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A broad class of multi-objective control tasks can be posed in the form of con-

straints on both the state and control input. The satisfaction of these constraints is

naturally associated with safety. Control barrier functions (CBF), in conjunction with

optimization-based controllers, can be used to enforce state and input constraints.

The work in this dissertation focuses on extending and refining currently available CBF

methods by focusing on situations where multiple CBFs are used to define multiple state

constraints.

Chapter 2 develops tools for designing safety-ensuring controllers using CBFs.

In contrast to previous work, the notion of CBF permits multiple barrier functions and

flow constraints involving both the state and control input. CBFs define a safe set of

states that trajectories of the dynamical system should be constrained to. Through a

systematic procedure, CBFs induce constraints on the control input that, when satisfied,

guarantee the forward invariance of the safe set, meaning that trajectories starting in

the set never leave it. The control input constraints can be enforced using a pointwise-

optimal feedback controller; sufficient conditions for the continuity of the controller are

given. The existence of a CBF is defined to be equivalent to the feasibility of the optimal

feedback controller. Novel polynomial optimization problems based on sums of squares

are formulated that can be used to certify that a given function is a CBF. An example
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of the CBF design procedure is presented illustrating the process of formulation,

verification, and synthesis.

Chapters 3 and 4 guarantee safety for control systems with uncertain nonlinear dy-

namics while expanding the operating region using adaptive methods. In the presence

of uncertain dynamics, upper bounds of the uncertainty can be used in the CBF design

procedure to develop implementable constraints on the control input. Conservative

upper bounds lead to the operating region being restricted more than necessary. Using

adaptive methods, this dissertation develops upper bounds that asymptotically approach

the true value of the uncertainty over time. The operating region of the control system

can be expanded as a consequence of the reduced uncertainty. Chapter 3 identifies

a general class of uncertainty using a robust integral of the sign of the error-based

disturbance observer. Subject to gain conditions dependent on upper bounds of the

rate of change of the unknown dynamics, the uncertainty is exponentially identified. The

observer can be paired with feedforward estimates of the dynamics such as deep neural

networks to reduce uncertainty, thereby reducing the gain conditions. Chapter 4 studies

a special case of the adaptive safety problem where the constant uncertain parameters

appear linearly in the dynamics. In this case, the adaptive control technique of integral

concurrent learning can be used to identify the unknown parameters. Integral concurrent

learning is advantageous because the convergence of the parameter estimates can be

verified online.

Chapter 5 presents an application of the developed CBF tools to a stationary

motorized cycle. The developed controller constrains the cadence of the cycle to

a user-defined range, while encouraging the rider to pedal of their own volition by

providing assistance only when their cadence approaches the boundary of the range.

The controller assists the rider through both motor control effort and by stimulating their

leg muscles using functional electrical stimulation. Stimulation of the rider’s muscles is

preferred over electric motor assistance to prioritize power output from the rider. The
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control system renders the user-defined range asymptotically stable in the presence of

uncertain dynamics. The performance of the developed control method is demonstrated

experimentally. The CBF controller constrained the riders’ cadence in a range of 50 ±

5 RPM with an average cadence standard deviation of 1.4 RPM for a protocol where

cadence with minimal variance was prioritized and used minimal assistance from the

motor (4.1% of trial duration) in a separate protocol where power output from the rider

was prioritized.
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CHAPTER 1
INTRODUCTION

1.1 Background

1.1.1 Control Barrier Functions

The requirements placed on modern control systems are becoming increasingly

complex; multiple objectives exist including obstacle avoidance, shifting goal locations,

and dynamic constraints (e.g., velocity, following distance). While each of the afore-

mentioned problems has been solved individually, there is a need for a general uniting

framework. In such a framework, safety can be defined as a certification that each of the

objectives can be accomplished simultaneously. A broad class of objectives in controls

can be posed in the form of constraints on both the state and control input. It is natural

to associate state constraints with the forward invariance of a specific set, meaning that

trajectories to the dynamic system starting in the set stay there for all time.

The use of control barrier functions (CBF) to synthesize feedback controllers that

render sets of states forward invariant, analogous to attaining asymptotic stability via

control Lyapunov functions, has recently gained significant interest [1–4]. Because

forward invariance is a weaker property than asymptotic stability, CBFs can be applied

to a broader range of control objectives than previously investigated. To describe

multiple objectives, it is significantly more convenient to use multiple CBFs, whereas

the majority of theoretical results are applicable only for scalar barrier functions. While

it is possible to combine multiple barrier functions using max and min operations, as in

works like [3] and [5], the resulting functions are generally nonsmooth, in which case the

resulting controllers are discontinuous. A framework for studying forward invariance with

multiple barrier functions was developed in [6] in the context of uncontrolled systems.

For controlled systems, the conditions therein can be interpreted as constraints on

the control input that can be enforced using optimization-based controllers. Enforcing

multiple input constraints defined by multiple continuously differentiable CBF candidates
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is a promising way to obtain control laws that are continuous functions of the state.

Moreover, the optimization-based framework accommodates additional, arbitrary

constraints on the control input. Thus, safety is associated with the feasibility of the

optimization-based control law.

1.1.2 Comparison with Other Methods

The problem of enforcing state and input constraints in control systems has been

explored using a variety of methods. Many techniques are developed for specific

problems but cannot define as general a class of constraints as CBFs. For example,

methods for input saturation are common in the control design literature, for which

unique stability analyses have been presented [7, 8]. State space transformations

have been used to constrain the operating region of the state [9]. Navigation and

potential functions are popular for achieving navigation tasks combined with obstacle

avoidance [10,11].

Optimal control methods are suitable for enforcing a broad class of state and

input constraints [12]. However, solving optimal controls problems is very complex and

typically relies on the assumption that the dynamics are exactly known. This leads

to open-loop control strategies that are not reactive to deviations from the predicted

optimal trajectory. By contrast, implementations of CBF-based control strategies are

simpler and are amenable to compensating for uncertain dynamics. CBFs can be

implemented in real time for many applications, thereby leading to control strategies

that are reactive to unexpected behavior. Model predictive control (MPC) is an optimal

control scheme that is computationally efficient enough to be implemented online [13],

although still being less efficient than CBF methods. MPC provides a look-ahead

component where the state trajectory is predicted on a finite time horizon. The predictive

component leads to better planning than CBFs, which only react to the current state.

While state constraints can be integrated into MPC problems directly, CBFs have been

combined with MPC to create constraints that are aware of obstacles before coming into
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contact with them [14]. Additionally, a multi-layered approach was developed in [15],

where CBFs are implemented in a higher-rate controller that ensures safety while MPC

is run at a lower rate for planning purposes.

Some barrier function methods, such as the reciprocal CBFs of [2], were inspired by

optimization. Characteristic of such CBFs is the property that the barrier diverges to in-

finity at the safe set boundary. Such barriers are used in optimization to modify the cost

function so that infinitely high cost is assigned to constraint violations. This technique

has been applied to an approximate optimal controls problem in [16]. However, barriers

that diverge to infinity are not amenable to computation, and are problematic because

the barrier is typically undefined outside of the safe set. For these reasons, the controls

literature has found more utility in the concept of zeroing CBFs originated in [17]. The

CBFs in this dissertation are based on zeroing CBFs. Zeroing CBFs are continuously

differentiable functions that define the safe set as the set where the function is greater

than or equal to zero (the opposite convention is used in this dissertation). In fact, zero-

ing CBFs are a generalization of Lyapunov functions, which are nonnegative functions

that define a set of target states as the states where the function is equal to zero. Thus,

many techniques from the established field of Lyapunov-based control design can be

applied to zeroing CBFs.

1.1.3 Feasibility and Continuity

Traditionally, a CBF is defined to guarantee that a safety-ensuring controller exists

(cf. [2]), yet tools for verifying that a given function meets this definition are sparse.

While analytical conditions exist to determine whether a scalar-valued function is

a CBF (cf. [18], [19, Prop. 1]), the problem is significantly more complicated when

multiple constraints must be satisfied simultaneously. In general, there exist a set of

constraints in the decision variable (control input) that vary with an external parameter

(the state of the dynamic system), and it must be verified that control inputs satisfying

the constraints exist for all states in a given set. This verification should be done during
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the design phase, so that controllers are certified as feasible before deployment. The

authors of [20] leverage a tool for checking that multiple constraints have at least one

feasible solution at a particular point in the state space, but it is not clear how to perform

the verification on a given (uncountable) subset of the state space. One method to

ensure feasibility is by adding slack variables or similar relaxations to the optimization

problem at the cost of losing safety guarantees [2]. Notably, the authors in [21] use slack

variables to ensure feasibility only on the interior of the safe set, while still enforcing

conditions on the boundary of the safe set that guarantee forward invariance. However,

the slack variable method does not constrain the control input at points in the interior

of the safe set, which permits trajectories to approach the boundary of the safe set

with high velocity. Abrupt control action must then be used to prevent the trajectory

from exiting the safe set. By constraining the control input at points in the interior of

the set using a user-prescribed performance function, one can design a more gradual

transition to an invariance-ensuring control, although the feasibility problem becomes

more challenging.

Sum of squares programming can be used to address the feasibility problem, which

requires the more restrictive assumptions that the constraints defining the feasible

set are polynomials and affine in the control input. Sum of squares programming

can be used to verify that given polynomials are nonnegative on a subset of their

domain [22, 23].In particular, it is natural to verify feasibility on level-sets of a given

function (typically the CBF candidate), which is computationally simpler than techniques

that search simultaneously for a controller and control Lyapunov/barrier function as

in [24] and [25]. In [25], an iterative procedure was developed to search for a scalar

CBF describing a safe set that avoided given unsafe regions. The safe set was rendered

forward invariant by a feasible controller. This technique is valuable when a CBF

candidate is unavailable, whereas the methods in this dissertation are targeted towards
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verification that a given candidate is a CBF. The latter methods have broad applications

for verifying that an optimization-based controller is feasible before deployment.

Optimization-based control laws are a natural way to implement the control input

constraints defined by CBFs. Continuous control laws simplify analysis and, in many

cases, provide robustness properties to the closed-loop system. For many common

classes of dynamical systems, the input constraints are convex or affine in the control

input, leading to optimization problems that are convex or quadratic programs, respec-

tively. The vast majority of CBF literature restricts attention to quadratic programs with

one or two constraints, for which results certifying local Lipschitz continuity of the solu-

tion as a function of the state are available [17, 26]. Other works have arbitrary numbers

of constraints but do not study the continuity of the control laws [5, 21]. The authors

of [27, Thm. 3] provide a continuity result for a quadratic program with an arbitrary num-

ber of constraints, but the result requires information about the set of active constraints

at the minimizing value. Since the active set changes with the state, it can be difficult to

make global conclusions about the active set.

Berge’s maximum theorem is an effective method for analyzing the continuity of

the solution set in a parameterized optimization problem with arbitrary numbers of

constraints. Berge’s maximum theorem does not require information about the active

constraint set, but it does require the feasible set to be compact. It is widely accepted

in the parametric optimization literature that compactness of the feasible set can be

replaced with uniform compactness in the parameter space of the level sets of the cost

function [28, 29]. Interestingly, uniform compactness holds for the majority of convex

optimization problems, leading to general results certifying the continuity of optimization-

based control laws.

1.1.4 Adaptive Safety

Given that model uncertainty exists in many practical applications, ensuring safety

in the presence of uncertainty is of significant interest. One approach to address the

17



challenges introduced by uncertain dynamics is to use a worst-case upper bound of

the uncertainty [30]. However, such methods are conservative because they restrict the

system to operate in a subset of the true safe set. It is therefore of significant interest

to develop adaptive methods that reduce conservativeness by compensating for the

uncertainty.

Two categories that describe adaptive safety results include gradient-based

methods and data-driven techniques. Gradient-based methods, refashioned from

Lyapunov-based adaptive control, only apply to dynamical systems with linearly pa-

rameterized uncertainty. In the case of linearly parameterized uncertainty, the problem

of ensuring safety while compensating for uncertainty using estimates of the unknown

parameters was investigated in [31] and [32]. In [31], an adaptive input constraint was

developed based on a strong barrier inequality that required forward invariance of level

sets of the CBF. The authors in [32] relaxed the input constraint to a zeroing CBF-type

inequality (cf. [17]), which allowed the state to approach the boundary of the safe set

while maintaining invariance. However, both of the aforementioned works defined a

composite CBF that included the parameter estimation error, which lead to a parameter

update law featuring the gradient of the CBF. The composite CBF restricts the state to

a new safe set, a subset of the original set, that is dependent on the estimation error.

Because the adaptive safety problem does not require the state to be driven to a point

where the gradient of the CBF is zero, the estimation error generally does not converge.

Therefore, as demonstrated in an example in [33], combining the gradient update law

with relaxed zeroing CBF conditions can cause large estimation error and introduce limit

cycles into the closed-loop dynamics. Moreover, the dependency of the update law in

the aforementioned works on the gradient of a particular CBF makes the techniques

challenging to extend to applications where safe sets are expressed using multiple CBF

candidates.
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Other authors have developed solely data-driven methods that reduce conservative-

ness by identifying the unknown dynamics [34, 35]. These methods are advantageous

for adaptive safety because they avoid dependencies on any particular CBF. Estimators

such as integral concurrent learning (ICL) [36] or set-membership identification [32]

are well-suited for adaptive safety because they provide a computable upper bound

of the estimation error that shrinks based on the quality of data. Concurrent learning

techniques are a class of data-driven estimators for systems with linearly parameterized

uncertainty [37–39]. ICL is a development that eliminates the need to measure the time

derivative of the state trajectory [36]. ICL yields a condition based on stored data that

can be used to determine the worst-case estimation error online. Subject to a finite-time

excitation condition, the estimation error is exponentially regulated to zero.

However, ICL and set membership identification have only been applied to systems

with linearly parameterized uncertainty. Gaussian processes (GP) and deep neural

networks (DNN) have been empirically found to effectively identify a more general

class of dynamics [40]. These approaches generally do not guarantee identification of

the dynamics, and therefore cannot provide theoretical guarantees of safety without

additional conservativeness. For example, the authors of [41] and [42] leverage GPs

to obtain probabilistic safety guarantees, but use the standard deviation of the GP

in a worst-case fashion. Moreover, GPs are computationally expensive and require

measurements of the state derivative.

Disturbance observers are another class of estimator that can identify a general

class of uncertainty, including time-varying disturbances [43]. Work combining distur-

bance observers with CBFs has appeared in [44], where the authors use an observer

that guarantees the estimation error converges to a quantifiable envelope, although

the disturbance cannot be identified exactly. The set of safety-ensuring control inputs

in [44] includes a constant robustness parameter that introduces conservativeness to

compensate for the residual estimation error. Similar work is presented in [45], where
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an observer is used to estimate the state of an unknown dynamic model. The state

estimate is restricted to a conservative set that guarantees the true state remains in the

safe set. An advantage of the approach in [45] is that full state feedback is not required.

1.1.5 Application: Encouraging Volitional Pedaling in FES-Assisted Cycling

CBF methods are robust enough to be used in applications involving human-

machine interaction. One such setting is in stationary cycling assisted by functional

electrical stimulation (FES), which can lead to long-term benefits for people with

movement impairments due to neurological conditions such as stroke, spinal cord injury,

traumatic brain injury, cerebral palsy, multiple sclerosis, and others [46–50]. Individuals

with neurological conditions can exhibit varying degrees of muscle control. For people

with little to no volitional control, the FES cycling therapy must be supported by an

electric motor, which provides additional torque about the pedal crank to maintain a

beneficial cadence, as in studies such as [48, 50–53]. When possible, electric motor

support should be minimized in lieu of torque produced by the rider’s muscles via either

FES or their own volition, which leads to higher intensity training by increasing the rider’s

heart rate and oxygen uptake [48]. Higher intensity training is a key factor in attaining

long-term outcomes like increased muscular strength, cardiovascular endurance,

bone mineral density, and caloric consumption [54–56]. In the rehabilitation literature

outside of cycling, various assist-as-needed approaches such as [57–60] encourage

volitional contributions from the user. Relatively few works have investigated FES- and

motor-assisted cycling programs where the primary objective is to encourage volitional

contributions [61–63]. CBFs are a natural fit for solving this problem because of the

ability to design safety-ensuring controllers that use only the minimal required control

effort.

1.2 Outline of the Dissertation

In Chapter 2 and [64], forward invariance-ensuring controllers are designed for

continuous-time differential inclusions with flow constraints on the state and control
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input. A special case of the flow constraints are state-dependent input constraints. In

Section 2.1, two notions of vector-valued CBF are defined that are equivalent to the

feasibility of the CBF-induced pointwise optimal control law. These notions are more

amenable to problems with multiple constraints than past definitions. It is shown that

forward (pre-)invariance of the safe set defined by a CBF is guaranteed using any

continuous selection of the safety-ensuring set. Conditions are provided for when the

safe set is asymptotically stable. In Section 2.3, sufficient conditions are provided under

which the CBF-induced pointwise optimal control law is continuous that generalize

available results by allowing broader classes of cost functions and not requiring the

feasible set of control inputs to be compact. In Section 2.4, sum of squares optimization

problems are developed that can be used to verify that a CBF candidate is a CBF. An

example is presented in Section 2.5 illustrating the process of problem formulation,

feasibility verification, and control synthesis for a system with uncertain, non-polynomial

dynamics.

Chapter 3 develops a disturbance observer based on the robust sign of the error

(RISE) control paradigm that exponentially identifies a general class of unstructured

uncertainty while providing deterministic guarantees of safety throughout the identifi-

cation process. The exponential convergence is contingent on some gain conditions

depending on bounds of the first and second time derivatives of the disturbance. The

RISE-based observer leads to a modular approach to adaptive safety because it can

provide safety guarantees to a secondary estimator such as a GP or DNN, where the

secondary estimator reduces the sufficient gain conditions in the observer by reducing

modeling error. In Section 3.1, a framework is developed for safe control with multiple

CBFs using an upper bound of the uncertain dynamics. It is shown how adaptive upper

bounds can lead to improved performance. A key advantage is that safety is certified

based on the original CBF candidate, rather than forming a composite CBF with the

estimation error, since the latter method can degrade performance. Section 3.2 defines
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and analyzes the RISE-based observer. It is shown how the upper bound of the estima-

tion error obtained from the observer analysis can be integrated into an implementable

optimization-based control law that guarantees safety while eventually eliminating con-

servativeness from the set of safety-ensuring inputs. Section 3.3 provides sufficient

conditions for the optimization-based control law to be locally Lipschitz. The result for

local Lipschitz continuity uses weaker assumptions than results that have previously

appeared in the control literature such as [27, Thm. 1], and is more general than the

results for quadratic programs with limited numbers of constraints in [17]. An example in

Section 3.4 demonstrates the design process of the CBF-based control law, where the

RISE-based observer is coupled with a pretrained DNN approximation of the unknown

dynamics.

Chapter 4 and [19] study adaptive safety in the more restrictive case of linearly

parameterized uncertainty. For such systems, ICL provides a computable upper bound

of the estimation error that guarantees exponential convergence provided a verifiable

finite-time excitation condition is met. To aid the design, it is shown that ICL can be

implemented in a standalone data-driven estimator where the typical state feedback

gradient component is eliminated. In the special case of linearly parameterized un-

certainty, ICL is advantageous over the RISE-based observer of Chapter 3 because

it eliminates the need to bound the rate of change of the disturbance term. Moreover,

the verifiable finite-time excitation condition allows the user to check online whether

parameter convergence has been achieved.

Chapter 5 and [65] present an application of CBF techniques where a controller is

developed for a stationary motorized cycle with FES that uses minimal control effort to

encourage the rider of the cycle to provide volitional contributions. The control system

tasks the rider with maintaining their cadence near a target point using their own volition,

while assistance or resistance is applied gradually as their cadence approaches the

lower or upper boundary, respectively, of a user-defined safe range. The controller
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accommodates a broad range of functional impairments and volitional ability by featuring

customizable parameters, including nominal control inputs and tunable width of the safe

range. FES stimulation is applied before electric motor assistance to further increase

power output from the rider. To account for uncertain dynamics, barrier function methods

are combined with robust control tools from Lyapunov theory to develop controllers

that guarantee safety in the worst-case. Because of the intermittent nature of FES

stimulation, the closed-loop system is modeled as a hybrid system to certify that the

set of states for which the cadence is in the safe range is asymptotically stable. The

performance of the developed control method is demonstrated experimentally on five

participants. The barrier function controller constrained the riders’ cadence in a range of

50±5 RPM with an average cadence standard deviation of 1.4 RPM for a protocol where

cadence with minimal variance was prioritized and used minimal assistance from the

motor (4.1% of trial duration) in a separate protocol where power output from the rider

was prioritized.

Chapter concludes the dissertation by highlighting the contributions of each chapter.

Additionally, future works are discussed in this chapter.

1.3 Preliminaries

To facilitate reading, this section collects common notation used throughout the

dissertation.

1.3.1 Notation

Let R≥0 , [0,∞), R>0 , (0,∞), Z+ denote the set of positive integers, Rn×m be the

space of n × m dimensional matrices, 0n×m be an n × m matrix of zeros, and In×n be

an n × n identity matrix. For vectors x ∈ Rn, y ∈ Rm, (x, y) ,
[
xT , yT

]T . The shorthand

[d] , {1, 2, . . . , d} is used. Bn denotes the n-dimensional unit ball. Given a function

B : Rn → Rd, the components are indexed as B (x) , (B1 (x) , B2 (x) , . . . , Bd (x)) and the

inequality B (x) ≤ 0 means that Bi (x) ≤ 0 for all i ∈ [d]. For a set A ⊂ Rn, the notation
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∂A denotes its boundary, A its closure, Int (A) its interior, and U (A) denotes an open

neighborhood around A. A set C ⊂ A is relatively closed in A if C = A ∩ C.

1.3.2 Definitions

Given two Hausdorff topological spaces X, Y , a set-valued mapping M : X ⇒ Y

associates points x ∈ X with a set M (x) ⊂ Y . The mapping M is lower semicontinuous

if, for any open set G ⊂ Y , the inverse image M∗ (G) , {x ∈ X : M (x) ∩ G 6= ∅}

is open, and M is upper semicontinuous if, for any open G ⊂ Y , M † (G) , {x ∈

X : M (x) ⊂ G} is open [66, Prop. 1.4.4]. It is said that M is outer semicontinuous if

Gph (M) , {(x, y) ∈ X × Y : y ∈ M (x)} is closed in X × Y . Generally unrelated to

semicontinuity for set-valued mappings, a single-valued mapping into the extended real

numbers f : X → [−∞,∞] is lower semicontinuous if, for every λ ∈ R, the sublevel set

Lf (λ;X) , {x ∈ X : f (x) ≤ λ} is relatively closed in X, and f is upper semicontinuous

if and only if −f is lower semicontinuous. The function f is inf-compact if Lf (λ;X) is

compact for every λ ∈ R and, when X is a metric space, it is level-bounded if Lf (λ;X)

is bounded.
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CHAPTER 2
ON THE FEASIBILITY AND CONTINUITY OF FEEDBACK CONTROLLERS DEFINED

BY MULTIPLE CONTROL BARRIER FUNCTIONS

In this chapter, a notion of CBF is defined that permits vector-valued barrier func-

tions and flow constraints involving both the state and control input. CBFs induce

constraints on the control input that, when satisfied, guarantee the forward invariance of

the safe set. The constraints can be enforced using a pointwise-optimal feedback con-

troller; sufficient conditions for the continuity of the controller are given. The existence

of a CBF is defined to be equivalent to the feasibility of the optimal feedback controller.

