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Switched systems theory consists of tools developed for systems containing a
combination of continuous and discrete dynamics. The focus in this dissertation is
the further development and application of switched systems methods for uncertain
nonlinear networked systems. Specifically, control methods are developed in this
dissertation when the discontinuities are due to the dynamics or network connections.

In Chapter 2, the discontinuities are due to the dynamics of the system. Specifically,
an output feedback (OFB), time-dependent, switched controller is developed for an
Euler-Lagrange system with parametric uncertainty and exogenous disturbances. This
controller is motivated by the fact that Euler-Lagrange (EL) dynamics model many
practical systems with nonlinear dynamics and hybrid behaviors (e.g., a bouncing ball,
humanoid robot during walking). In this chapter, a time-dependent switching signal is
designed using an average dwell-time scheme based on a multiple Lyapunov functions
(MLFs) approach where the switched system achieves semi-global uniformly ultimately
bounded (UUB) tracking with arbitrary switching sequences.

In Chapter 3 and 4, the discontinuities in the system are due to the fact that sensing
occurs within a network. In Chapter 3, a decentralized switched controller is developed
to enable dynamic agents to perform global formation configuration convergence while
maintaining network connectivity and avoiding collision within agents and between

stationary obstacles using only local feedback under limited and intermittent sensing. In

10



a multi-agent network system, an individual robot reacts according to information (e.g.,
relative location) from its neighboring agents. In practice, sensors have limited abilities
(e.g., limitation in field-of-view, malfunction) that can lead to intermittent sensing. As
a result, constant position feedback for agents may not be available all the time, and
these inevitable behaviors might lead to a disconnected network or collisions between
agents. Furthermore, these hybrid dynamics motivate the need for switched system
analysis. Using a navigation function framework, a decentralized switched controller is
developed in Chapter 3 to navigate the agents to the desired positions while ensuring
network maintenance and collision avoidance. Simulations are provided to support the
development.

In Chapter 4, a decentralized controller that uses event-triggered scheduling
is developed for the leader-follower consensus problem under fixed and switching
communication topologies. To eliminate continuous inter-agent communication, state
estimates of neighboring agents are designed for control feedback and are updated
by scheduled communication to reset growing estimate errors. Since the estimate
error is associated with a neighbor’s control input, when the true state is unknown
until the next communication, the state estimate is updated to avoid system instability.
The communication event times are based on an event-triggered approach, which
considers the interplay between system performance and minimal communication
bandwidth and requires no communication for event detection. Since the control
strategy produces switched dynamics, analysis is provided to show that Zeno behavior
is avoided by developing a positive constant lower bound on the minimum inter-event
interval. A Lyapunov-based convergence analysis is also provided to indicate asymptotic
convergence of the developed control methodology. Simulation results are provided to
demonstrate the effectiveness of the developed control strategy.

In Chapter 5, the decentralized event-triggered control scheme developed in

Chapter 4 is extended to a containment control problem, where multiple leaders exist in
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the networked system and only a subset of followers can communicate to some of the
leaders. The estimate-based decentralized controller, requiring only local feedback from
neighboring follower agents, is designed for each follower agent so that communication
can be intermittent to reduce communication while achieving a global objective. To avoid
the Zeno behavior induced from the event-triggered approach, a positive constant lower
bound on the inter-event interval is developed. A Lyapunov-based convergence analysis
is provided to indicate asymptotic convergence of the developed strategy. Simulation

results are provided to demonstrate the effectiveness of the developed control strategy.
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CHAPTER 1
INTRODUCTION

1.1 Motivation and Problem Statement

Most natural behaviors can be modeled by continuous dynamics, but in some
scenarios continuous dynamics are inadequate to model certain phenomena (e.g.,
sensor failure, changes of network topologies, state jumps due to a dynamic event),
which introduce discontinuities. A switched system involving both continuous and
discontinuous dynamics includes a set of subsystems and a switching signal. Each
subsystem accommodates continuous dynamics, and the discontinuous events are
triggered by the switching signal. In the switched system, only one subsystem can be
activated at any time instance, and the transition of activation from one subsystem to
another is determined by a switching signal, which is a function of time or system states.
The design of a switching signal is as crucial as the controller in terms of stability of the
switched system. Even for stable subsystems, an arbitrary switching signal can lead to
undesired behavior (e.g., Zeno behavior, instability) [1].

To analyze the stability of a switched system, switched control approaches have
been developed, and the selection of these approaches depends on the applications
and feasibility of the stability analysis. In general, the development of a common
Lyapunov function for the subsystems is favorable because it allows arbitrary switching
which requires no constraint on the switching sequence for system stability. However,
proving the existence of a common Lyapunov function is not always feasible and that
motivates the development of other approaches. The use of multiple Lyapunov functions
(MLFs) mitigates the challenges of proving the existence of a common Lyapunov
function, but the resulting switching signal is required to satisfy a dwell-time condition
for stability. In other words, the minimum time span to remain within an individual

subsystem must be enforced.
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1.2 Literature Review

Literature reviews for each chapter are presented below.

Euler-Lagrange dynamics are commonly used to model various systems. Some
Euler Lagrange systems exhibit discontinuous behavior (e.g., a robot that transitions
from a non-contact to contact state in force control applications [2], switching control
inputs between pairs of multiple electrodes in Neuromuscular Electrical stimulation
[3,4]). To account for both continuous and discontinuous behavior, hybrid and switched
systems methods have been developed. In addition to discontinuous behavior, systems
often lack the sensing required for full state feedback, motivating the need for output
feedback (OFB) controllers (cf. [5-9]). Researchers have designed OFB controllers for
switched systems when measurements are limited, but these controllers have been
predominantly designed for linear, switched systems [10-21]. In [10], an OFB controller
was designed based on a fuzzy model for a switched linear system to overcome
uncertainty in the the system. In [11-18], gain conditions for the OFB controller were
obtained by solving a linear matrix inequality (LMI) for a switched linear system. In
[19-21], gain conditions were developed for an OFB controller designed for a linear,
switched delay system by solving a LMI. However, the extension of these approaches to
nonlinear systems are not clear.

OFB controllers for nonlinear systems have received a lot of attention [22—-25], but
many of these approaches are designed for continuous system without considering
discrete events. There are some nonlinear OFB control algorithms for switched systems,
but the performance of the approaches are still limited (e.g., resulting in local stability,
requiring exact model knowledge) [26—31]. In [26], the average dwell-time scheme for
linear systems was extended to nonlinear systems for a supervisory control algorithm.
In [27], the average dwell-time concept was extended to nonlinear integral input-to-state
stable systems. In [28], full state feedback robust controllers were designed for switched

systems to compensate for system uncertainties and disturbances. In [29], an OFB
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controller for a switched nonlinear system was designed under the assumption of exact
model knowledge. A Takagi—Sugeno (T-S) fuzzy method was used in [30] to address the
uncertainties of the switched nonlinear system, but the controller was designed based
on a locally linear time-varying system. In [31], an OFB controller was developed for
switched nonlinear systems with parametric uncertainty, where a series of local robust
OFB controllers was used.

In [32], a robust OFB controller was developed that only requires position measure-
ments for a continuous nonlinear system with parametric uncertainties and bounded
disturbances. The contribution in Chapter 2 is to show how the result in [32] can be
extended as an OFB controller with a time-dependent switching signal for a switched,
nonlinear, Euler-Lagrange system with parametric uncertainties and bounded exoge-
nous disturbances. The switched controller involves the design of a time-varying control
gain applied to all subsystems, and it is designed based on multiple Lyapunov functions
and ensures that the position tracking error is semi-global uniformly ultimately bounded
(UUB).

Multi-agent systems have been investigated in a wide range of applications includ-
ing: consensus [33, 34], rendezvous [35-37], and formation and flocking of multiple
agents [38—41]. For such applications, various decentralized approaches (cf. [42—48])
have been developed to perform cooperative objectives based on information exchange
over an underlying network formed by the multi-agent system. However, due to potential
disruptions in communication and sensing capabilities of the agents, the exchange
of information for feedback control may not be continuous. Uncertainty resulting from
intermittent feedback can cause agents to move in a manner that can disconnect the
underlying network or lead to collisions between obstacles and agents. Therefore, the
development of a decentralized controller that is robust to intermittent feedback while

ensuring network connectivity and collision avoidance is well motivated.
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Recent research has focused on the preservation of network connectivity [49-54].
In [49] and [50], a potential function framework ensures network connectivity by applying
attractive forces to the dynamic agents as they perform cooperative tasks. In [51]
and [52], network connectivity of dynamic topologies is preserved during rendezvous
and formation control through the use of decentralized graph-theoretic methods. In [53],
formation control with connectivity maintenance is achieved by designing a bounded
decentralized controller for both static and dynamic interaction topologies. In [54], a
navigation function based decentralized controller ensures convergence to a desired
configuration and maintenance of network connectivity with collision avoidance to
both dynamic and static obstacles for a fixed network topology. The aforementioned
results are based on the assumption that continuous feedback through inter-agent
communication is available. However, this assumption is conservative and can limit the
number of applications, since communication can be interrupted.

Motivated by the potential for intermittent communication, consensus controllers
were investigated in [55] and [56], where the discrete dynamics can lead to system
instability. These stability issues are resolved through the use of switched controllers.
In [57] and [58], synchronization problems were investigated under the possibility of
intermittent communication and time-delay networks. However, the control objectives
focus on the convergence analysis associated with the minimum communication rate.
The control strategies in [55-58] compensate for intermittent feedback, but network
connectivity and collision avoidance issues under such a constraint are not addressed.

Since wireless communication may not be always available (either by design or
through some fault), on-board sensors (such as cameras) are often used to provide
local feedback for agents to perform cooperative tasks. However, due to the complex
environment, agents may move out of the field-of-view (cf. [59—-61]) of other agents
occasionally, resulting in an intermittent and time-varying interaction with other agents.

Intermittent sensing problems are considered for formation control problems using

16



graph-theoretic methods in [62] and [63]. However, network connectivity and collision
avoidance are not considered. In [64], a coordination algorithm was designed to stabilize
a formation robust to sensing link failures, without considering network connectivity

and collision avoidance. A formation problem using sensors with limited field-of-

view is developed in [40] by assuming a connected network. In [40] and [59-64],

while continuous controllers are utilized to address discrete dynamics to achieve

control objectives, collision avoidance and network connectivity maintenance are not
considered.

Various hybrid control strategies have been developed to address discontinuities
caused by intermittent feedback (cf. [35, 59, 65, 66]). In [67], a Stop-Go based hybrid
control approach was developed to maintain network connectivity for a leader-follower
containment control problem. In [68], swarm aggregation problems were investigated
within fixed and dynamic network topologies for both network connectivity and collision
avoidance. However, the dynamic topologies considered in [68] only result from link
additions to the network. Similar to the state agreement problem solved in [65], decen-
tralized hybrid controllers developed in [35] and [69] address network connectivity issues
for rendezvous problems, but collision avoidance is not considered. Although the results
in [35,59, 65-69] focus on either maintaining network connectivity or obstacle avoidance
for multi-agent network system under switching topologies, it is not clear how these
methods can be extended to address the more general formation control problem under
switching topologies.

Based on our preliminary efforts in [70], formation control problems under intermit-
tent communication/sensing feedback are considered in Chapter 3. Due to the discon-
tinuous dynamics, the aforementioned navigation function based controller designed
in [54] is no longer valid. Since the network topology might switch in an unpredictable
order within a finite graph set, the design of a hybrid controller for an arbitrary switching

system is challenging. Leveraging the Stop-Go policy in [67], a navigation function
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based decentralized hybrid controller is developed in Chapter 3, which consists of two
alternative control inputs and two corresponding switching conditions. The switching
between the two controllers depends on two decentralized switching conditions (i.e.,
decision making requires only information from one-hop neighbors), which are designed
such that Zeno behaviors are avoided. Finally, the existence of a common Lyapunov
function is established for the designed hybrid controller, and the formation error is
proven to converge globally with sufficiently small error (i.e. converges to the neighbor-
hood of the critical points), while maintaining network connectivity and avoiding collision
within agents and static obstacles.

To increase efficiency and speed, a group of robots can cooperate to perform a
task, wherein the coordination and control of the robots are designed based on neigh-
bors’ dynamics and states. To ensure mission completion, the neighbors’ dynamics are
usually known and their states are communicated continuously (cf. [70-73]). Based
on the network architecture, two topologies, centralized and decentralized, have been
widely adopted. Centralized communication architectures facilitate global behaviors
by networked agents; however, such strategies exacerbate network congestion when
compared to decentralized approaches. In a decentralized communication architecture,
each agent only communicates with local neighbors (e.g., one-hop neighbors) so that
the usage of the communication channel can be minimized, despite the increasing num-
ber of agents in the network. Under this network topology, the global objective can still
be retained by designing a decentralized controller, using local information for feedback.
A network leader can be included in decentralized architectures where only a subset
of the agents communicate with and follow the leader (cf. [70—73]). However, most
decentralized network control approaches (cf. [74—76]) rely on continuous inter-agent
communication for control feedback.

To further reduce bandwidth usage, real-time scheduling methods, also called

event-triggered approaches (cf. [77, 78]), can be applied instead of continuous state
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feedback. In event-triggered control, the control task is executed when a triggering
condition is met, which is typically when the ratio of the norm of some error to the

state norm exceeds a predefined threshold. The earliest event-triggered strategies
applied to control a multi-agent system are in [79] and [80]. However, the potential
bandwidth minimizing advantages are compromised because verifying the event
triggering condition requires constant communication. These results were later extended
to directed and undirected graphs in [81] and [82], but in these works the triggering
condition requires a priori knowledge of the Fiedler value and the final consensus value.
These requirements were relaxed in [83] and [84] by designing a new trigger function
using the sum of relative states from neighbors. In [85], a time-based triggering function
(i.e., a time-dependent threshold) is introduced, and a similar time-varying threshold

is applied in [86] for a directed time-varying communication topology. However, the
strategies in [79-86] solve the leaderless average consensus problem. The more
challenging leader-follower consensus control problem is investigated in [87], but the
leader state is assumed to be stationary, which limits applicability; additionally, constant
neighbor communication is used to detect the trigger condition, which mitigates the
benefits of the event-triggered control strategy.

In practice, unpredictable physical constraints (e.g., random sensor/device failure,
obstacles/interference in a complex environment) can cause intermittent communication.
When disconnected, the neighbors’ states will not be communicated, and the unavail-
ability of the new neighboring states can impact the global objective of the networked
system since the decentralized controller is developed and analyzed based on the
assumptions of continuous states of the neighboring agents. Since the network discon-
nection introduces discontinuous dynamics into the system, a switched event-triggered
controller for the hybrid system is motivated. However, it is unclear how to directly

extend the strategies in the aforementioned results that assume a fixed topology.
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In Chapter 4, to eliminate the need of continuous communication and thereby
reduce the required communication bandwidth, the neighbors’ state estimates are
used as a substitute for the neighbor’s true states such that obtaining local information
for feedback requires less inter-agent communication. Despite the advantages, the
estimate error can grow in time, and as shown in the previous literature, the update
events are hard to design without continuously communicating the true states. That
is, the dynamics of the estimate error is associated with neighbor’s true state and
neighbor’s control input, which are not available until the next communication. Therefore,
the update events that minimize the communication bandwidth should be designed
under the control constraint while achieving the global objective. To this end, Chapter 4
analyzes the interplay between the control gain and the dynamics of the estimate error
to obtain a trigger function that can predict the next required estimate update without
using inter-agent communication.

Various applications can be facilitated through the use of a team of collaborative
agents. ldeally, communication required for navigation and control of the agents is
minimized to maximize the available bandwidth for other mission objectives (e.g.,
relaying sensing data). Towards this objective, network control approaches have been
developed using strategies that only require local communication (e.g., from one and
two hop neighbors), and leader/follower strategies where follower agents have partial
feedback information [70—73]. For example, the containment control problem considered
in this chapter focuses on a decentralized strategy in which a subgroup of agents (i.e.,
followers) must remain within a finite region spanned by another subgroup (i.e., leaders),
where the leader states are only communicated to a subset of followers (i.e., followers
that have leader neighbors). However, even for the decentralized containment control
problem, most existing solutions (cf. [73,88-91]) require continuous state feedback to be

communicated from neighboring agents for decentralized implementation.
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To reduce inter-agent communication, real-time scheduling methods, called event-
triggered approaches (cf. [77, 78]), can be applied on an as-needed basis to reduce
continuous state feedback. Typically in event-triggered control, the control task is
executed when the ratio of a certain error norm to the state norm exceeds a threshold.
As a result, when compared to traditional continuous feedback methods, event-triggered
execution yields a minimum inter-event interval.

