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Optimal control theory involves the design of controllers that can satisfy some
tracking or regulation control objective while simultaneously minimizing some performance
metric. A sufficient condition to solve an optimal control problem is to solve the
Hamilton-Jacobi-Bellman (HJB) equation. For the special case of linear time-invariant
systems, the solution to the HJB equation reduces to solving the algebraic Riccati
equation. However, for general systems, the challenge is to find a value function that
satisfies the HJB equation. Finding this value function has remained problematic because
it requires the solution of a partial differential equation that can not be solved explicitly.

Chapter 2 illustrates the amalgamation of optimal control techniques with a recently
developed continuous robust integral of the sign of the error (RISE) feedback term.
Specifically, a system in which all terms are assumed known (temporarily) is feedback
linearized and a control law is developed based on the HJB optimization method
for a given quadratic performance index. Under the assumption that parametric
uncertainty and unknown bounded disturbances are present in the dynamics, the
control law is modified to contain the RISE feedback term which is used to identify
the uncertainty. A Lyapunov stability analysis is included to show that the RISE feedback
term asymptotically identifies the unknown dynamics (yielding semi-global asymptotic
tracking) provided upper bounds on the disturbances are known and the control gains

are selected appropriately. A feedforward neural network is then added to the previous
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controller. The utility of combining these feedforward and feedback methods are twofold.
Previous efforts indicate that modifying the RISE feedback with a feedforward term can
reduce the control effort and improve the transient and steady state response of the RISE
controller. Moreover, combining NN feedforward controllers with RISE feedback yields
asymptotic results. Simulation as well as experimental results are provided to illustrate
the developed controllers.

Inverse optimal control is an alternative method to solve the nonlinear optimal
control problem by circumventing the need to solve the HJB equation. Adaptive inverse
optimal control techniques have been developed that can handle structured (i.e., linear
in the parameters (LP)) uncertainty for a particular class of nonlinear systems. In
Chapter 3, an adaptive inverse optimal controller is developed to minimize a meaningful
performance index while the generalized coordinates of a nonlinear Euler-Lagrange
system asymptotically track a desired time-varying trajectory despite LP uncertainty. A
Lyapunov analysis is provided to examine the stability of the developed optimal controller,
and simulation and experimental results illustrate the performance of the controller.

Output feedback based controllers are more desirable than full-state feedback
controllers because the necessary sensors for full-state feedback may not always be
available and using numerical differentiation to obtain velocities can be problematic if
position measurements are noisy. In Chapter 4, an adaptive output feedback 10C is
developed which minimizes a meaningful cost, while the generalized coordinates of a
nonlinear Euler-Lagrange system asymptotically tracks a desired time-varying trajectory.
The new controller contains a desired compensation adaptation law (DCAL) based
feedforward term and a feedback term that is shown to be implementable using only
position measurements. A Lyapunov analysis is provided to prove the stability of the
developed controller and to determine a meaningful cost functional. Experimental results
are included to illustrate the performance of the controller. The dissertation is concluded

in Chapter 5.
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CHAPTER 1
INTRODUCTION

1.1 Motivation and Literature Review

Optimal controllers are controllers that minimize some cost while stabilizing a system.
The design of an optimal controller generally involves solving the Hamilton-Jacobi-Bellman
(HJB) equation, which reduces to an algebraic Riccati equation (ARE) for linear
time-invariant systems. Due to the fact that the HJB equation is a partial differential
equation, finding a value function that explicitly satisfies the HJB equation remains
problematic.

One common technique in developing an optimal controller for a nonlinear system is
to assume the nonlinear dynamics are exactly known, feedback linearize the system, and
then apply optimal control techniques to the resulting system as in (1-3), and others. For
example, dynamic feedback linearization was used in (1) to develop a control Lyapunov
function to obtain a class of optimal controllers. A review of the optimality of nonlinear
design techniques and general results involving feedback linearization as well as Jacobian
linearization and other nonlinear design techniques are provided in (4; 5).

Motivated by the desire to eliminate the requirement for exact knowledge of
the dynamics, (6) developed one of the first results to illustrate the interaction of
adaptive control with an optimal controller. Specifically, (6) first used exact feedback
linearization to cancel the nonlinear dynamics and produce an optimal controller. Then,

a self-optimizing adaptive controller was developed to yield global asymptotic tracking
despite linear-in-the parameters uncertainty. The analysis in (6) indicated that if the
parameter estimation error could somehow converge to zero, then the controller would
converge to the optimal solution.

Another method to compensate for system uncertainties is to employ neural networks
(NN) to approximate the unknown dynamics. The universal approximation property states

that a NN can identify a function up to some function reconstruction error. The use of
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NN versus feedback linearization allows for general uncertain systems to be examined.
However this added robustness comes at the expense of reduced steady-state error (i.e.,
generally resulting in a uniformly ultimately bounded (UUB) result). NN controllers were
developed in results such as (7-12) to accommodate for the uncertainty in the system and
to solve the HJB equation. Specifically the tracking errors are proven to be uniformly
ultimately bounded (UUB) and the resulting state space system, for which the HJB
optimal controller is developed, is only approximated.

The development in Chapter 2 is motivated by the desire to improve upon the UUB
result previously found in literature. Specifically, this chapter illustrates how the inclusion
of the Robust Integral of the Sign of the Error (RISE) method in (13; 14) can be used
to identify the system and reject disturbances, while achieving asymptotic tracking and
the convergence of a control term to the optimal controller. Chapter 2 also includes a NN
extension to the previously designed controller as a modification to the results in (7-12)
that allows for asymptotic stability and convergence to the optimal controller rather than
to approximate the optimal controller.

Inverse optimal control (IOC) (15-21) is an alternative method to solve the nonlinear
optimal control problem by circumventing the need to solve the HJB equation. Previous
IOCs focus on finding a control Lyapunov function (CLF), which can be shown to also be
a value function, and then developing a controller that optimizes a meaningful cost (i.e., a
cost that puts a positive penalty on the states and actuation). The advantage of the IOC
is that the controller does not have to converge to an optimal solution (like direct optimal
controllers); however, the cost functional can not be chosen a priori. The cost functional is
determined based on the value function.

Some adaptive IOC methods (22-26) have been developed to compensate for linear
in the parameters (LP) uncertainty. Results such as (22) and (23), develop adaptive IOCs
for a general class of nonlinear systems with unknown parameters. An inverse optimal

adaptive attitude tracking controller is developed in (25) for rigid spacecraft with external
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disturbances and a constant uncertain inertia matrix. In (26), an inverse optimal adaptive
backstepping technique is applied to the design of a pitch control law for a surface-to-air
nonlinear missile model with a constant inertia matrix. The results in Chapter 3 seek to
apply adaptive inverse optimal control methods to an unknown Euler-Lagrange system
with a state dependent inertia matrix.

Output feedback based controllers are more desirable than full-state feedback
controllers, because the necessary sensors for full-state feedback may not always be
available and using numerical differentiation to obtain velocities can be problematic if
position measurements are noisy. Several researchers have developed output feedback
optimal controllers. The researchers in (27), develop a finite dimensional dynamic
output-feedback controller that achieves local near-optimality and semiglobal inverse
optimality for a output-feedback system with input disturbances. However, the nonlinearities
only depend on the measured output, and the system parameters are assumed to be
known. An optimal trajectory tracking control is proposed in (28) for nonholonomic
systems in chained form by using only output feedback information. The nonholonomic
system in (28) is written in such a way that the state and control matrices are known.

In (29), an output feedback optimal controller is designed using the certainty equivalence
principle, where the states are estimated, but used in the control law as if they were

the true states, resulting in a near optimal controller. The authors in Chapter 8 of (30),
design an output feedback linear quadratic regulator, but for a linear system with known
parameters.

Inspired by output feedback design methods developed in (31-34), an adaptive output
feedback IOC is developed in Chapter 4. The new controller contains a DCAL based
feedforward term and a feedback term that is shown to be implementable using only
position measurements. Unlike the previous results in literature, the system contains
an unknown state dependent inertia matrix. A Lyapunov analysis is provided to prove

the stability of the developed controller and to determine a meaningful cost functional.
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Experimental results are included to illustrate the performance of the controller. The
dissertation is concluded in Chapter 5.
1.2 Problem Statement

In this dissertation, optimal control techniques are applied to uncertain nonlinear
systems. The control objective is for the generalized coordinates of a system to track a
desired trajectory while minimizing a cost functional. Depending on the problem, the
cost may or may not be known a priori. For a direct optimal control problem the cost is
determined in advance; while for an inverse optimal control problem, the cost functional is
determined after the fact and is based on the value function.

The dissertation will address the following problems of interest: 1) RISE based
optimal control of uncertain nonlinear systems; 2) RISE and NN based optimal control of
uncertain nonlinear systems; 3) Adaptive inverse optimal control of uncertain nonlinear
systems; and 4) Adaptive inverse optimal control of uncertain nonlinear systems using
output feedback. The control development in the dissertation is proven by using nonlinear
Lyapunov based methods and is demonstrated by Matlab simulation and/or experimental
results.

1) RISE based optimal control of uncertain nonlinear systems.

Previous results rely on feedback linearization or NNs to cancel out nonlinearities
or to identify them. Feedback linearization results are inherently not robust to plant
uncertainty, and NNs result in an UUB stability result. Motivated by the desire to
determine if it was possible to develop a controller which improved upon the UUB result
previously found in literature, the controller developed in Chapter 2 incorporates optimal
control elements with an implicit learning feedback control strategy developed in (35),
that was later coined the Robust Integral of the Sign of the Error (RISE) method in
(13; 14). The RISE method is used to identify the system and reject disturbances, while
achieving asymptotic tracking and the convergence of a control term to the optimal

controller. Inspired by the previous work in (6-12; 36; 37), a system in which all terms are

15



assumed known (temporarily) is feedback linearized and a control law is developed based
on the HJB optimization method for a given quadratic performance index. Under the
assumption that parametric uncertainty and unknown bounded disturbances are present
in the dynamics, the control law is modified to contain the RISE feedback which is used
to identify the uncertainty. Specifically, a Lyapunov stability analysis is included to show
that the RISE feedback term asymptotically identifies the unknown dynamics (yielding
semi-global asymptotic tracking) provided upper bounds on the disturbances are known
and the control gains are selected appropriately. As in previous literature the control law
converges to the optimal law, however because this result is asymptotic rather than UUB
the control law converges exactly to the optimal law. Simulation as well as experimental
results are provided to illustrate the developed controller.

2) RISE and NN based optimal control of uncertain nonlinear systems.

Motivated by the desire to improve the previous result, the amalgam of the
robust RISE feedback method with NN methods to yield a direct optimal controller
is investigated. The utility of combining these feedforward and feedback methods are
twofold. Previous efforts in (13) indicate that modifying the RISE feedback with a
feedforward term can reduce the control effort and improve the transient and steady
state response of the RISE controller. Hence, the combined results should converge to
the optimal controller faster. Moreover, combining NN feedforward controllers with RISE
feedback yields asymptotic results (38). Hence, the efforts here provide a modification to
the results in (7-12) that allows for asymptotic stability and convergence to the optimal
controller rather than to approximate the optimal controller. Simulation and experimental
results illustrate the performance of the controller.