Polynomial optimization problems based on sums of squares are formulated that can be

used to certify that a given function is a CBF.

2.1 Control Barrier Functions

2.1.1 Problem Statement & Definition

Consider a constrained control differential inclusion (F,Cu) with state x ∈ Rn and

input u ∈ Rm modeled by

ẋ ∈ F (x, u) (x, u) ∈ Cu (2–1)

where F : Rn × Rm ⇒ Rn is the set-valued flow map, and Cu ⊂ Rn × Rm is the flow

set. The set-valued nature of the differential inclusion in (2–1) can model uncertainty by

allowing trajectories to move in a variety of directions for a given state and control input

(x, u). Differential inclusions are useful for robust control design because ensuring safety

requires every possible trajectory to remain safe. This work therefore generalizes work

on robust CBFs such as [30]. To facilitate the subsequent development, let

Π (Cu) , {x ∈ Rn : ∃u ∈ Rm s.t. (x, u) ∈ Cu} (2–2)

denote the set of all states for which flowing is allowed, and for each x ∈ Π (Cu) let

Ψ (x) , {u ∈ Rm : (x, u) ∈ Cu} (2–3)

denote the set of admissible control inputs at each state.
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CBFs are defined to guarantee the existence of control inputs that ensure forward

invariance (i.e., safety) of a given set of states S ⊂ Π (Cu). Compared to works

such as [2], the work in this dissertation uses a notion of CBF that accommodates

safe sets defined by multiple scalar functions. Defining a CBF in this case requires

special care because there are multiple constraints on the control input that must be

satisfied simultaneously. For notational convenience, as in [6], vector-valued functions

B : Rn → Rd are used to represent multiple CBFs. The development is based on the

work for closed-loop hybrid systems in [6] and for hybrid systems with inputs in [67],

which is specialized to the continuous-time dynamics in (2–1).

Definition 2.1. A vector-valued function B : Rn → Rd is called a CBF candidate defining

the safe set S ⊂ Π (Cu) if

S = {x ∈ Π (Cu) : B (x) ≤ 0} .

Also define Si , {x ∈ Rn : Bi (x) ≤ 0} for every i ∈ [d].

The work in this dissertation focuses on continuously differentiable CBF candidates

because of advantages they offer towards synthesizing continuous controllers. Given a

continuously differentiable CBF candidate, define a function Γ : Cu → Rd such that the

i-th component is

Γi (x, u) , sup
f∈F (x,u)

〈∇Bi (x) , f〉 , ∀ (x, u) ∈ Cu. (2–4)

The value of Γi (x, u) represents the worst-case growth of Bi (x) for any possible

direction of flow in the set-valued map F (x, u) defining the control system in (2–1).

When F (x, u) is nonempty and bounded, the supremum in (2–4) is finite. Thus, the

following mild assumption is imposed to ensure that Γ is well-defined.

Assumption 2.1. The set F (x, u) is nonempty and bounded for every (x, u) ∈ Cu.

The primary design parameter is introduced in the form of a performance function

γ, which is used to define a set of control inputs that constrain the worst-case growth
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function Γ according to conditions derived from [6] that guarantee forward invariance of

the safe set S. The following assumption is imposed on γ.

Assumption 2.2. The function γ : Π (Cu) → [−∞,∞]d is such that, for each i ∈ [d],

γi (x) ≥ 0 for all x ∈ (U (Mi) \Si) ∩ Π (Cu), where Mi , {x ∈ ∂S : Bi (x) = 0}.

Definition 2.2. Let (F,Cu) satisfy Assumption 2.1. A continuously differentiable CBF

candidate B : Rn → Rd defining the set S ⊂ Π (Cu) is a CBF for (F,Cu) and S on

a set O ⊂ Π (Cu) with respect to a function γ : Π (Cu) → [−∞,∞]d if there exists

a neighborhood of the boundary of S such that U (∂S) ∩ Π (Cu) ⊂ O, γ satisfies

Assumption 2.2, and the set

Kc (x) , {u ∈ Ψ (x) : Γ (x, u) ≤ −γ (x)} (2–5)

is nonempty for every x ∈ O.

The mapping Kc defines, at each state x ∈ O, a set of safety-ensuring control

inputs. Subsequently, it is shown that control inputs selected from Kc (i.e., mappings

κ : Rn → Rm for which κ (x) ∈ Kc (x) for every x ∈ O) ensure the forward pre-invariance

of the safe set S.

Remark 2.1. The performance function γ generalizes the use of an extended class

K function in works like [2]. Whenever the set D ⊂ Rn in [2, Defn. 5] contains a

neighborhood of the safe set, any function that is a zeroing CBF according to [2, Defn.

5] is also a CBF on D for some function γ according to Definition 2.2.

Remark 2.2. In Definition 2.2, the performance function γ is not required to be contin-

uous. The least conservative selection of γ that satisfies Assumption 2.2 is γi (x) , 0

for x ∈ (U (Mi) \Si) ∩ Π (Cu) and γi (x) , −∞ otherwise, in which case Kc (x) = Ψ (x)

outside of (U (Mi) \Si) ∩ Π (Cu), where Si is introduced in Definition 2.1. However,

discontinuous choices of γ will lead to the mapping Kc having poor regularity. As shown

in Section 2.3, using a continuous γ facilitates the systematic design of continuous,

safety-ensuring control laws.
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2.1.2 Tangent-Cone Conditions

Assumption 2.2 imposes conditions on the function γ that must hold on a region

outside the set S. In contrast to more common notions of CBF based on Nagumo’s

theorem (cf. [2]), the conditions in Definition 2.2 apply to a more general class of

systems and are valid even if the gradients of the component CBF candidates are

degenerate (i.e., ∇Bi (x) = 0 for some x ∈ Mi). Nonetheless, it is useful to have

conditions that, like Nagumo’s theorem, restrict γ only on the boundary of S. This

section provides such conditions based on [6, Thm. 2]. The following assumption is

known as a transversality condition, and reduces to the assumption that ∇B (x) 6= 0 for

all x ∈ ∂Se ∩ Π (Cu) when B is scalar, where Se , {x ∈ Rn : B (x) ≤ 0}.

Assumption 2.3. For every x ∈ ∂Se∩Π (Cu), there exists v ∈ Rn such that 〈∇Bi (x) , v〉 <

0 for every i ∈ [d] such that Bi (x) = 0.

Additionally, a stronger assumption must be imposed on the regularity of the flow

map F . The assumption below is more restrictive than the assumption used in [6, Thm.

2], and is used here to simplify the development.

Assumption 2.4. The set-valued mapping F : Rn × Rm ⇒ Rn is locally Lipschitz on

(U (∂S)× Rm) ∩ Cu , A in the sense that, for every compact set K ⊂ A, there exists a

constant L > 0 such that, for all z1, z2 ∈ K,

F (z1) ⊂ F (z2) + L |z1 − z2|Bn.

Under Assumptions 2.3 and 2.4, Assumption 2.2 can be relaxed as follows. Then,

an alternative notion of CBF is defined.

Assumption 2.5. The function γ : Π (Cu) → [−∞,∞]d is such that, for each i ∈ [d],

γi (x) ≥ 0 for all x ∈Mi ∩ Π (Cu).

Definition 2.3. Let the data (F,Cu) of (2–1) and the continuously differentiable CBF

candidate B : Rn → Rd defining the set S satisfy Assumptions 2.1 and 2.3. The

candidate B is a tangent-cone CBF (t-CBF) for (F,Cu) and S on a set O ⊂ Π (Cu)
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with respect to a function γ : Π (Cu) → [−∞,∞]d if U (∂S) ∩ Π (Cu) ⊂ O, γ satisfies

Assumption 2.5, and Kc (x) in (2–5) is nonempty for every x ∈ O.

The key property of t-CBFs is that control inputs selected from Kc ensure that

vectors in the closed-loop dynamics lie in the tangent cone to the safe set [68, Def.

5.12]. The following straightforward corollary of Lemma 3 in [6] shows this result.

Lemma 2.1. Suppose B is a t-CBF for (F,Cu) and S = {x ∈ Π (Cu) : B (x) ≤ 0} on a set

O ⊂ Π (Cu) with respect to a function γ : Π (Cu) → [−∞,∞]d. For a given set M ⊂ Rn,

suppose that S = {x ∈ M : B (x) ≤ 0} and let x ∈ S ∩ Int (M). If u ∈ Kc (x), then

f ∈ TS (x) for every f ∈ F (x, u).

Proof. If x ∈ Int (S), then by the definition of the tangent cone, TS (x) = Rn. Thus, for

u ∈ Ψ (x), F (x, u) is nonempty so the claim that f ∈ TS (x) for every f ∈ F (x, u) is

trivial. Assume x ∈ ∂S and u ∈ Kc (x). Using Assumption 2.3, Lemma 3 in [6] shows

that TS (x) = {v ∈ Rn : 〈∇Bi (x) , v〉 ≤ 0, ∀i ∈ Ix}, where Ix = {i ∈ [d] : Bi (x) = 0} =

{i ∈ [d] : x ∈ Mi}. For each i ∈ Ix, Assumption 2.5 implies that Γi (x, u) ≤ 0. Using

the definition of Γi, it follows that if f ∈ F (x, u), 〈∇Bi (x) , f〉 ≤ 0, which completes the

proof.

The following example illustrates some of the notions introduced above. It will be

used throughout the next section to illustrate other key points.

Example 2.1. Consider the dynamical system in (2–1) defined by F (x, u) = u and

Cu = {(x, u) ∈ R2 × R2 : max{|x1| , |x2|} ≤ x̄}, where x̄ > 0. The flow set represents

hard constraints on the system that, by the definition of solutions, cannot be violated.

For example, the set Π (Cu) = {x ∈ R2 : max{|x1| , |x2|} ≤ x̄} may represent the walls of

a square room centered at the origin in R2. In practice, it is desirable to prevent agents

from closely approaching the boundary of Π (Cu), so that the safe set for this example

may be S , {x ∈ R2 : max{|x1| , |x2|} ≤ x̄s} for 0 < x̄s < x̄. The safe set could

be defined by the CBF candidate B : R2 → R4 with components B1 (x) = −x1 − x̄s,
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B2 (x) = −x2 − x̄s, B3 (x) = x2 − x̄s, and B4 (x) = x1 − x̄s. Note that it is difficult to define

S using a single continuously differentiable function.

We have Γ (x, u) = (−u1,−u2, u2, u1) for every (x, u) ∈ Cu. It is common to choose

γi , Bi for each i ∈ [4], which always satisfies both Assumptions 2.2 and 2.5 since

Bi (x) > 0 if x /∈ Si, and, clearly, Bi (x) = 0 for x ∈ Mi = {x ∈ ∂S : Bi (x) = 0}. With

this choice of γ, it can be found that Kc (x) = {u ∈ R2 : |uj + xj| ≤ x̄s, j ∈ {1, 2}} for all

x ∈ Π (Cu). The set Kc (x) is clearly nonempty for every x ∈ Π (Cu), so that B is a CBF

for (F,Cu) and S on Π (Cu) with respect to γ. Note that B is also a t-CBF. In particular,

the vector v = −x satisfies Assumption 2.3 for every x ∈ ∂Se ∩ Π (Cu).

2.2 Forward (pre-)Invariance Using Selections of Kc

2.2.1 Forward pre-Invariance

This section relates the notion of CBF in Definition 2.2 to forward pre-invariance

of the safe set S = {x ∈ Π (Cu) : B (x) ≤ 0}. Consider a closed-loop system (Fcl, C)

defined by (F,Cu) in (2–1) and a control law κ : Rn → Rm as

ẋ ∈ Fcl (x) x ∈ C (2–6)

where C , {x ∈ Rn : (x, κ (x)) ∈ Cu} = {x ∈ Rn : κ (x) ∈ Ψ (x)}, Fcl (x) , F (x, κ (x))

if x ∈ C, and Fcl (x) , ∅ if x /∈ C. A solution to (Fcl, C) starting from φ0 ∈ C is a locally

absolutely continuous function φ : domφ → Rn such that φ (0) = φ0, φ (t) ∈ C for all

t ∈ Int(domφ), and φ̇ (t) ∈ Fcl (φ (t)) for almost all t ∈ domφ, where domφ ⊂ [0,∞) is

an interval containing zero. A solution is said to be complete if domφ is unbounded, and

it is maximal if there is no solution φ′ such that φ (t) = φ′ (t) for all t ∈ domφ with domφ

a proper subset of domφ′. The following notions of forward invariance are adapted

from [6] for the case of constrained differential inclusions.

Definition 2.4. A set S ⊂ C is forward pre-invariant for (Fcl, C) if, for each φ0 ∈ S and

each maximal solution φ starting from φ0, φ (t) ∈ S for all t ∈ domφ. The set S is forward
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invariant for (Fcl, C) if it is forward pre-invariant and, for each φ0 ∈ S, every maximal

solution φ starting from φ0 is complete.

Note that the flow set C is always forward pre-invariant for (2–6) but not necessarily

forward invariant. The following assumption and lemma relate regularity conditions

imposed on the control system (F,Cu) in (2–1) to common regularity conditions for the

closed-loop system that will be used in the next two theorems.

Assumption 2.6. Given the data (F,Cu) of (2–1), the following hold:

A) The flow map F : Rn × Rm ⇒ Rn is locally bounded, outer semicontinuous, and has

nonempty and convex values on Cu.

B) The flow set Cu is a closed subset of Rn × Rm.

Lemma 2.2. Given the data (F,Cu) defining the control system in (2–1), suppose

κ : Rn → Rm and C = {x ∈ Rn : (x, κ (x)) ∈ Cu} are such that κ is continuous on C. If

Assumption 2.6A holds, then Fcl : Rn ⇒ Rn is locally bounded, outer semicontinuous,

and has nonempty and convex images on C. If Assumption 2.6B holds, then C is a

closed subset of Rn. Moreover, if F : Rn × Rm ⇒ Rn is locally Lipschitz on A ⊂ C × Rm

and κ is locally Lipschitz on Π (A), then Fcl is locally Lipschitz on Π (A).

Proof. If x ∈ C then (x, κ (x)) ∈ Cu, which, when Assumption 2.6A holds, implies

that F (x, κ (x)) = Fcl (x) is nonempty and convex on C. To show that Fcl is outer

semicontinuous, note that Graph (Fcl) =
{

(x, y) ∈ C × Rn : y ∈ F (x, κ (x))
}

. Let

(x, y) be a limit point of Graph (Fcl) and let {xn, yn}n∈N be a sequence from Graph (Fcl)

converging to (x, y). Each element of the sequence is such that (xn, κ (xn) , yn) ∈

Graph (F ) = {(x, u, y) ∈ Rn × Rm × Rn : y ∈ F (x, u)}. Since limn→∞ xn = x ∈ C and

κ is continuous on C, limn→∞ κ (xn) = κ (x). Thus, {xn, κ (xn) , yn}n∈N converges, and

since Graph (F ) is closed by outer semicontinuity of F , it converges in Graph (F ). It

follows that (x, y) ∈ Graph (Fcl), which shows that Graph (Fcl) is closed and Fcl is outer

semicontinuous. To show local boundedness of Fcl, fix x ∈ Rn. If x /∈ C, then there exists

U (x) such that Fcl (U (x)) = ∅. Thus, assume that x ∈ C. Since F is locally bounded,
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there exists a neighborhood U ⊂ Rn × Rm of (x, κ (x)) such that F (U) is bounded. Since

κ is continuous on C, there exists a neighborhood U ′ (x) such that UC × κ (UC) ⊂ U with

UC , U ′ (x) ∩ C. Thus, Fcl (UC) = F (UC , κ (UC)) is bounded and so is Fcl (U ′ (x)) using

the emptiness of Fcl outside C.

Suppose that Assumption 2.6B holds, i.e., Cu is closed. Let x ∈ Rn be a limit point

of C = {x ∈ Rn : (x, κ (x)) ∈ Cu}. Then there is a sequence {xn}n∈N from C converging

to x. Each element of the sequence (since it lies in C) is such that (xn, κ (xn)) ∈ Cu.

Since limn→∞ xn = x ∈ C and κ is continuous on C, limn→∞ κ (xn) = κ (x). Since Cu is

closed, (x, κ (x)) ∈ Cu, which shows that x ∈ C. Thus, C is closed.

Let F be locally Lipschitz on A ⊂ C × Rm. Let K ⊂ Π (A) be compact. Since κ is

continuous on Π (A), K × κ (K) is also compact. Thus, for any z1, z2 ∈ K, the fact that F

is locally Lipschitz on A implies that there exists L > 0 for which

F (z1, κ (z1)) ⊂ F (z2, κ (z2)) + L |(z1, κ (z1))− (z2, κ (z2))|Bn.

Because Fcl (z) = F (z, κ (z)), to show that Fcl is locally Lipschitz it suffices to show

that the scalar quantity L |(z1, κ (z1))− (z2, κ (z2))| can be upper bounded linearly in

terms of |z1 − z2| on K. Since κ is locally Lipschitz on Π (A), there exists Lκ > 0 such

that |κ (z1)− κ (z2)| ≤ Lκ |z1 − z2| for every z1, z2 ∈ K. Thus, for any z1, z2 ∈ K,

L |(z1, κ (z1))− (z2, κ (z2))| ≤ L |z1 − z2| + L |κ (z1)− κ (z2)| ≤ L (1 + Lκ) |z1 − z2|, which

completes the proof.

The following result provides conditions under which continuous controllers selected

from the mapping Kc in (2–5) render the set S forward pre-invariant for the closed-

loop dynamics in (2–6). A strategy for designing such controllers using optimization is

presented in Section 2.3.

Theorem 2.1. (Forward pre-Invariance) Let Assumption 2.6A hold for the control

system in (2–1) with data (F,Cu) and suppose B : Rn → Rd is either a CBF or a t-CBF

for (F,Cu) and S ⊂ Π (Cu) on O ⊂ Π(Cu) with respect to γ : Π(Cu) → [−∞,∞]d. Let
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the control law κ : Rn → Rm be continuous on O with κ (x) ∈ Kc (x) for all x ∈ O and

κ (x) ∈ Ψ (x) for all x ∈ S, where Kc is defined in (2–5) and Ψ is defined in (2–3). When

B is exclusively a t-CBF, assume additionally that Assumptions 2.4 and 2.6B hold, and

κ is locally Lipschitz on O. If S = {x ∈ Π(Cu) : B (x) ≤ 0} is closed1 in Rn, then S is

forward pre-invariant for the closed-loop system (Fcl, C) defined in (2–6) by (F,Cu) and

κ.

Proof. Given a neighborhood of ∂S such that U(∂S) ∩ Π(Cu) ⊂ O, which exists by

Definition 2.2, consider the restriction of the control system (F,Cu) to flow only on

the set C̃u , (U(∂S) × Rm) ∩ Cu. Using the definition of Π (·), we have Π(C̃u) =

U(∂S) ∩ Π(Cu). Because B is either a CBF or t-CBF, Kc (x) 6= ∅ for all x ∈ Π(C̃u) ⊂ O.

The closed-loop system (Fcl, C̃) is defined by (F, C̃u) and κ according to (2–1) with

C̃ , {x ∈ Rn : (x, κ (x)) ∈ C̃u}. Since κ (x) ∈ Kc (x) ⊂ Ψ (x) for all x ∈ Π(C̃u), it follows

that C̃ = Π(C̃u). The function B is a barrier function candidate defining S ∩ C̃ [6, Defn.

3]. Using equivalences established above, it follows that S ∩ C̃ = S ∩ U(∂S) ∩ Π (Cu) =

S ∩ U(∂S), which is closed by the assumption that S is closed. Since κ is continuous

on2 cl(C̃) ⊂ O, Lemma 2.2 shows that Fcl meets the basic assumptions in Section 2.3

of [6].

For each i ∈ [d] and x ∈ C̃, 〈∇Bi (x) , f〉 ≤ −γi (x) for all f ∈ F (x, κ (x)) because

κ (x) ∈ Kc (x). First assume that B is a CBF. Since γ satisfies Assumption 2.2, it follows

that 〈∇Bi (x) , f〉 ≤ 0 for all x ∈ (U (Mi) \Si) ∩ C̃ and f ∈ Fcl (x). Since S ∩ C̃ is closed,

Theorem 1 in [6] shows that S ∩ C̃ is forward pre-invariant for (Fcl, C̃).

1 Since B is assumed to be continuous, a sufficient condition for S to be closed is that
Π (Cu) is closed.

2 In some places, cl (A) is used instead of A to denote the closure for aesthetic rea-
sons.
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If B is a t-CBF, Theorem 2 in [6] is applied instead. Assumption 2.5 implies that

〈∇Bi (x) , f〉 ≤ 0 for all x ∈ Mi ∩ C̃ and f ∈ Fcl (x), where C̃ = U (∂S) ∩ Π (Cu). Since

Fcl is locally Lipschitz on U (∂S) ∩ C̃ via Assumption 2.4 and Lemma 2.2, condition

(20) in [6] holds (see [6, Rem. 9]). Under Assumption 2.6B, Lemma 2.2 shows that C̃ is

closed. Thus, by definition of Fcl, Fcl (x) = ∅ for x /∈ C̃, so that condition (21) in [6] holds

vacuously. Then, also using Assumption 2.3, [6, Thm. 2] shows that S ∩ C̃ is forward

pre-invariant for (Fcl, C̃).

Forward pre-invariance of S for the unrestricted closed-loop system (Fcl, C) follows

from the definition of forward pre-invariance, since solutions to (Fcl, C) starting from

S cannot exit S without passing through C̃. Such solutions remain in S by forward

pre-invariance of S ∩ C̃ for the restricted dynamics.

When the performance function γ satisfies stronger conditions than those imposed

in Assumption 2.2, selections of Kc, designed to enforce all of the barrier function-

induced constraints, not only render S forward pre-invariant, but also some larger sets

defined by a subset of the barrier functions. This situation is different from redefining Kc

by removing some of the constraints. The result is motivated by the observation that a

common selection for γ is γi , Bi, where by definition Bi (x) > 0 for all x ∈ Rn\Si.

