target is trackable.

3. Trackability =⇒ identifiability.

Consequently, under Assumption 5.7 the target is trackable and identifiable, and every eigenvalue

of H has positive real part.
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Proof. First, strict positivity of the quadratic form under Assumption 5.7 is established. Write

𝑥 = [𝑥𝑖]𝑖∈[𝑁] ∈ R𝑛𝑁 with 𝑥𝑖 ∈ R𝑛 for all 𝑖 ∈ V. Using 𝐿 = 𝐷 − 𝐴 and the inequality

2𝑢⊤𝑣 ≤
(
∥𝑢∥2 + ∥𝑣∥2

)
,

𝑥⊤ (𝐿 ⊗ 𝐼𝑛) 𝑥 =
𝑁∑︁
𝑖=1

𝑑in
𝑖 ∥𝑥𝑖∥2 −

∑︁
( 𝑗 ,𝑖)∈𝐸

𝐴𝑖 𝑗𝑥
⊤
𝑖 𝑥 𝑗 ,

≥
𝑁∑︁
𝑖=1

𝑑in
𝑖 ∥𝑥𝑖∥2 − 1

2

∑︁
( 𝑗 ,𝑖)∈𝐸

𝐴𝑖 𝑗

(
∥𝑥𝑖∥2 +



𝑥 𝑗

2
)
,

=
1
2

𝑁∑︁
𝑖=1

(
𝑑in
𝑖 − 𝑑out

𝑖

)
∥𝑥𝑖∥2 .

Moreover,

𝑥⊤𝐶𝑥 =
𝑁∑︁
𝑖=1

𝑥⊤𝑖
(
𝑏𝑖𝐶

⊤
𝑖 𝐶𝑖

)
𝑥𝑖 ≥

𝑁∑︁
𝑖=1

𝜆min
(
𝑏𝑖𝐶

⊤
𝑖 𝐶𝑖

)
∥𝑥𝑖∥2 .

Consequently, by Assumption 5.7,

𝑥⊤H𝑥 = 𝑥⊤ (𝐿 ⊗ 𝐼𝑛) 𝑥 + 𝑥⊤𝐶𝑥,

≥
𝑁∑︁
𝑖=1

(
𝜆min

(
𝑏𝑖𝐶

⊤
𝑖 𝐶𝑖

)
+ 1

2

(
𝑑in
𝑖 − 𝑑out

𝑖

))
∥𝑥𝑖∥2 ,

> 0,

for every 𝑥 ≠ 0𝑛𝑁 .

Second, strict positivity of the quadratic form implies trackability is shown. The argument

proceeds by contrapositive. Suppose the target is not trackable. Then, there exists a unique root

SCC S ⊂ V with

rank

(∑︁
𝑖∈S

𝑏𝑖𝐶
⊤
𝑖 𝐶𝑖

)
< 𝑛.
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Hence, there exists 𝑘 ∈ R𝑛\ {0𝑛} such that

∑︁
𝑖∈S

𝑏𝑖 ∥𝐶𝑖𝑘 ∥2 = 𝑘⊤
(∑︁
𝑖∈S

𝑏𝑖𝐶
⊤
𝑖 𝐶𝑖

)
𝑘 = 0,

which forces 𝐶𝑖𝑘 = 0𝑚𝑖
for every 𝑖 ∈ S with 𝑏𝑖 > 0. Permute vertices so that S forms the leading

block. There exists a permutation matrix 𝑃 ∈ R𝑁×𝑁 such that 𝐿̃ ≜ 𝑃𝐿𝑃⊤ ∈ R𝑁×𝑁 is block lower

triangular, with the Laplacian 𝐿S of S in the top-left block and with the off-diagonal block

0|S|×|V\S|. Set 𝑃 ≜ 𝑃 ⊗ 𝐼𝑛 ∈ R𝑛𝑁 × R𝑛𝑁 and

𝑥 ≜


1|S| ⊗ 𝑘

0𝑛(𝑁−|S|)

 ≠ 0𝑛𝑁 .

Because each row of 𝐿S sums to zero, 1⊤|S|𝐿S1|S| = 0. Using

(𝑢 ⊗ 𝑣)⊤ (𝐴 ⊗ 𝐼𝑛) (𝑢 ⊗ 𝑣) = (𝑢⊤𝐴𝑢) ∥𝑣∥2,

𝑥⊤
(
𝐿̃ ⊗ 𝐼𝑛

)
𝑥 =

(
1⊤|S|𝐿S1|S|

)
∥𝑘 ∥2 = 0.

Moreover, 𝑃𝐶𝑃⊤ ∈ R𝑛𝑁 × R𝑛𝑁 is block diagonal with diagonal blocks 𝑏𝑖𝐶⊤
𝑖
𝐶𝑖 in the permuted

order, implying

𝑥𝑃𝐶𝑃⊤𝑥 =
∑︁
𝑖∈S

𝑏𝑖 ∥𝐶𝑖𝑘 ∥2 = 0,

because 𝐶𝑖𝑘 = 0𝑚𝑖
for all 𝑖 ∈ S with 𝑏𝑖 > 0. Combining with 𝑥⊤

(
𝐿̃ ⊗ 𝐼𝑛

)
𝑥 = 0 gives

𝑥⊤
((
𝐿̃ ⊗ 𝐼𝑛

)
+ 𝑃𝐶𝑃⊤

)
𝑥 = 0. Recalling the definitions of 𝐿̃ and 𝑃 yields the equality

𝐿̃ ⊗ 𝐼𝑛 = 𝑃 (𝐿 ⊗ 𝐼𝑛) 𝑃⊤. Using this expression yields

𝑥⊤
((
𝐿̃ ⊗ 𝐼𝑛

)
+ 𝑃𝐶𝑃⊤

)
𝑥 =

(
𝑃⊤𝑥

)⊤
((𝐿 ⊗ 𝐼𝑛) + 𝐶) 𝑃⊤𝑥. Therefore, defining 𝑥 ≜ 𝑃⊤𝑥 ∈ R𝑛𝑁

yields 𝑥⊤H𝑥 = 0. To show that 𝑥 ≠ 0𝑛𝑁 , recall that since 𝑃 is a permutation matrix, 𝑃⊤𝑃 = 𝐼𝑁 .

Therefore 𝑃 = 𝑃 ⊗ 𝐼𝑛 is also a permutation matrix with 𝑃⊤𝑃 = 𝐼𝑛𝑁 and ker
(
𝑃⊤𝑃

)
= {0𝑛𝑁 }, so

𝑥 ≠ 0𝑛𝑁 implies 𝑥 = 𝑃⊤𝑥 ≠ 0𝑛𝑁 . Thus, there exists 𝑥 ∈ R𝑛𝑁\ {0𝑛𝑁 } such that 𝑥⊤H𝑥 = 0,

contradicting strict positivity. Therefore, strict positivity implies trackability.
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Third, trackability implying identifiability is shown. Define the stacked sensing matrix

𝐶𝑏 ≜ [𝑏𝑖𝐶𝑖]𝑖∈V ∈ R
∑𝑁

𝑖=1 𝑚𝑖×𝑛 and the stacked data 𝑠 ≜ [𝑦𝑖 + 𝑏𝑖𝐶𝑖𝑞𝑖]𝑖∈V ∈ R
∑𝑁

𝑖=1 𝑚𝑖 . The

measurement relation 𝑦𝑖 = 𝑏𝑖𝐶𝑖 (𝑞0 − 𝑞𝑖) gives 𝑠 = 𝐶𝑏𝑞0. By trackability, for the unique root SCC

S,
∑
𝑖∈S 𝑏𝑖𝐶

⊤
𝑖
𝐶𝑖 ⪰ 𝜇𝐼𝑛 for 𝜇 > 0. Summing these inequalities over the root SCC and using

𝑏𝑖𝐶
⊤
𝑖
𝐶𝑖 ⪰ 0 outside the root yields

𝐶
⊤
𝑏𝐶𝑏 =

∑︁
𝑖∈V

𝑏𝑖𝐶
⊤
𝑖 𝐶𝑖 ⪰ 𝜇𝐼𝑛,

because 𝑏2
𝑖
= 𝑏𝑖 for all 𝑏𝑖 ∈ {0, 1}. Thus 𝐶𝑏 has full column rank, the map 𝑞0 ↦→ 𝐶𝑏𝑞0 is

injective, and 𝑞0 is uniquely determined from the data by 𝑞0 = 𝐶
+
𝑏 𝑠.

Finally, since 𝑥⊤H𝑥 > 0 for all 𝑥 ≠ 0𝑛𝑁 under Assumption 5.7, Lemma 5.2 applies to H

and yields Re (𝜆) > 0 for every eigenvalue 𝜆 of H . □

Under weight-balanced or undirected topologies, the reverse implication also holds:

trackability implies 𝑥⊤H𝑥 > 0 for all 𝑥 ≠ 0𝑛𝑁 and Assumption 5.7 is unnecessary in this case.

