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Store-induced limit cycle oscillations (LCO) affect several fighter aircraft and is
expected to remain an issue for next generation fighters. LCO arises from the inter-
action of aerodynamic and structural forces, however the primary contributor to the
phenomenon is still unclear. The practical concerns regarding this phenomenon include
whether or not ordnance can be safely released and the ability of the aircrew to perform
mission-related tasks while in an LCO condition. The focus of this dissertation is the
development of control strategies to suppress LCO in aircraft systems.

The first contribution of this work (Chapter 2) is the development of a controller
consisting of a continuous Robust Integral of the Sign of the Error (RISE) feedback term
with a neural network (NN) feedforward term to suppress LCO behavior in an uncertain
airfoil system. The second contribution of this work (Chapter 3) is the extension of the
development in Chapter 2 to include actuator saturation. Suppression of LCO behavior
is achieved through the implementation of an auxiliary error system that features
hyperbolic functions and a saturated RISE feedback control structure.

Due to the lack of clarity regarding the driving mechanism behind LCO, common
practice in literature and in Chapters 2 and 3 is to replicate the symptoms of LCO by
including nonlinearities in the wing structure, typically a nonlinear torsional stiffness. To
improve the accuracy of the system model a partial differential equation (PDE) model

of a flexible wing is derived (see Appendix F) using Hamilton’s principle. Chapters 4

11



and 5 are focused on developing boundary control strategies for regulating the bending
and twisting deformations of the derived model. The contribution of Chapter 4 is the
construction of a backstepping-based boundary control strategy for a linear PDE model
of an aircraft wing. The backstepping-based strategy transforms the original system

to a exponentially stable system. A Lyapunov-based stability analysis is then used to
to show boundedness of the wing bending dynamics. A Lyapunov-based boundary
control strategy for an uncertain nonlinear PDE model of an aircraft wing is developed
in Chapter 5. In this chapter, a proportional feedback term is coupled with an gradient-

based adaptive update law to ensure asymptotic regulation of the flexible states.
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CHAPTER 1
INTRODUCTION

1.1  Motivation and Literature Review

Store-induced limit cycle oscillations (LCO) commonly occur and remain an issue
on high performance fighter aircraft [3]. LCO behavior is characterized by antisymmetric
non-divergent periodic motion of the wing and lateral motion of the fuselage. LCO
motion can be self-induced or initiated through the control inputs; however the motion
is self-sustaining and persists until the flight conditions have been sufficiently altered.
LCO behavior related to flutter, except coupling between the unsteady aerodynamic
forces and nonlinearities in the aircraft structure results in a limited amplitude motion [4].
In fact, store-induced LCO responses are present on fighter aircraft configurations
that have been theoretically predicted to be sensitive to flutter. Classical linear flutter
analysis techniques have been shown to accurately predict the oscillation frequency and
modal composition of LCO behavior; however, due to unmodeled nonlinearities in the
system, they fail to adequately predict its onset velocity or amplitude [5].

The major concern with LCO is the pilot’s ability to successfully complete the
mission in a safe and effective manner. Specifically, the LCO-induced lateral motion of
the fuselage may cause the pilot to have difficulty reading cockpit gauges and heads-up
displays and can lead to the termination of the mission or the avoidance of a part of the
flight envelope critical to combat survivability. Additionally, questions have been raised
about the effects of LCO on ordnance [4]. These questions include whether or not the
ordnance can be safely released during LCO, the effects on target acquisition for smart
munitions, and the effects on the accuracy of unguided weapons.

Concerns regarding the effects of LCO on mission performance necessitate the
development of a control strategy that could suppress LCO behavior in an uncertain
nonlinear aircraft system. Several control strategies have been developed in recent

years to suppress LCO behavior in aeroelastic systems that require knowledge of the
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system dynamics. A linear-quadratic regulator (LQR) controller with a Kalman state
estimator was developed in [6] to stabilize a two degree of freedom airfoil section. The
unsteady aerodynamics were modeled using an approximation of Theodorsen’s theory.
The developed controller was shown to be capable of stabilizing the system at velocities
over twice the flutter velocity. However, when the control system was employed after
the onset of LCO behavior, it was only effective near the flutter velocity. A feedback lin-
earization controller was developed in [7] that uses a quasi-steady aerodynamic model
and requires exact cancellation of the nonlinearities in the system. An output feedback
LQR controller was designed in [8] using a linear reduced order model for the unsteady
transonic aerodynamics. Danowsky et al. [9] developed an active feedback control
system based on a linear reduced order model (ROM) of a restrained aeroservoelastic
high-speed fighter aircraft. The effectiveness of the designed controller was verified
using simulations of the full-order aircraft model. A linear input-to-output ROM of an
unrestrained aeroservoelastic high-speed fighter aircraft model was developed in [10]
that included rigid body aircraft dynamics. Linear control techniques were proven to
stabilize the states of linear vehicle dynamics while suppressing aeroelastic behavior.
A control system based on an aerodynamic energy concept was designed for a four
control surface forward swept wing in [11]. The aerodynamic energy concept determines
the stability of an aeroelastic system by examining the work done per oscillation cycle
by the system. The controller is designed to produce positive work per oscillation cycle
which corresponds to the dissipation of energy in the system and thus the system will
remain stable. Prime et al. [12] developed an LQR controller based on a linear param-
eter varying (LPV) model based on freestream velocity of a three degree of freedom
wing section. The LPV controller auto-schedules with freestream velocity and was
shown to suppress LCO behavior over a wide range of velocities. A comparison of

State-Dependent Riccati Equation (SDRE) and sliding mode control (SMC) approaches
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for LCO suppression in a wing section without an external store was performed in [13].
Both control approaches used linearized dynamics and exact model knowledge.

Multiple adaptive controllers have been developed to compensate for uncertainties
only in the torsional stiffness model. An adaptive nonlinear feedback control strategy
was designed in [14] for a wing section with structural nonlinearities and a single trailing
edge control surface. The design assumes linear-in-the-parameters (LP) structural
nonlinearities in the model of the pitch stiffness only, and achieves partial feedback
linearization control. Experimental results using the adaptive controller developed in [14]
and the multivariable linear controller developed in [6] were presented in [15]. The re-
sults showed that the adaptive controller was capable of suppressing the LCO behavior
at velocities up to 23% higher than the flutter velocity. A structured model reference
adaptive control (SMRAC) strategy was developed in [16] to suppress the LCO behavior
of a typical wing section with LP uncertainties in the pitch stiffness model. The SMRAC
strategy was compared with an adaptive feedback linearization method and was shown
to suppress LCO behavior at higher freestream velocities. A control strategy that uses
multiple control surfaces and combines feedback linearization via Lie algebraic methods
and model reference adaptive control was developed in [17] to improve the control of
LCO behavior on a typical wing section with the same uncertainties as in [14]. The pro-
posed controller showed improved transient performance and was capable of stabilizing
the wing section at higher freestream velocities when compared to the control strategy
developed in [16].

Previously developed controllers either use linearized system dynamics and are
restricted to specific flight regimes, require exact knowledge of the system dynamics,
or consider only uncertainties in the dynamics that satisfy the linear-in-the-parameters
assumption. When any of these conditions are not met, the previously developed con-
trollers can no longer guarantee stability. Furthermore, these controllers have neglected

the fact that the commanded control input may exceed the actuation limits of the system,
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which can result in unpredictable closed-loop responses. Chapter 2 proposes a control
strategy to suppress LCO in a two degree of freedom airfoil section in the presence
of bounded disturbances using the full nonlinear system model. Uncertainties in the
system are assumed to be present in the structural and aerodynamic models and are
not required to satisfy the LP condition. The developed control strategy consists of a
neural network (NN) feedforward term to approximate the uncertain system dynamics
while a Robust Integral of the Sign of the Error (RISE) feedback term ensures asymp-
totic tracking in the presence of unknown bounded disturbances. Chapter 3 extends the
result in Chapter 2 to compensate for actuator constraints. While Chapter 3 builds on
the work in Chapter 2, the error system, control development, and stability analysis are
all redesigned to account for actuator limitations. Asymptotic tracking of a desired angle
of attack (AoA) is achieved through the implementation of an auxiliary error system that
features hyperbolic functions and a continuous RISE feedback control structure [18].
Previous research, including the development in Chapters 2 and 3, focus on sup-
pressing LCO behavior in an airfoil section, which is described by a set of ordinary
differential equations (ODE). However, the airfoil section model is a simplified de-
scription of what is happening in reality. To improve the fidelity of the plant model, it is
neccessary to examine the interactions between the structural dynamics and aerody-
namics on a flexible wing. The dynamics of a flexible wing are described by a set of
partial differential equations (PDE), which requires a different control method. Typically,
the control actuator is located at the spatial boundary of the system (e.g., at the wingtip)
and so the control design must use the boundary conditions to exert control over the
states of the system across the entire spatial domain. Chapter 4 examines the LCO
problem for a flexible wing described by a set of PDEs and associated boundary condi-

tions. Hamilton’s principle has been used previously to model the flexible dynamics of
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physical systems, including helicopter rotor blades [19—21] and flexible robot manipula-
tors [22—24], and can be applied to obtain the PDE system describing the dynamics of a
flexible wing undergoing bending and twisting deformations.

Two control strategies have been developed for systems described by a set of
PDEs. The first strategy uses Galerkin or Rayleigh-Ritz methods [25—-27], or operator
theoretic tools [28—31] to approximate the PDE system by a finite number of ODEs,
then a controller is designed using the reduced-order model approximation. The main
concern of using a reduced-order model in the control design is the potential for spillover
instabilities [32, 33], in which the control strategy excites the higher-order modes that
were neglected in the reduced-order model. In special cases, sensor and actuator
placement can guarantee the neglected modes are not affected [34]. Specifically, when
the zeros of the higher-order modes are known, placing actuators at these locations will
mitigate spillover instabilities; however this can conflict with the desire to place actuators
away from the zeros of the controlled modes.

The second strategy retains the full PDE system for the controller design and
only requires model reduction techniques for implementation. PDE-based control
techniques [35, 36] are often developed with the desire to implement boundary control
in which the control actuation is applied through the boundary conditions. The PDE
backstepping method described in [35] compensates for destabilizing terms that
act across the system domain by constructing a state transformation, involving an
invertible Volterra integral, that maps the original PDE system to an exponentially stable
target PDE system. Since the transformation is invertible, stability of the target system
translates directly to stability of the closed-loop system that consists of the original
system plus boundary feedback control. While the PDE backstepping method yields
elegant solutions to boundary control of PDE systems, it is limited to linear PDEs and
nonlinear PDEs in which the nonlinearities are not destabilizing. The boundary control

methods described in [36, 37] use Lyapunov-based design and analysis arguments
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to control PDE systems. The crux of this method is the assumption that for a physical
system, if the energy of the system is bounded, then the states that compose the
energy of the system are also bounded. Based on this assumption, the objective of
the Lyapunov-based stability analysis is to show that the energy in the closed-loop
PDE system remains bounded and decays to zero asymptotically. This method is
applicable to both linear and nonlinear PDE systems; however, more complex systems
typically require more complex controllers and candidate Lyapunov functions. A notable
difference, from an implementation perspective, between the backstepping method
in [35] and the Lyapunov-based energy approach in [36, 37] is the signals that are
required to be measurable. The backstepping approach typically requires knowledge of
the distributed state throughout the spacial domain while the Lyapunov-based energy
method only requires measurements at the boundary, however these measurement are
typically higher-order spatial derivatives. A PDE-based boundary control approach has
been previously used to stabilize fluid flow through a channel [38], maneuver flexible
robotic arms [39], control the bending in an Euler beam [40—42], regulate a flexible rotor
system [37, 43], and track the net aerodynamic force, or moment, of a flapping wing
aircraft [44].

Several PDE and ODE controllers have been previously developed to control
the bending in a flexible beam [30, 31, 40, 42]; however this body of work is primarily
concerned with structural beams and robotic arms which don’t encounter the closed-
loop interactions between the flexible dynamics and aerodynamics intrinsic to flexible
aircraft wings. Recently, [44] used the PDE-based backstepping control technique
from [35] to track the net aerodynamic forces on a flapping wing micro air vehicle using
either root-based actuation or tip-based actuation. The control objective in [44] is not
concerned with the performance of the distributed state variables, instead the boundary
control is designed to track a spatial integral of the distributed state variables. The focus

of Chapter 4 is the development of a PDE-based controller to suppress LCO behavior
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in a flexible aircraft wing described by a linear PDE via regulation of the distributed
state variables. The backstepping technique in [35] is used to ensure the wing twist
decays exponentially, and a Lyapunov-based stability analysis of the wing bending
dynamics is used to prove that the oscillations in the wing bending dynamics decay
asymptotically and the wing bending state reaches a steady-state profile. Chapter 5
uses Lyapunov-based boundary control design and analysis methods motivated by the
approaches in [36, 37] to regulate the distributed states of a flexible wing described by
a set of uncertain nonlinear PDEs. The considered PDE model has uncertainties that
are linear-in-the-parameters and are compensated for using a gradient-based adaptive
update law.
1.2 Contributions
The contributions of Chapters 2-5 are as follows:

1.2.1 Chapter 2: Lyapunov-Based Tracking of Store-Induced Limit Cycle Oscilla-
tions in an Aeroelastic System

The main contribution of Chapter 2 is the development of a RISE-based control
strategy for the suppression of LCO behavior in an uncertain nonlinear aeroelastic
system. A NN feedforward term is used to compensate for uncertainties in the struc-
tural dynamics and aerodynamics while a continuous RISE feedback term ensures
asymptotic tracking of a desired AoA trajectory. Numerical simulations illustrate the per-
formance of the developed controller as well as providing a comparison with a previously
developed controller. Furthermore, a Monte-Carlo simulation is provided to demonstrate
robustness to variations in the plant dynamics and measurement noise.

1.2.2 Chapter 3: Saturated RISE Tracking Control of Store-Induced Limit Cycle
Oscillations

The contribution of Chapter 3 is to extend the result in Chapter 2 to compensate
for actuator limits. To account for actuator constraints, the error system and control
development are augmented with smooth, bounded hyperbolic functions. A numerical

simulation demonstrated the unpredictable closed-loop response of the RISE-based
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controller from Chapter 2 when an ad hoc saturation is applied to the commanded
control effort. Furthermore, the simulations show the developed saturated controller
achieves asymptotic tracking of the desired AoA without breaching actuator constraints.

1.2.3 Chapter 4: Boundary Control of Limit Cycle Oscillations in a Flexible
Aircraft Wing:

The contribution of Chapter 4 is the development of a boundary control strategy
for the suppression of LCO in a flexible aircraft wing described by a set of linear PDEs.
The control strategy uses a PDE-based backstepping technique to transform the original
system to an exponentially stable system in which the destabilizing terms in the original
system are shifted to the boundary conditions. A boundary control is then developed
to compensate for the destabilizing terms. The backstepping approach ensures the
wing twist decays exponentially while a Lyapunov-based stability analysis proves
the oscillations in the wing bending are suppressed and the wing bending achieves
a steady-state profile. Numerical simulations demonstrate the performance of the
proposed control strategy.

