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A broad class of multi-objective control tasks can be posed in the form of con-
straints on both the state and control input. The satisfaction of these constraints is
naturally associated with safety. Control barrier functions (CBF), in conjunction with
optimization-based controllers, can be used to enforce state and input constraints.

The work in this dissertation focuses on extending and refining currently available CBF
methods by focusing on situations where multiple CBFs are used to define multiple state
constraints.

Chapter 2 develops tools for designing safety-ensuring controllers using CBFs.

In contrast to previous work, the notion of CBF permits multiple barrier functions and
flow constraints involving both the state and control input. CBFs define a safe set of
states that trajectories of the dynamical system should be constrained to. Through a
systematic procedure, CBFs induce constraints on the control input that, when satisfied,
guarantee the forward invariance of the safe set, meaning that trajectories starting in
the set never leave it. The control input constraints can be enforced using a pointwise-
optimal feedback controller; sufficient conditions for the continuity of the controller are
given. The existence of a CBF is defined to be equivalent to the feasibility of the optimal
feedback controller. Novel polynomial optimization problems based on sums of squares

are formulated that can be used to certify that a given function is a CBF. An example
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of the CBF design procedure is presented illustrating the process of formulation,
verification, and synthesis.

Chapters 3 and 4 guarantee safety for control systems with uncertain nonlinear dy-
namics while expanding the operating region using adaptive methods. In the presence
of uncertain dynamics, upper bounds of the uncertainty can be used in the CBF design
procedure to develop implementable constraints on the control input. Conservative
upper bounds lead to the operating region being restricted more than necessary. Using
adaptive methods, this dissertation develops upper bounds that asymptotically approach
the true value of the uncertainty over time. The operating region of the control system
can be expanded as a consequence of the reduced uncertainty. Chapter 3 identifies
a general class of uncertainty using a robust integral of the sign of the error-based
disturbance observer. Subject to gain conditions dependent on upper bounds of the
rate of change of the unknown dynamics, the uncertainty is exponentially identified. The
observer can be paired with feedforward estimates of the dynamics such as deep neural
networks to reduce uncertainty, thereby reducing the gain conditions. Chapter 4 studies
a special case of the adaptive safety problem where the constant uncertain parameters
appear linearly in the dynamics. In this case, the adaptive control technique of integral
concurrent learning can be used to identify the unknown parameters. Integral concurrent
learning is advantageous because the convergence of the parameter estimates can be
verified online.

Chapter 5 presents an application of the developed CBF tools to a stationary
motorized cycle. The developed controller constrains the cadence of the cycle to
a user-defined range, while encouraging the rider to pedal of their own volition by
providing assistance only when their cadence approaches the boundary of the range.
The controller assists the rider through both motor control effort and by stimulating their
leg muscles using functional electrical stimulation. Stimulation of the rider’s muscles is

preferred over electric motor assistance to prioritize power output from the rider. The
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control system renders the user-defined range asymptotically stable in the presence of
uncertain dynamics. The performance of the developed control method is demonstrated
experimentally. The CBF controller constrained the riders’ cadence in a range of 50

5 RPM with an average cadence standard deviation of 1.4 RPM for a protocol where
cadence with minimal variance was prioritized and used minimal assistance from the
motor (4.1% of trial duration) in a separate protocol where power output from the rider

was prioritized.
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CHAPTER 1
INTRODUCTION

1.1 Background
1.1.1 Control Barrier Functions

The requirements placed on modern control systems are becoming increasingly
complex; multiple objectives exist including obstacle avoidance, shifting goal locations,
and dynamic constraints (e.g., velocity, following distance). While each of the afore-
mentioned problems has been solved individually, there is a need for a general uniting
framework. In such a framework, safety can be defined as a certification that each of the
objectives can be accomplished simultaneously. A broad class of objectives in controls
can be posed in the form of constraints on both the state and control input. It is natural
to associate state constraints with the forward invariance of a specific set, meaning that
trajectories to the dynamic system starting in the set stay there for all time.

The use of control barrier functions (CBF) to synthesize feedback controllers that
render sets of states forward invariant, analogous to attaining asymptotic stability via
control Lyapunov functions, has recently gained significant interest [1—4]. Because
forward invariance is a weaker property than asymptotic stability, CBFs can be applied
to a broader range of control objectives than previously investigated. To describe
multiple objectives, it is significantly more convenient to use multiple CBFs, whereas
the majority of theoretical results are applicable only for scalar barrier functions. While
it is possible to combine multiple barrier functions using max and min operations, as in
works like [3] and [5], the resulting functions are generally nonsmooth, in which case the
resulting controllers are discontinuous. A framework for studying forward invariance with
multiple barrier functions was developed in [6] in the context of uncontrolled systems.
For controlled systems, the conditions therein can be interpreted as constraints on
the control input that can be enforced using optimization-based controllers. Enforcing

multiple input constraints defined by multiple continuously differentiable CBF candidates
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is a promising way to obtain control laws that are continuous functions of the state.
Moreover, the optimization-based framework accommodates additional, arbitrary
constraints on the control input. Thus, safety is associated with the feasibility of the
optimization-based control law.

1.1.2 Comparison with Other Methods

The problem of enforcing state and input constraints in control systems has been
explored using a variety of methods. Many techniques are developed for specific
problems but cannot define as general a class of constraints as CBFs. For example,
methods for input saturation are common in the control design literature, for which
unique stability analyses have been presented [7, 8]. State space transformations
have been used to constrain the operating region of the state [9]. Navigation and
potential functions are popular for achieving navigation tasks combined with obstacle
avoidance [10, 11].

Optimal control methods are suitable for enforcing a broad class of state and
input constraints [12]. However, solving optimal controls problems is very complex and
typically relies on the assumption that the dynamics are exactly known. This leads
to open-loop control strategies that are not reactive to deviations from the predicted
optimal trajectory. By contrast, implementations of CBF-based control strategies are
simpler and are amenable to compensating for uncertain dynamics. CBFs can be
implemented in real time for many applications, thereby leading to control strategies
that are reactive to unexpected behavior. Model predictive control (MPC) is an optimal
control scheme that is computationally efficient enough to be implemented online [13],
although still being less efficient than CBF methods. MPC provides a look-ahead
component where the state trajectory is predicted on a finite time horizon. The predictive
component leads to better planning than CBFs, which only react to the current state.
While state constraints can be integrated into MPC problems directly, CBFs have been

combined with MPC to create constraints that are aware of obstacles before coming into
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contact with them [14]. Additionally, a multi-layered approach was developed in [15],
where CBFs are implemented in a higher-rate controller that ensures safety while MPC
is run at a lower rate for planning purposes.

Some barrier function methods, such as the reciprocal CBFs of [2], were inspired by
optimization. Characteristic of such CBFs is the property that the barrier diverges to in-
finity at the safe set boundary. Such barriers are used in optimization to modify the cost
function so that infinitely high cost is assigned to constraint violations. This technique
has been applied to an approximate optimal controls problem in [16]. However, barriers
that diverge to infinity are not amenable to computation, and are problematic because
the barrier is typically undefined outside of the safe set. For these reasons, the controls
literature has found more utility in the concept of zeroing CBFs originated in [17]. The
CBFs in this dissertation are based on zeroing CBFs. Zeroing CBFs are continuously
differentiable functions that define the safe set as the set where the function is greater
than or equal to zero (the opposite convention is used in this dissertation). In fact, zero-
ing CBFs are a generalization of Lyapunov functions, which are nonnegative functions
that define a set of target states as the states where the function is equal to zero. Thus,
many techniques from the established field of Lyapunov-based control design can be
applied to zeroing CBFs.

1.1.3 Feasibility and Continuity

Traditionally, a CBF is defined to guarantee that a safety-ensuring controller exists
(cf. [2]), yet tools for verifying that a given function meets this definition are sparse.
While analytical conditions exist to determine whether a scalar-valued function is
a CBF (cf. [18], [19, Prop. 1]), the problem is significantly more complicated when
multiple constraints must be satisfied simultaneously. In general, there exist a set of
constraints in the decision variable (control input) that vary with an external parameter
(the state of the dynamic system), and it must be verified that control inputs satisfying

the constraints exist for all states in a given set. This verification should be done during
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the design phase, so that controllers are certified as feasible before deployment. The
authors of [20] leverage a tool for checking that multiple constraints have at least one
feasible solution at a particular point in the state space, but it is not clear how to perform
the verification on a given (uncountable) subset of the state space. One method to
ensure feasibility is by adding slack variables or similar relaxations to the optimization
problem at the cost of losing safety guarantees [2]. Notably, the authors in [21] use slack
variables to ensure feasibility only on the interior of the safe set, while still enforcing
conditions on the boundary of the safe set that guarantee forward invariance. However,
the slack variable method does not constrain the control input at points in the interior
of the safe set, which permits trajectories to approach the boundary of the safe set
with high velocity. Abrupt control action must then be used to prevent the trajectory
from exiting the safe set. By constraining the control input at points in the interior of
the set using a user-prescribed performance function, one can design a more gradual
transition to an invariance-ensuring control, although the feasibility problem becomes
more challenging.

Sum of squares programming can be used to address the feasibility problem, which
requires the more restrictive assumptions that the constraints defining the feasible
set are polynomials and affine in the control input. Sum of squares programming
can be used to verify that given polynomials are nonnegative on a subset of their
domain [22, 23].In particular, it is natural to verify feasibility on level-sets of a given
function (typically the CBF candidate), which is computationally simpler than techniques
that search simultaneously for a controller and control Lyapunov/barrier function as
in [24] and [25]. In [25], an iterative procedure was developed to search for a scalar
CBF describing a safe set that avoided given unsafe regions. The safe set was rendered
forward invariant by a feasible controller. This technique is valuable when a CBF

candidate is unavailable, whereas the methods in this dissertation are targeted towards
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verification that a given candidate is a CBF. The latter methods have broad applications
for verifying that an optimization-based controller is feasible before deployment.

Optimization-based control laws are a natural way to implement the control input
constraints defined by CBFs. Continuous control laws simplify analysis and, in many
cases, provide robustness properties to the closed-loop system. For many common
classes of dynamical systems, the input constraints are convex or affine in the control
input, leading to optimization problems that are convex or quadratic programs, respec-
tively. The vast majority of CBF literature restricts attention to quadratic programs with
one or two constraints, for which results certifying local Lipschitz continuity of the solu-
tion as a function of the state are available [17,26]. Other works have arbitrary numbers
of constraints but do not study the continuity of the control laws [5, 21]. The authors
of [27, Thm. 3] provide a continuity result for a quadratic program with an arbitrary num-
ber of constraints, but the result requires information about the set of active constraints
at the minimizing value. Since the active set changes with the state, it can be difficult to
make global conclusions about the active set.

Berge’s maximum theorem is an effective method for analyzing the continuity of
the solution set in a parameterized optimization problem with arbitrary numbers of
constraints. Berge’s maximum theorem does not require information about the active
constraint set, but it does require the feasible set to be compact. It is widely accepted
in the parametric optimization literature that compactness of the feasible set can be
replaced with uniform compactness in the parameter space of the level sets of the cost
function [28, 29]. Interestingly, uniform compactness holds for the majority of convex
optimization problems, leading to general results certifying the continuity of optimization-
based control laws.

1.1.4 Adaptive Safety
Given that model uncertainty exists in many practical applications, ensuring safety

in the presence of uncertainty is of significant interest. One approach to address the
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challenges introduced by uncertain dynamics is to use a worst-case upper bound of
the uncertainty [30]. However, such methods are conservative because they restrict the
system to operate in a subset of the true safe set. It is therefore of significant interest
to develop adaptive methods that reduce conservativeness by compensating for the
uncertainty.

Two categories that describe adaptive safety results include gradient-based
methods and data-driven techniques. Gradient-based methods, refashioned from
Lyapunov-based adaptive control, only apply to dynamical systems with linearly pa-
rameterized uncertainty. In the case of linearly parameterized uncertainty, the problem
of ensuring safety while compensating for uncertainty using estimates of the unknown
parameters was investigated in [31] and [32]. In [31], an adaptive input constraint was
developed based on a strong barrier inequality that required forward invariance of level
sets of the CBF. The authors in [32] relaxed the input constraint to a zeroing CBF-type
inequality (cf. [17]), which allowed the state to approach the boundary of the safe set
while maintaining invariance. However, both of the aforementioned works defined a
composite CBF that included the parameter estimation error, which lead to a parameter
update law featuring the gradient of the CBF. The composite CBF restricts the state to
a new safe set, a subset of the original set, that is dependent on the estimation error.
Because the adaptive safety problem does not require the state to be driven to a point
where the gradient of the CBF is zero, the estimation error generally does not converge.
Therefore, as demonstrated in an example in [33], combining the gradient update law
with relaxed zeroing CBF conditions can cause large estimation error and introduce limit
cycles into the closed-loop dynamics. Moreover, the dependency of the update law in
the aforementioned works on the gradient of a particular CBF makes the techniques
challenging to extend to applications where safe sets are expressed using multiple CBF

candidates.
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Other authors have developed solely data-driven methods that reduce conservative-
ness by identifying the unknown dynamics [34, 35]. These methods are advantageous
for adaptive safety because they avoid dependencies on any particular CBF. Estimators
such as integral concurrent learning (ICL) [36] or set-membership identification [32]
are well-suited for adaptive safety because they provide a computable upper bound
of the estimation error that shrinks based on the quality of data. Concurrent learning
techniques are a class of data-driven estimators for systems with linearly parameterized
uncertainty [37-39]. ICL is a development that eliminates the need to measure the time
derivative of the state trajectory [36]. ICL yields a condition based on stored data that
can be used to determine the worst-case estimation error online. Subject to a finite-time
excitation condition, the estimation error is exponentially regulated to zero.

However, ICL and set membership identification have only been applied to systems
with linearly parameterized uncertainty. Gaussian processes (GP) and deep neural
networks (DNN) have been empirically found to effectively identify a more general
class of dynamics [40]. These approaches generally do not guarantee identification of
the dynamics, and therefore cannot provide theoretical guarantees of safety without
additional conservativeness. For example, the authors of [41] and [42] leverage GPs
to obtain probabilistic safety guarantees, but use the standard deviation of the GP
in a worst-case fashion. Moreover, GPs are computationally expensive and require
measurements of the state derivative.

Disturbance observers are another class of estimator that can identify a general
class of uncertainty, including time-varying disturbances [43]. Work combining distur-
bance observers with CBFs has appeared in [44], where the authors use an observer
that guarantees the estimation error converges to a quantifiable envelope, although
the disturbance cannot be identified exactly. The set of safety-ensuring control inputs
in [44] includes a constant robustness parameter that introduces conservativeness to

compensate for the residual estimation error. Similar work is presented in [45], where
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an observer is used to estimate the state of an unknown dynamic model. The state
estimate is restricted to a conservative set that guarantees the true state remains in the
safe set. An advantage of the approach in [45] is that full state feedback is not required.
1.1.5 Application: Encouraging Volitional Pedaling in FES-Assisted Cycling

CBF methods are robust enough to be used in applications involving human-
machine interaction. One such setting is in stationary cycling assisted by functional
electrical stimulation (FES), which can lead to long-term benefits for people with
movement impairments due to neurological conditions such as stroke, spinal cord injury,
traumatic brain injury, cerebral palsy, multiple sclerosis, and others [46-50]. Individuals
with neurological conditions can exhibit varying degrees of muscle control. For people
with little to no volitional control, the FES cycling therapy must be supported by an
electric motor, which provides additional torque about the pedal crank to maintain a
beneficial cadence, as in studies such as [48, 50-53]. When possible, electric motor
support should be minimized in lieu of torque produced by the rider's muscles via either
FES or their own volition, which leads to higher intensity training by increasing the rider’s
heart rate and oxygen uptake [48]. Higher intensity training is a key factor in attaining
long-term outcomes like increased muscular strength, cardiovascular endurance,
bone mineral density, and caloric consumption [54-56]. In the rehabilitation literature
outside of cycling, various assist-as-needed approaches such as [57-60] encourage
volitional contributions from the user. Relatively few works have investigated FES- and
motor-assisted cycling programs where the primary objective is to encourage volitional
contributions [61—63]. CBFs are a natural fit for solving this problem because of the
ability to design safety-ensuring controllers that use only the minimal required control
effort.

1.2 Outline of the Dissertation
In Chapter 2 and [64], forward invariance-ensuring controllers are designed for

continuous-time differential inclusions with flow constraints on the state and control
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input. A special case of the flow constraints are state-dependent input constraints. In
Section 2.1, two notions of vector-valued CBF are defined that are equivalent to the
feasibility of the CBF-induced pointwise optimal control law. These notions are more
amenable to problems with multiple constraints than past definitions. It is shown that
forward (pre-)invariance of the safe set defined by a CBF is guaranteed using any
continuous selection of the safety-ensuring set. Conditions are provided for when the
safe set is asymptotically stable. In Section 2.3, sufficient conditions are provided under
which the CBF-induced pointwise optimal control law is continuous that generalize
available results by allowing broader classes of cost functions and not requiring the
feasible set of control inputs to be compact. In Section 2.4, sum of squares optimization
problems are developed that can be used to verify that a CBF candidate is a CBF. An
example is presented in Section 2.5 illustrating the process of problem formulation,
feasibility verification, and control synthesis for a system with uncertain, non-polynomial
dynamics.

Chapter 3 develops a disturbance observer based on the robust sign of the error
(RISE) control paradigm that exponentially identifies a general class of unstructured
uncertainty while providing deterministic guarantees of safety throughout the identifi-
cation process. The exponential convergence is contingent on some gain conditions
depending on bounds of the first and second time derivatives of the disturbance. The
RISE-based observer leads to a modular approach to adaptive safety because it can
provide safety guarantees to a secondary estimator such as a GP or DNN, where the
secondary estimator reduces the sufficient gain conditions in the observer by reducing
modeling error. In Section 3.1, a framework is developed for safe control with multiple
CBFs using an upper bound of the uncertain dynamics. It is shown how adaptive upper
bounds can lead to improved performance. A key advantage is that safety is certified
based on the original CBF candidate, rather than forming a composite CBF with the

estimation error, since the latter method can degrade performance. Section 3.2 defines
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and analyzes the RISE-based observer. It is shown how the upper bound of the estima-
tion error obtained from the observer analysis can be integrated into an implementable
optimization-based control law that guarantees safety while eventually eliminating con-
servativeness from the set of safety-ensuring inputs. Section 3.3 provides sufficient
conditions for the optimization-based control law to be locally Lipschitz. The result for
local Lipschitz continuity uses weaker assumptions than results that have previously
appeared in the control literature such as [27, Thm. 1], and is more general than the
results for quadratic programs with limited numbers of constraints in [17]. An example in
Section 3.4 demonstrates the design process of the CBF-based control law, where the
RISE-based observer is coupled with a pretrained DNN approximation of the unknown
dynamics.

Chapter 4 and [19] study adaptive safety in the more restrictive case of linearly
parameterized uncertainty. For such systems, ICL provides a computable upper bound
of the estimation error that guarantees exponential convergence provided a verifiable
finite-time excitation condition is met. To aid the design, it is shown that ICL can be
implemented in a standalone data-driven estimator where the typical state feedback
gradient component is eliminated. In the special case of linearly parameterized un-
certainty, ICL is advantageous over the RISE-based observer of Chapter 3 because
it eliminates the need to bound the rate of change of the disturbance term. Moreover,
the verifiable finite-time excitation condition allows the user to check online whether
parameter convergence has been achieved.

Chapter 5 and [65] present an application of CBF techniques where a controller is
developed for a stationary motorized cycle with FES that uses minimal control effort to
encourage the rider of the cycle to provide volitional contributions. The control system
tasks the rider with maintaining their cadence near a target point using their own volition,
while assistance or resistance is applied gradually as their cadence approaches the

lower or upper boundary, respectively, of a user-defined safe range. The controller
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accommodates a broad range of functional impairments and volitional ability by featuring
customizable parameters, including nominal control inputs and tunable width of the safe
range. FES stimulation is applied before electric motor assistance to further increase
power output from the rider. To account for uncertain dynamics, barrier function methods
are combined with robust control tools from Lyapunov theory to develop controllers
that guarantee safety in the worst-case. Because of the intermittent nature of FES
stimulation, the closed-loop system is modeled as a hybrid system to certify that the
set of states for which the cadence is in the safe range is asymptotically stable. The
performance of the developed control method is demonstrated experimentally on five
participants. The barrier function controller constrained the riders’ cadence in a range of
50+5 RPM with an average cadence standard deviation of 1.4 RPM for a protocol where
cadence with minimal variance was prioritized and used minimal assistance from the
motor (4.1% of trial duration) in a separate protocol where power output from the rider
was prioritized.

Chapter concludes the dissertation by highlighting the contributions of each chapter.
Additionally, future works are discussed in this chapter.

1.3 Preliminaries

To facilitate reading, this section collects common notation used throughout the
dissertation.
1.3.1 Notation

Let R>o = [0, ), Roo = (0,00), Z* denote the set of positive integers, R™*™ be the
space of n x m dimensional matrices, 0,,.,, be an n x m matrix of zeros, and I,,, be
an n x n identity matrix. For vectors z € R, y € R™, (z,y) £ [xT,yT}T. The shorthand
[d] & {1,2,...,d} is used. B" denotes the n-dimensional unit ball. Given a function
B : R™ — R?, the components are indexed as B (z) £ (B, (z), By (x),..., By (z)) and the

inequality B (z) < 0 means that B; () < 0forall i € [d]. For a set A C R", the notation
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OA denotes its boundary, A its closure, Int (A) its interior, and U (A) denotes an open
neighborhood around A. A set C C A is relatively closed in Aif C = AN C.
1.3.2 Definitions

Given two Hausdorff topological spaces X, Y, a set-valued mapping M : X = Y
associates points x € X with a set M (z) C Y. The mapping M is lower semicontinuous
if, for any open set G C Y, the inverse image M* (G) = {z € X : M (z) NG # 0}
is open, and M is upper semicontinuous if, for any open G c Y, MT(G) £ {x €
X : M(z) C G}isopen [66, Prop. 1.4.4]. Itis said that M is outer semicontinuous if
Gph (M) = {(z,y) € X xY :y € M (x)}is closed in X x Y. Generally unrelated to
semicontinuity for set-valued mappings, a single-valued mapping into the extended real
numbers f : X — [—o0, 00| is lower semicontinuous if, for every A € R, the sublevel set
Lr(\X)2{zeX: f(x) <\ isrelatively closed in X, and f is upper semicontinuous
if and only if — f is lower semicontinuous. The function f is inf-compact if £; (\; X) is
compact for every A € R and, when X is a metric space, it is level-bounded if £ (\; X)

is bounded.
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CHAPTER 2
ON THE FEASIBILITY AND CONTINUITY OF FEEDBACK CONTROLLERS DEFINED
BY MULTIPLE CONTROL BARRIER FUNCTIONS

In this chapter, a notion of CBF is defined that permits vector-valued barrier func-
tions and flow constraints involving both the state and control input. CBFs induce
constraints on the control input that, when satisfied, guarantee the forward invariance of
the safe set. The constraints can be enforced using a pointwise-optimal feedback con-
troller; sufficient conditions for the continuity of the controller are given. The existence
of a CBF is defined to be equivalent to the feasibility of the optimal feedback controller.
Polynomial optimization problems based on sums of squares are formulated that can be
used to certify that a given function is a CBF.