Corollary 2.1. Under the assumptions of Theorem 2.1, assume additionally that

O = Π (Cu) and γi (x) ≥ 0 for all x ∈ O\Si, for each i ∈ [d]. For any index set

I ⊂ {1, 2, . . . , d}, if the set SI , {x ∈ Π (Cu) : Bi (x) ≤ 0, ∀i ∈ I} is closed in Rn, then

SI is forward pre-invariant for the closed-loop system (Fcl, C) defined in (2–6) by (F,Cu)

and κ.

The corollary follows by applying Theorem 2.1 to the CBF candidate BI : Rn → R|I|

defined by only the components of B in I.

Example 2.2. For some applications, forward pre-invariance may not be a strong

enough property. In Example 2.1, consider a situation where the safe set is defined
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Figure 2-1. Modification of Example 2.1 where the CBF candidate B4 (x) = x1 − x̄s is
removed. The vector field represents the closed-loop dynamics under a
control law that renders the safe set forward pre-invariant. Trajectories
starting in the right half-plane will terminate on the boundary of the flow set.

by only three of the CBF candidates (see Figure 2-1). In this case, the set of safety-

ensuring controls is given by Kc (x) = {u ∈ R2 : |u2 + x2| ≤ x̄s, u1 + x1 ≥ −x̄s}. An

example of a continuous selection of Kc is κ (x) , −x if x1 ≤ 0 and κ (x) , (x1,−x2) if

x1 > 0. Theorem 2.1 shows that S is forward pre-invariant for the closed-loop dynamics

ẋ = κ (x). Figure 2-1 displays the closed-loop dynamics.

Forward pre-invariance implies that trajectories do not exit the safe set, but may

terminate on the boundary of the safe set due to being unable to continue flowing

inside the flow set. In this example, termination of flow may correspond to the agent

crashing into the wall of the room. The issue occurs because portions of the boundary

of S = {x ∈ Π (Cu) : B (x) ≤ 0} are not defined by the CBF, but rather are defined by

Π (Cu). In this example, it should be ensured that the set S is forward invariant.
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2.2.2 Forward Invariance

The forward pre-invariance notion in Definition 2.4 does not guarantee that maximal

solutions to the closed-loop system are complete. In addition to terminating on the

boundary of the flow set as illustrated in Example 2.2, solutions may escape in finite

time inside of S. To select control inputs that prevent solutions from terminating on the

boundary of the flow set, the following map is defined based on [69, Eqn. 31]

ΘS (x) ,


{u ∈ Ψ (x) : F (x, u) ∩ TS (x) 6= ∅}

if x ∈ ∂Π (Cu) ∩ S,

Ψ (x) otherwise.

(2–7)

Relative to the assumptions of Theorem 2.1, it is notable that the next result assumes

that the controller is continuous on a set that contains the entire safe set. Doing so

provides regularity of the closed-loop system with which completeness of maximal

solutions is established.

Theorem 2.2. (Forward Invariance) Let Assumption 2.6A hold for the control system

in (2–1) with data (F,Cu) and suppose B : Rn → Rd is either a CBF or a t-CBF for

(F,Cu) and S ⊂ Π (Cu) on O with respect to γ when Kc (x) in (2–5) is replaced with

Kc (x)∩ΘS (x). Suppose κ : Rn → Rm is continuous on O ∪ S with κ (x) ∈ Kc (x)∩ΘS (x)

for all x ∈ O and κ (x) ∈ Ψ (x) for all x ∈ S. When B is exclusively a t-CBF, assume

additionally that Assumptions 2.4 and 2.6B hold, and κ is locally Lipschitz on O. If S is

closed and one of the following conditions hold:

2.2.1) S is compact,

2.2.2) Fcl is bounded on S, or

2.2.3) Fcl has linear growth on S, namely, there exists c > 0 such that, for all x ∈ S,

supv∈Fcl(x) |v| ≤ c (|x|+ 1),

then S is forward invariant for the closed-loop system (Fcl, C) defined in (2–6) by (F,Cu)

and κ.

36



Proof. Forward pre-invariance of S for the closed-loop dynamics follows from Theorem

2.1. It remains to show that maximal solutions to the closed-loop system starting

from S are complete. Using continuity of κ on S and Lemma 2.2, the map Fcl is outer

semicontinuous and locally bounded on S with nonempty, convex values. Since κ (x) ∈

Ψ (x) for all x ∈ S and C = {x ∈ Rn : κ (x) ∈ Ψ (x)}, we have Π (Cu) ∩ S = C ∩ S.

Because S ⊂ C, we have ∂C ∩ S ⊂ ∂S. From the definition of a CBF (or t-CBF), the

set O contains ∂S, from it is concluded that κ (x) ∈ ΘS (x) for all x ∈ ∂C ∩ S. Thus,

Proposition 3 in [6] implies that a nontrivial flow exists from every point in ∂C ∩ S,

and thus S is forward invariant for (Fcl, C) if maximal solutions cannot escape in finite

time inside the set S. Finite-time escape is eliminated by assuming Condition 1), 2),

or 3) (see [66, Thm. 10.1.4] and the subsequent discussion, treating S as the viability

domain).

Due to the tangent cone condition defining the mapping ΘS , it will generally be

difficult to obtain an analytical form of (2–7) that can be used to make a selection

from the mapping Kc ∩ ΘS as required by Theorem 2.2. Note based on (2–7) that

the complication is only present if the safe set intersects the boundary of the flow set

(∂Π (Cu) ∩ S 6= ∅). The notion of t-CBF offers a solution to the problem when a CBF

candidate is available to define the portion of the boundary of S that intersects ∂Π (Cu).

Proposition 2.1 can be combined with Theorem 2.2 to remove the complication of

selecting inputs from Kc ∩ΘS .

Proposition 2.1. (Forward Invariance with t-CBFs) Suppose B : Rn → Rd is a t-CBF

for (F,Cu) and S ⊂ Π (Cu) on O with respect to γ. If S = {x ∈ Rn : B (x) ≤ 0}, then

Kc (x) = Kc (x) ∩ΘS (x) for every x ∈ Π (Cu).

Proof. Pick x ∈ Π (Cu). The claim is trivial if x /∈ ∂Π (Cu) ∩ S since Kc (x) ⊂ Ψ (x), so

assume that x ∈ ∂Π (Cu) ∩ S. For u ∈ Kc (x), applying Lemma 2.1 with M = Rn shows

that F (x, u) ∩ TS (x) 6= ∅. Thus, u ∈ ΘS (x), which completes the proof.
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Example 2.3. The problem in Example 2.2 can be remedied using the tools developed

in this section. One solution is to add the additional CBF candidate B4 (x) = x1 − x̄s,

in which case ∂Π (Cu) ∩ S = ∅ and Kc ∩ ΘS = Kc so that Theorem 2.2 can be

applied because the original candidate B is both a CBF and a t-CBF. If one wishes to

describe the flow set exactly, then it is possible to choose B4 (x) = x1 − x̄. In this case,

∂Π (Cu) ∩ S 6= ∅, but S = {x ∈ R2 : B (x) ≤ 0}. Thus, Proposition 2.1 and Theorem

2.2 imply that the compact set S is forward invariant under the control law defined in

Example 2.2.

2.2.3 Asymptotic Stability

Comparable notions of CBF in the literature, such as the zeroing CBFs of [2],

are defined so that the safe set is not just forward invariant, but rather asymptotically

stable. Asymptotic stability implies forward invariance and ensures that complete

solutions starting outside the safe set converge (in distance) to the set. The following

result provides conditions for asymptotic stability using multiple CBFs. To simplify the

development, it is assumed that the safe set is compact. The result is stated first for

pre-asymptotic stability which, like forward pre-invariance, enjoys the properties of

asymptotic stability except that maximal solutions need not be complete [67, Def. 3.1].

To obtain asymptotic stability, it must be ensured that solutions do not terminate on the

boundary of the flow set by selecting vectors according to the mapping ΘΠ(Cu), which is

defined as in (2–7) with S replaced by Π (Cu). Control inputs in ΘΠ(Cu) could be included

in Kc by using a t-CBF to represent the flow set.

Theorem 2.3. (Asymptotic Stability) Let Assumptions 2.6A and 2.6B hold for the

control system in (2–1) with data (F,Cu) and suppose B : Rn → Rd is a CBF for (F,Cu)

and S ⊂ Π (Cu) on O ⊂ Π (Cu) with respect to γ. Suppose that S is compact and, for

every i ∈ [d] , γi (x) > 0 for all x ∈ O\Si, where Si = {x ∈ Rn : Bi (x) ≤ 0}. Suppose

κ : Rn → Rm is continuous on O ∪ S with κ (x) ∈ Kc (x) for all x ∈ O and κ (x) ∈ Ψ (x)

for every x ∈ S. Then S is pre-asymptotically stable for the closed-loop system (Fcl, C)
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defined in (2–6) by (F,Cu) and κ. If additionally κ (x) ∈ ΘΠ(Cu) (x) for all x ∈ O, then S is

asymptotically stable for the closed-loop system.

Proof. Using continuity of κ along with Assumptions 2.6A and 2.6B, Lemma 2.2 shows

that the closed-loop system meets the basic conditions in [67, Def. 2.18]. Consider the

nonsmooth Lyapunov function candidate Vmax , max{0, B1, . . . , Bd} and the function

γmax , maxi∈[d] γi. The function Vmax is locally Lipschitz [70, Prop. 7], nonnegative, and

Vmax (x) > 0 for all x ∈ Π (Cu) \S. Case 2a) of Theorem 3.19 in [67] will be applied to

prove that S is pre-asymptotically stable, for which it remains only to show that

V̇max (x) , max
ζ∈∂Vmax(x)

max
f∈F (x,κ(x))

〈ζ, f〉 < 0

for all x ∈ O\S, where ∂Vmax denotes the generalized gradient of Vmax [70, Eqn. 37].

Let Imax (x) , {i ∈ {0, 1, . . . , d} : Bi (x) = Vmax (x)}, where B0 , 0 by convention.

From Proposition 7 in [70] and using the fact that each Bi is continuously differentiable,

∂Vmax (x) ⊂ co∪i∈Imax(x){∇Bi (x)}, where co{·} denotes the convex hull. Note that based

on convention, 0 ∈ ∪i∈Imax(x){∇Bi (x)} when Vmax (x) = 0. Since each ζ ∈ ∂Vmax (x) is a

convex combination of the gradients of each Bi, we have

V̇max (x) ≤ max
λ

max
f∈F (x,κ(x))

∑
i∈Imax(x)

λi 〈∇Bi (x) , f〉

= max
λ

∑
i∈Imax(x)

λiΓi (x, κ (x))

where λi ≥ 0 and
∑

i∈Imax(x) λi = 1. Thus, V̇max (x) ≤ maxi∈Imax(x) Γi (x, κ (x)), where

Γ0 = 0. Since κ (x) ∈ Kc (x) = {u : Γ (x, u) ≤ −γ (x)}, V̇max (x) ≤ maxi∈Imax(x)−γi (x).

For any x ∈ O\S and i ∈ Imax (x), Vmax (x) = Bi (x) > 0. Because Bi (x) > 0, we have

that x ∈ O\Si and hence γi (x) > 0. It follows that V̇max (x) < 0 for every x ∈ O\S,

from which [67, Thm. 3.19] shows that S is pre-asymptotically stable for the closed-loop

dynamics.
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Since S is pre-asymptotically stable, showing that S is asymptotically stable

requires showing that there exists δ > 0 such that every maximal solution to the

closed-loop system starting from Sδ , {x ∈ Π (Cu) : ‖x‖S ≤ δ} is complete3 . From pre-

asymptotic stability of S and the fact that O contains U (∂S) ∩ Π (Cu) (via the definition

of a CBF), given any ε > 0 such that Sε ⊂ O ∪ S, there exists 0 < δ < ε for which any

trajectory of the closed-loop dynamics starting in Sδ does not exit Sε. In particular, ε can

always be selected so there is a neighborhood of Sε for which U (Sε) ∩ Π (Cu) ⊂ O ∪ S.

Since κ (x) ∈ Ψ (x) for all x ∈ O ∪ S and C = {x ∈ Rn : κ (x) ∈ Ψ (x)}, we have

Π (Cu) ∩ (O ∪ S) = C ∩ (O ∪ S). Because Sε ⊂ C, it follows that ∂C ∩ Sε ⊂ ∂Sε. The set

O contains ∂Sε, from which it follows that for any x ∈ Sε ∩ ∂C, there is a neighborhood

U of x for which κ (x) ∈ ΘΠ(Cu) (x) for all x ∈ U ∩ C. Then. [67, Prop 2.34] shows that a

nontrivial flow exists from every point in Sε. Combined with the fact that Sε is compact,

this implies that every maximal solution starting from Sδ is complete, establishing the

asymptotic stability of S for the closed-loop dynamics.

Remark 2.3. Under the assumptions of Theorem 2.3, suppose Kc is nonempty on

LB (β) = {x ∈ Π (Cu) : B (x) ≤ β} for some β > 0. Then LB (β) is forward pre-

invariant for the closed-loop system, and pre-asymptotic stability of S then implies that

any complete solution starting from LB (β) converges to S. This observation motivates

verifying that Kc is nonempty on level sets of B, which will be explored in Section

2.4. The asymptotic stability of S follows whenever LB (β) is forward invariant for the

closed-loop dynamics via Theorem 2.2.

2.3 Design of Optimal Safety-Ensuring Feedback

This section studies the continuity (as a function of the state) of a class of

optimization-based control laws that can be used to make selections from mappings

3 The point-to-set distance is ‖x‖S , infy∈S ‖x− y‖.
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such as the set of safety ensuring control inputs Kc defined in (2–5). The results here

allow for a general class of cost functions and an arbitrary number of constraints. Given

a CBF, Theorems 2.1 and 2.2 show that continuous selections of the mapping Kc render

the safe set forward (pre-)invariant. When working with t-CBFs, Theorems 2.1 and 2.2

require selections of Kc that are locally Lipschitz. Unfortunately, as has been noted in

works like [27], studying the local Lipschitz continuity of the broad class of optimization-

based control laws considered here is more challenging, and is beyond the scope of this

work. A result for the local Lipschitz continuity of a more restrictive class of quadratic

programs with a maximum of two constraints is available in [2, Thm. 3].

The following condition is imposed on the set-valued map Ψ of admissible controls

to obtain an implementable controller. It is emphasized that the set Ψ represents

arbitrary, state-dependent constraints on the control input.

Assumption 2.7. There exists a function ψ : Π (Cu) × Rm → Rk such that Ψ (x) = {u ∈

Rm : ψ (x, u) ≤ 0} for all x ∈ Π (Cu).

Assumption 2.7 is commonly used when input constraints are present [20, 21]. If B

is a CBF for (F,Cu) and S on O with respect to γ, define the controller κ∗ : O → Rm as4

κ∗ (x) , arg min
u∈Rm

Q (x, u) (2–8)

s.t. Γ (x, u) ≤ −γ (x) ,

ψ (x, u) ≤ 0,

where Q : O × Rm → R is a cost function and Γ is defined in (2–4). Because Kc in (2–5)

is the feasible set for (3–13), it is clear that κ∗ is a selection of Kc; thus an equivalent

4 For κ∗ to be well-defined, the function Γ should be extended to points (x, u) ∈
Π (Cu) × Rm where u /∈ Ψ (x). This extension can be done arbitrarily since such points
are infeasible.
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expression is κ∗ (x) = arg minu∈Kc(x) Q (x, u). When Kc is nonempty on O as required in

the definition of a CBF in Definition 2.2, the optimization in (3–13) is feasible.

Remark 2.4. The optimization in (3–13) is generally a nonlinear program, while it is a

quadratic program if the cost function Q is quadratic and the constraints are affine in the

control input. For the case of a quadratic program, κ∗ (x) can often be computed at the

current state x in real time, as has been demonstrated experimentally in works like [1]

and the references therein. A theoretical discussion on the computational complexity of

solving convex optimization problems is available in [71].

Although κ∗ (x) is feasible at x ∈ O if Kc (x) 6= ∅, it is not necessarily continuous.

The following lemma will aid in developing conditions for when the controller κ∗ is

continuous.

Lemma 2.3. Let X be a metric space and U a finite-dimensional normed space.

Suppose K : X ⇒ U is lower and outer semicontinuous with nonempty, convex values,

and the function Q : X × U → R is continuous and, for each x ∈ X, u 7→ Q (x, u)

is strictly convex and inf-compact on K (x). Then κ∗ : X → U defined as κ∗ (x) ,

arg minu∈K(x) Q (x, u) is single-valued and continuous.

Proof. The proof is based on [72], from which it is noted that the notion of closed

mappings is equivalent to outer semicontinuity [72, Thm. 2], and a mapping is open if

and only if it is lower semicontinuous [72, Cor. 1.1]. Strict convexity and inf-compactness

of u 7→ Q (x, u) ensure that the set of minimizers κ∗ (x) contains a single unique element

for every x ∈ O. Thus, Corollary 9.1 in [72] shows that κ∗ (x) is uniformly compact near

x. Corollary 8.1 in [72] then shows that κ∗ (x) is continuous at every x ∈ O.

Remark 2.5. Lemma 2.3 is more general than results that have previously appeared

in the controls literature. The authors in [73] provide a continuity result that leverages

the generalization of Berge’s maximum theorem in [29, Thm. 1.2]. However, the as-

sumptions imposed on the cost function are restrictive, and in fact Lemma 2.3 shows

that condition (O2) in [73, Thm. 3] is redundant if the cost function is also inf-compact.
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The authors in [74] study the continuity of optimization-based control laws by lever-

aging [75, Lem. 5.7], which shows uniform compactness of the level sets of the cost

function for convex optimization problems. Relative to the results in [75], Lemma 2.3

applies on a more general class of spaces and allows the convexity of the cost function

to be restricted to the feasible set K (x).

Next, continuity of the controller in (3–13) is established. The following assumptions

are imposed on the constraints, which lead to the continuity properties of the mapping

Kc required by Lemma 2.3.

Assumption 2.8. For each i ∈ [d] and each j ∈ [k],

A) For each x ∈ O, the functions u 7→ Γi (x, u) and u 7→ ψj (x, u) are convex on Kc (x).

B) The functions (x, u) 7→ Γi (x, u) + γi (x) and (x, u) 7→ ψj (x, u) are continuous on

Cu ∩ (O × Rm) and O × Rm, respectively.

Theorem 2.4. (Continuity of κ∗) Let Cu ⊂ Rn × Rm, O ⊂ Π (Cu), Γ : Cu → Rd, and

γ : Π (Cu) → Rd be given. Suppose Assumptions 2.7 and 2.8 hold, the cost function

Q : O × Rm → R is continuous and, for each x ∈ O, u 7→ Q (x, u) is strictly convex and

inf-compact on Kc (x), and Slater’s condition is satisfied on O meaning that the set

K◦c (x) ,

 u ∈ Rm : Γ (x, u) < −γ (x)

ψ (x, u) < 0

 (2–9)

is nonempty for every x ∈ O. Then κ∗ : O → Rm defined in (3–13) is continuous.

Proof. For every x ∈ O, the functions defining Kc are assumed to be continuous and

convex on {x} × Kc (x). Since K◦c (x) is nonempty, Theorem 12 in [72] shows that Kc :

O ⇒ Rm is lower semicontinuous. Recall that Kc (x) = {u ∈ Ψ (x) : Γ (x, u) ≤ −γ (x)}.

From the definition of Ψ, the graph of Kc is equivalent to GraphO (Kc) =
{

(x, u) ∈

Cu∩(O×Rm) : Γ (x, u) ≤ −γ (x)
}

, which is relatively closed in Cu∩(O×Rm) by continuity

of Γ+γ. Using Assumption 2.7, Cu∩(O×Rm) = {(x, u) ∈ O×Rm : ψ (x, u) ≤ 0}, which is

relatively closed in O × Rm by continuity of ψ. Thus, GraphO (Kc) is also relatively closed
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in O × Rm, i.e., the mapping Kc is outer semicontinuous. Moreover, Kc (x) is convex

for every x ∈ O since it is a sublevel set of convex functions. Thus, the assumptions of

Lemma 2.3 are satisfied and κ∗ is continuous.

Remark 2.6. By invoking Proposition 2.9 of [76], the functions Γi in (2–4) are continuous

when the flow map F : Rn × Rm ⇒ Rn is locally bounded, outer semicontinuous, and

lower semicontinuous. When the needed regularity is not present in the dynamics, one

can replace Γ with a continuous upper bound Γ̄ : Cu → Rd such that Γ̄i (x, u) ≥ Γi (x, u)

for every (x, u) ∈ Cu ∩ (O × Rm) and i ∈ [d]. It follows that K̄c (x) , {u ∈ Ψ (x) : Γ̄ (x, u) ≤

−γ (x)} ⊂ Kc (x) for all x ∈ Π (Cu) ∩ O, so that redefining κ∗ to be a selection of the

subset mapping K̄c still leads to a selection of Kc. Similar replacements can be made for

the functions γ and ψ.

2.4 Feasibility Verification with Sum of Squares

A challenging aspect of verifying that a given CBF candidate is a CBF (or a t-CBF)

is determining whether the set Kc (x) is nonempty for every x ∈ O. Since Kc is the

feasible set for the control law κ∗ in (3–13), checking if a function is a CBF is the same

as checking if the optimization defining κ∗ is feasible. Moreover, certifying that K◦c

in (2–9) has nonempty values guarantees continuity of κ∗ under the assumptions of

Theorem 2.4. This section develops polynomial optimization tools for certifying that Kc

and K◦c have nonempty values under more restrictive assumptions on the constraints

defining the mappings. Namely, it is assumed that the constraints are polynomials and

affine in the control input. However, the tools can be used in the case of non-polynomial

constraints to obtain conservative estimates of the feasible region by replacing the

constraints with polynomial upper bounds. This procedure is similar to Remark 2.6

except the polynomial upper bounds are used only for verification and κ∗ need not be

redefined.

Let P [x] be the set of all polynomials in the variables x ∈ Rn. The set of sum of

squares (SoS) polynomials is Σ [x] , {p ∈ P [x] : p =
∑N

i=1 f
2
i , f1, . . . , fN ∈ P [x]}, where
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p ∈ Σ [x] implies that p (x) ≥ 0 for all x ∈ Rn. The notation Pm1×m2 [x] denotes the set of

matrix-valued functions p : Rn → Rm1×m2 with polynomial entries.

SoS programming involves a series of relaxations of originally NP-hard polynomial

optimization problems that lead to tractable semidefinite programs [22]. The class of

problems that can be solved involve optimizing the coefficients of polynomials pi ∈ P [x]

subject to constraints of the form a0 +
∑N

i=1 piai ∈ Σ [x], where a0, a1, . . . , aN ∈ P [x] are

given, constant coefficient polynomials (see [23], SoS Program 2). The aforementioned

constraint is linear in the coefficients of the polynomials pi.