1.2.4 Chapter 5: Adaptive Boundary Control of Limit Cycle Oscillations in a
Flexible Aircraft Wing

The contribution of Chapter 5 is the design of a boundary control strategy to
suppress LCO motion in an uncertain nonlinear flexible aircraft wing model. The
control strategy uses a gradient-based adaptive update law to compensate for the LP
uncertainties and a Lyapunov-based analysis is used to show that the energy in the
system remains bounded and asymptotically decays to zero. Arguments that relate the
energy in the system to the distributed states are used to conclude that the distributed

states are regulated asymptotically.
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CHAPTER 2
LYAPUNOV-BASED TRACKING OF STORE-INDUCED LIMIT CYCLE OSCILLATIONS
IN AN AEROELASTIC SYSTEM

The focus of this chapter is to develop a controller to suppress LCO behavior in a
two degree of freedom airfoil section with an attached store, one control surface, and an
additive unknown nonlinear disturbance that does not satisfy the LP assumption. The
unknown disturbance represents unsteady nonlinear aerodynamic effects. A NN is used
as a feedforward control term to compensate for the unknown nonlinear disturbance and
a RISE feedback term [45—47] ensures asymptotic tracking of a desired state trajectory.

2.1 Aeroelastic System Model
The subsequent development and stability analysis is based on an aeroelastic

model (see Figure (2-1)), similar to [1], given as
Mi+Cig+Kq = F (2-1)

where ¢ £ [ h o ]T € R? is a composite vector of the vertical position and AoA of the
wing-store section, respectively. It is assumed that ||¢|| < &1, ||¢]] < k2, and ||d]| < k3
where k1, k9, k3 € R are known positive constants, which is justified by the bounded
oscillatory nature of LCO behavior. In (2—1), M € R?*2, C' € R**?, K € R**?2 and F € R?

are defined as

m; m Chy ChyQX
M é 1 2 ’ C é h ha (2_2)
My My 0 Co
kr, O —L
ke . F2 . (2-3)
0 k., Py

In (2-2), the terms my, mo, my € R are defined as

lI>

M + 1y, (2-4)

>

(ry —a) mybcos (a) + (s, — a) msbcos (a)
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Figure 2-1. Diagram depicting the two degree of freedom airfoil section with attached
store based on that in [1].

— (rp — ap) mybsin (o) — (s, — ap) mgbsin («) (2-5)

A

ma [(re — a)® + (r, — an)’] b*m,,

+ [(s2 — a)® + (s — an)?] b*my + L, + I (2-6)

where my,, mg, b, 74, T, @y ap, Sz, Sk, 1y, @and I, € R are unknown constants. Specifi-
cally, m,, is the mass of the wing section, m, is the mass of the attached store, b is the
semichord length of the wing, r,., r;, are the distances from the wing center of mass

to the wing midchord and the wing chordline in percentage of the wing semichord, re-
spectively, a, a; are the distances from the elastic axis of the wing to the wing midchord
and the wing chordline in percentage of the wing semichord, respectively, s, s;, are

the distances from the store center of mass to the wing midchord and wing chordline

in percentage of the wing semichord, respectively, and 7, I, are the wing and store
moments of inertia, respectively. In Eqn. (2-2), ¢;,,c, € R are the unknown constant

damping coefficients of the plunge and pitch motion, respectively, and ¢;,, € R is defined
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as

[1>

Chy (q) — (ry —a)mybcos (a) — (s, — a) mgbcos («)

— (sp — ap) mgbsin (a) — (rp, — ap) mybsin ().

In (2-3), k;, € R is the unknown plunge stiffness coefficient, and &k, (¢) € R is the

unknown nonlinear pitch stiffness coefficient modeled as
ko (@) = kay + kaya + kay0® + ko, + koo

where k., ka,, kas, ka,, and k.., € R are constant unknown stiffness parameters. Also
n (2-3), L and P, € R are the lift force and pitch moment acting on the wing-store

section, respectively, and are modeled as

L = pUQbSClaaef—f-Clé(; (2—7)

1
Py = pU?SC,. ( +a) Qof + Cong6 (2-8)

where p, U, S, C,,, Ci,, and C,,,, € R are unknown constant coefficients. Specifically, p

is the atmospheric density, U is the freestream velocity, S is the wing span, C;_ is the lift
coefficient of the wing, and Cj;, C,,, are the control effectiveness coefficients for lift and
pitching moment, respectively. In Egns. (2-7) and (2-8), § (t) € R is the control surface

deflection angle, and «a.; € R is defined as a.; = « + 2 b+ b(ra)d.

The dynamics in (2—1) can be rewritten as’

G=M"|Cy8— Cg— Kq| +d (2-9)

T T
where the auxiliary terms Cs £ [ —C), Ch, } eR%Ld £ [ d, d, } € R? denotes

an unknown, nonlinear disturbance that represents unmodeled, unsteady aerodynamic

! See Appendix A for details on the invertibility of M («).
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effects. Moreover, in (2-9), C' € R?*2 and K € R2*? are defined as

C’ A Chy + CL Ch2d + CLb (% — a) - 611 C~'12
—CLb (% —+ CL) Co — CLb2 (% — (12) 021 CN’QQ
T ks, cLU B Ku K
0 k,—CLUb (% + a) 0 Ko

and O, £ pUbSC;, € Ris an unknown constant. The subsequent control development is

based on the assumption that the nonlinear disturbances are bounded as

|dh| S 517 ‘dh‘ S 527 |d0¢| S 537 doc

< &4 (2-10)

where {; e R, (j =1,...,4) are positive, known constants.
2.2 Control Objective

The control objective is to ensure the airfoil section AoA, «, tracks a desired
trajectory defined as o, € R. The formulation of an AoA tracking problem enables the
AoA of the wing to be optimized for a given metric and flight condition. For the extension
to the three dimensional case, the control objective provides the ability to alter the
wing twist for a given flight condition to optimize a given performance metric, such as
aerodynamic efficiency. The subsequent control development and analysis is based on
the assumption that g, ay, dq, @4 € L. To quantify the control objective and facilitate
the control design, a tracking error, e; € R, and two auxiliary tracking errors, e;,r € R,

are defined as

€1

€2

where 1,7, € R are positive constants.

= a—aqy (2-11)
= ea+tme (2-12)
= e+ e (2-13)

The subsequent development is based on the

assumption that ¢ and ¢ are measurable. Hence, the auxiliary tracking error, r, is not

24



measurable since it depends on §. Substituting the system dynamics from (2-9) into the

error dynamics in (2—13) yields the following expression

ro= f+g0+d, (2-14)

where the auxiliary terms f € R and g € R are defined as

m ~ . ~ . ~ ~
[ = _F(QJW) <—Cuh — Crpa — Kq1h — K1204>
ma = = . ~ . .
+det (M) (—th — Cycv — K2204) — Qq + 7161 + Y2€2 (2-15)
mo ma
J det (M) Cis + det (M)C ° (2-16)

and g is invertible® provided that sufficient conditions on the wing geometry and store
location are met.
2.3 Control Development

After some algebraic manipulation, the open-loop error system for r (¢) can be

obtained as
1 1
-r=x+—fa+0+d, (2-17)
g 9gd
where g, € R and f,; € R are defined as
fa = —M _éllhd - 012 (ch Qd) Qg — [{llhd - KIQO-/d
det (M (ga))
ma =~ =~ . -~ .
+m <_021hd — Oy — Kg (Qd) Oéd> — Oy, (2_1 8)
o= meld) oo o (2-19)

det (M (gq)) " det (M (qa))

T
where ¢; £ [ hy ay } € R?, and h, € R is a desired trajectory for the vertical position
of the wing. The subsequent development is based on the assumption that the desired

trajectories, i, and hg, are bounded. In (2—17), the auxiliary function x € R is defined as

2 See Appendix B for details.
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X = %f — gidfd. Based on the universal function approximation property, a multi-layer NN

is used to approximate the uncertain dynamics L (hd, ha, o, dd> as [45]

Ja =W (VI zq) + e (z4) (2—-20)

9d

A

where the NN input z, € R” is defined as z, (¢) { 1 hyg hg hg ag &y dy ]T. In
(2—20), V € R™™ is a constant ideal weight matrix for the first-to-second layer of the
NN, W e R™*!is a constant ideal weight matrix for the second-to-third layer of the
NN, n, is the number of neurons in the hidden layer, o € R"2*! denotes the activation
function, and ¢ € R is the function reconstruction error. Since z, is defined in terms
of desired bounded terms, the inputs to the NN remain on a compact set. Since the
desired trajectories are assumed to be bounded, then [45] | (z4)| < &1, |€ (24, T4)] <
€9, |€(xq,2q,%q)| < €3, Where g1, 69,63 € R are known positive constants.

Based on the open-loop error system in (2—17) and the subsequent stability

analysis, the control surface deflection angle is designed as

0= —& — (2-21)
gd
where 5:;1 € R is defined as
Ja o gy, (VTxd> (2-22)
gd

and 1 € R denotes the subsequently defined RISE feedback term. In (2—22), W € R"2*!

and V € R™" denote estimates for the ideal weight matrices whose update laws are

defined as

W 2 proj <F16/‘7Ti’d62> (2-23)

X S A T

V2 proj (rzj:d (& TW62> ) (2-24)
where I'; € R(m2+Dx(ne+1) Ty« R™7 gre constant, positive definite control matrices and

g AT$ . . . . .
5 & dd((‘; d)>. The smooth projection algorithm in (2-23) and (2—-24) is used to ensure
Td
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that the ideal NN weight estimates, W and V, remain bounded [48] . The RISE feedback

term in (2-21) is defined as
2 (s, + ksy) e — (g, + ks, ) €2 (0) +v (2-25)
where v € R is the Filippov solution to the following differential equation
v = (ks + ks,) v2e2+ Brsgn(es), v(0)=uw (2—26)

where k., ks,, 51 € R are positive, constant control gains and 1, € R is a known initial

condition. The existence of solutions for v € K [w;] can be shown using Filippov’s

theory of differential inclusions [49-52] where w; : R — R is defined as the right-hand

side of (2—26) and K [w,] = (| () cow; (e1, B — S,,), where () represents the
T>0uSm=0 wSm=0

intersection of all sets S,, of Lebesgue measure zero, ¢o represents convex closure, and

B={(eR||es —&| <7} [53,54].

The closed-loop error system is obtained by substituting (2—21) into (2—17) as

1 —
9 9a  9d

To facilitate the subsequent stability analysis, the time derivative of (2-27) is determined

1,__d1 .dfd_i/f_;_.' .
gr = pr (g)r+x+dt (%) 7 <9d> [+ dg. (2—-28)

Using (2—20) and (2—22), the closed-loop error system in (2—-28) can be rewritten as

as

]_ d ]_ ’ ~ ’ A X
—f = —— <—) r+x+Whe (Vi) Vieg—W'o (VTxd) Vi
g dt \ g
—WTO' (VTl'd) - WTO'/ <VT.’L’d) VTit'd +ée— ,u —+ da. (2—29)

After some algebraic manipulation, (2—29) can be rewritten as

1 d (1 am A . A
—7 = —E(—)7’+WT&VT.Td_WT&+5+X_ﬂ+da+WT6VT$d
9 9
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—VAVT(}/{/Tl‘d — WT&,VTJ.Jd + WTO',VTi’d — WTé'/VTth (2—30)

where o' =o' (VIz,) € R2H>m 6 =6 (VTxd> € R™*! and the parameter estimation
error matrices W € R™*' and V € R™" are definedas W = W —WandV =V -V,
respectively. Using the NN weight update laws in (2—23) and (2—24) and the time
derivative of the RISE feedback term in (2—25), the closed-loop error system in (2—-30)

can be expressed as

1. ~ 1d (1
;7" = N+ Ng+ Np — ey — (ks, + ks,) 7 — B1sgn(eg) — 53 (;) r (2-31)
where N € R, N, € R, and Ny € R are defined as
~ 1d (1 . ) N T
N £ 5w (;) T+ X1+ e — proj <F10 VTfL‘d62> o
a ’ 12 Al T r
W76 proj (Fgﬂbd (6 TW€2> ) Tq (2-32)
Ny 2 WIo'VTig+ &+ xo+d, (2-33)
Ng £ Np, + Ng,. (2-34)
In (2-34), the terms Np, € R and Np, € R are defined as
Ng, 2 WP VT, W' Vi, (2-35)
Ng, 2 WI6VTig+WT6' Vi, (2-36)

The terms in (2—-31) are segregated based on their bounds. All the terms in (2—33)
are dependent on the desired trajectories, therefore N, and its derivative can be
upper bounded by a constant, which will be rejected by the RISE feedback term in
the controller. The terms in (2—-34) are segregated into terms that will be rejected by
the RISE feedback, Np,, and terms that will be rejected by a combination of the RISE
feedback and NN weight estimate adaptive update laws, Ng,. In (2-32) and (2-34), x
has been segregated into x; and y, where x; denotes the components of x that are

state dependent or can be upper bounded by the norm of the states, and x, denotes the
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components that can be upper bounded by a constant® . The terms in N can be upper
bounded as*

MEIEl (2-37)

T
where z £ { e, ey T 1 € R3 andn € R is a positive bounding constant. Similar

to [45], the following inequalities can be developed
|Na| < G, ‘Nd’ <, |NB| <G, )NB) < G+ G ez (2-38)

where (; € R, (i = 1,2,...,5) are positive bounding constants.
2.4 Stability Analysis
To facilitate the subsequent Lyapunov-based stability analysis, let P € R be defined

as the Filippov solution to the following differential equation

P = —r(Np, + Ng— Bisgn(es)) — éaNp, + ael, (2-39)

P(0) = Pilez(0)] = e2(0) (Na(0) + N (0)) .

The existence of solutions for P (t) can be established in a similar manner as in (2—26)
by using Filippov’s theory of differential inclusions for P (t) € K [w.], where w, € R is

defined as the right-hand side of (2—39). Provided that 5, and 3, are selected based on
the sufficient conditions in (2—40), P (t) > 0 [45]. Furthermore, let @ € R be defined as

Q=2 %WTF;WT/ + %tr (VTF;W) ,

where @ > 0 since I'; and I'; are constant positive definite matrices, and 7, € R*.