3) Adaptive inverse optimal control of uncertain nonlinear systems

The result in Chapter 3 focuses on applying adaptive inverse optimal control
techniques to uncertain nonlinear systems. Previous inverse optimal controllers are

developed for classes of systems where the dynamics can be expressed in a specific form
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to facilitate the development of a control Lyapunov function. Specifically, previous 10Cs

focus on the class problems modeled as

= f(z)+ F(x)0 + g(x)u, (1-1)

for some state z(t) € R", where f(z) € R" is a smooth vector valued function, F'(z) €
R™P g(x) € R™™ are smooth matrix valued functions, § € RP is a vector of unknown
constants, and u (t) € R™ is the control. In general, the input gain matrix g(z) must
be known. Systems with a constant inertia matrix, such as the applications in (25) and
(26), can easily be transformed into Equation 1-1, unlike systems with an uncertain
state-dependent inertia matrix or uncertainty in the input matrix. In order to determine
if an IOC could be developed for a more practical engineering system (39), an adaptive
IOC is developed in Chapter 3 based on the theoretical foundation presented in (22;

25; 40). The developed controller minimizes a meaningful performance index as the
generalized coordinates of a nonlinear Euler-Lagrange system globally asymptotically
track a desired time-varying trajectory despite LP uncertainty in the dynamics. The
considered class of systems does not adhere to the model given in Equation 1-1. The
unique ability to consider the IOC problem for uncertain Euler-Lagrange dynamics is due
to a novel optimization analysis. A meaningful cost function (i.e., a positive function of
the states and control input) is developed and an analysis is provided to prove the cost
is minimized without having to prove the Lyapunov function is a CLF. To develop the
optimal controller for the uncertain system, the open loop error system is segregated

to include two adaptive terms. One adaptive term is based on the tracking error which
contributes to the cost function, and the other adaptive term does not explicitly depend
on the tracking error (and therefore does not explicitly contribute to the cost function).
A Lyapunov analysis is provided to examine the stability of the developed controller and
to determine a respective meaningful cost functional. Simulation as well as experimental

results are provided to illustrate the developed controller.
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4) Adaptive inverse optimal control of uncertain nonlinear systems using output
feedback

Output feedback based controllers are more desirable than full-state feedback
controllers, because the necessary sensors for full-state feedback may not always be
available, and using numerical differentiation to obtain velocities can be problematic
if position measurements are noisy. The controller in Chapter 4 is based on the desire
to develop an adaptive controller for an uncertain Euler-Lagrange system that could
minimize a meaningful cost, while the generalized coordinates of the system track a
desired time-varying trajectory without using velocity measurements. Using the error
system developed in (31-34) an adaptive IOC is developed that contains a DCAL based
feedforward term and a feedback term that is shown to be implementable without velocity
measurements. A Lyapunov analysis is provided to determine a meaningful cost functional
and to prove the stability of the developed controller. Experimental results are included to
illustrate the performance of the controller.

1.3 Contributions

The main contribution in this dissertation is the development of new optimal control
techniques for uncertain nonlinear systems. Specifically, direct and adaptive inverse
optimal control techniques are applied to an uncertain nonlinear system to develop
continuous controllers that tracks a desired trajectory while minimizing a meaningful cost.

In the process of achieving the main contribution, the following contributions were made:

1. For the first time ever, a direct optimal controller is developed that yields asymptotic
tracking and convergence to an optimal controller.

2. Results exist in literature that use a NN with direct optimal control methods that
result in UUB stability. The contribution in Chapter 2 is to illustrate how the
previous methods could be augmented with RISE feedback to obtain asymptotic
tracking.

3. An adaptive IOC is developed for a nonlinear Euler-Lagrange system. The use of
an Euler-Lagrange system is motivated by the fact that the dynamics model a large
class of contemporary engineering problems (39). The controller achieves asymptotic

18



tracking while minimizes a meaningful cost. The design is unique in that the model
does not conform to the standard model used in literature.

An adaptive IOC is designed for a nonlinear Euler-Lagrange system that only
requires position measurements. The controller achieves asymptotic tracking and
minimizes a meaningful cost, while using a model that does not conform to the
standard model used in literature. The controller consists of a DCAL feedforward
term and a feedback term that can be implemented without velocity measurements.

19



CHAPTER 2
OPTIMAL CONTROL OF UNCERTAIN NONLINEAR SYSTEMS USING A NEURAL
NETWORK AND RISE FEEDBACK

The development in this chapter is motivated by the desire to use optimal control
techniques for uncertain nonlinear systems. Inspired by the previous work in (6-12;

36; 37), a system in which all terms are assumed known (temporarily) is feedback
linearized and a control law is developed based on the HJB optimization method for a
given quadratic performance index. The control law is then augmented to contain the
RISE feedback term which is used to identify the parametric uncertainty and the unknown
bounded disturbances that are present in the dynamics. The RISE feedback term is then
shown, through a Lyapunov stability analysis, to asymptotically identify the unknown
dynamics (yielding semi-global asymptotic tracking) provided upper bounds on the
disturbances are known and the control gains are selected appropriately. Due to the fact
that this result is asymptotic the control law converges to the optimal control law, rather
than the UUB results in literature which only approximate the optimal control law.

The remainder of this chapter is organized as follows. In Section 2.1, the model is
given along with several of its properties. In Section 2.2, the control objective is stated
and an error system is formulated. In Section 2.3, an optimal controller is developed
for a feedback linearized system. In Section 2.4, the RISE feedback term is developed.

In Section 2.5, the stability of the controller is proven. In Section 2.6, the motivation
behind including a NN is discussed. In Section 2.7, the properties of NN’s are presented.
In Section 2.8, the stability of the controller is proven. In Section 2.9, simulation and
experimental results are presented.
2.1 Dynamic Model and Properties
The class of nonlinear dynamic systems considered in this chapter is assumed to be

modeled by the following Euler-Lagrange (39) formulation:

M(q)g + Vin(q, 4)q + G(q) + F (¢) + 7a (t) = u(?). (2-1)
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In Equation 2-1, M(q) € R™" denotes the inertia matrix, V,,(¢,¢) € R™" denotes the
centripetal-Coriolis matrix, G(q) € R™ denotes the gravity vector, F' (¢) € R" denotes
friction, 74 (t) € R™ denotes a general nonlinear disturbance (e.g., unmodeled effects),

u(t) € R™ represents the input control vector, and ¢(t), ¢(t), G(t) € R™ denote the position,
velocity, and acceleration vectors, respectively. The subsequent development is based on
the assumption that ¢(t) and ¢(¢) are measurable and that M (q), Vi.(q,q), G(q), F'(¢) and
74 (t) are unknown. Moreover, the following properties will be exploited in the subsequent
development.

Property 2.1 The Euler-Lagrange dynamics in Equation 2—1 along with the subsequent
error system development is based on the assumption that the generalized coordinates,
q(t), are only defined for translations and rotations about a single axis.

Property 2.2: The inertia matrix M(q) is symmetric, positive definite, and satisfies the

following inequality V&(t) € R™:

my [€)1” < €7 M(q)¢ < m(q) lIE]N", (2-2)

where m; € R is a known positive constant, m(q) € R is a known positive function, and
||-|| denotes the standard Euclidean norm.

Property 2.3: The following skew-symmetric relationship is satisfied:
¢ (N (q) = 2Vn(g, ) €=0  VEER" (2-3)

Property 2.4: If ¢(t), §(t) € Lo, then V,,(q,q), F(¢) and G(q) are bounded. Moreover,
if q(t), 4(t) € Lo, then the first and second partial derivatives of the elements of M(q),
Vin(q, 4), G(q) with respect to ¢ (t) exist and are bounded, and the first and second partial
derivatives of the elements of V,,(q, ¢), F'(¢) with respect to ¢(t) exist and are bounded.
Property 2.5: The desired trajectory is assumed to be designed such that q4(t), ¢a(t),

Ga(t), Qa(t), ¢ 4(t) € R™ exist, and are bounded.
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Property 2.6: The nonlinear disturbance term and its first two time derivatives (i.e.,
T4 (t), 74 (t), 74 (t)) are bounded by known constants.
2.2 Control Objective
The control objective is to ensure that the generalized coordinates of a system track
a desired time-varying trajectory, denoted by gq(t) € R™, despite uncertainties in the
dynamic model, while minimizing a given performance index. To quantify the tracking

objective, a position tracking error, denoted by e;(t) € R™, is defined as
e = qda — q- (2-4)

To facilitate the subsequent analysis, filtered tracking errors, denoted by es(t), r(t) € R”,
are also defined as

€9 £ él + a6 (275)
r & éy+ ages, (2-6)

where a; € R™ ", denotes a subsequently defined positive definite, constant, gain matrix,
and ay € R is a positive constant. The filtered tracking error r(t) is not measurable since
the expression in Equation 2-6 depends on §(t).
2.3 Optimal Control Design

In this section, a state-space model is developed based on the tracking errors in
Equation 2-4 and Equation 2-5. Based on this model, a controller is developed that
minimizes a quadratic performance index under the (temporary) assumption that
the dynamics in Equation 2-1, including the additive disturbance, are known. The
development in this section motivates the control design in Section 2.4, where a robust
controller is developed to identify the unknown dynamics and additive disturbance.

To develop a state-space model for the tracking errors in Equation 2-4 and Equation

2-5, the time derivative of Equation 2-5 is premultiplied by the inertia matrix, and
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substitutions are made from Equation 2—-1 and Equation 2—4 to obtain
Méy = —Veo —u+ h + 14, (2-7)
where the nonlinear function h (q,4,94,44,Gs) € R™ is defined as
h = M (Gg+ ai1é1) + Vin(4a + are)) + G+ F. (2-8)

Under the (temporary) assumption that the dynamics in Equation 2—-1 are known, the

control input can be designed as

uE h+ 74— Uy, (2-9)

where u, (t) € R™ is an auxiliary control input that will be designed to minimize a
subsequent performance index. By substituting Equation 2-9 into Equation 2-7 the

closed-loop error system for es(t) can be obtained as
Meéy = —V,e5 + u,. (2-10)
A state-space model for Equation 2-5 and Equation 2-10 can now be developed as
2= A(q,q) =+ B(q) uo, (2-11)

where A (q,q) € R??" B (q) € R*™*" and z (t) € R* are defined as

. —q [n><n
A(g,q) = :
0n><n _Milvm

T
B@)2 | o, Ml} |

- T
2(t) £ | €T eg] ;

where I, and 0,,», denote a n X n identity matrix and matrix of zeros, respectively. The

quadratic performance index J (u,) € R to be minimized subject to the constraints in
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Equation 2-11 is

J(uo)é/ L(z,u,) dt:/ <%zTQz+1uOTRuo> dt, (2-12)
0 0

where L (z,u,) is the Lagrangian. In Equation 2-12, Q@ € R*>?" and R € R™" are
positive definite symmetric matrices to weight the influence of the states and (partial)
control effort, respectively. Furthermore, the matrix ) can be broken into blocks as

follows:

Qll Q12
Qly Q2

As stated in (7; 8), the fact that the performance index is only penalized for the auxiliary

Q=

control u,(t) is practical since the gravity, Coriolis, and friction compensation terms in
Equation 2-8 can not be modified by the optimal design phase.