To describe how SoS optimization can be used to certify whether a given function

is a CBF, first consider a global feasibility problem. Let K : Rn ⇒ Rm be a set-valued

mapping defined by a system of inequalities as

K (x) , {u ∈ Rm : A (x)u+ b (x) ≤ 0} , (2–10)

where A : Rn → Rnc×m and b : Rn → Rnc are polynomial, i.e., A ∈ Pnc×m [x] and

b ∈ Pnc [x]. The assumption that the constraints are affine is needed to obtain a proper

SoS program, as discussed above. Given constraints of the form in (2–10), the following

SoS program will certify that K (x) 6= ∅ for all x ∈ Rn.

Problem 2.1. (Global Feasibility) Given x ∈ Rn and polynomials A ∈ Pnc×m [x] and

b ∈ Pnc [x], find a constant ε ≥ 0 and a polynomial u ∈ Pm [x] such that, for all i ∈ [nc],

−Ai∗ (x)u (x)− bi (x)− ε ∈ Σ [x] ,

where Ai∗ (x) denotes that i-th row of A (x). The parameter ε could either be a fixed

value or a decision variable. If ε > 0, then K◦ (x) , {u ∈ Rm : A (x)u + b (x) < 0} is

nonempty.

Although the polynomial controller u found in Problem 2.1 is a selection of K (i.e.,

u (x) ∈ K (x)), it is not an optimal selection like κ∗ in Section 2.3. Thus, u is used only

for feasibility verification purposes, while κ∗ is used to define a closed-loop system
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for control purposes. To apply the techniques in this section to Kc in Section 2.1, one

needs to assume the existence of a polynomial and affine upper bound of the functions

defining Kc.

Assumption 2.9. Given Γ : Cu → Rd, γ : Π (Cu)→ [−∞,∞]d, and ψ : Π (Cu)×Rm → Rk,

let nc , d + k and assume there exists A ∈ Pnc×m [x] and b ∈ Pnc [x] such that

A (x)u+ b (x) ≥ (Γ (x, u) + γ (x) , ψ (x, u)) for all (x, u) ∈ Cu.

Remark 2.7. The functions Γi in (2–4) are affine when the dynamics are affine in the

control input [2,77]. In the setting of differential inclusions, the dynamics should have the

form F (x) + g (x)u, where F is set-valued and g is single-valued.

For many practical controls problems, especially those involving constraints on the

magnitude of the control input, one will likely not find (or need) a CBF that exists on the

entire state space. More often, feasibility verification can be restricted to a particular

operating region. Thus, a method is needed to verify that Kc (x) in (2–5) is nonempty

on a subset of Rn. A natural way to define the operating region is with sublevel sets of

a CBF candidate B defining S ⊂ Π (Cu), which is especially useful when convergence

to the safe set is desired (see Remark 2.3). Certifying that Kc (x) is nonempty on a

set LB (β) , {x ∈ Rn : B (x) ≤ β}, with β > 0, is the same as certifying that B

is a CBF on LB (β), and that the controller κ∗ in (3–13) exists on the entire safe set

S ⊂ LB (β). Since working with B in this context requires assuming that B is polynomial,

the subsequent development considers a generic polynomial B̃ ∈ Pnb [x].

While being a SoS polynomial is a global property, there exist hierarchies of

relaxations that have close relationships to the set of polynomials that are nonnegative

only on a particular subset of Rn [22]. The relaxation that will be most useful for the

feasibility verification problem is the following, based on Putinar’s Positivstellensatz [78].

Lemma 2.4. Let B̃ ∈ Pnb [x] and define LB̃ (β) , {x ∈ Rn : B̃ (x) ≤ β} for some β ∈ R.

A function p ∈ P [x] is nonnegative on LB̃ (β) if there exist s0, s1, . . . , snb
∈ Σ [x] such that,
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for all x ∈ Rn,

p (x) ≥ s0 (x) +

nb∑
j=1

sj (x)
(
β − B̃j (x)

)
. (2–11)

Proof. The result follows from the facts that sj (x) ≥ 0 for all x ∈ Rn and β − B̃j (x) ≥ 0

for all x ∈ LB̃ (β).

Putinar’s Positivstellensatz shows that every polynomial that is strictly positive

on LB̃ (β) can be decomposed in the form on the right-hand side of (2–11) under the

assumption that the functions defining LB̃ (β) have an Archimedean property [22, Thm

3.20]. While results guaranteeing the existence of SoS decompositions when the

Archimedean property is not present have been applied to controls problems in,

e.g., [24], these methods scale poorly with the number of components in B̃. Additionally,

the multiplicative monoid in [24] is known to lead to multiplicative combinations of

decision variables that require developing complex iterative procedures, thereby adding

conservativeness to the problem.

Recalling the definition of the mapping K in (2–10), the following program certifies

that the set K (x) is nonempty for all x ∈ LB̃ (β) = {x ∈ Rn : B̃ (x) ≤ β}.

Problem 2.2. (Feasibility on Level Sets) Given x ∈ Rn, A ∈ Pnc×m [x], b ∈ Pnc [x],

B̃ ∈ Pnb [x], and β ∈ R, find polynomials u ∈ Pm [x], s0, s1, . . . , snb
∈ Σ [x], and a constant

ε ≥ 0 such that, for all i ∈ [nc],

−Ai∗ (x)u (x)− bi (x)− ε− s0 (x)−
nb∑
j=1

sj (x)
(
β − B̃j (x)

)
∈ Σ [x] .

The main result of this section follows. It states that a CBF candidate B can be

certified as a CBF on a set LB̃ (β) ⊃ U (∂S) ∩ Π (Cu) by finding a feasible solution

to Problem 2.2. An identical result can be given for t-CBFs provided the additional

assumptions in Section 2.1.2 hold. Unfortunately, the inability to find a feasible solution

to Problem 2.2 does not mean that no such feasible solution exists. One major cause
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for conservativeness is that the degree of the involved polynomials must be restricted in

practice, and feasible solutions may exist for higher degree polynomials.

Theorem 2.5. (Verification of CBF) Consider the dynamical system (F,Cu) in (2–1)

and a set S ⊂ Π (Cu). Suppose Assumption 2.7 holds for a function ψ, B : Rn → Rd is a

CBF candidate defining S, and γ : Π (Cu) → [−∞,∞]d satisfies Assumption 2.2. Given

Γ defined in (2–4), let Assumption 2.9 hold for some A ∈ Pnc×m [x] and b ∈ Pnc [x]. If

Problem 2.2 has a solution for some B̃ and β for which there exists a neighborhood of

the boundary of S such that U (∂S) ∩ Π (Cu) ⊂ LB̃ (β), then Kc (x) in (2–5) is nonempty

for all x ∈ LB̃ (β) ∩ Π (Cu) and B is a CBF for (F,Cu) and S on LB̃ (β) ∩ Π (Cu) with

respect to γ. Moreover, if the solution to Problem 2.2 is such that ε > 0, then K◦c (x) in

(2–9) is nonempty for all x ∈ LB̃ (β) ∩ Π (Cu).

Proof. Considering Definition 2.2 and the assumptions of the theorem, proving that B is

a CBF requires only to show that Kc in (2–5) is nonempty on LB̃ (β) ∩ Π (Cu). Problem

2.2 and Lemma 2.4 tell us that there exists u ∈ Pm [x] such that A (x)u (x) + b (x) ≤ −ε

for all x ∈ LB̃ (β). From Assumption 2.9, (Γ (x, u (x)) + γ (x) , ψ (x, u (x))) ≤ −ε for all

x ∈ LB̃ (β) ∩Π (Cu). It follows by definition that Kc is nonempty on LB̃ (β) ∩Π (Cu) and, if

ε > 0, so is K◦c .

Remark 2.8. When LB̃ (β) \Π (Cu) 6= ∅, the procedure developed above will be

conservative because it is unnecessary to consider points outside Π (Cu). If Π (Cu) can

be described by a polynomial π ∈ Pnp [x] as Π (Cu) = {x ∈ Rn : π (x) ≤ 0}, then these

constraints can be included in Problem 2.2 to reduce conservativeness.

2.5 Example: Non-Polynomial Dynamics with Unknown Parameters and Input
Constraints

The following example applies the tools developed in this chapter to certify the

feasibility of a safety-ensuring control law in the presence of uncertain dynamics and

input constraints. A particular challenge in this example is that the functions Γi defined

by (2–4) are not polynomial. Due to this, polynomial upper bounds of the functions are
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used for feasibility verification purposes. It is demonstrated that these upper bounds are

not overly conservative. Consider the second-order system

ẋ =

 x2
1 sin (x2) 0 0

0 x2 cos (x1) |x1| x1x2


︸ ︷︷ ︸

Y (x)

θ +

 1 3

1/2 −1


︸ ︷︷ ︸

g

u, (2–12)

with u ∈ R2, θ ∈ R4 a vector of unknown parameters, and Cu , {(x, u) ∈ R4 : |ui| ≤

umax, ∀i ∈ {1, 2}} for some constant umax > 0. The unknown parameters are assumed

to be bounded such that θ ∈ Θ , {θ ∈ R4 : |θi| ≤ θ̄i, ∀i ∈ [4]}, with each θ̄i > 0. The

dynamics can be transformed into a differential inclusion with θ taking values in the set

Θ, given as in (2–1) with F (x, u) , {Y (x) θ + gu : θ ∈ Θ} and Cu given above.

Consider a CBF candidate

B (x) =


x1 + x2 − c

−x1 + x2 − c
1
c
x2

1 − x2 − c

 , (2–13)

defining the set S , {x ∈ Π (Cu) : B (x) ≤ 0}, with c = 5 and Π (Cu) = R2. Considering

that the set Θ is compact, the function Γ in (2–4) has components

Γi (x, u) = max
θ∈Θ

{
∇BT

i (x)Y (x) θ
}

+∇BT
i (x) gu. (2–14)

Note that Γ is linear in the control input u. Because of the expression for Y , the functions

Γi are not polynomial. Using the upper bounds |sin (x)| ≤ 1 and |cos (x)| ≤ 1, it can be

shown that for i ∈ {1, 2},

Γi (x, u) ≤ x2
1θ̄1 + (1 + |x2|) θ̄2 + |x1| θ̄3 + |x1x2| θ̄4 +∇BT

i (x) gu,

and

Γ3 (x, u) ≤ 2

c

∣∣x3
1

∣∣ θ̄1 +

(
2

c
|x1|+ |x2|

)
θ̄2 + |x1| θ̄3 + |x1x2| θ̄4 +∇BT

3 (x) gu.
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The upper bounds above take the form A (x)u + b (x), where the function b contains

monomials composed with the absolute value function. Although the absolute value

function is not polynomial, constraints of this form can be replaced with a set of poly-

nomial constraints. This procedure is detailed subsequently in Section 2.6. The upper

bounds of Γ are used only for verification with SoS, while the actual value of Γ in (2–14)

can be used to compute the controller κ∗.

The function γ is selected as γi (x) = KbBi (x) with Kb = 13, which satisfies

Assumption 2.2 since Bi (x) > 0 for all x ∈ R2\Si, where Si = {x ∈ Rn : Bi (x) ≤ 0}. The

maximum value of the control input is selected as umax = 40 and the upper bound of the

unknown parameters is θ̄ = (1, 2, 2, 1). As required by Assumption 2.7, the set Ψ, in this

case not dependent on x, is the zero-sublevel set of the functions ψi (u) = |ui| − umax

for i ∈ {1, 2}, where the absolute value function can be replaced by polynomials as

described above. With these choices, the mapping Kc is defined in terms of Γ, γ, and

ψ, and the constraints can be implemented in a SoS program like Problem 2.2. Since B

is polynomial, the function B̃ is defined as B̃ , B. A search was performed on the set

LB (β) = {x ∈ R2 : B (x) ≤ β}. The problem is feasible with β = 1.05. Since LB (β)

contains a neighborhood of S, Theorem 2.5 shows that B is a CBF for (F,Cu) and S on

Lβ (B) with respect to γ. In fact, the problem is feasible with ε = 0.1, which implies that

K◦c (x) 6= ∅ for all x ∈ LB (β).

Theorem 2.4 shows that the controller κ∗ (x) , arg minu∈Kc(x) |u− unom (x)| is

continuous on LB (β) when unom : R2 → R2 is continuous. In the simulation in Figure 2-2,

unom (x) , g−1 (Rx− Y (x) θ), where R = [0.15, 1.3;−1, 0.1] is a 2 × 2 matrix. Without

modification for safety, the controller unom would make the system unstable. Since

∂Π(Cu) ∩ S = ∅, we have Kc (x) = Kc (x) ∩ΘS (x) for all x ∈ Rn. Since S is compact and

κ∗ (x) ∈ Kc (x) ⊂ Ψ for all x ∈ LB (β), Theorem 2.2 shows that S is forward invariant for

the closed-loop dynamics. In fact, ∂Π (Cu) = ∂R2 = ∅ and, for each i ∈ [d], γi (x) > 0 for
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Figure 2-2. The feasible region for Example 1 was approximated by solving (2–15) at
various points in the state space. A SoS program like Problem 2.2 certified
that B in (2–13) is a CBF on the region inside the dotted line representing
the boundary of LB (β) = {x ∈ Rn : B (x) ≤ β}. Note that the problem would
not be feasible if β were increased slightly. The trajectory x is generated by
a controller that modifies an unstable nominal controller subject to the safety
constraints. The nominal controller without safety constraints produced the
trajectory xnom.

all x ∈ R2\Si, so that Theorem 2.3 and Remark 2.3 show that S is asymptotically stable

from LB (β).

Remark 2.9. For the feasible set K (x) = {u ∈ Rm : A (x)u + b (x) ≤ 0}, one can

compute the so-called width of the feasible set w∗ : Rn → R (see [20]) using

w∗ (x) = max
(u,w)∈Rm+1

w (2–15)

s.t. Ai∗ (x)u+ bi (x) + w ≤ 0 ∀i ∈ [d] .

The problem in (2–15) is always feasible, and if w∗ (x) ≥ 0, then K (x) 6= ∅. Computing

w∗ (x) at various points in the state space provides a useful visual approximation of

the feasible set for problems of low dimension. However, in contrast to the approach in
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Section 2.4, the computational approach cannot verify feasibility on the entire safe set,

since this would involve computing w∗ (x) at an uncountable number of points.

Figure 2-2 shows an approximation of the feasible region for Example 1, i.e., the set

on which Kc (x) is nonempty. The feasible region was approximated by solving (2–15)

with the constraints (Γ (x, u) + γ (x) , ψ (u)). The actual value of the function Γ was used

when solving (2–15) instead of the polynomial upper bound. As can be seen, the set

LB (β) with β = 1.05 could not be expanded significantly without including points outside

the feasible region, showing that the SoS program with polynomial upper bounds was

not overly conservative compared to solving (2–15) with the actual value of Γ. The

feasible region is larger than the area captured by LB (β) and could be characterized

more fully using the level sets of an alternative function. However, this characterization

would not provide a significant benefit because forward invariance is only guaranteed on

level sets of B. Thus, trajectories starting at other points in the feasible region may flow

out of the feasible region.

In Figure 2-2, the trajectory produced by the safe controller remains within the set S

although the nominal trajectory lies outside the set. The safe trajectory deviates from the

nominal trajectory only when approaching the boundary of the set S. The trajectory is

not allowed to approach closely to the boundary of S because the controller is compen-

sating for the worst-case value of the unknown parameters. In this way, the controller is

robust to parameter uncertainty. A method for reducing this uncertainty, thereby allowing

trajectories to more closely approach the safe set boundary, is discussed in the next two

chapters.

2.6 Polynomial Replacement of Absolute Value

As seen in the previous example, constraints in controls applications often take

the form A (x)u + b (x), where b : Rn → R contains some monomial expressions

composed with the absolute value function. It will be demonstrated in subsequent

chapters, particularly Chapter 5, that upper bounds of this form are useful for practical
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applications involving Euler-Lagrange dynamics. Assume that b is defined by monomials

with integer exponents as

b (x) =
nc∑
i=1

ci

∣∣∣xαi
1 x

βi
2 · · ·xγin

∣∣∣ ,
where ci > 0. For every i ∈ [nc], let Ii ⊂ N denote the components of x with odd

exponents. For example, the monomial x3
1x

4
3x5 has index set Ii = {1, 5}. Let E ,

{(e1, e2, . . . , en) : ei ∈ {−1, 1}} denote a set of vectors pointing into each orthant of Rn.

Note that the cardinality of E is 2n. For every ek ∈ E, define the polynomial

Pk (x) ,
nc∑
i=1

[(
cix

αi
1 x

βi
2 · · ·xγin

)
·
∏
j∈Ii

ekj

]
.

In each orthant, one of the polynomials Pk (x) is dominant and corresponds to b (x).

From this observation, the following proposition can be obtained.

Proposition 2.2. For any x ∈ Rn, b (x) = maxk∈[2n]Pk (x). Thus, for any u ∈ Rm,

A (x)u+ b (x) ≤ 0 if and only if A (x)u+ Pk (x) ≤ 0 for every k ∈ [2n].

The proposition shows that all of the 2n polynomial constraints A (x)u + Pk (x) ≤ 0

can be used to replace the constraint A (x)u + b (x) ≤ 0 in a SOS program.

As an example, consider the polynomial b (x) = |x1x2| + |x3
2|. The set E is

E = {(1, 1) , (−1, 1) , (−1,−1) , (1,−1)} and the index sets for the monomials are

I1 = {1, 2} and I2 = {2}. Then the polynomial replacements are P1 (x) = x1x2 + x3
2,

P2 (x) = −x1x2 + x3
2, P3 (x) = x1x2 − x3

2, and P4 (x) = −x1x2 − x3
2.
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CHAPTER 3
MODULAR ADAPTIVE SAFETY WITH A RISE-BASED DISTURBANCE OBSERVER

This chapter presents an approach to guarantee safety for control systems with

uncertain nonlinear dynamics. Constraints on the control input induced by multiple

CBF candidates are developed to ensure forward pre-invariance of a safe set of states

despite the uncertainty. The uncertain dynamics are identified using a disturbance

observer based on the robust integral of the sign of the error (RISE) control paradigm.

Conservativeness in the input constraints is reduced over time as the disturbance ob-

server exponentially converges. The technique is modular because it can be combined

with other estimators such as deep neural networks (DNN) or Gaussian processes (GP).

The estimate of the dynamics is used in a set of constraints in an optimization-based

control law that ensures safety while expanding the operating region of the dynamical

system as the dynamic model is identified. Relative to the robust control method in

Example 3.4, the feasible set of control inputs is larger, which provides greater freedom

in exploring the state space. An example is presented showing that the operating re-

gion of the system is expanded significantly from the initial size due to the converging

estimation error. A simulation example is provided to compare the performance of the

approach in three scenarios featuring the RISE observer and a pretrained deep neural

network.

3.1 Problem Statement

3.1.1 Dynamic Model

Consider the problem of developing an estimate of the unknown dynamics for a

control-affine system with input constraints,

ẋ = f (x) + g (x)u+ d (x) , u ∈ Ψ (x) , (3–1)

where x ∈ Rn is the state, u ∈ Rm is the control input, the functions f and g are known

functions, and d represents the unknown dynamics. It is acceptable to include time

54



as a state so that d could model a time-varying disturbance. The set Ψ (x) , {u ∈

Rm : ψ (x, u) ≤ 0} represents state-dependent constraints ψ : Rn × Rm → Rk on

the control input, such as limits on its magnitude. Given a controller κ : Rn → Rm

with κ (x) ∈ Ψ (x) for all x ∈ Rn, the closed-loop dynamics defined by (3–1) and κ are

ẋ = fcl (x) , f (x) + g (x)κ (x) + d (x). The following assumption on the dynamics will be

used throughout the development.

Assumption 3.1. The functions f : Rn → Rn, g : Rn × Rn×m, and d : Rn → Rn are

continuous.

This chapter considers CBF candidates B : Rn → Rr, where the index

r is used instead of d to avoid conflict with the disturbance term. The definitions

of CBF in Section 2.1 are applicable to the dynamics in (3–1) with Γi (x, u) =

∇BT
i (x) (f (x) + g (x)u+ d (x)) for each i ∈ [r].

3.1.2 Safety with Improved Performance

The function Γ defining Kc (x) = {u ∈ Ψ (x) : Γ (x, u) ≤ −γ (x)} cannot be directly

computed because it depends on the disturbance d, so it is not possible to implement

it in an optimization-based controller as in Section 2.3. Suppose, for each i ∈ [r], there

exists an upper bound χi : Rn → R of the unknown term ∇BT
i (x) d (x). It is then possible

to implement an optimization-based control law with feasible set defined by the mapping

K̄c (x) ,
{
u ∈ Ψ (x) : Γ̄ (x, u) ≤ −γ (x)

}
, (3–2)

where Γ̄i (x, u) , ∇BT
i (x) (f (x) + g (x)u) + χi (x) for each i ∈ [r]. It holds that Γ̄ (x, u) ≥

Γ (x, u) for any (x, u) ∈ Rn × Rm, and hence, K̄c (x) , {u ∈ Ψ (x) : Γ̄(x, u) ≤ −γ (x)} is

a subset of Kc (x). Thus, any continuous controller κ (x) ∈ K̄c (x) is also a selection of

Kc, and therefore using Theorem 2.1 such controllers render the safe set S forward pre-

invariant. This approach requires K̄c (x) to be nonempty for all x ∈ O. As an example,

an upper bound of the disturbance d̄ ∈ R>0 with ‖d (x)‖ ≤ d̄ for all x ∈ Rn could be used

to define χi (x) , d̄ ‖∇Bi (x)‖.
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Figure 3-1. Illustration of the effect of conservativeness in upper bounds of the
disturbance. The trajectory x attempts to track the desired trajectory xd, but
must deviate from it to ensure safety. It is desirable for the trajectory to be
allowed near the boundary of the safe set S.

When the upper bound χ is conservative, the mismatch between Γ̄ and Γ is

restrictive because trajectories of the closed-loop dynamics under a selection of K̄c

are able to explore less of the safe set than if inputs could be selected from Kc. To see

how conservativeness degrades performance, note that if Γ̄i (x, u) ≤ 0, as is required

near the boundary of the safe set by Definition 2.2, then Γi (x, u) ≤ −εi (x), where

εi (x) , χi (x) −∇BT
i (x) d (x) ≥ 0 denotes the mismatch between Γ̄i and Γi. When Γi is

strictly negative near the boundary of the safe set, the control law will force trajectories

into the interior of the safe set, potentially creating an asymptotically stable subset of the

safe set. Figure 3-1 illustrates a trajectory that is overly restricted due to a conservative

upper bound. To remedy the mismatch between Γ̄ and Γ, adaptive upper bounds that

solve the following problem are desirable.
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Problem 3.1. For each i ∈ [r], find an upper bound χi : Rn → R of the unknown

disturbance term such that along any trajectory t 7→ x (t) of the closed-loop system,

χi (x (t))−∇BT
i (x (t)) d (x (t))↘ 0 as t→∞.