3 See Appendix C for details
4 See Appendix D for details.
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Theorem 2.1. The controller given in (2—21)-(2—26) ensures that all closed-loop signals
are bounded and the tracking error is regulated in the sense thate, (t) — 0 ast — oo

provided that the control gains are selected as

1 1 1
B> G+ G+ —C + —Ca, B2 > (5, V1> =
V2 V2

5’ Yo > 62 + 1. (2—40)

Proof. Let D C R® be a domain containing y = 0, where y € R® and is defined as

T
yéelegr\/ﬁm-

Let V.. (v) : D — R be a positive definite, continuously differentiable function defined as

1, 11,
—e2+ =22+ P+ Q. 2-41
2e2+29r +P+Q (2—-41)

VL £ 6% +
Equation (2—41) satisfies U; < V;, < U, provided that 5, and S, are selected based on
the sufficient conditions in (2—40). The continuous positive definite functions U;, U, € R
are definedas U; £ X\ ||y||>, Us £ X2 ||y||* where Ay, X» € R are defined as \; £
Imin{1, g}, A2 £ min {1, 1} and g, < |g| < g

The time derivative of (2—41) exists almost everywhere (a.e), and V;, € I7L where

T
Vi= N ETK[él éy T P‘f? Q‘Tﬂ? 1} , Where 0V, is the generalized gradient
=edVy,

of V;. Since V, is a continuously differentiable function, ‘L/L can be expressed as

Nl

. _ T
v, o= VVLTK{éI R Q‘f‘? 1} , (2—42)

where VV, = {261 er ir 2Pz 2Q7 1 y

from [54], (2-12), (2—13), (2-31), and (2-39

d (1) 2 } Using the calculus for K
), (2—42) can be expressed as
Vi C 2ei(es —mier) + ea (r — yae2)

+r (z\? + N+ Np — es — (ky, + k,) 7 — ALK [sgn (62)])

T (N31 + Nd — 61K [sgn (62)]) — é2N32

—1—5263 — VQWTFflﬁ/ — Yotr (VTFz_l‘;> , (2—43)
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where K [sgn (e2)] = sgn (e2) such that sgn (ex) = 1ifey > 0, [—1,1] if e = 0, and —1 if
ez < 0. The set of times A £ {t € [0,00) : 73, K [sgn (e3)] — rB1 K [sgn (e2)] # {0}} C [0, 00)
is equal to the set of times {t : e5 (t) = 0 A7 (t) # 0}. From Egn. (2—13), this set can also
be expressed as {t : es (t) = 0 A é5 (t) # 0}. Since e, is continuously differentiable, it can
be shown using [55], Lemma 2 that the set of time instances {¢ : e; (t) = 0 A é2 (t) # 0} is
isolated and measure zero; hence A is measure zero. Since A is measure zero, (2—43)

can be reduced to the following scalar inequality

VL < 2eje9 — 271e% — 7263 + Bgeg +rN — k:slr2 — k:827“2

tnes [WT6 T iy + W6 VT iy| — WITTIW — ot <17Tr;1f/) (2-44)

By using Young’s inequality and the NN weight update laws in (2—23) and (2—-24) along

with the upper bound on N given in (2—37), the expression in (2—44) can be rewritten as
. a.e. 772 9
Vi < —Cnm—1Def—(p—F—1)e;—kyr’ + T 217 (2-45)
52

The expression in (2—45) can be further simplified as

2
. a.e. ’r] 2
Vi < — | A3 — 2—4
L = ( 3 4k52) 21", ( 6)

where \3 = min {2y, — 1,7 — 52 — 1, ks, } is a positive constant provided that 4, v, are

selected according to (2—40). The expression in (2—46) can be upper bounded as
V< —ell2l?, (2-47)

where ¢ € R is a positive constant provided that A3 > ﬁ . The expressions in (2—41)
and (2—47) can be used to show that V;, € L., and hence, e, es, 7, P,QQ € L.,. Given
that ey, eq, 7 € L, (2-12) and (2—13) indicate that ¢é,,¢é, € L. Since ey, ey, € L, and
ag, g, g € Lo by assumption, (2—-11)-(2—13) can be used to show that o, &, & € L. If
a, & € Ly, (2-2) can be used to show that M, C, K € L. Giventhat M € L., (2—16)
indicates that g € L. Since a(t),a(t) € Lo inDand h(t) € Ly then, (2-2), (2-7),
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and (2-8) can be used to show that ' € L. ; hence, with the bounds in (2—10) it can be
concluded from (2—1) that the control input § € L. Given that N, N;, Ng, 7, es, g € Lo,
it can be concluded from (2-31) that » € L. Since é;, é;,7 € L., the definition of z (¢)
can be used to show that = is uniformly continuous. Corollary 1 from [56] can be used to

show that ||z|| — 0, and therefore, e; — 0 as t — oc. O

2.5 Simulation Results
A numerical simulation is presented to illustrate the performance of the developed
controller and provide a comparison with the controller in [15]. The controller from [15]
was selected for comparison because it is one of the few controllers that consider
structural uncertainties. However, this is not an equal comparison, since the controller
in [15] considers uncertainties in the pitch stiffness only, while the control strategy
developed in this paper considers uncertainties in all parameters in the structural and
aerodynamic models. For this reason, the structural and aerodynamic parameters that
are assumed to be known in [15] are taken to be off by 10% from the actual values. The

controller in [15] is given by

1

5 =
gaU?

(—FL (4.9) — OTR(q) — kra — /22@) ,

where g, € R is a control effectiveness parameter, U € R denotes the freestream
velocity, F;, (¢, ) € R is a feedback linearization term that requires exact model
knowledge of certain parameters in the structural model and all parameters in the
aerodynamic model, © € R denotes a vector of the estimates of the uncertain
parameters in the pitch stiffness model, R (¢) € R’ represents a known regression
matrix, and k;, k» € R are positive control gains. The control gains were selected as
k, = ky = 60 based on improving the resulting transient performance of the controller

while keeping the control effort within tolerable limits (10 deg). The estimate, ©, is
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updated via a gradient update law given by
6 = aR" ().

The model parameters for the simulation are shown in Table 2-1 and (2—48)

Table 2-1. Aeroelastic Model Parameters

Parameter Parameter
My 4.0 kg I, 0.0050 kg-m?
Mg 4.0 kg Chy 2.743x10! kg/s
T 0.0 Ca 0.036 kg-m?/s
T 0.0 kr, 2.200x10% N/m
a -0.6 p 1.225 kg/m?
an 0.0 U 1.20x10! m/s
b 0.14m S 1.0m
Sy 0.098 C, 6.8 1/rad
Sh 1.4 Cl(; 9.3x10! N/rad
I, 0.043 kg-m?  C,,, 2.3 N-m/rad

ko () = 0.5 — 11.05a + 657.750° — 42900 + 8644.850*. (2—-48)

The control objective is to regulate the AOA to zero degrees from the initial condition
h(0) =0m, h(0) =0m/s, a(0) = 3.0 deg, and & (0) = 0 deg/s. From Figure (2-2) it

is evident that the system, under the above conditions, experiences LCO behavior in

the absence of a control strategy and exogenous disturbances. The developed control
strategy was applied to the system in the absence of exogenous disturbances with the
following gains: v, = 2, v = 3, ks, + ks, = 3, 1 = 0.1, ny = 25, I'y = 1015, and 'y = 1015,
where I, denotes an m x m identity matrix.

Figures (2-3) and (2-4) show the states of the wing section and the control surface
deflection, respectively. The figures indicate that the developed controller suppresses
the LCO behavior with control surface deflections that remain within reasonable limits.
Furthermore, the developed controller requires a smaller control effort than the controller
in [15] and has better transient performance. The two controllers were also applied to

the system in the presence of an additive exogenous disturbance selected as N (t) =
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Figure 2-2. Aeroelastic system free response without disturbances

T
0.25cos (t) 0.25sin () | - Figures (2-5) and (2-6) show the system states and control

effort in the presence of the additive disturbance, respectively. The developed controller
is capable of regulating the AOA of the wing section in the presence of exogenous
disturbances with control surface deflections that remain within tolerable limits. However,
the controller in [15] is not capable of eliminating the effects of the disturbance in the
wing section vertical position. Due to the coupled nature of the aeroelastic system
dynamics and the availability of a single control surface, any disturbance in the AOA will
propagate into the vertical position as an unmatched disturbance. One solution to this
issue is to include an additional control surface at the leading edge that could be used to
suppress unwanted motion in the vertical position.

A 1500 sample Monte Carlo simulation was executed to demonstrate the robust-
ness of the developed controller to plant uncertainties and sensor noise. The uncertain
model parameters were uniformly distributed over a range that extended from 80% to
120% of the nominal values found in Table 2-1 and (2—48). A zero mean noise signal

uniformly distributed over an interval was added to each measurement. For the vertical
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Figure 2-4. Control surface deflections, ¢ (¢), for the developed controller and the
controller from [15]
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Table 2-2. Monte Carlo Simulation Results

Mean Standard Deviation
Maximum Error 29deg 0.0038 deg
RMS Error 0.97 deg 0.073 deg

Maximum Control Effort 7.5deg 2.6 deg

displacement and velocity, the interval was +2.5 x 1073 m and +2.5 x 1073 m/s, respec-
tively. For the AOA and AOA rate, the interval was +4.5 x 1073 rad and +1 x 1072 rad/,,
For each sample, the maximum of the absolute value of the tracking error and control
surface deflection, and the RMS value of the tracking error were calculated. The results,
presented in Table 2-2, indicate that the maximum error and RMS error of the system do
not vary significantly over the range of the uncertainties considered.

Figures (2-7) - (2-9) show the average trajectory and 3¢ confidence bounds for
the system states and control effort for the 1500 Monte Carlo samples. Figure (2-7)
shows that the AOA for all samples converges to zero in approximately 3.5 seconds and
the tight confidence bounds indicate that the system performance is not significantly
impacted by variations in the uncertain parameters. It is evident from Figure (2-8)
that the uncontrolled vertical displacement damps out for all samples. Figure (2-9)
shows that the control surface deflection is more sensitive to changes in the system
parameters. The 3o confidence bound for the maximum control effort is approximately
three times that of the numerical result shown in Figure (2-6). This sensitivity indicates
that in a more severe LCO, variations in the uncertain parameters could lead to a control
effort greater than the actuator limits.

2.6 Summary

A robust adaptive control strategy is developed to suppress store-induced LCO
behavior of an aeroelastic system. The developed controller uses a NN feedforward
term to account for structural and aerodynamic uncertainties and a RISE feedback
term to guarantee asymptotic tracking of a desired AOA trajectory. A Lyapunov-based

stability analysis is used to prove an asymptotic tracking result. Numerical simulations
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Figure 2-9. Monte Carlo control effort

illustrate LCO suppression and AOA tracking performance over a range of uncertainty.
A potential drawback to the developed control strategy is that the control law does not
account for actuator limits. As the severity of the LCO behavior increases, the developed
controller can demand a large control surface deflection. Additionally, the Monte Carlo
simulation results indicated that the maximum control effort is sensitive to variations in

the parameter uncertainties, which could lead to unexpected actuator saturation.
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CHAPTER 3
SATURATED RISE TRACKING CONTROL OF STORE-INDUCED LIMIT CYCLE
OSCILLATIONS

The focus of this chapter is to develop a saturated controller to suppress LCO
behavior in a two degree of freedom airfoil section in the presence of structural and
aerodynamic uncertainties without breaching actuator limits. A smooth saturation
function is included in the closed-loop error system design to ensure the commanded
control effort remains within actuator limits and a continuous saturated RISE feedback
control structure ensures asymptotic tracking of the AoA [18].

3.1 Control Objective

The subsequent control development and stability analysis is based on the aeroe-
lastic model described in (2—9) (see Figure (2-1)). The control objective is to ensure
the airfoil section AoA, «, tracks a desired trajectory defined as a; € R using a limited
amplitude, continuous controller. As in Chapter 2, it is assumed that oy, dy, dy, @y € L.

The control objective is quantified by defining a tracking error e; € R as
e1 2 a— ay. (3-1)

To facilitate the control design, the auxiliary tracking errors e; € R and r € R are defined

as [18]

ea = €+ v tanh (e;) + tanh (e;), (3—-2)

r £ ég + Y2 tanh (62) + Y3€2, (3—3)

where v1,72, 73 € R are positive constant control gains, and the auxiliary signal e; € R is

defined as the solution to the following differential equation

ér = cosh® (es) (—ysez + tanh (e;) — vstanh (ef)), ef (to) = e, (3-4)
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where e;, € R is a known initial condition and 74, 75 € R are positive constant control
gains. The subsequent development is based on the assumption that ¢ and ¢ are mea-
surable. Hence, e, and e, are measurable, and e; can be computed from measurable
terms, but r is not measurable since it depends on . The following inequality properties

will be used in the subsequent development [57]:
€] = [tanh (€)],  [tanh (€)|* > tanh® (€]) (3-5)

Etanh (€) > tanh? (€),  [€ > In (cosh (6)) > 3 tank? (€]). (3-6)

3.2 Control Development

Substituting the dynamics from (2—9) into (3—3) and multiplying by % yields

det (M)r B £+ det (M)
9 g g

d, + 0, (8-7)

where the auxiliary terms f € R and g € R are defined as
[ 2 —m (éz1h + Cozde + f(2204> +mg (énh + Crad + Kyh + Klza)
—det (M) éiq + det (M) v, cosh™? (e;) (e — 1 tanh (e;) — tanh (ef))
—det (M) vs tanh (ef) + det (M) (tanh (e;) + v tanh (e2) + y3e2 — Yae2) ,

L

mgClé + mlCmé.

Based on the open-loop error system in (3—7), the control surface deflection is designed
as

d = —v4tanh (v), (3-8)
where v € R is the generalized Filippov solution to the differential equation
© = Bcosh? (v)sgn (e2), v (to) = o, (3-9)
where g € R is a positive constant control gain, and vy € R is a known initial condition.

The existence of solutions for v € K [w;] can be shown using differential inclusions as
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in Chapter 2, where w;, : R — R is defined as the right-hand side of (3-9), K [w,] =

N (\ cow; (e, B—S,),and B = {e € R||e; — ¢| < 7}. The desire to inject a smooth
;Ziﬁiﬂéﬁgn function into the control structure motivates the usage of the hyperbolic
tangent function in (3—-8). Furthermore, it is clear that the control surface deflection

is bounded and will not breach the actuator limits provided that the control gain 4, is
selected to be less than the limit. The design of the auxiliary term v in (3—9) is motivated
by the extra time derivative that will be applied to the closed-loop system obtained by
substituting (3—8) into (3—7). The extra derivative introduces a cosh™? (v) term in the
closed-loop dynamics which will be canceled by the cosh ™2 (v) term in (3-9).

The closed-loop tracking error dynamics can be obtained by differentiating (3—7)

with respect to time and substituting the time derivative of (3—8) to yield

, det (M)

det (M)r: 1d (det (M)

Y41 — Byasgn (e2)
(3—10)

J 5q J >T+N+Nd+Q—tanh(€2)—€2—

where N € R, N, € R, and 2 € R are defined as

§oa L4 (deln), g
g

5 71 cosh™ (e1) (ez — 71 tanh (e;) — tanh (e;))

_ 2det (M) o det (M)

1 cosh™2 (1) tanh (e;) é2 —

v? cosh™ (1) é; + tanh (e3) + e

_th—(QM)Cz&T'm (71 cosh™ (e1) é1 — 75 tanh (ef) + tanh (e1) + 72 tanh (e2) + y3e2)
_w (75 tanh (ey) — tanh (e;) — 72 tanh (e2) — y3e2)
_detg(M) (75 tanh (e;) — 72 tanh (ef) — cosh™ (e1) é1 — 72 cosh ™ (e2) €2 — Y3¢2)
+detg(M) 1 cosh™ (e1) (é2 — tanh (e;) + 5 tanh (e)), (3-11)
Ni & Z2(Cudit G+ Ruaho+ Kuga) = "2 (Gl + Conti + R + Koo
+% (é*nfz + Chodi + Choe + Kygh + f(ma> — wdd
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Ci, s

<m1 (églil + éggd + [{2204) — My (énh + élgd + [(Hh + [(12&)

72
+det (M) éiq) — det (M) da+ = (M)da i g (det (M)) o o2
g g dt g
det (M 4 (det (M
Q = e ( et (M) (71 cosh™ (e1) + s +73) - w
e ;iQet (M)) | det (M)W2 ~4 tanh () (3-13)

Using the assumptions on the desired trajectories and boundedness of the LCO states,

upper bounds can be developed for (3—11) and (3—12) as
N <Gllel, NI<a, [N <6 (3-14)
where (o, (1, € R are known bounding constants, and = € R* is defined as

x £ {tanh(el) s T tanh(ef)r. (3-15)

3.3 Stability Analysis

JAN

T
To facilitate the subsequent analysis, let > = [ er ey T e } € R*andy £

{ T P } € R® where P <€ R is a Filippov solution to the differential equation

P = —r(Ny— Byasgn(es)), (3-16)

P(to) = pPryales(to)] — ez (to) Na(to)-

Provided (v, is selected such that 5v4 > ¢ + % , P(t) > 0,Vt € [0,00) [18]. To further
facilitate the stability analysis, let the control gain ~, be expressed as v, = v, + v, Where
~v. and v, € R are positive constants.