To facilitate the subsequent development, let P(q) € R**?" be defined as

K On><n
P(q) = : (2-13)
OTLX’N/ M

where K € R™"™ denotes a gain matrix. If aq, R, and K, introduced in Equation 2-5,

Equation 2-12, and Equation 2-13, satisfy the following algebraic relationships

1

K=KT= -3 (Q12+ Q1) >0 (2-14)
Qu = af K + Kay, (2-15)
R = Qo, (2-16)
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where ();; € R™ " denotes a block of ), then P(q) satisfies the Riccati differential

equation' | and the value function V(z,t) € R

1
V= 5zTPz (2-17)
satisfies the HJB equation. It can then be concluded that the optimal control w, (t) that

minimizes Equation 2-12 subject to Equation 2-11 is?

uy (t) = —R'B” (%)T = —R e, (2-18)

2.4 RISE Feedback Control Development

In general, the bounded disturbance 7,4(t) and the nonlinear dynamics given
in Equation 2-8 are unknown, so the controller given in Equation 2-9 can not be
implemented. However, if the control input contains some method to identify and cancel
these effects, then z(¢) will converge to the state space model in Equation 2-11 so that
Uo(t) minimizes the respective performance index. As stated in the introduction, several
results have explored this strategy using function approximation methods such as neural
networks, where the tracking control errors converge to a neighborhood near the state
space model yielding a type of approximate optimal controller. In this section, a control
input is developed that exploits RISE feedback to identify the nonlinear effects and
bounded disturbances to enable z(t) to asymptotically converge to the state space model.

To develop the control input, the error system in Equation 2-6 is premultiplied by
M (q) and the expressions in Equation 2-1, Equation 2-4, and Equation 2-5 are utilized to
obtain

Mr = -V, es +h+ 715+ asMey — u. (2-19)

1'See Appendix A for details on these relationships and the Riccati differential equation

2 See Appendix B for proof of optimality

25



Based on the open-loop error system in Equation 2-19, the control input is composed of
the optimal control developed in Equation 218, plus a subsequently designed auxiliary
control term p(t) € R™ as

U= L — Up- (2-20)

The closed-loop tracking error system can be developed by substituting Equation 2-20

into Equation 2-19 as
Mr =—-Vy,ea+h+ 15+ asMes + u, — p. (2-21)

To facilitate the subsequent stability analysis the auxiliary function fy (qq, G4, Gs) € R™,

which is defined as
Ja = M(qa)Ga + Vin(qa, 4a)da + G(qa) + F (da) , (2-22)
is added and subtracted to Equation 2-21 to yield
Mr=—Vyes+h+ fo+ 15+ u, — 1+ asMes, (2-23)
where h (q,4,q4,4a,Ga) € R" is defined as
h&h— f, (2-24)
The time derivative of Equation 2-23 can be written as
M7 = —%Mr +N+Np—es—R'r—pa (2-25)

after strategically grouping specific terms. In Equation 2-25, the unmeasurable auxiliary

terms N (e, e, 7,t), Np (t) € R" are defined as
. . 1. - .
N = —Vmeg — Vmeg — §MT’ + h + O{QMBQ + O{QMéQ + e + (IQR_IGQ

Np 2 fo+ 14
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Motivation for grouping terms into N(ej, e, 7,t) and Np (t) comes from the subsequent

stability analysis and the fact that the Mean Value Theorem, Property 2.4, Property 2.5,

and Property 2.6 can be used to upper bound the auxiliary terms as®

|F]| <oyl (2-26)
Ivoll < ¢ [N < (2-27)

where y(t) € R?" is defined as
v 2 el e T (2-28)

the bounding function p(]|y||) € R is a positive globally invertible nondecreasing function,
and ¢; € R (i = 1,2) denote known positive constants. Based on Equation 2-25, the

control term p(t) is designed based on the RISE framework (see (13; 35; 41)) as
¢
p(t) = (ks + Deg(t) — (ks + 1)ea(0) + / (ks + 1)ages(0) + Bisgn(ex(o))]do (2-29)
0

where kg, 51 € R are positive constant control gains. The closed loop error systems for ()
can now be obtained by substituting the time derivative of Equation 2-29 into Equation
2-25 as

1. 3
Mr = —§M7“ + N+ Np —ey— R'r — (ks + 1)r — Bisgn(es). (2-30)

2.5 Stability Analysis
The stability of the RISE and optimal controller given in Equation 2-20 can be
examined through the following theorem.
Theorem 2.1: The controller given in Equation 2-20 ensures that all system signals
are bounded under closed-loop operation, and the tracking errors are regulated in the

sense that

lex @I lle2@®I], lr@)| =0 as ¢ — o0 (2-31)

3 See Appendix C for details on this inequality
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The boundedness of the closed loop signals and the result in Equation 2-31 can be
obtained provided the control gain k, introduced in Equation 2-29 is selected sufficiently
large (see the subsequent stability analysis), and «y, s are selected according to the
sufficient conditions

Amin (Ctl) > Qg > 1, (2—32)

N —

where Apin (1) is the minimum eigenvalue of ay, and 3 is selected according to the

following sufficient condition:
1
b1 > G+ —C, (2-33)
Q9

where (3; was introduced in Equation 2-29. Furthermore, u (t) converges to an optimal
controller that minimizes Equation 2-12 subject to Equation 2-11 provided the gain
conditions given in Equation 2-14-Equation 2-16 are satisfied.

Remark: The control gain «; can not be arbitrarily selected, rather it is calculated
using a Liyapunov equation solver. Its value is determined based on the value of ) and R.
Therefore () and R must be chosen such that Equation 2-32 is satisfied.

Proof: Let D C R**! be a domain containing ®(¢) = 0, where ®(¢) € R3"! is
defined as

o(t) = [y (t) VO] (2-34)

In Equation 2-34, the auxiliary function O(t) € R is defined as
t
0t) 2 3 a0} - e2(0) No(0) - | L) (2-35)
0
where the auxiliary function L(t) € R is defined as
L(t) £ r"(Np(t) — Srsgn(es)), (2-36)

where (3, € R is a positive constant chosen according to the sufficient conditions in

Equation 2-33. As illustrated in Appendix D, provided the sufficient conditions introduced
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in Equation 2-33 are satisfied, the following inequality can be obtained:
t
/ L(7)dr < By ||e2(0)] — e2(0)" Np(0). (2-37)
0

Hence, Equation 2-37 can be used to conclude that O(t) > 0.
Let Vi (®,t) : D x [0,00) — R be a continuously differentiable positive definite

function defined as

1 1
Vi (®,t) £ ele; + 5eQTe2 + 5rTM(q)r + 0, (2-38)

which satisfies the following inequalities:
Up(®) < Vi (P,t) < Uy(P), (2-39)

provided the sufficient conditions introduced in Equation 2-33 are satisfied. In Equation
2-39, the continuous positive definite functions Uy (®), and Uy(®) € R are defined as

UL (®) £ A ||, and Uy(®) £ My(q) || @7, where Ay, Ao(q) € R are defined as

1 1
pY— émin{l,ml} A2(q) = max{ﬁm(q), 1} )

where my, m(q) are introduced in Equation 2-2. After taking the time derivative of

Equation 2-38, V;,(®, ) can be expressed as
: 1 .. .
Vi(®,t) = 2ele) +eléy + §TTM(q)r +rIM (q)7 + O.

After utilizing Equation 2-5, Equation 2-6, Equation 2-30, and substituting in for the

time derivative of O(t), V(®,t) can be simplified as follows:

Vi (®,t) < =2 arey + 2eley + 7T N(2) (2-40)

= (ks + 14 Ain (B71)) [I7]1* — a2 [lez”

Based on the fact that

1 2 1 2
eser < B lea]|” + B} e,
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the expression in Equation 240 can be simplified as

Vi (®,t) < rTN(t) — (ks + 14 Amin (R™)) 7||” (2-41)

= (2Amin (1) = 1) flea|” = (g = 1) [Jea|*.
By using Equation 2-26, the expression in Equation 2—41 can be rewritten as

Vi(@,t) < =g llyll” = [ks 117 = oyl 171 wll] (2-42)

where A3 £ min{2A i, (1) — 1,00 — 1,1+ Ay (R71)} and o and ay are chosen according
to the sufficient condition in Equation 2-32. After completing the squares for the terms

inside the brackets in Equation 2-42, the following expression can be obtained

. 2 2
Vi(@,1) < =g |lyll* + W < -U(®), (2-43)

where U(®) = c||y||”, for some positive constant ¢, is a continuous, positive semi-definite

function that is defined on the following domain:
DL {cp e R | ||@]| < p! (2 )\3I<;S>} .

The inequalities in Equation 2-39 and Equation 2-43 can be used to show that Vi(®,t) €
L in D; hence, e1(t), ea(t), and 7(t) € Lo in D. Given that ey (t), ea(t), and r(t) € Lo
in D, standard linear analysis methods can be used to prove that é;(t), és(t) € L in D
from Equation 2-5 and Equation 2-6. Since e;(t), es(t), 7(t) € Lo in D, the property that
qa(t), Ga(t), da(t) exist and are bounded can be used along with Equation 2-4 - Equation
2-6 to conclude that q(t), (t), §(t) € Lo in D. Since q(t), §(t) € Ly in D, Property

2.4 can be used to conclude that M(q), Vin(q,q), G(q), and F(¢) € Lo in D. Thus from
Equation 2-1 and Property 2.5, we can show that u(t) € L., in D. Given that r(t) € Lo
in D, it can be shown that fi(t) € L in D. Since (t), §(t) € L in D, Property 2.4 can

be used to show that V,,(¢,q), G(q), F(q) and M(q) € Lo in D; hence, Equation 2-30 can
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be used to show that 7(t) € L, in D. Since é,(t), é2(t), 7(t) € Lo in D, the definitions for
U(y) and z(t) can be used to prove that U(y) is uniformly continuous in D.

Let S C D denote a set defined as follows:

S2 {C[)(t)c D | Us(B(t)) < M (p—l (2 >\3ks)>2} . (2-44)

The region of attraction in Equation 2-44 can be made arbitrarily large to include any
initial conditions by increasing the control gain k, (i.e., a semi-global type of stability

result) (41). Theorem 8.4 of (42) can now be invoked to state that
clly@®|* =0 as t—oo0  Vy(0)eS. (2-45)

Based on the definition of y(t), Equation 2-45 can be used to conclude the results in
Equation 2-31 Vy(0) € S.

Since u (t) — 0 as ez (t) — 0 (see Equation 2-18), then Equation 2-23 can be used to
conclude that

p— h+ fi+ 74 as r(t), es(t) — 0. (2-46)

The result in Equation 2-46 indicates that the dynamics in Equation 2—1 converge to the
state-space system in Equation 2-11. Hence, u (t) converges to an optimal controller that
minimizes Equation 2-12 subject to Equation 2-11 provided the gain conditions given in
Equation 2-14 - Equation 2-16 are satisfied.
2.6 Neural Network Extension

The efforts in this section investigate the amalgam of the robust RISE feedback
method with NN methods to yield a direct optimal controller. The utility of combining
these feedforward and feedback methods are twofold. Previous efforts in (13) indicate
that modifying the RISE feedback with a feedforward term can reduce the control effort
and improve the transient and steady state response of the RISE controller. Hence, the
combined results should converge to the optimal controller faster. Moreover, combining

NN feedforward controllers with RISE feedback yields asymptotic results (38). Hence, the
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efforts in this dissertation provide a modification to the results in (7-12) that allows for
asymptotic stability and convergence to the optimal controller rather than to approximate
the optimal controller.