2.1 Control Barrier Functions
2.1.1 Problem Statement & Definition

Consider a constrained control differential inclusion (£, C,) with state + € R™ and

input v € R™ modeled by
e F(x,u) (z,u) € C, (2-1)

where I’ : R" x R™ == R" is the set-valued flow map, and C,, C R™ x R™ is the flow
set. The set-valued nature of the differential inclusion in (2—1) can model uncertainty by
allowing trajectories to move in a variety of directions for a given state and control input
(x,u). Differential inclusions are useful for robust control design because ensuring safety
requires every possible trajectory to remain safe. This work therefore generalizes work

on robust CBFs such as [30]. To facilitate the subsequent development, let
(C,) £ {xr €R": Ju e R s.t. (v,u) € Cy,} (2-2)
denote the set of all states for which flowing is allowed, and for each = € II (C,,) let
U(z) &2 {ueR™: (z,u) € C,} (2-3)

denote the set of admissible control inputs at each state.
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CBFs are defined to guarantee the existence of control inputs that ensure forward
invariance (i.e., safety) of a given set of states S < II(C,). Compared to works
such as [2], the work in this dissertation uses a notion of CBF that accommodates
safe sets defined by multiple scalar functions. Defining a CBF in this case requires
special care because there are multiple constraints on the control input that must be
satisfied simultaneously. For notational convenience, as in [6], vector-valued functions
B : R" — R? are used to represent multiple CBFs. The development is based on the
work for closed-loop hybrid systems in [6] and for hybrid systems with inputs in [67],
which is specialized to the continuous-time dynamics in (2—1).
Definition 2.1. A vector-valued function B : R* — R¢ is called a CBF candidate defining
the safe set S C I1(C,,) if

S={zxell(C,): B(z) <0}.

Also define S; £ {x € R™ : B; (x) < 0} for every i € [d].

The work in this dissertation focuses on continuously differentiable CBF candidates
because of advantages they offer towards synthesizing continuous controllers. Given a
continuously differentiable CBF candidate, define a function I' : C, — R¢ such that the
i-th component is

[y (v,u) 2 sup (VB (x),f), Y(z,u)eC,. (2-4)
fEF(z,u)
The value of T; (z, u) represents the worst-case growth of B; (z) for any possible
direction of flow in the set-valued map F (x, u) defining the control system in (2—1).
When F'(z,u) is nonempty and bounded, the supremum in (2—4) is finite. Thus, the
following mild assumption is imposed to ensure that I is well-defined.
Assumption 2.1. The set F' (z,u) is nonempty and bounded for every (z,u) € C,.
The primary design parameter is introduced in the form of a performance function

~, which is used to define a set of control inputs that constrain the worst-case growth
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function I" according to conditions derived from [6] that guarantee forward invariance of
the safe set S. The following assumption is imposed on ~.

Assumption 2.2. The function v : T1(C,) — [—o0,00]? is such that, for each i € [d],
v (z) > 0forallz € (U (M;)\S;) NII(C,), where M; = {x € 0S : B; (x) = 0}.
Definition 2.2. Let (F, C,) satisfy Assumption 2.1. A continuously differentiable CBF
candidate B : R* — R? defining the set S c 1I1(C,) is a CBF for (F,C,) and S on
aset O c II(C,) with respect to a function v : TI(C,) — [—oo, cc]? if there exists

a neighborhood of the boundary of S such that U (0S) N I1(C,) C O, v satisfies

Assumption 2.2, and the set
K (z) & {u€ ¥ (2): T (x,u) < —7(2)} (2-5)

is nonempty for every x € O.

The mapping K. defines, at each state x € O, a set of safety-ensuring control
inputs. Subsequently, it is shown that control inputs selected from K. (i.e., mappings
k: R" — R™ for which « (z) € K. (z) for every x € O) ensure the forward pre-invariance
of the safe set S.

Remark 2.1. The performance function v generalizes the use of an extended class

IC function in works like [2]. Whenever the set D C R” in [2, Defn. 5] contains a
neighborhood of the safe set, any function that is a zeroing CBF according to [2, Defn.
5] is also a CBF on D for some function ~ according to Definition 2.2.

Remark 2.2. In Definition 2.2, the performance function ~ is not required to be contin-
uous. The least conservative selection of + that satisfies Assumption 2.2 is v; (z) £ 0
forx € (U (M;)\S;) N1 (C,) and v; (z) £ —oco otherwise, in which case K. (v) = ¥ (z)
outside of (U (M;)\S;) N 11 (C,), where S; is introduced in Definition 2.1. However,
discontinuous choices of ~ will lead to the mapping K. having poor regularity. As shown
in Section 2.3, using a continuous ~ facilitates the systematic design of continuous,

safety-ensuring control laws.
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2.1.2 Tangent-Cone Conditions

Assumption 2.2 imposes conditions on the function ~ that must hold on a region
outside the set S. In contrast to more common notions of CBF based on Nagumo’s
theorem (cf. [2]), the conditions in Definition 2.2 apply to a more general class of
systems and are valid even if the gradients of the component CBF candidates are
degenerate (i.e., VB; (z) = 0forsome = € M;). Nonetheless, it is useful to have
conditions that, like Nagumo’s theorem, restrict + only on the boundary of S. This
section provides such conditions based on [6, Thm. 2]. The following assumption is
known as a transversality condition, and reduces to the assumption that VB (x) # 0 for
all z € 0S. N1 (C,) when B is scalar, where S, £ {x € R" : B (x) < 0}.

Assumption 2.3. For every = € 9S.NI1 (C,), there exists v € R™ such that (VB (z),v) <
0 for every ¢ € [d] such that B; (z) = 0.

Additionally, a stronger assumption must be imposed on the regularity of the flow
map F. The assumption below is more restrictive than the assumption used in [6, Thm.
2], and is used here to simplify the development.

Assumption 2.4. The set-valued mapping F' : R" x R™ = R" is locally Lipschitz on
(U (8S) x R™) N C, = Ain the sense that, for every compact set K C A, there exists a

constant L > 0 such that, for all z1, 2, € K,
F(Zl) C F(ZQ) + L ‘Zl — ZQ’B“.

Under Assumptions 2.3 and 2.4, Assumption 2.2 can be relaxed as follows. Then,
an alternative notion of CBF is defined.
Assumption 2.5. The function v : T1(C,) — [—o0,00]? is such that, for each i € [d],
vi () > 0forallz € M; NII(C,).
Definition 2.3. Let the data (F, C,) of (2—1) and the continuously differentiable CBF
candidate B : R* — R?defining the set S satisfy Assumptions 2.1 and 2.3. The
candidate B is a tangent-cone CBF (t-CBF) for (F,C,) and Sonaset O C I1(C,)
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with respect to a function v : 11(C,) — [—o0,c0]dif U (S) N 11 (C,) C O, ~ satisfies
Assumption 2.5, and K., (z) in (2-5) is nonempty for every = € O.

The key property of t-CBFs is that control inputs selected from K. ensure that
vectors in the closed-loop dynamics lie in the tangent cone to the safe set [68, Def.
5.12]. The following straightforward corollary of Lemma 3 in [6] shows this result.
Lemma 2.1. Suppose B is a t-CBF for (F,C,) and S = {zx € 1 (C,) : B(z) < 0} on a set
O c 11 (C,) with respect to a function ~ : 11 (C,) — [—oo, oc]?. For a given set M C R",
suppose thatS = {x € M : B(x) < 0} andletx € Snint(M). Ifu € K.(x), then

f €Ts(x) forevery f € F (z,u).

Proof. If x € Int (S), then by the definition of the tangent cone, Ts (x) = R™. Thus, for
u € ¥ (z), F(x,u) is nonempty so the claimthat f € Ts(x) forevery f € F (z,u)is
trivial. Assume =z € 0S and u € K, (z). Using Assumption 2.3, Lemma 3 in [6] shows
that Ts () = {v € R" : (VB; (z),v) <0, Vi € I,},where I, = {i € [d] : B; () =0} =
{i € [d] : x € M;}. Foreach i € I, Assumption 2.5 implies that I; (x,u) < 0. Using
the definition of I';, it follows that if f € F' (z,u), (VB; (x), f) < 0, which completes the

proof. O

The following example illustrates some of the notions introduced above. It will be
used throughout the next section to illustrate other key points.
Example 2.1. Consider the dynamical system in (2—1) defined by F (z,u) = u and
Cu = {(z,u) € R* x R* : max{|z|,|22|} < T}, where z > 0. The flow set represents
hard constraints on the system that, by the definition of solutions, cannot be violated.
For example, the set IT (C,,) = {z € R? : max{|zy|, |z2|} < T} may represent the walls of
a square room centered at the origin in R2. In practice, it is desirable to prevent agents
from closely approaching the boundary of I1 (C,), so that the safe set for this example
may be S £ {z € R? : max{|z|,|zs|} < Z,} for0 < z, < z. The safe set could

be defined by the CBF candidate B : R? — R* with components B, (z) = —x; — Z,,
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By (x) = —x9 — T, B3 (x) = x9 — Ty, and By (z) = z1 — 5. Note that it is difficult to define
S using a single continuously differentiable function.

We have I (z,u) = (—uy, —us, us, uy) for every (xz,u) € C,. It is common to choose
v £ B;foreachi € [4], which always satisfies both Assumptions 2.2 and 2.5 since
Bi(x) > 0ifx ¢ S;, and, clearly, B; (x) = 0forz € M; = {x € 0§ : B; (z) = 0}. With
this choice of v, it can be found that K. (z) = {u € R? : |u; + x| < Z,, j € {1,2}} for all
xz € II(C,). The set K. (x) is clearly nonempty for every = € 11 (C,), so that B is a CBF
for (F,C,) and S on II (C,) with respect to 7. Note that B is also a t-CBF. In particular,
the vector v = —u satisfies Assumption 2.3 for every = € 9S. NI (C,,).

2.2 Forward (pre-)Invariance Using Selections of &

2.2.1 Forward pre-Invariance

This section relates the notion of CBF in Definition 2.2 to forward pre-invariance
of the safe set S = {x € 11 (C,) : B(x) < 0}. Consider a closed-loop system (F;, C)

defined by (F, C,) in (2—1) and a control law x : R" — R™ as

€ Fy(x) rel (2-6)

where C £ {z € R" : (2,k(2)) € C,} = {z € R" : k(z) € U (2)}, Fy () & F (2,5 (z))
ifz € C,and F, (z) £ 0 ifz ¢ C. A solution to (F,;, C) starting from ¢, € C is a locally
absolutely continuous function ¢ : dom¢ — R™ such that ¢ (0) = ¢o, ¢ (t) € C for all

t € Int(dom ¢), and ¢ (t) € F,; (¢ (t)) for almost all t € dom ¢, where dom ¢ C [0, o) is
an interval containing zero. A solution is said to be complete if dom ¢ is unbounded, and
it is maximal if there is no solution ¢’ such that ¢ (¢) = ¢’ (¢) for all t € dom ¢ with dom ¢
a proper subset of dom ¢’. The following notions of forward invariance are adapted

from [6] for the case of constrained differential inclusions.

Definition 2.4. A set S C C'is forward pre-invariant for (£, C) if, for each ¢, € S and

each maximal solution ¢ starting from ¢, ¢ (t) € S for all t € dom ¢. The set S is forward
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invariant for (F.;, C) if it is forward pre-invariant and, for each ¢, € S, every maximal
solution ¢ starting from ¢, is complete.

Note that the flow set C' is always forward pre-invariant for (2—6) but not necessarily
forward invariant. The following assumption and lemma relate regularity conditions
imposed on the control system (F, C,,) in (2—1) to common regularity conditions for the
closed-loop system that will be used in the next two theorems.

Assumption 2.6. Given the data (F, C,,) of (2—1), the following hold:

A) The flow map F : R" x R™ == R" is locally bounded, outer semicontinuous, and has
nonempty and convex values on C,.

B) The flow set C,, is a closed subset of R™ x R™.

Lemma 2.2. Given the data (F, C,) defining the control system in (2—1), suppose
k:R* - R™andC = {z € R": (z,k(x)) € C,} are such that x is continuous on C. If
Assumption 2.6A holds, then F,, : R" = R" is locally bounded, outer semicontinuous,
and has nonempty and convex images on C'. If Assumption 2.6B holds, then C'is a
closed subset of R™. Moreover, if F : R™ x R™ = R" js locally Lipschitzon A ¢ C x R™
and « is locally Lipschitz on 11 (A), then F,, is locally Lipschitz on 11 (A).

Proof. If x € Cthen (z,k (x)) € C,, which, when Assumption 2.6A holds, implies

that ' (z,x (z)) = Fy (x) is nonempty and convex on C. To show that F, is outer
semicontinuous, note that Graph (F;) = {(z,y) € C xR":y € F (z,x(z))}. Let

(x,y) be a limit point of Graph (F;) and let {x,,, v, }nen be a sequence from Graph (F,;)
converging to (x,y). Each element of the sequence is such that (z,,, x (x,) ,y,) €

Graph (F) = {(z,u,y) ER* x R™ x R" : y € F (z,u)}. Since lim,, ,,, 7, = v € C and

x is continuous on C, lim,, o & (2,) = & (). Thus, {z,, % (2,.) , yn }nen CONverges, and
since Graph (F) is closed by outer semicontinuity of F, it converges in Graph (F). It
follows that (z,y) € Graph (F,;), which shows that Graph (F,;) is closed and F,, is outer
semicontinuous. To show local boundedness of F, fix z € R". If z ¢ C, then there exists

U (x) such that F; (U (z)) = 0. Thus, assume that = € C. Since F is locally bounded,
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there exists a neighborhood U C R™ x R™ of (z, x (z)) such that F' (U) is bounded. Since
x is continuous on C, there exists a neighborhood U’ (z) such that Ux x k (Ug) C U with
Uc 2 U (z)NC. Thus, F,; (Ue) = F (Ug, k (Ue)) is bounded and so is F; (U’ (z)) using
the emptiness of £, outside C.

Suppose that Assumption 2.6B holds, i.e., C, is closed. Let x € R" be a limit point
of C ={zx e R": (z,k(x)) € C,}. Then there is a sequence {z, }.cn from C converging
to x. Each element of the sequence (since it lies in C) is such that (z,,, s (z,)) € C,.
Since lim,, ., 2, = ¥ € C and x is continuous on C, lim,, ., # (7,,) = & (). Since C,, is
closed, (z, x (x)) € C,, which shows that = € C. Thus, C'is closed.

Let F be locally Lipschitzon A ¢ C' x R™. Let K C II(A) be compact. Since « is
continuous on I1 (A), K x « (K) is also compact. Thus, for any z;, z; € K, the fact that F’

is locally Lipschitz on A implies that there exists L > 0 for which
F(z1,k(21)) C F (29,6 (22)) + L|(21,5(21)) — (22,5 (22))| B™.

Because F,, (z) = F(z,k(2)), to show that F; is locally Lipschitz it suffices to show
that the scalar quantity L |(z1,k (z1)) — (22, k (22))| can be upper bounded linearly in
terms of |z; — 23| on K. Since k is locally Lipschitz on I1 (A), there exists L, > 0 such
that |k (z1) — K (22)] < Ly |21 — 22| for every 21,2, € K. Thus, forany z;,z, € K,
L|(z1,k(21)) — (22,6 (22))] < L|z1 — 20| + L |k (21) — K (22)] < L(1+4 Ly) |21 — 22|, which

completes the proof. ]

The following result provides conditions under which continuous controllers selected
from the mapping K. in (2-5) render the set S forward pre-invariant for the closed-
loop dynamics in (2—6). A strategy for designing such controllers using optimization is
presented in Section 2.3.
Theorem 2.1. (Forward pre-Invariance) Let Assumption 2.6A hold for the control
system in (2—1) with data (F, C,) and suppose B : R* — R? is either a CBF or a t-CBF
for (F,C,)andS c I1(C,) on O cC 1I(C,) with respect to~ : TI(C,) — [—oc,c]¢. Let
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the control law  : R" — R™ be continuous on O with k (z) € K. (z) forallz € O and
k(x) € ¥ (z) forall x € S, where K. is defined in (2-5) and V is defined in (2-3). When
B is exclusively a t-CBF, assume additionally that Assumptions 2.4 and 2.6B hold, and
x is locally Lipschitz on O. If S = {z € TI(C,) : B(z) < 0} is closed' inR", then S is
forward pre-invariant for the closed-loop system (F,;,C) defined in (2-6) by (F,C,,) and

K.

Proof. Given a neighborhood of S such that U(0S) N I1(C,) C O, which exists by
Definition 2.2, consider the restriction of the control system (F, C,) to flow only on
the set C, £ (U(dS) x R™) N C,. Using the definition of I1(-), we have II(C,) =
U(8S) N11(C,). Because B is either a CBF or t-CBF, K, (z) # 0 for all z € II(C,,) C O.
The closed-loop system (F;, C) is defined by (F,C,) and « according to (2—1) with
C2{zeR": (z,r(z)) € C,}. Since s (z) € K, (z) C ¥ (z) forall = € II(C,), it follows
that C' = I1(C,,). The function B is a barrier function candidate defining S N C [6, Defn.
3]. Using equivalences established above, it follows that SN C' = SN U(OS) N 11 (C,) =
S N U(dS), which is closed by the assumption that S is closed. Since « is continuous
on? cI(C*) C O, Lemma 2.2 shows that F.; meets the basic assumptions in Section 2.3
of [6].

Foreachi € [djandz € C, (VB; (z), f) < —v, (z) forall f € F(z,x (z)) because
k(x) € K. (x). First assume that B is a CBF. Since ~ satisfies Assumption 2.2, it follows
that (VB; (z), f) < Oforallz € (U (M)\S;)NC and f € F, (). Since SN C is closed,

Theorem 1 in [6] shows that S N C is forward pre-invariant for (F,;, C).

1 Since B is assumed to be continuous, a sufficient condition for S to be closed is that
I1(C,) is closed.

2 In some places, cl (A) is used instead of A to denote the closure for aesthetic rea-
sons.
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If B is at-CBF, Theorem 2 in [6] is applied instead. Assumption 2.5 implies that
(VB; (z),f) <0Oforallz € M;nC and f € F, (z), where C = U (dS) NI (C,). Since
F,, is locally Lipschitz on U (S) N C via Assumption 2.4 and Lemma 2.2, condition
(20) in [6] holds (see [6, Rem. 9]). Under Assumption 2.6B, Lemma 2.2 shows that C'is
closed. Thus, by definition of F,;, F,; (z) = () for = ¢ C, so that condition (21) in [6] holds
vacuously. Then, also using Assumption 2.3, [6, Thm. 2] shows that S N C'is forward
pre-invariant for (F;, C').

Forward pre-invariance of S for the unrestricted closed-loop system (£, C) follows
from the definition of forward pre-invariance, since solutions to (F,;, C') starting from
S cannot exit S without passing through C'. Such solutions remain in S by forward

pre-invariance of S N C for the restricted dynamics. O

When the performance function ~ satisfies stronger conditions than those imposed
in Assumption 2.2, selections of K., designed to enforce all of the barrier function-
induced constraints, not only render S forward pre-invariant, but also some larger sets
defined by a subset of the barrier functions. This situation is different from redefining K.
by removing some of the constraints. The result is motivated by the observation that a
common selection for v is v; £ B;, where by definition B; (z) > 0 for all z € R™\S;.
Corollary 2.1. Under the assumptions of Theorem 2.1, assume additionally that
O = 1I(C,) and~;(x) > 0forallx € O\S,, foreachi € [d]. For any index set
T c{l1,2,...,d}, ifthesetS; =2 {x € II(C,) : B;(x) <0, Vi € T} is closed inR", then
St Is forward pre-invariant for the closed-loop system (F,,, C) defined in (2—6) by (F,C.,)
and k.

The corollary follows by applying Theorem 2.1 to the CBF candidate B; : R* — R
defined by only the components of B in Z.

Example 2.2. For some applications, forward pre-invariance may not be a strong

enough property. In Example 2.1, consider a situation where the safe set is defined
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Figure 2-1. Modification of Example 2.1 where the CBF candidate By () = x; — Z; is
removed. The vector field represents the closed-loop dynamics under a
control law that renders the safe set forward pre-invariant. Trajectories
starting in the right half-plane will terminate on the boundary of the flow set.

by only three of the CBF candidates (see Figure 2-1). In this case, the set of safety-
ensuring controls is given by K, (z) = {u € R? : |uy + 25| < Ty, uy + 21 > —Zs}. An
example of a continuous selection of K, is x (z) £ —z if z; < 0and x (z) = (21, —a5) if
x1 > 0. Theorem 2.1 shows that S is forward pre-invariant for the closed-loop dynamics
= k (z). Figure 2-1 displays the closed-loop dynamics.

Forward pre-invariance implies that trajectories do not exit the safe set, but may
terminate on the boundary of the safe set due to being unable to continue flowing
inside the flow set. In this example, termination of flow may correspond to the agent
crashing into the wall of the room. The issue occurs because portions of the boundary
of § = {zx € I1(C,) : B(x) < 0} are not defined by the CBF, but rather are defined by

IT1(C,). In this example, it should be ensured that the set S is forward invariant.
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2.2.2 Forward Invariance

The forward pre-invariance notion in Definition 2.4 does not guarantee that maximal
solutions to the closed-loop system are complete. In addition to terminating on the
boundary of the flow set as illustrated in Example 2.2, solutions may escape in finite
time inside of S. To select control inputs that prevent solutions from terminating on the

boundary of the flow set, the following map is defined based on [69, Eqn. 31]

(

{ue¥(x): F(z,u)NTs(z)#0}

Os (z) £ if 2 € OI1(C,) NS, (2-7)

U (z) otherwise.

Relative to the assumptions of Theorem 2.1, it is notable that the next result assumes
that the controller is continuous on a set that contains the entire safe set. Doing so
provides regularity of the closed-loop system with which completeness of maximal
solutions is established.

Theorem 2.2. (Forward Invariance) Let Assumption 2.6A hold for the control system
in (2—1) with data (F,C,) and suppose B : R" — R? is either a CBF or a t-CBF for
(F,C,) andS C I1(C,) on O with respect to v when K. (x) in (2-5) is replaced with

K. (x)NOgs (x). Suppose k : R* — R™ s continuous on O U S with  (z) € K. ()N Os (z)
forallz € O andk (x) € V(x) forallz € S. When B is exclusively a t-CBF, assume
additionally that Assumptions 2.4 and 2.6B hold, and « is locally Lipschitz on O. If S is
closed and one of the following conditions hold:

2.2.1) S is compact,

2.2.2) F, is bounded on S, or

2.2.3) F,, has linear growth on S, namely, there exists ¢ > 0 such that, forall x € S,
SUPyep () V] < (|| + 1),

then S is forward invariant for the closed-loop system (F,;, C') defined in (2-6) by (F,C,)

and k.
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Proof. Forward pre-invariance of S for the closed-loop dynamics follows from Theorem
2.1. It remains to show that maximal solutions to the closed-loop system starting

from S are complete. Using continuity of x on S and Lemma 2.2, the map F,, is outer
semicontinuous and locally bounded on S with nonempty, convex values. Since « (x) €
U(z)forallz € Sand C = {x € R" : k(x) € ¥V (z)},we have Il (C,) NS =CNS.
Because S € C, we have 0C NS C 0S. From the definition of a CBF (or t-CBF), the
set O contains 08, from it is concluded that x (z) € Os (x) forallz € 9C N S. Thus,
Proposition 3 in [6] implies that a nontrivial flow exists from every point in 0C' N S,

and thus § is forward invariant for (£, C') if maximal solutions cannot escape in finite
time inside the set S. Finite-time escape is eliminated by assuming Condition 1), 2),

or 3) (see [66, Thm. 10.1.4] and the subsequent discussion, treating S as the viability

domain). ]

Due to the tangent cone condition defining the mapping Oz, it will generally be
difficult to obtain an analytical form of (2—7) that can be used to make a selection
from the mapping K. N ©s as required by Theorem 2.2. Note based on (2-7) that
the complication is only present if the safe set intersects the boundary of the flow set
(011 (C,) NS # 0). The notion of t-CBF offers a solution to the problem when a CBF
candidate is available to define the portion of the boundary of S that intersects 011 (C,,).
Proposition 2.1 can be combined with Theorem 2.2 to remove the complication of
selecting inputs from K. N Bg.
Proposition 2.1. (Forward Invariance with t-CBFs) Suppose B : R* — R? js a t-CBF
for (F,C,) andS C 11(C,) on O with respectto~. IfS = {z € R* : B(x) < 0}, then
K. (z) = K. ()N Og (z) forevery z € 11 (C,,).