Theorem 3.1. The controller given in (3—8) and (3-9) yields global asymptotic tracking
of the airfoil section AoA in the sense that all Filippov solutions to the differential

equations in (3-2)-(3—4), (3—10), and (3—16) are bounded ande; — 0 ast — oo,
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provided that the control gains are selected to satisfy the following sufficient conditions

2

’y>1 3 > 72 + 1 B’y>§+9 A1y >4 ’y>ﬁ )\>C_§ (3—17)
1 27 3 4 ) 4 1 737 1/a 27 5 27 4)\1’%7

where
2

A2 mi 1 2 1 72
= min ’71—5,272—1-73773—’74—17)\1%—3,75—7 )

where ¢, and \, € R are positive bounding constants, A, < “*®0, and

. (det (M) 420 4+ 75) 4 (det (M)) . 1iaCy det (M))

g g*
det (M)\?
+ | 72 P

Z (le ('Yl + V3 + ’75) + Crms + Cm3016)2 + 72203711’

)

4 det(M ;
where c,,, > <D o %() and ¢, > %J(M).‘

Remark 3.1. The control gains 7, and ~, can be selected independently of the remain-
ing control gains and ~, is selected less than the actuator limit. After ~, is selected, the
lower bounds on ~3, 5, and S can be calculated. The selection of ~, depends on the
severity of the LCO motion which is captured in the bounding constant ¢,. If the LCO
motion is too severe, the gain condition for ~, can’t be satisfied without increasing the

saturation limit.

Proof. Let V7, (y) : R® — R be a positive-definite, continuously differentiable function
defined as

1det (M)

1
> g r? + 5 tanh? (ef) + P. (3-18)

1
Vi, = In (cosh (e;)) + In (cosh (e3)) + 56% +

! See Appendix E for details.
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From the inequalities in (3-5) and (3-6), V. satisfies the following inequalities
r
5 min (A, 1) tanh? (|ly[l) < Vi () < X [ly]*, (3-19)

where )\, € R is a known positive constant. Let y denote a Filippov solution to the
closed-loop system described by (3—2)-(3—4), (3—10), and (3—16). The time derivative of
(3—18) along the Filippov solution y exists almost everywhere (a.¢) and V;, € I7L where

. T

= EengETK & 6y T € % 1 } and 0V}, denotes the generalized gradient of

V1, [58]. Since V7, is a continuously differentiable function, X7L can be expressed as
P . T
VchvLTK{é1 é by S 1} , (3—20)

where

VVI 2 | tanh (e1) tanh (e3) + ey detéM)r tanh (e) cosh™2 (e;) 2V P 14 (dEtéM)) r? ] :

Using the calculus for K from [54], (3—1)-(3—4), (3—10), and (3—16), the expression in

(3—20) can be written as

‘L/L C tanh (e1) (eg — 71 tanh (e1)) + tanh (e3) (—72 tanh (e3) — v3e2)
det (M>747’ — Byaks [Sgn(eg)})

+tanh (ef) (—yse2 — 75 tanh (ef)) + rBv4K [sgn (eq)], (3-21)

+ey (—e tanh (eg) — y3€9) + 7 (N +Q—

As in Chapter 2, (3—21) reduces to a scalar inequality since the right-hand side is con-
tinuous except for the Lesbegue negligible set of time instances when r3+, K [sgn (es)] —

rBv4K [sgn (e3)] # {0}. The resulting scalar inequality is expressed as

. a.e. det (M
V., < —~ tanh® (1) — Yo tanh? (€2) — ”ygeg _ ( )747’2 — 75 tanh? (ef)
g

+rN +7Q + tanh (e;) ey — (3 + 72) tanh (ey) ey — yytanh (ef) ep.  (3-22)
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Using Young’s Inequality and the bounds on the system states, the term 2 can be

upper bounded as

4 (det (M)) . 1haCi, det (M) ) ’ r

1 [ det (M) 5
rQ)] < = cosh™“ (e1) + v5 + —
\ ’ 5 < p (71 ( 1) V5 ’73) P 7

1
e+ (1

det (M) ) 2 e

2
< 62—173 + 22, (3-23)
By applying Young’s Inequality, the inequalities in (3—5) and (3—6), and the upper bounds
on N and rQ given in (3—11) and (3—23), (3—22) can be upper bounded as

. a.e. c2
Ve, < —m tanh® (e1) — 72 tanh? (e2) — y3€3 — A1Yar? — Y5 tanh? (er) + Collz|l 7] + 517“2

1 1
—1—5 tanh? (e1) 4 2 — (y3 + 72) tanh? (ey) + 572 tanh? (e;) + vies. (3-24)

Combining common terms and completing the squares on the term — (A1 — o ||z |7])

yields
. a.e. 1
vV, < — (71 — 5) tanh? (e1) — (272 + 73) tanh? (e2) — (’)/3 —1-— 742) e;
2 2 2 2
1 2 V4 2 G ]|
— S — - = L L L —2
<)\1% 5 ) r (75 5 ) tanh” (ef) + s (3—-25)

Provided the sufficient gain conditions in (3—17) are satisfied, (3—15) and the definition

of z can be used to show

. a.e. 2
s (A - C—) tanh® (||2() < —ctanh?® (|z]) (3-26)
4X17

where ¢ € R is a positive constant. From the inequalities in (3—19) and (3-26), V;, € L.;
therefore, ey, ey, r, and tanh (e;) € L. Equations (3—2) and (3—3) can be used to
show that é; and é; € L. From (3-8), § € L. Since es,r € L, it can be concluded
from (8—15) that z € L. Equations (3—10) and (3—14) can be used to show that

7 € Lo. Since ey € Lo, (3—4) can be used to show that cosh™ (e;) ¢; € L.,. Since
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é1,éq,7,cosh™? (ef) é5 € Lo, the definition of » can be used to show that 2 € £, and
hence, z is uniformly continuous (UC). Since z is UG, the function —ctanh? (||z||) is UC.
Based on (3—26), Corollary 1 from [56] can be used to prove that tanh (||z]|) — 0 as

t — oo. From the definition of z it can be concluded that e; — 0 as ¢t — oo. O

3.4 Simulation Results
A numerical simulation is presented to illustrate the performance of the developed
controller and to provide a comparison with the controller in Chapter 2.
The model parameters for the simulation are shown in Table 3-1 and (3-27).
The open-loop system was simulated with the following initial conditions: 2 (0) = 0
m, 2 (0) = 0 m/s, a (0) = 11.5 deg, and & (0) = 0 deg/s. It is evident from Figure
(3-1) that the open-loop system, under the above initial conditions and no exogenous

disturbances, experiences LCO behavior.

Table 3-1. Aeroelastic Model Parameters

Parameter Parameter
M 4.0 kg I, 0.0050 kg-m?
M 4.0 kg Chy 2.743x10! kg/s
T 0.0 Cor 0.036 kg-m?/s
T 0.0 kp, 2.200x10% N/m
a -0.6 P 1.225 kg/m3
an 0.0 U 1.50x10! m/s
b 0.14m S 1.0m
Sy 0.098 C, 6.8 1/rad
Sh 1.4 Cl5 9.3x10" N/rad
I, 0.043 kgm? C,,, 2.3 N-m/rad

ks (q) = 0.5 — 11.050 + 657.750% — 42900° + 8644.85a*. (3-27)

The control objective in the subsequent numerical simulations is to regulate
the AoA to zero degrees. In addition, an external disturbance, selected as d () =
T
{ 0 0.25sin (¢) } , was added to the numerical simulation and a zero-mean noise

signal uniformly distributed over an interval was added to each measurement. For the
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vertical displacement and velocity, the interval was +2.5 x 1073 m and 2.5 x 1073

m/s, respectively. For the AoA and AoA rate, the interval was +4.5 x 10~2 rad and

+1 x 1072 rad/s. Based on the identification performance of the NN, the NN feedforward
parameters for the controller developed in Chapter 2 were selected as n, = 25,

I'y = 1015, and 'y = 101,, where I,,, denotes an m x m identity matrix. The RISE
feedback control gains for the controller developed in Chapter 2 were determined
through a 1500 sample Monte Carlo simulation in which the RISE feedback control
gains for each sample were selected at random from within a specified interval. The
gains used in the comparison study were selected as those that returned the minimum

value for the following cost function

J= J % (zn:oﬂ (ti)>, (3-28)

where n is the total number of time steps in the numerical simulation. The set of control

gains that produced the smallest AoA RMS error were a, = 3.9513, k, = 2.6112,
and 3; = 0.9966. Figures (3-2) and (3-3) depict the performance of the unsaturated
RISE controller developed in Chapter 2 and that same RISE controller with an ad
hoc saturation applied to the commanded control. While the unsaturated controller
suppressed the LCO behavior, the commanded control effort breached the actuator
limit several times. When the ad hoc saturation was applied to the controller, the
LCO behavior could not be suppressed and the system returned to an LCO state.
This highlights the unpredictable response that can occur when applying an ad hoc
saturation without considering the stability of the resulting closed-loop system.

The developed control strategy was applied to the system with the following gains:
v1 = 0.8375, vo = 17.7604, v3 = 33.9025, v, = 0.1745, v5 = 15.4652, and 5 = 5.5539. Note
that ~, represents the actuator limit in radians, which was taken to be +£10 deg. The
control gains for the developed controller were determined by applying the same Monte

Carlo approach used to select the gains for the controller in Chapter 2.
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Figure 3-1. Aeroelastic system open-loop response without disturbances
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Figure 3-2. State trajectories of the controller developed in [2] with and without an ad

hoc saturation.
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Figure 3-3. Commanded control effort for the controller developed in [2] with and without
an ad hoc saturation.

The states and control surface deflection of the ad hoc saturated controller and the
developed saturated controller are shown in Figures (3-4) and (3-5), respectively. While
different gain selections will alter the performance, Figures (3-4) and (3-5) illustrate that
the developed control strategy is capable of supressing LCO behavior in the presence
of actuator limits. The benefit of the developed method is that the saturation limit is
included in the stability analysis guaranteeing asymptotic tracking, versus the ad hoc
saturation which yields an unpredictable response.

A 1500 sample Monte Carlo simulation was also performed to demonstrate the
robustness of the developed saturated controller to plant uncertainties and measure-
ment noise. The model parameters were varied uniformly over a range that extended
from 95% to 105% of the parameter values listed in Table 3-1. While the developed
saturated controller successfully regulated the AoA for all 1500 samples, the transient
performance varied significantly between samples.

The average trajectory and 30 confidence bounds for the angle of attack, vertical

position, and control surface deflection of the Monte Carlo samples are shown in
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Figure 3-4. Comparison of the closed-loop aeroelastic system response of the controller
in [2] with an ad hoc saturation and the developed saturated controller.
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Table 3-2. Monte Carlo Simulation Results

Mean Standard Deviation
Maximum Tracking Error 1.272x10! deg 3.04 deg
RMS Tracking Error 2.13 deg 2.53 deg
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Figure 3-6. AoA trajectories for all 1500 Monte Carlo samples. The developed saturated
controller suppressed the LCO behavior in all samples and the majority of
the samples exhibit similar transient performance.

Figures (3-6) - (3-8). Figure (3-6) indicates that the AoA for all samples converge to zero
after approximately 7 seconds, however the considered range of model uncertainties
does impact the transient performance of the controller. The sensitivity in transient
performance can be attributed to the saturation on the commanded control effort. As
noted previously, under certain conditions the severity of the LCO can become more
than the saturated controller can suppress and the system will return to an LCO state.
3.5 Summary

A saturated control strategy is developed to suppress store-induced LCO behavior
of an aeroelastic system. The control strategy uses a saturated RISE controller to
asymptotically track a desired AoA trajectory without exceeding actuator limits. A
Lyapunov-based stability analysis guarantees asymptotic tracking in the presence of
actuator constraints, exogenous disturbances, and modeling uncertainties. Simulations

results are presented to illustrate the performance of the developed control strategy.
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Figure 3-8. Control surface deflection for all 1500 Monte Carlo samples. The control

effort for all samples remain within the actuation limit and demonstrate
similar steady state performance.
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A numerical simulation was presented that demonstrated the unpredictable closed-
loop system response when an ad hoc saturation strategy is applied to the controller

in Chapter 2. A comparison study revealed that the saturated controller developed

in this paper achieved asymptotic tracking of the desired AoA trajectory while the ad
hoc saturation strategy was unable to suppress the LCO behavior. A 1500 sample
Monte Carlo simulation was presented to demonstrate the robustness of the developed
controller to variations in the model parameters. A potential drawback of the developed
control strategy is that under certain conditions, the severity of the produced LCO may
result in sufficient gain conditions that can’t be satisfied. That is, if the disturbances to
the system are large enough, then the system could be destabilized. This is a direct
result of the actuator limit; increasing the actuator limit relaxes the sufficient gain
conditions and allows for larger disturbances. Furthermore, an adaptive feedforward
term could potentially be included to compensate for the uncertain dynamics, thereby
relaxing the sufficient gain conditions. However, for any controller that has restricted
control authority, it is possible for some disturbance to dominate the controller’s ability to

yield a desired or even stable performance.
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CHAPTER 4
BOUNDARY CONTROL OF LIMIT CYCLE OSCILLATIONS IN A FLEXIBLE AIRCRAFT
WING

The focus of this chapter is to develop a boundary control strategy for suppressing
LCO motion in an aircraft wing whose dynamics are described by a system of linear par-
tial differential equations (PDEs). A PDE backstepping method guarantees exponential
regulation of the wing twist dynamics while a Lyapunov-based stability analysis is used
to show boundedness of the wing bending dynamics.