Based on the previous work done in the chapter the unknown LP and non-LP
dynamics are temporarily assumed to be known so that a controller can be developed for a
residual system based on the HJB optimization method for a given quadratic performance
index. The original uncertain nonlinear system is then examined, where the optimal
controller is augmented to include the RISE feedback and NN feedforward terms to
asymptotically cancel the uncertainties. A Lyapunov-based stability analysis is included to
show that the RISE and NN components asymptotically identify the unknown dynamics
(yielding semi-global asymptotic tracking) provided upper bounds on the disturbances are
known and the control gains are selected appropriately. Moreover, the controller converges
to the optimal controller for the a priori given quadratic performance index.

2.7 Neural Networks

The universal approximation property indicates that weights and thresholds exist such
that some continuous function f(z) € RM*! can be represented by a three-layer NN as
(43), (44)

f@)=WTo (VIz) +e(z). (2-47)

In Equation 2-47, V€ RWi+DxN2 apnd W e ROV2+Dx" are hounded constant ideal weight
matrices for the first-to-second and second-to-third layers respectively, where N; is the
number of neurons in the input layer, N is the number of neurons in the hidden layer,
and n is the number of neurons in the third layer. The activation function* in Equation
2-47 is denoted by o (-) : RMT1 — RMH and e (x) : RM*T — R” is the functional

reconstruction error. Based on Equation 2-47, the typical three-layer NN approximation

* A variety of activation functions (e.g., sigmoid, hyperbolic tangent or radial basis)
could be used for the control development.
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for f(x) is given as (43), (44)
fz) 2 Wio <VTSU> : (2-48)
where V() € RMHDxN2 and W (t) € RO2+D*n gre subsequently designed estimates of the

ideal weight matrices. The estimate mismatches for the ideal weight matrices, denoted by

V(t) € RNFDXN2 and W (t) € RWN2+Dx7 are defined as

~

VEV -V,

~ A

WEW-W,

and the mismatch for the hidden-layer output error for a given x(t), denoted by &(z) €
RN2+1is defined as

2o—6=0(V'z)-0 (VT:U> . (2-49)

One of the NN estimate properties that facilitate the subsequent development is
described as follows.
Property 2.7: (Boundedness of the Ideal Weights) The ideal weights are assumed to exist

and be bounded by known positive values so that
HVHZF =tr(VI'V) < Vp (2-50)

W5 = tr(WTW) < Wg (2-51)

where ||| is the Frobenius norm of a matrix, ¢r (-) is the trace of a matrix.

To develop the control input, the error system in Equation 2-6 is premultiplied by
M (q) and the expressions in Equation 2-1, Equation 24, and Equation 2-5 are utilized to
obtain

Mr =—V,ea +h+ 75+ asMey — u. (2-52)

To facilitate the subsequent stability analysis the auxiliary function fy (¢4, 4, Ga) € R",
which is defined as

fa = M(qa)ga + Vin(qas Ga)da + G(ga) + F (4a) , (2-53)
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is added and subtracted to Equation 2-52 to yield
Mr =—Vyes+h+ fg+ 74+ asMey — u, (2-54)
where h (q,4,q4,44,G4) € R is defined as
h=h— fi (2-55)
The expression in Equation 2-53 can be represented by a three-layer NN as
fa=WTo (VTzq) + e (2q). (2-56)

In Equation 2-56, the input z4(t) € R**1 is defined as x4(t) = [1 ¢Z(t) ¢2(t) ¢2(t)]" so
that N7 = 3n where N; was introduced in Equation 2-47. Based on the Property 2.5 that

the desired trajectory is bounded, the following inequalities hold
le@a)ll <o, 1€ (za, Ea)|l < ev (2-57)
H6 (xda i'd> xd) H S Ebs
where €, , €p,, €5, € R are known positive constants.
Based on the open-loop error system in Equation 2-52, the control input is composed
of the optimal control developed in Equation 2-18, a three-layer NN feedforward term,

plus the RISE feedback term as

u= fq+ [t — t. (2-58)

Specifically, u(t) € R™ denotes the RISE feedback control term defined in Equation 2-29.

The feedforward NN component in Equation 2-58, denoted by fd(t) € R”, is generated as

fa2 W (V). (2-59)
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The estimates for the NN weights in Equation 2-59 are generated on-line (there is no

off-line learning phase) as
W = proj(Ty6 V¥igel) (2-60)
V = proj(Laig(6 " Wez)T)
where o' (VT2) = do (VT2) Jd (VT2) |1y, and I € RO+ T, ¢
REGHDx@n+1) are constant, positive definite, symmetric matrices. In Equation 2-60,
proj(+) denotes a smooth convex projection algorithm that ensures W (t) and 1% () remain
bounded inside known bounded convex regions. See Section 4.3 in (45) for further details.

The closed-loop tracking error system is obtained by substituting Equation 2-58 into

Equation 2-52 as
Mr:—Vm62+a2M62+fd—fd+i_z+7d+uo—u. (2-61)

To facilitate the subsequent stability analysis, the time derivative of Equation 2-61 is

determined as
M7= —Mr — Vyey — Vipés + asMey + agMéy + fo— fy+h+Ta+ 1o — . (2-62)

Using Equation 2-47 and Equation 2-59, the closed-loop error system in Equation 2-62

can be expressed as

My = —Mr — Vmez — Vinéa + 062M62 + agMeéy + WTU/VTid ~- W (2-63)

— W6 VT = WI6' Viig+ &+ h+ 74+ 1 — 2,
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where the notations ¢ and ¢ are introduced in Equation 2-49. Adding and subtracting the

terms WT6'VTiy+ W7T6' Vi, to Equation 2-63, yields

Mr = —MT‘ — Vmeg - Vmeg -+ OQMGQ + O[QMéQ -+ WTa'/f/Ti‘d (2*64)
W'V iy —Wre -~ W' Vg + Who' VT,

—WTE' Vg —WT6 Vg4 e+ h+ 7g + o — [

Using Equation 2-18 and the NN weight tuning laws in Equation 2-60, the expression in

Equation 2-64 can be rewritten as
Mr = —%M(q}r + N+ N —ey— R — (kg + 1)r — Bisgn(es), (2-65)
where the fact that the time derivative of Equation 2-29 is given as
it = (ks + 1)r + Bisgn(es) (2-66)

was utilized, and where the unmeasurable auxiliary terms N (e1,e9,1,t), N (W, V, x4, t) €

R™ are defined as

N & —%MT + 7L + o+ R ey — Vies — Vipéo + agMes + o Méy (2-67)
- proj(ljl&,f/Tx'deg)Tﬁ - WTélproj(ng’d((%lTWeQ)T)Txd
N 2 Np + Ng. (2-68)
In Equation 2-68, Np(t) € R™ is defined as
Np =WTo'VTig+ ¢ + 74, (2-69)
while Np (W, vV, md> € R" is further segregated as

Np = Npg, + Na,, (2-70)
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where Np, <W, V, xd) € R™ is defined as

Ng, = -WT6'VTiy—WT6' VT iy, (2-71)
and the term Np, (W, V, a:d> € R™ is defined as

Ng, = W'V g+ Wr6' VT, (2-72)

Segregating the terms as in Equation 2-69 - Equation 2-72 facilitates the development of
the NN weight update laws and the subsequent stability analysis. For example, the terms
in Equation 2-69 are grouped together because the terms and their time derivatives
can be upper bounded by a constant and rejected by the RISE feedback, whereas
the terms grouped in Equation 2-70 can be upper bounded by a constant but their
derivatives are state dependent. The terms in Equation 2-70 are further segregated
because Np, (W, V, xd> will be rejected by the RISE feedback, whereas Np, (W, V, xd>
will be partially rejected by the RISE feedback and partially canceled by the adaptive
update law for the NN weight estimates.

In a similar manner as in (41), the Mean Value Theorem can be used to develop the

following upper bound?®
(NG (PR (2-73)
where y(t) € R®" is defined as

y(t) £ ler e Y, (2-74)

and the bounding function p(||y||) € R is a positive globally invertible nondecreasing

function. The following inequalities can be developed based on Property 2.6, Equation

® See Appendix C for details on this inequality
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2-50, Equation 2-51, Equation 2-57, Equation 2-60 and Equation 2-70 - Equation 2-72:
Vol <G INsl <G |[Nof <G (275)

|7 < o+ Gleal (2-76)

In Equation 2-75 and Equation 2-76, (; € R (i = 1,2,...,5) are known positive constants.
2.8 Stability Analysis
The stability of the RISE, NN, and optimal controller given in Equation 2-58 and
Equation 2-60 can be examined through the following theorem.
Theorem 2.2: The nonlinear optimal controller given in Equation 2-58 and
Equation 2-60 ensures that all system signals are bounded under closed-loop operation

and that the position tracking error is regulated in the sense that
lea®)] =0  as t— 0. (2-77)

The result in Equation 2-77 can be achieved provided the control gain kg introduced
in Equation 2-29 is selected sufficiently large, and «y, as are selected according to the

following sufficient conditions:

)\min (al) > Qg > 62 + 17 (2778)

N | —

where Ay (+) € R denotes the minimum eigenvalue, and 5; (i = 1,2) are selected

according to the following sufficient conditions:

Br> G+ G+ iCs + i@; Ba > (s, (2-79)
[6%) (6%))

where (; € R, 7 = 1, 2,..., 5 are introduced in Equation 2-75 - Equation 2-76, 3, was
introduced in Equation 2-29, and /3, is introduced in Equation 2-82. Furthermore, u (%)
converges to an optimal controller that minimizes Equation 2—-12 subject to Equation 2-11

provided the gain conditions given in Equation 2-14 - Equation 2-16 are satisfied.
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Remark: The control gain «; can not be arbitrarily selected, rather it is calculated
using a Lyapunov equation solver. Its value is determined based on the value of ) and R.
Therefore () and R must be chosen such that Equation 2-32 is satisfied.

Proof: Let D C R*"™ be a domain containing ®(¢) = 0, where ®(¢) € R332 is

defined as
o(t) = [y (t) VO@I) VG (2-80)

In Equation 2-80, the auxiliary function O(t) € R is defined as
t
24 Z e, (0)] = e2(0)"N(©) - [ Lr)ar (2-81)
0

where e, (0) is equal to the i element of e5(0) and the auxiliary function L(t) € R is

defined as

L(t) = " (Np, (t) + Np(t) — Bisgn(es)) (2-82)

+¢é3 (t) Np, (t) — Ba [le2(8)]°,

where 3; € R (i = 1,2) are positive constants chosen according to the sufficient conditions
in Equation 2-79. Provided the sufficient conditions introduced in Equation 2-79 are

satisfied®
n

[ 1) < 53 e (0] = (07 N o). (28

=1

Hence, Equation 2-83 can be used to conclude that O(t) > 0. The auxiliary function

G(t) € R in Equation 2-80 is defined as
Qo T —17% Qg T —117
G(t) = Fir (W I W) + Sr (v r; V) . (2-84)

Since I'y and 'y are constant, symmetric, and positive definite matrices and ay > 0, it is

straightforward that G(t) > 0

6 See Appendix E for details on this inequality
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Let Vi (®,t) : D x [0,00) — R be a continuously differentiable positive definite

function defined as
AT L r L 7
Vi(®,t) = ejer + €262 + 3" M(q)r+ O + G, (2-85)
which satisfies the following inequalities:
Ur(®) < Vi(®,1) < Up(P) (2-86)

provided the sufficient conditions introduced in Equation 2-79 are satisfied. In Equation
2-86, the continuous positive definite functions Uy (®), and Uy(P) € R are defined as

U (®) 2 A ||, and Uy(®) £ X\y(q) || @7, where Ay, Aa(q) € R are defined as

1 1
Y §min{1,m1} A2(q) = max{ﬁm(q), 1} ,

where my, m(q) are introduced in Equation 2-2. After taking the time derivative of

Equation 2-85, V,(®,t) can be expressed as

. 1 ... L
Vi(®,t) = 2ele) +eléy + §TTM(q)7" +rT'M (¢)7 + 0+ G.