Motivated by the desire to reduce communication traffic and the controller updates,
event-triggered results have been developed for multi-agent systems in [79, 81-86].
However, these applications target the same average consensus problem with a
leaderless network and require continuous communication with neighboring agents
for event detection. Therefore, these event-triggered approaches may not mitigate
communication congestion for a large scale network. These results are extended
in [92] for a dynamic leader, intermittent communication, and communication-free event
detection. However, it is unclear how to directly extend the approaches in [79,81-86,92]
to the containment control problem. This chapter develops an approach for containment
control without continuous communication.

Similar to the development in [92], Chapter 5 develops a decentralized estimator-
based event-triggered containment control approach where every follower agent has
model-based state estimators dwelling at its neighboring agents as well as itself. These
distributed estimators follow the same dynamics as the leader and are synchronized by
simultaneous updates at discrete events. Since the follower agents know how far the
state estimates are away from its true state, it can communicate its true state to these
estimates when necessary, but not vice versa (i.e., neighboring agents have no authority
to request updates). This event is generated by a decentralized, estimate-based, event-
triggered function. As a result, any follower agent has a decentralized, estimate-based,
piecewise continuous controller, which is discontinuous at the event times whenever

broadcasting its state to, or receiving estimate updates from, the neighboring agents
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is required. Therefore, no inter-agent communication is required between any two
event times. A lower bounded minimum inter-event interval can be developed, and
a convergence analysis shows that the individual agent requires only intermittent
communications for asymptotic convergence. Simulation demonstrates asymptotic
convergence in the containment control problem with reduced communication between
follower agents.

1.3 Contributions

Contributions for each chapter are presented below.

Chapter 2: Robust output feedback control of uncertain switched Euler-
Lagrange systems: The contribution of this chapter lies in the development of an OFB,
time-dependent, switched controller for an Euler-Lagrange system with parametric
uncertainty and exogenous disturbances. Since EL system can be used to model most
of practical systems with nonlinear dynamics and hybrid behaviors, the developed
switched controller has a broad application. Current control strategies for switched
nonlinear systems require at least partial knowledge of the system parameters for
stabilization, or the system results in local stability. Other than a switched controller
extended from the continuous controller developed in [32], the challenge lies in the
design of the time-dependent switching signal adopting an average dwell-time scheme
developed from the analysis of MLFs approach such that the switched system achieves
semi-global uniformly ultimately bounded (UUB) tracking with arbitrary switching
sequences.

Chapter 3: Decentralized formation control with connectivity maintenance
and collision avoidance under limited and intermittent sensing: A decentralized
switched controller is developed for dynamic agents to perform global formation con-
figuration convergence while maintaining network connectivity and avoiding collision
within agents and between stationary obstacles, using only local feedback under lim-

ited and intermittent sensing. The control objective of this switched system cannot be
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achieved by a continuous controller. The contribution in this chapter lies in the design of
a decentralized switched controller based on nonsmooth navigation functions, and the
convergence analysis using a common Lyapunov function that yields UUB tracking with
an arbitrary switching signal. In other words, the formation error of the entire configura-
tion converges globally with sufficiently small error (i.e. converges to the neighborhood
of the critical points) under arbitrary switching topologies.

Chapter 4: Decentralized Event-Triggered Control for Leader-follower Con-
sensus: In this chapter, an event-triggered decentralized control scheme for the
leader-follower network consensus problem is developed, and the objective is to re-
duce communication with neighboring agents. The contribution lies in the design of an
estimate-based trigger function that requires no interaction with its neighbors during
its inter-event interval. The challenge is presented due to the decentralized control
structure where direct accesses to the leader’s information for some followers are not
available. A Lyapunov-based convergence analysis is developed to ensure the devel-
oped strategy yields asymptotic network consensus. In addition to the stability analysis,
the trigger signal is also proven never to exhibit Zeno behavior.

Chapter 5: Decentralized Event-Triggered Control of Networked Systems
for Containment Control: The event-triggered decentralized control is applied to the
containment control problem, where multiple leaders exist in the networked system.
The contribution of this chapter lies in reducing the communication frequency between
neighboring follower agents and ensuring a global objective when only a subset of

followers can intermittently communication to some of the leaders.
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CHAPTER 2
ROBUST OUTPUT FEEDBACK CONTROL OF UNCERTAIN SWITCHED
EULER-LAGRANGE SYSTEMS

Systems often lack the sensing required for full state feedback, motivating the
design of output feedback (OFB) controllers. Some systems also exhibit discontinuous
behavior, motivating the development of hybrid and switched systems theory. However,
output feedback controllers for switched systems have been typically developed for
linear systems. Of the OFB controllers that have been designed for switched nonlinear
systems, at least partial knowledge of the system parameters is required, or the system
results in local stability. In this chapter, an OFB, time-dependent, switched controller is
developed for an Euler-Lagrange system with parametric uncertainty and exogenous
disturbances. The time-dependent switching signal is designed using a dwell-time
scheme based on multiple Lyapunov functions such that the switched system achieves
semi-global uniformly ultimately bounded (UUB) tracking with arbitrary switching
sequences.

2.1 Dynamic Model
Consider N distinct Euler-Lagrange subsystems where the dynamics of each

subsystem is defined as
M;i(q)§ + Vini(a, Q)4 + Gi(q) + Fig + Ta; = 7, (2-1)

where i € S denotes the i*" subsystem, S £ {1, 2,--- , N} denotes a finite indexed set
of all subsystems, M, : R® — R™*" denotes the inertia matrix, V,,,; : R” x R" — R"*"
denotes the centripetal-Coriolis matrix, G; : R® — R" denotes the gravity vector,

F; € R™™ denotes the constant, diagonal, positive-definite, viscous friction matrix, 7, :
[0, c0) — R™ denotes the generalized bounded disturbance, 7; : [0, c0) — R™ denotes
the control input, and ¢, ¢, § € R™ denote the generalized states. The states ¢ are
measurable but ¢ and § are not. The functions M;, V,,;, G;, F;, and 7,; are considered to

be unknown.
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Property 2.1. [93] The inertia matrix M;, Vi € S, is symmetric, positive definite, and

satisfies the following inequality:
my [[<]” < T Mic <ma |[¢|*, ¥ €R™, i €8, (2-2)

where m;, my € R denote two known positive constants, and ||-|| denotes the Euclidean
norm.
Property 2.2. [93] The inertia and the centripetal-Coriolis matrices satisfy the following

skew-symmetric relationship
gT(%Mi — Vimi)s =0, Vs € R", i € S. (2-3)
Property 2.3. [93] The centripetal-Coriolis matrix satisfies the following relationship
Vini(q, w)n = Vii(g, nNw, Vn,weR" ieS. (2—4)

Property 2.4. [93] The Euler-Lagrange system from (2—1) can be linearly parametrized
as

where 0; € R? denotes the vector including all the unknown system constant parameters
of i*" subsystem, and Y : R® x R" x R® — R"*? denotes the regression matrix which is a
function of ¢, ¢, and 4.

By utilizing the desired trajectory, (2-5) can be rewritten as

Yy (qa; Ga, Ga) b0 =

M;(qa)§a + Vini(qa, 4a)da + Gi(qa) + Fida, (2-6)

where i € S,and Y, : R” x R" x R" — R"*? denotes the desired regression matrix as
a function of ¢4, ¢4, and gy, which denote the desired position, velocity, and acceleration,

respectively. By design, ¢4, 4, Ga, and ¢ € L.
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Property 2.5. [93] The centripetal-Coriolis and friction matrices, and the gravity,

disturbance, and unknown parameter vectors can be upper bounded as
Vil < &erilldll Vg, ¢ € R™, || Fi|l < &y,

|Gill < &gis 7asll < &aiVE €R, [[6i]] < &b, ,0 P €S, (2-7)

where &1, &, Eg.is ais S0, € R are positive constants for the i'" subsystem.
To facilitate further analysis, the following vector function Tanh(-) and matrix function

Cosh(-) are defined as

Tanh(¢) £ [tanh((y), . . ., tanh(¢,)]”, (2-8)
and
Cosh(¢) £ diag {cosh((;), ..., cosh((,)},
where ¢ = [¢1,..., ¢]" € R, and diag {-} denotes a diagonal matrix. Based on (2-8),

the following inequalities hold [32]

n

%tanh2(HCH) < In(cosh([[¢]1)) < D In(cosh(¢;)) < [I¢]I*, (2-9)

j=1
tanh®([[¢]]) < | Tanh(¢)||” = Tanh”(¢)Tanh(¢).

2.2 Control Development
Robust OFB controllers are developed for each uncertain subsystem under the
constraint that the only available measurement for feedback is the position variable ¢. To

quantify the objective, the position tracking error e € R™ is defined as
e=qa—¢, (2-10)

where ¢, is the desired trajectory. The difference between the actual system parameters

and the estimated parameters for each subsystem is defined as

0,20, -0, icSs, (2—11)
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where 6; € R? denotes the parameter estimation error, and 0; € R? denotes the constant
best-guess estimates of ¢, for the i*" subsystem. In addition, the estimate error can be
upper bounded as

0;

< &g,y 1 ES, (2-12)

where &, , € R denotes a known positive constant for the i*" subsystem.
2.2.1 Robust Output Feedback Tracking Controller

For notational brevity the dependence of all the functions on the states is sup-
pressed hereafter. Based on the subsequent development and stability analysis, the

following control input is designed [32]
7 = Yy0; — kal' 'y + Tanh(e), i € S (2-13)

where k : [0, o) — R is a positive time-varying, differentiable control gain, I" : R* —
R™™ is
Fédlag{(a_y%)za (a_y§)277(a_y721)2}7 (2_14)

where a € R is an adjustable positive constant, and y € R™ denotes an auxiliary signal

for the velocity tracking error defined as [32]
A
Yy; = p; — ke;. (2-19)
In (2-15), p, € R denotes the solution to [32]

pj = — (a — (p; — ke;)*)?(p; — ke; — tanh(e;))

— k(tanh(e;) +a (p; — ke;)) + e, (2-16)

where j € {1,2, ..., n} denotes the j** element of the vector variable, and the initial

conditions for p;(0) are selected as

— — + k(0)e;(0) < p;(0) < —= + k(0)e;(0). (2-17)
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Provided that the initial condition p;(0) is selected based on (2—17), then (2—-15) can be

used to show that
a
ly; (0)] < %,
which is independent of the magnitude of ¢;(0). Following the development in [32], the

continuous time-varying control gain is designed as

n p n P
L émil (kaZYdﬁ.kgﬁl + anZZYd?lcggz +1

j=1k=1 j=1k=1

+ Kpsl 4 kpaa®E + 4a°€2 + 2a7€2 + a"€2 + 4a°¢2

+ a&;) , (2-18)

where the subscripts of Y7;;, correspond to the d™ row and n** column of the matrix,

.....

subsystems defined as

&91 £ n}éagx {50171-} ) §92 £ nileagx {5927@'} )
gk = HileaSX {gk,z} ) gh = n;leagx {ghﬂ‘} ) h e {17 s 76} )

En1s kn2, kn3, kna € R denote positive constant control gains, &, , was defined in (2-7),

£0,,, was defined in (2-12), &; € R denotes a known positive function defined as

Eni Ema dall + 31 dall” + €pi lldall + &g

+&ai + &1, + maa®,

and &,; € R denotes some positive constants that upper bound the parameters of
the system dynamics and the desired trajectory. To facilitate the subsequent stability
analysis, the control gains k1, k.2, kn3, and k,, are selected based on the sufficient

condition

(2-19)
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where ¢ € R denotes a positive constant defined as

1 1 1

_ . 220
ST Mo Tk, Ak (2-20)

2.2.2 Error System Development
By taking the time derivative of (2—15) and using (2—16) and (2—17), the open-loop

error system for the velocity filter term can be obtained as [32]
95 = —(a —y7)*(y; — tanh(e;)) — kn;, (2-21)
where n € R™ denotes an auxiliary filtered tracking error defined as [32]
n = ¢+ Tanh(e) + ay. (2-22)

By taking the time derivative of (2—22), pre-multiplying both sides of the resulting

equation by M;, and using (2—1), the open-loop error system is

M1y =M;Gg + Vg + Gi + Fiqg+ 14, — 7

+ M;Cosh™>(e)é + M;ay, i € S. (2-23)

After adding and subtracting Y;,0; of (2—6) to (2—23) and utilizing (2—4), (2-10), (2—-21),
and (2-22), (2—23) can be rewritten as

M1 = — Vi in + Yab; — 7 — kaMin + x;, © €S, (2—-24)
where the disturbance term y; € R" is defined as [32]

Yi 2M;Cosh™ () (n — Tanh (e) — ay)
— M;aT'(y — Tanh (e)) + Vy,.:(q, Ga + Tanh (e) + ay)
x (Tanh (e) + ay) + Vi (¢, 4a) (Tanh (e) + ay)
— Vi (g, 1) (qd + Tanh (e) + ay) + My

+ Vi (45 4a) da + Fig + Gi + 74, — Yab;,

29



which can be upper bounded by

n P
Ixill < (4 ZZYd?-k) €or; + & |2
j=1k=1

+&aia® ylI* + o nll [yl + &

+&30” ylI” + v yll* + Esaa [yl (2-29)

where ¢ > 1, and = € R?" is defined as

xé[TanhT(e) n’ yT]T

By substituting (2—13) into (2—24) and using (2—11), the closed-loop error system can be

obtained as

M = — Vi + Yy0; + kal "'y — Tanh(e)

— kaMm + s, i € S. (2-26)

2.3 Stability Analysis of Subsystems

Since the trajectory for a switched system can diverge even when all the subsys-
tems of the switched system are stable [94, Problem A.], the switching signal which
determines the switching time instant must be properly developed. However, before
designing the switching signal, the stability of each subsystem with its closed-loop error
system in (2—26) is first analyzed based on the controller designed in (2—13).
Theorem 2.1. [32] Given a collection of the subsystem dynamics of the switched
system in (2—1), the robust controllers designed for each subsystem in (2—13)-(2—18)
with individual control gains satisfying the sufficient conditions described in (2—18)

ensures that the position tracking of each subsystem is globally UUB in the sense that

lell < llzll < di, Yt >Ti(d; [|2(0)]]) i €S (2=27)
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in the region D defined as

Dé{(e, 7, y) €R" x R" (ﬁ %) } (2-28)
where the composite state vector » € R*" is defined as

z2 [eT n" yT]T : (2-29)

In (2-27), d; € R is a positive constant that defines the radius of a ball containing the

position tracking error of i*" subsystem as

di > (71 072) (15, (€)), i €5,

and T;(d;, |2(0)||) € R denotes the following positive constant that represents the time

duration from the initial time to the time to reach the ball for the ith subsystem as
T;(d, | 2(0)])) =

0 if 12(0)[] < (73" o m)(dy)

z(0 — 710 Jl . — 7
RO Ol i 20 > (03" o n)(d),

where ¢ was defined in (2-20), and the strictly increasing functions ~,, vz, v3; : R = R

are defined as

(|l2l1) 2 A cosh (=) (2-30)
A v mT)? 1IN yjz' _
(1) 2 % || [ 0" | ) D (2-31)
Al 1 2
() £ (5 = g7 tanb (2], (2-32)

where \1, Ay € R are positive constants defined as

. 1 m m
Alémm{%,%} /\gémax{l,f}.
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Proof. [32] Let V; : R*" — R be defined as

y;

i €S. (2-33)

2

Vi £ “In(cosh(e;)) + 577TMm + 52
j=1

j=1
Each Lyapunov function in (2—33) is a positive-definite radially unbounded function in
the set D. Based on (2-9), the Lyapunov functions in (2—33) can be lower and upper
bounded

n(llzl) < Vi <%(l=l), i €8, (2-34)

where z was defined in (2-29), and ~; and ~, were introduced in (2-30) and (2—31).
After taking the time derivative of (2-33) and utilizing (2-3), (2-21), (2-22), and (2—26)
the following expression can be obtained
V==Y tanh®(¢;) —ayl® +n" <Yd0 — kaM;n + Xi) . (2-35)
j=1

After utilizing (2-2), (2—18), and (2—-25), the expression in (2—35) can be upper bounded

as
: [Tanh(e)]® 1, o 1,
V<= —Z
< 5 5 [yl 5 Ikl
P I |z
xr
4kn1 4kn2 4kn3 4kn4
L, 2 [ 7 7 1
- 1
+ 2 Iyl + 8a? + 4a* 2ab 8a’
2
+ a&ei ([lyll — a) [In]]
1 1 .
<— (G- —)|lz|P+eif Jy|l <a, i€S, vt >0, (2-36)
2 4k,

where a satisfies a > 1, and ¢ was defined in (2-20).