Corollary 5.1. Suppose Assumption 5.6 holds and either 𝐺 is weight-balanced (𝑑in
𝑖
= 𝑑out

𝑖
for all

𝑖 ∈ V) or undirected (𝐴𝑖 𝑗 = 𝐴 𝑗𝑖 for all 𝑖, 𝑗 ∈ V). If the target is trackable, then 𝑥⊤H𝑥 > 0 for all

𝑥 ∈ R𝑛𝑁\ {0𝑛𝑁 }.

Proof. As before, write 𝑥 = [𝑥𝑖]𝑖∈[𝑁] ∈ R𝑛𝑁 with 𝑥𝑖 ∈ R𝑛. Using 𝐿 = 𝐷 − 𝐴 and the definition of

𝐴,

𝑥⊤ (𝐿 ⊗ 𝐼𝑛) 𝑥 =
∑︁

( 𝑗 ,𝑖)∈𝐸
𝐴𝑖 𝑗 ∥𝑥𝑖∥2 −

∑︁
( 𝑗 ,𝑖)∈𝐸

𝐴𝑖 𝑗𝑥
⊤
𝑖 𝑥 𝑗 .

If 𝐺 is weight-balanced, then∑
( 𝑗 ,𝑖)∈𝐸 𝐴𝑖 𝑗 ∥𝑥𝑖∥2 =

∑
( 𝑗 ,𝑖)∈𝐸 𝐴𝑖 𝑗



𝑥 𝑗

2
= 1

2
∑

( 𝑗 ,𝑖)∈𝐸 𝐴𝑖 𝑗
(
∥𝑥𝑖∥2 +



𝑥 𝑗

2
)
. If 𝐺 is undirected, then 𝐴

is symmetric and the same identity holds. Hence,

𝑥⊤ (𝐿 ⊗ 𝐼𝑛) 𝑥 =
1
2

∑︁
( 𝑗 ,𝑖)∈𝐸

𝐴𝑖 𝑗


𝑥𝑖 − 𝑥 𝑗

2 ≥ 0,
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so 𝐿 ⊗ 𝐼𝑛 ⪰ 0. By Lemma 5.3, ker 𝐿 = span {1𝑁 }. Therefore,

ker (𝐿 ⊗ 𝐼𝑛) = ker 𝐿 ⊗ R𝑛 = span {1𝑁 } ⊗ R𝑛.

Let 𝑥 ∈ ker (𝐿 ⊗ 𝐼𝑛) \ {0𝑛𝑁 }, so 𝑥 = 1𝑁 ⊗ u with u ≠ 0𝑛. Trackability ensures that there exists

some 𝜇 > 0 such that
∑
𝑖∈V 𝐶

⊤
𝑖
𝐶𝑖 ⪰ 𝜇𝐼𝑛 and a unique root SCC S with

𝑥⊤𝐶𝑥 =
𝑁∑︁
𝑖=1
u⊤

(
𝑏𝑖𝐶

⊤
𝑖 𝐶𝑖

)
u ≥ u⊤

(∑︁
𝑖∈S

𝑏𝑖𝐶
⊤
𝑖 𝐶𝑖

)
u,

≥ 𝜇 ∥u∥2 > 0.

Thus ker (𝐿 ⊗ 𝐼𝑛) ∩ ker𝐶 = {0𝑛𝑁 }. Since 𝐿 ⊗ 𝐼𝑛 ⪰ 0 and 𝐶 ⪰ 0 and their kernels intersect

trivially, 𝑥⊤H𝑥 = 𝑥⊤ ((𝐿 ⊗ 𝐼𝑛) + 𝐶) 𝑥 > 0 for all 𝑥 ≠ 0𝑛𝑁 . □

5.3.2 Closed-Loop Error System

Let 𝑧 ∈ R𝜑 denote the concatenated state vector 𝑧 ≜
[
𝑒⊤ 𝑟⊤ 𝜂⊤ 𝑟⊤ 𝜌⊤ 𝜃⊤

]⊤
, where

𝜑 ≜ (5𝑛 + 𝑝) 𝑁 . The evolution of 𝑧 is governed by the initial value problem

¤𝑧 = f (𝑧, 𝑡) , 𝑧 (𝑡0) = 𝑧0, (5-31)
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where 𝑧0 ∈ R𝜑 is the initial state. Using (5-7), (5-22), (5-27), (5-28), and (5-30), the vector field

f : R𝜑 × R≥0 → R𝜑 is defined as

f (𝑧, 𝑡) =



𝑟 − 𝑘1𝑒©­­­­­«
𝜕Ψ̂

𝜕𝜃
𝜃 − 𝑘2H𝑟 + 𝑘2𝑟 + 𝑘1𝑟

+
( (
𝑘2

1 + 1
)
𝐶 − 𝑘2

1𝐼𝑛𝑁
)
𝑒

−𝜔 + 𝑓 + 𝑅 + 𝜀

ª®®®®®¬
𝑟 − 𝑘3𝜂 − 𝜌©­­«

H
(
𝜕Ψ̂

𝜕𝜃
𝜃 + 𝑅 + 𝜀 − 𝜔 + 𝑓

)
+ (𝑘3 + 𝑘4) 𝜌 − 𝜂 − 𝑘4𝑟

ª®®¬
𝜂 − (𝑘3 + 𝑘4) 𝑟 − 𝑘5𝜌

−
[

proj (Θ1)⊤ · · · proj (Θ𝑁 )⊤
]⊤



. (5-32)

Since the projection operator in (5-29) is locally Lipschitz in its arguments [52, Lemma E.1]

and the remaining terms in (5-32) are locally Lipschitz in 𝑧 and continuous in 𝑡, f is locally

Lipschitz in 𝑧 and continuous in 𝑡. Therefore, by the Picard-Lindelöf theorem (e.g., [7, Chapter 1,

Theorem 3.1]), for every 𝑧0 ∈ R𝜑 there exists a unique maximal solution.

Since the universal approximation property of the ResNet holds only on the compact

domain Ω, the subsequent stability analysis requires ensuring 𝜅𝑖 (𝑡) ∈ Ω for all 𝑖 ∈ V and for all

𝑡 ≥ 𝑡0. This is achieved by yielding a stability result which constrains 𝑧 to a compact domain.

Consider the Lyapunov function candidate 𝑉 : R𝜑 → R≥0 defined as

𝑉 (𝑧) ≜ 1
2
𝑧⊤𝑃𝑧, (5-33)

where 𝑃 ≜ blkdiag
{
𝐼5𝑛𝑁 , Γ

−1} ∈ R𝜑×𝜑 and Γ ≜ blkdiag {Γ1, . . . , Γ𝑁 } ∈ R𝑝𝑁×𝑝𝑁 . By the

Rayleigh quotient, (5-33) satisfies

1
2
𝜆1 ∥𝑧∥2 ≤ 𝑉 (𝑧) ≤ 1

2
𝜆𝜑 ∥𝑧∥2 , (5-34)
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where 𝜆1 ≜ 𝜆min {𝑃} = min
{
1, 𝜆min

{
Γ−1}} and 𝜆𝜑 ≜ 𝜆max {𝑃} = max

{
1, 𝜆max

{
Γ−1}}.

Furthermore, for any 𝑥 ≠ 0𝑛𝑁 , since 𝑥⊤H𝑥 = 𝑥⊤HSym𝑥 with HSym ≜ 1
2 (H +H⊤), the Rayleigh

quotient yields

𝜆min
{
HSym

}
∥𝑥∥2 ≤ 𝑥⊤H𝑥 ≤ 𝜆max

{
HSym

}
∥𝑥∥2 . (5-35)

By the strict positivity of 𝑥⊤H𝑥 established by Theorem 5.1, it follows that HSym ≻ 0, hence

0 < 𝜆min
{
HSym

}
≤ 𝜆max

{
HSym

}
. Similar to (5-17), define the regularized interaction matrix

J ≜ (𝐿 + Ξ) ⊗ 𝐼𝑝 ∈ R𝑝𝑁×𝑝𝑁 where Ξ ≜ diag {𝜉1, . . . , 𝜉𝑁 } ∈ R𝑁×𝑁 .

Assumption 5.8. For each 𝑖 ∈ V, 𝜉𝑖 is selected to satisfy 𝜉𝑖 + 1
2
(
𝑑in
𝑖
− 𝑑out

𝑖

)
> 0.

For any 𝑥 ≠ 0𝑝𝑁 , since 𝑥⊤J𝑥 = 𝑥⊤JSym𝑥 with JSym ≜ 1
2 (J + J⊤), the Rayleigh quotient

yields

𝜆min
{
JSym

}
∥𝑥∥2 ≤ 𝑥⊤J𝑥 ≤ 𝜆max

{
JSym

}
∥𝑥∥2 . (5-36)

By the same estimate used in the first part of the proof of Theorem 5.1 and under Assumption 5.8,

𝑥⊤J𝑥 ≥ ∑𝑁
𝑖=1

(
𝜉𝑖 + 1

2
(
𝑑in
𝑖
− 𝑑out

𝑖

) )
∥𝑥𝑖∥2 > 0, so JSym ≻ 0 and every eigenvalue 𝜆 of J satisfies

Re (𝜆) > 0. Consequently, 0 < 𝜆min
{
JSym

}
≤ 𝜆max

{
JSym

}
.