By utilizing Equation 2-5, Equation 2-6, Equation 2-65, and substituting in for the time

derivative of P(t) and G (t), V(®,t) can be simplified as
Vi (®,t) = —2eTajey — (ks + 1) ||7]|* — 1" R™'r2eL ey + By ||e2(t)]? (2-87)
+rTN () — as ||ea]|* + azel [WT(%,VTx'd +WTs'vTiy
+tr (QQWTFIIW) +tr (QQVTI’Q_I‘;/) :
Based on the fact that

1 2 1 2
eser < B lea]|” + 2 e,
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and using Equation 2-60, the expression in Equation 2-87 can be simplified as

Vi(@,1) <7 TN(t) — (ks + 1+ Apin (R7)) || (2-88)

= (A (1) = 1) flea|” = (@ = 1 = Ba) [leal|”.
By using Equation 2-73, the expression in Equation 2-88 can be rewritten as

Vi(@,t) < =g llyll” = [ks 117 = oyl 171 wll] (2-89)

where A3 = min{2Api, (1) — 1, a0 — 1 — B2, 1 + A (R7Y)}; hence, ay, and a, must
be chosen according to the sufficient condition in Equation 2-78. After completing the
squares for the terms inside the brackets in Equation 2-89, the following expression can be

obtained:

. 2 2
Va1 <yl + U g, (2-90)

where U(®) = ¢ ||y, for some positive constant ¢, is a continuous, positive semi-definite

function that is defined on the following domain:
D2 {cp e R | ||@]| < p! (2 )\3k5>} .

The inequalities in Equation 2-86 and Equation 2-90 can be used to show that Vi(®,t) €
L in D; hence, e1(t), ea(t), and 7(t) € Lo in D. Given that ey (t), ea(t), and r(t) € Lo
in D, standard linear analysis methods can be used to prove that é;(t), és(t) € L in D
from Equation 2-5 and Equation 2-6. Since e;(t), es(t), r(t) € Lo in D, the property that
qa(t), Ga(t), da(t) exist and are bounded can be used along with Equation 2-4 - Equation
2-6 to conclude that q(t), ¢(t), 4(t) € L in D. Since q(t), §(t) € Ly in D, Property

2.4 can be used to conclude that M(q), Vin(q,q), G(q), and F(¢) € Lo in D. Thus from
Equation 2-1 and Property 2,5, we can show that u(t) € L., in D. Given that r(t) € Lo
in D, Equation 2-66 can be used to show that fi(t) € L in D. Since ¢(t), G(t) € Lo

in D, Property 2.4 can be used to show that Vi,(¢,¢), G(q), F(q) and M(q) € Lo in

D; hence, Equation 2-65 can be used to show that 7(t) € L in D. Since é;(t), éx(t),
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7(t) € Ly in D, the definitions for U(y) and z(t) can be used to prove that U(y) is
uniformly continuous in D.

Let S C D denote a set defined as follows:

Sé{¢@cp|u@@»<MQﬂ(2A¢Qf}. (2-91)

The region of attraction in Equation 2-91 can be made arbitrarily large to include any
initial conditions by increasing the control gain k, (i.e., a semi-global type of stability

result) (41). Theorem 8.4 of (42) can now be invoked to state that
clly@®|* =0 as t—oo  Vy(0)eS. (2-92)
Based on the definition of y(t), Equation 2-92 can be used to show that
llex(t)]] — 0 as t—o0  Vy(0)eS. (2-93)
The result in Equation 2-92 indicates that as ¢ — oo, Equation 2-61 reduces to
fotw="h+ma (2-94)

Therefore, dynamics in Equation 2-7 converge to the state-space system in Equation 2-11.
Hence, u (t) converges to an optimal controller that minimizes Equation 2-12 subject
to Equation 2-11 provided the gain conditions given in Equation 2-14 - Equation 2-16,
Equation 2-78, and Equation 2-79 are satisfied.
2.9 Simulation and Experimental Results
2.9.1 Simulation
To examine the performance of the controllers proposed in Equation 2-20 and

Equation 2-58 a numerical simulation was performed. The simulation is based on the
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dynamics for a two-link robot given as

Uy P11+ 2p3ca p2 + psco G
— (2-95)
Ug P2 + p3co D2 G2
N —p3Sada  —p3S2 (1 + o) G
DP3S2q1 0 o
fdl 0 QI Tdy
+ + ,
0 fd2 Q2 Tdy

where p; = 3.473 kg - m?, py = 0.196 kg - m?, ps = 0.242 kg - m?, f4, = 5.3 Nm - sec,
fa, = 1.1 Nm - sec, ¢ denotes cos(qa), so denotes sin(qz) and 74, 74, denote bounded

disturbances defined as

Ta, = 0.1 sin(¢) + 0.15 cos(3t
; (t (31) 00
Ta, = 0.15 sin(2¢) + 0.1 cos(t).

The desired trajectory is given as
1 .
qd; = 4dy, = 5 sm(2t), (2797>
and the initial conditions of the robot were selected as

1 (0) = ¢2 (0) = 14.3 deg

¢1 (0) = g2 (0) = 28.6 deg/ sec .
The weighting matrixes for both controllers were chosen as

20 2 -4 5
Qll = Q12 =
2 20 3 —6

szww{%,%}-
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which using Equation 2-14, Equation 2-15, and Equation 2-16 yielded the following values

for K, aq, and R

4 -4 8.1 5.6
K = oy =

—4 6 5.6 54

R:dz’ag{ i, L }
35" 35

The control gains for both controllers were selected as
as =20 B =20 ks = T5.
The neural network update law weights were selected as
I'h =51 'y = 50017.

The tracking errors and the control inputs for the RISE and optimal controller are shown
in Figure 2-1 and Figure 2-2, respectively. To show that the RISE feedback identifies the
nonlinear effects and bounded disturbances, a plot of the difference is shown in Figure 2-3.
As this difference goes to zero, the dynamics in Equation 2-1 converge to the state-space
system in Equation 2-11, and the controller becomes optimal.

The tracking errors and the control inputs for the RISE, NN, and optimal controller
are shown in Figure 2-4 and Figure 2-5, respectively. To show that the RISE feedback and
feedforward NN identifies the nonlinear effects and bounded disturbances, a plot of the
difference is shown in Figure 2-6. As this difference goes to zero, the dynamics in Equation
2—1 converge to the state-space system in Equation 2—-11, and the controller becomes
optimal.

2.9.2 Experiment

To test the validity of the controllers developed in Equation 2-20 and Equation 2-58
an experiment was performed on a two-link robot testbed as depicted in Figure 2-7. The
testbed is composed of a two-link direct drive revolute robot consisting of two aluminum

links, mounted on a 240.0 [Nm] (base joint) and 20.0 [Nm] (second joint) switched
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Figure 2-1. The simulated tracking errors for the RISE and optimal controller.

Link 1

Torque (Nm)

Torque (Nm)

Time (sec)

Figure 2-2. The simulated torques for the RISE and optimal controller.

45




Link 1
100 T

50 b

-100 | | | | | | ! ! !
0

-100 | | | | | | ! ! !
0 1 2 3 4 5 6 7 8 9 10

Time (sec)

Figure 2-3. The difference between the RISE feedback and the nonlinear effects and
bounded disturbances.
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Figure 2-4. The simulated tracking errors for the RISE, NN, and optimal controller.

46



Link 1

Torque (Nm)
| | |
(2} B N N Iy [}
o o o o o o o

|
@
o

0.5 1 15 2 25 3 35 4 4.5 5

Link 2

Torque (Nm)
I = [ N N
ol o &) o &) o ol
T T T
| | |

|
=
o

0.5 1 15 2 25 3 35 4 45 5
Time (sec)

Figure 2-5. The simulated torques for the RISE, NN, and optimal controller.
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Figure 2-6. The difference between the RISE feedback and feedforward NN and the
nonlinear effects and bounded disturbances (i.e., ( fa+ ,u) — (h+14)).
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Figure 2-7. The experimental testbed consists of a two-link robot. The links are mounted
on two NSK direct-drive switched reluctance motors.

reluctance motors. The motors are controlled through power electronics operating in
torque control mode. The motor resolvers provide rotor position measurements with a
resolution of 614400 pulses/revolution, and a standard backwards difference algorithm is
used to numerically determine velocity from the encoder readings. A Pentium 2.8 GHz PC
operating under QNX hosts the control algorithm, which was implemented via a custom
graphical user-interface (46), to facilitate real-time graphing, data logging, and the ability
to adjust control gains without recompiling the program. Data acquisition and control
implementation were performed at a frequency of 1.0 kHz using the ServoToGo I/O board.
The control objective is to track the desired time-varying trajectory by using the
proposed control laws. To achieve this control objective, the control gains as, ks, and
(1 defined as scalars in Equation 2-6 and Equation 2-29, were implemented (with
non-consequential implications to the stability result) as diagonal gain matrices. The

weighting matrixes for both controllers were chosen as

40 2 -4 5
Qll = Q12 =
2 40 3 —6

Q22=dm9{ 4, 4 }7
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which using Equation 2-14, Equation 2-15, and Equation 2-16 yielded the following values

for K, aq, and R

4 —4 15.6 10.6
K = ] =

-4 6 10.6 104
R = dz’ag{ 0.25, 0.25 } .
The control gains for both controllers were selected as
ay = diag { 60, 35 } B = diag{ 5, 0.1 }
ks = dz’ag{ 140, 20 }
The neural network update law weights were selected as
Iy =251 [y =251;.
The desired trajectories for both controllers was chosen as follows:
Ga, = qa, = 60sin(2¢) (1 — exp (—0.01¢%)) . (2-98)

To compare the developed controllers to the controllers in literature, the controller in (7)
given by

w(t) =W (z) —uy — 1, (2-99)
was implemented. In Equation 2-99, n () € R™ is robustifying term defined as

r
n=—kag,
il

where k.; € R and W (t)" o (z) is a functional link neural network estimate for Equation

2-8. The neural network update law is given by

W =T10(z)el — kuy ||z| W,
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Table 2-1. Tabulated values for the 10 runs for the developed controllers.