By applying the property in (2-9), (2-36) can be further upper bounded as

Vi< =y (llzl) +eif yll <a, i€S, vt>0, (2-37)
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where ~3 was defined in (2-32), and z was defined in (2-29). The expression in (3—-30)

can be rewritten as [32]
Vi < —v3(||2]|) + ¢, ifz €D, Vt > 0. (2-38)
From (2—19) and (2-30)-(2—-32),
7(0)=0,7=1,2. 3(0)=0,i€S

lim v;(z) = 00,7 =1, 2

l|lz]|—o0
1 1 1 1
I —(: - <
||zﬁgoo’73 (Z) ( 2 4kn4 ) c 2 4kn4

Therefore, by selecting the initial condition of p according to (2—17), then p(0) with any
given ¢(0) and n(0) will satisfy z(0) € D, so the global UUB tracking result in (2-27) can

be ensured for each subsystem. ]

2.4 Dwell-Time
To facilitate the application of the dwell-time approach, two quadratic functions ~;,

74 : R — R are defined as
Yall2l) £ azllz1* (Il £ as =), (2-39)

where the positive constants as, a3 € R are selected such that the following two
inequalities hold

Yl121) = 22(lzl), 2 € Dsa (2-40)
YllzlD) <s(lz]), 2 € Dse, (2-41)

where Dg; denotes a domain that contains the largest possible value of z for a given

z(0) and is defined as

A
Dse =

{2 € B | 2] < max {(v" 0 1) (12(0) ). duc}} (2-42)
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where d,... € R is a known positive constant defined as d,., = max {d;} and can be
1€
decreased by increasing the control gain defined in (2—-20).
To ensure z € Dge C D for any given z(0), the adjustable constant « must satisfy the

following criterion based on (2—-28) and (2—42)

max { (75" 072) ([12(0)]); das} < (2-43)
By using (2-30) and (2-31), (7, ' o v2)(-) in (2—43) can be further expressed as
(ot 07)() = cosh(exp(2LL)) (2-44)

In addition, by selecting a to be sufficiently large, +, defined in (2-31) can be upper

bounded (by using the fact that -1, < 1 , for1 < j < n) by a quadratic
o=y} = a—[(v1on) (IzO)]"

function as

2 1< y2
a(llzll) =%e [ 0|+ 50—
J

S a—Y;

<]l

+ - Zy]

2(a — [(v " ov2) (I|2(0)

< 12117, (2-45)
where )\, € R is a positive constant defined as A\, £ max {)\2, —1 . } and
2(a—[ (31 *or2) (1=@N])
a satisfies
a > [(1" o) (12(0))]°. (2-46)
Based on (2—44) and (2-45), (2—43) can be further upper bounded as
1 a |20, - a
2 NP < —
max {cosh (exp( N ), dmax p < N (2-47)
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where based on (2—45) «, is selected as o, = )y, and (2—47) holds provided that a is

selected sufficiently large. Therefore, Dg C D holds if a satisfies (2—46) and (2-47).
The stability of each subsystem is globally UUB in D from the previous section,

but it does not account for the stability when switching between subsystems. To ensure

the position tracking error of the switched system is stable, the switching signal must

be designed. By applying the similar scheme introduced by [26], the dwell-time can be

developed for the switched system with the dynamics in (2—1).

Theorem 2.2. The system consisting of the subsystems introduced in (2—1) with an

appropriately designed dwell-time ™ and robust OFB controllers ensure that the position

tracking error is semi-global UUB in the sense that
le@®I < lz®l < rse, Vi =Tsa
provided that the dwell-time satisfies

DT > Ty, (2—48)

where 7%, £ 1L c R js defined as the minimum dwell-time, and rsc, Tsc, 1, Bo, B* €
DT Bo—7 2

R are known positive constants defined in the subsequent analysis.
Proof. To satisfy (2—41) for z € Dgq, az can be selected to be a sufficiently small
constant. By utilizing the two auxiliary functions defined in (2—34) and (2-39), (2—38)

can be further upper bounded as

Vi<—(nov') (Vi) +e
< —(ov ) (Vi) +e
< By e ies, (2-49)
Qg

35



for z € Dgq, Vt > 0. Based on (2-49), D,,; denotes the UUB region of the i*" subsystem
and is defined as
Da,ié{zemlmg%e},v@c&
a3

and the union of individual UUB region denoted as D, can be defined as D, £ -ESDC“’“

where the area of D; can be reduced by increasing the control gain k.

Let the multiple Lyapunov function candidate V : R3* — R" be defined as
V(Z) = Vg(t)(z), (2—50)

where o : [0, c0) — S denotes a piecewise constant switching signal that determines
the sequence of switching between subsystems. Applying the same concept as [95], it
is known from (2—49) that each subsystem is UUB with a decay rate along the Lyapunov
function greater than o if z € Dgg \ Ds.

Let 4, to, ... be the time instants that a switching event occurs, and m € N denotes
the number of switchings. Then, any switching time sequence with m switches can be
expressedas 0 < t; < --- < t,, <t < ty41. Let £2; € S denote the value of o between

switches that is defined as
‘Qj 2 U(t)7 te [tjflv tj) , VjeN.

Using (2—34), (2—40), and (2—49) the maximum value of the Lyapunov function due to

switching inside the UUB ball (i.e., z € D;) can be upper bounded as
V(z) < Vs, (2-51)

where Vi € R denotes the largest value of the Lyapunov function after switching in the

UUB ball and is defined as
2
)
(%]
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Then, using (2-51) and (2-50), it is straightforward to show
V(z) <max {e’ﬁﬂm(t’tm)‘/gm (z(tm)), VB} , (2-52)

where 2, € S, z € Dge U D4, Vt > 0, and 5, is the decay rate to the UUB ball for

subsystem (2,,,. Based on (2-34), the following inequalities hold
Vo, (2) S uVo(2) Vo (z) < uVe,(2), j #1, (2-53)

where (2;, (2, € S index any two subsystems, and » € R is a positive constant that
denotes the maximum ratio of any two Lyapunov functions of the subsystems and is

defined as

ﬂésup{%(z)}, z € Dgg U Dy.
>0 (7(2)

By using (2-53) and defining 5, € R to be a positive constant as 5, £ meignﬁ,», the

expression in (2-52) can be upper bounded as [95]

V(z) <max {e_BO(t_tm)ng (Z(tm)> , VB}
< max {e’ﬁO(t’tm),uVQm_l (z(tm)) , VB}

< max{e_ﬁ"(t_tm)ue_ﬁ‘)(tm_tm‘l)ng_l (z(tm—1)>

Vi)

IN

< max {e‘ﬂot,ungo (z(O)) : VB}

=max {e’ﬁotuN”(t)V<z(O)), VB} , (2-54)
for z € Dgg U D4, VYt > 0. In (2-54), N, € R denotes the number of switchings during
time interval [0, t), t € [tm, tms1). Moreover, in (2-54) the inequality holds even if

the switching sequence is arbitrarily specified provided that the dwell-time condition in

(2—48) is satisfied.
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By selecting a desired decay rate 5* € R for the switched system, where

0 < % < fo,

such that

e N < et € [t tnya) s (2-55)

the minimum dwell-time 7}, can be determined based on (2-55), and the number of
switchings is finite and can be upper bounded by
t
No‘ S % le [tma tm—}—l) .
Tpr

Then, (2-54) can be expressed as
V(2) < max {e—ﬁ*tv(zm)), VB} . (2-56)

Based on (2-56), rs¢ € R denotes the radius of the UUB ball of the switched system

and can be determined by using (2—34) as
rsa =7 (Vp).

By using (2-56), Ts¢ € R denotes the time to reach the UUB ball for any given z(0) and
can be determined as

Cln-YB __ ]
. Ry, |fV<z(0)) > Vp
SG —
0 , otherwise.

(2-57)

In (2-56), the decay rate g* can be arbitrarily selected within (0, 5,), which character-
izes the decay rate of the entire switched system. The time to reach the UUB ball for
any given V(z(O)) can be decreased by increasing 5*, as indicated in (2-57). However,

increases in §* require a larger dwell-time, as indicated in (2-57). Thus, there is an
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interplay between dwell-time and the time to reach the UUB ball. Based on this dwell-
time scheme, the position tracking error of the switched system is semi-global UUB with

arbitrary switching sequences. ]

2.5 Simulation

In this section, a switched system consisting of two subsystems is demonstrated
to corroborate the stability analysis. Each subsystem is a two-link, revolute joint robot
manipulator [96]. The true system parameters of the two subsystems are given as
0, = [3.473, 0.196, 0.242, 5.3, 1.1]" and 6, = [3.6, 0.4, 0.4, 3.3, 1.1]", respectively. The
best-guess system parameters (with about 10% errors) used in the simulations were
selected as #;, = [3.7, 0.22, 0.22, 4.8, 1]" and 6, = [3.3, 0.36, 0.44, 3, 1]", respectively.
To validate the tracking performances of the closed-loop system, two simulations with
different switching signals are conducted, where the switching signals are piecewise
constant signals with 1 second and 3 second periodic durations as depicted in Fig. 2-1

and Fig. 2-2 . Both simulations use the same desired trajectory defined as

sin ()

2
ISH
|

cos (t)

The comparisons of the tracking performance of axis 1 and axis 2 are shown in Fig. 2-3

and Fig. 2-4.
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01

2.5

Subsystem Index

0 10 20 30 40 50
Time(s)

Figure 2-1. The switching signal o, with a periodic duration of 1 second. The vertical
axis indicates the subsystem being activated at time t.

02

2.5

Subsystem Index

0'50 10 20 30 40 50
Time(s)

Figure 2-2. The switching signal o, with a periodic duration of 3 seconds. The vertical
axis indicates the subsystem being activated at time t.
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Comparison of Tracking Errors on Joint 1

100 w w ‘ ‘
|

Tracking Error [deg.]

Time(s)

Figure 2-3. Tracking errors of axis 1 using switching signals o; and os.

Comparison of Tracking Errors on Joint 2

60 w

Tracking Error [deg.]

1% 10 20 30 40 50
Time(s)

Figure 2-4. Tracking errors of axis 2 using switching signals o; and o».

Fig. 2-5-2-6 show the control inputs on axis 1 and axis 2 of the manipulator using

the two switching signals, respectively. Due to the discontinuous dynamics in the
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switched system, the control inputs are discontinuous when the system parameters are

switched between 4, and 6.

Comparison of Control Inputs on Joint 1

— 01
- =09

Torque [Nm]

8 10 20 30 40 50

Time(s)

Figure 2-5. Control inputs on axis 1 using switching signals o; and os.

Comparison of Control Inputs on Joint 2
25 ;

—01
- =09

Torque [Nm]
o

2% 10 20 30 40 50

Time(s)

Figure 2-6. Control inputs on axis 2 using switching signals o, and o5.
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Fig. 2-7 shows the Lyapunov functions using the two switching signals, where the

Lyapunov functions are discontinuous at the switching instances.

Comparison of Lyapunov Functions

1400

12001y
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Lyapunov function
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—— e R AR S II N

20 30 40 50
Time(s)

Figure 2-7. Comparison of Lyapunov functions using switching signals o; and o,.

2.6 Discussion

The tracking errors of the closed-loop switched systems shown in Fig. 2-3 and
Fig. 2-4 are semi-global UUB. Due to the best-guess term 6; in the control input, the
control inputs are piecewise continuous, where the discontinuities of the torques reflect
on the discontinuous angular acceleration. To ensure that the velocity tracking errors
y are continuous under the discontinuous dynamics, the control gain is designed to be
continuous. Moreover, in Fig. 2-7 the Lyapunov functions are piecewise continuous
bounded functions, which implies the three signals (i.e., ¢, n, y) in the Lyapunov function
are also bounded. The jumps of the Lyapunov function during switches are shown in
Fig. 2-7, where the discontinuities are considered in (2-53). Based on the theory where
the worst scenario is considered, the Lyapunov function is assumed to at most increase
by same constant ratio after switching, and thus it will take longer to converge. However,

the tracking errors of the closed-loop system using o; and o, converge to the ball at
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almost the same rate, which implies the worst case scenario did not happen. In addition,
the UUB balls for the tracking errors are about the same size under the same control
gain.
2.7 Conclusion

A robust OFB controller with a time-dependent switching signal is developed for
a switched Euler-Lagrange system, which consists of subsystems with parametric
uncertainties and additive bounded disturbances. An switching signal is designed based
on the dwell-time. A analysis consisting of multiple Lyapunov functions is developed that
yields semi-global UUB OFB tracking with arbitrary switching sequences. Simulations

are provided to corroborate the developed theorems.
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CHAPTER 3
NETWORK CONNECTIVITY AND COLLISION AVOIDANCE UNDER INTERMITTENT
FEEDBACK

Multi-agent formation control under the constraint of intermittent feedback is
considered in this chapter. The potential for intermittent feedback can result in collisions
by mobile agents and partitioning of the network. To address these challenges, a
decentralized hybrid controller based on a navigation function framework is developed
to achieve desired formation configuration while preserving network connectivity (i.e.,
agents remain in the feedback zone of formation neighbors) and avoiding collision
with dynamic agents and static obstacles. Convergence of the hybrid system is proven
by using a common Lyapunov function with nonsmooth analysis, and the designed
switching conditions avoid Zeno behavior. A numerical simulation demonstrates the
performance of the developed controller.

3.1 Problem Formulation
Consider N dynamic point-mass agents in the finite workspace 7 c R? with motion

governed by the following kinematics
q.i:uiaizla-"vNa (3_1)

where ¢; € R? represents the position of agent i in a two-dimensional space, and u; € R?
denotes the control input of agent i € V, where V = {1, 2,---, N} is an index set of
all agents in the system. The objective is to maintain network connectivity while also

achieving a desired formation. Mathematically, this objective can be quantified as
lgi — q; — cijl| = 0ast — oo, Vj e NI, VieV, (3-2)

where N/ is a time-invariant set of preassigned formation neighbors, and ¢;; € R?, sat-
isfying ||c;;|| < Rs and ¢;; = —c;;, describes the desired relative position between agent
i and the adjacent agent j. The subsequent development is based on the assumption

that each agent has a limited feedback range, which is encoded by a disk centered at
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the agent. Position feedback from neighboring agents through communication/sensing
is available within the interior of this disk (i.e., feedback zone). However, the feedback
might be intermittent (i.e., existing links within the disk region may fail), which implies
that two agents might not have continuous state feedback even if they remain within the
disk interior.

Since feedback may be intermittent, the time-varying agent set N# (t) € N/
is defined as the set of formation neighbors that is in the feedback zone of agent i,

d;; < R,, and can provide feedback to agent i, where
dij (1) = llgi (t) = g5 (B)[| € Rxo

denotes the time-varying distance between the two agents, and R, € R is a positive
constant denoted as the maximal feedback radius for every agent. As a result, the graph
of the network system is an undirected, time-varying graph that can be modeled as
G{t)2 (V,E(t),where E(t) 2 {(j,i) eV xV|jeN:(t),icV,i#j}isatime-varying
edge set. To include all the time-varying graphs, a switched graph is defined as G,
where ¢ : [0, c0) — P is a switching signal, and P € {1, 2, ..., P} is a finite index set
such that {G,, : p € P} includes all possible graphs tL>JOg.