By the mean value theorem (e.g., [37, Theorem 3.9]) and Taylor’s theorem (e.g., [37,

Theorem 4.7]), there exists a polynomial p0 (∥𝜅∥) = 𝑎2 ∥𝜅∥2 + 𝑎1 ∥𝜅∥ + 𝑎0 with 𝑎2, 𝑎1, 𝑎0 ∈ R>0

such that


𝑅 (

𝜅, 𝜃
)

 ≤ p0 (∥𝜅∥)



𝜃

2. Similarly, there exists a polynomial p1 (∥𝜅∥) = 𝑎5 ∥𝜅∥ + 𝑎4

with 𝑎5, 𝑎4 ∈ R>0 such that



 𝜕Ψ̂
𝜕𝜃




 ≤ p1 (∥𝜅∥)


𝜃

2.

By Assumption 5.2, there exist constants L 𝑗 ∈ R≥0 such that

 𝑓 𝑗 (x1, y1) − 𝑓 𝑗 (x2, y2)


 ≤ L 𝑗√︃∥x1 − x2∥2 + ∥y1 − y2∥2 for all x1, x2, y1, y2 ∈ R𝑛 and 𝑗 ∈ V.

Based on the subsequent analysis, let L ≜ max
𝑗∈V L 𝑗 , 𝜔 ≜ max𝑖∈V {𝜔𝑖}, and define

𝛿 ≜ 𝑁

(
5

4𝑘2𝜆min{HSym} + 𝜎2
max{H}
𝑘4

)
(𝜀 + 𝜔 + L

((√
2 + 2) 𝑞0 + 4 ¤𝑞0

))2
+ 𝑘6𝑁𝜃

2
𝜎2

max{J}
2𝜆min{JSym} and

𝑘min ≜ min
{ 1

4 𝑘1,
1
5 𝑘2𝜆min

{
HSym

}
− 1

𝑘1

( (
𝑘2

1 + 1) (𝜆max {𝐶} + 1) + 2L (1 + 𝑘1) (1 +
√

2𝜎max {H}
))2

− 𝑘1 − L
(
(2 + 𝜎max {H})

(
1 +

√
2𝜎max {H}

)
+ 2

√
2
)
, 1

4 𝑘3,
1
4 𝑘4 −

4L2𝜎2
max {H}

(
1
𝑘1

(1 + 𝑘1)2
(
1 +

√
2𝜎max {H}

)2
− 2𝑘3

)
− L𝜎max {H}

(
(3 + 𝜎max {H})

√
2 + 1

)
−

5𝑘2
4𝜆min{HSym} ,

1
2 𝑘5 − L

√
2 (1 + 𝜎max {H}) , 1

4 𝑘6 𝜆min
{
JSym

}}
, where
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p
(
∥𝜅∥ , [𝑘𝑖]𝑖∈[5]

)
≜ 𝑁𝜃

2 (
5

𝑘2𝜆min{HSym} + 4𝜎2
max {H}

(
1
𝑘3

+ 1
𝑘4

))
p2

0 (∥𝜅∥) +

4𝑁2𝜃
4 (4 𝑘1

(
𝜎2

max {H} + 𝜎max {H} 𝜎max {𝐴} + 𝜆max {𝐶} + 2)2 + 5
𝑘2𝜆min{HSym}

(
𝜎2

max {H} +

𝜎max {H} 𝜎max {𝐴} + 1)2 + 4𝜎2
max {𝐴} (4 𝑘3 + 1

𝑘4
+ 2

𝑘5

))
p2

1 (∥𝜅∥).

Since p0 (·) and p1 (·) are strictly increasing, p (·) is strictly increasing and there exists a

strictly increasing 𝜚 : R≥0 → R≥0 such that 𝜚 (∥𝑧∥) ≜ p2(∥𝜅∥,[𝑘𝑖]𝑖∈[5])
𝜆min{JSym} . Define

𝜚 (·) ≜ 𝜚 (·) − 𝜚 (0), where 𝜚 is strictly increasing and invertible. The region to which the state

trajectory is constrained is defined as

D ≜
{
𝜄 ∈ R𝜑 : ∥𝜄∥ ≤ 𝜚−1 (𝑘6 (𝑘min − 𝜆𝑉 ) − 𝜚 (0))

}
, (5-37)

where 𝜆𝑉 ∈ R>0 is a user-defined parameter which controls the desired rate of convergence. The

compact domain over which the universal approximation property must hold is selected as

Ω ≜
{
𝜄 ∈ R2𝑛 : ∥𝜄∥ ≤ ((𝑘1 + 2) 𝜆max {H} + 𝑘3 + 2) · 𝜚−1 (𝑘6 (𝑘min − 𝜆𝑉 ) − 𝜚 (0))

}
. (5-38)

For the dynamical system described by (5-31), the set of initial conditions is defined as

S ≜

{
𝜄 ∈ R𝜑 : ∥𝜄∥ ≤ +

√︄
𝜆1
𝜆𝜑

𝜚−1 (𝑘6 (𝑘min − 𝜆𝑉 ) − 𝜚 (0))
}
−

√︂
𝛿

𝜆𝑉

}
, (5-39)

and the uniform ultimate bound is defined as

U ≜

𝜄 ∈ R𝜑 : ∥𝜄∥ ≤

√︄
𝜆𝜑𝛿

𝜆1𝜆𝑉

 . (5-40)

Theorem 5.2. Consider the dynamical system described by (5-1) and (5-2). For any 𝑧0 ∈ S, the

observer (5-14), controller (5-15), and adaptation law (5-16) ensure that 𝑧 uniformly ultimately

bounded and exponentially converges to U with estimate

∥𝑧 (𝑡)∥ ≤

√︄
𝜆𝜑

𝜆1

√︄
∥𝑧0∥2 e−

2𝜆𝑉
𝜆𝜑

(𝑡−𝑡0) + 𝛿

𝜆𝑉

(
1 − e−

2𝜆𝑉
𝜆𝜑

(𝑡−𝑡0)
)
,
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for all 𝑡 ≥ 𝑡0, provided that the sufficient gain condition 𝑘min > 𝜆𝑉 + 1
𝑘6
𝜚

(√︃
𝛿
𝜆𝑉

(√︃
𝜆𝜑
𝜆1

+ 𝜆𝜑
𝜆1

))
is

satisfied and Assumptions 5.1-5.8 hold. Moreover, U ⊂ S ⊂ D, 𝜅𝑖 (𝑡) ∈ Ω for all 𝑡 ≥ 𝑡0 and

𝑖 ∈ V, and the solution 𝑧 is complete.

Proof. Taking the total derivative of (5-33) along the trajectories of (5-31) yields

d
d𝑡
𝑉 (𝑧 (𝑡)) = 𝑒⊤ (𝑡) ¤𝑒 (𝑡) + 𝑟⊤ (𝑡) ¤𝑟 (𝑡) + 𝜂⊤ (𝑡) ¤̃𝜂 (𝑡) + 𝑟⊤ (𝑡) ¤̃𝑟 (𝑡)

+ 𝜌⊤ (𝑡) ¤𝜌 (𝑡) + 𝜃⊤ (𝑡) Γ−1 ¤̃𝜃 (𝑡) .
(5-41)

Substituting (5-32) into (5-41) and using (5-25) yields

d
d𝑡
𝑉 (𝑧 (𝑡)) = −𝑘1𝑒

⊤ (𝑡) 𝑒 (𝑡) − 𝑘2𝑟
⊤ (𝑡) H𝑟 (𝑡) − 𝑘3𝜂

⊤ (𝑡) 𝜂 (𝑡) − 𝑘4𝑟
⊤ (𝑡) 𝑟 (𝑡) − 𝑘5𝜌

⊤ (𝑡) 𝜌 (𝑡)

+ 𝑘2𝑟
⊤ (𝑡) 𝑟 (𝑡) + 𝑘1𝑟

⊤ (𝑡) 𝑟 (𝑡) + 𝑟⊤ (𝑡)
((
𝑘2

1 + 1
)
𝐶 −

(
𝑘2

1 − 1
)
𝐼𝑛𝑁

)
𝑒 (𝑡)

+
(
𝑟⊤ (𝑡) + 𝑟⊤ (𝑡) H

) (
𝑅

(
𝜅 (𝑡) , 𝜃 (𝑡)

)
+ 𝜀 (𝑡) − 𝜔 (𝑡) + 𝑓 (𝑡)

)
−

∑︁
𝑖∈V

𝜃⊤𝑖 (𝑡) Γ−1
𝑖 (𝑡) proj (Θ𝑖 (𝑡)) + 𝜃⊤ (𝑡)

(
𝜕Ψ̂

𝜕𝜃

)⊤ (
𝑟 (𝑡) + H⊤𝑟 (𝑡)

)
.