Proof. Pick x € 11(C,). The claim is trivial if z ¢ 011 (C,) N S since K, (z) C ¥ (), SO
assume that = € 0I1 (C,,) N'S. Foru € K, (z), applying Lemma 2.1 with M = R™ shows
that 7 (z,u) N Ts (x) # 0. Thus, u € ©g (z), which completes the proof. O
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Example 2.3. The problem in Example 2.2 can be remedied using the tools developed
in this section. One solution is to add the additional CBF candidate B, (z) = z; — s,
in which case 011 (C,,) NS = @ and K. N ©s = K. so that Theorem 2.2 can be
applied because the original candidate B is both a CBF and a t-CBF. If one wishes to
describe the flow set exactly, then it is possible to choose B4 (z) = z; — z. In this case,
oI (C,) NS # 0, butS = {x € R? : B(x) < 0}. Thus, Proposition 2.1 and Theorem
2.2 imply that the compact set S is forward invariant under the control law defined in
Example 2.2.
2.2.3 Asymptotic Stability

Comparable notions of CBF in the literature, such as the zeroing CBFs of [2],
are defined so that the safe set is not just forward invariant, but rather asymptotically
stable. Asymptotic stability implies forward invariance and ensures that complete
solutions starting outside the safe set converge (in distance) to the set. The following
result provides conditions for asymptotic stability using multiple CBFs. To simplify the
development, it is assumed that the safe set is compact. The result is stated first for
pre-asymptotic stability which, like forward pre-invariance, enjoys the properties of
asymptotic stability except that maximal solutions need not be complete [67, Def. 3.1].
To obtain asymptotic stability, it must be ensured that solutions do not terminate on the
boundary of the flow set by selecting vectors according to the mapping ©rc,), which is
defined as in (2-7) with S replaced by II (C,). Control inputs in Oy, could be included
in K. by using a t-CBF to represent the flow set.
Theorem 2.3. (Asymptotic Stability) Let Assumptions 2.6A and 2.6B hold for the
control system in (2—1) with data (F,C,,) and suppose B : R* — R? js a CBF for (F,C,)
andS C 11(C,) on O C 11(C,) with respect to v. Suppose that S is compact and, for
everyi € [d],vi(x) > 0 forallz € O\S;, where S; = {x € R" : B; (z) < 0}. Suppose
k1 R" — R™ s continuous on O U S with k (z) € K. (x) forallz € O and k (z) € VU ()

forevery x € S. Then S is pre-asymptotically stable for the closed-loop system (F,, C)
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defined in (2-6) by (F, C,) and x. If additionally r (x) € O, (z) forallz € O, then S is

asymptotically stable for the closed-loop system.

Proof. Using continuity of x along with Assumptions 2.6A and 2.6B, Lemma 2.2 shows
that the closed-loop system meets the basic conditions in [67, Def. 2.18]. Consider the
nonsmooth Lyapunov function candidate V,,,, £ max{0, By, ..., By} and the function
Vimaw = max;c(q V- 1Nhe function V., is locally Lipschitz [70, Prop. 7], nonnegative, and
Vinaz () > 0 forall x € 1 (C,) \S. Case 2a) of Theorem 3.19 in [67] will be applied to

prove that S is pre-asymptotically stable, for which it remains only to show that

Vowe () 2 max max ) <0
(z) (€Vnaa(x) fEF (z,k(z)) 1)

for all z € O\S, where 9V}, denotes the generalized gradient of V.. [70, Eqn. 37].

Let e (2) = {i € {0,1,...,d} : B;(2) = Vinae (7)}, where By = 0 by convention.
From Proposition 7 in [70] and using the fact that each B; is continuously differentiable,
OVinaz () C COUjcy,,... ()1 VBi ()}, where co{-} denotes the convex hull. Note that based
on convention, 0 € Usey,,..){V B; ()} when V.., (z) = 0. Since each ¢ € 9V,,4, () is a

convex combination of the gradients of each B;, we have

Vinae () < max  max N (VB; (x),
@ <mpx s, 30 MTB@)

= max Z Al (2,5 (2))

1€Imaz ()

where \; > 0and 3 A = 1. Thus, Vinaz (¥) < maxer,,,.) Ti (2, 5 (2)), where

1€Imax
Ty = 0. Since x (z) € K. (z) = {u: T (z,u) < =7 (2)}, Vinaa () < maxier,,..@) —7% (2).
Forany z € O\S and i € I, (%), Vinaz (x) = B; () > 0. Because B; (z) > 0, we have
that z € O\S; and hence v; (z) > 0. It follows that V.., (z) < 0 for every z € O\S,
from which [67, Thm. 3.19] shows that S is pre-asymptotically stable for the closed-loop

dynamics.
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Since S is pre-asymptotically stable, showing that S is asymptotically stable
requires showing that there exists 6 > 0 such that every maximal solution to the
closed-loop system starting from S5 £ {x € I1(C,,) : ||z|s < §} is complete® . From pre-
asymptotic stability of S and the fact that O contains U (0S) N 11 (C,) (via the definition
of a CBF), given any ¢ > 0 such that S. € O U S, there exists 0 < § < ¢ for which any
trajectory of the closed-loop dynamics starting in S; does not exit S.. In particular, e can
always be selected so there is a neighborhood of S, for which U (S,) nII (C,) C OUS.
Since k(z) € V(x)forallz € OuSandC = {z € R" : k(z) € ¥V (z)}, we have
II(C,)NOUS)=CnN(OUS). Because S, C C, it follows that 0C' N S, € IS.. The set
O contains 0S8, from which it follows that for any x € S, N 9C, there is a neighborhood
U of  for which x (z) € Oy, (z) forallz € U N C. Then. [67, Prop 2.34] shows that a
nontrivial flow exists from every point in S.. Combined with the fact that S, is compact,
this implies that every maximal solution starting from S5 is complete, establishing the

asymptotic stability of S for the closed-loop dynamics. O

Remark 2.3. Under the assumptions of Theorem 2.3, suppose K. is nonempty on
Lp(f) ={x € II(C,) : B(z) < g} forsome g > 0. Then Lz (B) is forward pre-
invariant for the closed-loop system, and pre-asymptotic stability of S then implies that
any complete solution starting from Lz (8) converges to S. This observation motivates
verifying that K. is nonempty on level sets of B, which will be explored in Section
2.4. The asymptotic stability of S follows whenever L () is forward invariant for the
closed-loop dynamics via Theorem 2.2.
2.3 Design of Optimal Safety-Ensuring Feedback
This section studies the continuity (as a function of the state) of a class of

optimization-based control laws that can be used to make selections from mappings

3 The point-to-set distance is ||z £ inf,cs ||z — yll.
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such as the set of safety ensuring control inputs K. defined in (2-5). The results here
allow for a general class of cost functions and an arbitrary number of constraints. Given
a CBF, Theorems 2.1 and 2.2 show that continuous selections of the mapping K. render
the safe set forward (pre-)invariant. When working with t-CBFs, Theorems 2.1 and 2.2
require selections of K. that are locally Lipschitz. Unfortunately, as has been noted in
works like [27], studying the local Lipschitz continuity of the broad class of optimization-
based control laws considered here is more challenging, and is beyond the scope of this
work. A result for the local Lipschitz continuity of a more restrictive class of quadratic
programs with a maximum of two constraints is available in [2, Thm. 3].

The following condition is imposed on the set-valued map ¥ of admissible controls
to obtain an implementable controller. It is emphasized that the set ¥ represents
arbitrary, state-dependent constraints on the control input.

Assumption 2.7. There exists a function ¢ : I1 (C,) x R™ — R* such that ¥ (z) = {u €
R™ ;4 (z,u) <0} forall x € I1(C,).

Assumption 2.7 is commonly used when input constraints are present [20,21]. If B

is a CBF for (F, C,) and S on O with respect to v, define the controller x* : © — R™ as*

k* (z) £ arg min Q (z,u) (2-8)

ueRTYZ

st. T (z,u) < —v(z),

Y (2,u) <0,

where @ : O x R™ — R is a cost function and I' is defined in (2—4). Because K. in (2-5)

is the feasible set for (3—13), it is clear that «* is a selection of K; thus an equivalent

* For x* to be well-defined, the function I" should be extended to points (z, u) €
I1(C,) x R™whereu ¢ W (z). This extension can be done arbitrarily since such points
are infeasible.
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expression is x* (z) = arg min, . ) @ (x,u). When K. is nonempty on O as required in
the definition of a CBF in Definition 2.2, the optimization in (3—13) is feasible.

Remark 2.4. The optimization in (3—13) is generally a nonlinear program, while it is a
quadratic program if the cost function @ is quadratic and the constraints are affine in the
control input. For the case of a quadratic program, «* (x) can often be computed at the
current state x in real time, as has been demonstrated experimentally in works like [1]
and the references therein. A theoretical discussion on the computational complexity of
solving convex optimization problems is available in [71].

Although «* (z) is feasible at =z € O if K. (z) # 0, it is not necessarily continuous.
The following lemma will aid in developing conditions for when the controller x* is
continuous.

Lemma 2.3. Let X be a metric space andU a finite-dimensional normed space.
Suppose K : X = U is lower and outer semicontinuous with nonempty, convex values,
and the function () : X x U — R is continuous and, foreachx € X, u — Q (z,u)

is strictly convex and inf-compact on K (x). Then xk* : X — U defined as r* (z) =

arg min,cg () @ (,u) is single-valued and continuous.

Proof. The proof is based on [72], from which it is noted that the notion of closed
mappings is equivalent to outer semicontinuity [72, Thm. 2], and a mapping is open if
and only if it is lower semicontinuous [72, Cor. 1.1]. Strict convexity and inf-compactness
of u — @ (x,u) ensure that the set of minimizers x* (x) contains a single unique element
for every x € O. Thus, Corollary 9.1 in [72] shows that «* (x) is uniformly compact near

x. Corollary 8.1 in [72] then shows that x* (x) is continuous at every = € O. O

Remark 2.5. Lemma 2.3 is more general than results that have previously appeared
in the controls literature. The authors in [73] provide a continuity result that leverages
the generalization of Berge’s maximum theorem in [29, Thm. 1.2]. However, the as-

sumptions imposed on the cost function are restrictive, and in fact Lemma 2.3 shows

that condition (O2) in [73, Thm. 3] is redundant if the cost function is also inf-compact.
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The authors in [74] study the continuity of optimization-based control laws by lever-
aging [75, Lem. 5.7], which shows uniform compactness of the level sets of the cost
function for convex optimization problems. Relative to the results in [75], Lemma 2.3
applies on a more general class of spaces and allows the convexity of the cost function
to be restricted to the feasible set K ().

Next, continuity of the controller in (3—13) is established. The following assumptions
are imposed on the constraints, which lead to the continuity properties of the mapping
K. required by Lemma 2.3.

Assumption 2.8. For each i € [d] and each j € [k],

A) For each z € O, the functions u — T'; (z,u) and u +— v, (z, u) are convex on K, ().

B) The functions (z,u) — T (z,u) + 7; (z) and (z,u) — ¢, (z, ) are continuous on

C, N (O x R™) and O x R™, respectively.

Theorem 2.4. (Continuity of k*) LetC, C R* x R™, O Cc 11(C,), T : C, — R?, and

v I1(C,) — RY be given. Suppose Assumptions 2.7 and 2.8 hold, the cost function

Q@ : O x R™ — R is continuous and, for each z € O, u — Q (x,u) is strictly convex and

inf-compact on K. (z), and Slater’s condition is satisfied on O meaning that the set
uweR™: T'(x,u) < —v(x)

K¢ (z) = (2-9)
Y (z,u) <0

is nonempty for every x € O. Then x* : O — R™ defined in (3—13) is continuous.

Proof. For every x € O, the functions defining K. are assumed to be continuous and
convex on {z} x K. (x). Since K¢ (z) is nonempty, Theorem 12 in [72] shows that K. :
O = R™ is lower semicontinuous. Recall that K. (z) = {u € ¥ (x) : I' (z,u) < —v(z)}.
From the definition of ¥, the graph of K. is equivalent to Graph,, (K.) = {(z,u) €
CuN(OxR™) : T (z,u) < — (x)}, which is relatively closed in C,,n (O xR™) by continuity
of I'+~. Using Assumption 2.7, C,,N(O xR™) = {(z,u) € OxR™ : ¢ (z,u) < 0}, which is

relatively closed in O x R™ by continuity of ¢. Thus, Graph,, (X.) is also relatively closed
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in O x R™, i.e., the mapping K. is outer semicontinuous. Moreover, K. (x) is convex
for every x € O since it is a sublevel set of convex functions. Thus, the assumptions of

Lemma 2.3 are satisfied and «* is continuous. O]

Remark 2.6. By invoking Proposition 2.9 of [76], the functions I'; in (2—4) are continuous
when the flow map F' : R" x R™ = R" is locally bounded, outer semicontinuous, and
lower semicontinuous. When the needed regularity is not present in the dynamics, one
can replace I' with a continuous upper bound T : C, — R? such that T'; (z,u) > T'; (z,u)
for every (z,u) € C,N (O x R™) and i € [d]. It follows that K, () = {u € ¥ () : [ (z,u) <
—v(z)} € K.(z)forallz € II(C,) N O, so that redefining ~* to be a selection of the
subset mapping K. still leads to a selection of K. Similar replacements can be made for
the functions v and .
2.4 Feasibility Verification with Sum of Squares

A challenging aspect of verifying that a given CBF candidate is a CBF (or a t-CBF)
is determining whether the set K. (x) is nonempty for every z € O. Since K. is the
feasible set for the control law «* in (3—13), checking if a function is a CBF is the same
as checking if the optimization defining «* is feasible. Moreover, certifying that K¢
in (2-9) has nonempty values guarantees continuity of x* under the assumptions of
Theorem 2.4. This section develops polynomial optimization tools for certifying that K,
and K¢ have nonempty values under more restrictive assumptions on the constraints
defining the mappings. Namely, it is assumed that the constraints are polynomials and
affine in the control input. However, the tools can be used in the case of non-polynomial
constraints to obtain conservative estimates of the feasible region by replacing the
constraints with polynomial upper bounds. This procedure is similar to Remark 2.6
except the polynomial upper bounds are used only for verification and x* need not be
redefined.

Let P [z] be the set of all polynomials in the variables x € R". The set of sum of

squares (SoS) polynomialsis X [z] £ {p € P[z] : p= 0, f2, fi,..., fn € P[z]}, where
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p € X [z] implies that p (z) > 0 for all z € R™. The notation P™*™2 [] denotes the set of
matrix-valued functions p : R* — R™>*™2 with polynomial entries.

SoS programming involves a series of relaxations of originally NP-hard polynomial
optimization problems that lead to tractable semidefinite programs [22]. The class of
problems that can be solved involve optimizing the coefficients of polynomials p; € P [z]
subject to constraints of the form ao + SV, p;a; € ¥ [z], where ag, ay, ..., ay € P [z] are
given, constant coefficient polynomials (see [23], SoS Program 2). The aforementioned
constraint is linear in the coefficients of the polynomials p;.

To describe how SoS optimization can be used to certify whether a given function
is a CBF, first consider a global feasibility problem. Let K : R* = R™ be a set-valued

mapping defined by a system of inequalities as
K@) 2{uecR": A(x)u+b(xr) <0}, (2-10)

where A : R" — R™*™ and b : R* — R" are polynomial, i.e., A € P"*™[z] and

b € P [z]. The assumption that the constraints are affine is needed to obtain a proper
SoS program, as discussed above. Given constraints of the form in (2—10), the following
SoS program will certify that K (z) # 0 for all z € R™.

Problem 2.1. (Global Feasibility) Given z € R" and polynomials A € P"*™ [z] and

b € P [z], find a constant ¢ > 0 and a polynomial « € P™ [z] such that, for all i € [n],
—Ai () u(x) —b; () —e € Xz],

where A;. (z) denotes that i-th row of A (x). The parameter e could either be a fixed
value or a decision variable. If ¢ > 0, then K°(z) = {u € R™ : A(x)u+b(z) < 0} is
nonempty.

Although the polynomial controller « found in Problem 2.1 is a selection of K (i.e.,
u(z) € K (x)), itis not an optimal selection like x* in Section 2.3. Thus, w is used only

for feasibility verification purposes, while x* is used to define a closed-loop system
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for control purposes. To apply the techniques in this section to K, in Section 2.1, one
needs to assume the existence of a polynomial and affine upper bound of the functions
defining K..

Assumption 2.9. Given T : C, — R, v : 11 (C,) — [0, )¢, and ¢ : TI (C,) x R™ — R¥,
let n. = d + k and assume there exists A € P"*™[z] and b € P" [z] such that
A@)u+b(z) > (T'(z,u) +v(z),9¥ (x,u)) forall (z,u) € C,.

Remark 2.7. The functions I'; in (2—4) are affine when the dynamics are affine in the
control input [2,77]. In the setting of differential inclusions, the dynamics should have the
form F' (z) + g () u, where F is set-valued and g is single-valued.

For many practical controls problems, especially those involving constraints on the
magnitude of the control input, one will likely not find (or need) a CBF that exists on the
entire state space. More often, feasibility verification can be restricted to a particular
operating region. Thus, a method is needed to verify that K. (z) in (2-5) is nonempty
on a subset of R™. A natural way to define the operating region is with sublevel sets of
a CBF candidate B defining S C II(C,), which is especially useful when convergence
to the safe set is desired (see Remark 2.3). Certifying that K. (x) is nonempty on a
set L5 (B) £ {x € R* : B(x) < B}, with 3 > 0, is the same as certifying that B
is a CBF on L5 (), and that the controller x* in (3—13) exists on the entire safe set
S C Lp (B). Since working with B in this context requires assuming that B is polynomial,
the subsequent development considers a generic polynomial B € P [z].

While being a SoS polynomial is a global property, there exist hierarchies of
relaxations that have close relationships to the set of polynomials that are nonnegative
only on a particular subset of R" [22]. The relaxation that will be most useful for the
feasibility verification problem is the following, based on Putinar’s Positivstellensatz [78].
Lemma 2.4. Let B € P™ [z] and define L () £ {x € R" : B (x) < 3} for some § € R.

A function p € P [z] is nonnegative on L (/3) if there exist sy, s1, . .., s,, € X [z] such that,
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for all x € R™,

p(@) 2 s0(2) + Y5 (@) (5~ B (@) (2-11)

Proof. The result follows from the facts that s; () > 0 for all # € R* and 8 — B; (z) > 0

forallz € Lz (B). O

Putinar’'s Positivstellensatz shows that every polynomial that is strictly positive
on L (/) can be decomposed in the form on the right-hand side of (2-11) under the
assumption that the functions defining £ (5) have an Archimedean property [22, Thm
3.20]. While results guaranteeing the existence of SoS decompositions when the
Archimedean property is not present have been applied to controls problems in,
e.g., [24], these methods scale poorly with the number of components in B. Additionally,
the multiplicative monoid in [24] is known to lead to multiplicative combinations of
decision variables that require developing complex iterative procedures, thereby adding
conservativeness to the problem.

Recalling the definition of the mapping K in (2—10), the following program certifies
that the set K (z) is nonempty forall z € L5 (8) = {x € R" : B (z) < §}.
Problem 2.2. (Feasibility on Level Sets) Given =z € R", A € P"*™ [z],b € P" [z],
B e P™ [z],and § € R, find polynomials u € P™ [z], s, 51,. . ., 5n, € ¥ [x], and a constant

e > 0 such that, for all i € [n.],

n,

—Ap () u(x) — b (x) — e — 50 () — Zsj (x) (,8 — B, (x)) € Xx].

J=1

<

The main result of this section follows. It states that a CBF candidate B can be
certified asa CBF onaset L5 (8) D U (9S) nII(C,) by finding a feasible solution
to Problem 2.2. An identical result can be given for t-CBFs provided the additional
assumptions in Section 2.1.2 hold. Unfortunately, the inability to find a feasible solution

to Problem 2.2 does not mean that no such feasible solution exists. One major cause
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for conservativeness is that the degree of the involved polynomials must be restricted in
practice, and feasible solutions may exist for higher degree polynomials.

Theorem 2.5. (Verification of CBF) Consider the dynamical system (F,C,,) in (2—1)
and asetS C 11(C,). Suppose Assumption 2.7 holds for a function 1), B : R* — R% is a
CBF candidate defining S, and ~ : 11 (C,) — [—oc, oc]¢ satisfies Assumption 2.2. Given
" defined in (2-4), let Assumption 2.9 hold for some A € P"*" [z] andb € P" [z]. If
Problem 2.2 has a solution for some B and 3 for which there exists a neighborhood of
the boundary of S such that U (0S) N11(C,) C L3 (5), then K. (x) in (2-5) is nonempty
forallz € L5 (B)N1I(C,) and B is a CBF for (F,C,) and S on L3 (8) N 11 (C,) with
respect to v. Moreover, if the solution to Problem 2.2 is such that e > 0, then K¢ (x) in

(2-9) is nonempty for all x € L () N1IL(C,).

Proof. Considering Definition 2.2 and the assumptions of the theorem, proving that B is
a CBF requires only to show that K. in (2-5) is nonempty on L5 (5) N I1(C,). Problem
2.2 and Lemma 2.4 tell us that there exists u € P™ [z] such that A (z) u (z) + b (z) < —¢
forall z € L5 (8). From Assumption 2.9, (T' (z,u (x)) + v (), ¢ (z,u(z))) < —e for all

x € Ly (B)NII(C,). It follows by definition that K. is nonempty on L5 (8) NI (C,) and, if

e>0,s0is K¢. O

Remark 2.8. When Lz (5)\II (C,) # 0, the procedure developed above will be
conservative because it is unnecessary to consider points outside II (C,,). If II (C,) can
be described by a polynomial = € P"» [z] as II (C,,) = {z € R" : 7 (z) < 0}, then these
constraints can be included in Problem 2.2 to reduce conservativeness.

2.5 Example: Non-Polynomial Dynamics with Unknown Parameters and Input
Constraints

The following example applies the tools developed in this chapter to certify the
feasibility of a safety-ensuring control law in the presence of uncertain dynamics and
input constraints. A particular challenge in this example is that the functions I'; defined

by (2—4) are not polynomial. Due to this, polynomial upper bounds of the functions are
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used for feasibility verification purposes. It is demonstrated that these upper bounds are

not overly conservative. Consider the second-order system

2  sin(x 0 0 1 3
g=|"" (v2) 0+ u, (2-12)

0 mpcos(zy) |z1| @179 1/2 -1

~-
9

26
with « € R?, # € R* a vector of unknown parameters, and C,, = {(z,u) € R?* : |u;| <
Umaz, Vi € {1,2}} for some constant u,,,, > 0. The unknown parameters are assumed
to be bounded such thatd € © £ {6 € R* : ;| < 6;, Vi € [4]}, with each §; > 0. The
dynamics can be transformed into a differential inclusion with 6 taking values in the set
O, given as in (2—1) with F (z,u) £ {Y ()0 + gu : § € ©} and C, given above.

Consider a CBF candidate

T1+To—cC
B@)=| —a14+29—¢ | > (2-13)
%[I)%—l‘g-C

defining the set S = {z € T1(C,) : B (z) < 0}, with ¢ = 5 and IT (C,,) = R2. Considering
that the set © is compact, the function I' in (2—4) has components
L; (z,u) = max{VB/ (z)Y (z)0} + VB (z) gu. (2-14)

0cO

Note that I is linear in the control input u. Because of the expression for Y, the functions
I'; are not polynomial. Using the upper bounds |sin (z)| < 1 and |cos (z)| < 1, it can be

shown that for i € {1, 2},
Uy (z,u) < 230; 4+ (1 + |22]) Oz + |21] 03 + |2122| 04 + VB! (2) gu,
and

2 _ 2 _ _ _
I3 (z,u) < - 23] 61 + (E |21 | + |x2\> Oy + |21| 03 + |z129| 04 + VBE (2) gu.
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The upper bounds above take the form A (z) u + b (z), where the function b contains
monomials composed with the absolute value function. Although the absolute value
function is not polynomial, constraints of this form can be replaced with a set of poly-
nomial constraints. This procedure is detailed subsequently in Section 2.6. The upper
bounds of I" are used only for verification with SoS, while the actual value of I" in (2—14)
can be used to compute the controller x*.