4.1 Aircraft Wing Model

Consider a flexible wing of length [ € R, mass per unit length of p € R, moment
of inertia per unit length of 7,, € R, and bending and torsional stiffnesses of £ € R
and GJ € R, respectively, with a store of mass m, € R and moment of inertia J, € R
attached at the wing tip. The bending and twisting dynamics of the flexible wing are

described by the following PDE system’

pwir + Elwyyy, + nuElwyy, = Ly, (4-1)

[w¢tt - Gj¢yy - 77¢Gj¢tyy = Mun (4_2)

where w (y,t) € Rand ¢ (y,t) € R denote the bending and twisting displacements,
respectively, y € [0,[] denotes spanwise location on the wing, n, € Randn, € R
denote Kelvin-Voigt damping coefficients in the bending and twisting states, respectively,
and L, = L,¢ € Rand M,, = M,¢ € R denote the aerodynamic lift and moment

on the wing, respectively, where L,, and M,, € R denote aerodynamic lift and moment
coefficients, respectively. In (4—1) and (4—2), the subscripts ¢ and y denote partial

derivatives. The boundary conditions for tip-based control are w (0,¢) = w, (0,t) =

! See Appendix F for details regarding the derivation of the dynamics.
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wyy (1,t) = ¢(0,¢) =0 and

Elwyy, (1,t) + N E L wryy, (I,t) = mgwy (I,t) — Lyip, (4-3)

GJoy (1, t) +nsG Iy, (1,1) = —Jsou (I, t) + My, (4-4)

where L, € R and M;;, € R denote the aerodynamic lift and moment at the wing tip
which can be implemented through flaps located at the wing tip [44]. It is assumed in
(4—1) and (4—-2) that the center of mass and shear center are coincident and all model
parameters are constant.
4.2 Boundary Control of Wing Twist
The control objective is to ensure that the wing twist is regulated in the sense
that ¢ (y,t) — 0, Yy € [0,{] ast — oo via boundary control at the wing tip. A PDE
backstepping method will be used to transform the system in (4—-2) into an exponentially
stable target system using an invertible Volterra integral transformation [35]. The state
transformation is defined as
v

¢ (y,t) = ¢<y7t) _/ k(Z/ax) (b(mat) d.%’, (4_5)

0

where the function & (z,y) € R denotes the gain kernel. The exponentially stable target

system is selected as
L@y — GIDyy, — eGPy, + (cGJ — M) ® + nycGJID, = 0, (4-6)

where ¢ € R is a positive constant selected to satisfy the inequality, ¢ > % — % and the
boundary conditions are ® (0,¢) = 0 and GJ®, (I, t) + n,GJ®,, (I,t) = 0? . Due to the fact
that the state transformation is invertible, stability of the target system in (4—6) translates

to stability of the system in (4—-2) with the boundary control in (4—13) [35]. The task

2 See Appendix G
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is now to find the gain kernel k (y, x) that satisfies (4—6) and its boundary conditions.
A linear PDE and associated boundary conditions that describe the gain kernel are
obtained by substituting the state transformation in (4-5) into (4—6). Substituting the

state transformation into the first term in (4—6) yields

Y
I, 2 = I,Qu — [w/ k (ya 37) o (377t) dx
0
= wab (y,t) + GJ by, (y,t) + NG J Py (y,t)

_ /y k(y,x) (Mw¢ (,t) + Gy (2,1) + 3G J Pra (, t)) dzx. (4-7)
0

After integrating the last two terms by parts, (4—7) can be expressed as

qu)tt = Mw¢ (y7 t) + Gj¢yy (y’ t) + 77¢Gj¢tyy (y7 t) - G‘]k (% y) ¢y (ya t)
+GJk (y,0) ¢y (0,1) + Gk, (y,9) ¢ (y, 1) — 1eG Ik (YY) Guy (9, 1)
+16G Tk (y,0) dry (0,1) + 1G Tk (y,y) ¢4 (y, 1)

/ [k (y, ) M + Gkss (y, 2)] 6 (2 ) da

—n¢GJ/O kew (y, ) ¢r (2,1) do (4-8)

where k, (y,y) £ 2k (y,z) |,—,. Similarly, expressions for the second and third terms in

(4—6) can be obtained as

d
GJ(Dyy = Gj¢yy (3/7 t) - GJ@ (k (ya y)) o (ya t) - GJk (y7 y) ¢y (y7 t)
Yy
=Gk () 00:0) = G [k (0.2) 0 (2.0 o (4-9)
d
NG IPryy = N3G JPryy (y,1) — %GJ@ (k(y,y) b (y, 1) — neG Ik (y,y) bty (y, 1)

where i (k (y,y)) & Sk (Y ) l—y + 55k (4,2) o=y AN &y (1,9) = 50K (y,2) omy.

Substituting the state transformation in (4-5) into the last two terms in (4—6) and utilizing
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the expressions in (4—8)-(4—10) yields

d

264 (h () + cGJ) b (9.1) + Gk (4,0) 6, (0,1)

d
+1sGJIk (y,0) ¢ry (0,1) + 1 (QGJd—y (k(y,y)) + cGJ) oi (y,t)

—l—/oy (GJkyy (y,x) — GJkyy (y, ) — cGIk (y,z)) ¢ (x,t) dz

+1p /Oy (ij’yy (y> ZE) — GJkyy (y, I) —cGJE (y7 :L‘)) o3 (:L‘, t) dr = 0.

For the non-trivial solution of ¢ (y, t), the gain kernel & (y, ) must satisfy the following

PDE

kyy (Y, 2) — koo (y,2) = ck(y,x), (4-11)

with the boundary conditions & (y,0) = 0 and Zd%k: (y,y) = —c. Integration of the second
boundary condition yields & (y,y) = —5y. The solution to the gain kernel PDE in (4—
11) con be obtained by converting the PDE into an integral equation and applying the

method of successive approximations [35]. The solution to (4—11) is
I ( c(y? — x2)>
c(y® — a?)

where I. (1) € R denotes a modified Bessel function defined as

k(y,x) = —cx

?

The boundary condition at y = [ can then be expressed as

GJO, (I,t) + neGJ Py, (I,t) = GJoy, (I,t) + G Iy (1, 1)
—(GJo (L,t) + nyGJoy (1,8)) k (1,1)

l
G [y (1.2 (9 ) + o0 (2,1)) dr, (@12)
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where k (I,1) = —5l and

—clzly ( c(l?2— x2)>

k,(l,x) = )

From the boundary condition of the target system, GJ®, (I,t) + n,GJ Py, (I,t) = 0,
the left-hand side of (4—12) is equal to zero. From (4—4), the first two terms on the

right-hand side of (4—12) can be replaced with —.J;¢; (1, t) + M, yielding

0 = Mup— Jubu (1,t) — (GIS (1, 1) + neG Iy (1, 1)) k (1,1)

l
=G [y () (6 0.0) + 0 (0.0)
0
which can be solved for the boundary control at the wing tip

l
+GI [y 1,26 0,8) + 1 (2.0) (4-13)

Due to the fact that the state transformation is invertible, stability of the target system in
(4—6) translates to stability of the system in (4—2) with the boundary control in (4—13).
Remark 4.1. The modified Bessel function used in the solution for & (z, y) is an infinite
sum, which for implemenation purposes must be approximated using a finite sum.

It can be shown using the ratio test [59] that I. () converges for any € and 1 € R.

Since I. (1) converges, for any small arbitrary number A > 0, there exists 7" such that

1 (s70) — L ()] < Aforall m > T and i € R, where L (s ) £ 327 S0 Forthe
particular system used in the subsequent simulation section, the input 1 € [0, /5] and
for T' =10, A = 6.7 x 10716, Figure (4-1) shows a plot of I; (1;10) and I ().
4.3 Boundary Control of Wing Bending
The control objective is to ensure the wing bending state w (y, t) remains bounded
and achieves a steady state profile. Based on the system dynamics and boundary

conditions given in (4—1) and (4—3) along with the subsequent stability analysis, the
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Figure 4-1. Approximation of the modified Bessel function used in the subsequent
simulation section.

boundary control L, is designed as
Ltip = —Ww (la t) - Kwt (lv t) ) (4_1 4)

where K € R is a positive constant control gain.
Theorem 4.1. The boundary controllers given in (4—13) and (4—14) ensure that w (y,t) €

Lo andw, (y,t) — 0 ast — oc.

Proof. To facilitate the subsequent stability analysis, let ¢; € R be defined as ¢; £
sup |¢ (y,0)| and let V; (o) : R* — R be a positive-definite, continuously differentiable
]

y€[0,l
function defined as

1 /1 [ 1 me
Vi= (5/0 (pf + Elwy,) dy + Sw* (1) + (u)) : (4-15)

4 . A I o 1/2 I 1/2 T
where 0 € R* is defined as 0 = (fo w? dy) (fo wyydy> w(l,t) w(l,t) | - The
upper and lower bounds on V;, can be expressed as )\, ||o||> < Vi, < X\, ||o||?, where

A s EI 1 s A Er 1 s i i
M 2 min{ o, B oL 2 € Rand A, 2 max {58, £, 5y, 2 b € R Taking the time
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derivative of (4—15) yields

_ 1 ! !
Vi, = 2 (/ pwywrdy + / Elwyywiy,dy +w (1, t) w (1, 1) + w; (1, 1) mgwy (1, t)) . (4-16)
1 0 0

Substituting the bending dynamics from (4—1) into the first integral of (4—16) results in

. 1 ! ! !
V., = =2 ( / Wi (L — Elwyyy,) dy — / N B LW Wiy dy + / EI wyywtyydy>
1 0 0 0

L (w(lt)we (1, t) + we (1, 1) mgwy (1,1)) .

+c%l

Evaluating the second and third integral using integration by parts and applying the

bending boundary conditions yields

! !
— / N B Lwiwiyyyydy = —nwElw; (1) wiyyy (1, 1) — / nwE[wfyydy (4-17)
0 0

! !
/ Elwyywyy,dy = —Elw (1,t) wyy, (1,t) + / ETwiwyyy,dy. (4-18)
0 0

After substituting (4—17) and (4—18) into (4—16) and canceling like terms, V;, can be

expressed as

. 1 l l
Vi = & ( / wi Lyody — / nwEwayydy)
cil \Jo 0

o (L t) (w (l, t) + Mgy (l, t) - UwEIWtyyy (l, t) - Elwyyy (lv t)) . (4-19)

+
Al

Using Lemmas A.12 and A.13 of [36], the two integrals in (4—19) can be bounded as

l 1 l l
/ Lubdy < L / Wy 1 x / 262y, (4-20)
0 K Jo 0

: EI
[y < - [y (4-21)
0 0

where § € R is a positive constant. Substituting the boundary condition in (4-3), the

inequalities in (4—20) and (4—21), and the control law in (4—14) into (4—19) yields

. K 1 (n,El 1
Vi, < — 2 w2 (1,t) — ( Tz —;)/ wi dy +—/¢2dy (4-22)

cll
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T
To facilitate the stability analysis, let = = [ w (1,1) (fol wfdy> i } € R% The

expression in (4—22) can be written as
Vi <=y (2D +7 (e (1), (4-23)

where 5 ([|2])) = X [12], As £ min { £ 4 (2 — )1 ¢ = /5% and o (1) = & [ ¢*dy.
Since ¢ is exponentially stable, the function ¢ € £,. Due to the selection of the constant
c1, |¢] < 1. Corollary 2.18 from [60] can be applied to conclude that ||o|| € £ and

|zl = 0ast — oo; hence |w (y,t)| € Lo and |w; (y,t)] — 0ast — oc. O

4.4 Numerical Simulation
A numerical simulation is presented to illustrate the performance of the developed
controller. The simulations are performed using a Galerkin-based method to approxi-
mate the PDE system with a finite number of ODEs. It should be noted that the control
design does not use the approximation, therefore the issue of spillover instabilites is
avoided. The twisting and bending deflections are represented as a weighted sum of

basis functions

n

¢(yt) = aO(t)hO(y)+Zai (t) hi (y),

w(y,t) = bo(t)go(y)+ Z bi (t) 9i (y) ,

=1
where n and p € R denote the number of basis functions used in the approximations of
the wing twisting deflection and bending deflection, respectively, and kg (y), h; (v), 90 (v),

and g¢; (y) € R are basis functions selected to satisfy the boundary conditions
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Substituting the approximations of the system states, the PDE system in (4—1) and (4-2)

can be expressed as

<btto ) + Z b, ( ) + LBl (bo Gyyyyo () + Z bi (t) Gyyyy, ( )
+n,E1 (bto ) Gyyyyo (Y) + Z by, (¢ gyyyyz > = Ly, (ao (t) ho (y) + Z a;i (t) h; (y)> ’
i=1

(4-25)

Using Galerkin’s method, (4—24) and (4—25) are converted to a set of ODEs as
Bib (t) 4 nuBsb (t) + Bab (t) — Bsa (t) = 0, (4—26)
L,Thi (t) — neTea (t) — (Tn + MyTh) a(t) = 0, (4-27)

where b (t) £ [boa) by (t) ... bp(t)]Tsa(t) = {ao(t) ap (t) ... an(t)r,

B £ pfol T( )dy, B 2 EI [ g(y) g%, (v)dy, Bs £ Ly [y 9(y) kT (y) dy, i
2 [h( y)dy, Ty 2 GJ [ h(y) T, (y) dy, g (y) 2 [go (y) g1(y) ... gp(y)} ;
and h(y) = { ho(y) hi(y) ... hy(y) } . The expressions in (4—26) and (4-27) are

simulated to approximate the response of the PDE system.

The open-loop system was simulated with the following initial conditions: w (y,0) =0
mand ¢ (y,0) = % rad. It is evident from Figures (4-2) - (4-4) that the open-loop
system, under the above initial conditions, experiences LCO behavior.

The control objective for the closed-loop system is to regulate the twisting and

bending deformations of the flexible wing. Based on the transient performance of the
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Twist Deflection, deg

Spanwise location, m Time, s
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Figure 4-2. Open-loop twist deflection of the flexible aircraft wing.

Bending Deflection, m

Spanwise location, m Time, s

Figure 4-3. Open-loop bending deflection of the flexible aircraft wing.
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Figure 4-4. Open-loop response at the wing tip of the flexible aircraft wing.

closed-loop system, the control gains were selected as ¢ = 5 and £ = 10. The flexible
state trajectories are shown in Figures (4-5) - (4-7). It is evident that the developed
control strategy is capable of supressing LCO behavior in the flexible aircraft wing.
Figure (4-8) shows the force and moment commanded by the developed control
strategy.
4.5 Summary

This chapter presents the construction of a boundary control strategy for suppress-
ing LCO behavior in a flexible aircraft wing. The control design is separated into two
parts: a backstepping-based control strategy used to design the aerodynamic moment
at the wing tip and a Lyapunov-based controller for the aerodynamic lift at the wing tip.
The developed control strategy ensures exponential regulation of the wing twist and
asymptotic regulation of the wing bending to a steady-state profile. Numerical simula-
tions illustrate the performance of the developed backstepping-based control design.
One drawback of the developed controller is that it relies on the assumption that the
distances from the wing elastic axis to the wing center of gravity and store center of

gravity are zero. If this assumption is dropped, the PDE describing the dynamics of the
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Figure 4-5. Closed-loop twist deflection of the flexible aircraft wing.
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Figure 4-6. Closed-loop bending deflection of the flexible aircraft wing.
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Figure 4-7. Closed-loop response at the wing tip of the flexible aircraft wing.
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Figure 4-8. Lift and Moment commanded at the wing tip.
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wing deformations becomes nonlinear which becomes a challenge for the backstep-
ping strategy employed in this chapter. Instead, an approach similar to that of [36, 37],
in which a Lyapunov-based analysis proves that the energy in the system decays to
zero, could be used to generate the aerodynamic lift and moment at the wing tip. This

strategy is considered in Chapter 5.
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CHAPTER 5
ADAPTIVE BOUNDARY CONTROL OF LIMIT CYCLE OSCILLATIONS IN A FLEXIBLE
AIRCRAFT WING

The focus of this chapter is to develop an adaptive boundary control strategy for
suppressing LCO motion in an aircraft wing whose dynamics are described by a system
of nonlinear partial differential equations (PDEs). A Lyapunov-based stability analysis
guarantees asymptotic regulation of the wing twist and bending dynamics.

5.1 Aircraft Wing Model

Consider a flexible wing of length [ € R, mass per unit span of p € R, moment
of inertia per unit length of I, € R, and bending and torsional stiffnesses of £1 € R
and GJ € R, respectively, with a store of mass m, € R and moment of inertia J, € R
attached at the wing tip. The bending and twisting dynamics of the flexible wing are

described by the following PDE system’

pwi — precsin (@) @7 + preccos (@) by + Elwyyy, = Lu, (5-1)

(LU + pxicQ) Gu + preccos () wy — Gy, = M, (5-2)

where w (y,t) € Rand ¢ (y,t) € R denote the bending and twisting displacements,
respectively, y € [0, ] denotes spanwise location on the wing, xz.c € R represents the
distance from the wing elastic axis to the wing center of gravity, and L,, = L,¢ € R
and M, = M,¢ € R denote the aerodynamic lift and moment on the wing, respectively,
where L,, and M,, € R denote aerodynamic lift and moment coefficients, respectively.
In (5—1) and (5-2), the subscripts ¢t and y denote partial derivatives. The boundary

conditions for tip-based control are w (0,t) = w, (0,t) = wy, (I,t) = ¢ (0,¢) = 0 and

Ly = mgwy (I,t) —mgzsesin (¢ (1, 1)) @7 (1,t) +mgxsccos (¢ (1,1)) oy (1,1)

! See Appendix F for details regarding the derivation of the dynamics.
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—Elwy,, (1,t), (5-3)

My, = (mez2c® +J,) ¢ (I, t) + mezsecos (¢ (I, 1) wy (I, t) + GJg, (1,t),  (5-4)

where L,;,, € R and M,;, € R denote the aerodynamic lift and moment at the wing tip and
zsc € R represents the distance from the wing elastic axis to the store center of gravity.
It is assumed, based on Remark 5.1 in [36], that the system has the following properties
Property 1. If the potential energy of the system, Ep £ %fol (Blw2, + GJ¢2) dy € Lo
vt € [0,00), then $7w (y, 1) € Lo and 256 (y,t) € Lo forn = 2,3,4andm = 1,2

Vt € [0,00) and Yy € [0, 1].