(5-42)

Using (5-21), the ensemble representations of (5-7)-(5-8) and (5-12), the fact that

H = (𝐷 ⊗ 𝐼𝑛) − (𝐴 ⊗ 𝐼𝑛) + 𝐶 and the symmetric properties of 𝐷 and 𝐶 yields

𝜃⊤
(
𝜕Ψ̂

𝜕𝜃

)⊤ (
𝑟 +H⊤𝑟

)
= 𝜃⊤

(
𝜕Ψ̂

𝜕𝜃

)⊤ (
𝑘1𝑒 + ((𝐷 ⊗ 𝐼𝑛) + 𝐶)

(
𝑘3𝜂 + 𝜌 − 𝜁

) )
+ 𝜃⊤

(
𝜕Ψ̂

𝜕𝜃

)⊤ (
¤𝑒 +H⊤𝜁 −

(
𝐴⊤ ⊗ 𝐼𝑛

) (
𝑘3𝜂 + 𝜌 − 𝜁

) )
.

(5-43)

Invoking [52, Appendix E, Lemma E.1.IV] and using (5-4) and the ensemble representation of

(5-25) yields

−
∑︁
𝑖∈V

𝜃⊤𝑖 Γ
−1
𝑖 proj (Θ𝑖) ≤ −𝜃⊤

(
𝜕Ψ̂

𝜕𝜃

)⊤ (
𝑘1𝐶𝑒 + ((𝐷 ⊗ 𝐼𝑛) + 𝐶)

(
𝑘3𝜂 + 𝜌 − 𝜁

) )
+ 𝑘6𝜃

⊤J 𝜃∗ − 𝑘6𝜃
⊤J 𝜃,

(5-44)
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where 𝜃∗ ≜
[
𝜃∗
𝑖

]
𝑖∈V . By construction, 𝜃∗

𝑖
∈ ℧𝑖, for all 𝑖 ∈ V. With 𝜃 = max𝑖∈V sup𝜗∈℧𝑖

∥𝜗∥, it

follows that


𝜃∗
𝑖



 ≤ 𝜃 for all 𝑖 ∈ V, hence ∥𝜃∗∥ ≤ 𝜃
√
𝑁. Likewise, ∥𝜀∥ ≤ 𝜀

√
𝑁 , and by

Assumption 5.4, ∥𝜔∥ ≤ 𝜔
√
𝑁 . Invoking (5-35), (5-36), (5-43) and (5-44), together with the

triangle and Cauchy-Schwarz inequalities yields that (5-42) is bounded above as

d
d𝑡
𝑉 (𝑧 (𝑡)) ≤ −𝑘1 ∥𝑒 (𝑡)∥2 − 𝑘2𝜆min

{
HSym

}
∥𝑟 (𝑡)∥2 − 𝑘3 ∥𝜂 (𝑡)∥2 − 𝑘4 ∥𝑟 (𝑡)∥2 − 𝑘5 ∥𝜌 (𝑡)∥2

− 𝑘6𝜆min
{
JSym

} 

𝜃 (𝑡)

2 + 𝑘2 ∥𝑟 (𝑡)∥ ∥𝑟 (𝑡)∥ + 𝑘1 ∥𝑟 (𝑡)∥2

+
(
𝑘2

1 + 1
)
(𝜆max {𝐶} + 1) ∥𝑒 (𝑡)∥ ∥𝑟 (𝑡)∥ +

√
𝑁𝑘6𝜃𝜎max {J}



𝜃 (𝑡)


+ (∥𝑟 (𝑡)∥ + 𝜎max {H} ∥𝑟 (𝑡)∥)

(
p0 (∥𝜅 (𝑡)∥)



𝜃 (𝑡)

2 +
√
𝑁𝜀 +

√
𝑁𝜔 +



 𝑓 (𝑡)

)
+ 𝑘1p1 (∥𝜅 (𝑡)∥) (1 + 𝜆max {𝐶})



𝜃 (𝑡)

3 ∥𝑒 (𝑡)∥

+ p1 (∥𝜅 (𝑡)∥)


𝜃 (𝑡)

3 (

𝜎max {𝐴}
(
𝑘3 ∥𝜂 (𝑡)∥ + ∥𝜌 (𝑡)∥ +



𝜁 (𝑡)

) )
+ p1 (∥𝜅 (𝑡)∥)



𝜃 (𝑡)

3 (∥ ¤𝑒 (𝑡)∥ + 𝜎max {H} ∥𝜁 (𝑡)∥)
(5-45)

Using (5-18) yields

∥𝜂∥ ≤ 𝜎max {H} ∥𝑒∥ . (5-46)

Using (5-19) yields

∥𝜁 ∥ ≤ 𝜎max {H} (∥𝑟 ∥ + 𝑘1 ∥𝑒∥) . (5-47)

Using the ensemble representation of (5-7), (5-8), (5-18), (5-19), and (5-47) yields



𝜁

 ≤ 𝑘1𝜎max {H} ∥𝑒∥ + 𝜎max {H} ∥𝑟 ∥ + ∥𝑟 ∥ + 𝑘3 ∥𝜂∥ + ∥𝜌∥ . (5-48)

Using the ensemble representation of (5-7) yields

∥ ¤𝑒∥ ≤ 𝑘1 ∥𝑒∥ + ∥𝑟 ∥ . (5-49)
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Using Assumption 5.2 together with the definition of 𝑓𝑖, the triangle inequality, Assumption 5.1,

and (5-5), (5-46) and (5-48), it follows that



 𝑓 

 ≤ 2L
(
1 + 𝑘1 + (1 + 𝑘1)

√
2𝜎max {H}

)
∥𝑒∥ + 2L

(√
2𝜎max {H} + 1

)
∥𝑟 ∥

+ 2L
√

2 ∥𝑟 ∥ + 2𝑘3L
√

2 ∥𝜂∥ + 2L
√

2 ∥𝜌∥ + L
√
𝑁

(√
2 + 2

)
𝑞0 + 4L

√
𝑁 ¤𝑞0.

(5-50)

Thus using (5-46)-(5-50) yields that (5-45) is bounded above as

d
d𝑡
𝑉 (𝑧 (𝑡)) ≤ 𝑉𝑒 (𝑡) +𝑉𝑟 (𝑡) +𝑉𝜂 (𝑡) +𝑉𝑟 (𝑡) +𝑉𝜌 (𝑡) +𝑉𝜃 (𝑡) +𝑉𝑦 (𝑡) , (5-51)
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where

𝑉𝑒 (𝑡) ≜ −𝑘1 ∥𝑒 (𝑡)∥2 + 𝜎max {H} 2L
(
1 + 𝑘1 + (1 + 𝑘1)

√
2𝜎max {H}

)
∥𝑒 (𝑡)∥ ∥𝑟 (𝑡)∥

+
((
𝑘2

1 + 1
)
(𝜆max {𝐶} + 1) + 2L

(
1 + 𝑘1 + (1 + 𝑘1)

√
2𝜎max {H}

))
∥𝑒 (𝑡)∥ ∥𝑟 (𝑡)∥

+ 𝑘1

((
𝜎2

max {H} + 𝜆max {𝐶} + 2
)
+ 𝜎max {H} 𝜎max {𝐴}

)
p1 (∥𝜅∥)



𝜃 (𝑡)

3 ∥𝑒 (𝑡)∥ ,

𝑉𝑟 (𝑡) ≜ −𝑘2𝜆min
{
HSym

}
∥𝑟 (𝑡)∥2 + 𝑘2 ∥𝑟 (𝑡)∥ ∥𝑟 (𝑡)∥ +

(
𝑘1 + 2L

(√
2𝜎max {H} + 1

))
∥𝑟 (𝑡)∥2

+ p0 (∥𝜅 (𝑡)∥) ∥𝑟 (𝑡)∥


𝜃 (𝑡)

2 +

√
𝑁

(
𝜀 + 𝜔 + L

((√
2 + 2

)
𝑞0 + 4 ¤𝑞0

))
∥𝑟 (𝑡)∥

+
(
𝜎2

max {H} + 𝜎max {H} 𝜎max {𝐴} + 1
)
p1 (∥𝜅 (𝑡)∥)



𝜃 (𝑡)

3 ∥𝑟 (𝑡)∥ ,

𝑉𝜂 (𝑡) ≜ −𝑘3 ∥𝜂 (𝑡)∥2 + 2𝑘3𝜎max {𝐴} p1 (∥𝜅 (𝑡)∥)


𝜃 (𝑡)

3 ∥𝜂 (𝑡)∥ + 2𝑘3L

√
2 ∥𝜂 (𝑡)∥ ∥𝑟 (𝑡)∥

+ 2𝑘3L
√

2𝜎max {H} ∥𝜂 (𝑡)∥ ∥𝑟 (𝑡)∥ ,

𝑉𝑟 (𝑡) ≜ −𝑘4 ∥𝑟 (𝑡)∥2 + 2L𝜎max {H}
√

2 ∥𝑟 (𝑡)∥2

+
√
𝑁𝜎max {H}

(
𝜀 + 𝜔 + L

((√
2 + 2

)
𝑞0 + 4 ¤𝑞0

))
∥𝑟 (𝑡)∥

+
(
𝜎max {𝐴} p1 (∥𝜅 (𝑡)∥)



𝜃 (𝑡)

3 + 𝜎max {H} p0 (∥𝜅 (𝑡)∥)


𝜃

2

)
∥𝑟 (𝑡)∥ ,

𝑉𝜌 (𝑡) ≜ −𝑘5 ∥𝜌 (𝑡)∥2 + 2𝜎max {𝐴} p1 (∥𝜅 (𝑡)∥)


𝜃 (𝑡)

3 ∥𝜌 (𝑡)∥ ,

𝑉𝜃 (𝑡) ≜ −𝑘6𝜆min
{
JSym

} 

𝜃 (𝑡)

2 +
√
𝑁𝑘6𝜃𝜎max {J}



𝜃 (𝑡)

 ,
𝑉𝑦 (𝑡) ≜ 2L

(√
2 + 𝜎max {H}

(√
2𝜎max {H} + 1

))
∥𝑟 (𝑡)∥ ∥𝑟 (𝑡)∥ + 2L

√
2 ∥𝜌 (𝑡)∥ ∥𝑟 (𝑡)∥

+ 2L𝜎max {H}
√

2 ∥𝜌 (𝑡)∥ ∥𝑟 (𝑡)∥ .