The function v is selected as v; () = K,B; (z) with K}, = 13, which satisfies
Assumption 2.2 since B; (z) > 0 for all z € R?\S;, where S; = {z € R" : B;(z) < 0}. The
maximum value of the control input is selected as u,,.. = 40 and the upper bound of the
unknown parameters is § = (1,2,2,1). As required by Assumption 2.7, the set ¥, in this
case not dependent on z, is the zero-sublevel set of the functions ¢; (u) = |u;| — Umas
fori € {1,2}, where the absolute value function can be replaced by polynomials as
described above. With these choices, the mapping K. is defined in terms of I, ~, and
¥, and the constraints can be implemented in a SoS program like Problem 2.2. Since B
is polynomial, the function B is defined as B & B. A search was performed on the set
L () = {r € R? : B(x) < B}. The problem is feasible with 5 = 1.05. Since Lz ()
contains a neighborhood of S, Theorem 2.5 shows that B is a CBF for (F,C,) and S on
L (B) with respect to 4. In fact, the problem is feasible with ¢ = 0.1, which implies that
K2 (x) £ Oforallxz € L (B).

Theorem 2.4 shows that the controller x* (x) = arg MiN,ex, () U — Unom ()] 18
continuous on L3 () when ., : R> — R? is continuous. In the simulation in Figure 2-2,
Unom (1) 2 g7 (Rx — Y (2)0), where R = [0.15,1.3; —1,0.1] is a 2 x 2 matrix. Without
modification for safety, the controller u,,,,, would make the system unstable. Since
o(C,) NS =0, we have K, (r) = K.(x) N Os (x) for all x € R™. Since S is compact and
k*(z) € K.(x) Cc ¥forallz € L (5), Theorem 2.2 shows that S is forward invariant for

the closed-loop dynamics. In fact, 911 (C,) = OR? = () and, for each i € [d], v; (x) > 0 for
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Figure 2-2. The feasible region for Example 1 was approximated by solving (2—15) at
various points in the state space. A SoS program like Problem 2.2 certified
that B in (2—13) is a CBF on the region inside the dotted line representing
the boundary of L5 (8) = {z € R": B(z) < 3}. Note that the problem would
not be feasible if 5 were increased slightly. The trajectory x is generated by
a controller that modifies an unstable nominal controller subject to the safety
constraints. The nominal controller without safety constraints produced the
trajectory x,,om-

all z € R*\S;, so that Theorem 2.3 and Remark 2.3 show that S is asymptotically stable
from Lg (5).

Remark 2.9. For the feasible set K (z) = {u € R™ : A(z)u+ b(z) < 0}, one can

compute the so-called width of the feasible set w* : R” — R (see [20]) using

w* (x) = (u’u%le%)%ﬂ w (2—15)

st. A (z)u+b () +w <0 Vield.

The problem in (2—15) is always feasible, and if w* (x) > 0, then K (z) # (. Computing
w* (x) at various points in the state space provides a useful visual approximation of

the feasible set for problems of low dimension. However, in contrast to the approach in
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Section 2.4, the computational approach cannot verify feasibility on the entire safe set,
since this would involve computing w* (x) at an uncountable number of points.

Figure 2-2 shows an approximation of the feasible region for Example 1, i.e., the set
on which K. (x) is nonempty. The feasible region was approximated by solving (2—15)
with the constraints (I (x,u) + v (z) , 4 (u)). The actual value of the function I was used
when solving (2—15) instead of the polynomial upper bound. As can be seen, the set
L () with 8 = 1.05 could not be expanded significantly without including points outside
the feasible region, showing that the SoS program with polynomial upper bounds was
not overly conservative compared to solving (2—15) with the actual value of I'. The
feasible region is larger than the area captured by £z () and could be characterized
more fully using the level sets of an alternative function. However, this characterization
would not provide a significant benefit because forward invariance is only guaranteed on
level sets of B. Thus, trajectories starting at other points in the feasible region may flow
out of the feasible region.

In Figure 2-2, the trajectory produced by the safe controller remains within the set S
although the nominal trajectory lies outside the set. The safe trajectory deviates from the
nominal trajectory only when approaching the boundary of the set S. The trajectory is
not allowed to approach closely to the boundary of S because the controller is compen-
sating for the worst-case value of the unknown parameters. In this way, the controller is
robust to parameter uncertainty. A method for reducing this uncertainty, thereby allowing
trajectories to more closely approach the safe set boundary, is discussed in the next two
chapters.

2.6 Polynomial Replacement of Absolute Value

As seen in the previous example, constraints in controls applications often take
the form A (z)u + b(z), where b : R* — R contains some monomial expressions
composed with the absolute value function. It will be demonstrated in subsequent

chapters, particularly Chapter 5, that upper bounds of this form are useful for practical
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applications involving Euler-Lagrange dynamics. Assume that b is defined by monomials

with integer exponents as

Ne

b(x) :Zci

=1

x(lllzgl o le )

where ¢; > 0. Forevery i € [n.], letZ; C N denote the components of = with odd
exponents. For example, the monomial z3xix; has index set Z; = {1,5}. Let B £
{(e1,e9,...,6,) : ¢; € {—1,1}} denote a set of vectors pointing into each orthant of R”™.
Note that the cardinality of E is 2". For every e* € E, define the polynomial
P (x) & i [(cza:?’:cﬁ e x%) : H e?] :
i=1 JEL;

In each orthant, one of the polynomials Py (x) is dominant and corresponds to b ().
From this observation, the following proposition can be obtained.
Proposition 2.2. Foranyr € R", b(x) = maxyecpn Py (x). Thus, foranyu € R™,
A(x)u+b(z) <0ifandonly if A(z)u+ Pk (xz) < 0 for every k € [2"].

The proposition shows that all of the 2™ polynomial constraints A (x) v + Py () < 0
can be used to replace the constraint A (z)u + b(x) < 0ina SOS program.
As an example, consider the polynomial b (z) = |z,23| + |z3]. The set E is
E ={(1,1),(-1,1),(-1,-1),(1,—1)} and the index sets for the monomials are
7, = {1,2} and Z, = {2}. Then the polynomial replacements are P, (z) = z x5 + 3,

Py (x) = —w1709 + 23, P3 (x) = 2129 — 23, @Nd Py (7) = —x129 — 5.
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CHAPTER 3
MODULAR ADAPTIVE SAFETY WITH A RISE-BASED DISTURBANCE OBSERVER

This chapter presents an approach to guarantee safety for control systems with
uncertain nonlinear dynamics. Constraints on the control input induced by multiple
CBF candidates are developed to ensure forward pre-invariance of a safe set of states
despite the uncertainty. The uncertain dynamics are identified using a disturbance
observer based on the robust integral of the sign of the error (RISE) control paradigm.
Conservativeness in the input constraints is reduced over time as the disturbance ob-
server exponentially converges. The technique is modular because it can be combined
with other estimators such as deep neural networks (DNN) or Gaussian processes (GP).
The estimate of the dynamics is used in a set of constraints in an optimization-based
control law that ensures safety while expanding the operating region of the dynamical
system as the dynamic model is identified. Relative to the robust control method in
Example 3.4, the feasible set of control inputs is larger, which provides greater freedom
in exploring the state space. An example is presented showing that the operating re-
gion of the system is expanded significantly from the initial size due to the converging
estimation error. A simulation example is provided to compare the performance of the
approach in three scenarios featuring the RISE observer and a pretrained deep neural
network.

3.1 Problem Statement
3.1.1 Dynamic Model
Consider the problem of developing an estimate of the unknown dynamics for a

control-affine system with input constraints,

i=f(@)+g@)utd@), ueW(r), (3-1)

where x € R" is the state, u € R™ is the control input, the functions f and g are known

functions, and d represents the unknown dynamics. It is acceptable to include time
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as a state so that d could model a time-varying disturbance. The set ¥ (z) £ {u €
R™ : ¢ (z,u) < 0} represents state-dependent constraints ¢/ : R* x R™ — R* on
the control input, such as limits on its magnitude. Given a controller x : R — R™
with k () € ¥ (x) for all z € R", the closed-loop dynamics defined by (3—1) and « are
i=fq(x) 2 f(2) +g(z)k(z) + d(z). The following assumption on the dynamics will be
used throughout the development.
Assumption 3.1. The functions / : R" — R", g : R" x R"™™ andd : R" — R" are
continuous.

This chapter considers CBF candidates B : R" — R’, where the index
r is used instead of d to avoid conflict with the disturbance term. The definitions
of CBF in Section 2.1 are applicable to the dynamics in (3—1) with I'; (z,u) =
VBT (z) (f (z) + g (x)u + d (x)) for each i € [r].
3.1.2 Safety with Improved Performance

The function T defining K. (z) = {u € ¥ (z) : ' (z,u) < —v (x)} cannot be directly
computed because it depends on the disturbance d, so it is not possible to implement
it in an optimization-based controller as in Section 2.3. Suppose, for each i € [r], there
exists an upper bound y; : R® — R of the unknown term VB! (z)d (). It is then possible

to implement an optimization-based control law with feasible set defined by the mapping

Ke(x) 2 {ue ¥ (z): T (z,u) < —y(x)}, (3-2)

where T; (z,u) £ VBT (z) (f (z) + g (x) u) + x; («) for each i € [r]. It holds that T (z, u) >
[ (z,u) for any (z,u) € R® x R™, and hence, K, (r) £ {u € ¥ (z) : T'(z,u) < —v(x)}is
a subset of K, (x). Thus, any continuous controller  (z) € K, () is also a selection of
K., and therefore using Theorem 2.1 such controllers render the safe set S forward pre-
invariant. This approach requires K, (x) to be nonempty for all z € O. As an example,
an upper bound of the disturbance d € R. with ||d (z)|| < d for all z € R™ could be used

to define v; (z) 2 d||VB; ()|

55



2 T T T T T T T
xXr
151 - T -
// \\\ :Ed
. < |—08
1r // = = == \ B
/ ~ >~ \
/ /// \
0.5F / \ ,
/ d \
[ |
/
é\] or | I | 7
\ /
-05F \ ! / )
\ \ - /
\ N } X
i \\ SN - -~ // i
~ —_—— o — - //
15F O Start\\ /// |
x  End S~ -7
-2 1 1 1 ‘—I_—’I 1 1
-2 1.5 1 0.5 0 0.5 1 1.5 2
x

Figure 3-1. lllustration of the effect of conservativeness in upper bounds of the
disturbance. The trajectory = attempts to track the desired trajectory z,, but
must deviate from it to ensure safety. It is desirable for the trajectory to be
allowed near the boundary of the safe set S.

When the upper bound y is conservative, the mismatch between I and T" is
restrictive because trajectories of the closed-loop dynamics under a selection of K.
are able to explore less of the safe set than if inputs could be selected from K.. To see
how conservativeness degrades performance, note that if T; (z,u) < 0, as is required
near the boundary of the safe set by Definition 2.2, then T'; (z,u) < —¢; (z), where
€ (2) = x; (v) — VBY (z)d (x) > 0 denotes the mismatch between T'; and I';. When T); is
strictly negative near the boundary of the safe set, the control law will force trajectories
into the interior of the safe set, potentially creating an asymptotically stable subset of the
safe set. Figure 3-1 illustrates a trajectory that is overly restricted due to a conservative
upper bound. To remedy the mismatch between I" and I, adaptive upper bounds that

solve the following problem are desirable.
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Problem 3.1. For each i € [r], find an upper bound y; : R* — R of the unknown
disturbance term such that along any trajectory ¢t — x (t) of the closed-loop system,
Xi (z () = VB[ (z (1)) d (2 (t)) \ 0 as t — oo.
3.1.3 Modular Adaptive Safety

This section discusses a special case of the dynamics in (3—1) that illustrates
how the development in this chapter leads to modular adaptive safety. Suppose the
dynamics originally are & = f; () + g (z) u for an unknown function f; that is estimated
using any arbitrary estimator (e.g., a DNN or GP), which produces an estimate f; :

R" — R™. Defining fx £ f« — fx, the dynamics are rewritten as

&= fi(@)+g@) u+tfilx),

which matches the model in (3—1) with the known function f £ f, and the unknown
function d £ f,.. Some classes of estimator, such as those used in [44] and [45], furnish
upper bound of the estimation error f. For a broader class of estimator, the estimation
error is completely unknown. Moreover, the estimators in [44] and [45] do not guarantee
convergence of the estimation error. In the next section, a disturbance observer is
defined that can identify, with exponential convergence, the estimation error f produced
by any other estimator. Although the developed observer can act as a standalone
estimator, there are advantages to pairing it with a secondary estimator.
3.2 Estimation of Disturbance

3.2.1 RISE-Based Disturbance Observer

Motivated by results such as those in [79,80], the following RISE-based disturbance
observer is developed

r=f(z)+g@)utd+ai (3-3)

~

d = kg (% + a&) + & + pdir () , (3-4)
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where & = r — 2; a, 8,kg > 0 are control gains; and dir () £ /|| if # # 0 and

dir () £ 0 otherwise. It is assumed that state feedback is possible, namely 7 is a
measurable quantity, and it is therefore always possible to set z (0) = z (0) leading to
#(0) = 0. Also define d £ d — d. The estimator can be implemented without computing a
derivative of i as d () = ka (t) — kg (0) + [ [(kaa + 1)@ (7) + Bdir (& (7))] dr, which is a
solution to (3—4).
Remark 3.1. The RISE paradigm typically uses the component-wise sign of the error
Z in place of the term dir (Z) in (3—4) [81]. The term dir (z) indicates the direction of
the error vector = and is advantageous because it is discontinuous only when z = 0,
whereas the component-wise sign is discontinuous on each coordinate axis, i.e., when
z; = 0 for some i € [n].

The following assumption is imposed on the total derivative of the disturbance
term to facilitate the subsequent development. Assumptions on the first derivative
are common in the disturbance observer literature [43, 44], while it is less common to
impose boundedness of the second derivative. The assumption that the derivatives
exist will require some additional regularity of the dynamics beyond the continuity of
Assumption 3.1.
Assumption 3.2. Given a set R C R™ and a controller x : R — R™, assume there
exist constants ¢y, c; > 0 such that any solution x : domz — R", where domz C R,
to the closed-loop system & = f, (z) defined by (3—1) and « with x (0) € R satisfies
|d (z ()] < ciforallt € domz and ||d (x (t)) || < ¢, for almost all ¢ € dom z, where it is
implicitly assumed that d exists everywhere and d exists almost everywhere.

The next lemma justifies Assumption 3.2 by providing a sufficient condition under
common assumptions relevant to the safety application. To aid in the upcoming proofs,
for a given controller x : R" — R™ recall that d (z) = J, () f. (), where J; : R" — R™*"

denotes the Jacobian of d.
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Lemma 3.1. Consider the functions f, g, and d in (3—1) and a controller k. : R" — R™,
Let R C R" be forward pre-invariant for @ = f. (x) and suppose that f, g, d, and k are
Lipschitz and bounded on R, and J; : R" — R™*" exists and is Lipschitz (in the sense of

the induced matrix norm) on R. Then Assumption 3.2 is satisfied for R and k.

Proof. Since d is Lipschitz and J, exists on R, J,; is bounded on R. If z : domz — R is
a solution starting from R, it remains in R for all t € dom x via forward pre-invariance, so
that ¢ — 4 (¢) is bounded on dom z via boundedness of the dynamics on R. Thus, since
d(z (1)) = Jy(x (1)) (), there exists a constant ¢; > 0 such that ||d (z (¢)) ]| < ¢, for all

t € domz.

The function z — d (z), being an additive/multiplicative combination of Lipschitz and
bounded functions, is Lipschitz on R. Under the assumptions of the lemma, any solution
t — z(t)toz = fu(x) starting from R is continuously differentiable with bounded
derivative [82, Sec. 3.1], and therefore Lipschitz. Thus, the function ¢ — d (x (t)) is
Lipschitz on dom z, which implies that there exists ¢, > 0 such that ||d (z (¢)) || < ¢, for

almost all t € dom z. n

Remark 3.2. In the case that R is compact, the assumptions of Lemma 3.1 reduce to
assuming that f, g, and « are locally Lipschitz and d is twice continuously differentiable.
The following theorem provides conditions under which the disturbance observer
in (3—3) and (3—4) exponentially identifies the unknown disturbance in (3—1) with a
quantifiable rate of decay. The result applies even when the system in (3—1) does not
have complete or bounded solutions. However, the resulting observer in (3—3) and (3—4)
will not be bounded. In practice, developing a bounded observer will require ensuring
that the closed-loop system has bounded solutions, which can be accomplished via,
e.g., designing a control law that ensures the forward invariance of a compact safe set.
Theorem 3.1. Let Assumption 3.1 hold and let R C R™ and x : R" — R™ be such that

Assumption 3.2 holds with bounds ¢, and c,. If the control gains «, 5, and k, in (3—3)
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and (3—4) satisfy
&)

max{l, o — kg}’ (3-9)

ﬁ>C1+

then, for each solution to the closed-loop system defined by (3—1), (3—3), (3—4), and
with = (0) € R and & (0) = = (0), the dynamic estimator is exponentially convergent such

that ||d(t)|| < ||d(0)||e=* for all t € dom =, where
A =min{a — 1, k4}/2. (3-6)

Proof. Using the transformations d £ d(z) — d and # £ x — &, every solution to the

closed-loop system corresponds to a solution to the following transformed system:

i=d—af, (3-7)

d e d(x) — ke — 7 — SDIR(Z), (3-8)

where (3-8) is derived by noticing that (3—7) implies d = kqd + & + pBdir (). The Filippov
regularization of the original dynamics has been used to ensure that the analysis is
robust to small noise, which results in the set-valued function DIR (z) £ /||| if
z # 0and DIR (z) = Bifz = 0, with B C R”™ being the closed unit ball. The error
system in (3—7) and (3—-8) has the same form as the one in [81, Eqgns. (3) and (7)] with
Ng(z) 2 d(z).

The analysis proceeds similarly to [81], while a summary is provided here due
to minor differences. First, an auxiliary term P € R is designed with the following
set-valued dynamics:

Pe-ApP+d" (BDIR (&) —d (x)) , (3-9)

with Ap > 0. Defining a composite state ¢ £ (z,#,d, P) € R**!, we analyze a differential
inclusion with dynamics defined by (3—1), (3—-7), (3—-8), and (3-9), respectively. Define

the function V : R**! — Ras V (¢) £ 137# + Ld"d + P. Consider the set D £ {( €

60



R3"+1 % = 0,d # 0}. For ¢ € R¥+1\ D, we have

V(Q) = —afl#]" - kalld]]" — ApP

=V ((),

with Ay 2 min{a, kg, A\p}. Let ¢ : dom ¢ — R3"*! be a solution to the differential inclusion
defined above with = (0) € R. Due to the dynamics defining z, it can be shown that the
set of time instants {t € dom( : {(t) € D} has Lebesgue measure zero (cf. [81, Lem.

1]). It follows that V (¢ (t)) < —Ay'V (¢ (t)) for almost all t € dom ¢. Thus,
V(C() <V (¢(0) e (3-10)

Next, it is shown that the initial condition for the state P can be selected so that
P(t) > 0forallt € dom(. Given a solution ¢ with = (0) € R, consider the function
P (t) = (P(0) = 817 (0)| + &7 (0)d (x (0))e " + 5 |1 (t>H — it (t) d(z (1) + e x (o =
Ap)(B|Z ()] = 2" () d (x () — &7 (1) d (= (¢))], with p (¢ £ Jop(t=")q(r) dr
denoting the convolution operation. A similar analysis to [81, Lem. 3] shows that P
is the unique solution to (3—9) for a given initial condition ¢ (0). The initial condition
for P is selected as P (0) = 3|z (0)|| — Z (0)" d (x (0)), although any larger value of
P (0) is also sufficient. Using the bounds in Assumption 3.2, it is found that P (t) >
(B =c) Iz @) + e« [(a = Ap) (BIZ (B)I| — e |2 ()]]) — c2 |2 ()] - Thus, P (t) is

nonnegative for allt € dom¢ifa > Ap

simplified by choosing A\p = min{a — 1, k;}, which leads to (3-5). Since P (¢t) > 0 for all
t e dom¢and V (¢ (0)) = 3[|#(0)||" + 3[|d(0)||” + P (0), it follows from (3-10) that

2

10)]] < \/[|#0)]* + | dO)| + 2P (0) 2, (3-11)

for all t € dom ¢, showing that the estimator is exponentially convergent. The right-hand
side of (3—11) becomes ||d(0)[|e=** when # (0) = 0 and A £ Xy /2, leading to (3-6).

Additionally, the composite solution ¢ — ¢ (¢) has the same domain of definition as the
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component ¢ — z (t) (i.e., dom ¢ = dom z) because the components (#, d, P) cannot

exhibit finite-time escape due to (3—10). O

Remark 3.3. Theorem 3.1 shows that the RISE-based disturbance observer can act
as a standalone estimator of the unknown dynamics. However, combining RISE with a
secondary estimate of the dynamics, as discussed in Section 3.1.3, reduces the size of
the uncertainty and consequently leads to a smaller gain condition for the RISE gain 5 in
(3-5).
3.2.2 Implementation in Control Law

It is noteworthy that Theorem 3.1 applies even when the disturbance is unbounded
(although its rate of change should be bounded according to Assumption 3.2). However,
the bound [|d(t)|| < [|d(0)||e~* cannot be computed without information about the initial
estimation error d (0). Bounds on ||d(0)|| are typically obtained under the assumption
that the disturbance is bounded on the safe set.
Assumption 3.3. Given the safe set S C R", there exists d € R, such that ||d (z)| < d
forallz € S.

The disturbance observer is injected into the original dynamic model in (3—1)
as follows. Define the vector z £ (z,4,d,t) € R* x Ry, £ Z. Recalling Section
3.1.2, define the term T'; (z,u) £ VB! (2) (f (z) + g (z)u) + xi (2) where y; (z) £
min{d ||VB; (z)||, VBT (z)d + dyp (t) |VB; (x)||} for each i € [r], and dy (t) £ 2d e,
with \ defined according to (3—6). Under the assumptions of Theorem 3.1, the term y;
solves Problem 3.1, so that the set K, (z) £ {u € ¥ (z) : T (z,u) < —v (z)} converges to
the true set of safety-ensuring control inputs as ¢ — oo. Theorem 3.2 shows that safety
is ensured using an optimization-based control law where the unknown function I" is
replaced with T.
Theorem 3.2. Consider the dynamical system in (3—1) for which Assumptions 3.1 and
3.3 hold. Let B : R" — R" be a continuously differentiable CBF candidate defining

S C R™ and let the set © C R™ and function ~ : R™ — R" respectively satisfy conditions
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1) and 2) of Definition 2.2. Let (z,d) be updated according to the estimator in (3-3) and

(3-4) with & (0) = = (0), ||d(0)|| < d, and where the observer gains satisfy (3-5). Define

the controller k* : Z — R™ as

k* (2) £ arg min Q (z,u) (3-12)

uER™

S.t.T (z,u) < —v (),

Y (2,u) <0,

for the cost function Q : O x R™ — R. Assume that K. (z) = {u € ¥ (z) : ['(z,u) <
—v (x)} is nonempty for all = € O x R*" x R, and x* is single-valued and continuous
on O x R?" x Rs. If Assumption 3.2 holds with R = S and x = x* and the RISE

gain [ satisfies (3-5), then S is forward pre-invariant for the closed-loop dynamics

= fu(2) 2 f(x)+g(2) K (2)+d(x). If additionally x* is continuous on (OUS) x R?" x R
and either S is compact or = — [, (z) satisfies Condition 2) or 3) of Theorem 2.2 on

S x R*™ x R, then S is forward invariant for i: = f,; (z).