RISE | RISE + NN
Average Max Steady State Error (deg)- Link 1 | 0.0416 | 0.0416
Average Max Steady State Error (deg)- Link 2 | 0.0573 | 0.0550
Average RMS Error (deg) - Link 1 0.0128 | 0.0139
Average RMS Error (deg) - Link 2 0.0139 | 0.0143
Average RMS Torque (Nm) - Link 1 9.4217 | 9.4000
Average RMS Torque (Nm) - Link 2 1.7375 | 1.6825
Error Standard Deviation (deg) - Link 1 0.0016 | 0.0011
Error Standard Deviation (deg) - Link 2 0.0019 | 0.0015
Torque Standard Deviation (Nm) - Link 1 0.2775 | 0.3092
Torque Standard Deviation (Nm) - Link 2 0.0734 | 0.1746

where k,; € R. The control gains relating to the optimal term were kept constant,

however, the neural network update law weight and addition gains were selected as follows:

Fl == 15]15 kZQ == 01

kzlzdiag{5, 1 }

For all experiments, the rotor velocity signal is obtained by applying a standard
backwards difference algorithm to the position signal. The integral structure for the RISE
term in Equation 2-29 was computed on-line via a standard trapezoidal algorithm. In
addition, all the states were initialized to zero. Each experiment (excluding the controller
in Equation 2-99) using was performed ten times, and data from the experiments is
displayed in Table 2-1.

Figure 2-8 and Figure 2-9 depict the tracking errors and control torques for one
experimental trial for the RISE and optimal controller. Figure 2-10 and Figure 2-11
depict the tracking errors and control torques for one experimental trial for the RISE and
optimal controller. Figure 2-12 and Figure 2-13 depict the tracking errors and control
torques for controller in Equation 2-99. The experiment for the controller given in
Equation 2-99 was run for a longer than the developed controllers, because more time was

needed to gauge the control performance.
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Figure 2-8. Tracking errors resulting from implementing the RISE and optimal controller.
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Figure 2-9. Torques resulting from implementing the RISE and optimal controller.
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Figure 2-10. Tracking errors resulting from implementing the RISE, NN, and optimal
controller.
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Figure 2-11. Torques resulting from implementing the RISE, NN, and optimal controller.
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2.9.3 Discussion

The mismatch between the identifier and the disturbance can not be calculated in
a physical system because the disturbance is not exactly known. Therefore, simulation
results are use to show that the RISE feedback and RISE feedback plus a feedforward NN
identifies the nonlinear effects and bounded disturbances. The simulation is also beneficial
because it allows a comparison of how the optimal controllers perform in the presence
of parametric uncertainty compared to the feedback linearized system in Equation 2-11,
where as it is impossible to perfectly feedback linearize a real system. For the comparison,
the contribution of the feedforward NN and RISE feedback term in Equation 2-20 and
Equation 2-58 as well as contribution of & (¢,4,94,44,Ga) and 74 (t) in Equation 2-9 are not
considered, since only the input u, (t) was included in the cost functional Equation 2-12.
For the the feedback linearized system, assuming no uncertainty, J (u,) was calculated to
be 40.41. For the RISE only controller, J (u,) was calculated to be 43.32. For the RISE
and NN controller, J (u,) was calculated to be 42.43.

The experiments show that both controllers stabilize the system. Both controllers
keep the average maximum steady state (defined as the last 5 seconds of the experiment)
error under 0.05 degrees for the first link and under 0.06 degrees for the second link. The
data in Table 2.1 indicates that the RISE and NN controller resulted in slightly more
RMS error for each link, although a reduced or equal maximum steady state error, with a
slightly reduced torque. The reduced standard deviation of the RISE and NN controller
show that the results from each run were more alike than the RISE controller alone, but
there was greater variance in the torque. Both controllers performed much better than the
controller developed in (7) for the same cost. The controller in (7) may be able to achieve
similar results for a different cost, however, changing the cost limits the comparisons that
can be made between the controllers. Keeping the cost the same results in the optimal

part of the controller being the same; the only part of the controller design to change is
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the identifier. If the cost was changed, the optimal control portion would change and the

controllers would be completely different.
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CHAPTER 3
INVERSE OPTIMAL CONTROL OF A NONLINEAR EULER-LAGRANGE SYSTEM

Inverse optimal control (IOC) (15-21) was developed as a way to design optimal
controllers for nonlinear systems without having to solve an HJB equation. In IOC
design, a control Lyapunov function (CLF), which can be shown to also be a value
function, is used to design a controller which stabilizes a system. It is then shown that the
developed controller minimizes a meaningful cost (i.e., a cost that puts a positive penalty
on the states and actuation). Due to the fact that the controller is designed before the
cost, the cost can not be chosen a priori. However, an advantage of the IOC is that the
controller does not have to converge to an optimal solution (like the previously developed
controllers). Adaptive IOC methods (22-26) have been developed for systems that contain
linear in the parameters (LP) uncertainty.

Previous IOCs focus on the class problems modeled as

&= f(z)+ F(x)0 + g(2)u, (3-1)

for some state x(t) € R", where f(z) € R™ is a known smooth vector valued function,
F(z) € R g(x) € R™™ are smooth matrix valued functions, § € RP is a vector of
unknown constants, and u (t) € R™ is the control. In general, the input gain matrix g(x)
must be known. Classes of systems where the dynamics can be expressed as Equation
3—1 were used to develop inverse optimal controllers because that form facilitated the
development of a control Lyapunov function. Systems with a constant inertia matrix, such
as the applications in (25) and (26), can easily be transformed into Equation 3-1, unlike
systems with an uncertain state-dependent inertia matrix or uncertainty in the input
matrix.

Based on the theoretical foundation presented in (22; 25; 40), an adaptive IOC is
developed in this Chapter. The class of systems considered in this Chapter are uncertain

Euler-Lagrange systems, which do not adhere to the model given in Equation 3-1.
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The developed controller achieves globally asymptotically tracking for the generalized
coordinates of the system as it minimizes a meaningful (i.e., a positive function of the
states and control input) performance index. To develop the optimal controller for the
uncertain system, the open loop error system is segregated to include two adaptive terms:
one based explicitly on the tracking error and one not. This is done because only terms
that depend explicitly on the tracking error contribute to the cost functional. A Lyapunov
analysis is provided to examine the stability of the developed controller and to determine
a respective meaningful cost functional . It is then shown that the cost is minimized
without having to prove the Lyapunov function is a CLF. Preliminary simulation results
are included to illustrate the performance of the controller.

The remainder of this chapter is organized as follows. In Section 3.1, the model is
given along with several of its properties. In Section 3.2, the control objective is stated
and an error system is formulated. In Section 3.3, the stability of the controller is proven.
In Section 3.4, a meaningful cost is developed and shown to be minimized by the control.
In Section 3.5, simulation and experimental results are presented.

3.1 Dynamic Model and Properties
The class of nonlinear dynamic systems considered in this chapter is assumed to be

modeled by the following Euler-Lagrange (39) formulation:

M(q)g + Vin(q,4)q + G(q) + Fag = u(t), (3-2)

where, M(q), Vin(q,q), G(q), q(t), 4(t), ¢(t), and u(t) are defined in Section 2.1, and

Fy; € R™™ denotes the constant, diagonal, positive-definite, viscous friction coefficient
matrix. The subsequent development is based on the assumption that ¢(¢) and ¢(t) are
measurable and that M(q), Vin(q,q), G(¢), and F, are unknown. In addition to Properties

2.1, 2.2, and 2.3 the following properties will be exploited in the subsequent development.
Property 3.1: If ¢(t), §(t) € L, then M(q), V,n(q,q), and G(q) are bounded.

o7



Property 3.2: There exists a positive scalar constant (y € R such that

[Fall < ¢

Property 3.3: The desired trajectory is assumed to be designed such that q4(t), ¢a(t),
and ¢q(t) € R™ exist, and are bounded.

Property 3.4: The dynamics in Equation 3-2 can be linear parameterized as

Y (q,4,4)0 = M(q)G + Vin(q,4)q + G(q) + Faq, (3-3)

where # € RP contains the unknown constant system parameters, and the nonlinear

regression matrix Y (¢, ¢, §) € R™*? contains known functions of the link position, velocity,
and acceleration, ¢ (t), ¢(t), ¢(t) € R™, respectively.
3.2 Control Development
As in Chapter 2, the control objective is to ensure that the generalized coordinates
of a system track a desired time-varying trajectory despite uncertainties in the dynamic

model, while minimizing a performance index. To quantify the tracking objective, a

position tracking error denoted by e(t) € R™, is defined as
e qq—q. (3-4)

To facilitate the subsequent control design and stability analysis, a filtered tracking error
denoted by r(t) € R", is defined as

r=¢é+ ae, (3-5)

where o € R is a positive, constant gain. By taking the time derivative of r(¢) and

premultipling by M (q) the following open-loop error system can be obtained:

M (q)7 =M (q) Ga+ Vi (q,4) ¢+ G (q) + Fag + aM (q) é — u, (3-6)
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where Equation 3-2, Equation 3-4, and Equation 3-5 were used. The expression in

Equation 3-6 can then be rewritten as

M (q)7 ==V (q,q)r+ Y10 + Yo — u, (3-7)

where
Y10 = aVi, (q,q) e +aM (q) é — Fyé (3-8)
Y50 = M (q) Ga + Vin (¢, 4) Ga + G (q) + Fada- (3-9)

In Equation 3-8 and Equation 3-9 Y] (¢,q) , and Y5 (q, ¢, 44, §a) € R™P, are nonlinear
regression matrices that contain known functions of the position, velocity, desired velocity,
and desired acceleration. Segregating the terms in Equation 3-8 and Equation 3-9 is

not required to achieve the tracking control objective, rather the terms are segregated

to facilitate the development of the optimal control law. Although both terms contain
the same unknown parameters, Equation 3-8 explicitly depends on the tracking error,
while Equation 3-9 does not (it is dependent the position and desired position but not
dependent on their difference). Therefore, the total control u (¢) is made up of two parts:
uys (t) based on Equation 3-9 which is independent of the tracking error and therefore the
optimization, and the feedback law w, (t) based on Equation 3-8 which is later shown to
minimize a meaningful cost (i.e., a cost that puts a positive penalty on the states and

actuation). The control is defined as

~

up = Yol (3-10)

u=uy — ug = Yol — uy, (3-11)

where us, u, € R and () € R is an estimate for 6. The parameter estimate (t) in

Equation 3-10 and Equation 3-11 is generated by the adaptive update law

0=T(Y1+Ys)" 1, (3-12)
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where I' € RP*P is a constant, positive definite, symmetric, gain matrix. Substituting

Equation 3-11 into Equation 3-7 yields
M (q) 7 = =Vin (¢,4) 7+ Y10 + Y20 + uo, (3-13)
where the parameter estimation error () € RP is defined as

0=060—0. (3-14)

Based on Equation 3-13 and the subsequent stability analysis, the control input is

designed as

(3-15)

u, = —Rilr = — (Kl + \Il?\ljl + WgK;lqu) r
0 9 92 )

where R™1 <.7:, é) , K € R™™ are positive definite and symmetric, and ¥, (t), ¥q (t) €
R™ ™ are defined as
1 . R qT
Uy = [ﬁln +VaVi, (¢,4) — Va3M () + \/aFd} (3-16)
Wy = [alll () — Fi] (3:17)

where I, € R™*" is an identity matrix.
3.3 Stability Analysis
The stability of the controller given in Equation 3-10 - Equation 3-12, and Equation
3-15 can be examined through the following theorem.
Theorem 3.1: The adaptive update law given by Equation 3-12 and the feedback
law given by Equation 3-15 ensures global asymptotic tracking of the system in Equation

3-13 in the sense that

le@®l =0 Jr@)l =0 as t— oo
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Proof: Let V,(e,r, 0, t) € R denote a positive definite, radially unbounded function

defined as
1~ .
V,=V+ §9Tr—19, (3-18)
where V(e,r,t) € R is defined as
Ly 17
V:§€ €+§’l“ M(Q)T (3*19)

After using Equation 3-13 and Property 2.3, the time derivative of Equation 3-18 is
V, = eTé+ o7 (Ylﬁ n Ygé) + 7Ty — 67014, (3-20)

After adding and subtracting 7 (t) Y1 (¢, ¢) 0 (t) the expression in Equation 3-20 can be
expressed as

Vo=e"e+r"Y10 + rTu, + 67 ((Y1 +Y) r— r—lé) . (3-21)

After substituting the adaptive update law in Equation 3-12 the expression in Equation
3-21 reduces to

Vo, =ele + Y10 + rTu,. (3-22)
The term Y (¢, ¢) 6 (¢) in Equation 3-22 can be expressed as

A

Y10 = aVi, (q,4) e + oM (q) (r — ae) — Ey (r — ae) (3-23)

where V,, (¢,4) , M (¢), F; € R™" denote the estimates for the centripetal-Coriolis matrix,
inertia matrix, and the viscous friction coefficient matrix respectively. By substituting
é(t) from Equation 3-5 and using Equation 3-23, the expression in Equation 3-21 can be

written as

V, =T (In + Vi (q,q) — oM (q) + aﬁ’d> e (3-24)
—aele+rT (on (q) — Fd) r+rlu,

= —aele + VarT e +rTUyr + rlu,,
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where W, (t) and W, (t) are introduced in Equation 3-16 and Equation 3-17, respectively.