Applying Young’s inequality, completing the square, and using the bounds


𝜃

 ≤ 2

√
𝑁𝜃 and

𝜃

 ≤ ∥𝑧∥, together with the definitions of 𝜚 (∥𝑧∥), 𝑘min, and 𝛿, implies that (5-51) is bounded

above by

d
d𝑡
𝑉 (𝑧 (𝑡)) ≤ −

(
𝑘min −

𝜚 (∥𝑧∥)
𝑘6

)
∥𝑧∥2 + 𝛿. (5-52)

It is now shown, by contradiction, that the maximal solution to (5-31) exists for all time and

remains in the interior of D. Fix any 𝑧0 ∈ S and let 𝑧 : [𝑡0, 𝑇max) → R𝜑 be the corresponding
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unique maximal solution of (5-31). Let I ≜ {𝑡 ∈ [𝑡0, 𝑇max) : 𝑧 (𝜏) ∈ D for all 𝜏 ∈ [𝑡0, 𝑡]}, where

𝑇max ∈ (𝑡0,∞] denotes the supremum of all times 𝑇 > 𝑡0 for which a solution exists on [𝑡0, 𝑇).

Since 𝑧0 ∈ S ⊂ D and 𝑡 ↦→ 𝑧 (𝑡) is continuous, the set I is non-empty and contains an interval

[𝑡0, 𝑡0 + 𝜖) for some 𝜖 > 0.

For any 𝑡 ∈ I, the construction of D gives 𝜚 (∥𝑧 (𝑡)∥) ≤ 𝑘6 (𝑘min − 𝜆𝑉 ) − 𝜚 (0). Hence,

using 𝜚 (·) = 𝜚 (·) − 𝜚 (0) implies 𝑘min − 𝜚(∥𝑧∥)
𝑘6

≥ 𝜆𝑉 . Therefore, combining (5-34) with (5-52)

gives

d
d𝑡
𝑉 (𝑧 (𝑡)) ≤ −2𝜆𝑉

𝜆𝜑
𝑉 (𝑧 (𝑡)) + 𝛿, (5-53)

for all 𝑡 ∈ I. Solving the differential inequality given by (5-53) over I yields

𝑉 (𝑧 (𝑡)) ≤ 𝑉 (𝑧 (𝑡0)) e−
2𝜆𝑉
𝜆𝜑

(𝑡−𝑡0) +
𝜆𝜑𝛿

2𝜆𝑉

(
1 − e−

2𝜆𝑉
𝜆𝜑

(𝑡−𝑡0)
)

(5-54)

for all 𝑡 ∈ I. Applying (5-34) to (5-54) yields

∥𝑧 (𝑡)∥ ≤

√︄
𝜆𝜑

𝜆1
∥𝑧 (𝑡0)∥2 e−

2𝜆𝑉
𝜆𝜑

(𝑡−𝑡0) +
𝜆𝜑𝛿

𝜆1𝜆𝑉

(
1 − e−

2𝜆𝑉
𝜆𝜑

(𝑡−𝑡0)
)
, (5-55)

for all 𝑡 ∈ I. Using (5-39), since 𝑧0 ∈ S, ∥𝑧0∥ ≤
√︃

𝜆1
𝜆𝜑
𝜚−1 (𝑘6 (𝑘min − 𝜆𝑉 ) − 𝜌 (0)) −

√︃
𝛿
𝜆𝑉

.

Substituting this expression into (5-55) and using the facts that e−
2𝜆𝑉
𝜆𝜑

(𝑡−𝑡0) ≤ 1 and

1 − e−
2𝜆𝑉
𝜆𝜑

(𝑡−𝑡0)
< 1 for all 𝑡 ≥ 𝑡0 yield the strict bound ∥𝑧 (𝑡)∥ < 𝜚−1 (𝑘6 (𝑘min − 𝜆𝑉 ) − 𝜌 (0)) for

all 𝑡 ∈ I. Thus, by (5-37), 𝑧 (𝑡) ∈ int (D) for all 𝑡 ∈ I. Now, assume for contradiction that the

maximal time of existence is finite, i.e., sup (I) < 𝑇max. If sup (I) < 𝑇max, continuity of 𝑧 (·)

would imply 𝑧 (sup (I)) ∈ 𝜕D, contradicting 𝑧 (𝑡) ∈ int (D) for all 𝑡 ∈ I. Hence, sup (I) = 𝑇max

and I = [𝑡0, 𝑇max), i.e., 𝑧 (𝑡) ∈ D for all 𝑡 ∈ [𝑡0, 𝑇max).

Since 𝑧 (𝑡) ∈ D for all 𝑡 ∈ [𝑡0, 𝑇max) and D is compact, sup𝑡∈[𝑡0,𝑇max) ∥𝑧 (𝑡)∥ < ∞. By [7,

Chapter 1, Theorem 4.1], the solution extends from [𝑡0, 𝑇max) to [𝑡0,∞). Therefore, the solution
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exists for all 𝑡 ≥ 𝑡0 with 𝑧 (𝑡) ∈ D for all 𝑡 ≥ 𝑡0. Consequently, for all 𝑧0 ∈ S, (5-55) holds for

every 𝑡 ≥ 𝑡0.

As 𝑡 → ∞, the bound converges to ∥𝑧 (𝑡)∥ ≤
√︃

𝜆𝜑𝛿

𝜆1𝜆𝑉
, i.e., the solution is ultimately bounded

with ultimate bound U by (5-40). Next, recall that 𝑘min > 𝜆𝑉 + 1
𝑘6
𝜚

(√︃
𝛿
𝜆𝑉

(√︃
𝜆𝜑
𝜆1

+ 𝜆𝜑
𝜆1

))
. Using

the definition of 𝜚 and the fact that 𝜚 is invertible yields√︃
𝜆𝜑𝛿

𝜆1𝜆𝑉
<

√︃
𝜆1
𝜆𝜑
𝜚−1 (𝑘6 (𝑘min − 𝜆𝑉 ) − 𝜚 (0)) −

√︃
𝛿
𝜆𝑉

, i.e., U ⊂ S. Furthermore, since 𝜆1
𝜆𝜑

≤ 1 and√︃
𝛿
𝜆𝑉
> 0, strict monotonicity of 𝜚 gives

𝑘min > 𝜆𝑉 + 1
𝑘6
𝜚

(√︃
𝛿
𝜆𝑉

(√︃
𝜆𝜑
𝜆1

+ 𝜆𝜑
𝜆1

))
> 𝜆𝑉 + 1

𝑘6
𝜚

(√︃
𝜆𝜑𝛿

𝜆1𝜆𝑉

)
which implies

𝑘6 (𝑘min − 𝜆𝑉 ) − 𝜚 (0) > 𝜚
(√︃

𝜆𝜑𝛿

𝜆1𝜆𝑉

)
> 0. Hence,

√︃
𝜆1
𝜆𝜑
𝜚−1 (𝑘6 (𝑘min − 𝜆𝑉 ) − 𝜚 (0)) −

√︃
𝛿
𝜆𝑉
> 0, so

S has strictly positive radius i.e., S is nonempty. Thus, U ⊂ S ⊂ D.

Using the definitions of 𝜅𝑖, 𝑧, and (5-46) and (5-48) yields

∥𝜅𝑖 (𝑡)∥ ≤ ((𝑘1 + 2) 𝜎max {H} + 𝑘3 + 2) ∥𝑧 (𝑡)∥ , (5-56)

for all 𝑡 ≥ 𝑡0. Since 𝑧 (𝑡) ∈ D for all 𝑡 ≥ 𝑡0, the images of U, S, and D under 𝑧 ↦→ 𝜅𝑖 lie in Ω by

(5-38). Consequently, 𝜅𝑖 (𝑡) ∈ Ω for all 𝑡 ≥ 𝑡0, and the universal approximation property applied in

(5-11) holds for all time.