Proof. Lett — z(t) = (z(¢),%(t),d(t)) be a solution to the closed-loop dynamics
in (3—1), (3-3), and (3—4) with x (0) € S. Assumption 3.2 and Theorem 3.1 show
that ||d(t)|| < ||d(0)||e for all t € dom z. Since ||d(0)|| < 2d, we have x; (= (t)) >
VBT (z(t))d + dyp (t)||VB; (z ()] > VBT (z(t))d(z(t)) for everyi € [r] and

t € dom z. It follows that for every u € U (z (t)), T; (2 () ,u) > Ty (x(t),u). Thus,
k*(2(t)) € K. (2(t)) € K.(x(t)) forallt € dom z. Since K, (z) is nonempty on

O x R*™ x Rs, K. is nonempty on O so that B is a CBF. Since «* is continuous,
Theorem 2.1 shows that S is forward pre-invariant for the closed-loop dynamics. The

claim of forward invariance is a direct consequence of Theorem 2.2. O

Remark 3.4. Before deploying a controller, it is important to verify that the set

K.(2) = {u € ¥(z) : T'(2,u) < —v(z)}is nonempty on the operating re-

gion of the dynamical system. Otherwise, safe control inputs do not exist at every
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state. Feasibility can be verified using the SoS optimization tools in Section 2.4.
This task is generally not possible without knowing a bound on the unknown dis-
turbance d. Supposing that Assumption 3.3 holds, the feasibility verification should
be performed using the set Ky (v) £ {u € ¥ (z) : Typ(z,u) < —v(z)} with
Typ (z,u) = VBT (2) (f (v) + g (x)u) + d||VB; (2)|. We have Ky () C K. (z) for every
z € Z. Thus, verifying the nonemptiness of K 5 also certifies that K. is nonempty. The
domain of K5 is of lower dimension, which reduces the complexity of the SoS problem.
3.3 Local Lipschitz Continuity of x*

This section studies the continuity of the optimization-based controller x* in (3—12).
In order to meet Assumption 3.2, it will often be desirable for x* to be locally Lipschitz,
which aids in applying Lemma 3.1. The following result from [83] provides conditions
for when the function x* is locally Lipschitz under the linear independence constraint
qualification (LICQ). A comparable result is available in [28, Thm. 5.1]. The author
of [84] provides a result for a weaker notion of pointwise Lipschitz continuity using the
weaker Mangasarian-Fromovitz constraint qualification. The Mangasarian-Fromovitz
qualification is typically easier to verify than the LICQ. For generality, a generic control
law is considered with constraints C : R"* x R™ — R/,

K* (z) = arg min Q (z, u) (3-13)

ueR™

st.C(zx,u) <0

Definition 3.1. Let Z (z,u) £ {i € [I] : C;(z,u) = 0} denote the active constraints

of problem (3—13) at a given point. The LICQ is said to hold at (z,u) € R™ x R™ if the
vectors {V,C; (z,u) }icz(z,u) are linearly independent.

Theorem 3.3. (Local Lipschitz Continuity of k*) Consider the controller x* : R — R™
in (3—13). Given z € R", assume there exists a neighborhood U (z) of z such that x* is

single-valued and continuous on U (z) and, for eachi € |l],
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A) The functions (z,u) — Q (x,u) and (z,u) — C;(x,u) are twice continuously
differentiable on U (z) x R™,

B) The LICQ holds at (z,x* (Z)),

and for every x € U (),

C) the function u + C; (x,u) is convex on K (z) £ {u € R™ : C(x,u) < 0} and the
function u — @ (z,u) is strongly convex on K (z).

Then x* is locally Lipschitz at .

Proof. The result will be proven by applying Theorem D.1 of [83]. Conditions (D.2) and
(D.3) in [83] hold by assumption. Since x* is continuous on U (z), it is also bounded and
(D.4) in [83] holds. Condition (D.5) in [83] holds when u +— @ (z,u) is strongly convex
and the matrix M (z) £ [V,Ci(z, 5*(2)) )icz(z.s )y has full rank for all z in a neighbor-
hood of z. The LICQ ensures that M (z) has full rank, and continuity of the constraints
and optimal value «* can be used to find that it remains full rank in a neighborhood of z.
Thus, Theorem D.1 of [83] shows that x* is Lipschitz on a neighborhood of z, i.e., k* is

locally Lipschitz. O]

Remark 3.5. According to the conditions in [83], Assumption B) of Theorem 3.3
can be relaxed when the problem defining «* is a quadratic program. Assume that
Q(z,u) = u"H (z)u+ h(z)" wand C (z,u) = A(z)u + b(x). Then via [83, Thm. 3.1],
Assumption B) can be replaced with the assumption that H, h, A, and b are locally
Lipschitz.
3.4 Example

The following example demonstrates the effectiveness of the RISE-based distur-
bance observer. The nonlinear system & = f (z) + u is considered where z,u € R?,
¥ (z) = R%*for all z € R?, and f;, (z) = (cos (1) sin (z3) tanh (z;) + sech? (x1) , sech® (z1)).
To constrain the state to a safe set, a CBF candidate is defined as B (z) £
(—x1 — ¢,z1 — ¢,—x9 — ¢,z9 — ¢) Where ¢ = 1, which defines a square safe set

S ={r € R*: B(z) <0}. ADNN function approximator is used to estimate the unknown
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term f; in the dynamics. The DNN was pretrained using noisy data (Gaussian noise
with nonzero mean) from a simulated trajectory of the system, thereby leading to imper-
fect function approximation. The DNN has tanh activation functions with 3 hidden layers
and 10 neurons in each layer, for a total of 272 individual weights. The weights are
initially randomized for pretraining. Denoting the DNN approximation of the dynamics as
fi : R? — R?, the dynamics are written as & = f (x) + u + d (z) with d (x) representing
the residual estimation error d () = fi (z) — fi ().

The RISE-based observer was used to identify d with o« = 4, k; = 2, and
3 = 0.5. The conservative upper bound of the disturbance was setto d = 3 and
the performance function is designed as v (z) = kB (x) for k, = 10. In prac-
tice, some amount of estimation error is expected in the disturbance observer
due to discretization error. To account for small errors, the upper bound of d is de-
fined as dyp (1) £ max (de™,0.01). The control law x* is defined as in (3—12)
with the cost function Q (z,u) = |[u — Knom (2)||°, Where the expanded state is
2= (2,2,d,t) € Z2 RS X Ry and nom (2) = @q (t) — fi (z) — K (x — x4(t)) is a nominal
controller designed to track a spiral trajectory z; (¢) = min{0.1¢,5} - (sin (¢) , — cos (¢)).
The nominal controller is given access to the actual dynamics f; to improve tracking
performance and better highlight when the safety constraints cause «* to deviate from
Knom- 1he controller x* is a quadratic program with constraints of the form Au < b(z),
where A = Jp is the Jacobian of the CBF candidate B.

For this problem, the feasibility and continuity of the optimization-based control law
can be verified analytically. Recalling Remark 3.4, manual computation reveals that the
set Kip (z) £ {u € ¥ (2) : T'yp (z,u) < —y(z)} is nonempty for all € R? if kye > d.
Thus, K2 (2) = {u € ¥ (z) : ' (2,u) < —v (x)} is also nonempty on Z and Theorem 2.4
shows that x* is continuous. In fact, whenever K¢ (z) is nonempty, the LICQ must hold
because the feasible set is a rectangle and only two constraints can be active at a given

point. Via Theorem 3.3 and Remark 3.5, it follows that x* is locally Lipschitz on Z.
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Since the desired trajectory is bounded and y; (z) < d||VB; (z)|| for every i € [r],
it can be found that x* is Lipschitz and bounded on S x R* x Rs,. The dynamics
fi, g, and f; are locally Lipschitz and S ¢ R? is compact, so Lemma 3.1 shows that
Assumption 3.2 holds with R = S. Since S is compact, Theorem 3.2 shows that S is
forward invariant for the closed-loop dynamics. A simulation of the closed-loop dynamics
is shown in Figure 4-1a). Although the desired trajectory exits the safe set, the controller
r* deviates from the nominal controller to keep the trajectory in the safe set. As can be
seen in Figure 4-1a), the trajectory = never exits the safe set. Figure 4-1b) shows the
neural network function approximation error and Figure 4-1c) shows the estimation error
for the RISE observer. The RISE observer was able to identify the large approximation
error in the DNN caused by noisy training data. After the disturbance was identified, the
trajectory closely approached the boundary of the safe set; the maximum value for the
four CBFs was —0.001.

To show how the developed controller would behave without either the DNN ap-
proximation of f;, or the use of the disturbance observer, two additional simulations were
performed. To remove the DNN from the simulation, the approximation of the dynamics
was set to f, = 0. In this case, the trajectory remained in the safe set, but the RISE gain
£ had to be increased from g = 0.5 to g = 5 to compensate for the larger uncertainty.
Alternatively, if the RISE terms are removed so that T; (2, u) 2 VBT (z) (fi (x) + u), the
trajectory escapes the safe set because the imperfect approximation of the dynamics
by the DNN is not able to ensure safety, as shown in Figure 3-5. The maximum value
of the four CBFs with the DNN alone was 0.26. The trajectory in Figure 3-1 was also
generated from the dynamics in this example using a robust control approach where
[ (v,u) & VB! (x)u + d||VB; ()|, in which case the closed-loop trajectory was
not allowed to approach the boundary of the safe set as closely as with the adaptive

approach; the maximum value of the CBFs was —0.2.
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Figure 3-2. Trajectory of the closed-loop system in the example of Section 3.4 using a
pretrained DNN coupled with the RISE-based disturbance observer. The
safety-ensuring control law maintains the state inside the safe set although
the desired trajectory leaves the set. The trajectory is allowed to closely
approach the boundary of the safe set because the RISE observer
accurately identifies the DNN estimation error.
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Figure 3-3. Estimation error along the closed-loop trajectory for the pretrained DNN
defined as fi (z (t)) — fx (= (¢)). Due to imperfect training, the DNN estimate
showed persistent error.
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dyp- The upper bound bound dy 5 provides a conservative upper bound on
the rate of decay of d. The RISE observer was able to identify the DNN
estimation error in Figure 3-3.
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Figure 3-5. Trajectory of the closed-loop system in the example of Section 3.4 using a
pretrained DNN but without the RISE-based disturbance observer. Since the
DNN estimate is imperfect, the trajectory is allowed to leave the safe set.
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CHAPTER 4
ADAPTIVE SAFETY USING INTEGRAL CONCURRENT LEARNING

This chapter presents an alternative approach to adaptive safety that is applicable
to a less general class of dynamics than the estimator in Chapter 3. Specifically, the
adaptive control technique of ICL is used to identify the constant unknown parameters
for a dynamical system with linearly parameterized uncertainty. The ICL approach is
advantageous for the more restricted class of system because ICL does not require the
user to determine bounds on the rate of change of the disturbance. Moreover, ICL yields
a condition based on stored data that can be checked during runtime to determine the
rate at which the parameter estimation error is converging.

The material in this chapter was written prior to Chapters 2 and 3. The content is
therefore not as general, although the material has been updated to be more consistent
with the previous chapters. A non-updated version has appeared in [19].

4.1 Dynamic Model

Consider the nonlinear dynamic system
=Y (z,1)0 + g (x)u, (4-1)

with the state x € R", control input « € R™, control effectiveness matrix g : R — R™*™,
a known regression matrix Y : R* x Rs, — R"*?, and a vector of constant, unknown
system parameters 6 € RP. It is assumed that g is locally Lipschitz, and Y (z, t) is locally
Lipschitz in x and continuous in t. The following assumption is imposed on the unknown
parameter vector to ensure compensation for the initial estimation error.
Assumption 4.1. The parameter vector 0 takes values from a compact set © C
R?. There exist real numbers 6 and ¥ such that, for every 0,,0, € ©, ||0,|| < 6 and
10, — 6] < 9.

The problem statement in this chapter is very similar to Problem 3.1.

Given a CBF candidate B : R* — R? anupperboundy; : R* — R
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of the unknown term VB, (2)” Y (x, t) 6 is sought, for each i € [d], such that
xi (2 (t)) — VBT (x ()Y (x (t),t) 0 \, 0 as t — oo along any trajectory of the closed loop
dynamics..
4.2 Estimator Design

ICL is an adaptive control technique that yields a finite-time excitation condition
to verify exponential convergence to the true parameter vector 6 [36]. The computable
eigenvalues of a regression matrix based on stored data determine the rate of exponen-
tial convergence and provide an indication of the worst-case estimation error. Moreover,
the ICL strategy does not depend on the gradient of a specific CBF candidate. ICL is
therefore well suited as an estimator in the adaptive safety problem.

Let the controller (z,t) — & (x,t) be continuous in = and ¢ and consider the closed-
loop dynamics defined by x as © = Y (x,t) 0 + g (x) k (x,t). Integrating along a solution «

to the closed-loop dynamics yields
x(t)—x(t—A) =Y @)+ K(1), (4-2)

forallt € domz suchthatt > At, where At € R, is a user-defined constant

determining the size of the window of integration. In (4-2),

K (1) 2 / g (x (M) k(z(r),7) dr. (4—4)

—At

Data in ICL is gathered by sampling Y and K at discrete time instants. Consider a
sequence of sampling times {tj}jy:(? suchthat At < t; < --- < tyu < t, where N (1)
indicates the time-dependent number of samples. Using the notation ; £ Y (¢,) and

K; 2 K (t;), an ICL update law is defined as

62 ke > V! (g; (t;) — 2 (tj — At) — K — yjé) : (4-5)

j=1
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starting from 0, € ©, where kcy € R, is the adaptation gain. From (4-2) and (4-5), the
estimation error evolves according to

) N()

0 =—kor > Y Vi0, (4-6)
j=1

where 0 £ 6 — 6.

Provided the collected data is sufficiently rich, the update law in (4-5) leads to
exponential convergence of the estimation error. Define the function A,,;, : domz — R
such that ., (t) denotes the minimum eigenvalue of the matrix 3-) Y7 at time ¢.
The function \,,;, is piecewise constant between the sampling times ¢; and ¢;,, and
non-negative, where the latter fact is because a matrix product of the form y].Ty]- is
symmetric and at least positive semi-definite [85]. The following lemma provides an
upper bound of the estimation error that depends on \,.;,. The minimum eigenvalue
can be monitored online by numerically computing ) (¢) using measurements of z (¢).
See [36, 39, 86] for implementations of ICL that ensure ),,;, is non-decreasing.
Assumption 4.2. The closed-loop dynamic system is sufficiently excited over a finite
duration of time, namely, there exist A € R, and T > At such that, for any complete
solution, A,.;, (t) > Afor all ¢t > T [36,87].

Lemma 4.1. Let the controller (z,t) — « (x,t) be continuous, and consider a solution x
to the closed-loop dynamics defined by . Suppose that Assumption 4.1 holds, and let
be updated according to (4-5) with 6, € ©. Then

for allt € domx, where

Gus (t) 2 7 exp (— /0 e () dT) . (4-8)
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Additionally,

0(t)|| < ||6(0)| foralit € domz. Furthermore, if Assumption 4.2
holds and x is complete, then 6 is exponentially requlated in the sense that Hé (t) H <

16 (0)||exp (=A(t — T)) for allt € domz.

Proof. Let V : R? — R be a Lyapunov function candidate defined as

~ 1 o~
1% (9) & 260, (4-9)
. . . . N@) 2 N@)
For the positive semi-definite matrix Y V[V, we have A, () [J2]|” < 2" | > V]V, | 2
=1 j=1

for all = € RP, t € domz. Therefore, the time derivative of V' along a solution to (4-6) can

be upper bounded as
14 (é (75)) < —2korAmin (1) V <5 (t)) , (4-10)

for almost all ¢ € domz. Since \,.;,, (t) is piecewise continuous, and thus Riemann
integrable, the differential form of the Gronwall inequality [88], which classically requires

continuity, can be shown to apply to (4—10), leading to

1% (é (t)) <V (é (0)) exp (— /0 ki (7) dr) , (4-11)

forallt € domaz. The factthat 6, € © implies that ||f (0)|| < ¥. Therefore, using
(4-9) and rearranging (4—11) leads to (4-7). Since \,.;, (t) > 0, (4—11) shows that
16 (#)|| < [|0(0)]| for all t € dom z. If Assumption 4.2 and completeness of z hold, then

16.#)]| < |16 (0)||exp (=A (¢t — T)) for all t € dom . O

4.3 Design of Safety Constraints
4.3.1 Known Constraints
This section focuses on the problem of designing a controller to ensure forward
invariance of the safe set S = {z € R" : B(z) < 0} defined by a CBF candidate

B : R — R%. Following the discussion in Section 3.1.2, consider the set

Ke(z) 2 {ueR": T (z,u) < —v(2)}, (4-12)
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where z 2 (z,t)and T (z,u) £ VB; (2)" g (z) u + x; (). The upper bound y; of the
unknown term VB, (z)" Y (x,t) § is developed by first noticing that, using the definition of
0,

VBT (2)Y (2,t)0 = VBT (z) (Y (2,8)0 +Y (x,1) é) . (4-13)
Using Holder’s inequality with the bound from Lemma 4.1, the following holds whenever

0y 5 is defined along a solution z to the closed-loop dynamics defined by a controller «:
VB (2)Y (2,0)0(t) < ||[VB] (2)Y (2,1)| s (1), (4-14)

for all z € R" and ¢t € domz. Based on (4—13) and (4—14), and recalling that 6,5 can be

computed online from known information, an implementable upper bound is designed as

i (2) 2 min{||VBf (@)Y (2,1)]| 6, (4—15)

VB! ()Y (2, 6)0 (t) + | VBT ()Y (2,1)| fus (t)}.

Under the assumptions of Lemma 4.1, the upper bound 6,5 () converges to zero
exponentially, and é(t) converges to 6§ ast — oco. Thus, as in Chapter 3, the upper
bound y; (z) becomes a close approximation of the unknown term VB! (z)Y (z,t) 6 over
time. Therefore, the conservativeness that is introduced into x; (z) to ensure safety is
significantly reduced and the control input can be selected from a less restrictive set.
4.3.2 Feasibility

The constraint-based approach described above is contingent on the constraints
being feasible. Guaranteeing feasibility a priori for problems involving multiple CBF can-
didates was addressed in Section 2.4. In the simpler case of a scalar CBF candidate, it
is possible to guarantee feasibility a priori by checking only the points where the gradient
(with respect to ) of the constraint has rank zero. The following proposition shows this
fact and, that by requiring a strict inequity to hold, one can guarantee the control input
u = 0,,x1 is in the feasible set in some neighborhood of any rank-zero point, implying

that a bounded control input can be selected in that neighborhood.
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Since K. in (4—12) behaves differently along different solutions to the dynamics, one
can work with Ky p (2) £ {u € R™ : Ty (z,u) < —v (z)} for feasibility verification, where
Tup (z,u) £ VB] () g (x)u+ |[VBF (2)Y (2,t)| 6. Noting the definition of x in (4—15),
we always have Kyp (2) C K. (2). Thus, K, () is nonempty if Ky 5 (2) is.

Proposition 4.1. Letb : R" — R be a continuously differentiable, scalar CBF candidate,
and let the continuous functiony : R — R be given. Define the setG = {z € R :

VT (x) g () = 01, }- Suppose that z* € G implies that
HVbT (m*)Y(x*,t)HéJrv(x*) <0, (4-16)

for allt € Rsq. Then Int[Kyp] (v,t) & {u € R™ : Typ(z,u) < —v(x)} is nonempty on
R™ x Rxq. In particular, for any x* € G andt* € R, there exists a neighborhood U

around (z*,t*) such that the vector 0,1 € Int[K%| (z,t) for all (x,t) € U.

Proof. Choose z* € G and t* € R>. The condition in (4—16) and continuity of v, Vb, and
Y imply that there exists a neighborhood U of (z*,t*) so that | V" (2) Y (z,t)| 6+ (z) <
0 for all (z,¢) € U. Choosing u = 0,,x1, we have T'yp (z,u) + v (z) < 0 for all (z,¢) € U,
implying that 0,,,«1 € Int[Kyg| (z,t). This proves the second claim of the proposition, and
part of the first. To prove that Int[K 5| is nonempty for any other point, choose = € R"\G
and ¢t € Rx. Since V' (x) g (x) # 01xm, there exists at least one component ; so that
the inequality

Vo' (z) g (z)u < =7 () — ||Vb" (2) Y (z,t)]| 0 (4-17)
can be influenced by selection of u;. Since the right-hand side of (4—-17) is finite, one can
find u € R™ so that the inequality holds at (z, t), implying that Int[Ky 5] (x, t) # 0. O

4.4 Stability Analysis
The following theorem shows that a closed-loop controller subjected to the
constraints designed in Section 4.3 enforces forward pre-invariance of the safe set

S ={z e R": B(x) <0}, given that the constraints are feasible in a neighborhood of the
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boundary of the safe set. It is notable that the finite excitation condition of Assumption
4.2 is not necessary to prove the theorem. Meeting the finite excitation condition does,
however, lead to reduced conservativeness because the upper bound y; (z) becomes a
close approximation of VB! ()Y (x,t) 6 when 6,5 (t) is smalll.

Theorem 4.1. Let B : R* — R? be a continuously differentiable CBF candidate, and
suppose that Assumption 4.1 holds. Let the continuous function ~ satisfy Assumption
2.2 and suppose O C R™ is such that there exists U(0S) C O. Let the parameter
estimate 6 be updated according to (4-5) with 8, € ©, define 6, 5 according to (4-8),

and let k* be defined as

*

K" (2) £ arg min |t — Knom (z)H2 (4-18)
ueR™

st. T (z,u) < —vy(2),

where T is defined below (4—12), and k..o, : R™ x Rso — R™ js a continuous nominal
controller. If Inf{Kyg| (z,t) = {u € R™ : Ty (z,u) < —~(x)} is nonempty for all
(z,t) € O x Rsy, then x* is continuous and the set S is forward pre-invariant for the

closed-loop dynamics defined by r*.

Proof. Let x be a solution to the closed-loop system with xy € S. First, the continuity

of x* is established. Since (z,u) ~ I (z,u) + v () is continuous and u ~ T (z,u) is
convex for every z € R™ x domx, Assumption 2.8 is satisfied. The cost function in
(4—18) is strictly convex in u. Since Int[ Ky 5] is nonempty on O x Ry, it follows that
Int[K.] (2) D Int[Ky 5] (2) is nonempty for all z € O x dom z. Applying Theorem 2.4 shows

that x* is continuous on O x dom z.
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Because the controller x* satisfies the constraints in (4—18), it follows that for each

i € [d], the controller ensures that'

for almost all t € domx such that z (t) € O. From 4-13 and (4-14), VB! (2)Y (z,t)0 <
Xi (z,t). Thus,
B; () < =7 (x). (4-20)

Because O contains a neighborhood of S, it follows from the definition of M; that
there are neighborhoods such that U (M;) C U (0S) C O. By the conditions imposed on
~v in Assumption 2.2, it follows that, for any i € [d], if 2 (¢t) € U (M;)\S;, then v (x) > 0,
and

B; (z) <0. (4-21)

The proof of Theorem 1 in [6] shows that a contradiction with (4—21) is obtained by
assuming that there exists ¢, € domx such that x (t,) ¢ S. It follows that z (¢) € S for all
t € domz. Since the aforementioned properties hold for any solution starting from S, the

set S is forward pre-invariant. O

Remark 4.1. The proof of Theorem 4.1 was written before the results in the previous
chapters, and uses an alternative solution-dependent argument to show forward
pre-invariance of the safe set. This proof has been retained for the sake of diversity,
although the proof could be modified to closely follow the methods used to prove

Theorem 3.2.