Other than the objective described in (3-2), netv:/ork connectivity is essential for
achieving formation control. However, due to the potential for intermittent feedback,
continuous feedback from a formation neighbor is not guaranteed. The loss of feedback
considered in this chapter is assumed to be temporary in the sense that the feedback
can be recovered after failing for a finite time period (i.e., the feedback is intermittent).
Therefore, the necessary condition for network connectivity maintenance is to enforce
agents to remain inside the feedback zone of its formation neighbors for all time. In this

chapter, network connectivity for intermittent network topologies is defined as follows.
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Definition 3.1. Network connectivity is achieved when the distance between formation

neighbor j remains within a set bounded as

dij (t) < R, je N/ ie v, vt>0. (3-3)
Consider stationary obstacles o1, o, ..., o,, in the workspace F, which are repre-
sented by a set of m points indexed by M = {1, 2, ..., m}. To prevent collisions among

agents and obstacles, a disk region centered at agent ¢ with radius 6; < ||¢;;|| is defined.
Any agent or obstacle in this region is considered as a potential collision hazard for

agent 7, and the time-varying potential collision set V; is defined as
Nit) 2 {jeV|dy(t)<b. j#i}. (3-4)

In summary, the objective is to asymptotically achieve a formation configuration
as in (3—2), while ensuring network connectivity as in (3—3) and collision avoidance
between agents and stationary obstacles o1, 0o, ..., 0, as in (3—4).
Assumption 3.1. [74] The communication/sensing link failures between agents happen
a finite number of times in a finite time interval, (i.e., the switching signal ¢ has finite
switches in any finite time interval.) Specifically, given any non-overlapping time interval
[tk, tky1), k=0, 1,...,then0 < 7 < tx; — tx < T, where 7 € R is the non-vanishing
dwell-time, and T' € R is a positive constant. The graph G, is fixed for t € [ty, tgi1),
Vk=0,1,2,...
Assumption 3.2. [54] The critical points introduced from the navigation function are all
isolated points.
Assumption 3.3. [54] The desired formation neighbor set of agent i is inside its initial
feedback zone (i.e., N/ ¢ N#(t,), for i € V, where t, € [0, o) is the initial time instance),
and the neighboring agents are not initially located at any critical points (e.g., agents

colliding) indicated in Assumption 3.2.
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Assumption 3.4. [54] The desired relative position described by c;; is achievable
(i,e., 01 < |leiyll < Rs — 62, where 6, € RT denotes a buffer distance for maintaining
network connectivity, so the relative position would not result in a partition of the graph
or cause collision of any two agents), and the agents do not take certain pathological
configurations. An example pathological configuration would be one in which all of
the agents and goals are co-linear. However, this and other such configurations are
assumed to be isolated in the space of all configurations, and are practically resolved by
small perturbations.
Assumption 3.5. Agents have continuous feedback of the agent or obstacle position
within the distance of §; since the possibility of losing feedback is mitigated when the
relative distances become shorter. The radius of collision disk ¢; is much less than the
feedback range R; (i.e., 61 < Ry). Agenti € V is aware of the relative distance to the
agent j € N, or the stationary obstacle &£ € M within its collision disk (i.e., d;; < ¢, or
dir < 601).
3.2 Control Development
Based on [54], a navigation function ¢, : 7 — [0, 1] for each agent i is designed as,
o= ——, (3-5)
(v + i)

where k € R is an adjustable positive control gain, v; : R? — R, is a goal function, and
Bi : Rso — [0, 1] is a constraint function for agent ;. Based on the objective in (3—2), the

goal function ~; in (3-5) is designed as

(%, ¢5) = Z g — a5 — Cij||2~ (3-6)

jeNT

The continuous constraint function j; is defined as

g2 b [ Ba (3-7)
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which enables collision avoidance and network connectivity maintenance, where M;
denotes the set of stationary obstacles within the collision region of agent i. To maintain

network connectivity, the nonsmooth function b;; : R>o — [0, 1] in (3—7) is designed as

L, dij < Ry — 09,
bij (dij) = — g5 (dij + 20, — R)* + £.(dij + 20, = R,), Rs—& <dyy <R,  (3-8)
0, dij > Ry,

where b;; is not differentiable at R,. Specifically, b;; is designed to prevent agent i from
leaving the feedback zone of its formation neighbor j € Nif. In (3-7), for k € N; U M;,
By, : R — |0, 1] is defined as

—éd?k + %dika 0 <dy <9y,

B (dix) =

1, d > 01.

Therefore, 5; — 0 as agent i enters the constraint region, (i.e. as agent i approaches
other agents, stationary obstacles, or tries to leave the feedback range of their adjacent
agents j € /\/f, vt > 0). Based on Assumption 3.4, ; and j; will not be zero at the
same time, and the navigation function ¢; reaches its maximum at 1 when g; = 0 and its
minimum at 0 when ~; = 0.

Due to the intermittent feedback, consider the two time-varying sets V; and V,,,
defined as V; (t) £ {z e VINS(t) = Nf} and V, £ V\ V;. The set V; includes agents
that can receive feedback from all of its formation neighbors j € N/ att € Rs,.
Otherwise, agent i will be in V, at some t € R+(. Using the navigation function in (3-5),

the decentralized hybrid controller for agent i is designed as

IV, i€V,
i = " ! (3-9)
0, i€V,

A

where I' € R* is a positive constant gain, and V,, () = 6%_ (-) . Based on the switching

condition of the hybrid controller designed in (3—9), Zeno behaviors can not exist
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provided that Assumption 3.1 holds. That is, u; has to stay at least 7" period at one of
the control policies in (3—9) before switching to the other one, which implies infinite
switchings in finite time is impossible.

3.3 Connectivity Analysis

Lemma 3.1. If the initial graph of the multi-agent system is connected, i.e.,
dij (to) < Rs, VJ € ./\[Z»f, Vi € V,

then the controller in (3—9) ensures agent i and j remain connected for all time.

Proof. Consider an agenti € V located at ¢; € F, where the relative distances d;;
between its formation neighbors are approaching the feedback range limit R,, which
implies Hsz-j — 0, then three cases must be considered. The first two cases are for
agents irfj\{/f while the third case is for agents in V,.

Case 1. As agent j € Nif approaches the boundary of the feedback region (i.e.,
le; — ¢;|| approaches R, from the left) of agent i € V', then 3, tends to zero. The

gradient of p; is
_ KBV g, vi — iV g, B

V.. 0i 3-10
T oo
Consider
VB = H By, Z (Vg bin) H by + H bij Z (Vi Bin) H Bj.
keN;UM; hG./\/,L_f lE/\fif, 1#£h je_/\/l_f heN;UM; leEN;UM;, 1#£h

Provided only agent j is near the boundary (i.e., ||¢: — ¢;|| — R;), V,0: has only one

dominant term:

V. Bi = (Vg,bij) H b H Bix + O (bij) ,

lE./\/'if,l#j kENiUMi
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where O (-) is the Big O notation’ , which vanishes as ||¢; — ¢;|| approaches R,. The
other term in the numerator of V¢, in (3—10) is k3;V,,v; = O (b;;). Hence, V,,¢; in

(3—10) can be expressed as

—%: (Vgbij)  II ba 11 B+ O (by)
leNT 1£j  FENIUM;

(¥ + Byt

Vg, pi = (3-11)

Note that the gradient of b;; w.r.t. ¢; can be written as

0, dij <R, — 62 or dij > Rs,

Vi.bij = (3-12)

2(dij+02—Rs)(2i—g;
_ 2(dij 2§§dij)( J)’ R, — 6y < di; < R,

where ~;, by, By, k, 02, and R, are positive constants. Thus, using (3—11) and (3—12),
the velocity of agent i (i.e., ¢; = —I'V, ;) points in the direction of ¢; — ¢;, which forces
agent i to move toward agent ;.

Case 2. Suppose several agents ji, jo, ..., js € N/ are near the boundary of
the feedback region of agent i € V;. That s, d;;,, is near R, foreachm =1, 2, ..., s.

v I bu II Bik(Vabijm)

mzeNif? I FENIUM,

PSP + O (Hbijm) . The first term
Vi +05i m

in V,,¢; tends to zero; however, since the b;;,, terms are quadratic near R,, the order

For this case, V¢, =

of the zero contributed by the first term is one degree less than O (Hbijm), so the

first term dominates as each d;;,, — R,. Hence ¢, = —I'V,¢; is apn;;roximately a

linear combination of the vectors q¢;, — ¢, ¢j, — ¢, - - -, ¢, — ¢;, where the largest
contribution comes from those j,, closest to the feedback boundary. Thus, node i moves
almost toward j,,, resulting in a largest decrease in d;;,,, so network connectivity can be

maintained.

! Here the standard notationf = O(g) as * — a is being used. By this it is meant that
|f(z)] < Clg(z)| for some constant C when z is sufficiently close to a. When f = O(g)
and h = O(g) (with possibly different constants) the sum f + h = O(g). It is understood
that different constants might be used, but in each case the growth or decay behavior is
characterized by g as x gets close to a.
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Case 3. Consider a agenti € V, (or more than one agent in the set of V). The
controller will be u; = 0 based on (3-9). Since both agent i and its neighbor j € Nf are
in the undirected graph, agent j can’t receive feedback from agent 7, so j € V,, thus
u; = 0. Since both 4, j agents have no control input, the distance between them remains
the same (cf. the STOP model in [67]).

By Assumption 3.3, N/ c N?#(t,), i € V. Furthermore, from Case 1-Case 3,
the decentralized hybrid control policy in (3—9) ensures the distances between agent
i € V and its formation neighbors j € N/ never increase under intermittent feedback
conditions. As a result, the formation neighbors j € N/ remain inside the feedback

region of agent : for all time. Specifically,

diy < Ry, j €N/, i€V, vt >0. (3-13)

3.4 Convergence Analysis
To prove convergence of the agents to the desired formation, an invariance principle
for switched systems is applied to a common Lyapunov function candidate V : R?Y — R
given by
N
VEY o (3—14)
=1
where V' reaches its minimum value of 0 if the desired formation is achieved. Since the
hybrid controller designed in (3—9) is discontinuous, the following theorem is introduced
to facilitate the subsequent analysis.
Before proving the main theorem, the following lemma is developed to facilitate the
subsequent analysis.

Lemma 3.2. The inequality

> (4é > (@ —a5—cy) pz-) >0 (3-15)

1€Vy jENif
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is a sufficient condition for

N T
Y (r (ZV%@]) Vi | >0, (3-16)
j=1

i€Vy

where 3 € R is a positive constanf® defined as 3 = n%in Bi Bj, and p; € R>q is a
- T jeNiev
positive function defined as

A Pli | P2
Pi= ok T op

where p,;, p2; € Rsq are functions defined as p,; = c1 v + co.7? + c3, (fo:l %)2 and
pai = ca v+ csi (fo:l 'yk)2, wherec,; € R, p=1, 2,...5, are positive constants.

The proof for Lemma 3.2 is given in the Appendix A. The variables p, ; and p,; can
be upper bounded by constants since ~; can be bounded above by the constant

% < W[ (R, + @), (3-17)

where ¢; = max |lcij1] - The proof of (3—17) can be determined by using (3—13), which
JEN;

implies {|g; — g;

| < R,, j € N/. Using the triangle inequality yields ||¢; — ¢; — ;|| <
lgi — ;1| + [leis || < Ro+leisll , which implies v, = 3 [lgi —q; — cill* < 3 (Ro + [leis]),
jen jeny
which proves (3—17).
Based on Lemma 3.2, the main result of this chapter is provided as follows.
Theorem 3.1. Given (3-9), the maximum relative position errors of any two formation

neighbors of the network system in (3—1) converges to

C
i — q; — Cij|| < max,'EV 3-18
igaj;Hq qj — cil| < N ( )

2 B;, B # 0isdue to the fact that no open set of initial solutions can be attracted to
thﬁ rlr;axima of ¢; (i.e., 5; = 0) along the negative gradient motion —g—g [97], sothat 3 #
0 holds.
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provided that the adjustable gain k in (3—-5) is selected sufficiently large, and for each

agent i there exists a time interval [ty,, tx,+1) C [tx, txin) fOr which agent i receives

J

feedback from all its formation neighbors, i.e. : U )Vf =V, where N, = m1]£1 ‘Nif
tE€(tg, thtn 1€

where |-| denotes set cardinality for a set argument, c,,.. € R is defined as cpay =

[(N+1)R.)?
B

decreased by increasing the control gain k in (3-5), and n € N is a finite positive integer.

Pmaxs Pmax € Rsq IS @ positive constant defined as pma.x = maxp; and can be
- 1€

Proof. Consider the common Lyapunov function candidate V' defined in (3—14), where
V' can be minimized at the critical points as shown in [54], and V' reaches its minimum
value of 0 when the desired formation is achieved. The time-derivative of V' exists
almost everywhere (a.e.), i.e., V € f/ where 1 is the generalized time derivative of V/
defined as [98]

Ve 0K (3-19)

where K [-] is the Filippov set. The finite sums property of the generalized gradient
defined in [99] gives
OV C [0,VT, 0,V .., 9, VT (3—20)

Using (3—19) and (3—20), the generalized time derivative of V' in (3—19) can be ex-
pressed as

VC ; (? &K [q‘i]) . (3-21)
where &; € 0, V. To turn the generalized gradient into the gradient, the points at which
V' is not differentiable and Lebesgue measure zero need to be considered. From the
inequality in (3—13), d;; never takes on the value d;; = R,, j € /\/f, i € V,atthe
nonsmooth point of b;;, so b;; is differentiable w.r.t. ¢; along the solution of the closed-
loop system. Since B;;, and ~; are differentiable functions, V' is differentiable w.r.t. ¢;

along the solution of the closed-loop system for i € V. Therefore, the generalized
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gradient can be expressed as
0,V ={V,V},iecV. (3-22)
Based on (3—-22), (3—21) can be rewritten as
Vc D (Vo VK [4]) - (3-23)
IS%
By segregating V into the sets, V,; and V,, (3—23) can be rewritten as
Ve S (VA VIK[G]) + ) (Vo VIK [4]) - (3—24)
lGVf 1€V
From Assumption 3.1, the switching graph G, is invariant for ¢ € [t;, tz+1), SO the set V;
is also invariant during that time period. Based on the hybrid control scheme in (3-9),
the second term on the RHS of (3—24) will be zero, therefore,
VY (VeVIK[Q)), t € [t tri). (3-25)
1€Vy
In addition, by the definition of K [-] in [100], the hybrid controller in (3—9) can be

expressed as

0
K g] ceos —T'V,pi, , (3—26)
0

where ¢o denotes convex closure. Also based on Assumption 3.1, the switching

time instance is Lebesgue measure zero, so (3—26) can be further expressed as

K [¢] c {-T'V,¢:}. Thus, by using the gradient of V, (3—19) and (3—-25) can be used to
conclude that

T
V< - Z( (qu,%) 90) (3-27)

ZGVf
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where t € [t,, t,+1), n € N. Based on Lemma 3.2, an equivalent way to prove V Zois

to show

Z (@ — a5 — ¢5)

i€Vy jG/\/‘if

D (4@ — pi) > 0. (3-28)

To develop a further sufficient condition for (3—28), we exploit the facts from [101] that

Vri=2 2 (¢ —q —cy)and
jeN}

f)/

P [ pe——
||v‘h,}/’t|| - (N+ 1) RS

(3-29)

Then, from (3—13) and (3—29), a sufficient condition for (3—28) can be developed as
> (r

S pl.) -0 (3-30)
ievy SN+ 1) R,

By solving (3—30) for ~; and using (3—6), a further sufficient condition for (3—28) is

> g — a5 — cill* > maxs i € Vy, (3-31)
jeN

Recall that V' in (3—14) is a common Lyapunov function provided that (3—31) holds.
Additionally, (3—31) can be extended to global (i.e., i € V) formation configuration

convergence if the switching signal o switches so that

U V=V, (3-32)

te[tk,tk+n)
for a finite positive integer n € N. Based on (3—31), the ultimate maximum formation

error for the entire hybrid system can be expressed as (3—18), which can be made

arbitrarily small for an arbitrary larger k. O]

3.5 Simulation
To illustrate the performance of the developed hybrid controller, a simulation was
performed with six dynamic agents and three obstacles. Six quadrotor UAVs were simu-

lated based on a high fidelity dynamic model of each quadrotor that was encoded in the
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Robot Operating System (ROS) [102] using the Gazebo [103] simulation environment.
Specifically, a full 6 degree of freedom (DOF) UAV model with gravity, friction, contact
forces, aerodynamics, motor dynamics and GPS sensors was simulated. Details of the
simulation model and implementation code are given in [104]. The feedback from neigh-
boring agents are from GPS sensors that were used to sense relative position between
agents. The sensing link was modeled by a Bernoulli distribution with success probabil-
ity of 0.5. At a rate of 1 Hz, a new network topology was generated from the distribution
for every pair of neighboring agents, to determine if the pair could sense each other.
Simulation parameters were set as R, = 25, ; = 5, 0o = 5, k = 0.1, and ' = 500. Initially
the agents are randomly located within the sensing region of their formation neighbors
as shown in Fig. 3-1, and the final formation configuration is shown in Fig. 3-2. Note
that positions of the six agents in Fig. 3-2 represent the relative positions of the desired
formation configuration and do not necessarily represent the absolute locations of the

six agents when the formation is achieved.