Since (5-55) holds with constants 𝜆1, 𝜆𝜑, 𝜆𝑉 , 𝛿 chosen independently of 𝑡0 and 𝑧0, the

right-hand side depends on time only through (𝑡 − 𝑡0). Hence, the exponential convergence to U

is uniform (e.g., [76, Definition 1]).

Additionally, since 𝑧 (𝑡) ∈ D for all 𝑡 ≥ 𝑡0, 𝑧 ∈ L∞
(
R≥𝑡0;R𝜑

)
. Since 𝑧 ∈ L∞

(
R≥𝑡0;R𝜑

)
,

𝑒, 𝑟, 𝜂, 𝑟, 𝜌 ∈ L∞
(
R≥𝑡0;R𝑛𝑁

)
and 𝜃 ∈ L∞

(
R≥𝑡0;R𝑝

)
. Thus, 𝜁 ∈ L∞

(
R≥𝑡0;R𝑛𝑁

)
by (5-48).

Similarly, since 𝑞0, ¤𝑞0 ∈ L∞
(
R≥𝑡0;R𝑛

)
by Assumption 5.1, using (5-5) and (5-7) yields that

𝑞𝑖, ¤𝑞𝑖 ∈ L∞
(
R≥𝑡0;R𝑛

)
for all 𝑖 ∈ V. Hence, using Assumption 5.5 yields that

𝑔+ ∈ L∞
(
R𝑛𝑁 × R𝑛𝑁 × R≥𝑡0;R

∑
𝑖∈V 𝑠𝑖×𝑛𝑁 )

. Following (5-56) and the fact that 𝑧 ∈ L∞
(
R≥𝑡0;R𝜑

)
yields that 𝜅𝑖 ∈ L∞

(
R≥𝑡0;R2𝑛) for all 𝑖 ∈ V. By the use of the projection operator,

𝜃𝑖 ∈ L∞
(
R≥𝑡0;R𝑝𝑖

)
for all 𝑖 ∈ V. Since

(
𝜅𝑖, 𝜃𝑖

)
∈ L∞

(
R≥𝑡0;R2𝑛 × R𝑝𝑖

)
, Ψ𝑖 ∈ L∞

(
R2𝑛 × R𝑝𝑖 ;R𝑛

)
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for all 𝑖 ∈ V. Thus, by (5-20), 𝑢 ∈ L∞
(
R≥𝑡0;R𝑛𝑁

)
. Since 𝑢, 𝜁 , 𝜂, 𝜌 ∈ L∞

(
R≥𝑡0;R𝑛𝑁

)
,

¤̂𝜂, ¤̂𝜁 ∈ L∞
(
R≥𝑡0;R𝑛𝑁

)
by (5-21). Thus, all implemented signals are bounded. □

5.4 Spacecraft Servicing Simulation

This section validates the empirical performance of the distributed observer, controller, and

adaptive update law given by (5-14)-(5-16). The scenario considers a network of 𝑁 = 8 servicer

spacecraft tasked with tracking a single defunct spacecraft during an approach and servicing

operation.

The defunct spacecraft follows an elliptical Keplerian orbit about Earth (central body),

modeled as a point mass with standard gravitational parameter 𝜇 = 3.986 × 1014 m3 · s−2. Relative

motion is expressed in the target-centered radial-tangential-normal (RTN) frame, also known as

the local-vertical-local-horizontal (LVLH) frame, with axes {𝑅,𝑇, 𝑁}.

For radar-based rendezvous, line-of-sight (LOS) spherical coordinates (𝜎𝑖, 𝛾𝑖, 𝜙𝑖) for

servicer 𝑖 are defined from the RTN Cartesian relative position rRTN
𝑖

≜
[
𝑟𝑥
𝑖
𝑟
𝑦

𝑖
𝑟 𝑧
𝑖

]⊤
∈ R3 (m)

by 𝑟𝑥
𝑖
= 𝜎𝑖 cos 𝜙𝑖 cos 𝛾𝑖, 𝑟 𝑦𝑖 = 𝜎𝑖 cos 𝜙𝑖 sin 𝛾𝑖, and 𝑟 𝑧

𝑖
= 𝜎𝑖 sin 𝜙𝑖, where 𝜎𝑖 is range (m), 𝛾𝑖 is

azimuth (rad) measured in the 𝑅𝑇-plane from +𝑅 toward +𝑇 , and 𝜙𝑖 is elevation (rad) measured

from the 𝑅𝑇-plane toward +𝑁 (e.g., [10]). The inverse map is 𝜎𝑖 =
√︃(
𝑟𝑥
𝑖

)2 +
(
𝑟
𝑦

𝑖

)2 +
(
𝑟 𝑧
𝑖

)2,

𝛾𝑖 = atan2
(
𝑟
𝑦

𝑖
, 𝑟𝑥
𝑖

)
, and 𝜙𝑖 = arcsin

(
𝑟 𝑧
𝑖
/𝜎𝑖

)
.

Define the spherical state 𝑞𝑖 ≜
[
𝜎𝑖 𝛾𝑖 𝜙𝑖

]⊤
∈ R3 and LOS-resolved control

𝑢𝑖 ≜
[
𝑢𝜎
𝑖

𝑢
𝛾

𝑖
𝑢
𝜙

𝑖

]⊤
∈ R3 (

m · s−2) . The spherical rates are ¤𝑞𝑖 =
[
¤𝜎𝑖 ¤𝛾𝑖 ¤𝜙𝑖

]⊤
∈ R3 with

units
(
m · s−1, rad · s−1, rad · s−1) , and ¥𝑞𝑖 =

[
¥𝜎𝑖 ¥𝛾𝑖 ¥𝜙𝑖

]⊤
∈ R3 with units(

m · s−2, rad · s−2, rad · s−2) . The LOS orthonormal basis vectors are

e𝜎𝑖 =
[
(cos 𝜙𝑖 cos 𝛾𝑖) (cos 𝜙𝑖 sin 𝛾𝑖) sin 𝜙𝑖

]⊤
, e𝛾𝑖 =

[
(− sin 𝛾𝑖) (cos 𝛾𝑖) 0

]⊤
, and

e𝜙𝑖 =
[
(− sin 𝜙𝑖 cos 𝛾𝑖) (− sin 𝜙𝑖 sin 𝛾𝑖) (cos 𝜙𝑖)

]⊤
.

Let 𝐵 (𝑞𝑖) ∈ SO (3) denote the rotation matrix with columns e𝜎𝑖 , e𝛾𝑖 , e𝜙𝑖 , i.e.,

𝐵 (𝑞𝑖) ≜
[

e𝜎𝑖 e𝛾𝑖 e𝜙𝑖
]
. The RTN control accelerations are

𝑢RTN
𝑖

≜
[
𝑢𝑥
𝑖
𝑢
𝑦

𝑖
𝑢𝑧
𝑖

]⊤
∈ R3 (

m · s−2) . Orthonormality implies 𝑢RTN
𝑖

= 𝐵 (𝑞𝑖) 𝑢𝑖 and
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𝑢𝑖 = 𝐵
⊤ (𝑞𝑖) 𝑢RTN

𝑖
. Hence, 𝑢𝜎

𝑖
, 𝑢𝛾

𝑖
, 𝑢𝜙

𝑖
have units of m · s−2. When mapped through 𝑔 (𝑞𝑖) (defined

below), the angular components contribute rad · s−2.

Additional accelerations include gravitational perturbations and atmospheric drag, grouped

as PRTN
𝑖

(𝑞𝑖, r, 𝜂) =
[

P𝑥
𝑖

P𝑦
𝑖

P𝑧
𝑖

]⊤
∈ R3 (

m · s−2) and

DRTN
𝑖

( ¤𝑞𝑖, r, 𝜂) =
[

D𝑥
𝑖

D𝑦

𝑖
D𝑧
𝑖

]⊤
∈ R3 (

m · s−2) , modeling effects such as the oblateness

coefficient 𝐽2 ∈ R>0 (dimensionless), third-body gravity, and atmospheric drag. Here, r ∈ R (m)

is the defunct spacecraft’s orbital radius. Exogenous variability is parameterized by a vector of

phases 𝜂 ∈ T𝑘 (the 𝑘-torus of angles in radians), evolving with constant rate

¤𝜂 = Ω ∈ R𝑘
(
rad · s−1) .