3.1.3 Modular Adaptive Safety

This section discusses a special case of the dynamics in (3–1) that illustrates

how the development in this chapter leads to modular adaptive safety. Suppose the

dynamics originally are ẋ = fk (x) + g (x)u for an unknown function fk that is estimated

using any arbitrary estimator (e.g., a DNN or GP), which produces an estimate f̂k :

Rn → Rn. Defining f̃k , fk − f̂k, the dynamics are rewritten as

ẋ = f̂k (x) + g (x)u+ f̃k (x) ,

which matches the model in (3–1) with the known function f , f̂k and the unknown

function d , f̃k. Some classes of estimator, such as those used in [44] and [45], furnish

upper bound of the estimation error f̃ . For a broader class of estimator, the estimation

error is completely unknown. Moreover, the estimators in [44] and [45] do not guarantee

convergence of the estimation error. In the next section, a disturbance observer is

defined that can identify, with exponential convergence, the estimation error f̃ produced

by any other estimator. Although the developed observer can act as a standalone

estimator, there are advantages to pairing it with a secondary estimator.

3.2 Estimation of Disturbance

3.2.1 RISE-Based Disturbance Observer

Motivated by results such as those in [79,80], the following RISE-based disturbance

observer is developed

˙̂x = f (x) + g (x)u+ d̂+ αx̃ (3–3)

˙̂
d = kd

(
˙̃x+ αx̃

)
+ x̃+ βdir (x̃) , (3–4)
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where x̃ , x − x̂; α, β, kd > 0 are control gains; and dir (x̃) , x̃/ ‖x̃‖ if x̃ 6= 0 and

dir (x̃) , 0 otherwise. It is assumed that state feedback is possible, namely x̃ is a

measurable quantity, and it is therefore always possible to set x̂ (0) = x (0) leading to

x̃ (0) = 0. Also define d̃ , d− d̂. The estimator can be implemented without computing a

derivative of x̃ as d̂ (t) = kdx̃ (t)− kdx̃ (0) +
∫ t

0
[(kdα + 1) x̃ (τ) + βdir (x̃ (τ))] dτ , which is a

solution to (3–4).

Remark 3.1. The RISE paradigm typically uses the component-wise sign of the error

x̃ in place of the term dir (x̃) in (3–4) [81]. The term dir (x̃) indicates the direction of

the error vector x̃ and is advantageous because it is discontinuous only when x̃ = 0,

whereas the component-wise sign is discontinuous on each coordinate axis, i.e., when

x̃i = 0 for some i ∈ [n].

The following assumption is imposed on the total derivative of the disturbance

term to facilitate the subsequent development. Assumptions on the first derivative

are common in the disturbance observer literature [43, 44], while it is less common to

impose boundedness of the second derivative. The assumption that the derivatives

exist will require some additional regularity of the dynamics beyond the continuity of

Assumption 3.1.

Assumption 3.2. Given a set R ⊂ Rn and a controller κ : Rn → Rm, assume there

exist constants c1, c2 > 0 such that any solution x : domx → Rn, where domx ⊂ R≥0,

to the closed-loop system ẋ = fcl (x) defined by (3–1) and κ with x (0) ∈ R satisfies

‖ḋ (x (t)) ‖ ≤ c1 for all t ∈ domx and ‖d̈ (x (t)) ‖ ≤ c2 for almost all t ∈ domx, where it is

implicitly assumed that ḋ exists everywhere and d̈ exists almost everywhere.

The next lemma justifies Assumption 3.2 by providing a sufficient condition under

common assumptions relevant to the safety application. To aid in the upcoming proofs,

for a given controller κ : Rn → Rm recall that ḋ (x) = Jd (x) fcl (x), where Jd : Rn → Rn×n

denotes the Jacobian of d.
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Lemma 3.1. Consider the functions f , g, and d in (3–1) and a controller κ : Rn → Rm.

Let R ⊂ Rn be forward pre-invariant for ẋ = fcl (x) and suppose that f , g, d, and κ are

Lipschitz and bounded on R, and Jd : Rn → Rn×n exists and is Lipschitz (in the sense of

the induced matrix norm) on R. Then Assumption 3.2 is satisfied for R and κ.

Proof. Since d is Lipschitz and Jd exists on R, Jd is bounded on R. If x : domx → Rn is

a solution starting from R, it remains in R for all t ∈ domx via forward pre-invariance, so

that t 7→ ẋ (t) is bounded on domx via boundedness of the dynamics on R. Thus, since

ḋ (x (t)) = Jd (x (t)) ẋ (t), there exists a constant c1 > 0 such that ‖ḋ (x (t)) ‖ ≤ c1 for all

t ∈ domx.

The function x 7→ ḋ (x), being an additive/multiplicative combination of Lipschitz and

bounded functions, is Lipschitz on R. Under the assumptions of the lemma, any solution

t 7→ x(t) to ẋ = fcl (x) starting from R is continuously differentiable with bounded

derivative [82, Sec. 3.1], and therefore Lipschitz. Thus, the function t 7→ ḋ (x (t)) is

Lipschitz on domx, which implies that there exists c2 > 0 such that ‖d̈ (x (t)) ‖ ≤ c2 for

almost all t ∈ domx.

Remark 3.2. In the case that R is compact, the assumptions of Lemma 3.1 reduce to

assuming that f , g, and κ are locally Lipschitz and d is twice continuously differentiable.

The following theorem provides conditions under which the disturbance observer

in (3–3) and (3–4) exponentially identifies the unknown disturbance in (3–1) with a

quantifiable rate of decay. The result applies even when the system in (3–1) does not

have complete or bounded solutions. However, the resulting observer in (3–3) and (3–4)

will not be bounded. In practice, developing a bounded observer will require ensuring

that the closed-loop system has bounded solutions, which can be accomplished via,

e.g., designing a control law that ensures the forward invariance of a compact safe set.

Theorem 3.1. Let Assumption 3.1 hold and let R ⊂ Rn and κ : Rn → Rm be such that

Assumption 3.2 holds with bounds c1 and c2. If the control gains α, β, and kd in (3–3)
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and (3–4) satisfy

β > c1 +
c2

max{1, α− kd}
, (3–5)

then, for each solution to the closed-loop system defined by (3–1), (3–3), (3–4), and κ

with x (0) ∈ R and x̂ (0) = x (0), the dynamic estimator is exponentially convergent such

that
∥∥d̃(t)

∥∥ ≤ ∥∥d̃(0)
∥∥e−λt for all t ∈ domx, where

λ = min{α− 1, kd}/2. (3–6)

Proof. Using the transformations d̃ , d (x) − d̂ and x̃ , x − x̂, every solution to the

closed-loop system corresponds to a solution to the following transformed system:

˙̃x = d̃− αx̃, (3–7)

˙̃d ∈ ḋ (x)− kdd̃− x̃− βDIR (x̃) , (3–8)

where (3–8) is derived by noticing that (3–7) implies ˙̂
d = kdd̃ + x̃ + βdir (x̃). The Filippov

regularization of the original dynamics has been used to ensure that the analysis is

robust to small noise, which results in the set-valued function DIR (x̃) , x̃/ ‖x̃‖ if

x̃ 6= 0 and DIR (x̃) = B if x̃ = 0, with B ⊂ Rn being the closed unit ball. The error

system in (3–7) and (3–8) has the same form as the one in [81, Eqns. (3) and (7)] with

NB (x) , ḋ (x).

The analysis proceeds similarly to [81], while a summary is provided here due

to minor differences. First, an auxiliary term P ∈ R is designed with the following

set-valued dynamics:

Ṗ ∈ −λPP + d̃T
(
βDIR (x̃)− ḋ (x)

)
, (3–9)

with λP > 0. Defining a composite state ζ , (x, x̃, d̃, P ) ∈ R3n+1, we analyze a differential

inclusion with dynamics defined by (3–1), (3–7), (3–8), and (3–9), respectively. Define

the function V : R3n+1 → R as V (ζ) , 1
2
x̃T x̃ + 1

2
d̃T d̃ + P. Consider the set D , {ζ ∈
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R3n+1 : x̃ = 0, d̃ 6= 0}. For ζ ∈ R3n+1\D, we have

V̇ (ζ) = −α
∥∥x̃∥∥2 − kd

∥∥d̃∥∥2 − λPP

≤ −λV V (ζ) ,

with λV , min{α, kd, λP}. Let ζ : dom ζ → R3n+1 be a solution to the differential inclusion

defined above with x (0) ∈ R. Due to the dynamics defining x̃, it can be shown that the

set of time instants {t ∈ dom ζ : ζ(t) ∈ D} has Lebesgue measure zero (cf. [81, Lem.

1]). It follows that V̇ (ζ (t)) ≤ −λV V (ζ (t)) for almost all t ∈ dom ζ. Thus,

V (ζ (t)) ≤ V (ζ (0)) e−λV t. (3–10)

Next, it is shown that the initial condition for the state P can be selected so that

P (t) ≥ 0 for all t ∈ dom ζ. Given a solution ζ with x (0) ∈ R, consider the function

P (t) = (P (0)− β ‖x̃ (0)‖+ x̃T (0)ḋ (x (0)))e−λP t + β ‖x̃ (t)‖ − x̃T (t) ḋ (x (t)) + e−λP t ∗ [(α−

λP )(β ‖x̃ (t)‖ − x̃T (t) ḋ (x (t))) − x̃T (t) d̈ (x (t))], with p (t) ∗ q (t) ,
∫ t

0
p (t− τ) q (τ) dτ

denoting the convolution operation. A similar analysis to [81, Lem. 3] shows that P

is the unique solution to (3–9) for a given initial condition ζ (0). The initial condition

for P is selected as P (0) = β ‖x̃ (0)‖ − x̃ (0)T ḋ (x (0)), although any larger value of

P (0) is also sufficient. Using the bounds in Assumption 3.2, it is found that P (t) ≥

(β − c1) ‖x̃ (t)‖ + e−λP t ∗ [(α− λP ) (β ‖x̃ (t)‖ − c1 ‖x̃ (t)‖)− c2 ‖x̃ (t)‖] . Thus, P (t) is

nonnegative for all t ∈ dom ζ if α > λP and β > c1 + c2
α−λP

. Parameter selection is

simplified by choosing λP = min{α − 1, kd}, which leads to (3–5). Since P (t) ≥ 0 for all

t ∈ dom ζ and V (ζ (0)) = 1
2

∥∥x̃(0)
∥∥2

+ 1
2

∥∥d̃(0)
∥∥2

+ P (0), it follows from (3–10) that

∥∥d̃(t)
∥∥ ≤√∥∥x̃(0)

∥∥2
+
∥∥d̃(0)

∥∥2
+ 2P (0) e−λV t/2, (3–11)

for all t ∈ dom ζ, showing that the estimator is exponentially convergent. The right-hand

side of (3–11) becomes
∥∥d̃(0)

∥∥e−λt when x̃ (0) = 0 and λ , λV /2, leading to (3–6).

Additionally, the composite solution t 7→ ζ (t) has the same domain of definition as the
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component t 7→ x (t) (i.e., dom ζ = domx) because the components (x̃, d̃, P ) cannot

exhibit finite-time escape due to (3–10).

Remark 3.3. Theorem 3.1 shows that the RISE-based disturbance observer can act

as a standalone estimator of the unknown dynamics. However, combining RISE with a

secondary estimate of the dynamics, as discussed in Section 3.1.3, reduces the size of

the uncertainty and consequently leads to a smaller gain condition for the RISE gain β in

(3–5).

3.2.2 Implementation in Control Law

It is noteworthy that Theorem 3.1 applies even when the disturbance is unbounded

(although its rate of change should be bounded according to Assumption 3.2). However,

the bound
∥∥d̃(t)

∥∥ ≤ ∥∥d̃(0)
∥∥e−λt cannot be computed without information about the initial

estimation error d̃ (0). Bounds on
∥∥d̃(0)

∥∥ are typically obtained under the assumption

that the disturbance is bounded on the safe set.

Assumption 3.3. Given the safe set S ⊂ Rn, there exists d̄ ∈ R≥0 such that ‖d (x)‖ ≤ d̄

for all x ∈ S.

The disturbance observer is injected into the original dynamic model in (3–1)

as follows. Define the vector z , (x, x̂, d̂, t) ∈ R3n × R≥0 , Z. Recalling Section

3.1.2, define the term Γ̄i (z, u) , ∇BT
i (x) (f (x) + g (x)u) + χi (z) where χi (z) ,

min{d̄ ‖∇Bi (x)‖ ,∇BT
i (x) d̂ + d̃UB (t) ‖∇Bi (x)‖} for each i ∈ [r], and d̃UB (t) , 2d̄ e−λt,

with λ defined according to (3–6). Under the assumptions of Theorem 3.1, the term χi

solves Problem 3.1, so that the set K̄c (z) ,
{
u ∈ Ψ (x) : Γ̄ (z, u) ≤ −γ (x)

}
converges to

the true set of safety-ensuring control inputs as t → ∞. Theorem 3.2 shows that safety

is ensured using an optimization-based control law where the unknown function Γ is

replaced with Γ̄.

Theorem 3.2. Consider the dynamical system in (3–1) for which Assumptions 3.1 and

3.3 hold. Let B : Rn → Rr be a continuously differentiable CBF candidate defining

S ⊂ Rn and let the set O ⊂ Rn and function γ : Rn → Rr respectively satisfy conditions
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1) and 2) of Definition 2.2. Let (x̂, d̂) be updated according to the estimator in (3–3) and

(3–4) with x̂ (0) = x (0),
∥∥d̂(0)

∥∥ ≤ d̄, and where the observer gains satisfy (3–5). Define

the controller κ∗ : Z → Rm as

κ∗ (z) , arg min
u∈Rm

Q (x, u) (3–12)

s.t. Γ̄ (z, u) ≤ −γ (x) ,

ψ (x, u) ≤ 0,

for the cost function Q : O × Rm → R. Assume that K̄c (z) = {u ∈ Ψ (x) : Γ̄ (z, u) ≤

−γ (x)} is nonempty for all z ∈ O × R2n × R≥0, and κ∗ is single-valued and continuous

on O × R2n × R≥0. If Assumption 3.2 holds with R = S and κ = κ∗ and the RISE

gain β satisfies (3–5), then S is forward pre-invariant for the closed-loop dynamics

ẋ = fcl (z) , f (x)+g (x)κ (z)+d (x). If additionally κ∗ is continuous on (O∪S)×R2n×R≥0

and either S is compact or z 7→ fcl (z) satisfies Condition 2) or 3) of Theorem 2.2 on

S × R2n × R≥0, then S is forward invariant for ẋ = fcl (z).

Proof. Let t 7→ z (t) = (x (t) , x̂ (t) , d̂ (t)) be a solution to the closed-loop dynamics

in (3–1), (3–3), and (3–4) with x (0) ∈ S. Assumption 3.2 and Theorem 3.1 show

that
∥∥d̃(t)

∥∥ ≤ ∥∥d̃(0)
∥∥e−λt for all t ∈ dom z. Since

∥∥d̃(0)
∥∥ ≤ 2d̄, we have χi (z (t)) ≥

∇BT
i (x (t)) d̂ + d̃UB (t) ‖∇Bi (x (t))‖ ≥ ∇BT

i (x (t)) d (x (t)) for every i ∈ [r] and

t ∈ dom z. It follows that for every u ∈ Ψ (x (t)), Γ̄i (z (t) , u) ≥ Γi (x (t) , u). Thus,

κ∗ (z (t)) ∈ K̄c (z (t)) ⊂ Kc (x (t)) for all t ∈ dom z. Since K̄c (z) is nonempty on

O × R2n × R≥0, Kc is nonempty on O so that B is a CBF. Since κ∗ is continuous,

Theorem 2.1 shows that S is forward pre-invariant for the closed-loop dynamics. The

claim of forward invariance is a direct consequence of Theorem 2.2.

Remark 3.4. Before deploying a controller, it is important to verify that the set

K̄c (z) = {u ∈ Ψ (x) : Γ̄ (z, u) ≤ −γ (x)} is nonempty on the operating re-

gion of the dynamical system. Otherwise, safe control inputs do not exist at every
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state. Feasibility can be verified using the SoS optimization tools in Section 2.4.

This task is generally not possible without knowing a bound on the unknown dis-

turbance d. Supposing that Assumption 3.3 holds, the feasibility verification should

be performed using the set KUB (x) , {u ∈ Ψ (x) : ΓUB (x, u) ≤ −γ (x)} with

ΓUB (x, u) , ∇BT
i (x) (f (x) + g (x)u) + d̄ ‖∇Bi (x)‖. We have KUB (x) ⊂ K̄c (z) for every

z ∈ Z. Thus, verifying the nonemptiness of KUB also certifies that K̄c is nonempty. The

domain of KUB is of lower dimension, which reduces the complexity of the SoS problem.

3.3 Local Lipschitz Continuity of κ∗

This section studies the continuity of the optimization-based controller κ∗ in (3–12).

In order to meet Assumption 3.2, it will often be desirable for κ∗ to be locally Lipschitz,

which aids in applying Lemma 3.1. The following result from [83] provides conditions

for when the function κ∗ is locally Lipschitz under the linear independence constraint

qualification (LICQ). A comparable result is available in [28, Thm. 5.1]. The author

of [84] provides a result for a weaker notion of pointwise Lipschitz continuity using the

weaker Mangasarian-Fromovitz constraint qualification. The Mangasarian-Fromovitz

qualification is typically easier to verify than the LICQ. For generality, a generic control

law is considered with constraints C : Rn × Rm → Rl,

κ∗ (x) , arg min
u∈Rm

Q (x, u) (3–13)

s.t. C (x, u) ≤ 0.

Definition 3.1. Let I (x, u) , {i ∈ [l] : Ci (x, u) = 0} denote the active constraints

of problem (3–13) at a given point. The LICQ is said to hold at (x, u) ∈ Rn × Rm if the

vectors {∇uCi (x, u)}i∈I(x,u) are linearly independent.

Theorem 3.3. (Local Lipschitz Continuity of κ∗) Consider the controller κ∗ : Rn → Rm

in (3–13). Given x̄ ∈ Rn, assume there exists a neighborhood U (x̄) of x̄ such that κ∗ is

single-valued and continuous on U (x̄) and, for each i ∈ [l],
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A) The functions (x, u) 7→ Q (x, u) and (x, u) 7→ Ci (x, u) are twice continuously

differentiable on U (x̄)× Rm,

B) The LICQ holds at (x̄, κ∗ (x̄)),

and for every x ∈ U (x̄),

C) the function u 7→ Ci (x, u) is convex on K (x) , {u ∈ Rm : C (x, u) ≤ 0} and the

function u 7→ Q (x, u) is strongly convex on K (x).

Then κ∗ is locally Lipschitz at x̄.

Proof. The result will be proven by applying Theorem D.1 of [83]. Conditions (D.2) and

(D.3) in [83] hold by assumption. Since κ∗ is continuous on U (x̄), it is also bounded and

(D.4) in [83] holds. Condition (D.5) in [83] holds when u 7→ Q (x, u) is strongly convex

and the matrix M (x) , [∇uCi(x, κ∗(x))T ]i∈I(x,κ∗(x)) has full rank for all x in a neighbor-

hood of x̄. The LICQ ensures that M (x̄) has full rank, and continuity of the constraints

and optimal value κ∗ can be used to find that it remains full rank in a neighborhood of x̄.

Thus, Theorem D.1 of [83] shows that κ∗ is Lipschitz on a neighborhood of x̄, i.e., κ∗ is

locally Lipschitz.

Remark 3.5. According to the conditions in [83], Assumption B) of Theorem 3.3

can be relaxed when the problem defining κ∗ is a quadratic program. Assume that

Q (x, u) = uTH (x)u + h (x)T u and C (x, u) = A (x)u + b (x). Then via [83, Thm. 3.1],

Assumption B) can be replaced with the assumption that H, h, A, and b are locally

Lipschitz.

3.4 Example

The following example demonstrates the effectiveness of the RISE-based distur-

bance observer. The nonlinear system ẋ = fk (x) + u is considered where x, u ∈ R2,

Ψ (x) = R2 for all x ∈ R2, and fk (x) = (cos (x1) sin (x2) tanh (x2) + sech2 (x1) , sech2 (x1)).

To constrain the state to a safe set, a CBF candidate is defined as B (x) ,

(−x1 − c, x1 − c,−x2 − c, x2 − c) where c = 1, which defines a square safe set

S = {x ∈ R2 : B (x) ≤ 0}. A DNN function approximator is used to estimate the unknown

65



term fk in the dynamics. The DNN was pretrained using noisy data (Gaussian noise

with nonzero mean) from a simulated trajectory of the system, thereby leading to imper-

fect function approximation. The DNN has tanh activation functions with 3 hidden layers

and 10 neurons in each layer, for a total of 272 individual weights. The weights are

initially randomized for pretraining. Denoting the DNN approximation of the dynamics as

f̂k : R2 → R2, the dynamics are written as ẋ = f̂k (x) + u + d (x) with d (x) representing

the residual estimation error d (x) = fk (x)− f̂k (x).

The RISE-based observer was used to identify d with α = 4, kd = 2, and

β = 0.5. The conservative upper bound of the disturbance was set to d̄ = 3 and

the performance function is designed as γ (x) = kbB (x) for kb = 10. In prac-

tice, some amount of estimation error is expected in the disturbance observer

due to discretization error. To account for small errors, the upper bound of d̃ is de-

fined as d̃UB (t) , max
(
d̄ e−λt, 0.01

)
. The control law κ∗ is defined as in (3–12)

with the cost function Q (z, u) = ‖u− κnom (z)‖2, where the expanded state is

z = (x, x̂, d̂, t) ∈ Z , R6 × R≥0 and κnom (z) = ẋd (t)− fk (x)−K (x− xd (t)) is a nominal

controller designed to track a spiral trajectory xd (t) = min{0.1t, 5} · (sin (t) ,− cos (t)).

The nominal controller is given access to the actual dynamics fk to improve tracking

performance and better highlight when the safety constraints cause κ∗ to deviate from

κnom. The controller κ∗ is a quadratic program with constraints of the form Au ≤ b (z),

where A = JB is the Jacobian of the CBF candidate B.

For this problem, the feasibility and continuity of the optimization-based control law

can be verified analytically. Recalling Remark 3.4, manual computation reveals that the

set K◦UB (x) , {u ∈ Ψ (x) : ΓUB (x, u) < −γ (x)} is nonempty for all x ∈ R2 if kbc > d̄.