Property 2. If the kinetic energy of the system,

1 l
Er 2 5/ (pwi + 2pzeccos () dwr + (L + pric?) ¢7) dy
0

1 1
+§mswt2 (l,t) + §Js¢? (l, t) s

is bounded V¢ € [0,00), then 22w (y,t) € Lo and 26 (y,t) € L forqg = 1,2,3
Vt € [0,00) and Vy € [0, 1].
5.2 Boundary Control Development
The control objective is to ensure the wing bending and twisting deformations are
regulated in the sense that w (y,t) — 0and ¢ (y,t) — 0, Vy € [0,l]]ast — oo via
boundary control at the wing tip. To facilitate the subsequent stability analysis, let the

auxiliary signal e (t) € R? and M € R**? be defined as

T
e 2 | w (1) —wyyy (L) (L) +o,(11) | (5-5)
D M msxsccos (¢ (1,t))

msxsccos (¢ (1,t)) mszic® + J,
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The open-loop dynamics of the auxiliary signal are obtained by multiplying the time

derivative of e by M to yield
- mswyt (1, 1) + msxsccos (¢ (1,t)) du (1, 1)
mgxsceos (¢ (1,)) wy (1, 1) + (msaic® + J5) du (1,1)

. M5 cos (@ (1,1)) Pry (1, 1) — Mgtryy,, (1,1) _ (5-6)

(msaic® + J5) buy (1,1) — mswsecos (¢ (1,1)) Wiyyy (1, 1)

Substituting the boundary conditions in (5-3) and (5—4) into (5—6) yields

e Liip n mgxsesin (¢ (1,)) ¢ (1, 1) + Elwyy, (1,1)
e =
My, (msz2c® + Js) gy (1, 1) — mgasccos (¢ (1, 1)) wiyyy (1)
N —MsWryyy (1, 1) + mszsccos (¢ (1, 1)) by (1, 1) | (5-7)

After some algebraic manipulation, (5—7) can be expressed as

Né—U — %Me v, (5-8)

T
where U £ [ L M } € R?, § € R’ is a vector of unknown parameters, and Y € R?*5 is

a regression matrix of known quantities. Specifically, # and Y are defined as

T
6 = {msmsc EI my GJ (mgic?+J,) |

Lsin (6 (1,1)) (62 (1, 1) — 60 (1,£) &, (1,1)) + 08 (6 (1,0)) By (1) oy (1,1)
Lsin (6 (1,1)) &1 (1) @y (L 8) — 1 (1, 1)) = c05 (6 (1,1)) wiypy (1) O

—Weyyy (l, t) 0 0
0 ¢y (l> t) ¢ty (l7 t)
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Based on the open-loop dynamics in (5-8), the boundary control is designed as
U = —Ke—Y0, (5-9)

where K € R is a positive constant control gain and 6 € R® is a vector of estimates of
the uncertain parameters in 6. The vector of parameter estimates 6 is updated according

to the gradient update law defined as
6 —TyTe, (5-10)

where I' € R°*5 is a positive constant control gain. Substituting (5-9) into (5-8) yields

the following closed-loop dynamics

Mé:—%ﬂe—Ke+Y@ (5—-11)

where 6 2 6 — 4.
5.3 Stability Analysis

To facilitate the subsequent stability analysis, let the auxiliary terms £ € R and

E. € R be defined as

1/
E; 2 3 / (pw; + 2pzeccos (@) drwy + (L + pric?) ¢7) dy
0

1 l
E /0 (EIW2, + GJ6?) dy, (5-12)

[
Ee 2 51 [ poy (ot iccos(9) 60 dy
0
!
+61 / by (L + p22¢) &y + pireccos (6)wy) dy, (5-13)
0

where ; € R is a positive weighting constant. The auxiliary term E7 is analogous to the
energy in the wing, and E. contains cross terms used to facilitate the stability analysis.

Using Young’s Inequality, an upper bound on Er can be expressed as

1

!
Er < 5/ ((p+ plaee)) wi + (I + pric® + placc|) 67 + Efwzy + GJ¢§) dy
0
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< %max {(p+plrcc]), (Lo + px2c® + plzcc]) , EI,GJ } Ey,

where E, € R is defined as
l
B, 2 / (wF + w2, + 02+ 02) dy. (5-14)
0
In a similar manner, £ can be lower bounded as
1
Er > 5 min {(p — plzcc|), (Ln + pric® — placc|) , EI,GJ} E,. (5-15)

Provided that |z.c| < 1 and I, > pz?c* — p|z.c|, Er will be non-negative.

Remark 5.1. The conditions |z.c| < 1 and I,, > pz*c* — p|z.c| are engineering design
considerations that ensure the store is mounted sufficiently close to the wing center of
mass.

After using Young’s Inequality, the cross term E. can be upper bounded as
l l
B < ol (1 fac) [ whdy+ ipl 1+ ) [ widy
0 0
l
+B1l (L + pa2c® + plzec]) / (67 + ¢2) dy. (5-16)
0
Lemma A.12 in [36] can be applied to the second integral in (5—16) to yield
l l
B < il (1 bl [ whdy+ it (Lt ) [ whydy
0 0

l
S (T + pre + ploel) [ 62+ 62) dy
0

< Bulmax {(p+ plecel), 1 (p+ place]) , (In + pric® + placel) } By (5-17)
From (5-17), E. can be lower bounded as
E. > —filmax {(p +plwec]) , 1? (p+ plzec|), ([w + pxic® +p \xcc|)} Ey. (5—-18)

From (5-15) and (5—18), if 3, is selected as

_ min{(p—plaec]), (Lo + prec® — plrec]) , EL G T}
P 2lmax {(p + plrec)) 2 (p+ plrec]) (T + pa2c® + plaee])}

p

73



then
GEy, < Er+ B, < (b, (5-19)

where the constants ¢; and (; are defined as
1
G = §min {(p—placc]), (I + palc® — plzcc]) , EI,GJ}
—Bilmax {(p + plzcc]),* (p+ plzee]), (I + pric® + placc|) },

G2

%min {(p+ plzcc]), (Lw + pac® + placc]) , EI,GJ}

+Bilmax {(p + plzcc]) , P (p+ plzee]), (I + pric® + plzec]) } -

Remark 5.2. 3, will be positive provided that the store is mounted sufficiently close

to the wing center of mass, as mentioned in Remark 5.1. If 3, is positive, then the
constants ¢; and ¢, will also be positive.

Theorem 5.1. The boundary control law in (5-9) along with the adaptive update law in
(5—10) ensure the system states w (y,t) — 0 and ¢ (y,t) — 0 ast — oo provided the

following sufficient gain conditions are satisfied:

K > %max {EI + B EIl}y, Bi<1, pBip— PBiprec— Ly >0, (5—20)

% — E;l?) >0, [0 (Iw + pxicg) — Bipxec — My > 0, (5-21)

B1GJ — BiMlP — Bi Myl — BiLyl* — (M, + Ly,) I* > 0, (5-22)

BLEIl+ EI — Bip — Bipxecl >0, GJ — Byl (Iw + ,056302) — Bypxecl > 0. (5—-23)

Remark 5.3. The sulfficient gain conditions in (5—20)-(5—-23) can be satisfied by a
combination of gain selection and engineering design consideration. Selection of the
wing aerodynamic properties can be done to satisfy aircraft performance criteria (e.g.,
minimum takeoff distance, maximum range, etc.). The structural properties of the wing
can then be selected to satisfy the sufficient conditions above. Increasing the stiffness
and mass of the wing or mounting the store closer to the wing center of gravity will

satisfy the sufficient conditions.
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Proof. Let V;, be a positive-definite, continuously differentiable function defined as
A 1 ey 1~T —-1p
Vi £ By + Ee+ e Me+ S0'T7'0. (5—-24)

Based on (5—24) and the inequalities in (5—19), V;, can be bounded as

Amaz (M)
2

2

Amin (M)

G Ey + 5

)\min F_l ~1|2 A
el + 2mm 5 < vi < o, 4 el + 2oz 2 g

2 )
5-25)

)\max (F_l)
(

where i, (€) and \,,... (£) denote the minimum and maximum eigenvalue of &, respec-
tively.

Differentiating (5—24) and substituting (5—10) and (5—11) into the resulting expres-
sion yields

VL = ET + Ec - eTKe. (5—26)
In (5-26), Er is determined by differentiating (5—12) with respect to time to obtain
) ! l
Er = / Wy (pwtt + px.ccos (@) oy — precsin (@) (bf) dy + / (Elwyywiyy + GJdydry) dy
0 0
l
+/ 04 ((Iw + pxiCQ) O + pxeccos (¢) wtt) dy. (5-27)
0
Substituting (5—1) and (5-2) into the first and third integrals of (5-27) yields
. o - ! l l
Er = / (ngbwt + ngbgbt) dy — / Elwwyyy,dy + / Elwyywyy,dy + / GJ 1oy, dy
0 0 0 0
l
+ [ GIo,0udy. (5-28)
0

Integrating by parts the third and fifth integrals in (5—28) and applying the boundary

conditions of the PDE system results in

I !
/ Elwywy,dy = —Elwy,, (I,t)w (I,t) + / ETwywyy,,dy, (5—-29)
0 0

l l
| Gty = GI0,1.06.0.0~ [ Gradn (5-30)
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Using the expressions in (5—29) and (5-30), (5—28) can be rewritten as
l
br = / (Ew$wt + MUJ¢¢75) dy — Elwyy, (I, ) w (1,t) + GJd, (1) ¢ (1, 1) . (5-31)
0

Using the auxiliary signal definition in (5-5), (5—31) can be expressed as

. l B B EI 0 EI
Er = / (Lw¢wt + Mw¢¢t) dy + eT 2 €= _th <l7 t) - _(")2 (lv t)
0 0o &’ 2

GJ GJ
In (5-26), E, is determined by differentiating (5-13) with respect to time to yield

I
E. = B / wyy (pwi + preccos (¢) u — precsin () ¢7) dy
0
I I
+51/0 pEeCcos (@) prwyydy + 51/0 pwiwiyydy
I
+051 / Oyy (Lo + pr2c?) du + preccos (¢) wy — precsin () duwy) dy
0

!
+5 / bryy (([w + px?cQ) ¢¢ + pxeccos (@) wt) dy. (5-32)
0

The expression for £, can be simplified by integrating the second integral as

!
ﬂl/pxcccos(gb)qbtwtyydy = [Bypzecleos (o (1)) oy (1,1) wy (1,1)
" !
- c rwid
Bl/o pxcCcos (@) prody

l

1 [ pcsin(0) sy
l

=61 [ priccos(6) dusindy. (5-33)

0

Substituting the expression in (5-33) and the system dynamics in (5-1) and (5-2) into
(5—-32) yields

l l
E, = 51 / (Lw¢ - ijyyyy) wyydy + 51 / pwtwtyydy
0 0

+ 51 pzecleos (¢ (1, ) ¢ (1, 1) wy (1, 1)
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l l 3
8, / peccos (6) duordy + By / (W6 + GJ,,) b,ydy
0 0
l
ﬂ%/(&Awmﬁﬂ@@w@L (5-34)
0

After integrating by parts the terms — 23, fol Elwyy,,wyydy, B fol pwiwrydy,

I3 fol GJ¢,,d,ydy, and By fol (Iy + pr2c?) droyydy from (5-34)? , E, can be expressed as
. ! _ _ 3 l
B, = QRA u@¢%f%M%@%)w@—ﬁ%Eﬂwwyﬂjﬁ%(Lﬂ——?%EI[:widy
1 ) 1 l ) l
+§51Pwt (I,t) — éﬂlp widy — Brpzec | cos (@) pwidy
0 0
1
+ 51 pzecleos (¢ (1)) o (1) wy (1, 1) + §BlGJ¢§ (1,1)
1 ! 1 1 !
-E@G{/¢my+¥muw+mﬁ%ﬁmw—§@U@+m&%/¢my
0 0

Using Young’s Inequality and Lemma A.12 from [36], , can be upper bounded as

: Bip [ 3EI L, :
B —(-a0) 5 [wtty— (35 =250 ) o0 [ wdi

2 2
2.2 61 : 2 1 2
— (L + paic®) — pxcc) 5/0 o7 dy + §5lpwt (1,t)
l
—@J—Mﬁ—ﬂM—LMﬁ%é¢ﬁyﬂﬂm%w@0%@ﬂ
1 1
+61pchl¢t (l7 t) Wt (l7 t) + EBIGJQﬁ (la t) + iﬁll (]w + szCQ) Qb? (l7 t) : (5_35)

Using (5-5), — 1 E1lw,,, (1,t)w, (I,t) can be expressed as

BEIl

BEI , BEI ,
9 wyyy (lﬂ ) -

wy (I,t) + —5—et, (5-36)

— B1Elwyy, (I, t)w, (I,t) = — 5

where e, denotes the first element of the vector e, (i.e., e; = w; (I,) — wyy, (1,t)). Using

(5—-36), (5—35) can be rewritten as

. Bip [ 3EI  Lyl® :
Beos —(-m o [ wbdy— (5= =50 ) o Wy

2 2

2 See Appendix H
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ETl

l
_((]w—i-pl’zCQ)_pxcc)%/ ¢? y 612 1+ 51 ( —{—pxc)qb?(l,t)

—(GJ — Ml® — M, — L% ﬁl/ d2dy — ﬁl];”w;yy (It) — ﬁlfﬂwj (1,¢t)
1
+§ﬁ1pwt2 (I, ) + Brpxeclds (1, 1) wy (I,t) + 551GJ¢§ (1,1). (5-37)

Inserting (5-31) and (5-37) into (5—26) and using Young’s inequality yields

Vi

IN

1 _ ! 3EI L, !