Initial configuration

15

10+

-10+

_15 1 1 1 1 1 1 1

Figure 3-1. Initial configuration of six agents, which are connected (inside the feedback
zones).
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Expected final configuration
15 T T T

1 2 3

10+

5

0 4 5

5L
-10+

6
_15 1 1 1 1 1 1 1
15 10 -5 0 5 10 15

Figure 3-2. Desired formation configuration of six agents with network connectivity
maintenance.

Fig. 3-3 depicts the trajectories of all six agents from the initial configuration to the
final configuration denoted by circles, in the presence of three static obstacles denoted
by squares. The figure also illustrates that the six agents can avoid collisions with
other agents and the stationary obstacles as they move in the space. Moreover, they

asymptotically achieve a goal formation under an switching graph that satisfies (3—32).
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Trajectories
60 -

O Final locations

50 d’ f & O obstacles
1

40} # o
30+ 1?

20

10+ h—.&

Y [m]

10} <

20+

X[m]

Figure 3-3. Trajectories of dynamic agents achieving formation configuration.

As indicated in Fig. 3-4, d;; can increase as agents move. However, these distances
always remain smaller than the feedback range R, (i.e., remain connected). Recall
that the relative distances in the goal formations are given by ||ci4|| = ||cos|| = ||cas]] =
lessll = 5v/5, and ||cos]| = 10. Fig. 3-4 indicates that the final distances approximate

these values, and the position errors remain sufficiently small.
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Figure 3-4. The inter-agent distances d,; are always smaller than R,

The intermittent switching signals of all links are depicted in Fig. 3-5, where the
y-axes represent on-off signals. Each randomly generated signal is independent, and

has an arbitrary switching sequence that satisfies Assumption 3.1.
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Switching Signals
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Figure 3-5. Statuses of sensing links between neighboring agents, where 1 represents
sensing and 0 represents loss of sensing.

3.6 Conclusion

A hybrid controller is developed to achieve convergence of a network formation
using only local intermittent feedback. At the same time, network connectivity is main-
tained and collisions between static and dynamic obstacles are avoided. A common
Lyapunov function is used to prove convergence under an arbitrary switching sequence.
Moreover, the entire formation configuration converges globally, if the switching sig-
nal satisfies a sufficient switching condition. The neighborhood of convergence can
be made arbitrarily small with sufficiently large gains. Moreover, Zeno behavior is not
allowed based on the developed switching conditions.

Effectiveness of the developed controller is verified by performing a simulation of
six quadrotor UAVs in ROS and the Gazebo simulation environment. The UAVs achieve
formation configuration with sufficient accuracy, and the formation neighbors remain

within the feedback zone without obstacle collision.
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Future efforts will focus on relaxing the assumption that the critical points introduced

by the navigation function are isolated in the space of configurations.
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CHAPTER 4
EVENT-TRIGGERED CONTROL OF MULTI-AGENT SYSTEMS UNDER
TIME-VARYING NETWORK TOPOLOGIES

In this chapter, a decentralized controller that uses event-triggered scheduling
is developed for the leader-follower consensus problem under fixed and switching
communication topologies. To eliminate continuous inter-agent communication, state
estimates of neighboring agents are designed for control feedback and are updated
by scheduled communication to reset growing estimate errors. Since the estimate
error is associated with a neighbor’s control input, when the true state is unknown
until the next communication, the state estimate is updated to avoid system instability.
The communication event times are based on an event-triggered approach, which
considers the interplay between system performance and minimal communication
bandwidth and requires no communication for event detection. Since the control
strategy produces switched dynamics, analysis is provided to show that Zeno behavior
is avoided by developing a positive constant lower bound on the minimum inter-event
interval. A Lyapunov-based convergence analysis is also provided to indicate asymptotic
convergence of the developed control methodology. Simulation results are provided to
demonstrate the effectiveness of the developed control strategy.

4.1 Preliminaries and Problem Statement

4.1.1 Algebraic Graph Theory Preliminaries

A directed graph G consists of a finite node set V and an edge set £, where £ C
(V x V) is a set of paired nodes. An edge, denoted as (j, i), implies that node i can
obtain information from node j, but not vice versa. On the contrary, the graph G is
undirected if (i, j) € £ implies (j, i) € &£, and vice versa. The neighbor set of agent i is
definedas NV; £ {j € V| (j,i) €&, j #i}.

A directed path is a sequence of edges in a graph. An undirected path of the
undirected graph is defined analogously. An undirected graph is connected if there

exists an undirected path between any two distinct nodes in the graph. An adjacency
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matrix A = [a;;] € RV*Y of the directed graph is given by a;; = 1if (4, 1) € £, and a;; = 0
otherwise. For the undirected graph, a;; = a;;. For both the directed and undirected
graph, a;; = 0 holds, and furthermore, it is assumed that a;; = 1if (j, i) € £. The
Laplacian matrix of the graph G is defined as L = [I;;] € R"*Y, where I;; = >, a;; and
lij = —a;j, where i # j.
4.1.2 Dynamics

Consider N follower agents, defined as V = {1, 2,--- , N}, with a network topology
modeled by an undirected graph G = (V, €). Let G denote a directed graph with the
node set V U {0} and the edge set that contains all edges in £ and the edges connecting
leader agent 0 and follower agent ; € V. The dynamics of the followers and the leader

are described by

Ty = Awo, (4-1)

where z; € R™ and u; € R™ denote the state and control input of follower agenti € V,
respectively, z, € R"™ denotes the leader’s state, A € R"*" is a state matrix, and
B € R™™ is a full column rank matrix.
Assumption 4.1. The dynamics of the follower agents are controllable, i.e., the pair
(A, B) is stabilizable.
Definition 4.1. A directed graph is connected if each follower has a directed path from
the leader.
4.1.3 Conventional Approach and Control Objective

A decentralized controller for the system in (4—1) and (4—2) can be developed using
conventional continuous feedback such as in [74], for example, as

UZ:KZ ($]—$1)+Kdz(x0_$z)azeva (4_3)
JEN;
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where K € R™*" is the control gain matrix designed in the subsequent analysis, and

d; = lifagenti € V is connected to the leader, d; = 0 otherwise. Note that this
control implementation requires continuous state feedback from the neighboring agents.
To reduce inter-agent communication, a control approach which requires intermittent
communication will be developed such that leader-follower consensus is still achieved.

That is, the network system described in (4—1) and (4-2) satisfies
lei]| =0 as t— o0, i€V, (4-4)

where ¢; = z; — 2y € R" represents the leader-follower consensus error for agent i.
4.2 Leader-Follower Consensus under Fixed Topologies

Consider N follower agents with a fixed network topology that satisfies the following
two assumptions.
Assumption 4.2. The graph G is connected.
Assumption 4.3. The followers that are connected to the leader can continuously
receive information from the leader.

Based on Assumption 4.2, the matrix H € RY*Y defined as H = L + D is positive
definite [105], where D € RY*V is defined as D = diag (d;, ds, ..., dy). Based on
Assumption 4.1, there exists a symmetric positive definite matrix P € R"*" that satisfies

the following Riccati inequality
PA+ ATP — 26,in PBBT P + 6,01, < 0, (4-5)
so the control gain in (4-3) can be designed as
K =B"P, (4-6)

where 0.,;, € R.o denotes the minimum eigenvalue of H and is a positive constant

based on Assumption 4.2 and [105], and [ is an identity matrix with denoted dimension.
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To eliminate the need for continuous communication while achieving the control
objective, an event-triggered based decentralized control approach is developed.
4.2.1 Controller Design

Based on the continuous controller in (4—3) and subsequent convergence analysis,

a decentralized event-triggered controller for agent i € V is designed as

JEN;

where K is the control gain defined in (4—6). In (4-8), the computation of Z; only re-
quires the estimates of agent ¢ and its neighboring followers’ state estimate (i.e., Z;cu),
instead of using their true states z,c; via continuous communication. When the leader
is a neighbor, the true state z is used since the leader state is available according to

Assumption 4.3. The estimate z; in (4-8) evolves according to the dynamics

2 (t)=Az;(t), jEN, t € [t, th), (4-9)

B (1) == (1) (4-10)

for k = 0, 1, 2..., where i; flows along the leader dynamics during ¢ € [t], ¢, ) and

is updated via ; communicated from neighboring agent j at its discrete times 7., for

j € N;, where ti is the event-triggered time described in Section 4.2.3. Although agent

1 does not communicate the estimate z;, agent i maintains z; for implementation in
(4-8). The estimate z; is updated continuously with the dynamics in (4-9) and discretely
at time instances described in (4—10). Therefore, u; is a piecewise continuous signal,
where communication is required when state information is transmitted to, or received
from, neighboring agents for estimate updates; otherwise, u; flows continuously during

the inter-event intervals.
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4.2.2 Dynamics of Estimate Error
Since z; follows different dynamics from the estimate z; computed by its neighbors,

an estimate error e¢; € R" characterizing this mismatch is defined as
e L d—a, i€V, te [t b)), (4-11)

where ¢; is reset to 0 at the event time ¢, k = 0, 1, ..., due to the estimate updates.
Although x; and z; are both known for agent ¢; using z; enables agent : to judge how
farther signal z;, used by neighbors, is away from its true state x;. Using (4-2), (4-7),

and (4-9), the stack form of the time-derivative of (4—11) can be expressed as

¢=(Iy®Ae+ (H®BK)e+ (H® BK)e, (4-12)
where e € R"Y denotes e = [e], el ..., e%]T, ® denotes the Kronecker product, and
e € R"N, definedase = [], T, ..., s%}T, is a stack form of ¢;.

4.2.3 Event-triggered Communication Mechanism
Fig. 4-1 depicts how the communication between neighboring agents proceeds

during triggered events.

||ei||_c'
1571
o A e
t th th o tr,
X; Xj JlCL' Xj
el p L
1]
j EN;
l 0 | | ________ ﬂét
j . . .
t t] t ot t),

Figure 4-1. Inter-agent communication mechanism under an event-triggered approach.
The stars and dots represent instances when decentralized triggering
conditions are satisfied, and the triggered agents communicate their states
over the network to update neighbors’ estimates.
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In Fig. 4-1, Ll is a decentralized, non-negative, and piecewise continuous signal

>zl
used to verify the triggering condition. The detailed design of the trigger condition

is shown in Section 4.2.5. The dots represent the event-triggered time ¢ when 1l

[EA

reaches a constant ¢;, designed in the subsequent analysis. At ¢, z; is communicated
over the network to update the estimate i;, used by each neighboring agent j € \;.
Additionally, H is reset to zero at ¢! since the updated estimate has no estimate error.
Similarly, at neighbor agent j’s event time t/, x; is communicated over the network to
update the estimate z;. Since ||z;|| is a decentralized and estimate-based function,
verification of the triggering conditions requires no neighbor state information, and
hence no communication is required during any inter-event interval (e.g., [ti, t]), [t], t3),
[ti, t3), as in Fig. 4-1).
4.2.4 Closed-Loop Error System
Using (4—11), a non-implementable form (to facilitate the subsequent analysis) of
(4—7) can be expressed as
w =Ky [(zj — 2;) + (¢ — &)] + Kd; (w0 — z;) — Kdje. (4-13)
JEN;
Substituting (4—13) into the open-loop dynamics in (4—2) and using the definition in (4—4)

yields a stack form of the closed-loop error system
E=(In®A)e—(H®BK)e — (H®BK)e. (4-14)

To facilitate the subsequent analysis, a relation between ¢ and % is developed, where

A~ A

22 (4, %, ..., 25" € R™Y represents the stack form of 2

(2 (He L) (v @) — 1], (4-15)
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where & £ [2,, &5, ...,:i;N]T € R™M, and 1y is the ones vector with denoted dimension.

Using the relation

the useful expression

f—(1N®I0):€+€ (4—16)

can be obtained. Combining (4—15) and (4—16) yields
e=—(H'®L,)z—e, (4-17)
where Z is governed by the dynamics
F=(In®A) 3z, (4-18)

where (4—1) and (4-9) were used.
4.2.5 Convergence Analysis

In this section, leader-follower consensus with the event-triggered controller de-
signed in (4—7) is examined using Lyapunov-based analysis. To facilitate the subsequent
convergence analysis, the event time ¢ is explicitly defined as below.

Definition 4.2. An event time ¢, for the follower agent is defined as
=it {t>t,_,|fi(t)=0},ieV (4-19)
fork =0,1,2...,where f;(-), denoted as f; (e; (*), Z (+)), is a decentralized trigger
function
filei, z) = el = \| ————=—72~ lI4ll, (4-20)

where o; € R, satisfying 0 < o; < 1 provides flexibility in real-time scheduling, and
B € Ry satisfies

-3 4-21
> T ( )
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where k;, i = 1, 2, 3, are positive constants defined as

kl é 5lsmin (Hiz)
ks £ Suin (H ® (2PBBTP)) — 6,

ks £ Swin (In ® (2PBB"P) — H™' ©26,1,,) ,

where ky # 0and k3 # 0, §; € Ry satisfies 0 < 01 < din, and Suin (+) denotes the
minimum singular value of a matrix argument.
Theorem 4.1. The controller designed in (4—7) ensures that the network system

achieves asymptotic leader-follower consensus in the sense that
ri—zro—0 as t—o0, i€V (4-22)

provided that the estimate z; in (4—7) is updated at ti. defined in Definition 4.2.

Proof. Consider a Lyapunov function candidate V : R*¥ — R as
VE2T(Iy®P)e, (4-23)

where P is a symmetric positive definite matrix satisfying (4-5). Using (4—6) and (4—14),

the time derivative of (4—14) can be expressed as
V =e'[Iy® (PA+ ATP) — H® (2PBB"P)]c — " [H ® (2PBB"P)|e.  (4-24)
Since H is symmetric and positive definite, (4—5) can be used to upper bound (4-24) as
V < —buine’e — e’ [H® (2PBB™P)] e. (4-25)
Using (4-17), (4—25) can be upper bounded by

V<-62"(H?®1I,)2—b6e"e+20e" (H'®1,)2—e" [Iy® (2PBB"P)] 2

+e" [H® (2PBB"P)] e — 6, (4-26)
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where 6, € R satisfies i = 01 + 6. By using the inequality 27y < 4 [lz|* + 5 [|ly[|%,

(4—26) can be upper bounded by
V < — Ky ||2]]° 4 2k3 (— lell* + 5 || I ) + ko |le|* — 0aeTe

<) Kkl - %) I12:1° = (k2 + k3f) ||ei||2] — 6ye"e. (4-27)

%
In (4—27), the necessary conditions for V' to be negative definite are (4—19)-(4—21).
Using (4—19)-(4—-21), (4—27) can be rewritten as

V S —Z (1 — O'l') (k’l ];i) HQZHQ — (52€T€, (4—28)
%

which is strictly negative definite as
V < —dyeTe. (4—29)

Given (4—-23) and (4—-29),

le @I < lle (0)[exp (=~1),
where v € R is a positive constant. Based on (4—4), the exponential convergence of
||| implies (4—22). O
Remark 4.1. Based on (4-20), the constant ¢; in Fig. 4-1 can be designed as ¢; =

ik
n,éikgﬂ) At ¢t e; will be reset to zero as agent : communicates its state z; to all its

neighboring agents to update 4, and hence {4 = 0 (i.e., f; < 0). After the update, |e;|

grows in time until meeting the next trigger condition ”e” = ¢; (i.e., f; = 0). Then, the
cycle repeats.
4.2.6 Minimal Inter-Event Interval

To show the proposed trigger functions in Theorem 4.1 do not lead to Zeno behav-

ior, it is sufficient to find a positive lower bound for the inter-event interval. To facilitate
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subsequent analysis, two constants ¢, ¢; € R. are defined as

Co 2 Smax (A) (4-30)

& 2Smax (Iy ® A) + (H @ BK)) + Smax (H @ BK) + Spax (A) (4-31)

where S (+) denotes the maximum singular value of a matrix argument
Theorem 4.2. The event time defined in (4—19) ensures that there exists at least one

agent h € V such that its minimum inter-event interval T € R~ is lower bounded by