The RTN dynamics of servicer 𝑖 relative to the defunct spacecraft (e.g., [87]) are

¥𝑟𝑥𝑖 = 2𝜏 ¤𝑟 𝑦
𝑖
+ ¤𝜏𝑟 𝑦

𝑖
+ 𝜏2𝑟𝑥𝑖 +

𝜇

r2 + P𝑥𝑖 + D𝑥
𝑖 + 𝑢𝑥𝑖 −

𝜇
(
r + 𝑟𝑥

𝑖

)( (
r + 𝑟𝑥

𝑖

)2 +
(
𝑟
𝑦

𝑖

)2 +
(
𝑟 𝑧
𝑖

)2
) 3

2
,

¥𝑟 𝑦
𝑖
= −2𝜏 ¤𝑟𝑥𝑖 − ¤𝜏𝑟𝑥𝑖 + 𝜏2𝑟

𝑦

𝑖
+ P𝑦

𝑖
+ D𝑦

𝑖
+ 𝑢𝑦

𝑖
−

𝜇𝑟
𝑦

𝑖( (
r + 𝑟𝑥

𝑖

)2 +
(
𝑟
𝑦

𝑖

) 2 +
(
𝑟 𝑧
𝑖

) 2
) 3

2
,

¥𝑟 𝑧
𝑖
= −

𝜇𝑟 𝑧
𝑖( (

r + 𝑟𝑥
𝑖

)2 +
(
𝑟
𝑦

𝑖

) 2 +
(
𝑟 𝑧
𝑖

) 2
) 3

2
+ P𝑧

𝑖
+ D𝑧

𝑖
+ 𝑢𝑧

𝑖
,

where ¤𝑟𝑥
𝑖
, ¤𝑟 𝑦
𝑖
, ¤𝑟 𝑧
𝑖
∈ R

(
m · s−1) are the relative velocities and ¥𝑟𝑥

𝑖
, ¥𝑟 𝑦
𝑖
, ¥𝑟 𝑧
𝑖
∈ R

(
m · s−2) are the relative

accelerations. Here, the orbital angular rate is 𝜏 ∈ R
(
rad · s−1) with ¤𝜏 = −2¤r𝜏/r and

¥r = r𝜏2 − 𝜇/r2 from two-body relations with ¤r being the target’s radial rate
(
m · s−1) .

Non-control accelerations projected into the LOS frame are[
𝑝𝜎
𝑖

𝑝
𝛾

𝑖
𝑝
𝜙

𝑖

]
≜ 𝐵⊤ (𝑞𝑖)

(
PRTN
𝑖

+ DRTN
𝑖

)
∈ R3 (

m · s−2) .
Substituting the Cartesian model and using the above kinematics yields the spherical

dynamics

¥𝑞𝑖 = 𝑓𝑖 (𝑞𝑖, ¤𝑞𝑖) + 𝑔 (𝑞𝑖) 𝑢𝑖 + 𝜔 (𝜏, ¤𝜏, 𝑞𝑖, ¤𝑞𝑖) ,
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with 𝑓𝑖 ≜
[
𝑓 𝜎
𝑖

𝑓
𝛾

𝑖
𝑓
𝜙

𝑖

]⊤
∈ R3 (

m · s−2, rad · s−2, rad · s−2) and

𝜔 =

[
𝜔𝜎 𝜔𝛾 𝜔𝜙

]⊤
∈ R3 (

m · s−2, rad · s−2, rad · s−2) having components

𝑓 𝜎𝑖 (𝑞𝑖, ¤𝑞𝑖) = 𝜎𝑖 ¤𝜙2
𝑖 −

𝜇 (r cos 𝛾𝑖 cos 𝜙𝑖 + 𝜎𝑖)(
r2 + 𝜎2

𝑖
+ 2r𝜎𝑖 cos 𝛾𝑖 cos 𝜙𝑖

) 3
2
+ 𝜇

r2 cos 𝛾𝑖 cos 𝜙𝑖 + 𝑝𝜎𝑖 ,

𝑓
𝛾

𝑖
(𝑞𝑖, ¤𝑞𝑖) =

𝜇 (r sin 𝛾𝑖 sec 𝜙𝑖)

𝜎𝑖
(
r2 + 𝜎2

𝑖
+ 2r𝜎𝑖 cos 𝛾𝑖 cos 𝜙𝑖

) 3
2
+ 𝜇

r2𝜎𝑖
sin 𝛾𝑖 sec 𝜙𝑖 +

𝑝
𝛾

𝑖

𝜎𝑖
,

𝑓
𝜙

𝑖
(𝑞𝑖, ¤𝑞𝑖) = −2 ¤𝜎𝑖 ¤𝜙𝑖

𝜎𝑖
− 𝜇

r2𝜎𝑖
cos 𝛾𝑖 sin 𝜙𝑖 +

𝜇r cos 𝛾𝑖 sin 𝜙𝑖

𝜎𝑖
(
r2 + 𝜎2

𝑖
+ 2r𝜎𝑖 cos 𝛾𝑖 cos 𝜙𝑖

) 3
2
+
𝑝
𝜙

𝑖

𝜎𝑖
,

the input map 𝑔 (𝑞𝑖) = diag
{
1, 1

𝜎𝑖
, 1
𝜎𝑖

}
, and

𝜔𝜎 = (𝜏 + ¤𝛾𝑖)2 𝜎𝑖 cos2 𝜙𝑖,

𝜔𝛾 = 2 (𝜏 + ¤𝛾𝑖) ¤𝜙𝑖 tan 𝜙𝑖 − ¤𝜏 − 2 (𝜏 + ¤𝛾𝑖)
¤𝜎𝑖
𝜎𝑖
,

𝜔𝜙 = − (𝜏 + ¤𝛾𝑖)2 sin 𝜙𝑖 cos 𝜙𝑖 .

The simulation enforces 𝜎𝑖 ≥ 𝜎min > 0 (m) (no collision or overlap),

|𝜙𝑖 | ≤ 𝜙max < 𝜋/2 (rad) (LOS avoids the polar singularity), and a target orbital radius

r ∈
[
𝑟𝑝, 𝑟𝑎

]
(m). Together with 𝜂 ∈ T𝑘 and bounded initial relative velocities, all arguments of 𝑓𝑖,

𝑔, and 𝜔 remain in compact sets and the corresponding mappings are continuous.
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8

Figure 5-1. Communication topology visualization of the multi-spacecraft system.
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Figure 5-2. 3-D visualization of the trajectories servicing agents (solid lines) and the defunct
spacecraft (dotted line) during the first five seconds of the simulation.
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The defunct spacecraft is initialized on a near-Earth elliptical orbit with periapsis altitude

300 × 103 m, apoapsis altitude 700 × 103 m, and inclination 𝜋/6 rad. Earth’s mean equatorial

radius is taken as 𝑅𝐸 = 6, 378 × 103 m. The corresponding radii are 𝑟𝑝 = 𝑅𝐸 + 300 × 103 and

𝑟𝑎 = 𝑅𝐸 + 700 × 103, given semi-major axis 𝑎 =
(
𝑟𝑝 + 𝑟𝑎

)
/2 m. The periapsis orbital speed

follows the vis-viva relation 𝑣𝑝 =
√︃
𝜇

(
2/𝑟𝑝 − 1/𝑎

) (
m · s−1) .

Servicer initial positions are offset from the defunct spacecraft by random draws: radial

distances are sampled uniformly from𝑈 (2500, 5000) m, while azimuth 𝛾 and elevation 𝜙 offsets

are sampled from𝑈 (−0.5, 0.5) rad. The simulation commences in the Proximity Operations

(Prox-Ops) phase, with each servicer initialized to the target’s instantaneous inertial velocity;

initial relative motion therefore arises solely from position offsets. The simulation time horizon is

130 seconds. The selected properties of all spacecraft are listed in Table 5-1.

Table 5-1. Spacecraft Simulation Parameters
Spacecraft Index Mass (kg) Cross-Sectional Area (m2)

0 10,000.00 100.00
1 834.49 48.21
2 1079.90 19.78
3 914.07 39.79
4 828.70 26.91
5 649.89 28.83
6 977.69 46.35
7 670.44 4.48
8 1340.36 5.26
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Figure 5-3. Plot showing the norm of the velocity estimation error,


𝜁𝑖

, over time for all agents

𝑖 ∈ V.
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The multi-agent network uses the vertex set V = [8] and V = V ∪ {0}. The

communication topology, depicted in Fig. 5-1, induces the in-Laplacian

𝐿 =



1 −1 0 0 0 0 0 0

0 1 0 0 −1 0 0 0

0 −1 1 0 0 0 0 0

0 0 −1 1 0 0 0 0

0 0 0 0 1 −1 0 0

0 0 −1 0 0 1 0 0

0 0 0 0 −1 0 1 0

0 0 0 0 0 −1 0 1



,

with eigenvalues Λ (𝐿) = {0, 1, 1 ± 𝑖, 2}. The pinning matrix is given by

𝐵 = diag {0, 1, 1, 0, 0, 0, 0, 0}, which specifies that agents 2 and 3 can sense the target state. A

visualization of the communication topology is shown in Fig. 5-1.