! When z (t) appears as the argument of a function, the dependency on ¢ is omitted
for brevity.
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4.5 Example
The following example system, taken from [36] and similar to the example in
Chapter 2, will be used to illustrate the reduced conservativeness provided by the ICL

estimator in (4-5) and the controller x* in (4—18).

2 sin(z 0 0
ao | ™ Sin(m) 0+ u, (4-22)
0 Z'QSin (t) r1 X1To

where z € R? and « € R% The unknown parameters were selected as 6 = (5, 10, 15, 20).

The controller developed in [36] was used as a nominal tracking controller,
Rnom (;U,t) = T4 <t> - Y(‘T?t)e - Ke? (4_23)

where e £ z — z,4(t). The desired trajectory is x4 (t) = r (t) [2cos (t),sin (t)]", where
r(t) = 0.27t. To better demonstrate how the adaptive safety constraints in the QP in
(4—18) affect tracking performance, the nominal controller is given access to the true
parameter values. It is emphasized that the constraints of the QP, namely the functions

Xi, do not use the true parameter values. The CBF candidate is defined as

T+ X9 —C
B(x)=| —zi+a—c |, (4-24)

%x% —ZTg—C
where ¢ = 5. The safe set S defined by B is displayed in Figure 4-1 as a thin orange
line. The function ~ was selected as v; (z) £ K, (B; (x))®, where K, € R-,. A cubic
function is used to obtain faster growth in the interior of the safe set and slower growth
near the boundary. The maximum magnitude and estimation error of the parameters
were setto § = 43 and ¥ = 22, respectively. A similar procedure to the one in Section
3.4 was used to model the dynamics in (4—22) as a differential inclusion and develop

polynomial upper bounds for the function I". The resulting SOS program showed that B

is a CBF for the dynamics and S on R™ with respect to ~.
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Figure 4-1. Evolution of the state trajectory for the system in (4—22). The thin orange
line indicates the boundary of the safe set S. The QP in (4—18) maintains
the state inside the safe set although the desired trajectory leaves the set.
For visual clarity, the figure shows only the first 18 seconds of the simulation.

The simulation was implemented in Simulink® using ode45, while the quadprog
function was used to implement the controller in (4—18) with objective function
uTu — 2kT  (x,t)u. Figure 4-1 shows a phase portrait of the desired and actual state
trajectory. Specific times of interest are denoted by symbols in Figure 4-1 and marked
on the horizontal axes of the plots in Figures 4-2-4-4. The forward pre-invariance of
S under x* guaranteed by Theorem 4.1 is validated in Figure 4-4 by the fact that the
CBF in (4—24) remains negative for the entire simulation. There are many instances
when the desired trajectory lies outside the safe set, yet the QP maintains the actual
trajectory inside the set. Figure 4-2 shows that deviations from the nominal controller
occur to keep the trajectory in the safe set. For example, there are large deviations
after t = 14.0s when the desired trajectory leaves the safe set. As predicted by Lemma

4.1, the estimation error in Figure 4-3 converges using the modified ICL update law

in (4-5), despite the fact that the tracking error necessarily grows to ensure safety. In
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Figure 4-2. Evolution of the QP-modified control input x* = (%, k5) and nominal control
INPUt Knom = (Knom,1, Knom,2). Deviations from the nominal control input are
necessary to enforce the safety constraint.

contrast, the update law in [36], which used the tracking error in a gradient term, would
not achieve parameter convergence for the adaptive safety problem.

The example demonstrates how the adaptive safety constraint in (4—18) leads
to an expanded operating region for the system. More concretely, the value of the
barrier function B can be interpreted as a signed distance from the boundary of the
safe set. The increasing trend of the peaks of B in Figure 4-4 towards zero indicates
that the trajectory is allowed closer to the boundary of the safe set. Before t = 7.3s,
the maximum value of the CBF was B; = —1.18 while the maximum value for ¢t >
10.4s was B, = —0.014. The increase in B is due to the exponential decay of 05 in
Figure 4-3. The function 6y 5 introduces conservativeness into the system to ensure
that forward pre-invariance is guaranteed despite uncertainty. Figure 4-3 shows that
conservativeness has been largely eliminated from the system after t = 10.4s, and

additionally validates that 63 (t) upper bounds |0 (t)]|.
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Figure 4-3. Evolution of the norm of the parameter estimation error vector ||0 (¢)|| and its
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decay exponentially.
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Figure 4-4. Evolution of the CBF candidate in (4—-24). The barrier function remains
negative for the entire simulation, indicating safety.
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CHAPTER 5
ENCOURAGING VOLITIONAL PEDALING IN FES-ASSISTED CYCLING USING
BARRIER FUNCTIONS

This chapter develops a combined motor and FES control system that tasks the
rider with maintaining their cadence near a target point using their own volition. Barrier
functions are used to guarantee that the rider's cadence is constrained to the safe
range, while minimal assistance is provided within the range to maximize effort by the
rider. FES stimulation is applied before electric motor assistance to further increase
power output from the rider. A hybrid systems stability analysis shows that the safe
set is asymptotically stable for the closed-loop dynamics. The performance of the
developed control method is demonstrated experimentally on five participants. This
chapter includes material that has been published in [65].

5.1 Dynamic Model
5.1.1 Hybrid Systems

The development in this work is based on the hybrid systems framework described

in [68]. A hybrid system H = (C, F, D, G) with state x € X C R™ is modeled by

teF(x) =zel
H (5-1)

xteG(x) x€D.

When the state is in the flow set C' C R”, it is allowed to evolve continuously according
to the set-valued flow map F' : R* = R". When the state is in the jump set D C R", itis
allowed to change discretely according to the jump map G : R* = R". Whenx € CN D,
either behavior is possible. The notion of a solution to # is defined precisely in [68, Def.
2.6]. Briefly, a solution to # is a function (¢, j) — ¢ (¢, j) defined on a hybrid time domain
dom¢ C Ry x N and is parameterized by the ordinary time variable t € R, and the
discrete jump variable j € N. The set-valued mappings F' and G map points in R to

subsets of R" so that, for example, the inclusion 2™ € G (z) represents the fact that if a
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trajectory jumps from the state ¢ (¢, j), then its state ¢ (¢, j + 1) at the next discrete time
instant is a point in the set G (¢ (¢, j)).
Remark 5.1. Previous results (cf. [52, 62, 89]) have analyzed the dynamic model in
the subsequent section using switched-systems tools. The decision to use a hybrid
model here was motivated by the fact that forward invariance via barrier functions is
not well characterized for switched systems, nor are many results available regarding
the stability of noncompact sets. Hybrid systems can model broad classes of switched
systems [68, Sec. 2.4].
5.1.2 Open-Loop Dynamics

Analogous to (5—1), one can also consider hybrid systems with inputs [77]. Such
a system is used to describe the control design, but the stability analysis is presented
in terms of a closed-loop system with the form in (5—1). The open-loop cycle-rider
system is modeled as a continuous-time system #, = (C,, F,)). Subsequently, discrete
dynamics will be introduced due to the design of the controller. Adapting the model

from [52], the cycle’s Euler-Lagrange dynamics are modeled using the flow map

Z9

e 2 F,(z,u), (5-2)
M~ (z1) [1u (2, u) — 77 (2)]

and flow set C,, £ R? x 4. In (5-2), the state is = € R?, where z, denotes the cycle’s
measurable crank angle, and 2z, is the calculable angular velocity (equivalently, the
rider’'s cadence). The system has control inputs' « £ (u.,uy,), where u, € R is the
current input to the cycle’s electric motor, and u,; € R is a vector of the electrical stimu-
lation intensity inputs w,,, € R, for each muscle m € M = {LQ, LG, LH, RQ, RG, RH}.
The elements of M indicate the quadriceps femoris (@), gluteal (G), and hamstring (H)

muscle groups for the left and right legs, respectively. The control inputs take values in

' For vectors z € R", y € R™, (z,y) = [JJT,yT]T
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the set i £ R x Uy, where Uy, 2 [0,3)° ¢ RS indicates that the muscle control inputs
are bounded by the constant « > 0 for the rider’s safety and comfort. The continuously
differentiable function M : R — R, denotes the inertial forces from the cycle and rider’s

legs. The set-valued mapping 7» : R? = R defines the dynamics of the system as
77 (2) £ 7 (22) + Vp (2) 22 + G (21) + P (2) + Ta + Toars (5-3)

where 7, : R — R denotes the unknown torque due to viscous damping in the cycle,
andV, : R? - R,G : R — R,and P : R? — R are the unknown centripetal-
Coriolis, gravitational, and passive viscoelastic tissue forces, respectively, applied by

the combined human-cycle system. The aforementioned functions are continuous
according to the dynamic models in [52] and [90]. According to the model in [52], the
centripetal-Coriolis term is related to the mass and cadence by V, (z) = sV M (21) z. In
(5-3), T.os C R and 7; C R are sets used to model all of the possible values of the rider’s
volitional effort and other unknown disturbances, respectively? . The continuous function

7. : R? x U — R describes the torque produced by the control inputs and is defined as
Tu (Z, u) é Celle + TFES (Z, U'JW) )

where ¢, > 0 is the known electric motor control constant relating input current to output
torque. The torque generated from FES inputs to the rider's muscles mrprg : R2xUy; — R
is given by

TFES (Z,UM) = Z 9m (Z) Um, (5-4)
meM

where the continuous functions g,, : R? — R denote the uncertain control effectiveness
of each muscle. For each m € M, let the closed set ©Q,, C R denote the portion of

the crank cycle when a particular muscle m is stimulated, which is selected based on a

2 The addition of a pointa € R and a set B C Risdefinedasa+B 2 {a+b:bc B}.
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minimum threshold for the torque transfer ratio of each muscle group. In particular, there
exist kinematic deadzones in the crank cycle where no muscle is able to produce useful
torque [51].

The following properties of the cycle-rider system in (5-2) are derived from a
detailed dynamic model, as discussed in [52].
Property 1. The inertial term is upper- and lower-bounded as ¢; < M (z;) < ¢, for all
z1 € R, where ¢;,¢; > 0 are known constants.
Property 2. The centripetal-Coriolis parameter is upper-bounded as |V, (2)| < ¢y |22 for
all z € R?, where ¢y > 0 is a known constant.
Property 3. The torque generated by gravity is upper-bounded as |G (z;)| < ¢ for all
z1 € R, where ¢ > 0 is a known constant.
Property 4. The torque generated by the rider’s viscoelastic tissues is upper-bounded
as |P (z)| < cpy + cpa |22| for all z € R?, where cpy, cps > 0 are known constants.
Property 5. The torque due to viscous damping is upper-bounded as |7, (22)| < ¢ |22]
for all z, € R, where ¢, > 0 is a known constant.
Property 6. The torques generated by system disturbances are bounded so that
Ta = [—cq, cq], Where ¢; > 0 is a known constant.
Property 7. Due to physical limitations of the rider, the volitional muscle torque is
bounded so that 7,, = [—cuol, Coat], Where ¢, > 0 is @ known constant.
Property 8. For each m € M, the muscle control effectiveness is upper-bounded so
that |g,, (2)| < ¢, for all z € R?, where ¢,, > 0 is a known constant.
Property 9. The set-valued mapping F, : R? x &/ = RR? is outer semicontinuous, locally
bounded, and convex-valued. These properties follow from continuity of the defining
functions and from Properties (6) and (7).

5.2 Control Design
Figure 5-1 shows a schematic of the staggered control regions for the developed

system. The volitional range is a region near the setpoint z;; where the control inputs
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Figure 5-1. lllustration of the regions of applied control effort as a function of cadence.
No control effort is applied in the volitional range near the setpoint z5;. The
electric motor control input increases when the cadence approaches the
boundaries defined by ey and e;, and the FES control signal does the same
near erpg. 1he size of each region is adjustable. The cadence range
between ey and e;, is rendered asymptotically stable by the developed
control system.

are zero, thereby forcing the rider to pedal on their own volition (optionally, a nominal
amount of assistance or resistance can be provided based on the needs of the rider).
When the cadence is slower than zy,, FES assistance is provided before assistance
from the electric motor. When the cadence is faster than the setpoint, only the electric
motor is used because creating resistive torque with FES by stimulating antagonistic
muscles is undesirable. The rider or clinician can modify the amount of control effort
provided and the size of the controlled regions using parameters adjusted for the

specific individual.
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5.2.1 Control Objective
To formalize the control objective, define the tracking error e as the deviation of the

cadence state z, from a constant setpoint z,; > 0,2
e £ 2o — Z9d. (5_5)

The primary control objective is to guarantee a safe and effective therapy by constrain-
ing the rider’'s cadence to the safe set S = {z € R? : ¢, < e < ey}, Whereep < 0 < epy
are user-defined constants. The FES control inputs attempt to constrain the rider’s
cadence to the secondary set Spps = {z € R? : ¢ > erpg}. Because the FES inputs are
only intermittently available and must be less than the comfort threshold u, the cadence
may not remain within Srrs. However, this construction is useful for design purposes.
To ensure that FES stimulation is active before torque is added by the electric motor, the
design specifies that e, < epps < 0.

The goal is to synthesize, in a systematic way, controllers that render a given set
of states uniformly globally asymptotically stable (UGAS) while using the minimum
required effort inside the set of interest. UGAS is a stronger notion of asymptotic
stability than that used in Section 2.2.3. Moreover, the results in Chapter 2 are not
directly applicable to the hybrid system in this chapter, although insights can still be
gained from the previously developed methods.

The following result shows the local Lipschitz continuity of an optimization-based
control law for which there is only one constraint. It is comparable to Theorem 3.3.
However, it also shows that for the single-constraint case, there exists a closed-form

solution to the optimization problem that can be used to compute the control input

3 Using the transformation in (5-5), e is frequently used in place of the cadence state
29.
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without using an optimization solver. Results providing closed-form solutions for similar
optimization problems have been presented in [76, Sec. 4.2.2] and [17, Thm. 8].
Lemma 5.1. Let the functions a : R — R, b : R" — R, and u,,,, : R® — R be locally

Lipschitz on R™ and satisfy the following feasibility condition:
a(z)=0=0b(2) <0. (5-6)

Then the set-valued mapping U : R" = R defined byU (z) £ {u € R: a(z)u+b(z) <0}
is non-empty for all = € R™ and the controller

u* (z) 2 arg min [u — o (2)]? (5-7)
u€R

st a(z)u+b(z) <0

is locally Lipschitz on R", and, for any point z* such that a (z*) = 0, there exists a
neighborhood N (z*) such that u* (z) = unem (2) forall = € N (z*). Furthermore, the

controller in (5—7) has a closed-form solution given by

) a(2) Unom (2) +b(2) >0

Unom (2)  Otherwise.

Note that there is no division by zero in (5-8) since (5-6) implies that u* (z) =
Unom (2) When a (z) = 0. Also note that the claim regarding the neighborhood about
points for which a (z*) = 0 does not hold in general if the inequality in (5-6) is changed
tob(z) <O0.

5.2.2 Motor Control Design

In this section, the electric motor control input is designed to ensure that the safe
setS = {2z e R?: ¢, <e<ey}is UGAS for a given 2,4 > 0. The safe set S is encoded
by the barrier function candidate B, : R? — R defined as

B ()2 30 ) (55 - 1) (5-9)
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where

ez e<0

e? e>0.
Equivalent to the original definition, we have S = {z € R? : B.(z) < 0}. The barrier
function is designed to be continuously differentiable while encoding the potentially
asymmetric (about e = 0) boundary of the set S. For the scalar CBF candidate B., the

set of safety-ensuring control inputs is given by
Ke(z) £{u el :T(z,u) < =7 (e)}, (5-10)

where I' (z,u) £ max ep, (s.u) (VBe (2), f),

7(6) = b (ﬁi) N 1) ’ (5-11)

and k,; > 0 is a control gain. The performance function . is designed based on insight
gained from Theorem 2.3, which requires that . (e¢) > 0 whenever z ¢ S.

The regulation map in (5—10) is not directly useful for design purposes because
uncertainty in the dynamics prevents computation of the inequality (i.e., constraint) used
to define K.. In the rest of this section, an upper bound of the unknown function I is
developed. The resulting QP-based controller is a locally Lipschitz selection of K.. To
compensate for the uncertainty introduced in (5—10) by F,, Lyapunov-based robust
control techniques are employed to develop a worst-case upper bound of the inner

product in (5—-10). For any (z,u) € C, and f € F, (z,u),

1 e? 1
(VB (2), f) € §VM (z1) 22 (M - 1) + me (Tu (z,u) — 7F (2)) . (5-12)
The product ;i err (2) contains the term gi5eVj, (2) 22 = gige (Vy (2) e + 1V}, (2) 220),

leading to a cancellation with the term 1V M (z) z (%) since sVM (z1) 22 = V, (2).

Using Properties 2-7, it can then be shown that the unknown terms in (5-12) are upper
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bounded, for some constants ¢; — c3, as

1
(VB (2), f) <C.(e)+ Mem (z,u), (5-13)

for each (z,u) € C, and each f € F, (z,u), where
Ce (6) £ 1+ ¢ |€| + 6362.

In (5—18), the function 7, depends on the motor control input u. and the muscle
control inputs u,,. Because the value of the subsequently designed muscle control
input will jump at discrete instances, it is desirable to decouple the motor input from
the muscle input to ensure the continuity of the motor controller. A continuous motor
controller will be more predictable and comfortable for the rider. Using Property 8, there

exists a constant ¢;; > 0 such that

1 1
mem (z,u) = me (cete + TrEs (2, unr)) (5—-14)
Ce
< 3 <€)eu6 + e el

forall 2 € R%, u. € R, and uy; € U,,. Using the definition of ¢/,; in Section 5.1,
(5—14) applies to any muscle controller for which the inputs are bounded by the positive

constant w. One can then define
Xe (€) £ ki + ko |e] + kse. (5-15)

Selecting*

ki > ci, ko > ca + ey, kg > cs, (5-16)

4 While the gain conditions in (5—16) will be needed to guarantee that the cadence is
constrained to the set S, uniform global asymptotic stability ensures that the cadence
remains nearby S even if the conditions do not hold (see Section 5.4.4).
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implies that
1 Ce

C.(e) + men (z,u) < xe(e)+ m

forall z € R?, u, € R, and uy, € U,,. Since (5—17) is an upper bound for (5-13), a new

el (5-17)

regulation map K. : R = R is defined as

R.(c) 2 {u €R:x(0) + 5 e < <e>} . (5-18)

The following result summarizes the preceding development and explains the utility of
K..
Proposition 5.1. Assume k1, k», and ks satisfy the gain conditions in (5—16) and zy; > 0.
Then, for any = € R? and uy; € Uy, ifu. € K, (e), it follows that (u.,uy) € K. (2).

The constraint used to define K. in (5—18) can be written in the generic form
of Lemma 5.1. Additionally, since the terms in (5—18) are no longer uncertain, the
constraint can be enforced with the following implementable QP:
u; (e) £ arg min fu, — ;" Gl (5-19)

Uuc€

s.t. xe(e) + ﬁeue < —Ye(e),

where u2°™ : R — R is any locally Lipschitz nominal controller. According to Lemma 5.1,

with b (2) = x. (e) + 7. (e), the controller is feasible if e = 0 implies that
Xe (0) + 7 (0) = k1 — kiy < 0. (5-20)

Since the parameters in (5—20) are user-selected, they can be designed to ensure the
inequality holds. Given this gain condition, the controller has the properties described

in Lemma 5.1, in particular, it is continuous. The closed-form solution to (5—19) can be
developed from (5—-8). The controller is implementable in either form but the closed-form

solution is computationally faster and does not require an optimization package. Note
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that the piecewise linear function e — (c/s(e)) e is locally Lipschitz, from which local
Lipschitz continuity of the controller follows.
Remark 5.2. The experiments in Section 5.4 investigate constant nominal controllers
u™m = u, for some uy € R. When uy = 0, the controller is a minimum norm controller
and the motor is off whenever possible while still ensuring safety. When the rider
requires additional assistance, selecting a positive u, leads to the motor being biased to
assist, while a negative u, leads to additional resistance and a more challenging training
program. However, there is no theoretical obstacle to using a more complex nominal
controller (e.g., one that tracks power).
5.2.3 FES Design

To describe the FES control input, define a concatenated state vector
2 (z,00,7) € X, where o, € {0,1}° is a vector of switching signals ¢,, € {0,1}
defined for each muscle m € M, r € R is a timer variable, and X £ R? x {0,1}° x R
is the state space. The stimulation input to the rider’s muscle groups uj, : X — RS is

defined for each muscle as®

Uy, (2) = saty (omtfps (€)) (5-21)

m

where uj.,¢ : R — R will be defined subsequently. The switching signals are updated at
jumps according to the rule

B 1 Z1 € Qm (5 22)

0 21 é Qma

where Q,, was defined in Section 5.1. The update rule specifies that the rider’s muscles

3+

are stimulated in regions where they are able to produce positive torque. The rule for o,

and the timer variable 7 will be used to define a hybrid system in Section 5.3.

® The positive saturation function sat; : R — R is defined as sat} (u) = 0ifu < 0,
sat! (u) = uifu € [0,4], and sat} (u) = u if u > .
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As discussed in Section 5.2.1, it is generally not possible to maintain the cadence in
the set Spps = {z € R? : ¢ > epps} because the stimulation input «*, is limited in magni-
tude and only intermittently available. The function u} ¢ in (65—21) represents a selection
of the input that would render the set Srrs asymptotically stable in the absence of these
obstacles (and subject to some gain conditions). The development of u}.¢ is very sim-
ilar to the one in Section 5.2.2 and is therefore omitted to avoid redundancy. Moreover,
the forthcoming stability analysis does not make claims regarding Srgrs. The FES input

is defined by the following QP:

Upps (€) £ arg min lurps — upgg (€)] (5-23)
urps€R
1
sit. xres(e) + 55 (0) eupps < —YrEs (€).

where u}% : R — R is any locally Lipschitz nominal controller,

XFES (6) é ]C4 + /{35 |€| + k662,

rees (0 2 b (355 -1).

and

2
erpg € <0
52(e)é FE

e, e>0.

When e = 0, the feasibility condition (5-6) in Lemma 5.1 requires that

Xres (0) +vres (0) = ky — ke <0, (5-24)

under which the function u}.,¢ has the properties described in the lemma. Similar to the
previous section, the parameters in (5—24) are user-selected and can be designed to
ensure the inequality holds.

A

When the nominal controller in (5—23) is set to v} = 0, then from the closed-form

solution in (5-8) it can be determined that u}.;¢ (¢) < 0foralle > 0. In this case,
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because of the use of the saturation function in (5-21), it follows that «;, (z) = 0 for all
x € X suchthate > 0. The inclusion of a nominal controller in the QP defining u}. ;¢
gives the operator flexibility to provide stimulation at points where e > 0. When using
a nominal controller with u}%% (e) > 0fore > 0, FES stimulation produces torque
to increase the cadence above the setpoint z3,. However, it is always the case that
uyps (6) — 0ase — ey. By combining nominal assistance from FES with nominal
resistance from the electric motor, a more intense training program can be designed
where the rider must work against resistive torque from the electric motor to stay near
the setpoint. Experimental results for a higher intensity configuration of the control
system are presented in Section 5.4.
5.3 Stability Analysis

This section presents a hybrid CBF analysis the adapts the methods developed
in previous chapters. This process is fairly straightforward as the CBF framework in
Chapter 2 is based on work for closed-loop hybrid systems in [6]. The closed-loop
system is modeled as a hybrid system H = (C, F, D, G) with state x = (z,0,7) €
X, where the state space X was defined in Section 5.2.3. The hybrid system will
periodically update the muscle switching signals o¢,, according to the rule in (5-22).
The timer variable 7 increases at a constant rate until reaching a dwell-time 7, > 0,
at which point a jump occurs and each signal in o), is updated. Governing jumps by a
dwell-time prevents multiple jumps from occurring in the same time instant, and models
a computational implementation of the switching signals, where the values of the logic
variables would be updated periodically at a fixed sampling frequency. In practice, the
dwell-time 7 will be the sampling frequency.