Thus, K̄◦c (z) = {u ∈ Ψ (x) : Γ̄ (z, u) < −γ (x)} is also nonempty on Z and Theorem 2.4

shows that κ∗ is continuous. In fact, whenever K̄◦c (z) is nonempty, the LICQ must hold

because the feasible set is a rectangle and only two constraints can be active at a given

point. Via Theorem 3.3 and Remark 3.5, it follows that κ∗ is locally Lipschitz on Z.
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Since the desired trajectory is bounded and χi (z) ≤ d̄ ‖∇Bi (x)‖ for every i ∈ [r],

it can be found that κ∗ is Lipschitz and bounded on S × R4 × R≥0. The dynamics

f̂k, g, and f̃k are locally Lipschitz and S ⊂ R2 is compact, so Lemma 3.1 shows that

Assumption 3.2 holds with R = S. Since S is compact, Theorem 3.2 shows that S is

forward invariant for the closed-loop dynamics. A simulation of the closed-loop dynamics

is shown in Figure 4-1a). Although the desired trajectory exits the safe set, the controller

κ∗ deviates from the nominal controller to keep the trajectory in the safe set. As can be

seen in Figure 4-1a), the trajectory x never exits the safe set. Figure 4-1b) shows the

neural network function approximation error and Figure 4-1c) shows the estimation error

for the RISE observer. The RISE observer was able to identify the large approximation

error in the DNN caused by noisy training data. After the disturbance was identified, the

trajectory closely approached the boundary of the safe set; the maximum value for the

four CBFs was −0.001.

To show how the developed controller would behave without either the DNN ap-

proximation of fk or the use of the disturbance observer, two additional simulations were

performed. To remove the DNN from the simulation, the approximation of the dynamics

was set to f̂k = 0. In this case, the trajectory remained in the safe set, but the RISE gain

β had to be increased from β = 0.5 to β = 5 to compensate for the larger uncertainty.

Alternatively, if the RISE terms are removed so that Γ̄i (x, u) , ∇BT
i (x) (f̂k (x) + u), the

trajectory escapes the safe set because the imperfect approximation of the dynamics

by the DNN is not able to ensure safety, as shown in Figure 3-5. The maximum value

of the four CBFs with the DNN alone was 0.26. The trajectory in Figure 3-1 was also

generated from the dynamics in this example using a robust control approach where

Γ̄i (x, u) , ∇BT
i (x)u + d̄ ‖∇Bi (x)‖, in which case the closed-loop trajectory was

not allowed to approach the boundary of the safe set as closely as with the adaptive

approach; the maximum value of the CBFs was −0.2.
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Figure 3-2. Trajectory of the closed-loop system in the example of Section 3.4 using a
pretrained DNN coupled with the RISE-based disturbance observer. The
safety-ensuring control law maintains the state inside the safe set although
the desired trajectory leaves the set. The trajectory is allowed to closely
approach the boundary of the safe set because the RISE observer
accurately identifies the DNN estimation error.
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Figure 3-3. Estimation error along the closed-loop trajectory for the pretrained DNN
defined as fk (x (t))− f̂k (x (t)). Due to imperfect training, the DNN estimate
showed persistent error.
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Figure 3-4. Disturbance estimation error d̃ for the RISE observer and its upper bound
d̃UB. The upper bound bound d̃UB provides a conservative upper bound on
the rate of decay of d̃. The RISE observer was able to identify the DNN
estimation error in Figure 3-3.
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Figure 3-5. Trajectory of the closed-loop system in the example of Section 3.4 using a
pretrained DNN but without the RISE-based disturbance observer. Since the
DNN estimate is imperfect, the trajectory is allowed to leave the safe set.
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CHAPTER 4
ADAPTIVE SAFETY USING INTEGRAL CONCURRENT LEARNING

This chapter presents an alternative approach to adaptive safety that is applicable

to a less general class of dynamics than the estimator in Chapter 3. Specifically, the

adaptive control technique of ICL is used to identify the constant unknown parameters

for a dynamical system with linearly parameterized uncertainty. The ICL approach is

advantageous for the more restricted class of system because ICL does not require the

user to determine bounds on the rate of change of the disturbance. Moreover, ICL yields

a condition based on stored data that can be checked during runtime to determine the

rate at which the parameter estimation error is converging.

The material in this chapter was written prior to Chapters 2 and 3. The content is

therefore not as general, although the material has been updated to be more consistent

with the previous chapters. A non-updated version has appeared in [19].

4.1 Dynamic Model

Consider the nonlinear dynamic system

ẋ = Y (x, t) θ + g (x)u, (4–1)

with the state x ∈ Rn, control input u ∈ Rm, control effectiveness matrix g : Rn → Rn×m,

a known regression matrix Y : Rn × R≥0 → Rn×p, and a vector of constant, unknown

system parameters θ ∈ Rp. It is assumed that g is locally Lipschitz, and Y (x, t) is locally

Lipschitz in x and continuous in t. The following assumption is imposed on the unknown

parameter vector to ensure compensation for the initial estimation error.

Assumption 4.1. The parameter vector θ takes values from a compact set Θ ⊂

Rp. There exist real numbers θ̄ and ϑ̄ such that, for every θ1, θ2 ∈ Θ, ‖θ1‖ ≤ θ̄ and

‖θ1 − θ2‖ ≤ ϑ̄.

The problem statement in this chapter is very similar to Problem 3.1.

Given a CBF candidate B : Rn → Rd, an upper bound χi : Rn → R
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of the unknown term ∇Bi (x)T Y (x, t) θ is sought, for each i ∈ [d], such that

χi (x (t))−∇BT
i (x (t))Y (x (t) , t) θ ↘ 0 as t→∞ along any trajectory of the closed loop

dynamics..

4.2 Estimator Design

ICL is an adaptive control technique that yields a finite-time excitation condition

to verify exponential convergence to the true parameter vector θ [36]. The computable

eigenvalues of a regression matrix based on stored data determine the rate of exponen-

tial convergence and provide an indication of the worst-case estimation error. Moreover,

the ICL strategy does not depend on the gradient of a specific CBF candidate. ICL is

therefore well suited as an estimator in the adaptive safety problem.

Let the controller (x, t) 7→ κ (x, t) be continuous in x and t and consider the closed-

loop dynamics defined by κ as ẋ = Y (x, t) θ + g (x)κ (x, t). Integrating along a solution x

to the closed-loop dynamics yields

x (t)− x (t−∆t) = Y (t) θ +K (t) , (4–2)

for all t ∈ domx such that t > ∆t, where ∆t ∈ R>0 is a user-defined constant

determining the size of the window of integration. In (4–2),

Y (t) ,
∫ t

t−∆t

Y (x (τ) , τ) dτ, (4–3)

K (t) ,
∫ t

t−∆t

g (x (τ))κ (x (τ) , τ) dτ. (4–4)

Data in ICL is gathered by sampling Y and K at discrete time instants. Consider a

sequence of sampling times {tj}N(t)
j=1 such that ∆t < t1 < · · · < tN(t) ≤ t, where N (t)

indicates the time-dependent number of samples. Using the notation Yj , Y (tj) and

Kj , K (tj), an ICL update law is defined as

˙̂
θ , kCL

N(t)∑
j=1

YTj
(
x (tj)− x (tj −∆t)−Kj − Yj θ̂

)
, (4–5)
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starting from θ̂0 ∈ Θ, where kCL ∈ R>0 is the adaptation gain. From (4–2) and (4–5), the

estimation error evolves according to

˙̃θ = −kCL
N(t)∑
j=1

YTj Yj θ̃, (4–6)

where θ̃ , θ − θ̂.

Provided the collected data is sufficiently rich, the update law in (4–5) leads to

exponential convergence of the estimation error. Define the function λmin : domx → R

such that λmin (t) denotes the minimum eigenvalue of the matrix
∑N(t)

j=1 YTj Yj at time t.

The function λmin is piecewise constant between the sampling times tj and tj+1, and

non-negative, where the latter fact is because a matrix product of the form YTj Yj is

symmetric and at least positive semi-definite [85]. The following lemma provides an

upper bound of the estimation error that depends on λmin. The minimum eigenvalue

can be monitored online by numerically computing Y (t) using measurements of x (t).

See [36,39,86] for implementations of ICL that ensure λmin is non-decreasing.

Assumption 4.2. The closed-loop dynamic system is sufficiently excited over a finite

duration of time, namely, there exist λ ∈ R>0 and T > ∆t such that, for any complete

solution, λmin (t) ≥ λ for all t ≥ T [36,87].

Lemma 4.1. Let the controller (x, t) 7→ κ (x, t) be continuous, and consider a solution x

to the closed-loop dynamics defined by κ. Suppose that Assumption 4.1 holds, and let θ̂

be updated according to (4–5) with θ̂0 ∈ Θ. Then∥∥∥θ̃ (t)
∥∥∥ ≤ θ̃UB (t) (4–7)

for all t ∈ domx, where

θ̃UB (t) , ϑ̄exp
(
−
∫ t

0

kCLλmin (τ) dτ
)
. (4–8)
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Additionally,
∥∥θ̃ (t)

∥∥ ≤ ∥∥θ̃ (0)
∥∥ for all t ∈ domx. Furthermore, if Assumption 4.2

holds and x is complete, then θ̃ is exponentially regulated in the sense that
∥∥θ̃ (t)

∥∥ ≤∥∥θ̃ (0)
∥∥exp (−λ (t− T )) for all t ∈ domx.

Proof. Let V : Rp → R be a Lyapunov function candidate defined as

V
(
θ̃
)
,

1

2
θ̃T θ̃. (4–9)

For the positive semi-definite matrix
N(t)∑
j=1

YTj Yj, we have λmin (t) ‖z‖2 ≤ zT

(
N(t)∑
j=1

YTj Yj

)
z

for all z ∈ Rp, t ∈ domx. Therefore, the time derivative of V along a solution to (4–6) can

be upper bounded as

V̇
(
θ̃ (t)

)
≤ −2kCLλmin (t)V

(
θ̃ (t)

)
, (4–10)

for almost all t ∈ domx. Since λmin (t) is piecewise continuous, and thus Riemann

integrable, the differential form of the Gronwall inequality [88], which classically requires

continuity, can be shown to apply to (4–10), leading to

V
(
θ̃ (t)

)
≤ V

(
θ̃ (0)

)
exp

(
−
∫ t

0

2kCLλmin (τ) dτ
)
, (4–11)

for all t ∈ domx. The fact that θ̂0 ∈ Θ implies that
∥∥θ̃ (0)

∥∥ ≤ ϑ̄. Therefore, using

(4–9) and rearranging (4–11) leads to (4–7). Since λmin (t) ≥ 0, (4–11) shows that∥∥θ̃ (t)
∥∥ ≤ ∥∥θ̃ (0)

∥∥ for all t ∈ domx. If Assumption 4.2 and completeness of x hold, then∥∥θ̃ (t)
∥∥ ≤ ∥∥θ̃ (0)

∥∥exp (−λ (t− T )) for all t ∈ domx.

4.3 Design of Safety Constraints

4.3.1 Known Constraints

This section focuses on the problem of designing a controller to ensure forward

invariance of the safe set S = {x ∈ Rn : B (x) ≤ 0} defined by a CBF candidate

B : Rn → Rd. Following the discussion in Section 3.1.2, consider the set

K̄c (z) ,
{
u ∈ Rm : Γ̄ (z, u) ≤ −γ (x)

}
, (4–12)
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where z , (x, t) and Γ̄i (z, u) , ∇Bi (x)T g (x)u + χi (z). The upper bound χi of the

unknown term ∇Bi (x)T Y (x, t) θ is developed by first noticing that, using the definition of

θ̃,

∇BT
i (x)Y (x, t) θ = ∇BT

i (x)
(
Y (x, t) θ̃ + Y (x, t) θ̂

)
. (4–13)

Using Holder’s inequality with the bound from Lemma 4.1, the following holds whenever

θ̃UB is defined along a solution x to the closed-loop dynamics defined by a controller κ:

∇BT
i (x)Y (x, t) θ̃ (t) ≤

∥∥∇BT
i (x)Y (x, t)

∥∥ θ̃UB (t) , (4–14)

for all x ∈ Rn and t ∈ domx. Based on (4–13) and (4–14), and recalling that θ̃UB can be

computed online from known information, an implementable upper bound is designed as

χi (z) , min
{∥∥∇BT

i (x)Y (x, t)
∥∥ θ̄, (4–15)

∇BT
i (x)Y (x, t)θ̂ (t) +

∥∥∇BT
i (x)Y (x, t)

∥∥ θ̃UB (t)
}
.

Under the assumptions of Lemma 4.1, the upper bound θ̃UB (t) converges to zero

exponentially, and θ̂ (t) converges to θ as t → ∞. Thus, as in Chapter 3, the upper

bound χi (z) becomes a close approximation of the unknown term ∇BT
i (x)Y (x, t) θ over

time. Therefore, the conservativeness that is introduced into χi (z) to ensure safety is

significantly reduced and the control input can be selected from a less restrictive set.

4.3.2 Feasibility

The constraint-based approach described above is contingent on the constraints

being feasible. Guaranteeing feasibility a priori for problems involving multiple CBF can-

didates was addressed in Section 2.4. In the simpler case of a scalar CBF candidate, it

is possible to guarantee feasibility a priori by checking only the points where the gradient

(with respect to u) of the constraint has rank zero. The following proposition shows this

fact and, that by requiring a strict inequity to hold, one can guarantee the control input

u = 0m×1 is in the feasible set in some neighborhood of any rank-zero point, implying

that a bounded control input can be selected in that neighborhood.
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Since K̄c in (4–12) behaves differently along different solutions to the dynamics, one

can work with KUB (z) , {u ∈ Rm : ΓUB (z, u) ≤ −γ (x)} for feasibility verification, where

ΓUB (z, u) , ∇BT
i (x) g (x)u +

∥∥∇BT
i (x)Y (x, t)

∥∥ θ̄. Noting the definition of χ in (4–15),

we always have KUB (z) ⊂ K̄c (z). Thus, K̄c (z) is nonempty if KUB (z) is.

Proposition 4.1. Let b : Rn → R be a continuously differentiable, scalar CBF candidate,

and let the continuous function γ : Rn → R be given. Define the set G , {x ∈ Rn :

∇bT (x) g (x) = 01×m}. Suppose that x∗ ∈ G implies that

∥∥∇bT (x∗)Y (x∗, t)
∥∥ θ̄ + γ (x∗) < 0, (4–16)

for all t ∈ R≥0. Then Int[KUB] (x, t) , {u ∈ Rm : ΓUB (z, u) < −γ (x)} is nonempty on

Rn × R≥0. In particular, for any x∗ ∈ G and t∗ ∈ R≥0, there exists a neighborhood U

around (x∗, t∗) such that the vector 0m×1 ∈ Int[KR
c ] (x, t) for all (x, t) ∈ U .

Proof. Choose x∗ ∈ G and t∗ ∈ R≥0. The condition in (4–16) and continuity of γ, ∇b, and

Y imply that there exists a neighborhood U of (x∗, t∗) so that
∥∥∇bT (x)Y (x, t)

∥∥ θ̄+γ (x) <

0 for all (x, t) ∈ U . Choosing u = 0m×1, we have ΓUB (z, u) + γ (x) < 0 for all (x, t) ∈ U ,

implying that 0m×1 ∈ Int[KUB] (x, t). This proves the second claim of the proposition, and

part of the first. To prove that Int[KUB] is nonempty for any other point, choose x ∈ Rn\G

and t ∈ R≥0. Since ∇bT (x) g (x) 6= 01×m, there exists at least one component ui so that

the inequality

∇bT (x) g (x)u < −γ (x)−
∥∥∇bT (x)Y (x, t)

∥∥ θ̄ (4–17)

can be influenced by selection of ui. Since the right-hand side of (4–17) is finite, one can

find u ∈ Rm so that the inequality holds at (x, t), implying that Int[KUB] (x, t) 6= ∅.

4.4 Stability Analysis

The following theorem shows that a closed-loop controller subjected to the

constraints designed in Section 4.3 enforces forward pre-invariance of the safe set

S = {x ∈ Rn : B (x) ≤ 0}, given that the constraints are feasible in a neighborhood of the
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boundary of the safe set. It is notable that the finite excitation condition of Assumption

4.2 is not necessary to prove the theorem. Meeting the finite excitation condition does,

however, lead to reduced conservativeness because the upper bound χi (z) becomes a

close approximation of ∇BT
i (x)Y (x, t) θ when θ̃UB (t) is small.

Theorem 4.1. Let B : Rn → Rd be a continuously differentiable CBF candidate, and

suppose that Assumption 4.1 holds. Let the continuous function γ satisfy Assumption

2.2 and suppose O ⊂ Rn is such that there exists U(∂S) ⊂ O. Let the parameter

estimate θ̂ be updated according to (4–5) with θ̂0 ∈ Θ, define θ̃UB according to (4–8),

and let κ∗ be defined as

κ∗ (z) , arg min
u∈Rm

‖u− κnom (z)‖2 (4–18)

s.t. Γ̄ (z, u) ≤ −γ (x) ,

where Γ̄ is defined below (4–12), and κnom : Rn × R≥0 → Rm is a continuous nominal

controller. If Int[KUB] (x, t) = {u ∈ Rm : ΓUB (z, u) < −γ (x)} is nonempty for all

(x, t) ∈ O × R≥0, then κ∗ is continuous and the set S is forward pre-invariant for the

closed-loop dynamics defined by κ∗.

Proof. Let x be a solution to the closed-loop system with x0 ∈ S. First, the continuity

of κ∗ is established. Since (z, u) 7→ Γ̄ (z, u) + γ (x) is continuous and u 7→ Γ̄ (z, u) is

convex for every z ∈ Rn × domx, Assumption 2.8 is satisfied. The cost function in

(4–18) is strictly convex in u. Since Int[KUB] is nonempty on O × R≥0, it follows that

Int[K̄c] (z) ⊃ Int[KUB] (z) is nonempty for all z ∈ O×domx. Applying Theorem 2.4 shows

that κ∗ is continuous on O × domx.
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Because the controller κ∗ satisfies the constraints in (4–18), it follows that for each

i ∈ [d], the controller ensures that1

Ḃi (x) ≤ ∇BT
i (x)Y (x, t) θ − γi (x)− χi (x, t) (4–19)

for almost all t ∈ domx such that x (t) ∈ O. From 4–13 and (4–14), ∇BT
i (x)Y (x, t) θ ≤

χi (x, t). Thus,

Ḃi (x) ≤ −γi (x) . (4–20)

Because O contains a neighborhood of ∂S, it follows from the definition of Mi that

there are neighborhoods such that U (Mi) ⊂ U (∂S) ⊂ O. By the conditions imposed on

γ in Assumption 2.2, it follows that, for any i ∈ [d], if x (t) ∈ U (Mi) \Si, then γ (x) ≥ 0,

and

Ḃi (x) ≤ 0. (4–21)

The proof of Theorem 1 in [6] shows that a contradiction with (4–21) is obtained by

assuming that there exists t2 ∈ domx such that x (t2) /∈ S. It follows that x (t) ∈ S for all

t ∈ domx. Since the aforementioned properties hold for any solution starting from S, the

set S is forward pre-invariant.

Remark 4.1. The proof of Theorem 4.1 was written before the results in the previous

chapters, and uses an alternative solution-dependent argument to show forward

pre-invariance of the safe set. This proof has been retained for the sake of diversity,

although the proof could be modified to closely follow the methods used to prove

Theorem 3.2.

1 When x (t) appears as the argument of a function, the dependency on t is omitted
for brevity.
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4.5 Example

The following example system, taken from [36] and similar to the example in

Chapter 2, will be used to illustrate the reduced conservativeness provided by the ICL

estimator in (4–5) and the controller κ∗ in (4–18).

ẋ =

 x2
1 sin (x2) 0 0

0 x2sin (t) x1 x1x2

 θ + u, (4–22)

where x ∈ R2 and u ∈ R2. The unknown parameters were selected as θ = (5, 10, 15, 20).

The controller developed in [36] was used as a nominal tracking controller,

κnom (x, t) = ẋd (t)− Y (x, t) θ −Ke, (4–23)

where e , x − xd (t). The desired trajectory is xd (t) = r (t) [2cos (t) , sin (t)]T , where

r (t) = 0.27t. To better demonstrate how the adaptive safety constraints in the QP in

(4–18) affect tracking performance, the nominal controller is given access to the true

parameter values. It is emphasized that the constraints of the QP, namely the functions

χi, do not use the true parameter values. The CBF candidate is defined as

B (x) =


x1 + x2 − c

−x1 + x2 − c
1
c
x2

1 − x2 − c

 , (4–24)

where c = 5. The safe set S defined by B is displayed in Figure 4-1 as a thin orange

line. The function γ was selected as γi (x) , Kb (Bi (x))3, where Kb ∈ R>0. A cubic

function is used to obtain faster growth in the interior of the safe set and slower growth

near the boundary. The maximum magnitude and estimation error of the parameters

were set to θ̄ = 43 and ϑ̄ = 22, respectively. A similar procedure to the one in Section

3.4 was used to model the dynamics in (4–22) as a differential inclusion and develop

polynomial upper bounds for the function Γ. The resulting SOS program showed that B

is a CBF for the dynamics and S on Rn with respect to γ.
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Figure 4-1. Evolution of the state trajectory for the system in (4–22). The thin orange
line indicates the boundary of the safe set S. The QP in (4–18) maintains
the state inside the safe set although the desired trajectory leaves the set.
For visual clarity, the figure shows only the first 18 seconds of the simulation.

The simulation was implemented in Simulink® using ode45, while the quadprog

function was used to implement the controller in (4–18) with objective function

uTu − 2κTnom (x, t)u. Figure 4-1 shows a phase portrait of the desired and actual state

trajectory. Specific times of interest are denoted by symbols in Figure 4-1 and marked

on the horizontal axes of the plots in Figures 4-2-4-4. The forward pre-invariance of

S under κ∗ guaranteed by Theorem 4.1 is validated in Figure 4-4 by the fact that the

CBF in (4–24) remains negative for the entire simulation. There are many instances

when the desired trajectory lies outside the safe set, yet the QP maintains the actual

trajectory inside the set. Figure 4-2 shows that deviations from the nominal controller

occur to keep the trajectory in the safe set. For example, there are large deviations

after t = 14.0s when the desired trajectory leaves the safe set. As predicted by Lemma

4.1, the estimation error in Figure 4-3 converges using the modified ICL update law

in (4–5), despite the fact that the tracking error necessarily grows to ensure safety. In
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Figure 4-2. Evolution of the QP-modified control input κ∗ = (κ∗1, κ
∗
2) and nominal control

input κnom = (κnom,1, κnom,2). Deviations from the nominal control input are
necessary to enforce the safety constraint.

contrast, the update law in [36], which used the tracking error in a gradient term, would

not achieve parameter convergence for the adaptive safety problem.

The example demonstrates how the adaptive safety constraint in (4–18) leads

to an expanded operating region for the system. More concretely, the value of the

barrier function B can be interpreted as a signed distance from the boundary of the

safe set. The increasing trend of the peaks of B in Figure 4-4 towards zero indicates

that the trajectory is allowed closer to the boundary of the safe set. Before t = 7.3s,

the maximum value of the CBF was B1 = −1.18 while the maximum value for t ≥

10.4s was B2 = −0.014. The increase in B is due to the exponential decay of θ̃UB in

Figure 4-3. The function θ̃UB introduces conservativeness into the system to ensure

that forward pre-invariance is guaranteed despite uncertainty. Figure 4-3 shows that

conservativeness has been largely eliminated from the system after t = 10.4s, and

additionally validates that θ̃UB (t) upper bounds
∥∥θ̃ (t)

∥∥.
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Figure 4-3. Evolution of the norm of the parameter estimation error vector
∥∥θ̃ (t)

∥∥ and its
upper bound θ̃UB (t). The estimation error and its upper bound θ̃UB both
decay exponentially.