Sensing is heterogeneous. Agent 2 carries a monocular optical camera providing

angles-only LOS measurements to a noncooperative target, a modality demonstrated on the

PRISMA/ARGON and AVANTI missions (e.g., [14]). For agent 2 (𝑖 = 2),

𝑦2 =


𝛾2

𝜙2

 = 𝐶2𝑞2, 𝐶2 =


0 1 0

0 0 1

 .
Agent 3 uses a rendezvous radar that supplies range and azimuth, consistent with standard

range-azimuth-elevation geometry. For agent 3 𝑖 = 3,

𝑦3 =


𝜎3

𝛾3

 = 𝐶3𝑞3, 𝐶3 =


1 0 0

0 1 0

 .
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Figure 5-4. Plot showing the norm of the tracking error, ∥𝑒𝑖∥, over time for all agents 𝑖 ∈ V.
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Figure 5-5. Plot showing the norm of the function approximation error, ∥𝜀𝑖 (𝜅𝑖)∥, over time for all
agents 𝑖 ∈ V.
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Each agent implements a residual network with four blocks and two hidden layers per block,

using two neurons per hidden layer, for a total of 226 parameters. Hidden layers and the shortcut

block in the ResNet use the swish activation function, and output layers use the tanh activation

function. Gains are empirically selected as 𝑘1 = 10, 𝑘2 = 15, 𝑘3 = 2.5, 𝑘4 = 10, 𝑘5 = 5,

𝑘6 = 0.0001, and 𝜃 = 25, for all 𝑖 ∈ V. Fig. 5-2 shows the 3-D trajectories of all agents and the

target, illustrating cooperative motion within the operational region.

Neighborhood velocity estimation performance appears in Fig. 5-3 as the time history of

𝜁𝑖

 for all 𝑖 ∈ V. All agents settle to approximate velocity estimation errors of 10.5 m/s after

approximately 5 s. The pronounced initial velocity-estimation error results from zero-valued

observer initialization (used in this simulation). When a priori velocity information is available,

seeding the observer with those estimates, or with physics-based approximations, reduces the

initial transient. Tracking performance appears in Fig. 5-4 as the time history of ∥𝑒𝑖∥ for all

𝑖 ∈ V. Agents achieve steady-state tracking errors near 1.0 m after approximately 5 s. The

observed steady-state oscillations reflect the selected gains; reducing oscillations would increase

control effort, indicating a practical trade-off between accuracy and energy. Fig. 5-5 reports the

function approximation performance and demonstrates the capability of the ResNet architecture to

approximate the unknown system dynamics, with all agents approaching a negligible function

approximation error after approximately 100 seconds.

5.5 Conclusion

This work considered multi-agent target tracking for second-order agents over directed,

rooted graphs using only relative position measurements and limited target information.

A trackability condition tailored to rooted digraphs was established, clarifying how

information placement and graph structure determine feasibility. A locally implementable

adaptation law was developed that relies solely on one-hop exchanges and does not require

Laplacian symmetry. Unknown target dynamics were estimated online by a deep residual-network

observer without offline training. A Lyapunov analysis guaranteed exponential convergence of the
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target state estimation error and convergence of agent tracking errors to an explicit neighborhood,

with bounds expressed in design parameters, graph quantities, and approximation accuracy.

A multi-spacecraft approach and servicing operation is simulated under representative

directed topologies that corroborate the analysis and illustrate the closed-loop behavior, with all

agents converging within 5 s to a neighborhood-velocity estimation error of approximately 10.5

m/s and a steady-state tracking error of approximately 1.0 m.

Future work will address more general output models, including state-dependent 𝐶 (𝑥),

time-dependent 𝐶 (𝑡), jointly state- and time-dependent 𝐶 (𝑥, 𝑡), and fully nonlinear measurement

functions 𝑦 = ℎ (𝑥, 𝑡). Extending the trackability condition to these settings will require

graph-aware observability notions that account for nonlinear and time-varying outputs.
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CHAPTER 6 CONCLUSIONS AND FUTURE WORK

This dissertation has developed a toolset for robust and adaptive target tracking in nonlinear

multi-agent systems. The preceding chapters have systematically addressed the practical

challenges of heterogeneity, model uncertainty, external disturbances, and constrained sensing and

communication.

6.1 Conclusions

The primary contributions of this work provide assured, distributed control solutions for

complex systems. Chapter 3 introduced an online ResNet adaptive controller for target tracking as

well as a distributed observer to address the multi-agent target tracking problem under limiting

sensing. Chapter 5 introduced a robust, RISE-based controller for heterogeneous, second-order

nonlinear agents. By developing a novel 𝑃-function construction, this approach guarantees

exponential tracking convergence in the presence of disturbances using only local, single-hop

communication. Chapter 5 addressed the critical limitations of sensing and network topology by

developing an adaptive control framework. This solution integrates a deep residual neural network

observer to learn unknown target dynamics online, enabling assured tracking over directed graphs

using only partial, relative state feedback.

The methods developed in this dissertation, while provably effective, are designed for

specific problem classes. The control laws are tailored to the target tracking objective, and the

stability analyses, while rigorous, are specific to the assumed system structures. This

"case-by-case" design, which is common in the field, becomes difficult to scale when addressing a

wider array of operational complexities, such as switching communication topologies,

time-delays, heterogeneous objectives, or multi-target assignments. The remainder of this chapter

outlines a path toward a unified, general framework for multi-agent coordination that is motivated

by this limitation.

6.2 Future Work: Toward a Unified Framework for Multi-Agent Systems

The research presented in this dissertation can be extended and generalized along three

primary axes: (1) expanding the complexity of the objective to include multi-target and formation
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control, (2) generalizing the state space to formally handle heterogeneity, and (3) generalizing the

network model to include spatiotemporal dynamics.

6.2.1 Immediate Generalizations: Multi-Target and Formation Objectives

The single-target tracking problem in Chapters 4 and 5 can be directly extended to a

multi-target, multi-agent scenario. In this formulation, an assignment matrix 𝐵 defines which of

the 𝑁 agents can sense which of the 𝑀 targets. This defines a new disagreement signal 𝜂𝑖 for each

agent, which includes a sum of inter-agent errors (from the graph Laplacian 𝐿𝐴 ) and a sum of

agent-target errors (from the assignment matrix).

The resulting ensemble disagreement 𝜂 is a linear function of the tracking error 𝑒,

𝜂 = −H𝑒, where the interaction matrix H takes the form 𝐿𝐴 + Δ. Here, Δ is a diagonal matrix

derived from 𝐵 that "pins" agents to their assigned targets. A controller based on this

disagreement, 𝑢𝑖 = 𝑘𝜂𝑖, can be shown to be a gradient descent on a global quadratic cost function

L (𝑞). This demonstrates that the core concepts of this dissertation can be extended to more

complex objectives. However, this approach still assumes agent homogeneity and becomes

cumbersome when objectives are not simple relative positions.

6.2.2 A General Language: Cellular Sheaves for Heterogeneity

A more fundamental generalization is to redefine the system’s mathematical structure using

tools from algebraic topology. A cellular sheaf F over the agent graph 𝐺 provides a formal

language for handling heterogeneity.

Instead of assuming all agents live in R𝑛, a sheaf assigns a unique vector space, or stalk F𝑖,

to each vertex 𝑖. This allows a system to natively include an R3 aerial vehicle and an R2 ground

vehicle. Similarly, each edge 𝑖 𝑗 is assigned its own stalk F𝑖 𝑗 , which acts as a "comparison space."

The interaction between agents is defined by restriction maps F𝑖⊴𝑖 𝑗 , which are linear maps that

project the agent states onto this common comparison space.

This framework elegantly recasts the control problem:
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1. Heterogeneous Objectives: A UAV tracking a ground robot can be modeled by a restriction

map that projects its R3 state onto the R2 edge space, while the ground robot’s map is the

identity.

2. Control as Consistency: The objective is to find a global section of the sheaf, which is a

collection of agent states q that are mutually consistent on every edge (i.e.,

F𝑖⊴𝑖 𝑗 (𝑞𝑖) = F𝑗⊴𝑖 𝑗
(
𝑞 𝑗

)
.

3. The Sheaf Laplacian: The disagreement signal 𝜂 used in this dissertation is revealed to be a

special case of the sheaf Laplacian 𝐿F . The control objective 𝜂 = 𝐿F = 0 is precisely the

condition for q to be a global section.

This approach unifies consensus, formation control, and target tracking into the single, general

problem of finding a global section in the kernel of the sheaf Laplacian.

6.2.3 Incorporating Spatiotemporal Dynamics

Finally, the static graph 𝐺 must be replaced with a dynamic model to capture real-world

communication. This includes switching topologies, time-delays, and environmental obstacles.

A rigorous approach is to model the network as a time-indexed family of graphs 𝐺 𝑡 . This

graph is generated at each instant 𝑡 by the intersection of "communication regions" 𝐵𝑣 (𝑡), which

are themselves functions of the agent’s position, communication radius, and obstacles in the

environment. Crucially, this family is not a filtration, as obstacles or agent movement can cause

edges to disappear, breaking the assumption of monotone graph evolution.

To analyze such a system, the sheaf framework can be extended to a temporal sheaf. This is

formally a functor from a time category into a category of network objects. This construction uses

the categorical tools of pullbacks and pushouts to rigorously "glue" information across adjacent,

and potentially asynchronous, time intervals. This provides a formal language for analyzing

stability and performance in the presence of delays, packet loss, and dynamic, obstacle-aware

network topologies.
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