, (4-32)

where h € V is defined in the subsequent analysis, and ¢ € R+ is a positive constant
defined as

c = max {¢, ¢} . (4-33)

Proof. Inspired by the proof in [79], we consider an agent h € V that satisfies

h = arg max || ]| .
eV

Since |lex|| < |le]| , the following inequality holds

[len el _ el
NIZall = N2l — 1121

which is equivalent to

lenll < il (4-34)
BTN

llel'is continuous. To show the inter-event interval is

> NIzl

For any interval t € [t} t},))
lower bounded as in [77], one can investigate the time derivative of Ll over the interval

12

re il ) as

ro\h ) lelt ]
a (M) SN N GRO o L il (4-35)
B A A R ERE
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Using (4-12), (4-17), (4—18), and applying the inequality 7y < ||z|| ||y|| yields

el
121

d e e
% (1) <@ )+ 0 0 BRI + 10 @ BRI+ 1  BE)|
]

121

+[I(In @ A)|
which can be further expressed as
Yy < ¢+ a1y, (4-36)

where ¢, and ¢, are defined in (4-30) and (4-31),and y : [0, c0) — R is a non-
negative, piecewise continuous function, which is differentiable in the inter-event interval

and is defined as

®

s el
v (=) = Ea

for k =0, 1, 2.... The inequality in (4—-36) can be simply upper bounded by

fort € [t} th,1) (4-37)

N>

y<c(l+y)), (4-38)

where c is defined in (4-33). Based on (4-38), a non-negative function ¢ : [0, c0) — Ry,

satisfying

p=c(l+¢), ¢(0)=yo, (4-39)

can be lower bounded by y as

y <o, fortel0, ), (4—40)

where 7 £ ¢l | — th € R, is the minimum inter-event interval, and y, € R, is the initial
condition of y, which is 0 since e (¢}!) = 0for k = 0, 1, 2.... An analytical solution to

(4—39) with initial condition ¢ (0) = 0 can be solved as

¢ (t) =exp(ct) — L. (4—41)
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Using (4—40) and (4—41) with ¢t — 7 yields
lir%y (1 —¢) <exp(cr)— 1. (4-42)
p—

Using (4-20) where f;, (t,,) =0, (4-34), and y (7) in (4-37) yields

oh (lﬁ — %3)

1
- < 1

which can be solved to yield (4-32). O

Remark 4.2. This lower bound implies that Zeno behaviors can be excluded. However,
there is a trade-off between the minimum inter-event interval and the error convergence
rate. The lower bound in (4-32) can be increased by selecting a higher o, but this
increase results in a slower convergence due to the fact that 1 in (4—28) becomes less
negative.
4.3 Leader-Follower Consensus under Switching Topologies

In this section, an event-triggered based decentralized control approach is de-
veloped to extend the results developed in Section 4.2 to achieve leader-follower
consensus under switching network topologies. To address the switching topologies, the
following definition and assumptions are made.
4.3.1 Definitions and Assumptions

The time-varying interaction topology of the NV followers described in (4-2) can be
modeled by a switched undirected graph G, where the piecewise constant switching
signal o : [0, co) — P indicates an underlying graph from a finite set ? = {1, 2, ..., M}
attime t, such that {G, : p € P} includes all graphs in {tgog}.

Similarly, the time-varying interaction topology of the_leader-follower system
described in (4—1)-(4—2) is modeled by a directed switching graph denoted as G,, which
consists of the node set V U {0} and the edge set that contains all edges in G, and the

edges connecting node 0 and the followers that have a directed edge from the leader.
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Assumption 4.4. G, is connected for each p € P.
Assumption 4.5. The switching signal ¢ has a finite number of switches in a finite time
interval. Specifically, o switches at ¢, and is invariant during a non-vanishing interval
[ty tgr1), ¢ =0,1, .., withty = 0,0 < pu < t41 —t, < T, where u, T € R are positive
constants, and y is a non-vanishing dwell-time. Additionally, the switching sequence of o
is arbitrary.
4.3.2 Controller Design

Instead of continuous state feedback, the developed decentralized controller is a
piecewise continuous input signal, where inter-agent communication is required only at
discrete events. These events include topology switches and triggered events when the
decentralized trigger condition is met, and the design of this trigger condition is based
on insights from the Lyapunov-based state convergence analysis.

Motivated by conventional continuous feedback controller as in (4—3) and based
on the subsequent convergence analysis, a decentralized event-triggered controller for

agent: € V is designed as

L= ) (@ — &) + dizo — &), (4-44)
JEN;

where N is a time-varying neighbor set, and the followers that are connected to the
leader can continuously receive z, from the leader. In contrast to the controller in (4-3),
the computation of Z; for the controller in (4—43) only requires the estimates of agent
i and its neighboring followers’ state estimate (i.e., Z;cu;), instead of using their true
states z,c,;, via continuous communication. The estimate z; in (4—44) evolves according

to the dynamics

2 () =, (1) (4-45)

25 =Adj, t € [t th1), 7 € {ITUN, (4-46)
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‘ ty, if jis a new neighbor
th, = , (4-47)

tl otherwise

for B, k=0, 1,2..., where z; is updated via «; communicated from neighboring agent
j at its discrete times t}, and flows along the leader dynamics during ¢ € [t},, t%.,), for
j € Ni. In (4-47), t, is the time when G, switches, and ti is the event-triggered time of
the follower agent j. Although agent : does not communicate the estimate z;, agent i
maintains z; for implementation in (4—44). The estimate z; is updated continuously with
the dynamics in (4—46) and discretely at time instances described in (4—45). Therefore,
u; is a piecewise continuous signal, where communication is required when any new
one-hop neighbor is connected or when state information is transmitted to, or received
from, neighboring agents for estimate updates; otherwise, u; flows continuously during
the inter-event intervals.
Remark 4.3. In (4—47), since the link between two follower neighbors is undirected,
j € N;implies i € N;. That is, mutual communication is conducted at ¢, if j € N, is a
new neighbor.
4.3.3 Dynamics of Estimate Error

Since z; follows different dynamics from the estimate z; computed by its neighbors,

the estimate error e; characterizing this mismatch as
€; =S fi‘z — Xy, 1€ V, t e [tlE, tiE_H) s (4—48)

where ¢; is reset to 0 at ¢, due to the estimate updates. Although z; and #; are both
known for agent i: using z; enables agent ¢ to judge how far a neighbor’s estimate of z;
is from its actual state. Using (4—-2), (4—43), and (4—46), the time-derivative of (4—48)
can be expressed as

JEN;
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which can be written in stack form as

¢=(Iy®Ae+ (H,® BK)e + (H, ® BK)e, (4-49)

T . T .
where e denotes e £ [e], el,..., e}] ,cdefinedase £ [], T, ..., L] is a stack

form of ¢; introduced in (4—4), and the matrix H, € RY*V is defined as H, =
Lo + Doy, where D,y € RN*N is defined as D,y = diag (d; (t), d2 (t), ..., dn (t)),
and L, = L(t). Based on Assumption 4.4, there exists a symmetric positive definite

matrix P that satisfies the following Riccati inequality
PA+ A"P —25,PBBTP + 4,1, < 0, (4-50)

where §, € R-, denotes the minimum eigenvalue of H, and is a positive constant based

on Assumption 4.4 and [105], and the control gain in (4—3) can be designed as
K =B"P. (4-51)

To facilitate the subsequent analysis, a minimum value of a finite set composed of 4,
Omin € R+, is defined as

Smin = min {d, | p € P}. (4-52)

4.3.4 Closed-Loop Error System
Using (4—48), a non-implementable form (to facilitate the subsequent analysis) of
(4—43) can be expressed as (4—13). Substituting (4—13) into the open-loop dynamics in
(4—2) and using the definition in (4—4) yields the closed-loop error system
¢, =Ae; + BKY (v — ;) + BKd; (wo — x;) + BK Y _ (¢ — &;) — BKd;e;,
JEN; JeN;

where the stack form can be expressed as

e=(In®A)e—(H,® BK)e — (H, ® BK)e. (4-53)
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To facilitate the subsequent analysis, a relation between ¢ and % is developed, where Z
can be expressed as

(2 (H,®1,) Iy @z — 1] (4-54)

Combining (4—16) and (4-54) yields
e=—(H,'®1I,)2—e, (4-55)

where Z is governed by the dynamics defined in (4—18).
4.3.5 Convergence Analysis

In this section, convergence of leader-follower consensus with the event-triggered
controller designed in (4—43) is examined using a Lyapunov-based analysis. In addition
to proving the convergence of the error signal ¢, the analysis also establishes a trigger
condition associated with a trigger function that establishes when agents communicate
state information.

To facilitate the subsequent convergence analysis, the event time ¢ is explicitly
defined.

Definition 4.3. An event-triggered time ¢ is defined as
to=if{t>t,_ | f;(t)=0},i€V, (4-56)

fork =1,2,...,wheret) = 0,and f; (-), denoted as f; (¢; (), 2 ()), is a decentralized

trigger function defined as

) _ ks
fiei, 2) = |les]| — M [EA (4-57)
’ ko + k38 ’

where n; € R.q satisfying 0 < n; < 1 provides flexibility in real-time scheduling, and g is a

positive constant satisfying
ks
ki’

8> (4-58)

78



where k;, i = 1, 2, 3, are positive constants defined as

kl = glelg {5m15min (HﬁQ)}

p

ko £ max {Spax (Hp ® (2PBBTP)) — 0,01 }

peEP

kg & max {Smax (In ® (2PBB"P) — H,' ® 26,11,,) }

where 6,,; € R satisfies 0 < 6,1 < dmin SUCh that k&, > 0and k3 > 0, and Syax (+)
denotes the maximum singular value of the matrix argument.

Theorem 4.3. The controller designed in (4—43) ensures that the network system in
(4—1) and (4-2) modeled by the switching graph G, achieves asymptotic leader-follower
consensus defined in (4—4) provided that the estimate ; in (4—45) is updated at t%;,

defined in Definition 4.3.

Proof. Consider a Lyapunov function candidate V' defined as
VE(Iy®P)e, (4-59)

where P is a symmetric positive definite matrix satisfying (4—50). Using (4-51) and

(4-53), the time derivative of (4-59) can be expressed as
V =—¢"[H,® (2PBB"P)]ce” [Iy® (PA+ A"P) — H, ® (2PBB"P)] =  (4-60)

Since H,cp is symmetric and positive definite, (4—50) and (4-52) can be used to upper
bound (4-60) as
V < —6mine’e — e’ [H, ® (2PBBTP)] e. (4-61)

Using (4-55), (4—61) can be expressed as

V< —0m2T (H?®1,) 2 — e’ e+ 20,me” (H'®1,) 2 —e" [Iy® (2PBBTP)] 2

+ el [Ha ® (2PBBTP)} e — Omacle, (4—62)
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where 6, € R satisfies d,uin = d,1 + dme. By using the inequality 27y < ||z| [ly|, (4—62)

can be upper bounded as
V< =k |27+ Fa llell® + 2k flel| [12]] = dmoc™e. (4-63)
Using the inequality |« [ly|l < § [l=]* + 55 llyI* , (4-63) can be upper bounded as
’ 2112 6 2 1 2112 2 T
V <=k [lZ]7 + 2ks §Hﬂ'+ﬂﬂbﬂ + ko llel|” — dmoce

k )
< (k - g) V2P + (s + sB) lel]? — GacTe

IN

S (k= 5 1P - ko) | = B (4-64)

i€V

In (4-64), two necessary conditions for V' to be negative definite are

k
0<k — -2

8

k3
77¢< 1—§> .
lesl|* < ————= ||

Ik 4-65
— k2+k3/8 Z“ ’ ( )

which are satisfied provided that (4—56)-(4—-58) are satisfied. Provided (4-58) and

(4—65) are satisfied, then (4—64) can be rewritten as

. k R
V<=3 -n (k _ g) 124l = o, (4-66)
ey

< —dmac’e, (4-67)

which implies V' is a common Lyapunov function. The linear differential inequality

resulting from (4-59) and (4-67) can be solved to conclude that

lell < lle (O)[fexp (=1),

where  is a positive constant. The exponential convergence of ||¢|| implies (4—4). O

Remark 4.4. Based on (4-57), the constant ¢; in Fig. 4-1 can be designed as ¢; =

i(ki—"2 A . , . . .
",Szjrksg ). At t:, e; will be reset to zero as agent : communicates its state x; to all its
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neighboring agents to update #;, and hence 1l = 0 (i.e., f; < 0). After the update, ||e;||

[T .
I

lles
[I2:]]

grows in time until meeting the next trigger condition

¢ (i.e., f; = 0). Then, the
cycle repeats.
4.3.6 Minimal Inter-Event Interval

Zeno execution is defined as infinite switches in a finite interval. Exclusion of Zeno
execution can be sufficiently proven by finding a positive lower bound between any
two contiguous discrete events (i.e., [t};, t}.,)) [79]. Based on Assumption 4.5, graph
switches never cause Zeno execution (i.e., i < t,1 — t4). Therefore, only the following
three intervals smaller than ;. are analyzed.

Case 1. Consider any inter-event interval [t], ¢, ), where 0 < t],, — t, < . This
interval is proven to be lower bounded by a positive constant in Theorem 4.4.

Case 2. Consider any inter-event interval [t,, t].,), for 0 < ., —t, < . By (4-47),
a new neighbor agent j € V; has a mutual communication at ¢,, at which time ¢; is reset
to zero. Therefore, ¢, can be considered as the instant ¢}, which implies Case 1 and
Case 2 are equivalent.

Case 3. Consider any inter-event interval [t, t,), for 0 < ¢, — ], < yu. Then, the next
cycle must be [t,, t,,) since t],, comes earlier than t,.,. Therefore, proving a positive
lower bound of the interval [t,, t‘,iﬂ) implies no Zeno execution since infinite switches
can not happen in the finite interval. Moreover, finding the lower bound of [tq, t{;ﬂ) is
equivalent to proving Case 2.

Based on the three cases above, Zeno execution can be excluded provided that

Theorem 4.4 is proven. To facilitate the subsequent analysis, two constants ¢, ¢, are

defined as
— A .
Co _111)16a7§( {Smax (A>} (4 68)
c1 émea;( {Smax (In @ A) + (H, ® BK)) 4 Siax (Hy, @ BK) + Siax (A)} (4-69)
P
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Theorem 4.4. The event-triggered time defined in (4-56) ensures that there exists an
agent h € V such that the interval [t}, t}., ) is lower bounded by
1

7> —————1In
T max {EQ, 61}

where T =t} | — t} is the minimum interval, h is an agent that satisfies

h = argmax sup ||Z].
i€V teRxg

Proof. The proof is similar to the proof of Theorem 4.2 and is thus omitted. ]

4.4 Simulation

In this section, two simulations are performed to demonstrate the control effective-
ness of the event-triggered approaches. In the first simulation, the consensus control
under fixed network topology is conducted, and the problem for switching network
topologies is investigated in the second simulation. Each simulation consists of 4 follow-
ers and 1 leader, whose initial condition are assigned with arbitrary finite constants.
4.4.1 Fixed Network Topology

A leader-follower network system with a fixed network topology is depicted in Fig.

4-2.

Leader

Figure 4-2. Network topology of the graph G, where the agent indexed by 0 is the leader
and other agents are the followers.
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The dynamics of the leader and the followers and the Laplacian matrix of the graph

G are ] ]
2 -1 0 -1
1 1 0 -1 1 0 O
A: 7B = ’L:
0 1 1 0 0O 0 0
-1 0 0 1

Based on the network topology in Fig. 4-2, the smallest nonzero eigenvalue of H is

dmin = 0.2679, and the solution P of (4-5) and the control gain K = BT P are

24.82 10.58
P = ,K={10.58 9.13].
10.58 9.13

The initial conditions of each agent for the simulation are =, = [1, 1], z; = [10, 2]",
zo=[3, 7", x5 = [9, —4]", and 2, = [6, 5]". The consensus errors of each follower agent

are shown in Fig. 4-3 and Fig. 4-4, where both plots show the leader-follower asymptotic

consensus.

- —Follower 1
W —Follower 2
= Follower 3|
—Follower 4
-10
0 5 10 15 20 25

Time(s)

Figure 4-3. Consensus error ¢;; of follower agents.
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—Follower 1]
—Follower 2
Follower 3
—Follower 4
-5
1% 5 10 15 20 25

Time(s)

Figure 4-4. Consensus error ¢;, of follower agents.