Figure 4-4. Evolution of the CBF candidate in (4–24). The barrier function remains
negative for the entire simulation, indicating safety.

83



CHAPTER 5
ENCOURAGING VOLITIONAL PEDALING IN FES-ASSISTED CYCLING USING

BARRIER FUNCTIONS

This chapter develops a combined motor and FES control system that tasks the

rider with maintaining their cadence near a target point using their own volition. Barrier

functions are used to guarantee that the rider’s cadence is constrained to the safe

range, while minimal assistance is provided within the range to maximize effort by the

rider. FES stimulation is applied before electric motor assistance to further increase

power output from the rider. A hybrid systems stability analysis shows that the safe

set is asymptotically stable for the closed-loop dynamics. The performance of the

developed control method is demonstrated experimentally on five participants. This

chapter includes material that has been published in [65].

5.1 Dynamic Model

5.1.1 Hybrid Systems

The development in this work is based on the hybrid systems framework described

in [68]. A hybrid system H = (C,F,D,G) with state x ∈ X ⊂ Rn is modeled by

H :


ẋ ∈ F (x) x ∈ C

x+ ∈ G (x) x ∈ D.
(5–1)

When the state is in the flow set C ⊂ Rn, it is allowed to evolve continuously according

to the set-valued flow map F : Rn ⇒ Rn. When the state is in the jump set D ⊂ Rn, it is

allowed to change discretely according to the jump map G : Rn ⇒ Rn. When x ∈ C ∩D,

either behavior is possible. The notion of a solution to H is defined precisely in [68, Def.

2.6]. Briefly, a solution to H is a function (t, j) 7→ φ (t, j) defined on a hybrid time domain

domφ ⊂ R≥0 × N and is parameterized by the ordinary time variable t ∈ R≥0 and the

discrete jump variable j ∈ N. The set-valued mappings F and G map points in Rn to

subsets of Rn so that, for example, the inclusion x+ ∈ G (x) represents the fact that if a
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trajectory jumps from the state φ (t, j), then its state φ (t, j + 1) at the next discrete time

instant is a point in the set G (φ (t, j)).

Remark 5.1. Previous results (cf. [52, 62, 89]) have analyzed the dynamic model in

the subsequent section using switched-systems tools. The decision to use a hybrid

model here was motivated by the fact that forward invariance via barrier functions is

not well characterized for switched systems, nor are many results available regarding

the stability of noncompact sets. Hybrid systems can model broad classes of switched

systems [68, Sec. 2.4].

5.1.2 Open-Loop Dynamics

Analogous to (5–1), one can also consider hybrid systems with inputs [77]. Such

a system is used to describe the control design, but the stability analysis is presented

in terms of a closed-loop system with the form in (5–1). The open-loop cycle-rider

system is modeled as a continuous-time system Hu = (Cu, Fu). Subsequently, discrete

dynamics will be introduced due to the design of the controller. Adapting the model

from [52], the cycle’s Euler-Lagrange dynamics are modeled using the flow map

ż ∈

 z2

M−1 (z1) [τu (z, u)− τF (z)]

 , Fu (z, u) , (5–2)

and flow set Cu , R2 × U . In (5–2), the state is z ∈ R2, where z1 denotes the cycle’s

measurable crank angle, and z2 is the calculable angular velocity (equivalently, the

rider’s cadence). The system has control inputs1 u , (ue, uM), where ue ∈ R is the

current input to the cycle’s electric motor, and uM ∈ R6 is a vector of the electrical stimu-

lation intensity inputs um ∈ R, for each muscle m ∈ M , {LQ,LG,LH,RQ,RG,RH}.

The elements ofM indicate the quadriceps femoris (Q), gluteal (G), and hamstring (H)

muscle groups for the left and right legs, respectively. The control inputs take values in

1 For vectors x ∈ Rn, y ∈ Rm, (x, y) ,
[
xT , yT

]T .
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the set U , R × UM , where UM , [0, ū]6 ⊂ R6 indicates that the muscle control inputs

are bounded by the constant ū > 0 for the rider’s safety and comfort. The continuously

differentiable function M : R→ R>0 denotes the inertial forces from the cycle and rider’s

legs. The set-valued mapping τF : R2 ⇒ R defines the dynamics of the system as

τF (z) , τb (z2) + Vp (z) z2 +G (z1) + P (z) + Td + Tvol, (5–3)

where τb : R → R denotes the unknown torque due to viscous damping in the cycle,

and Vp : R2 → R, G : R → R, and P : R2 → R are the unknown centripetal-

Coriolis, gravitational, and passive viscoelastic tissue forces, respectively, applied by

the combined human-cycle system. The aforementioned functions are continuous

according to the dynamic models in [52] and [90]. According to the model in [52], the

centripetal-Coriolis term is related to the mass and cadence by Vp (z) = 1
2
∇M (z1) z2. In

(5–3), Tvol ⊂ R and Td ⊂ R are sets used to model all of the possible values of the rider’s

volitional effort and other unknown disturbances, respectively2 . The continuous function

τu : R2 × U → R describes the torque produced by the control inputs and is defined as

τu (z, u) , ceue + τFES (z, uM) ,

where ce > 0 is the known electric motor control constant relating input current to output

torque. The torque generated from FES inputs to the rider’s muscles τFES : R2×UM → R

is given by

τFES (z, uM) ,
∑
m∈M

gm (z)um, (5–4)

where the continuous functions gm : R2 → R denote the uncertain control effectiveness

of each muscle. For each m ∈ M, let the closed set Qm ⊂ R denote the portion of

the crank cycle when a particular muscle m is stimulated, which is selected based on a

2 The addition of a point a ∈ R and a set B ⊂ R is defined as a+B , {a+ b : b ∈ B}.
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minimum threshold for the torque transfer ratio of each muscle group. In particular, there

exist kinematic deadzones in the crank cycle where no muscle is able to produce useful

torque [51].

The following properties of the cycle-rider system in (5–2) are derived from a

detailed dynamic model, as discussed in [52].

Property 1. The inertial term is upper- and lower-bounded as cI ≤ M (z1) ≤ cI for all

z1 ∈ R, where cI , cI > 0 are known constants.

Property 2. The centripetal-Coriolis parameter is upper-bounded as |Vp (z)| ≤ cV |z2| for

all z ∈ R2, where cV > 0 is a known constant.

Property 3. The torque generated by gravity is upper-bounded as |G (z1)| ≤ cG for all

z1 ∈ R, where cG > 0 is a known constant.

Property 4. The torque generated by the rider’s viscoelastic tissues is upper-bounded

as |P (z)| ≤ cP1 + cP2 |z2| for all z ∈ R2, where cP1, cP2 > 0 are known constants.

Property 5. The torque due to viscous damping is upper-bounded as |τb (z2)| ≤ cb |z2|

for all z2 ∈ R, where cb > 0 is a known constant.

Property 6. The torques generated by system disturbances are bounded so that

Td = [−cd, cd], where cd > 0 is a known constant.

Property 7. Due to physical limitations of the rider, the volitional muscle torque is

bounded so that Tvol = [−cvol, cvol], where cvol > 0 is a known constant.

Property 8. For each m ∈ M, the muscle control effectiveness is upper-bounded so

that |gm (z)| ≤ c̄m for all z ∈ R2, where c̄m > 0 is a known constant.

Property 9. The set-valued mapping Fu : R2 × U ⇒ R2 is outer semicontinuous, locally

bounded, and convex-valued. These properties follow from continuity of the defining

functions and from Properties (6) and (7).

5.2 Control Design

Figure 5-1 shows a schematic of the staggered control regions for the developed

system. The volitional range is a region near the setpoint z2d where the control inputs
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Figure 5-1. Illustration of the regions of applied control effort as a function of cadence.
No control effort is applied in the volitional range near the setpoint z2d. The
electric motor control input increases when the cadence approaches the
boundaries defined by eH and eL, and the FES control signal does the same
near eFES. The size of each region is adjustable. The cadence range
between eH and eL is rendered asymptotically stable by the developed
control system.

are zero, thereby forcing the rider to pedal on their own volition (optionally, a nominal

amount of assistance or resistance can be provided based on the needs of the rider).

When the cadence is slower than z2d, FES assistance is provided before assistance

from the electric motor. When the cadence is faster than the setpoint, only the electric

motor is used because creating resistive torque with FES by stimulating antagonistic

muscles is undesirable. The rider or clinician can modify the amount of control effort

provided and the size of the controlled regions using parameters adjusted for the

specific individual.
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5.2.1 Control Objective

To formalize the control objective, define the tracking error e as the deviation of the

cadence state z2 from a constant setpoint z2d > 0,3

e , z2 − z2d. (5–5)

The primary control objective is to guarantee a safe and effective therapy by constrain-

ing the rider’s cadence to the safe set S , {z ∈ R2 : eL ≤ e ≤ eH}, where eL < 0 < eH

are user-defined constants. The FES control inputs attempt to constrain the rider’s

cadence to the secondary set SFES , {z ∈ R2 : e ≥ eFES}. Because the FES inputs are

only intermittently available and must be less than the comfort threshold ū, the cadence

may not remain within SFES. However, this construction is useful for design purposes.

To ensure that FES stimulation is active before torque is added by the electric motor, the

design specifies that eL < eFES < 0.

The goal is to synthesize, in a systematic way, controllers that render a given set

of states uniformly globally asymptotically stable (UGAS) while using the minimum

required effort inside the set of interest. UGAS is a stronger notion of asymptotic

stability than that used in Section 2.2.3. Moreover, the results in Chapter 2 are not

directly applicable to the hybrid system in this chapter, although insights can still be

gained from the previously developed methods.

The following result shows the local Lipschitz continuity of an optimization-based

control law for which there is only one constraint. It is comparable to Theorem 3.3.

However, it also shows that for the single-constraint case, there exists a closed-form

solution to the optimization problem that can be used to compute the control input

3 Using the transformation in (5–5), e is frequently used in place of the cadence state
z2.
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without using an optimization solver. Results providing closed-form solutions for similar

optimization problems have been presented in [76, Sec. 4.2.2] and [17, Thm. 8].

Lemma 5.1. Let the functions a : Rn → R, b : Rn → R, and unom : Rn → R be locally

Lipschitz on Rn and satisfy the following feasibility condition:

a (z) = 0 =⇒ b (z) < 0. (5–6)

Then the set-valued mapping Ū : Rn ⇒ R defined by Ū (z) , {u ∈ R : a (z)u+ b (z) ≤ 0}

is non-empty for all z ∈ Rn and the controller

u∗ (z) , arg min
u∈R

|u− unom (z)|2 (5–7)

s.t. a (z)u+ b (z) ≤ 0

is locally Lipschitz on Rn, and, for any point z∗ such that a (z∗) = 0, there exists a

neighborhood N (z∗) such that u∗ (z) = unom (z) for all z ∈ N (z∗). Furthermore, the

controller in (5–7) has a closed-form solution given by

u∗ (z) =


− b(z)
a(z)

a (z)unom (z) + b (z) > 0

unom (z) otherwise.
(5–8)

Note that there is no division by zero in (5–8) since (5–6) implies that u∗ (z) =

unom (z) when a (z) = 0. Also note that the claim regarding the neighborhood about

points for which a (z∗) = 0 does not hold in general if the inequality in (5–6) is changed

to b (z) ≤ 0.

5.2.2 Motor Control Design

In this section, the electric motor control input is designed to ensure that the safe

set S = {z ∈ R2 : eL ≤ e ≤ eH} is UGAS for a given z2d > 0. The safe set S is encoded

by the barrier function candidate Be : R2 → R defined as

Be (z) ,
1

2
M (z1)

(
e2

β (e)
− 1

)
(5–9)
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where

β (e) ,


e2
L e ≤ 0

e2
H e > 0.

Equivalent to the original definition, we have S = {z ∈ R2 : Be (z) ≤ 0}. The barrier

function is designed to be continuously differentiable while encoding the potentially

asymmetric (about e = 0) boundary of the set S. For the scalar CBF candidate Be, the

set of safety-ensuring control inputs is given by

Kc (z) , {u ∈ U : Γ (z, u) ≤ −γe (e)} , (5–10)

where Γ (z, u) , maxf∈Fu(z,u) 〈∇Be (z) , f〉,

γe (e) , kb1

(
e2

β (e)
− 1

)
, (5–11)

and kb1 > 0 is a control gain. The performance function γe is designed based on insight

gained from Theorem 2.3, which requires that γe (e) > 0 whenever z /∈ S.

The regulation map in (5–10) is not directly useful for design purposes because

uncertainty in the dynamics prevents computation of the inequality (i.e., constraint) used

to define Kc. In the rest of this section, an upper bound of the unknown function Γ is

developed. The resulting QP-based controller is a locally Lipschitz selection of Kc. To

compensate for the uncertainty introduced in (5–10) by Fu, Lyapunov-based robust

control techniques are employed to develop a worst-case upper bound of the inner

product in (5–10). For any (z, u) ∈ Cu and f ∈ Fu (z, u),

〈∇Be (z) , f〉 ∈ 1

2
∇M (z1) z2

(
e2

β (e)
− 1

)
+

1

β (e)
e (τu (z, u)− τF (z)) . (5–12)

The product 1
β(e)

eτF (z) contains the term 1
β(e)

eVp (z) z2 = 1
β(e)

e (Vp (z) e+ Vp (z) z2d),

leading to a cancellation with the term 1
2
∇M (z1) z2

(
e2

β(e)

)
since 1

2
∇M (z1) z2 = Vp (z).

Using Properties 2-7, it can then be shown that the unknown terms in (5–12) are upper
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bounded, for some constants c1 − c3, as

〈∇Be (z) , f〉 ≤ Ce (e) +
1

β (e)
eτu (z, u) , (5–13)

for each (z, u) ∈ Cu and each f ∈ Fu (z, u), where

Ce (e) , c1 + c2 |e|+ c3e
2.

In (5–13), the function τu depends on the motor control input ue and the muscle

control inputs uM . Because the value of the subsequently designed muscle control

input will jump at discrete instances, it is desirable to decouple the motor input from

the muscle input to ensure the continuity of the motor controller. A continuous motor

controller will be more predictable and comfortable for the rider. Using Property 8, there

exists a constant cM > 0 such that

1

β (e)
eτu (z, u) =

1

β (e)
e (ceue + τFES (z, uM)) (5–14)

≤ ce
β (e)

eue + cM |e| ,

for all z ∈ R2, ue ∈ R, and uM ∈ UM . Using the definition of UM in Section 5.1,

(5–14) applies to any muscle controller for which the inputs are bounded by the positive

constant ū. One can then define

χe (e) , k1 + k2 |e|+ k3e
2. (5–15)

Selecting4

k1 ≥ c1, k2 ≥ c2 + cM , k3 ≥ c3, (5–16)

4 While the gain conditions in (5–16) will be needed to guarantee that the cadence is
constrained to the set S, uniform global asymptotic stability ensures that the cadence
remains nearby S even if the conditions do not hold (see Section 5.4.4).
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implies that

Ce (e) +
1

β (e)
eτu (z, u) ≤ χe (e) +

ce
β (e)

eue (5–17)

for all z ∈ R2, ue ∈ R, and uM ∈ UM . Since (5–17) is an upper bound for (5–13), a new

regulation map K̄c : R⇒ R is defined as

K̄c (e) ,

{
ue ∈ R : χe (e) +

ce
β (e)

eue ≤ −γe (e)

}
. (5–18)

The following result summarizes the preceding development and explains the utility of

K̄c.

Proposition 5.1. Assume k1, k2, and k3 satisfy the gain conditions in (5–16) and z2d > 0.

Then, for any z ∈ R2 and uM ∈ UM , if ue ∈ K̄c (e), it follows that (ue, uM) ∈ Kc (z).

The constraint used to define K̄c in (5–18) can be written in the generic form

of Lemma 5.1. Additionally, since the terms in (5–18) are no longer uncertain, the

constraint can be enforced with the following implementable QP:

u∗e (e) , arg min
ue∈R

|ue − unome (e)|2 (5–19)

s.t. χe (e) +
ce
β (e)

eue ≤ −γe (e) ,

where unome : R→ R is any locally Lipschitz nominal controller. According to Lemma 5.1,

with b (z) = χe (e) + γe (e), the controller is feasible if e = 0 implies that

χe (0) + γe (0) = k1 − kb1 < 0. (5–20)

Since the parameters in (5–20) are user-selected, they can be designed to ensure the

inequality holds. Given this gain condition, the controller has the properties described

in Lemma 5.1, in particular, it is continuous. The closed-form solution to (5–19) can be

developed from (5–8). The controller is implementable in either form but the closed-form

solution is computationally faster and does not require an optimization package. Note
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that the piecewise linear function e 7→ (ce/β(e)) e is locally Lipschitz, from which local

Lipschitz continuity of the controller follows.

Remark 5.2. The experiments in Section 5.4 investigate constant nominal controllers

unome , u0 for some u0 ∈ R. When u0 = 0, the controller is a minimum norm controller

and the motor is off whenever possible while still ensuring safety. When the rider

requires additional assistance, selecting a positive u0 leads to the motor being biased to

assist, while a negative u0 leads to additional resistance and a more challenging training

program. However, there is no theoretical obstacle to using a more complex nominal

controller (e.g., one that tracks power).

5.2.3 FES Design

To describe the FES control input, define a concatenated state vector

x , (z, σM , τ) ∈ X , where σM ∈ {0, 1}6 is a vector of switching signals σm ∈ {0, 1}

defined for each muscle m ∈ M, τ ∈ R is a timer variable, and X , R2 × {0, 1}6 × R

is the state space. The stimulation input to the rider’s muscle groups u∗M : X → R6 is

defined for each muscle as5

u∗m (x) , sat+ū (σmu
∗
FES (e)) , (5–21)

where u∗FES : R → R will be defined subsequently. The switching signals are updated at

jumps according to the rule

σ+
m =


1 z1 ∈ Qm

0 z1 /∈ Qm,
(5–22)

where Qm was defined in Section 5.1. The update rule specifies that the rider’s muscles

are stimulated in regions where they are able to produce positive torque. The rule for σm

and the timer variable τ will be used to define a hybrid system in Section 5.3.

5 The positive saturation function sat+ū : R → R is defined as sat+ū (u) = 0 if u < 0,
sat+ū (u) = u if u ∈ [0, ū], and sat+ū (u) = ū if u > ū.
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As discussed in Section 5.2.1, it is generally not possible to maintain the cadence in

the set SFES = {z ∈ R2 : e ≥ eFES} because the stimulation input u∗m is limited in magni-

tude and only intermittently available. The function u∗FES in (5–21) represents a selection

of the input that would render the set SFES asymptotically stable in the absence of these

obstacles (and subject to some gain conditions). The development of u∗FES is very sim-

ilar to the one in Section 5.2.2 and is therefore omitted to avoid redundancy. Moreover,

the forthcoming stability analysis does not make claims regarding SFES. The FES input

is defined by the following QP:

u∗FES (e) , arg min
uFES∈R

|uFES − unomFES (e)| (5–23)

s.t. χFES (e) +
1

β2 (e)
euFES ≤ −γFES (e) .

where unomFES : R→ R is any locally Lipschitz nominal controller,

χFES (e) , k4 + k5 |e|+ k6e
2,

γFES (e) , kb2

(
e2

β2 (e)
− 1

)
,

and

β2 (e) ,


e2
FES e ≤ 0

e2
H e > 0.

When e = 0, the feasibility condition (5–6) in Lemma 5.1 requires that

χFES (0) + γFES (0) = k4 − kb2 < 0, (5–24)

under which the function u∗FES has the properties described in the lemma. Similar to the

previous section, the parameters in (5–24) are user-selected and can be designed to

ensure the inequality holds.

When the nominal controller in (5–23) is set to unomFES , 0, then from the closed-form

solution in (5–8) it can be determined that u∗FES (e) ≤ 0 for all e ≥ 0. In this case,
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because of the use of the saturation function in (5–21), it follows that u∗m (x) = 0 for all

x ∈ X such that e ≥ 0. The inclusion of a nominal controller in the QP defining u∗FES

gives the operator flexibility to provide stimulation at points where e ≥ 0. When using

a nominal controller with unomFES (e) > 0 for e ≥ 0, FES stimulation produces torque

to increase the cadence above the setpoint z2d. However, it is always the case that

u∗FES (e) → 0 as e → eH . By combining nominal assistance from FES with nominal

resistance from the electric motor, a more intense training program can be designed

where the rider must work against resistive torque from the electric motor to stay near

the setpoint. Experimental results for a higher intensity configuration of the control

system are presented in Section 5.4.

5.3 Stability Analysis

This section presents a hybrid CBF analysis the adapts the methods developed

in previous chapters. This process is fairly straightforward as the CBF framework in

Chapter 2 is based on work for closed-loop hybrid systems in [6]. The closed-loop

system is modeled as a hybrid system H = (C,F,D,G) with state x = (z, σM , τ) ∈

X , where the state space X was defined in Section 5.2.3. The hybrid system will

periodically update the muscle switching signals σm according to the rule in (5–22).

The timer variable τ increases at a constant rate until reaching a dwell-time τD > 0,

at which point a jump occurs and each signal in σM is updated. Governing jumps by a

dwell-time prevents multiple jumps from occurring in the same time instant, and models

a computational implementation of the switching signals, where the values of the logic

variables would be updated periodically at a fixed sampling frequency. In practice, the

dwell-time τD will be the sampling frequency.

The hybrid system H is defined as follows. The flow map F : X ⇒ X is
ż

σ̇M

τ̇

 ∈

Fu (z, u∗ (x))

0

1

 , F (x) ,
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where u∗ (x) , (u∗e (e) , u∗M (x)) and Fu is defined in (5–2). The flow set is

C , {x ∈ X : τ ∈ [0, τD]} .

Jumps occur when the timer state τ grows to τD,

D , {x ∈ X : τ = τD} .

The jump map G : X ⇒ X is defined component-wise as G (x) , (z,Gσ (x) , 0), where

the state z does not change at jumps (z+ = z), the timer τ resets to zero at jumps

(τ+ = 0), and Gσ : X ⇒ {0, 1}6 is the outer semicontinuous Krasovskii regularization of

the map in (5–22) [68, Def. 4.13]. For each m ∈ M, the corresponding component of Gσ

is equal to

Gσm (x) =


1 z1 ∈ Qm

{0, 1} z1 ∈ ∂Qm

0 otherwise.