Substituting the expression in Equation 3-15 for u, (t) yields

. RV UK
Vo= —aele + Var’Ule 4+ rTWyr — o (K1 + 12 Ly 2 21 2) T (3-25)
Applying nonlinear damping to Equation 3-25 yields
: a p 1 7 1 2
Va:_§€ e=gr Klr—QH\/ae—\Ifer (3-26)
1
— 57“T (Kl — \IJQ)T Kfl (Kl — \IJQ) T.
The expression in Equation 3-26 can be reduced to
: @ T L 7
V, < —gee—5r Kyr. (3-27)

The expressions in Equation 3-18, Equation 3-19, and Equation 3-27 can be used to show
that V,(e,r,0,t) € Loo; hence, e(t), (t), and 0(t) € L. Given that e(t) and r(t) € Lo,
standard linear analysis methods can be used to prove that é(t) € L, (and hence, e(t) is
uniformly continuous) from Equation 3-5. Since e(t) and é(t), € L, the property that
qa(t) and ¢4(t) exist and are bounded can be used along with Equation 3-4 and Equation
3-5 to conclude that ¢(t) and §(t) € L. Since 8(t) € Lo, the expression in Equation
3-14 can be used to conclude that é(t) € L. Since é(t), q(t), and ¢(t) € Lo, Property
3.1 can be used to conclude that M(q), Viu(q,q), and G(q) € Leo. Since M(q), Vin(q, §),
and F; € Lo, Equation 3-16 and Equation 3-17 can be used to concluded ¥, (t) and

U, (t) € L. Since Yy (t), Yo (1), and 7 (t) € L, Equation 315 can be used to conclude
that u, (t) € Le. Since ¢(t), ¢(t), e(t), and é(t) € Lo, Property 3.1, Property 3.2,
Property 3.3, Equation 3-8, and Equation 3-9, can be used to conclude that Y; (¢) and
Yy (t) € Loo. Since Ys (t) and (1) € Lo, the expression in Equation 3-10 can be used

to concluded that uy (t) € L. Since uy (t) and u, (t) € Lo, the expression Equation
3-11 can be used to concluded that u (t) € L. Since q (t), ¢ (t), v (t), Y1 (¢), Y2 (t), and

u(t) € L, Property 3.1 and Equation 37, can be used to conclude that 7 (t) € L, (and
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hence r(t) is uniformly continuous). Due to the fact that e (t) and r (t) € £, and uniformly
continuous, Barbalat’s Lemma can be used to conclude that |le(t)|| and [|r(¢)|| — 0 as
t — o0.
3.4 Cost Functional Minimization
The ability of the controller to minimize a meaningful cost can be examined through
the following theorem.

Theorem 3.2: The feedback law given by
ub = —BR 1, (3-28)

with the scalar gain constant selected as § > 2, and the adaptive update law given in

Equation 3-12, minimizes the meaningful cost functional

t—o0

t
J = lim {ﬁéT T (t) + / (I + ul Ru,) da}, (3-29)
0
where [ (a:, é) € R is determined to be
=23 [eTé + rTylé] v BT Ry (3-30)

for the system given in Equation 3-13.

Proof: The cost function in Equation 3-29 is considered to be meaningful if it is
a positive function of the control and the states. From Equation 3-29, the cost function
is a positive function if [ (z, é) in Equation 3-30 is positive. To examine the sign of
l <a:, é), the expressions in Equation 3-15, Equation 3-22, and Equation 3-27 are used to
determine that

A 1
efe +r'Yi —rTR™r < —%eTe — §TTK17‘. (3-31)

Multiplying both sides by —23 yields

. 1
— 28 efe+rtyi0 — TTR_IT} > 20 [%eTe + érTKlr} : (3-32)
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The expression in Equation 3-32 can be rewritten as
—203 [eTé +rTv6 - TTR’lr} +B(B-2)r"R'r (3-33)
> 2p [%eTe + %rTﬁr} +8(B—=2)r"R7r.
Based on Equation 3-30, the expression in Equation 3-33 can be simplified as

1>25 [%eTe + %r%} +B(B—2)r"R™ . (3-34)

The inequality in Equation 3-34 indicates that [ <x, é) is positive since R (t) is positive
definite and § > 2. Therefore J (t) is a meaningful cost; penalizing e (t), v (¢), and the
actuation.

To show that u () minimizes J (¢), the auxiliary signal v (t) € R™ is defined as
v =u,+ SR (3-35)
Substituting Equation 3-30 and Equation 3-35 into Equation 3-29 yields

t
J = lim { BT (1) T716 (1) + / TRy — 23 [eTé + TTY19] do (3-36)
— 00 0
t
+ / (v — ﬁR_lr)T R (v — ﬁR‘lr) da} )
0
After adding and subtracting the integral of 26r7Y50 and 2817y, and using Equation 3-14

and Equation 3-35, the expression in Equation 3-36 can be written as

t—o00

t t
J = lim {ﬁéT T (1) + / vI'Ru do + 23 / Br'RYr —oTr do (3-37)
0 0
t t
—I—Qﬁ/ rT(v—BRflr) d0—26/ ele 41t [Ylﬁ—i-Ygé—i-uo do
0 0

+25/0trT(Y1+Y2)é da}.
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Canceling common terms, and using Equation 3-20, the expression in Equation 3-37 can
be simplified as
- - ¢ t. - A
J = lim {ﬁQT )T to(t) +/ v Ry do — 25/ Vo +60'T710 do (3-38)
—oe 0 0

t ~
—I—Zﬁ/ T (Y1 +Y5)0 do}.
0

Substituting Equation 3-12 into Equation 3-38 yields

t—o0

—28 /tV+ Kkl <1§TP—1(§> da}.

After integrating Equation 3-39, J (t) can be expressed as

J = lim {ﬁéT )T (¢) + / t vI' Ry do (3-39)
0

J = 667 (0) 10 (0) + 28V (0) + lim {—wv (T) + /t v Rv da} :
t—o00 0

By substituting Equation 3-28 into Equation 3-24 it is trivial to show that w} (¢) stabilizes
the system. Based on the analysis in Section 3.3, |le(t)|| and ||7(¢)]| — 0 ast — oo.
Therefore, V (t) — 0 as t — oo and J (¢) is minimized if v () = 0. Therefore, the control
law w, (t) = u (t) is optimal and minimizes the cost functional Equation 3-29.
3.5 Simulation and Experimental Results

3.5.1 Simulation

To examine the performance of the controller in Equation 3-11 a numerical simulation
was performed. The simulation is based on the dynamics for a two-link robot given in

Equation 2-95 with no disturbance 74 (t) . The desired trajectory is given as

1 .
Gy = d; = 5 sin(2t), (3-40)
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Figure 3-1. The simulated tracking errors for the adaptive inverse optimal controller.
and the initial conditions of the robot were selected as

q1(0) = 2 (0) = 5.72 deg

¢1(0) = G2 (0) = 51.56 deg/ sec.
The control gains were selected as

a=1 Ky =51, I' = 5000175

3=2.

The tracking errors and control torques are shown in Figure 3-1 and Figure 3-2,
respectively. Figure 3-1 shows that the errors asymptotically converge to zero, while
Figure 3-2 shows the bounded input torque. The estimates for 6 are shown in Figure 3-3.
Figure 3-4 indicates that [ (:1:, é) is positive, and Figure 3-5 indicates that the cost is

meaningful.
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Figure 3-4. The value of [ (x, é) from Equation 3-30.
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Figure 3-5. The integral part of the cost functional in Equation 3-29.
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3.5.2 Experiment

To test the validity of the controller proposed in Equation 3—11 an experiment was
performed on the two-link robot testbed as described Section 2.9. The control objective
is to track the desired time-varying trajectory by using the developed adaptive inverse
optimal control law. To achieve this control objective, the control gains «, defined as
a scalar in Equation 3-5 was implemented (with non-consequential implications to the

stability result) as diagonal gain matrices. Specifically, the control gains were selected as

a =diag{1.6, 9} K, = diag{55, 10}

(3-41)
p=4,
and the adaptation gains were selected as
I’ = diag ([5,5,5,5,5]) .
The desired trajectories for this experiment were chosen as follows:
Ga, = qa, = 60sin(2¢) (1 — exp (—0.01¢%)) . (3-42)

The experiment was run a second time with a slower desired trajectory, chosen as follows:
G4, = qa, = 60sin(0.5¢) (1 — exp (—0.01¢%)). (3-43)

For this trajectory 8 was set equal to 5.5. Data from the experiments is displayed in Table
3-1.