3 (Bip — Brprec — Ly )/0 wydy — (T )51/

! i) [ ¢

3 (1 (22 e~ 1) [ iy

3 (3O~ B 5l — Bt~ (3 + 1)) [ iy

5 (BAEIL+ BT = Bip — fuprect) 2 (1,1)

%(GJ Byl (L + pa2c?) — Brpaecl) 62 (1, 1) — —(51E11+EI) w2 (1,1)
s soneay - (K—%maX{El+BlEll7GJ}> . (5-38)

Provided the sufficient conditions in (5—20)-(5-23) are satisfied, (5—-38) can be ex-

pressed as

Ve < =MEy (1) — M (1), (5-39)

where \; € R and )\, € R are positive constants defined as

N2

Ay £

1 . - 3EI L l3 _
B min {510 — B1pxeC — Ly, 5 , B ( + paie ) Brprec — M,
BIGJ - Blelg - Blel - Bl-z‘/wl3 - (Mw + Lw) l2} 3

1
K — §maX{El+B1Ell,GJ}.

It can be concluded from (5-24) and (5-39) that V, € L,;hence E, € L, e € L,

andd € L.,

. Since E, € L, it can be concluded that fo ,dy € L, and fo Gody € Lo

hence the elastic potential energy in the wing E» € L., and by Property 1 w,,, (I,t) €

Lo and ¢, (1,t) € L. SinCe e € Lo, wyyy (1, 1) € Lo, and ¢, (1,t) € L, (5-5) can be
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used to show w; (I,t) € L and ¢, (I,t) € L. Since w; (I,t) € Lo, ¢4 (1,t) € Lo, and
E, € L, the kinetic energy of the system Ex € L., and by Property 2, %w (y,t) € Lo
and % (y,t) € L, for g = 1,2,3. Equations (5-3) and (5—4) can be used to show that
the boundary control input, U € L. Differentiating g (¢) from (5-39) with respect to time
yields

G = ME, + 2\seé, (5-40)
where
!
E, =2 / (Wi + WyyWiyy + Q1o + Grydy) dy. (5—41)
0

After integrating by parts the second and fourth terms in (5-41), £, can be expressed as

l
Eb = 2/0 (we (Wit + Wyyyy) + G0 (D — Pyy)) dy — 2wy (1,8) wyyy (1,8) + 264 (1, 1) ¢y (1,2) -
(5—42)

Since Wt (y7 t): Wit (y: t)! Wyyyy (y7 t), (bt (Z/7 t), (btt (y7 t), (byy (y7 t): Wt (l, t)a Wyyy (l7 t)a (bt <l7 t)l
and ¢, (I,t) € L. (from Properties 1 and 2), (5—42) can be used to conclude that
E, € L. Equations (5-11) and (5—40) can be used to show that g € £... Lemma A.6

from [36] can be applied to(5—-39) to conclude tlim g (t) =0 and hence
lim B, (t) ,e (t) = 0.

t—o00

Using (5—14) and Lemma A.12 in [36] the following inequalities can be developed
: 1
E, > /0 w2, dy > l—3w2 (y,t) >0, (5—43)
l
By =z [ didyz 6t 0t) 20 (5-44)
0

Since E, — 0 ast — oo, it can be concluded from (5-43) and (5-44) that w (y,t) — 0

and ¢ (y,t) —» 0ast — oo. O
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5.4 Summary
This chapter presents the construction of a boundary control strategy for suppress-
ing LCO behavior in an uncertain flexible aircraft wing. The boundary control strategy
retains the full PDE system, thereby avoiding potential spillover instabilities, and ensures
asymptotic regulation of the distributed states in the presence of parametric uncertain-
ties. A potential drawback to the developed method is the need for measurements of

high-order spatial derivatives of the distributed states (e.g., wy,, (1, 1)).
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CHAPTER 6
CONCLUSION AND FUTURE WORK

6.1 Dissertation Summary

The focus of this work is to develop control methods for the suppression of limit
cycle oscillations (LCO) in aircraft systems. The driving mechanism behind LCO
behavior remains unknown; however, the behavior is prevalent on the current generation
of fighter aircraft and is expected to persist on next generation aircraft. The major
concerns associated with LCO behavior are its impact on the safe release of ordnance
and the ability of the pilot to perform necessary mission-related tasks.

Chapter 2 focuses on the development of an adaptive control strategy to suppress
LCO behavior in an uncertain two degree of freedom airfoil section. The developed con-
troller features a neural network (NN) feedforward term to compensate for uncertainties
in the airfoil dynamics and a robust integral of the sign of the error (RISE) feedback term
to ensure asymptotic tracking of the airfoil angle of attack. The simulation results of
Chapter 2, as seen in previous RISE-based control strategies, indicate that the RISE-
based controller can demand a large control effort in respone to large initial offsets or
large disturbances. In Chapter 3, a saturated RISE-based controller is developed in
which the RISE control structure is enbedded in smooth hyberbolic functions to ensure
actuator contraints are not breached while maintaining asymptotic tracking with a con-
tinuous controller. The actuator limit is known a priori and can be adjusted via changing
the control gains.

Chapters 4 and 5 focus on the development of partial differential equation (PDE)-
based boundary control methods for the suppression of LCO behavior in a flexible
aircraft wing. Chapter 4 uses a PDE-based backstepping method to transform a linear
PDE system describing the dynamics of the distributed states to an exponentially
stable linear PDE system. Chapter 5 develops a boundary control strategy that uses a

gradient-based adaptive update law to compensate for linear-in-the-parameters (LP)
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uncertainties and a Lyapunov-based analysis to show that the energy in the system
remains bounded and asymptotically decays to zero. The differences between the two
PDE-based control strategies are the type of system used in the design and the required
measurements for implementation. The strategy in Chapter 4 is designed for a linear
PDE model of the flexible aircraft wing and uses measurements of the flexible states
across the entire wing span. The controller in Chapter 5 is designed for a nonlinear PDE
model and requires measurements of the higher spatial derivatives of the flexible states
at the actuator location (e.g., wy,, ({,t)).
6.2 Limitations and Future Work

The work in this dissertation develops new robust and adaptive controllers for the
suppression of LCO behavior in aircraft systems. In this section, open problems related
to the work in this dissertation are discussed.
From Chapter 2:

1. A practical limitation in the developed RISE-based control strategy is that as the
severity of the LCO behavior increases, the developed controller can demand a
large control surface deflection. Additionally, the Monte Carlo simulation results
indicated that the maximum control effort is sensitive to variations in the parameter
uncertainties, which could lead to unexpected actuator saturation. This limitation is
addressed in Chapter 3.

From Chapter 3:

1. A potential drawback of the saturated RISE-based control strategy is that under
certain conditions, the LCO produced could be too severe resulting in sufficient
gain conditions that can’t be satisfied. This is a direct result of the actuator limit;
increasing the actuator limit relaxes the sufficient gain conditions. Furthermore,
an adaptive feedforward term could potentially be included to compensate for
the uncertain dynamics, thereby relaxing the sufficient gain conditions. However,

for any controller that has restricted control authority, it is possible for some
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disturbance to dominate the controller’s ability to yield a desired or even stable
performance.
From Chapter 4:

1. One drawback of the developed PDE-based backstepping controller is that it
relies on the assumption that the distances from the wing elastic axis to the wing
center of gravity and store center of gravity are zero. Without this assumption, the
PDE describing the dynamics of the wing deformations becomes nonlinear which
does not facilitate the use of the backstepping strategy employed in this chapter.
Instead, an approach similar to that of [36,37], in which a Lyapunov-based analysis
proves that the energy in the system decays to zero, could be used to generate the
aerodynamic lift and moment at the wing tip. Chapter 5 addresses this limitation.

2. Due to the lack of clarity amongst researchers as to the driving mechanism behind
LCO, a common practice in literature, and in the work of Chapters 2 and 3, is
to replicate the symptoms of LCO behavior by including nonlinearities in the
wing structure. In most cases, this is a nonlinear torsional stiffness. The control
strategies in Chapters 2 and 3 provide a framework that can be readily adapted
to compensate for the driving mechanism as it becomes better understood.
However, due to the structure of the PDE-based backstepping method, if the
driving mechanism is nonlinear, its incorporation into the developed control
structure may not be feasible, and a method similar to [36, 37] must be employed.

From Chapter 5:

1. Since the controller in Chapter 5 was developed for a nonlinear PDE, it can be
adapted more readily to compensate for the inclusion of the driving mechanism
behind LCO behavior. The control structure will require small changes, mostly
to the sufficient gain conditions to include the influence of the uncertainties
associated with the driving mechanism; however, more complex systems typically

require more complex candidate Lyapunov functions (i.e., the definition for E.
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will change to account for cross-terms associated with the model of the driving
mechanism).

. A potential drawback to the developed method is the need for measurements of
high-order spatial derivatives of the distributed states (e.g., wy,, ({,t)). A shear
sensor attached at the wingtip can be used to measure w,,, ({,t) and torque
measurments at the wingtip can be used to determine ¢, (I,t). Future efforts are
focused on developing PDE-based output feedback boundary control strategies

that would eliminate the need for high-order spatial derivative measurements.
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APPENDIX A
PROOF THAT M IS INVERTIBLE (CH 3)

Lemma A.1. M, given by the expressions in (2—2) and (2—4)-(2—6), is invertible.

To show that M is invertible, it is necessary to show that det (M) # 0. The det (M)
can be expressed as det (M) = mymy — m3 where my, mo, my € R are defined in (2—4)-
(2—6). Since det (M) appears in g, which is used in the Lyapunov function, the following
condition is desirable

mymg — |m2|2 > 0. (A-1)

From (2-5), m, can be written as my = pcos () — Isin (), where p = (r, — a) my,b +
(s; —a)msb € Randl = (s, — ap) msb + (1, — ap) my,b € R. The maximum value of ms
can be expressed as |ms| < /p? + [2. Substituting for the values of p and I, |m.|* can be

expressed as

ima® < (e — a)*bPm2 + 2 (r, — a) (s, — a) b*mgmy,
+2 (s — ap) (1 — ap) B*mymyg + (1) — ah)2 b*m?2

+ (54 — a)* Pm? + (s, — ap)” b*m?>. (A-2)
Using (2—4) and (2—-6), m;m4 can be expressed as

mimg = (ry— a)2 b’m2 + (r, — a)2 b2 mym
+ (rp — ah)2 b*m?2 + (r, — ah)2 b2 my,m
+ (8z — a)2 b*memy, + (s — ah)2 b2 mgma,
2

+ (55 — a)2 0Pm? + (s, — ap)” b?m?

+ (Iw + IS> (mw + ms) . (A—3)
Evaluating the det (M) using (A—2) and (A-3) yields
det (M) > [(ry — a)’ =2 (ry — a) (s, — a)] b*my,m

+ [(sn — an)’ + (54 — a)z} b2y, ms
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+ [(r, — an)® — 2 (rp — ap) (sp — an)] b*mym

+ (Ly + L) (ms + my,) . (A—4)
After some algebraic manipulation, the expression in (A—4) can be rewritten as

det (M) > [(ry —a) — (sp — a)]” b*myms
+[(rn — ar) — (sn — an)]* b*mymy

+ (L + I5) (ms + my) . (A-5)

Since the first two terms in (A-5) and the mass and moment of inertia of the wing and

store are always positive, det (M) > 0; hence M~ is invertible.
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APPENDIX B
PROOF OF ¢ > 0 (CH 3)

Lemma B.1. Given the expression in (2—16), g > 0 if the following condition is satisfied

my Cm(g

B—1
c > ( )

8

To prove that ¢ must be strictly greater than zero, (2—16) is used to write g as

g = W [maC), +myCry,]. Using the results of Appendix A > 0. Therefore,

for g > 0, the term [myCj, + m1C,, ] must be positive. From (2-5), ms is sign indefinate

so for [myCy; + m1Cy,, | to remain positive, m,C,,,, > myCj,. From (2-5), m, can be

upper bounded as |m»| < ¢, where ¢ € R is a known positive constant. From (2—16)
mi

and the upper bound on ms, g > 0 provided that O(j’”ﬁ > ¢. This sufficient condition
8

can be satisfied by adjusting the geometry of the wing-store system. For example, the
left-hand side can be increased by increasing the control surface effectiveness ratio %—Tl”“
5

which can be done by changing the wing airfoil. The constant ¢ can be made smaller by

decreasing the distance between the wing elastic axis and the store center of gravity.
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APPENDIX C
GROUPING OF TERMS IN x; AND x» (CH 3)

From (2—-17), the auxiliary function y € R is defined as
1 1
XE-f——fi=x1+x2
g gd

where x; € R contains all terms in y whose time derivative is bounded by the norm
of the states and y, € R contains all terms whose time derivative is bounded by a

constant. The auxiliary functions y; and x, are explicitly defined as

det(M) ,
X1 = (12 Come £ m2Cy) (7161 + 72e2)
Mo (énh + Chuaée + Kygh + kma) m (C*mh + Coée + fzm)
Xz = (11Cyy + m2Cy) T (G, + m2Cy)
det (M) éyq

(m10m6 + mg(]lé) ’
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APPENDIX D )
DEVELOPMENT OF THE BOUND ON N (CH 3)

Recall from (2-32), the auxiliary function N is defined as

A 1d (1 ) . AT T
= ——— |- |r+x1+e—proj (Flg 4 $d€2> o
2dt \ g

2 ’ 1A T T
W76 proj (ng'd ([7 TW€2> ) xq. (D-1)

From the assumption on the desired trajectories and (2-23) and (2—24), the last two

terms in N can be upper bounded as

. T
proj <F16 VT:td62> ol < ale <calz

< alel <el,

a / 12 I T r
W76 proj (ng'd <€f TW€2> ) Zq

where ¢, c; € R are known positive constants. Taking the time derivative of y, defined

in Appendix C, yields

4 (det (M)) det (M) (msC,)
. = dt — 5 4
det(M)

e
(11Ciy + m2Chy) (11 +726)

From Appendix B and the expression for det (M) in Appendix A, the terms

(myChys + maCyy) and (m1C,, + m,Cy,)* are bounded below by a constant while det (M)

is upper bounded by a constant. Taking the time derivative of det (M) yields

d .
E (det (M)) = —2m2m2

= 2momy,bd (1, — ay) cos (a) + 2mamy,bé (1, — a) sin («)

+2mgmgsbé (s, — ap) cos (o) + 2mombé (s, — a) sin (o) .

Since [|4|| < k2 and using the result in Appendix B, 4 (det (M)) < c3, where ¢c; € Ris a

known positive constant.
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The upper bound on x; can be expressed as

ol = ‘( < (det (M)) det(M)(mgClé)>
AN

|(71€1 + 72€2)]

mICm5 + m2015) (m10m5 + m2016)2

‘ det(M)
(mlCm5 + mQClé)

(7161 + 72€2)

Using the upper bounds on £ (det (1)), 712, and the expressions in (2—12) and (2—13),

the upper bound on y; can be rewritten as
Xl < calex] + s leal + ol < ¢ 2]

where ¢4, cs, cg, ¢, € R are known positive constants.

The first term in (D—1) can be expressed as

1d 1 r (—2m2m2) (mlCmé —+ mgClé) T‘m2015
_—— f— fry —_— . D_2
2dt <g) ' 29 ( det (M)? T g2 det (M) (D-2)

Using the upper bounds on 1, and m, and the lower bounds on g and det (M), the

expression in (D—2) can be upper bounded as

1d (1
2dtgr

The upper bound on N can then be expressed as

5 (3)

a ’ ’ a T r
W16 proj <F2j:d (6 TW@g) ) ZTq

! 1
< ¢ |7"| < ¢ ||ZH .

o T "
+ [x1| + |e2| + |proj (Flé VTx'dGQ) o

+

Therefore, using the developed upper bounds on the individual terms,
V< (a+a+1+a+a)lzl<nl,

where 1 € R is a known positive constant.
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APPENDIX E
DETAILS ON THE DEVELOPMENT OF THE CONSTANTS c¢,,,, ¢mn,, AND ¢,,,, (CH 4)

Using the results of Appendix B, g > ¢; where ¢; € R is a known positive constant.

Since m3 > 0, |det (M)| < mymy4 and

det(M) mi1maq
; ‘g g < Cm-

Taking the time derivative of det (M) yields

d .
% (det (M)) = —2m2m2

= 2mamybd (1, — ap) cos (a) + 2mamy,bé (r, — a) sin («)

+2momgba (s, — ayp,) cos () + 2mamsbé (s, — a) sin (a) .