(5–25)

The set-valued case in (5–25) indicates that if τ reaches τD when the state z1 is pre-

cisely on the boundary of Qm, the signal σm may or may not jump. Performing such a

regularization leads to some robustness properties due to the fact that H is a well-posed

hybrid system [68, Ch. 6].

Remark 5.3. The gain conditions in (5–20) and (5–24) must be satisfied because they

lead to the feasibility of the QP-based controllers. The conditions are restated here for

emphasis:

k1 < kb1, k4 < kb2.

Theorem 5.1. Consider the closed-loop cycle-rider system H. Assume the control gains

satisfy the conditions in (5–16), (5–20), and (5–24), and z2d > 0. Then the safe set

S̃ , {x ∈ C ∪D : eL ≤ e ≤ eH} is UGAS for H. Additionally, H is a well-posed hybrid

system.
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Proof. Since Be in (5–9) is such that S̃ = {x ∈ C ∪D : Be (z) ≤ 0}, the function Be is

a valid barrier function candidate [6, Def. 3]. Using Lemma 5.1, the gain conditions in

(5–20) and (5–24) guarantee that the controllers in (5–19) and (5–21), respectively,

are feasible. By design, u∗e (e) ∈ K̄c (e) for all e ∈ R and u∗m (x) ∈ UM for all x ∈ X .

Proposition 5.1 then shows that u∗ (x) ∈ Kc (z) for all x ∈ X . It follows from the definition

of Kc in (5–10) that

〈∇Be (z) , f〉 ≤ −γe (e) , (5–26)

for all x ∈ C and each f ∈ F (x). Moreover, the jump map is such that

Be

(
z+
)

= Be (z) , (5–27)

for all x ∈ D and each
(
z+, σ+

M , τ
+
)
∈ G (x). The barrier function does not decrease at

jumps, but there is sufficient flow time to guarantee an overall decrease along solutions.

More specifically, the dwell-time τD ensures that for any solution φ to H, if (t, j) ∈ domφ,

then t ≥ τD (j − 1). Thus, for any T ≥ 0 and (t, j) ∈ domφ, if t + j ≥ T then

t ≥ (τD/(1+τD)) (T − 1). This bound on the flow time will be used to apply Proposition 3.27

of [68].

The conditions in (5–26) and (5–27), and the fact that G (x) ⊂ C ∪ D for all

x ∈ D allow us to apply Theorem 1 of [6] to conclude that the set S̃ is forward pre-

invariant for H. Furthermore, the barrier function Be is a Lyapunov function for the

restricted hybrid system Hr = (Cr, F,Dr, G) with Cr , C ∩ I and Dr , D ∩ I,

where I , {x ∈ X : Be (z) ≥ 0}, which is the restriction of H to the zero superlevel

set of Be. It can be shown that there exists6 a continuous, positive definite function

ρ : R≥0 → R≥0 such that ρ (|x|S̃) ≤ γe (e) for all x ∈ Cr. Using Property 1, there

6 While more general techniques can be developed, it is sufficient here to define
ρ (s) , γe (s+ eH) if eH ≥ |eL| or ρ (s) , γe (eL − s) if eH < |eL|.
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are class K∞ functions7 α1 and α2 such that α1 (|x|S̃) ≤ B (z) ≤ α2 (|x|S̃) for all

x ∈ Cr ∪ Dr ∪ G (Dr). Thus, Proposition 3.27 of [68] can be applied to conclude that

S̃ is uniformly globally pre-asymptotically stable (UGpAS) for Hr [68, Def. 3.6]. That S̃

is UGpAS for the unrestricted system H follows from forward pre-invariance of S̃ for H,

since for any solution φ to H, if φ (t, j) ∈ S̃ then |φ (t′, j′)|S̃ = 0 for all (t′, j′) ∈ domφ with

t′ ≥ t, j′ ≥ j. Therefore, solutions to Hr that terminate on the boundary of S̃ can be

extended as solutions to H that remain in S̃.

To conclude that S̃ is UGAS8 , it remains to show that each maximal solution to

H is complete. Towards this end, Proposition 6.10 of [68] is invoked. First note that

the dynamics satisfy the hybrid basic conditions [68, Asm. 6.5] because C and D are

closed; G is outer semicontinuous and locally bounded; and F is outer semicontinuous,

locally bounded, and convex-valued by Property 9 and Lemma 3.2 in [77]. It follows that

H is a well-posed hybrid system [68, Thm. 6.30]. Next, every point x ∈ ∂C\D has the

component τ = 0. The fact that τ̇ = 1 implies that F (x) ∩ TC (x) 6= ∅ at any x ∈ ∂C\D,

where TC (x) is the tangent cone to C at x. It is then straightforward to conclude that the

condition (VC) in Proposition 6.10 holds for all x ∈ C\D. Moreover, G (D) ⊂ C ∪ D.

Thus, Proposition 6.10 shows that a maximal solution is either complete or escapes in

finite time by flowing.

To eliminate the possibility that maximal solutions escape in finite time by flow-

ing, let φ be a solution to H. From the definition of UGpAS in Definition 3.6 of [68],

the distance of φ from S̃ is bounded. From the definition of S̃, the component of φ

7 A function α : R≥0 → R≥0 is a class K∞ function if α is zero at zero, continuous,
strictly increasing, and unbounded.

8 A set A is UGAS for a hybrid system H if it is UGpAS and every maximal solution to
the system is complete, meaning the solution is defined on an unbounded hybrid time
domain.
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corresponding to the state e is bounded. Using this information, it follows from con-

tinuity of e 7→ u∗e (e) and the use of the saturation function in the definition of u∗M in

(5–21) that for the concatenated controller u∗, the set u∗ (rgeφ) is bounded, where

rgeφ , {φ (t, j) : (t, j) ∈ dom φ}. Then, from boundedness of the e component of φ and

Properties 2-7, it can be shown that the set F (rgeφ) is bounded. It follows that solutions

do not terminate in finite time by flowing (cf. [91, Lem 3.3]). Thus, each maximal solution

to H is complete, and S̃ is UGAS for H. �

5.4 Experimental Results

The developed barrier function controller was tested on five participants and

compared against uncontrolled volitional pedaling and the 3-Mode (3M) controller

developed in [62, Sec. III]. The main idea behind the 3M controller is to create a region

near the setpoint z2d where no assistance is provided, with discontinuous control effort

being applied on the boundary of the region. In contrast to the barrier function controller,

the electric motor controller for the 3M controller is coupled with FES stimulation via the

angular position state z1, so that the motor is inactive whenever FES is active, and vice

versa.

The barrier function controller can be configured for various purposes based on the

needs of the rider. Generally, there is a trade-off where smaller user-defined cadence

ranges lead to greater applied control effort. Protocol A was designed to investigate

whether the controller can reduce the variance in the rider’s cadence by constraining

their cadence within a small range. Such a trial provides a point of comparison with

the 3M controller and uncontrolled volitional pedaling and generates data where the

controller is more active. Protocol B was designed to show how assistance from the

motor can be reduced by selecting a wider safe range, thereby encouraging more

volitional contributions from the rider. In fact, Protocol B featured a nominal amount

of resistance from the motor, making the program more challenging and requiring

additional power output from the rider.
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Due to COVID-19 related difficulties in scheduling participants with neurological

conditions, the trials for this demonstration were done with able-bodied subjects.

Each participant gave written informed consent approved by the University of Florida

Institutional Review Board (IRB201600881). Participants 1-3 were male, participants 4

and 5 were female, and all ranged in age from 21-29 years old.

5.4.1 Testbed

The experimental testbed consisted of a stationary recumbent tricycle (TerraTrike

Rover) with a 250 W, 24 V motor (Unite Motor Co.) coupled to the drive chain as de-

scribed in [52, Sec. V-A]. To measure position and cadence, an optical encoder with an

angular resolution of 20,000 pulses per revolution (US Digital H1) was mounted to the

crank using spur gears. The motor was actuated using an Advanced Motion Controls9

motor driver and current-controlled power supply. Stimulation was delivered to the

rider’s quadricep, hamstring, and gluteal muscle groups via self-adhesive electrodes

provided compliments of Axelgaard Manufacturing Co., Ltd. A current-controlled stim-

ulator (Hasomed Rehastim) delivered symmetric, rectangular, and bi-phasic pulses at

fixed amplitude (90 mA, 80 mA, and 70 mA for the quadriceps, hamstrings, and gluteals,

respectively) and frequency (60 Hz), while the pulse width was used as the control

input. A desktop computer running real-time control software (QUARC integrated with

Simulink) was used to interface the controllers and hardware through a data acquisi-

tion board (Quanser QPIDe) with a sampling rate of 1000 Hz. For additional safety, an

emergency stop switch was mounted on the cycle to allow the participant to end the

experiment if required.
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Figure 5-2. Cadence and motor control input for 30-second segments of the trials using
Protocol A. Random selection was used to choose which participants and
time periods were plotted. The time axis is offset to zero for readability. The
dashed orange line in the barrier function cadence plot indicates the
boundary of the safe set S, which was not meaningful for the other two
configurations.
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5.4.2 Procedure

The primary testing procedure (Protocol A) consisted of 180-second tests for each

of the three configurations (barrier function, 3M, and volition-only) under consideration.

The volitional pedaling trial was always first, followed by a random selection of either the

barrier function or 3M controller. The riders were asked to track a setpoint of z2d = 50

RPM. The safe set boundary for the barrier function controller was encoded by eL = −5

RPM and eH = 5 RPM, while eFES = −3 RPM. The inactive region for the 3M controller

was 48-52 RPM, which is comparable to the range 50-55 RPM that was used for the

experiments in [62]. The rider was shown a live plot of their cadence featuring a visible

indication of the setpoint. Due to differences between the barrier function and 3M

controllers, participants were not shown the boundaries of the safe set10 .

The 180-second tests started with a 20-second ramp-up phase where the rider

sat passively while the motor brought their cadence to the setpoint. To ensure that the

presented data represented steady-state operation, the ramp-up and an additional

20 seconds after it was excluded from each dataset in post-processing. For each

configuration, there was a separate warm-up run before the recorded session so the

rider could become accustomed to the controller.

Measurements of the position of the rider’s legs with respect to the cycle were used

to determine the regions of effective torque transfer Qm for each muscle (see [52, Sec.

V-B] for more details). The cycle was initially operated at 50 RPM and open-loop

stimulation was applied to one muscle group at a time to determine the comfort limit

9 Advanced Motion Controls supported the development of the testbed by providing
discounts on their branded items.

10 In the 3M controller, the user defines a region where no control is applied. An
asymptotically stable region will be induced by the selection of the control gains, but it
is not possible to compute this region explicitly. In the barrier function controller, the user
defines the safe set boundary, while a computable region of no-control is induced by the
selection of the control gains, and guaranteed to exist by Lemma 5.1.
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ū for each muscle. The FES inputs are scaled by the comfort threshold in addition to

being saturated11 . The nominal controllers were unome = unomFES = 0. The control gains

were adjusted by plotting the control inputs as a function of the cadence error, which

produced a visualization of the regions of applied control effort. Small adjustments to

the gains were made for each participant based on their preferences during the warm-

up run, which is a cause for variation in the data between participants. Some detailed

discussion about the effect of the barrier function controller gains on performance is

provided in [92] (see Remark 1 and Section 5.4).

Additional trials were conducted to highlight unique aspects of the barrier function

controller, which were performed with only one participant. Protocol B was designed to

prioritize power output from the rider over cadence tracking. For this alternative trial, the

width of the safe range was larger, with eL = −12 RPM, eH = 10 RPM, and eFES = −6

RPM. Because the rider (Participant #2) was able-bodied, the program was made more

challenging by adding nominal controllers with unome < 0 and unomFES > 0, which means

that near the setpoint the electric motor produced resistive torque while FES provided

assistance. The boundaries eL and eH were displayed on-screen for this trial. In Protocol

C, Participant #1 was asked to provide no volitional effort for both the 3M and barrier

function controllers (Figure 5-4). Because of problems with the 3M controller for this

trial, the no-volition configuration was not tested on other participants.

5.4.3 Results

Table 5-1 shows relevant statistics for the three configurations tested for Protocol

A, including the average and standard deviation of the cadence, percentage of the trial

duration for which FES was actively stimulating, and time spent outside of the safe set

S. Two integrals of the electric motor input are given to distinguish resistive torque, for

11 Practical improvements like muscle-dependent control gains are not included in the
theoretical development for simplicity.
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Figure 5-3. Zoomed view of a five-second time period during a trial using Protocol A
showing the cadence, motor control input, and stimulation pulse-width (PW)
for Participant 5. Random selection was used to choose which participant
and time period were plotted. The time axis is offset to zero for readability. A
pulse-width feedforward term of 10 µs was used to facilitate stimulation. The
stimulation does not significantly affect the participant at or below 10 µs.

which the rider must pedal harder to compensate, and assistive torque, which implies

work done by the motor and not the rider. The barrier function controller produced the

lowest standard deviation in cadence for each participant and led to greater FES usage,

but generally used more assistive torque from the motor than the 3M controller. The 3M

controller produced less assistive torque because the electric motor was off in regions

of the crank cycle where FES was active. The discrete switching between motor and

FES, along with switching on the boundary of the inactive zone, caused numerous

discontinuities in the 3M motor controller; Table 5-1 shows an average of 493 switches

per trial. For all participants, the riders’ cadence took values in the range 40.7-56.1 RPM

for the 3M controller, 45.4-55.3 RPM for the barrier function controller, and 40.5-59.2

RPM for uncontrolled pedaling. The barrier function controller constrained each rider’s

cadence to the user-defined range of 45-55 RPM for all but a negligible amount of time;

an average of six sampled data points or approximately 0.004% of the trial duration.

Segments of the trials for three randomly selected participants are shown in Figure 5-2.
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A zoomed view featuring the FES stimulation input for a single participant is shown in

Figure 5-3.

Figure 5-4 shows the trials using Protocol C, where Participant #1 provided no

volitional effort. The barrier function controller was still able to keep the rider’s cadence

within the safe set, while the 3M controller caused large oscillations; the mean±SD

cadence for the 3M controller was 43.74±4.94 RPM. The cadence dropped as low as

31.54 RPM during the 3M trial because the electric motor was inactive in the shaded re-

gions of Figure 5-4. When the motor was next switched on, it compensated using control

action with a maximum magnitude of 17.74 A, which was relatively large compared to a

maximum of 8.13 A for the 3M controller during the Protocol A trials.

The results for Protocol B, where there were nonzero nominal controllers and a

wider safe range, are displayed in Figure 5-5 and Table 5-2. There was high utilization of

the electric motor to produce resistive torque, but low assistive torque production. The

assistive torque was smaller than the Protocol A average and, in particular, was smaller

than Participant #2’s results. The resistive torque was large and FES was more active

for Protocol B due to the design of the nominal controllers. The electric motor deviated

from its nominal value for only 7.7% of the trial duration and was providing assistance for

4.1% of the trial. The cadence standard deviation was higher than uncontrolled volitional

pedaling, which was most likely because the control inputs were actively pushing the

rider away from the setpoint. The assistive torque from the barrier function controller in

Protocol B was comparable to the 3M controller in the Protocol A trials.

5.4.4 Discussion

The results for Protocol A demonstrate that the barrier function controller can assist

a rider in tracking the cadence setpoint while constraining their cadence within a user-

defined range. Figure 5-3 shows that the control inputs ramp up before the cadence

reaches the boundaries defined by eH , eL, and eFES, yet are inactive when the cadence

is near the setpoint. Such a ramp-up is demonstrative of how barrier function methods
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Figure 5-4. Cadence from a trial using Protocol C, where Participant #1 was asked to
provide no volitional effort. The 3M controller was problematic in this
scenario due to switching between FES and motor control. The shaded red
regions in the 3-Mode plot correspond to times when the electric motor was
switched off.

can ensure a gradual transition from a nominal controller, which should be active on the

interior of the safe set, to an invariance-ensuring controller on the boundary of the safe

set. For Protocol A, the width of the nominal control range was fairly small, while the

width was increased for Protocol B.

In some situations, increasing the training intensity for the rider will be preferred

over improved cadence tracking. The relevant statistics are the assistive and resistive

torques produced by the electric motor. Higher assistive torque indicates that less

power is being produced by the rider. The barrier function controller is versatile and

can be tuned to provide more or less interference from the control inputs. Figure 5-5

shows a trial using Protocol B where power output from the rider was prioritized by

allowing larger cadence errors. The system’s operator can allow larger cadence errors

by selecting a wider safe range, which also facilitates the design of a wider nominal

control range. The use of nominal controllers for Protocol B intensified the training

by providing more FES stimulation and resistance from the motor. The control inputs
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Figure 5-5. Segment of a trial using Protocol B, where alternative parameters for the
barrier function controller were used. The safe set was much wider for this
run, leading to less deviation of control inputs from the nominal value.
Nonzero nominal inputs were used to intensify the training. The data was
collected with Participant #2.

were at their nominal values for a significant portion of the experiment, validating that

a wider safe range leads to less modification of the nominal inputs. The nominal inputs

can alternatively be designed so there is less resistance from the motor or less control

input overall. The fact that the assistive torque from the barrier function controller

was comparable to the 3M controller suggests that staggering FES assistance before

motor assistance, as in the barrier function controller, is a viable alternative to discrete

switching between FES and motor control, as in the 3M controller.

A continuous motor controller is more comfortable for the rider. Continuity is the

primary difference between the barrier function and 3M controller. The 3M controller
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Table 5-2. Protocol B – Barrier Function Controller: Cycling Metrics During Steady-State
Operation (140 Second Trial)

Metric* Participant #2
Avg. Cad. [RPM] 49.87
Cad. SD [RPM] 2.80

Min/Max Cad. [RPM] 43.0/57.6∫
(u∗e)

+ dt (Assistive Torque) [A·s] 4.76∫
(u∗e)

− dt (Resistive Torque) [A·s] -119.01
FES on-time [%] 47.67

Time Outside S [s] 0
*See Table 5-1 for further descriptions of metrics.

is discontinuous whenever the cadence crosses the boundary of the inactive zone,

or the angular position crosses the boundary of the FES stimulation regions Qm. The

resulting large number of switches for the 3M motor controller is quantified in Table

5-1. A particular advantage of the motor being active in the Qm regions is that the

barrier function controller is effective even when the rider produces little or no volitional

effort, as shown in the trials using Protocol C (Figure 5-4). The 3M controller caused

large oscillations in the rider’s cadence during Protocol C due to the discrete switching

between FES and motor control. Since FES cannot always produce enough torque on

its own, the cadence dropped in the FES stimulation regions, which was then met with

large control effort from the motor upon exiting the region.

There were some small deviations from the safe set because the asymptotic

stability of S is contingent on the selection of control gains, which must be large enough

to compensate for the rider’s volitional effort and other dynamic effects. In practice,

designing the gains to account for large volitional contributions from the rider leads

to overly constraining the rider during normal operation. Designing controllers for

asymptotic stability, rather than the weaker property of forward invariance, helps mitigate

these effects. A property known as input-to-state stability, which is a consequence

of the UGAS result in Theorem 5.1, can be interpreted as guaranteeing that some

nearby set is asymptotically stable despite unaccounted-for disturbances of bounded
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magnitude [17, 93]. Thus, the control gains can be relaxed to favor comfortable and

effective therapy while still ensuring that the cadence remains nearby the safe set.
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CHAPTER 6
CONCLUSION

This dissertation has presented a rigorous treatment of CBF design methods

in the case that multiple CBFs are present. Chapter 2 defined two notions of CBF

for constrained differential inclusions that are more amenable to the case of multiple

CBFs than previous definitions. The relationship between the existence of a CBF

and forward invariance of the safe set was established. A systematic procedure for

synthesizing forward invariance-ensuring control laws was present that involves solving

an optimization problem with multiple constraints. Conditions establishing the continuity

(and local Lipschitz continuity in Chapter 3) of the resulting control laws were provided.

SoS optimization problems were formulated which are specifically designed for certifying

the simultaneous feasibility of multiple constraints. Feasibility verification is significantly

more challenging in the case of multiple CBFs than in the single CBF case. Conditions

for feasibility in the single CBF case are provided in Proposition 4.1.

This dissertation has also contributed to the utility of CBFs with uncertain dynamical

systems. The differential inclusions in Chapter 2 facilitate the design of control laws

that robustly compensate for uncertainty using conservative control action. The control

design in Chapter 5 serves as a detailed example of a CBF-based robust control

design procedure for an uncertain nonlinear system. The adaptive safety framework in

Chapters 3 and 4 aims to reduce uncertainty through identification of the dynamics with

data-driven techniques. The framework here is more amenable to the case of multiple

CBFs than previous literature that has used gradient-based adaptive control methods.

The search for adaptive control methods that are applicable in the case of multiple

CBFs has led to some novel applications of preexisting estimators. Previous Lyapunov-

based adaptive control designs using ICL have included gradient terms in the parameter

update law. In contrast, it is shown in Chapter 4 that ICL can act as a standalone date-

driven estimator the exponentially identifies linearly parameterized uncertain parameters
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subject to a finite-time excitation condition. Similarly, the RISE-based disturbance

observer in Chapter 3 is an exponentially convergent estimator that can identify a

broader class of uncertainty. Moreover, both estimators have the key property that

an upper bound of the convergence rate of the estimation error is available. These

upper bounds permit the estimators to be integrated into the safety-ensuring control

law. The integration of upper bounds of the estimation error into the control law is a

novel contribution that can potentially lead to new control designs for a wider class of

problems.

The theoretical contributions of Chapter 5 include a detailed example of CBF-based

robust control, and an application of CBF design methods to a hybrid system. The

practical contribution of the chapter was the design of new control laws for rehabilitative

cycling that encourage the rider to provide volitional effort. CBFs enabled the design

of minimally invasive control laws for both the motor and FES that still guarantee the

cadence is constrained within a user-defined range. The control laws have closed-form

solutions and can therefore be implemented on real-time hardware without the need for

optimization solvers.

Future directions for the research include extending the general CBF framework

in Chapter 2 to hybrid systems. This will require the synthesis of CBF-based control

laws for discrete systems, and considering the interplay between the continuous- and

discrete-time components. The adaptive safety strategies in Chapters 3 and 4 could

be made more practical by performing a more sophisticated analysis considering mea-

surement errors and the discrete-time nature of the implemented estimation algorithms.

In the presence of these factors, the upper bounds developed from continuous-time

analysis are not expected to hold for all time, and one must compensate for some resid-

ual estimation error. However, a discrete-time analysis for ICL or RISE has yet to be

developed.
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Another direction is the improvement of CBF methods for situation where all of the

constraints cannot be guaranteed as simultaneously feasible. Such infeasibilities exist

in practical problems, in which case is is necessary to choose which constraints should

be satisfied. To improve the utility of CBFs for multiple objective control, systematic

methods are needed for assigning priorities to certain constraints so that higher-

priority constraints are satisfied whenever possible. Moreover, there is still room for

improvement in feasibility verification methods as SoS techniques scale poorly for high

dimensional problems.
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