For ¢;,, the sawtooth waves reflect the jumps of the control input whenever events
are triggered. Fig. 4-5 shows triggered events individually. The average intervals
between two contiguous events within follower agents 1-4 are 44 ms, 24 ms, 80 ms, and

17 ms, respectively. These intervals imply that Zeno behavior did not occur.

Triggered Events

1 i T T
< [l |
0 ‘5 1‘0 1‘5 2‘0 2‘5
~ |
w ol m
0 ‘5 1‘0 1‘5 2‘0 25
2 <[l "
w |
-1
0 ‘5 1‘0 1‘5 2‘0 2‘5
< H\ 1
Wl |
0 5 10 15 20 25
Time(s)

Figure 4-5. F'1-E4 represent the occurrences of the events for all follower agents (1:
triggered, -1: not triggered).
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Estimate Errors

2.5

€1
€2
eslln
€4

‘<
0.5 [l ‘

“ \‘U"Hmh AR

15 20 25
Time(s)

Figure 4-6. Norm of the estimate errors of the follower agents.

Fig. 4-6 shows asymptotic convergences of the estimate errors for follower agent
1-4, which implies the estimate asymptotically converges to the true states.
4.4.2 Switching Network Topologies

The time-varying interaction topology switches between three graphs G, G,, and Gs,
described in Fig. 4-7, where the arbitrary switching signal is depicted in Fig. 4-8. The
effectiveness of the event-triggered strategy is visualized through on-off signals, and the

average inter-event interval.

Leader Leader Leader

G Go s
Figure 4-7. The interaction graphs G, G,, and Gs, where the leader is indexed by 0.
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Switching Signal
35 ; ‘ ‘

2.5¢

1.5¢

Underlying graph
N

% 5 10 15 20 25
Time(s)

Figure 4-8. An arbitrary switching signal that indicates the sequence of the three
underlying graphs.

The dynamics of the leader and the followers described by (4—-1) and (4-2) are

A= y B = )
0 1 1

3 -1 0 -1 2 0 0 -1
-1 1 0 0 0 1 0 -1
Hl: 7H2: )

0 0O 1 0 0 0 1 -1
-1 0 0 1 -1 -1 -1 3

2 -1 -1 0

-1 1 0 0

Hy =
-1 0 3 -1
o 0 -1 1

Based on the network topology in Fig. 4-7, the smallest nonzero eigenvalues of H;,
H,, and Hj are 6; = 0.2679, 6, = 0.1392, and 63 = 0.1729, respectively, which implies

dmin = 02, and the solution P to the Riccati inequality in (4—50) and the control gain
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K =BTP are

38.7868 17.5485
10.58 9.13

K = 175485 15.708 |-

The initial conditions of each agent for the simulation are =, = [1, 1], z; = [10, 2]",
zy =3, 7", x5 =[9, —4]", and 24 = [6, 5] . The consensus errors of each follower agent
are shown in Fig. 4-9 and Fig. 4-10, and both plots show asymptotic convergences for

the leader-follower consensus.

6 ;
— Follower 1
4r — Follower 2 ||
ol Follower 3|
— Follower 4
0 L
-2
o
© g
-6
-8
-10
-12 L L L L
0 5 10 15 20 25

Time(s)

Figure 4-9. Consensus errors ¢;; by the follower agents.

Compared to Fig. 4-10, the trajectory in Fig. 4-9 is smooth since the discontinuous
control input is acting on the second element of the system state. In Fig. 4-10, the

sawtooth waves reflect the jumps of the control input when discrete events happen.
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15

— Follower 1
— Follower 2

Follower 3 {
— Follower 4

o 5 10 15 20 25
Time(s)

Figure 4-10. Consensus errors ¢;, by the follower agents.

Fig. 4-11 shows triggered events individually, where 1 represents the event when
the state is sent to its neighbors, and -1 represents the interval with no communication.
The average intervals between two contiguous triggered events within follower agents 1-
4 are 52 ms, 20 ms, 58 ms, and 18 ms, respectively. These intervals not only mean that
Zeno behavior can be excluded from this simulation, but also implies that the developed
decentralized controller can stabilize the networked system with only intermittent

communication.
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Triggered Events

E1
o

E2
- O

E3
- O

E4
- O

0 5 1‘0_ 15 20 25
Time(s)

Figure 4-11. E'1-F4 represent the occurrences of the events for all follower agents (1:
triggered, -1: not triggered).

Estimate Errors

€1
€2
€3
€4

l

0.5

1\”‘“““ |

Y 11“‘ l‘“’;”whu‘;‘;‘!:v‘l A TN TINTHTTATETRRMP

") “’

0 5 10 15 20 25
Time(s)

Figure 4-12. Norm of estimate errors of the follower agents.

Fig. 4-12 shows asymptotic convergences of the estimate errors for follower agents

1-4, which implies the estimates asymptotically converge to the true states.
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4.5 Discussion

A decentralized event-triggered control scheme for the leader-follower network con-
sensus under time-varying network topologies is developed to reduce communication
with neighboring agents while ensuring the stability of the system. The estimate-based
decentralized controller along with the decentralized trigger function reduces the number
of inter-agent communications and prevents potential communication channel overload.
A Lyapunov-based stability analysis indicates that the network system achieves asymp-
totic leader-follower consensus under this event-triggered control scheme. Moreover, the
trigger function is proven to never exhibit Zeno behavior. Numerical simulation results

illustrate favorable convergence with event-triggered communications.
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CHAPTER 5
DECENTRALIZED EVENT-TRIGGERED CONTAINMENT CONTROL OF
NETWORKED SYSTEMS

In Chapter 5, a decentralized event-triggered control scheme is developed for the
containment control problem. An estimate-based decentralized controller is designed
for each agent so that it is only required to communicate with neighboring agents at
discrete event times. These events are determined by a decentralized trigger func-
tion that only requires local information. Different from conventional strategies, the
developed control approach does not require continuous communication with local
neighboring follower agents for state feedback, reducing communication bandwidth. The
event-triggered approach is facilitated by developing a positive constant lower bound on
the inter-event interval, which indicates Zeno behavior is avoided. A Lyapunov-based
convergence analysis is provided to indicate asymptotic convergence of the devel-
oped strategy. Simulation results are provided to demonstrate the effectiveness of the
developed control strategy.

5.1 Preliminaries
5.1.1 Preliminaries

To describe the interaction between follower nodes, an undirected graph G- =
(Vz, EF) is defined, where V= = {1, ..., F} is the index set of the F follower nodes,
and £ C Vr x Vg is the corresponding edge set. An undirected edge (7, j) is an
element of £ if i, j € V# can exchange information mutually. Without loss of generality,
the undirected graph is assumed to be simple (i.e., (i, i) ¢ &, Vi € Vz). The follower
neighbor set N, = {j € Vx| (4, i) € £} is a set of follower nodes that can deliver
information to agent i. To describe the interaction topology of all nodes, a directed graph
G = (VrUV,, ExUE,) is defined as a supergraph of G formed by connecting an
additional edge (k, i) € & to Gz if the leader £ € V, communicates information to
the follower i € Vz, where V; = {F +1, ..., F + L} is the indexed set of the leader

nodes, and £, C V. x Vr is a leader-follower edge set. The leader neighbor set

91



Nz = {jeV:|(j, i) € &) is a set of leaders that can deliver information to follower

i. The adjacency matrix A = [a;;] € RE+DXIEHL) of graph G is also defined such that

a; = 0,a;; = 1if (4, 1) € E£ U &, and a;; = 0 otherwise. Similar to £,, the Laplacian
Lr Lr

matrix of graph G can be expressed as £ = ,where £, € RF*L 0is
Orxr OLxr

the zero matrix of defined dimensions, and £ £ £, + D € R"*¥ is a symmetric matrix,
where D = [d;;] € R™*" is a diagonal matrix defined such that d;; = 3., aq and di; = 0
fori # j.

To facilitate the subsequent analysis, the following lemma from [88] is provided.
Lemma 5.1. [88] If graph G is connected, then the symmetric matrix L is positive
definite.

5.1.2 Dynamics
Consider a network system composed of F' follower agents and L leader agents,

with dynamics

i’i = A.Z'i, 1€ V[j (5—1)

jﬁ'i = Al’l + BUZ’, 1€ V]-‘ (5—2)

where z; € R™ and u; € R™ denote the state and control input of agent i, respectively,
B e R™™ js a full column rank matrix, and A € R™*" is a state matrix.
Assumption 5.1. The dynamics of the agents are controllable, or the pair (A, B) is
stabilizable.
Assumption 5.2. Each follower has directed paths from at least one leader.
5.2 Development of the Event-Triggered Decentralized Controller
The containment control objective is to ensure the states of all the followers

converge to the convex hull spanned by the leaders’ states, such as [73]

H[L‘]—'—F (»C;_-lﬁ[;@]n) :L‘[;H —0ast— oc. (5—3)
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In this section, an event-triggered based decentralized controller is developed to mini-
mize the inter-agent communication while achieving the containment control objective
defined in (5-3). Different from conventional approaches, event-triggered control meth-
ods generate a piecewise continuous control signal, where the discontinuities are due to
the state estimate updates. The discrete events are generated from the satisfaction of
a triggering condition. The triggering condition is designed based on insights from the
Lyapunov-based state convergence analysis.
5.2.1 Controller Design

Based on the subsequent convergence analysis, the decentralized event-triggered

controller for agent i € Vr is designed as

=Y (& —&)+ Y (xj—4),i€Vr (5-5)
JENE; JENL:

where K is the control gain designed as

K =DB"P. (5-6)

Based on Assumption 5.1, P € R™*" is a symmetric positive definite matrix that satisfies

the following Riccati inequality
PA+ ATP — 26,in PBBT P + 6yinl,, < 0, (5-7)

where I is an identity matrix with denoted dimension, and ¢,,;, € R* denotes the
minimum eigenvalue of £z, where L is positive definite based on Assumption 5.2 and
Lemma 5.1.

In (5-5), the followers that are connected to the leader can continuously receive in-
formation from the leader, and the computation of z; in (5-5) only requires the estimates
of agent ¢ and its neighboring followers’ state (i.e., Z,c,), instead of using their true

states z e, Via continuous communication. The estimate z; in (5-5) evolves according
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to the following dynamics

x&j (t) :A‘%J (t) ) j € N]—'i ) {Z}a te [ﬁga ti-q-l) ) (5_8)
3 (t) =5 (B) (5-9)
fork = 0, 1, 2...., where i, flows along the leader dynamics during ¢ € [t], t].,)

and is updated via =; communicated from neighboring agent j at its discrete times #/,
for j € Nx;. Although agenti € Vr does not communicate the estimate ;, agent i
maintains z; for implementation in (5-5). The estimate z; is updated continuously with
the dynamics in (5-5) and discretely at time instances described in (5-9). Therefore,
u; is a piecewise continuous signal, which has discontinuities when state information is
transmitted to, or received from, neighboring agents for estimate updates; otherwise, u;
flows continuously during the inter-event intervals. The generation of the event times will
be described in Section 5.2.3.
5.2.2 Dynamics of Estimate Errors

Since z; follows different dynamics from the estimate z; for i € V, an estimate error

e; € R™ characterizing the mismatch is defined as
ez(t) = T (t) - xz(t)a (&S V]:u te [t;m t;'ngl) ) (5_1 O)

where ¢; is reset to 0 at the event time #%, k = 0, 1, 2,.... Although z; and i; are both
known for agent i, using z; enables agent i to judge how far another z; in its neighboring
agent is away from its actual state x;. Using (5-2), (5—4), and (5-8), the time-derivative
of (5—10) can be expressed as
¢ =A(&; —x;) — BK Y (& — &) = BK Y (15— &), t € [}, ti1y),
JENF; JENL:

which has a stacked form of

é=Ir®A)e+ (Ip®BK)e+ (Lr ® BK)e, (5-11)
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where e € R"" denotes e £ [e], el,..., eE}T, ® denotes the Kronecker product, and
e € R is a stacked form of ¢; defined as ¢ £ [¢], ..., ele]T , where ¢; € R" represents

the relative neighboring state tracking error as

€ = Z (IZ — l‘j) , 1€ Vr, (5—1 2)
JENFUN;
which has a stacked form
€= (£]-' ® [n) TF+ (‘Cll ® [n) Ze. (5_1 3)

5.2.3 Event-Triggered Communication Mechanism
A follower agent’s state estimate is updated whenever communication is triggered
by a neighbor’s trigger condition or its own trigger condition. Please see Figure 4-1 in
Chapter 4 for further details on the communication mechanism. The triggered condition
is defined in Section 5.3.
5.2.4 Closed-Loop Error System
Using (5—10), a non-implementable form (to facilitate the subsequent analysis) of
(5—4) can be written as
w () =K Y [l () =z (1) + (e (8) — e ()] (5-14)
JENFUNE;
where e;cy, = 0 due to continuous communication from leaders. Substituting (5—14) into

the open-loop dynamics in (5-2) yields

i =Ar;+ BK Y (z;(t) =2 (1) +BK > (e;(t) —ei(t)),

JENFUNL; JENFUNL;
or equivalently
i =(Ir®A) g, (5-16)
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where zx £ [27, ..., xﬂT eR, zp 2 2T ., :cf]T € R"" are the stacked states of
the follower and leader agents, respectively. Using (5—15) and (5—-16), the closed-loop

error system can be expressed as

E=Lr@1,)ir+ (LRI, i,
:(ﬁ]:@)]n) [(]F(X)A)ZL’]:— (L:]:®BK).Z‘]:— (ﬁg@BK)Ig— (E]—‘@BK)e]
+(Le@1,)(Ip®A)x,

=[(Ir® A) — (Lr ® BK)]e — (L% ® BK) e, (5-17)

where (5—-13) is used.

To facilitate the subsequent convergence analysis, an alternative form of (5—13)
associated with an auxiliary function 2 £ [2], ..., z;}T € R"F is developed. Based on
(5—10) and (5—-12), the relative state tracking error can be expressed as

ei=> [(@i—e) = (& —e)l+ Y [(#—e) — )]
JENF; JENL:

= —Z; — Z (ei—ej)— Zei, i € Vr, (5_18)

JENF; JENL:

where Z; is defined in (5-5). The stacked form of ¢; in (5—18) can be expressed as
e=—Z2—(Lrel,)e, (5-19)
where Z is governed by the dynamics
F=(Ir®A)2, (5-20)

where (5-5), (5-8), (5—16), and the property of the Kronecker product
(A® B) (C ® D) = (AC ® BD) were used.
5.3 Convergence Analysis
In this section, the event-triggered controller designed in (5—4) is examined using

a Lyapunov-based analysis. In addition to proving convergence of the error signal ¢,
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the analysis also establishes a trigger condition associated with a trigger function that
establishes when agents communicate state information.

To facilitate the subsequent convergence analysis, the event time ¢, is explicitly
defined below.

Definition 5.1. An event time ¢; is defined as
o 2mf{t>t,_ | fi(t)=0},i€Vr (5-21)

fork=1,2....,wheret, =0, and f; (-), denoted as f; (e; (-), 2 (-)), is a trigger function

defined as

(5-22)

where n; € R satisfying 0 < n; < 1is a weighting term' , and 3 € R., is a positive
constant satisfying

B> 2 (5-23)

In (5-22), k4, k2 € R are positive constants defined as

ki % Spmax (L3 ® (2PBBTP) — L% ® &) (5—24)

ko 2 %smax (Lr ®2011, — L% ® (2PBB'P)), (5-25)

where §; € R.q satisfies 0 < d; < dmin, @and Syax () denotes the maximum singular value
of a matrix argument.

Theorem 5.1. The controller designed in (5—4) ensures asymptotic containment control
defined in (5-3) provided that the estimate i; in (5—4) is updated at ti, defined in (5-21),

fori € Vr.