Since ||¢|| < k2 and using the result in Appendix B, the time derivative of det (M) can be

upper bounded as £ (det (M)) < e, Where ¢, € R is a known positive constant. Since

4 (det(M))
g9

g>ep, & can be upper bounded as

4 (det(M)| _ e _
S <

Using the result in Appendix B and the upper bound on £ (det (1)), 7, can be

upper bounded as m» < €3 where 3 € R is a known positive constant. Using the result

12 Cy; det(M)
2

in Appendix A, the term can be upper bounded as
m2015 det (M) < 830[564

1
2 -~ 2 ms3»
g €1

where ¢, > |det (M)].
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APPENDIX F
DERIVATION OF THE BENDING AND TWISTING DYNAMICS OF A FLEXIBLE WING
(CH 5/6)

Consider a flexible wing with a store attached at the wing tip and uniform cross
section undergoing bending and twisting motions. The wing has span ! € R, chord
length ¢ € R, mass per unit length of p € R, polar moment of inertia per unit length of
I, € R, bending rigidity FI € R, and torsional rigidity GJ € R. The attached store has
mass m, € R and moment of inertia J, € R. Define a right-hand coordinate system as
follows: the origin is on the shear center at the root of the wing, the = axis points out the
rear of the wing, and the y axis extends to the wing tip. Let w = w (y,t) € R denote the
bending deflection and ¢ = ¢ (y,t) € R denote the twisting deformation at the spanwise
location y € [0,1]. Furthermore, it is assumed that the center of gravity and aerodynamic
center of the wing cross section and the center of gravity of the store are not colinear
with the elastic axis of the wing. Let z.c € R and z,c € R represent the distances from
the wing elastic axis to the wing center of gravity and store center of gravity, respectively.
Let the vectors p (y,t) € R® and p; (t) € R? denote the position of the center of gravity
of an arbitrary wing cross section and the position of the center of gravity of the store,

respectively. These vectors are expressed as

ply.t) = {chCOS(dﬁ(y,t)) y w(yat)JrfUcCSiﬂ(cﬁ(y,t))} )
() = [xsccos(gb(l,t)) l w(l,t)%—xscsin(qb(l,t))} :

The kinetic energy of the wing and store can be expressed as

l [
P I
Twing = §/Opf(y,t)pt(y,t)dy+—2 /0 o7 (y, 1) dy

1

l
= 5/0 p (wf (y,t) + 2zcccos (¢ (y, 1) we (Y, 1) ¢ (y, 1) + 220} (y, 1)) dy

1 l
0

Mg Js
Tstore = TPIY; (t> P (t) + E(b? (l)
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= % (wi (1) 4 2z5ccos (¢ (1) we (1) ¢ (1) + 226797 (1) + %gb? (1),

where the subscript ¢+ denotes the partial derivative with respect to ¢, w (1) £ w (,t), and

¢ (1) = ¢ (1,t). The potential energy in the wing can be written as

1

l
U= 3 /0 (Elw., + GJ¢.) dy,

where the subscript y denotes the partial derivative with respect to y. The Lagrangian for

the wing-store system is defined as

L = Twing + Tstore -U

1/
= 3 / (pwf + 2px.ccos (@) widy + (pIzCQ + Iw) P — Elwiy — GJgZ)Z) dy
0

—|—%W? (l> + Mg sCCOS <¢ (l)) Wt (l) ¢t (l> + (%$§C2 + %) ¢? (l) .

Hamilton’s principle is given as
to
/ (W +6L) dt = 0,
t1
where 6L denotes the variation in the Lagrangian and 61/ denotes the virtual work

expressed as
l
oW = / (Lbw + Mybp — 1y Elwyyy 0wy, — NeGJI G, 00,) dy + Lypdw (1) + Mypdo (1),
0

where L,, € R and M,, € R represent the aerodynamic lift and moment per unit length,
respectively, L,;,, € R and M,;, € R denote the aerodynamic lift and moment at the wing
tip, respectively, and ,, € R and n, € R denote Kelvin-Voigt damping coefficients. The

variation in the Lagrangian can be written as

oL oL oL oL oL
5 p— —_— —_—
L o dwy + Doy dwyy + 90 00 + 901 0oy + s 0y,
oL oL oL
6¢t (l) )

+—w dwy (1) + méqﬁ (1) + 90r ()
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where the partial derivatives are evaluated as

oL :
8_0% = /(pwt+pxcccos(¢)¢t)dy>
0
oL :
o —/0 Elwy,dy,
vy
oL '
I pn )
0
oL : 22
= - / (paccos () wn + (pr2e® + 1) &) dy,
t 0

oL :
e K
oL
o, (l) = MW, (l) + MsTsCCOS (¢ (l)) o (l) )
oL )
m = —mgzsesin (¢ (1)) ¢ (1) wy (1),
0L nsccos (6 (1) we (1) + (maa + 1) 60 (1)
a¢t (l) slg t sLg S t .

Substituting the expressions for §1 and J £ into Hamilton’s principle yields

to l to l
—/ /E]wyyéwyydydt—l—/ / (pwi + pxoccos (@) ¢r) dwdydt
t1 0 t1 0
to l to l
—/ /GJ¢y5(/§ydydt+/ / (pzeccos (@) wy + (pa2c® + 1) ¢r) dgpdydt
t1 0 t1 0
t2 l to l
. Elwy, b,y dydt — GJ b1y 86, dyd
n/tl/o Wryy 0wy, dydi n¢/tl/() Pty 0y dydt
[ i (@) -+ o (0.) 0 1) 6 (1)
+ / 2 (mszsccos (¢ (1) wy (1) + (msxic® + J5) ¢ (1)) 6y (1) dt
t1
to to l
— My i D) o (1) wy (1) 0 (1) dt L.,,6 M,,60) dydt
mae [ sin(o )0 oo @de+ [ [ (Lt + ds0)dy
to l to
- c i t t5 d dt Ltip5 l Mtip5 l dt:O F_1
pre [ [ sin () ooyt + [ (Lughio () + Mg (1) (F-1)

The equations of motion and boundary conditions for the wing-store system are ob-

tained by integrating by parts select terms from (F—1). Integrating by parts the first eight
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integrals in (F—1) and recalling that the variations at ¢t = ¢, and ¢t = t, are zero yields

to l to to
—/ /E[wyyéwyydydt = —/ E[wyy(l)éwy(l)dt—i-/ Elwy, (0) dw, (0) dt
0 t1 t1
to a to a
v 5 (Bl ) dr ~ /t 55 (Bl (0) i (0)
/ / (Elw,,) dwdydt, (F-2)
to l
- [ [ crepody ~ - " G, (1) 86 () de + / G79, (0)56 (0) di
2 9 F_
4 /t /0 5o (G0,) bodyit. (F=3)

t2 l to l
/ / (pwy + proccos (@) ) dwdydt = — / / (pwi — prccsin (@) ¢7) dwdydt
t1 0 t1 0

to !
- / / pxcCcos (@) Pyowdydt (F—4)
t1 0

!
/ / pxeccos (¢) wdpdydt
t1 0

to l
+/ / (pzlc® + 1,,) p10gpdydt = / / prcsin (¢) wddddydt
tr Jo

_ /t /0 peccos (¢) wudddyd,
/

l
(pz2c® + I,) pudpdydt (F-5)

to l to
- nw/ / Elwy, 0wy, dydt = —n, Elwyy, (1) ow, (1) dt
1

t1 0 t
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l 82
e / / 52 (Elwty,) dwdydt, (F-6)
t1 0 y

to l to
e / / GIbn 00 dydt = —1s / GJéw, (1) 56 (1) dt
t1 0 t1

~|—77¢/t2GJ¢ty (0)d¢ (0)dt

to pl
+77¢/t1 /Oagy(Gquty)&bdydt, (F-7)
/t2 mswy (1) dwy (1) dt / msscsin ( ¢7 (1) ow (1) dt
+/t2msxsccos (& (1)) & (1) Sy (1) dt = t msxsccos (0 (1)) du (1) 0w (1) dt
- ’ mswy (1) dw (1) dt, (F-8)
/ M5 cos ( wy (1) 0y (1) dt
# [ mate e a) 600 de = [ e ) ()60 () 56 0)

/ msxsccos (¢ (1)) wy (1) 0 (1) dt
/ (msac® + J,) o (1) 69 (1) dt,  (F-9)

t1

Substituting (F—2)-(F—9) into (F—1) yields the following PDE system and boundary

conditions
2
Ly = pwy — pecsin (¢) 7 + proccos () by + — oy (Elwy,)
2
+77wa_y2 (E[wtyy) ) (F_1 0)
0
M, = (Iw + p:vzcg) Gy + preccos (@) wy — 8_y (GJgy)
0
g, (GJry), (F-11)
w(0) =wy (0) =wy, (1) =¢(0) =0, (F-12)



Ly = mswy (1) —mszgesin (¢ (1)) @7 (1) + mgzsccos (¢ (1)) du (1)

O (Eluwyy () — 0BTy, (1)), (F-13)
dy
Mtip = (ms$302 + Js) gbtt (l) _I' mgsxsCCOS (¢ (l)> Wit (l) _I_ GJ¢y (l)

+1oG Iy (1) (F-14)

The development in Chapter 4 is based on the assumptions that E7 and GJ are
constants and z. = x, = 0. Under these assumptions, (F-10), (F-11), (F-13), and

(F—14) become

Ly = pwi+ Elwyyyy + 1 By, (F-15)

Mw == [w¢tt - Gj¢yy - 77¢G']¢tyya (F_1 6)

Elwyy, (1) + N E Wy (1) = mewy (1) — Luip,

GJpy (1) + nsGI Py (1) = —Jsue (1) + Myip.

The development in Chapter 5 is based on the assumptions that £7 and GJ are
constants and the Kelvin-Voigt damping coefficients are zero. Under these assumptions,

(F-10), (F=11), (F-13), and (F-14) become

Ly = pwy — pecsin (@) ¢? + peccos (@) gy + Elwyy,,, (F-17)

M, = (Iw + px?cQ) Gut + preccos (¢) wy — Gy, (F-18)

Lip = muwy () — masesin (6 (1)) @7 (1) + mawsecos (¢ (1) ¢u (1) — Elwyyy (1),

My, = (ms:p302 + JS) du (1) + mszsecos (¢ (1) wy (1) + GJpy, (1)
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APPENDIX G
EXPONENTIAL STABILITY OF THE TARGET SYSTEM (CH 5)

The target system in Chapter 5 is given as
L@y — GI®y, — eGPy, + (cGJ — M,,) ® + nycGJID, =0, (G-1)

where ¢ € R is a constant control gain and the boundary conditions are ® (0,¢) = 0 and
GJo, (I, t) +nsGJPy, (I,t) = 0. Since (G—1) is a linear PDE, its solution is assumed to

be of the form @ (y,t) = g (¢) h (y). Substituting the assumed solution into (G—1) yields

Luh (y) gu (t) — GJg (t) By, (y) — neGJ g () By (t) + (CGJ - Mw) g)h(y)

+npcGJgy (t) h(y) = 0.

Gathering the like terms on opposite sides of the equation results in

Logu (1) + (¢GJ — My) g (1) + npcGJIge () hy, ()

G () — n,GIg (0 = Thy (G-2)

The equality in (G—2) can only hold if the right-hand side and left-hand side are equal
to a constant o. Examining the right-hand side of (G—2) results in the following ordinary
differential equation for i (y)

Py (y) +oh(y) =0 (G-3)

with the boundary conditions 2 (0) = 0 and h,, (I) = 0. The cases where ¢ < 0 and o = 0
lead directly to the trivial solution (i.e., 4 (y) = 0). A non-trivial solution to the case where
o > 0 exists and is expressed as h (y) = a; cos (y/ox) + as sin (v/ox) where a; and a; € R
are constants determined through the application of the boundary conditions. Applying

2n+1)

the boundary conditions yields a; = 0 and /ol = *~~m, wheren = 0,1,2,... The

general solution to (G—3) can be written as

ZAnl (2n+1) :c)

where A, € R is a constant associated with the nth particular solution.
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Examining the left-hand side of (G—2) yields

Lugu () + 1sGJ (¢ +0) g (t) + ((c + 0) G — M,) g (t) =0,

whose nth pair of eigenvalues &, satisfy the following quadratic expression

L2 + 103G (¢ + 0,) € + (¢ + 00) GJ — My, = 0,

where ¢,, = (2”212)2”2. The nth pair of eigenvalues can be expressed as
G (¢ + 00) £ \[IRGT (¢ + 0,)” + AL, My, — AL,GJ (c+ 0,) .
gn = . —
21,

For the case in which n3GJ? (c + 0,,)* + 41, M,, — 41,GJ (c + 0,,) = 0, the resulting

eigenvalues are &, = —%ff”"). In the case where n;G.J* (c + on)? + 4l M, —

_ ngGJ(cton)

41,GJ (¢ + 0,) < 0, the eigenvalues will be complex with Re (¢,) = Tt

where Re (&,) denotes the real part of &,. Lastly, when n2G.J? (¢ + 0,,)* + 41, M,, —
41,GJ (¢ + 0,) > 0, the resulting eignevalues will be real and distinct. Since the square
root term in (G—4) is positive, both real eigenvalues will be negative if the following

inequality is satisfied,

—0pGJ (c+ 0,) + \/nbeJQ (c+ on)2 + 41,M,, — 41,GJ (c + a,) < 0.

(2n+1)272

w——» the sufficient

After some algebraic manipulation and recalling that ,, =

condition above can be expressed as

M, (2n+1)*x?

¢> = 12 (G-5)

As n — oo, the right-hand side of (G—5) gets smaller; hence, if the inequality is satisfied
for n = 0, it will be satisfied for all n. Substituting » = 0 into (G-5) yields the following

sufficient condition
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Since all eigenvalues have negative real parts, the target system in (G—1) is exponen-

tially stable.
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APPENDIX H ‘
INTEGRATION BY PARTS OF SELECT TERMS IN E. (CH 6)

The development of an upper bound for E, relies on the integration by parts of the terms

—B1 [ Elwyyyywyydy, By fo powydy, B fo GJy,dyydy, and By [3 (L, + pr2c®) dbuyydy

from (5-34). Integration of the first term,

—Bi f(f Elwyy,,w,ydy yields
! !
—61/ Elwyywyydy = —B1Ellwy,, (I,t)w, (l,t)+ﬂlEI/ WyyywWydy
0 0
!
+ﬁ1EI/ WyyyWyy Yy,
0
! !
—61/ Elwyywyydy = —p1Ellwy,, (I,t)w, (l,t)—ﬁlEI/ wzydy
0 0
!
—|—51E]/ WyyyWyy ydy, (H-1)
0
! 1
—ﬁl/ Elwyywyydy = —B1Ellwy,, (I,t)w, (l,t)—QBlEI/ wzydy
0 0
!
—ﬁlEI/ WyyyWyyYdy. (H-2)
0

After adding (H-1) to (H-2) and combining like terms, —; fol Elwyy,,w,ydy can be

expressed as
l 3 !
— 51/ Elwyywyydy = —p1Ellwy,, (I,t)w, (,t) — 5/31EI/ wiydy. (H-3)
0 0

The terms 3, fo pwwryydy, B fo GJ ¢y dyydy, and 3 fo w + pric®) gy ydy are evalu-
ated as

l

[ l
B / puwpydy = Biplw} (1,t) — Bip / widy — B / pwiwyydy,  (H-4)
0 0 0
l [
8, / Clbpbyydy = BCIE (1) — BT / B2dy
0 0
!
_ﬁl/ GJ¢yy¢yydya (H—5)
0

l
51/0 (Lo + pr2c®) uduyydy = B (L + pr2c®) 197 (1,t) — B (L + prlc® /@dy
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l
_ﬁl / (Iw + P$302) ¢t¢tyydy)
0

which after some algebraic manipulation are rewritten as

[ 1 1 l
ﬁl/o pwiwydy = 561plwf (l,t)—§ﬁ1p/0 widy,

l 1 1 l
50 [ Glowoudy = SHGIG (10 ~ 56GT [ Gy,
0 0

1

l
m/(uﬂﬁﬁ@%Wyzim(+mwﬂﬁmﬂ
0

——ﬁl w + pric? /gzbtdy
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