The hybrid system H is defined as follows. The flow map F : X = X' is

Z F, (z,u* (z))
dM S 0 £ F (fL‘) )
T 1
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where u* (v) £ (u’ () ,u}, () and F, is defined in (5-2). The flow set is
CE2{recX:7c0,m]}.
Jumps occur when the timer state = grows to 7p,

DE{reX :T=1p}.

A

The jump map G : X =2 X is defined component-wise as G (z) = (z,G, (z),0), where
the state = does not change at jumps (:* = z), the timer 7 resets to zero at jumps
(rt = 0),and G, : X = {0,1}° is the outer semicontinuous Krasovskii regularization of

the map in (5—-22) [68, Def. 4.13]. For each m € M, the corresponding component of GG,

is equal to )
1 z € 9,
Go, () = 4 {0,1} 2 € 0Q,, (5-25)
k0 otherwise.

The set-valued case in (5-25) indicates that if 7 reaches 7, when the state z, is pre-
cisely on the boundary of Q,,, the signal ¢,,, may or may not jump. Performing such a
regularization leads to some robustness properties due to the fact that H is a well-posed
hybrid system [68, Ch. 6].

Remark 5.3. The gain conditions in (5—20) and (5—24) must be satisfied because they
lead to the feasibility of the QP-based controllers. The conditions are restated here for
emphasis:

ki < kpi, ks < Fyo.

Theorem 5.1. Consider the closed-loop cycle-rider system H. Assume the control gains
satisfy the conditions in (5—16), (5—20), and (5-24), and z, > 0. Then the safe set
S22 {zeCuUD:e, <e<ey} is UGAS for H. Additionally, H is a well-posed hybrid

system.
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Proof. Since B, in (5-9) is such that S = {z € CU D : B, (z) < 0}, the function B. is
a valid barrier function candidate [6, Def. 3]. Using Lemma 5.1, the gain conditions in
(5—20) and (5—24) guarantee that the controllers in (5-19) and (5-21), respectively,
are feasible. By design, u’ (e) € K. (e)foralle € Rand u’, () € Uy forallz € X.
Proposition 5.1 then shows that v* (z) € K. (z) for all z € X. It follows from the definition
of K. in (5-10) that

(VBe(2),[) < =7 (e), (5-26)

forall z € C'and each f € F (z). Moreover, the jump map is such that
B. (Z+) = B.(2), (5-27)

forallz € D and each (=*,0};,7") € G (). The barrier function does not decrease at
jumps, but there is sufficient flow time to guarantee an overall decrease along solutions.
More specifically, the dwell-time 7, ensures that for any solution ¢ to #, if (¢, ) € dom ¢,
thent > 7p(j—1). Thus,forany T > 0 and (t,7) € domo,ift + j > T then
t > (o/(1+mp)) (T — 1). This bound on the flow time will be used to apply Proposition 3.27
of [68].

The conditions in (5—26) and (5-27), and the fact that G () ¢ C U D for all
z € D allow us to apply Theorem 1 of [6] to conclude that the set S is forward pre-
invariant for . Furthermore, the barrier function B, is a Lyapunov function for the
restricted hybrid system H, = (C,,F,D,,G)withC, = CnZand D, = D NI,
where T £ {z € X : B.(z) > 0}, which is the restriction of A to the zero superlevel
set of B.. It can be shown that there exists® a continuous, positive definite function

p : Rsg = Rygsuchthat p(|z|s) < 7e(e)forallz € C,. Using Property 1, there

6 While more general techniques can be developed, it is sufficient here to define
p(5) 2. (s+em)ifeg >lep|or p(s) 2 7. (er — s) if e < e
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are class K, functions’” «; and a, such that oy (|z]5) < B(2) < as(|z|) for all
x € C,UD, UG (D,). Thus, Proposition 3.27 of [68] can be applied to conclude that
S is uniformly globally pre-asymptotically stable (UGpAS) for #,. [68, Def. 3.6]. That S
is UGPAS for the unrestricted system # follows from forward pre-invariance of S for #,
since for any solution ¢ to H, if ¢ (¢, j) € S then o (t',7")|g = Oforall (¢, ;') € dom ¢ with
t' > t, j/ > j. Therefore, solutions to 7, that terminate on the boundary of S can be
extended as solutions to # that remain in S.

To conclude that S is UGAS? , it remains to show that each maximal solution to
‘H is complete. Towards this end, Proposition 6.10 of [68] is invoked. First note that
the dynamics satisfy the hybrid basic conditions [68, Asm. 6.5] because C' and D are
closed; G is outer semicontinuous and locally bounded; and F' is outer semicontinuous,
locally bounded, and convex-valued by Property 9 and Lemma 3.2 in [77]. It follows that
H is a well-posed hybrid system [68, Thm. 6.30]. Next, every point = € 9C\ D has the
component 7 = 0. The fact that 7 = 1 implies that ' (x) N T (z) # 0 at any z € dC\D,
where T (z) is the tangent cone to C' at «. It is then straightforward to conclude that the
condition (VC) in Proposition 6.10 holds for all z € C\D. Moreover, G (D) C C' U D.
Thus, Proposition 6.10 shows that a maximal solution is either complete or escapes in
finite time by flowing.

To eliminate the possibility that maximal solutions escape in finite time by flow-
ing, let ¢ be a solution to H. From the definition of UGPAS in Definition 3.6 of [68],

the distance of ¢ from S is bounded. From the definition of S, the component of ¢

"Afunctiona : Rsy — Rsgisaclass K function if « is zero at zero, continuous,
strictly increasing, and unbounded.

8 A set A is UGAS for a hybrid system # if it is UGpAS and every maximal solution to
the system is complete, meaning the solution is defined on an unbounded hybrid time
domain.
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corresponding to the state e is bounded. Using this information, it follows from con-
tinuity of e — u? (e) and the use of the saturation function in the definition of u}, in
(5—21) that for the concatenated controller v*, the set u* (rge ¢) is bounded, where
rge¢ = {4 (t,5) : (t,5) € dom ¢}. Then, from boundedness of the e component of ¢ and
Properties 2-7, it can be shown that the set F' (rge ¢) is bounded. It follows that solutions
do not terminate in finite time by flowing (cf. [91, Lem 3.3]). Thus, each maximal solution

to H is complete, and S is UGAS for 7. W ]

5.4 Experimental Results

The developed barrier function controller was tested on five participants and
compared against uncontrolled volitional pedaling and the 3-Mode (3M) controller
developed in [62, Sec. Ill]. The main idea behind the 3M controller is to create a region
near the setpoint z,; where no assistance is provided, with discontinuous control effort
being applied on the boundary of the region. In contrast to the barrier function controller,
the electric motor controller for the 3M controller is coupled with FES stimulation via the
angular position state z;, so that the motor is inactive whenever FES is active, and vice
versa.

The barrier function controller can be configured for various purposes based on the
needs of the rider. Generally, there is a trade-off where smaller user-defined cadence
ranges lead to greater applied control effort. Protocol A was designed to investigate
whether the controller can reduce the variance in the rider’'s cadence by constraining
their cadence within a small range. Such a trial provides a point of comparison with
the 3M controller and uncontrolled volitional pedaling and generates data where the
controller is more active. Protocol B was designed to show how assistance from the
motor can be reduced by selecting a wider safe range, thereby encouraging more
volitional contributions from the rider. In fact, Protocol B featured a nominal amount
of resistance from the motor, making the program more challenging and requiring

additional power output from the rider.
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Due to COVID-19 related difficulties in scheduling participants with neurological
conditions, the trials for this demonstration were done with able-bodied subjects.
Each participant gave written informed consent approved by the University of Florida
Institutional Review Board (IRB201600881). Participants 1-3 were male, participants 4
and 5 were female, and all ranged in age from 21-29 years old.
5.4.1 Testbed

The experimental testbed consisted of a stationary recumbent tricycle (TerraTrike
Rover) with a 250 W, 24 V motor (Unite Motor Co.) coupled to the drive chain as de-
scribed in [52, Sec. V-A]. To measure position and cadence, an optical encoder with an
angular resolution of 20,000 pulses per revolution (US Digital H1) was mounted to the
crank using spur gears. The motor was actuated using an Advanced Motion Controls®
motor driver and current-controlled power supply. Stimulation was delivered to the
rider’'s quadricep, hamstring, and gluteal muscle groups via self-adhesive electrodes
provided compliments of Axelgaard Manufacturing Co., Ltd. A current-controlled stim-
ulator (Hasomed Rehastim) delivered symmetric, rectangular, and bi-phasic pulses at
fixed amplitude (90 mA, 80 mA, and 70 mA for the quadriceps, hamstrings, and gluteals,
respectively) and frequency (60 Hz), while the pulse width was used as the control
input. A desktop computer running real-time control software (QUARC integrated with
Simulink) was used to interface the controllers and hardware through a data acquisi-
tion board (Quanser QPIDe) with a sampling rate of 1000 Hz. For additional safety, an
emergency stop switch was mounted on the cycle to allow the participant to end the

experiment if required.
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Figure 5-2. Cadence and motor control input for 30-second segments of the trials using
Protocol A. Random selection was used to choose which participants and
time periods were plotted. The time axis is offset to zero for readability. The
dashed orange line in the barrier function cadence plot indicates the
boundary of the safe set S, which was not meaningful for the other two

configurations.
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5.4.2 Procedure

The primary testing procedure (Protocol A) consisted of 180-second tests for each
of the three configurations (barrier function, 3M, and volition-only) under consideration.
The volitional pedaling trial was always first, followed by a random selection of either the
barrier function or 3M controller. The riders were asked to track a setpoint of z,; = 50
RPM. The safe set boundary for the barrier function controller was encoded by e;, = —5
RPM and ey = 5 RPM, while erps = —3 RPM. The inactive region for the 3M controller
was 48-52 RPM, which is comparable to the range 50-55 RPM that was used for the
experiments in [62]. The rider was shown a live plot of their cadence featuring a visible
indication of the setpoint. Due to differences between the barrier function and 3M
controllers, participants were not shown the boundaries of the safe set' .

The 180-second tests started with a 20-second ramp-up phase where the rider
sat passively while the motor brought their cadence to the setpoint. To ensure that the
presented data represented steady-state operation, the ramp-up and an additional
20 seconds after it was excluded from each dataset in post-processing. For each
configuration, there was a separate warm-up run before the recorded session so the
rider could become accustomed to the controller.

Measurements of the position of the rider’s legs with respect to the cycle were used
to determine the regions of effective torque transfer Q,, for each muscle (see [52, Sec.
V-B] for more details). The cycle was initially operated at 50 RPM and open-loop

stimulation was applied to one muscle group at a time to determine the comfort limit

® Advanced Motion Controls supported the development of the testbed by providing
discounts on their branded items.

19 In the 3M controller, the user defines a region where no control is applied. An
asymptotically stable region will be induced by the selection of the control gains, but it
is not possible to compute this region explicitly. In the barrier function controller, the user
defines the safe set boundary, while a computable region of no-control is induced by the
selection of the control gains, and guaranteed to exist by Lemma 5.1.
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u for each muscle. The FES inputs are scaled by the comfort threshold in addition to
being saturated' . The nominal controllers were u™™ = %% = 0. The control gains
were adjusted by plotting the control inputs as a function of the cadence error, which
produced a visualization of the regions of applied control effort. Small adjustments to
the gains were made for each participant based on their preferences during the warm-
up run, which is a cause for variation in the data between participants. Some detailed
discussion about the effect of the barrier function controller gains on performance is
provided in [92] (see Remark 1 and Section 5.4).

Additional trials were conducted to highlight unique aspects of the barrier function
controller, which were performed with only one participant. Protocol B was designed to
prioritize power output from the rider over cadence tracking. For this alternative trial, the
width of the safe range was larger, with e, = —12 RPM, e, = 10 RPM, and epps = —6
RPM. Because the rider (Participant #2) was able-bodied, the program was made more
challenging by adding nominal controllers with «?°™ < 0 and u}%% > 0, which means
that near the setpoint the electric motor produced resistive torque while FES provided
assistance. The boundaries e;, and ey were displayed on-screen for this trial. In Protocol
C, Participant #1 was asked to provide no volitional effort for both the 3M and barrier
function controllers (Figure 5-4). Because of problems with the 3M controller for this
trial, the no-volition configuration was not tested on other participants.

5.4.3 Results

Table 5-1 shows relevant statistics for the three configurations tested for Protocol
A, including the average and standard deviation of the cadence, percentage of the trial
duration for which FES was actively stimulating, and time spent outside of the safe set

S. Two integrals of the electric motor input are given to distinguish resistive torque, for

" Practical improvements like muscle-dependent control gains are not included in the
theoretical development for simplicity.
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Figure 5-3. Zoomed view of a five-second time period during a trial using Protocol A
showing the cadence, motor control input, and stimulation pulse-width (PW)
for Participant 5. Random selection was used to choose which participant
and time period were plotted. The time axis is offset to zero for readability. A
pulse-width feedforward term of 10 s was used to facilitate stimulation. The
stimulation does not significantly affect the participant at or below 10 ps.

which the rider must pedal harder to compensate, and assistive torque, which implies
work done by the motor and not the rider. The barrier function controller produced the
lowest standard deviation in cadence for each participant and led to greater FES usage,
but generally used more assistive torque from the motor than the 3M controller. The 3M
controller produced less assistive torque because the electric motor was off in regions
of the crank cycle where FES was active. The discrete switching between motor and
FES, along with switching on the boundary of the inactive zone, caused numerous
discontinuities in the 3M motor controller; Table 5-1 shows an average of 493 switches
per trial. For all participants, the riders’ cadence took values in the range 40.7-56.1 RPM
for the 3M controller, 45.4-55.3 RPM for the barrier function controller, and 40.5-59.2
RPM for uncontrolled pedaling. The barrier function controller constrained each rider’s
cadence to the user-defined range of 45-55 RPM for all but a negligible amount of time;
an average of six sampled data points or approximately 0.004% of the trial duration.

Segments of the trials for three randomly selected participants are shown in Figure 5-2.
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A zoomed view featuring the FES stimulation input for a single participant is shown in
Figure 5-3.

Figure 5-4 shows the trials using Protocol C, where Participant #1 provided no
volitional effort. The barrier function controller was still able to keep the rider’s cadence
within the safe set, while the 3M controller caused large oscillations; the mean+SD
cadence for the 3M controller was 43.74+4.94 RPM. The cadence dropped as low as
31.54 RPM during the 3M trial because the electric motor was inactive in the shaded re-
gions of Figure 5-4. When the motor was next switched on, it compensated using control
action with a maximum magnitude of 17.74 A, which was relatively large compared to a
maximum of 8.13 A for the 3M controller during the Protocol A trials.

The results for Protocol B, where there were nonzero nominal controllers and a
wider safe range, are displayed in Figure 5-5 and Table 5-2. There was high utilization of
the electric motor to produce resistive torque, but low assistive torque production. The
assistive torque was smaller than the Protocol A average and, in particular, was smaller
than Participant #2’s results. The resistive torque was large and FES was more active
for Protocol B due to the design of the nominal controllers. The electric motor deviated
from its nominal value for only 7.7% of the trial duration and was providing assistance for
4.1% of the trial. The cadence standard deviation was higher than uncontrolled volitional
pedaling, which was most likely because the control inputs were actively pushing the
rider away from the setpoint. The assistive torque from the barrier function controller in
Protocol B was comparable to the 3M controller in the Protocol A trials.

5.4.4 Discussion

The results for Protocol A demonstrate that the barrier function controller can assist
a rider in tracking the cadence setpoint while constraining their cadence within a user-
defined range. Figure 5-3 shows that the control inputs ramp up before the cadence
reaches the boundaries defined by ey, e, and ergg, yet are inactive when the cadence

is near the setpoint. Such a ramp-up is demonstrative of how barrier function methods
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Figure 5-4. Cadence from a trial using Protocol C, where Participant #1 was asked to
provide no volitional effort. The 3M controller was problematic in this
scenario due to switching between FES and motor control. The shaded red
regions in the 3-Mode plot correspond to times when the electric motor was
switched off.

can ensure a gradual transition from a nominal controller, which should be active on the
interior of the safe set, to an invariance-ensuring controller on the boundary of the safe
set. For Protocol A, the width of the nominal control range was fairly small, while the
width was increased for Protocol B.

In some situations, increasing the training intensity for the rider will be preferred
over improved cadence tracking. The relevant statistics are the assistive and resistive
torques produced by the electric motor. Higher assistive torque indicates that less
power is being produced by the rider. The barrier function controller is versatile and
can be tuned to provide more or less interference from the control inputs. Figure 5-5
shows a trial using Protocol B where power output from the rider was prioritized by
allowing larger cadence errors. The system’s operator can allow larger cadence errors
by selecting a wider safe range, which also facilitates the design of a wider nominal
control range. The use of nominal controllers for Protocol B intensified the training

by providing more FES stimulation and resistance from the motor. The control inputs
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Cadence

AN
o
T
1

Motor
Input (A)
o

_§’§100- -
52
giww{{HHH[HHHH
’ | |
T e 0 14 18
Time (s)
Segment of a trial using Protocol B, where alternative parameters for the

barrier function controller were used. The safe set was much wider for this
run, leading to less deviation of control inputs from the nominal value.
Nonzero nominal inputs were used to intensify the training. The data was
collected with Participant #2.

were at their nominal values for a significant portion of the experiment, validating that

a wider safe range leads to less modification of the nominal inputs. The nominal inputs

can alternatively be designed so there is less resistance from the motor or less control

input overall. The fact that the assistive torque from the barrier function controller

was comparable to the 3M controller suggests that staggering FES assistance before

motor assistance, as in the barrier function controller, is a viable alternative to discrete

switching between FES and motor control, as in the 3M controller.

A continuous motor controller is more comfortable for the rider. Continuity is the

primary difference between the barrier function and 3M controller. The 3M controller

109



Table 5-2. Protocol B — Barrier Function Controller: Cycling Metrics During Steady-State
Operation (140 Second Trial)

Metric* Participant #2
Avg. Cad. [RPM] 49.87
Cad. SD [RPM] 2380
Min/Max Cad. [RPM] 43.0/57.6
[ (u)™ dt (Assistive Torque) [A-s] 4.76
[ (uz)~ dt (Resistive Torque) [A-s] -119.01
FES on-time [%] 47 .67
Time Outside S [s] 0

*See Table 5-1 for further descriptions of metrics.

is discontinuous whenever the cadence crosses the boundary of the inactive zone,

or the angular position crosses the boundary of the FES stimulation regions Q,,,. The
resulting large number of switches for the 3M motor controller is quantified in Table
5-1. A particular advantage of the motor being active in the Q,,, regions is that the
barrier function controller is effective even when the rider produces little or no volitional
effort, as shown in the trials using Protocol C (Figure 5-4). The 3M controller caused
large oscillations in the rider's cadence during Protocol C due to the discrete switching
between FES and motor control. Since FES cannot always produce enough torque on
its own, the cadence dropped in the FES stimulation regions, which was then met with
large control effort from the motor upon exiting the region.

There were some small deviations from the safe set because the asymptotic
stability of S is contingent on the selection of control gains, which must be large enough
to compensate for the rider’s volitional effort and other dynamic effects. In practice,
designing the gains to account for large volitional contributions from the rider leads
to overly constraining the rider during normal operation. Designing controllers for
asymptotic stability, rather than the weaker property of forward invariance, helps mitigate
these effects. A property known as input-to-state stability, which is a consequence
of the UGAS result in Theorem 5.1, can be interpreted as guaranteeing that some

nearby set is asymptotically stable despite unaccounted-for disturbances of bounded
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magnitude [17, 93]. Thus, the control gains can be relaxed to favor comfortable and

effective therapy while still ensuring that the cadence remains nearby the safe set.
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CHAPTER 6
CONCLUSION

This dissertation has presented a rigorous treatment of CBF design methods
in the case that multiple CBFs are present. Chapter 2 defined two notions of CBF
for constrained differential inclusions that are more amenable to the case of multiple
CBFs than previous definitions. The relationship between the existence of a CBF
and forward invariance of the safe set was established. A systematic procedure for
synthesizing forward invariance-ensuring control laws was present that involves solving
an optimization problem with multiple constraints. Conditions establishing the continuity
(and local Lipschitz continuity in Chapter 3) of the resulting control laws were provided.
SoS optimization problems were formulated which are specifically designed for certifying
the simultaneous feasibility of multiple constraints. Feasibility verification is significantly
more challenging in the case of multiple CBFs than in the single CBF case. Conditions
for feasibility in the single CBF case are provided in Proposition 4.1.

This dissertation has also contributed to the utility of CBFs with uncertain dynamical
systems. The differential inclusions in Chapter 2 facilitate the design of control laws
that robustly compensate for uncertainty using conservative control action. The control
design in Chapter 5 serves as a detailed example of a CBF-based robust control
design procedure for an uncertain nonlinear system. The adaptive safety framework in
Chapters 3 and 4 aims to reduce uncertainty through identification of the dynamics with
data-driven techniques. The framework here is more amenable to the case of multiple
CBFs than previous literature that has used gradient-based adaptive control methods.

The search for adaptive control methods that are applicable in the case of multiple
CBFs has led to some novel applications of preexisting estimators. Previous Lyapunov-
based adaptive control designs using ICL have included gradient terms in the parameter
update law. In contrast, it is shown in Chapter 4 that ICL can act as a standalone date-

driven estimator the exponentially identifies linearly parameterized uncertain parameters
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subject to a finite-time excitation condition. Similarly, the RISE-based disturbance
observer in Chapter 3 is an exponentially convergent estimator that can identify a
broader class of uncertainty. Moreover, both estimators have the key property that
an upper bound of the convergence rate of the estimation error is available. These
upper bounds permit the estimators to be integrated into the safety-ensuring control
law. The integration of upper bounds of the estimation error into the control law is a
novel contribution that can potentially lead to new control designs for a wider class of
problems.

The theoretical contributions of Chapter 5 include a detailed example of CBF-based
robust control, and an application of CBF design methods to a hybrid system. The
practical contribution of the chapter was the design of new control laws for rehabilitative
cycling that encourage the rider to provide volitional effort. CBFs enabled the design
of minimally invasive control laws for both the motor and FES that still guarantee the
cadence is constrained within a user-defined range. The control laws have closed-form
solutions and can therefore be implemented on real-time hardware without the need for
optimization solvers.

Future directions for the research include extending the general CBF framework
in Chapter 2 to hybrid systems. This will require the synthesis of CBF-based control
laws for discrete systems, and considering the interplay between the continuous- and
discrete-time components. The adaptive safety strategies in Chapters 3 and 4 could
be made more practical by performing a more sophisticated analysis considering mea-
surement errors and the discrete-time nature of the implemented estimation algorithms.
In the presence of these factors, the upper bounds developed from continuous-time
analysis are not expected to hold for all time, and one must compensate for some resid-
ual estimation error. However, a discrete-time analysis for ICL or RISE has yet to be

developed.
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Another direction is the improvement of CBF methods for situation where all of the
constraints cannot be guaranteed as simultaneously feasible. Such infeasibilities exist
in practical problems, in which case is is necessary to choose which constraints should
be satisfied. To improve the utility of CBFs for multiple objective control, systematic
methods are needed for assigning priorities to certain constraints so that higher-
priority constraints are satisfied whenever possible. Moreover, there is still room for
improvement in feasibility verification methods as SoS techniques scale poorly for high

dimensional problems.

114



REFERENCES

[1] A. D. Ames, S. Coogan, M. Egerstedt, G. Notomista, K. Sreenath, and P. Tabuada,
“Control barrier functions: Theory and applications,” in Proc. Eur. Control Conf.
IEEE, 2019, pp. 3420-3431.