! n; is a weighting term that has a trade-off between convergence performance and
the size of inter-event interval.. That is, moving 7; close to 1 can increase the inter-event
interval, but the convergence performance is compromised, and vice versa.
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Proof. Consider a candidate Lyapunov function V : R** — R defined as
VEe(Ip®P)e, (5-26)

where P is defined in (5-7). Using (5-6) and (5—-17), the time derivative of (5—26) can

be expressed as
V =e' [Ir® (PA+ ATP) — Ly ® (2PBB"P)|e — ' [£5 ® (2PBB"P)|e.  (5-27)
Using (5-7), (5—27) can be upper bounded by
V < —6mme’e — e’ [L%® (2PBBTP)] <. (5-28)
Using (5—-19), (5—28) can be upper bounded by

V<—6[T2+2" (Lr®1,)i+e" (L5 1,)e| —e" [£%® (2PBBTP)]

X [~2—(Lr®1,)e] — dsc’e (5-29)
< —012"2 = befe+ e [L3® (2PBB'P) — (L5 ®01)] e (5-30)
—e' [(Lr ®2011,) — L% ® (2PBB" P)] z, (5-31)

where §, € R satisfies §; + d; = dmin. By using the inequality 27y < ||z| ||y||, (5-31)

can be upper bounded as
V< =8|l + K llel)” + 2ka [lel| | 2]] — 022", (5-32)

where k; and k, are defined in (5-24) and (5-25). Using the inequality ||z|| ||y <

2 llzl* + 35 llyll*, (5-32) can be upper bounded by
y A2 6 2 1 ~112 2 T
V< =00 [|2)7 + 22 ( 5 el +ﬁ”ZH + ki fle]|” — b7 e

ko \ . .
< - (51 — ﬁ) 12117 4 (k1 + ko) |le||? — 626"

IN

-3 [ (5= %) el = ot ko el - e (5-33)

1€EVFE
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In (5-33), two necessary conditions for V to be negative definite are to enforce &, — % >

0 and

771'( 1 —%)
1?2 < —— "7 13,2 5-34
ledl* < g 1Al (5-34)

which are satisfied provided the sufficient conditions in (5—21)-(5-23) are satisfied.

Provided (5—-34) is satisfied, then (5—-33) can be rewritten as

V<= (1-m) (51 - @) 112:]|7 — 0267, (5-35)
1€EVFE ﬁ
< — Syele. (5-36)

The linear differential inequality resulting from (5-26) and (5—36) can be solved to
conclude that

llell < e (to) | e,
where v € R.q is a positive constant. Therefore, from (5—13) the convergence of ¢
implies (5-3). ]

Remark 5.1. The Riccati inequality defined in (5—7) and used in (5-28) is developed to
facilitate the stability analysis.
5.4 Minimum Inter-Event Interval
To show the proposed trigger functions in Definition 5.1 do not lead to Zeno
behavior, it is sufficient to find a positive lower bound for the inter-event interval. To

facilitate subsequent analysis, two constants ¢y, ¢; € R are defined as

Co éSmaLX (]F & BK) (5_37)

&1 ESmax (Ir @ A) + (Lr ® BK)) + Smax (Lr @ BK) + Snax (Ir ® A) . (5-38)

99



Theorem 5.2. The event time defined in (5—21) ensures that there exists an agent

h € V= such that its minimum inter-event interval — € R is lower bounded by

Nh (51 - %)

(k1 + k2f3)

1
T>————1n

1
= 1 5-39
max {E(), 51} F + ’ ( )

where h is an agent that satisfies
h = argmax sup ||Z]|,
i€V teRs

and F' is the number of follower agents defined in Section 5.1.1.
Proof. See Theorem 2 in [92]. O

Remark 5.2. This lower bound implies that Zeno behaviors can be excluded. However,
there is a trade-off between the minimum inter-event interval and the error convergence
rate. The lower bound in (5—-39) can be increased by selecting a higher 7, but this
increase results in a slower convergence due to the fact that V in (5-35) becomes less
negative. Every agent has the freedom to adjust its 7, to make the minimum inter-event
interval flexible.
5.5 Simulation

In this section, a network system consisting of 4 follower agents and 2 leader
agents as depicted in Fig. 5-1 is simulated to illustrate the performance of the developed
event-triggered control strategy. The effectiveness of the event-triggered strategy is

visualized through on-off signals and the average inter-event interval.
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Leader 1

Figure 5-1. Network topology of graph G, where agents 1-4 are followers and agents 5
and 6 are leaders.

The dynamics of the leader and the followers can be described by (5—-1) and (5-2),

where A, B are

A: s B:
0 1 1

The network topology described in Fig. 5-1 yields L£r as

L"]:: )

which has a smallest eigenvalue §,,;, = 0.4915, and the solution P of (5-7) and the

control gain K = BT P are

15.897 5.969
5.969  5.266

K =15969 5266 |-

The initial conditions of each agent for the simulation are z; = (10, 2)", 2z, = (3, 7)7,
x5 = (9, =), 24 = (6,5)", x5 = (1, )", 25 = (2, 2)7, and the state trajectories of

each agent are shown in Fig. 5-2 and Fig. 5-3. The vertical scale in Fig. 5-2 and Fig.
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5-3 are logarithmic due to the trajectory growth of the leaders. The system achieves
containment control after 3 seconds. In Fig. 5-3, z;; approaches zero during the

transient response, and after 3 seconds they achieve containment control.

14
12
10+
> 8l — Leader 1
8 i —Leader2 ||
.......... Follower 1
- N E Follower 2 | |
---------- Follower 3
o Follower 4 | |
0 ‘ ‘ ‘ ‘
X 5 4 6 8 10

time(s)

Figure 5-2. z;; of leader and follower agents. (In logarithmic scale)

15
10+
5 —— Leader 1
TN e —— Leader 2
0 |
g’ .......... Follower l
= 0 T | R R Follower 2
-5 ---------- Follower 3 |
11 O Follower 4
_10 j i
_15 I I I I
0 2 4 6 8 10

time(s)

Figure 5-3. z;, of leader and follower agents. (In logarithmic scale)

The triggered events are shown in Fig. 5-4, where 1 represents the event time

when that agent sends its state to its neighboring agents for updating the estimate, and
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-1 represents periods of time when there is no communication. The simulation results
indicate that the average inter-event intervals for follower agent 1-4 are 29 ms, 10 ms, 78

ms, and 10 ms, respectively.

Events
L ‘ ‘
oo
_l L L L L
0 2 4 6 8 10
L : ‘ : :
_l ) ‘ ‘ ‘
0 2 4 6 8 10
.F : ‘ : :
s s [T DAL [
_1 - 5 - -
0 2 4 6 8 10
1 " j " " N
30 LI CRVTE
_1 , ; ‘ ‘
0 2 4 6 8 10
time(s)

Figure 5-4. Plots E1 through F4 represent the occurrence of events in agent 1-4,
respectively. (1: triggered , -1: not triggered)

Fig. 5-5 shows the norm of the estimate errors for Agents 1-4.

Estimate Errors

5
—
e
N —lesll (|
4 e
3,

time(s)

Figure 5-5. The norm of the estimate errors of the followers.
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5.6 Discussion

A decentralized event-triggered control scheme for the containment control problem
is developed to reduce communication frequencies between neighboring agents
while ensuring stability of the system. The estimate-based controller along with the
decentralized trigger function reduces the number of inter-agent communication events,
during which no communication is required. A Lyapunov-based analysis indicates
that the networked system achieves asymptotic containment control under this event-
triggered control scheme where the trigger condition does not exhibit Zeno behavior.
Numerical simulation results illustrate favorable convergence with event-triggered

communications.
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CHAPTER 6
CONCLUSIONS

Switched control theory provides a means to analyze systems with combined con-
tinuous and discontinuous dynamics; however, there are still challenges in the control
system field that need to be solved using switched control tools. In this dissertation,
switched systems theories are used to develop controllers and analyze the discontinu-
ous closed-loop system, which results from events such as instant changes in the inertia
of mechanical systems, intermittent communication, packet dropout, and failure of com-
munication in the networked systems. Such discrete events can have dramatic impacts
on the system stability. The switching sequences that represent the time instances when
the discrete dynamics are introduced can also affect the stability, and therefore, several
switched control theorems (i.e., that exploits a common Lyapunov function, or MLFs) are
applied.

In Chapter 2, a robust OFB controller with a time-dependent switching signal is
developed for a switched Euler-Lagrange system, which consists of subsystems with
parametric uncertainties and additive bounded disturbances. Since switching between
each subsystem introduces discontinuous dynamics and the switching sequence can be
unpredictable in general cases, a stability analysis with arbitrary switching sequence is
required. To this end, a design and analysis approach that uses MLFs is developed that
results in semi-global UUB OFB tracking with arbitrary switching sequences provided
that a minimum dwell-time condition is satisfied.

In Chapter 3, a switched controller is developed to achieve convergence of a
formation of agents using only local feedback under both limited and intermittent
sensing. At the same time, network connectivity is maintained and collisions between
agents and obstacles are avoided. Since sensing topologies are time-varying, feedback
signals can be interrupted and recovered in an unpredictable time sequence, and the

resulting closed-loop systems require switched control methods to analyze stability. A
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common Lyapunov function approach is used to ensure convergence under an arbitrary
switching sequence. Moreover the entire formation configuration converges globally,

if the switching signal satisfies a feasible condition in (3—32). The neighborhood of
convergence can be made arbitrarily small with sufficiently large gains. Finally, the
effectiveness of the proposed controller is verified by simulation results.

In Chapter 4, a decentralized event-triggered control scheme for the leader-follower
network consensus problem is developed to reduce communication with neighboring
agents without sacrificing the stability of the system. The estimate-based controller
along with the decentralized trigger function is developed to reduce the number of
inter-agent communications and prevent communication channel overload. Intermittent
communication introduces discrete dynamics and requires a switched control approach
for a Lyapunov-based stability analysis. The analysis indicates the network system
achieves asymptotic leader-follower consensus under the developed event-triggered
control scheme. Moreover, the trigger function is proven to never exhibit Zeno behavior.

In Chapter 5, discontinuous dynamics also appear due to intermittent communi-
cation between follower agents, but the decentralized event-triggered control scheme
is designed for containment control problems, where more than one leader exists in
the networked system. The control objective is to force the states of the followers to
converge asymptotically to a region spanned by the states of the leaders. A Lyapunov-
based analysis indicates that the networked system achieves asymptotic containment
control under this event-triggered control scheme where the trigger condition does not
exhibit Zeno behavior. Numerical simulation results illustrate favorable convergence with
event-triggered communications.

In all the chapters of this dissertation, switched control algorithms are used to
analyze the stability of systems with hybrid dynamics. Analysis methods that use
a common Lyapunov function are favorable since they ensure the stability of the

switched system under an arbitrary switching signal. However, finding the existence
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of a common Lyapunov function is sometimes infeasible and MLFs may need to be
used. Although MLFs can be applied to prove the stability of most control systems,
such analysis methods impose a constraint on the switching signal. Investigation and
development of new approaches to relax switching constraints is an area for future
research. Furthermore, the event-triggered control approaches developed in Chapter

4 and 5 for networked systems require model knowledge and do not consider additive
disturbance and packet dropout, which may exist in practical networked systems. Since
these factors can dramatically change stability of the networked systems, development
of new controllers and stability analyses along with new theories may be required to

achieve the same control objectives.
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APPENDIX A
PROOF THAT V < 0

To facilitate the proof of Lemma 3.2, four properties are first introduced and proven.
Property A.1.
1A < 4687

N (A1)

Proof. By definition A = 3; (V,.v:) = S <2 > (g —qj — Cz’j)) =26 > (¢ —q; —cij),
jeN/ jeN/
from which it follows that

2
AP =487 | Y (4 — q5 — cij)
jeN/
2
< 4p7 Z g — a5 — Cij) - (A-2)
jeNT

By applying the Cauchy-Schwarz inequality, (A—2) can be bounded by

IA|]* < 48 (Z lgi —q; — Csz) (Z 1)
jeN; jeN}

NS g = ¢ — el (A-3)

jeNy

< 457

Based on (A—-3) and the definition of ~; in (3—6), the inequality in (A—1) can be obtained.
[

Property A.2.
151 < (7

2o 2. =
09 01

Proof. By definition: B £ ~; (V,.3;) = i ( S (Vb)) bis+ Y. (Vg Bir) Bz-k> . where
jE/\/;;f keN;UM,;

Bik £ H bij H Bih and l_)ij £ H Bz’k H bil- Since bij and sz € [O, 1],
jEN‘if heN;UM;, h#k keN;UM,; lE/\/;-f, 147

then Bij, Bix €10, 1]. Thus, || B|| can be upper bounded as

1Bl < (Z IVabigll + > quBm) : (A-5)

jent kEN;UM;
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By using (3—12), the inequality 0 < |IVgbill < % can be established. In a similar
mannet, ||V, Bi|| < = -. Then, (A—4) is proven by applying these inequalities term by

term to (A-5). O

Property A.3.

| (A—6)

Proof. By definition C' = >3, (Vi) = > 8; (Vav) + Y. B (Van;) - Since the

ey jeny JEV\WY
graph is undirected, whenever j in A/ implies i in \/. Therefore, for any agent i in V7,

V., can be simplified as

2
VoY = Vg, Z laj — ¢ — cjill

le./\/’]f
2
:qu' ( QZ_CjiH )
2
+Vo | DY = an— el
ha\/jf,h;éi
=2 (Qj —q; — Cji) =2 ((h’ —q; — Cij) ) (A=7)

where ¢;; = —c;; is used. Using the result in (A=7), > 5;(V,;) yields

jeNf
Z Bi (Vav5) = Z B; (2 — ¢ij))
jeN/ jeN/
=2 Bi(gi—q—cij) (A-8)
jeN/

On the other hand, if j is notin N/, then Vv, = Vo [ 3 llgj — ¢ — cjﬂ) =0,

ieN]
which indicates that > 3, (V,7;) = 0. Finally, using (A-8), C' can be expressed as
JEV\W/
¢= Z Bi (Vg15) = Z B; (2 — ¢ij)) -
jeN/ jeN/
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According to triangle inequality and g; € [0, 1], Vj € V,||C|| can be bounded by

ICl <2 18l a: — a5 — el

]eNf

<QZ|| —cij)ll,

jeNT

2
o) < (22 (@i — q; — ci3) I)
jeN}

Using Cauchy-Schwarz inequality, ||C||* can be further bounded as

I <4 1*) " g —a —ciy)ll”

or equivalently

]ENf jENj
(4 — g5 — cij)|I”
jeN}
which proves (A—6). O
Property A.4.
2 2\ &
DI < (2+2) > (A-9)
j=1

Proof. By using the definition of D = Z;V:l v; (V4 8;) and applying the same inequalities
used in the proof of Property A.2

N
Z’Yj (V%ﬁj
< Z boll (245 ). (A-10)

Since v; € Ry (i.e., v; = ||74l|), the inequality in (A—10) can be upper bounded by (A-9).

I1DIl =

N
Z 13l (Ve 87

Proof of Lemma 3.2:
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Consider the equation (V,,¢;)" <Z§V:1 tiap]) -

T
(Bi(vmi)_'g(vqiﬁi)> (ZN Bj(vqﬂj)_i(vq’ﬂj)) , and decompose this into smaller

()< T ()R

pieces. Using [54] as inspiration, the sufficient condition for I' (V,, ;)" (Zjv:l tigoj) >0

is to ensure the term

ATC [(IIBII ICH -+ AP | 1B ||DH} -0,

? 12 (A-11)

where A, B, C, D € R*> definedas A 2 5, (V7). B 2 7 (Vy5:),C 2 S6; (Vo)
JjeY

and D £ 37| ~; (V,,3;) are from the numerator terms of (V)" (Z;V:l qu.goj>. Upper

bounds for ||A|*, ||B||*, ||C||*, and ||D||* are proven in Property A.1-A.4 so that the

condition

ATC -

IBIF + IC1” + I AlI° + | DI N 1Bl + || DI
2k 2k?

>0 (A-12)

can be satisfied, where (A—12) is a lower bound for (A—11).
The lower bound in (A—12) follows from an application of Young’s inequality to (A—
11): ATC — [HBH?+||C||22+kuAH2+||DH2 i HBHZZZHDIIQ} < ATC — [(IIBIIIICH:IIAIIHDII) i HBMDII}, and

given the upper bounds established in Property A.1-A.4 it can be further lower bounded

as:
e [IBIEICI + 1A + DI 1BI + DI
2k 2k?2
2
P1i P2
>4B (Y (g — g — )| — 5k o2’ (A-13)

jeNT

where p;; and p.,; are defined in Lemma 3.2. In other words, if the right hand side of

(A-13) is positive, then A7C — UELCHANLD _IBIPL o which gives a sufficient

condition for (V,,¢;)" <Z§V:1 tigoj> > 0. Thus by (A—13) it proves Lemma 3.2. O
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