[2] A. D. Ames, X. Xu, J. W. Grizzle, and P. Tabuada, “Control barrier function based
quadratic programs for safety critical systems,” IEEE Trans. Autom. Control, vol. 62,
no. 8, pp. 3861-3876, 2016.

[3] P. Glotfelter, J. Cortés, and M. Egerstedt, “Nonsmooth barrier functions with
applications to multi-robot systems,” IEEE Control Syst. Lett., vol. 1, no. 2, pp.
310-315, 2017.

[4] P. Ong and J. Cortés, “Universal formula for smooth safe stabilization,” in Proc.
IEEE Conf. Decis. Control. |EEE, 2019, pp. 2373—-2378.

[5] P. Glotfelter, J. Cortes, and M. Egerstedt, “A nonsmooth approach to controller
synthesis for boolean specifications,” IEEE Trans. Autom. Control, 2020.

[6] M. Maghenem and R. G. Sanfelice, “Sufficient conditions for forward invariance
and contractivity in hybrid inclusions using barrier functions,” Automatica, vol. 124,
2021.

[7] J. L. Meza, V. Santibanez, and V. Hernandez, “Saturated nonlinear PID global
regulator for robot manipulators: Passivity based analysis,” in Proc. IFAC World
Congr., Prague, Czech Republic, 2005.

[8] B. Bialy, L. Andrews, J. Curtis, and W. E. Dixon, “Saturated rise tracking control of
store-induced limit cycle oscillations,” in Proc. AIAA Guid., Navig., Control Conf.,
AlIAA 2013-4529, Aug. 20183.

[9] M. L. Greene, P. Deptula, S. Nivison, and W. E. Dixon, “Sparse learning-based
approximate dynamic programming with barrier constraints,” IEEE Control Syst.
Lett., vol. 4, no. 3, pp. 743—748, Jul. 2020.

[10] E. Rimon and D. E. Koditschek, “Exact robot navigation using artificial potential
functions,” IEEE Trans. Robot. Autom., vol. 8, no. 5, pp. 501-518, Oct. 1992.

[11] S. Paternain, D. E. Koditschek, and A. Ribeiro, “Navigation Functions for Convex
Potentials in a Space with Convex Obstacles,” IEEE Trans. Autom. Control, vol. 63,
no. 9, pp. 2944-2959, 2018.

[12] D. Bertsekas, Dynamic Programming and Optimal Control, 3rd ed. Belmont, MA:
Athena Scientific, 2007, vol. 2.

[13] E. F. Camacho and C. Bordons, Model predictive control. Springer, 2004, vol. 2.

115



[14] J. Zeng, B. Zhang, and K. Sreenath, “Safety-critical model predictive control with
discrete-time control barrier function,” in Proc. Amer. Control Conf. |EEE, 2021, pp.
3882—-3889.

[15] R. Grandia, A. J. Taylor, A. D. Ames, and M. Hutter, “Multi-layered safety for legged
robots via control barrier functions and model predictive control,” in Proc. IEEE Int.
Conf. Robot. Autom. |EEE, 2021, pp. 8352—8358.

[16] M. H. Cohen and C. Belta, “Approximate optimal control for safety-critical systems
with control barrier functions,” in Proc. IEEE Conf. Decis. Control. |EEE, 2020, pp.
2062—-2067.

[17] X. Xu, P. Tabuada, J. W. Grizzle, and A. D. Ames, “Robustness of control barrier
functions for safety critical control,” IFAC-PapersOnLine, vol. 48, no. 27, pp. 54—61,
2015.

[18] E. D. Sontag, “A ‘universal’ construction of Artstein’s theorem on nonlinear
stabilization,” Systems & Control Letters, vol. 13, no. 2, pp. 117-123, 1989.

[19] A. Isaly, O. Patil, R. G. Sanfelice, and W. E. Dixon, “Adaptive safety with multiple
barrier functions using integral concurrent learning,” in Proc. Am. Control Conf.,
2021, pp. 3719-3724.

[20] M. J. Powell and A. D. Ames, “Towards real-time parameter optimization for feasible
nonlinear control with applications to robot locomotion,” in Proc. Am. Control Conf.
IEEE, 2016, pp. 3922-3927.

[21] J. Usevitch, K. Garg, and D. Panagou, “Strong invariance using control barrier
functions: A Clarke tangent cone approach,” in Proc. IEEE Conf. Decis. Control.
IEEE, 2020, pp. 2044—-2049.

[22] M. Laurent, “Sums of squares, moment matrices and optimization over polynomials,”
in Emerging applications of algebraic geometry. Springer, 2009, pp. 157-270.

[283] S. Prajna, A. Papachristodoulou, and P. A. Parrilo, “Introducing sostools: A general
purpose sum of squares programming solver,” in Proc. IEEE Conf. Decis. Control,
vol. 1. |EEE, 2002, pp. 741-746.

[24] Z. Jarvis-Wloszek, R. Feeley, W. Tan, K. Sun, and A. Packard, “Some controls
applications of sum of squares programming,” in Proc. IEEE Conf. Decis. Control,
vol. 5. |EEE, 2003, pp. 4676—4681.

[25] L. Wang, D. Han, and M. Egerstedt, “Permissive barrier certificates for safe
stabilization using sum-of-squares,” in Proc. of American Control Conf. |EEE,
2018, pp. 585-590.

[26] M. Jankovic, “Robust control barrier functions for constrained stabilization of
nonlinear systems,” Automatica, vol. 96, pp. 359-367, 2018.

116



[27] B. J. Morris, M. J. Powell, and A. D. Ames, “Continuity and smoothness properties
of nonlinear optimization-based feedback controllers,” in Proc. IEEE Conf. Decis.
Control. IEEE, 2015, pp. 151-158.

[28] A. V. Fiacco and Y. Ishizuka, “Sensitivity and stability analysis for nonlinear
programming,” Annals of Operations Research, vol. 27, no. 1, pp. 215-235, 1990.

[29] E. A. Feinberg, P. O. Kasyanov, and M. Voorneveld, “Berge’s maximum theorem for
noncompact image sets,” Journal of Mathematical Analysis and Applications, vol.
413, no. 2, pp. 1040-1046, 2014.

[30] Y. Emam, P. Glotfelter, and M. Egerstedt, “Robust barrier functions for a fully
autonomous, remotely accessible swarm-robotics testbed,” in Proc. IEEE Conf.
Decis. Control. |EEE, 2019, pp. 3984—-3990.

[31] A. J. Taylor and A. D. Ames, “Adaptive safety with control barrier functions,” in Proc.
Am. Control Conf. |EEE, 2020, pp. 1399-1405.

[32] B. T. Lopez, J.-J. E. Slotine, and J. P. How, “Robust adaptive control barrier functions:
An adaptive and data-driven approach to safety,” IEEE Control Syst. Lett., vol. 5,
no. 3, pp. 1031-1036, 2020.

[33] A. J. Taylor and A. D. Ames, “Adaptive safety with control barrier functions,” arXiv
preprint arXiv:1910.00555, 2019.

[34] A. Taylor, A. Singletary, Y. Yue, and A. Ames, “Learning for safety-critical control with
control barrier functions,” in Proc. Conf. Learn. Dynam. Control. PMLR, 2020, pp.
708-717.

[35] Y. Emam, P. Glotfelter, S. Wilson, G. Notomista, and M. Egerstedt, “Data-driven
robust barrier functions for safe, long-term operation,” IEEE Trans. Robot., 2021.

[36] A. Parikh, R. Kamalapurkar, and W. E. Dixon, “Integral concurrent learning: Adaptive
control with parameter convergence using finite excitation,” Int J Adapt Control
Signal Process, vol. 33, no. 12, pp. 1775-1787, Dec. 2019.

[37] G. Chowdhary and E. Johnson, “Concurrent learning for convergence in adaptive
control without persistency of excitation,” in Proc. IEEE Conf. Decis. Control, 2010,
pp. 3674—-3679.

[38] G. Chowdhary, T. Yucelen, M. Mihlegg, and E. N. Johnson, “Concurrent learning
adaptive control of linear systems with exponentially convergent bounds,” Int. J.
Adapt. Control Signal Process., vol. 27, no. 4, pp. 280-301, 2013.

[39] R. Kamalapurkar, B. Reish, G. Chowdhary, and W. E. Dixon, “Concurrent learning
for parameter estimation using dynamic state-derivative estimators,” IEEE Trans.
Autom. Control, vol. 62, no. 7, pp. 3594—-3601, July 2017.

117



[40] S. L. Brunton and J. N. Kutz, Data-driven science and engineering: Machine
learning, dynamical systems, and control. Cambridge University Press, 2019.

[41] R. Cheng, G. Orosz, R. M. Murray, and J. W. Burdick, “End-to-end safe reinforcement
learning through barrier functions for safety-critical continuous control tasks,” in
Proc. AAAI Conf. Artif. Intell., vol. 33, 2019, pp. 3387-3395.

[42] L. Wang, E. A. Theodorou, and M. Egerstedt, “Safe learning of quadrotor dynamics
using barrier certificates,” in Proc. IEEE Int. Conf. Robot. Autom. |EEE, 2018, pp.
2460—-2465.

[43] W.-H. Chen, J. Yang, L. Guo, and S. Li, “Disturbance-observer-based control and
related methodsi¢ cean overview,” vol. 63, no. 2, pp. 1083—1095.

[44] A. Alan, T. G. Molnar, E. Das, A. D. Ames, and G. Orosz, “Disturbance observers for
robust safety-critical control with control barrier functions.”

[45] D. R. Agrawal and D. Panagou, “Safe and robust observer-controller synthesis using
control barrier functions,” vol. 7, pp. 127-132.

[46] T. Johnston, B. Smith, O. Oladeji, R. Betz, and R. Lauer, “Outcomes of a home
cycling program using functional electrical stimulation or passive motion for children
with spinal cord injury: a case series,” J. Spinal Cord Med., vol. 31, no. 2, pp.
215-21, 2008.

[47] S. Ferrante, A. Pedrocchi, G. Ferrigno, and F. Molteni, “Cycling induced by functional
electrical stimulation improves the muscular strength and the motor control of
individuals with post-acute stroke,” Eur. J. Phys. Rehabil. Med., vol. 44, no. 2, pp.
159-167, 2008.

[48] S. P. Hooker, S. F. Figoni, M. M. Rodgers, R. M. Glaser, T. Mathews, A. G.
Suryaprasad, and S. C. Gupta, “Physiologic effects of electrical stimulation leg cycle
exercise training in spinal cord injured persons,” Arch. Phys. Med. Rehabil., vol. 73,
no. 5, pp. 470-476, 1992.

[49] T. W. Janssen, M. Beltman, P. Elich, P. A. Koppe, H. Konijnenbelt, A. de Haan, and
K. H. Gerrits, “Effects of electric stimulation-assisted cycling training in people with
chronic stroke,” Arch Phys Med Rehabil, vol. 89, no. 3, pp. 463—469, Mar. 2008.

[50] E. Trevisi, S. Gualdi, C. De Conti, A. Salghetti, A. Martinuzzi, A. Pedrocchi,
S. Ferrante et al., “Cycling induced by functional electrical stimulation in children
affected by cerebral palsy: case report,” Eur J Phys Rehabil Med, vol. 48, no. 1, pp.
135-145, 2012.

[51] C. Cousin, V. Duenas, C. Rouse, M. Bellman, P. Freeborn, E. Fox, and W. E. Dixon,
“Closed-loop cadence and instantaneous power control on a motorized functional
electrical stimulation cycle,” IEEE Trans. Control Sys. Tech., vol. 28, no. 6, pp.
2276—2291, November 2020.

118



[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

M. J. Bellman, R. J. Downey, A. Parikh, and W. E. Dixon, “Automatic control of
cycling induced by functional electrical stimulation with electric motor assistance,’
IEEE Trans. Autom. Science Eng., vol. 14, no. 2, pp. 1225-1234, April 2017.

V. H. Duenas, C. A. Cousin, C. Rouse, E. J. Fox, and W. E. Dixon, “Distributed
repetitive learning control for cooperative cadence tracking in functional electrical
stimulation cycling,” IEEE Trans. Cybern., vol. 50, no. 3, pp. 1084—1095, 2020.

M. M. Ouellette, N. K. LeBrasseur, J. F. Bean, E. Phillips, J. Stein, W. R. Frontera,
and R. A. Fielding, “High-intensity resistance training improves muscle strength,
self-reported function, and disability in long-term stroke survivors,” Stroke, vol. 35,
no. 6, pp. 1404—1409, 2004.

M. J. MacKay-Lyons and L. Makrides, “Cardiovascular stress during a contemporary
stroke rehabilitation program: is the intensity adequate to induce a training effect?”
Archives of physical medicine and rehabilitation, vol. 83, no. 10, pp. 1378—1383,
2002.

T. Mohr, J. Pgdenphant, F. Biering-Sgrensen, H. Galbo, G. Thamsborg, and M. Kjeer,
“Increased bone mineral density after prolonged electrically induced cycle training

of paralyzed limbs in spinal cord injured man,” Calcif. Tissue Int., vol. 61, no. 1, pp.

22-25, 1997.

H. J. Asl, M. Yamashita, T. Narikiyo, and M. Kawanishi, “Field-based assist-as-
needed control schemes for rehabilitation robots,” IEEE/ASME Transactions on
Mechatronics, vol. 25, no. 4, pp. 2100-2111, 2020.

Q.-T. Dao and S.-i. Yamamoto, “Assist-as-needed control of a robotic orthosis
actuated by pneumatic artificial muscle for gait rehabilitation,” Applied Sciences,
vol. 8, no. 4, p. 499, 2018.

A. U. Pehlivan, D. P. Losey, and M. K. O’'Malley, “Minimal assist-as-needed controller
for upper limb robotic rehabilitation,” IEEE Trans. Robot., vol. 32, no. 1, pp. 113—124,
2015.

B. Ding, Q. Ai, Q. Liu, and W. Meng, “Path control of a rehabilitation robot using
virtual tunnel and adaptive impedance controller,” in 2014 Seventh International
Symposium on Computational Intelligence and Design, vol. 1. |[EEE, 2014, pp.
158-161.

A. T. Harrington, C. G. A. McRae, and S. C. K. Lee, “Evaluation of functional
electrical stimulation to assist cycling in four adolescents with spastic cerebral palsy,”
J. Pediatr., vol. 2012, pp. 1-11, 2012.

C. Rouse, R. Downey, C. Gregory, C. Cousin, V. Duenas, and W. E. Dixon,
“FES cycling in stroke: Novel closed-loop algorithm accommodates differences in
functional impairments,” IEEE Trans. Biomed. Eng., vol. 67, no. 3, pp. 738-749,
2020.

119



[63] T. E. Johnston and S. F. Wainwright, “Cycling with functional electrical stimulation in
an adult with spastic diplegic cerebral palsy,” Physical Therapy, vol. 91, no. 6, pp.
970-982, 2011.

[64] A. Isaly, M. Ghanbarpour, R. G. Sanfelice, and W. E. Dixon, “On the feasibility and
continuity of feedback controllers defined by multiple control barrier functions,” in
Proc. Am. Control Conf., Jun. 2022.

[65] A. Isaly, B. C. Allen, R. G. Sanfelice, and W. E. Dixon, “Encouraging volitional
pedaling in FES-assisted cycling using barrier functions,” Front. Robot. Al, vol. 8,
pp. 1-13, 2021, special Issue on Safety in Collaborative Robotics and Autonomous
Systems.

[66] J. P. Aubin and H. Frankowska, Set-valued analysis. Birkhauser, 2008.
[67] R. G. Sanfelice, Hybrid Feedback Control. Princeton University Press, 2021.

[68] R. Goebel, R. G. Sanfelice, and A. R. Teel, Hybrid Dynamical Systems. Princeton
University Press, 2012.

[69] J. Chai and R. G. Sanfelice, “Forward invariance of sets for hybrid dynamical
systems (Part Il),” IEEE Transactions on Automatic Control, vol. 66, no. 1, pp.
89-104, 2020.

[70] J. Cortes, “Discontinuous dynamical systems,” IEEE Control Sys., vol. 28, no. 3, pp.
36-73, 2008.

[71] S. Boyd and L. Vandenberghe, Convex Optimization. New York, NY, USA:
Cambridge University Press, 2004.

[72] W. W. Hogan, “Point-to-set maps in mathematical programming,” SIAM review,
vol. 15, no. 3, pp. 591-603, 1973.

[73] E. A. Basso, H. M. Schmidt-Didlaukies, and K. Y. Pettersen, “Hysteretic control
Lyapunov functions with application to global asymptotic tracking for underwater
vehicles,” in Proc. IEEE Conf. Decis. Control. |EEE, 2020, pp. 5267-5274.

[74] P. Ong, B. Capelli, L. Sabattini, and J. Cortes, “Nonsmooth control barrier function
design of continuous constraints for network connectivity maintenance,” arXiv
preprint arXiv:2112.05935, 2021.

[75] G. Sitill, “Lectures on parametric optimization: An introduction,” Optimization Online,
2018.

[76] R. A. Freeman and P. V. Kokotovic, Robust Nonlinear Control Design: State-Space
and Lyapunov Techniques. Boston, MA: Birkh&user, 1996.

120



[77] R. G. Sanfelice, “On the existence of control Lyapunov functions and state-
feedback laws for hybrid systems,” IEEE Trans. Autom. Control, vol. 58, no. 12, pp.
3242-3248, 2013.

[78] M. Putinar, “Positive polynomials on compact semi-algebraic sets,” Indiana
University Mathematics Journal, vol. 42, no. 3, pp. 969-984, 1993.

[79] A. Dani, Z. Kan, N. Fischer, and W. E. Dixon, “Structure and motion estimation of a
moving object using a moving camera,” in Proc. Am. Control Conf., Baltimore, MD,
2010, pp. 6962-6967.

[80] S. Bhasin, R. Kamalapurkar, H. T. Dinh, and W. Dixon, “Robust identification-based
state derivative estimation for nonlinear systems,” IEEE Trans. Autom. Control,
vol. 58, no. 1, pp. 187-192, Jan. 2013.

[81] O. Patil, A. Isaly, B. Xian, and W. E. Dixon, “Exponential stability with RISE
controllers,” IEEE Control Syst. Lett., vol. 6, pp. 1592—-1597, 2022.

[82] H. K. Khalil, Nonlinear Systems, 3rd ed. Upper Saddle River, NJ: Prentice Hall,
2002.

[83] W. W. Hager, “Lipschitz continuity for constrained processes,” SIAM Journal on
Control and Optimization, vol. 17, no. 3, pp. 321-338, 1979.

[84] A. Shapiro, “Sensitivity analysis of nonlinear programs and differentiability properties
of metric projections,” SIAM Journal on Control and Optimization, vol. 26, no. 3, pp.
628—645, 1988.

[85] J. E. Gentle, Matrix Algebra. Springer, 2007, vol. 10.

[86] G. Chowdhary and E. Johnson, “A singular value maximizing data recording
algorithm for concurrent learning,” in Proc. Am. Control Conf., 2011, pp. 3547-3552.

[87] A. Parikh, R. Kamalapurkar, and W. E. Dixon, “Target tracking in the presence of
intermittent measurements via motion model learning,” IEEE Trans. Robot., vol. 34,
no. 3, pp. 805-819, 2018.

[88] T. H. Gronwall, “Note on the derivatives with respect to a parameter of the solutions
of a system of differential equations,” Annals of Mathematics, pp. 292—296, 1919.

[89] C. Rouse, C. A. Cousin, B. C. Allen, and W. E. Dixon, “Shared control for switched
motorized FES-cycling on a split-crank cycle accounting for muscle control input
saturation,” Automatica, vol. 123, pp. 1-11, 2021.

[90] E. S. Idsg, “Development of a mathematical model of a rider-tricycle system,” Dept.
of Engineering Cybernetics, NTNU, Tech. Rep., 2002.

121



[91] R. Kamalapurkar, W. E. Dixon, and A. Teel, “On reduction of differential inclusions
and lyapunov stability,” ESAIM: Control, Optim. Calc. of Var., vol. 26, no. 24, pp.
1-16, 2020.

[92] A. Isaly, B. C. Allen, R. Sanfelice, and W. E. Dixon, “Zeroing control barrier
functions for safe volitional pedaling in a motorized cycle,” in IFAC Conf. Cyber-Phys.
Hum.-Syst., 2020.

[93] C. Cai and A. R. Teel, “Characterizations of input-to-state stability for hybrid
systems,” Syst. Control Lett., vol. 58, no. 1, pp. 47-53, 2009.

122



BIOGRAPHICAL SKETCH

Axton Reid Isaly was born in 1995 in Ft. Lauderdale, Florida. He received his B.S.
degree in mechanical engineering from the University of Florida in 2019 with a minor in
computer science. In 2019, Axton joined the Nonlinear Controls and Robotics (NCR)
group under the guidance of Dr. Warren E. Dixon to pursue his doctoral studies. Axton
received his master’s degree in aerospace engineering from the University of Florida
in 2022. He received his Ph.D. from the University of Florida in the spring of 2023.
His current research interests include safety of nonlinear systems, optimization-based

control, adaptive control, and hybrid systems.

123



	ACKNOWLEDGMENTS
	TABLE OF CONTENTS
	LIST OF TABLES
	LIST OF FIGURES
	LIST OF ABBREVIATIONS
	ABSTRACT
	1 INTRODUCTION
	1.1 Background
	1.1.1 Control Barrier Functions
	1.1.2 Comparison with Other Methods
	1.1.3 Feasibility and Continuity
	1.1.4 Adaptive Safety
	1.1.5 Application: Encouraging Volitional Pedaling in FES-Assisted Cycling

	1.2 Outline of the Dissertation
	1.3 Preliminaries
	1.3.1 Notation
	1.3.2 Definitions


	2 ON THE FEASIBILITY AND CONTINUITY OF FEEDBACK CONTROLLERS DEFINED BY MULTIPLE CONTROL BARRIER FUNCTIONS
	2.1 Control Barrier Functions
	2.1.1 Problem Statement & Definition
	2.1.2 Tangent-Cone Conditions

	2.2 Forward (pre-)Invariance Using Selections of Kc
	2.2.1 Forward pre-Invariance
	2.2.2 Forward Invariance
	2.2.3 Asymptotic Stability

	2.3 Design of Optimal Safety-Ensuring Feedback
	2.4 Feasibility Verification with Sum of Squares
	2.5 Example: Non-Polynomial Dynamics with Unknown Parameters and Input Constraints
	2.6 Polynomial Replacement of Absolute Value

	3 MODULAR ADAPTIVE SAFETY WITH A RISE-BASED DISTURBANCE OBSERVER
	3.1 Problem Statement
	3.1.1 Dynamic Model
	3.1.2 Safety with Improved Performance
	3.1.3 Modular Adaptive Safety

	3.2 Estimation of Disturbance
	3.2.1 RISE-Based Disturbance Observer
	3.2.2 Implementation in Control Law

	3.3 Local Lipschitz Continuity of 
	3.4 Example

	4 ADAPTIVE SAFETY USING INTEGRAL CONCURRENT LEARNING
	4.1 Dynamic Model
	4.2 Estimator Design
	4.3 Design of Safety Constraints
	4.3.1 Known Constraints
	4.3.2 Feasibility

	4.4 Stability Analysis
	4.5 Example

	5 ENCOURAGING VOLITIONAL PEDALING IN FES-ASSISTED CYCLING USING BARRIER FUNCTIONS
	5.1 Dynamic Model
	5.1.1 Hybrid Systems
	5.1.2 Open-Loop Dynamics

	5.2 Control Design
	5.2.1 Control Objective 
	5.2.2 Motor Control Design 
	5.2.3 FES Design 

	5.3 Stability Analysis 
	5.4 Experimental Results
	5.4.1 Testbed
	5.4.2 Procedure
	5.4.3 Results
	5.4.4 Discussion


	6 CONCLUSION
	REFERENCES
	BIOGRAPHICAL SKETCH