Figure 3-6 and Figure 3-7 depict the tracking errors and control torques for one
experimental trial for the adaptive inverse optimal controller for the trajectory given in
Equation 3-42. Figure 3-8 and Figure 3-9 depict the tracking errors and control torques
for one experimental trial for the adaptive inverse optimal controller for the trajectory

given in Equation 3-43.
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Figure 3-6. Tracking errors resulting from implementing the adaptive inverse optimal
controller.
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Figure 3-7. Torques resulting from implementing the adaptive inverse optimal controller.
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Figure 3-8. Tracking errors resulting from implementing the adaptive inverse optimal
controller for a slower trajectory.
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Figure 3-9. Torques resulting from implementing the adaptive inverse optimal controller
for a slower trajectory.
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Table 3-1. Tabulated values for the adaptive inverse optimal controller

Trajectory in Equation 3-42 | Trajectory in Equation 3-43
Max Steady State Error (deg)- Link 1 | 1.5213 0.5337
Max Steady State Error (deg)- Link 2 | 2.0865 0.7342
RMS Error (deg) - Link 1 0.5553 0.3605
RMS Error (deg) - Link 2 0.8176 0.3954
RMS Torque (Nm) - Link 1 11.4267 6.0446
RMS Torque (Nm) - Link 2 1.5702 0.9610

3.5.3 Discussion

This controller had maximum steady state errors (defined as the last 10 seconds of
the experiment) on the order 1.5 degrees for the first link and 2 degrees for the second
link, well above the errors in Section 2.9. In an effort to reduce the errors the frequency
of the trajectory was reduced, and ( was increased. These modifications resulted in
sub-degree tracking, still approximately 10 times greater than the controllers discussed in
Section 2.9. The reason was due to the o gain. The « gain in Equation 3-5, tends to be
one of the most important tuning gains. It behaves like the proportional gain in a PID
controller. Increasing « tends to result in faster convergence and reduced steady state
error. In this case, a appears in other terms besides Equation 3-5. In Equation 3-15, «
appears to the third power. The a terms in Equation 3-15 are then multiplied by r ()
in Equation 3-15 which results in « to the third power multiplied by é(¢) and « to the
forth power multiplied by e (t) . So an « of 10, which generally would not be unreasonable,
would result in a gain of 1,000 multiplied by a velocity error and 10, 000 multiplied by
a position error. This makes the controller very sensitive to noise and fast trajectories,
as well as difficult to implement due to large torques. To do so, the value of a had to be
decreased, which resulted in poor tracking performance. Some solutions to this would be
to alter the controller design to reduce the power of «, as well as to eliminate the need

for velocity measurements which would mitigate the effect noisy measurements has on the
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controller. This experiment was only run once because there was no need to demonstrate

repeatability.
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CHAPTER 4
INVERSE OPTIMAL CONTROL OF A NONLINEAR EULER-LAGRANGE SYSTEM
USING OUTPUT FEEDBACK

In this chapter, an adaptive output feedback inverse optimal controller is designed.
Output feedback based controllers are more desirable than full-state feedback controllers,
because the necessary sensors for full-state feedback may not always be available,
and using numerical differentiation to obtain velocities can be problematic if position
measurements are noisy. Using the error system developed in (31-34), an adaptive output
feedback IOC is developed based on the theoretical foundation presented in (22; 25; 40).
The developed controller minimizes a meaningful performance index (i.e., a positive
function of the states and control input) as the generalized coordinates of a nonlinear
Euler-Lagrange system globally asymptotically track a desired time-varying trajectory
despite LP uncertainty in the dynamics. Like the previously developed controller, the
considered class of systems does not adhere to the model given in Equation 3—1. A
Lyapunov analysis is provided to prove the stability of the developed controller and to
determine a meaningful cost functional. Experimental results are included to illustrate the
performance of the controller.

The remainder of this chapter is organized as follows. In Section 4.1, the model is
given along with several of its properties. In Section 4.2, the control objective is stated
and an error system is formulated. In Section 4.3, the stability of the controller is proven.
In Section 4.4, a meaningful cost is developed and shown to be minimized by the control.
In Section 4.5, it is shown how the controller can be implemented using only position
measurements. In Section 4.6, experimental results are presented.

4.1 Dynamic Model and Properties

The class of nonlinear dynamic systems considered in this chapter is assumed to

follow the model given in Equation 3-2. In addition to Properties 2.1, 2.2, 2.3, 3.1, 3.2,

and 3.4, the following property will be exploited in the subsequent development.
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Property 4.1: The desired trajectory is assumed to be designed such that g4(t), g4(t),
Ga(t), and ¢ 4(t) € R™ exist, and are bounded.

Property 4.2: The centripetal-Coriolis matrix satisfies the following relationship:

Vi (¢, §)v =V (q,v)€  VEveR™

Property 4.3: There exists a positive scalar constant (, € R such that:

Vi (¢, DIl < G lldll-

To aid the subsequent control design and analysis, the vector function Tanh(-) € R”

and the matrix function Cosh(-) € R"*" are defined as follows:

Tanh(€) = [tanh(&), tanh(gn)r,

and
Cosh(§) = diag{ cosh (&), ---, cosh (&) } 7

where €= [¢1,...,&,]" € R™; and diag {-} denotes the operation of forming a matrix with
zeros everywhere except for the main diagonal.
Assumption 4.1:The positive constants (,,, (4, and (. are assumed to exist for all

¢,v € R" such that (31)

1M (§) = M (0)]| < G [[Tanh (§ — v, (4-1)
1G (&) = G ()] < ¢ [[Tanh (€ —v)],

1Vin (§,0) = Vin (v, @) || < Cea [|4]] [[Tanh (€ = v)]|.-

4.2 Control Development
As in the previous chapters, the control objective is to ensure that the generalized
coordinates of a system track a desired time-varying trajectory despite uncertainties in the

dynamic model, while minimizing a performance index. To quantify the tracking objective,

1)



a position tracking error denoted by e(t) € R", is defined as
e£qi—q. (4-2)

To facilitate the subsequent control design and stability analysis, a filtered tracking error,

denoted by 7(t) € R™, is defined as (31; 47)
n=é+ a;Tanh(e) + axTanh(ey), (4-3)

where a;, as € R are positive, constant gains, and ef(¢) € R™ is an auxiliary filter variable

designed as (31; 47)

ér = —agTanh(es) + asTanh(e) — kiCosh?(ef)n (4-4)

where k; € R is a positive constant control gain, and a3 € R is a positive constant filter
gain. The subsequent development exploits the hyperbolic filter structure developed in
(47) and (31) to overcome the problem of injecting higher order terms in the controller
and to facilitate the development of sufficient gain conditions used in the subsequent
stability analysis. By taking the time derivative of n(t) and premultipling by M (q) the

following open-loop error system can be obtained:
M (q)1 = M (q) &+ M (q) Cosh™? (e) é + ayM (q) Cosh™ (ey) é;. (4-5)

After utilizing Equation 4-2 - Equation 4-4, the expression in Equation 4-5, can be
rewritten as
M (q) 1 = M (q) (Ga — G) — ks M (q) Cosh™ (e;) Cosh? (ef) n
+ a1 M (q) Cosh™? (e) (n — axTanh (e) — axTanh (ey))

+ aaM (q) Cosh™ (ef) (—asTanh (ef) + agTanh (e)) .
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Substituting the dynamics in Equation 3-2 for M (q) ¢ (t) yields

M (q) 7 = M(q) Ga = Vin (¢,9) 1 — c2kas M (q) n + Fad + G (q) (4-6)
+ a1 M (q) Cosh™2 (e) (n — ayTanh (e) — axTanh (ey))
+ ayM (q) Cosh™2 (ef) (—aszTanh (ef) + awTanh (e))

+ Vi (¢,4) (¢a + caTanh (€) + asTanh (e)) — u.
After utilizing Property 4.2 the expression in Equation 4-6 can be expressed as
M (q) 1) = =V (¢,4)n — 02k M (@) + X + Yab +Y —u, (4-7)
where x (e,es,m,t) € R* and Y (e, ef,7,t) € R™ are defined as

x = a1M (q) Cosh™ (€) (n — ey Tanh (€) — asTanh (ey)) (4-8)
+ aaM (q) Cosh™2 (ef) (—asTanh (e;) + ayTanh (e))
+ Vi (¢, 4a + arTanh (e) + agTanh (ef)) (anTanh (e) + axTanh (ey))
+ Vi (¢, 4a) (s Tanh (e) + axTanh (e;))

— Vi (¢,1) (da + arTanh (e) + axTanh (ef)),
and
Y = M (q) Ga+ Vin (4, da) da + G (q) + Fag — Y40 (4-9)
Yt = M (qa) Ga + Vin (44, 4a) 4o + G (qa) + Fada- (4-10)

By exploiting the fact that the desired trajectory is bounded, and using Properties
2.1, 3.1, 4.3, and the properties of hyperbolic functions, x (e, ey, n,t) of Equation 4-8 can

be upper bounded as
IxIl < Gl (4-11)
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where (; € R is some positive bounding constant that depends on the mechanical

parameters and the desired trajectory, and = € R3" is defined as

T
T = [Tanh (e)" Tanh(es)" 7
Furthermore, by utilizing the fact that the desired trajectory is bounded and Assumption

4.1, it can be shown that ¥ (e,ef,m,t) of Equation 4-9 can be upper bounded as
|7]| < i, (412)

where (5 € R is also some positive bounding constant that depends on the mechanical
parameters and the desired trajectory. The terms in Equation 4-9 and Equation 4-10 are
developed to facilitate the development of the optimal control law. Although both terms
contain the same unknown parameters, Equation 4-10 depends purely on the desired
trajectory, while Equation 4-9 depends on the actual current trajectory. Based on the
segregation of these two terms, the total control u(t) is made up of two parts: wus(t) and
Uo(t). The feedforward control term uf(t) is based on Equation 4-10 and is independent of
the state of the system and therefore the optimization.. The feedback law u,(t) is based on
Equation 4-9 and the open-loop error system and is later shown to minimize a meaningful
cost (i.e., a cost that puts a positive penalty on the states and actuation). The total
control is defined as

up = Y0 (4-13)

A

U=up—u, = Yg0 — u,, (4-14)

where u,, uy € R", and 0 (t) € R? is an estimate for 6. The parameter estimate 0 (t) in

Equation 4-13 and Equation 4-14 is generated by the adaptive update law

0 =TY]n, (4-15)
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where [' € RP*P is a constant, positive definite, symmetric, gain matrix. Substituting

Equation 4-14 into Equation 4-7 yields
M (q) ) = =Vin (,4) 0 — 2ks M (q) 0+ x + Yaf + Y + u,, (4-16)
where the parameter estimate error é(t) € R? is defined as
6=0-—0. (4-17)

Based on Equation 4-16 and the subsequent stability analysis, the control input w, (t) is
designed as

u, = R™'Tanh (e5) = k1Cosh (ef)* Tanh () . (4-18)

4.3 Stability Analysis
The stability of the controller given in Equation 4-13 - Equation 4-15, and Equation
4-18 can be examined through the following theorem.
Theorem 4.1: The adaptive update law given by Equation 4-15 and the feedback
law given by Equation 4-18 ensures global asymptotic tracking of the system in Equation

4-16 in the sense that
le@®l =0 [n@®] =0 as ¢— oo,
provided the control gain k£ is selected as

k’lz

(L4 ko (G + G +1)%), (4-19)

Qo

where my, (1, and (; are constants defined in Equation 2-2, Equation 4-11, and Equation
4-12, respectively, and ky € R is a control gain that must satisfy the following sufficient

condition:
1

kg > —
2 4)\17

(4-20)
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where A; € R is defined as follows:

Alzmin{ 1 o Q3 }

Proof: Let V,(e,r, 5, t) € R denote a positive definite, radially unbounded function
defined as
1~ -
Vo=V + EeTr—le, (4-21)

where V(e,r,t) € R is defined as

V = Z In (cosh (e;)) + Z In (cosh (ey,)) + %UTM (q)n, (4-22)

i=1 i=1
where ¢; (t) € R and ey, (t) € R are the i"" elements of the e (¢) and ey () vectors
respectively. After using Equation 4-16 and Property 2.3, the time derivative of Equation
4-21 is
V, = Tanh (e)" ¢ + Tanh (e;)" é; — 677714 (4-23)
+1' [_a2k1M (@)n+x+Yad+ Y| +1"up.

After substituting the adaptive update law in Equation 4-15 the expression in Equation

4-23 reduces to
V, = Tanh (e)" é+ Tanh (ef)" é5 + nTuo + 1" |—aski M (q) 1+ x + f/] . (4-24)
After substituting Equation 4-3 and Equation 4-4, Equation 4-24 can be expressed as

V, = —a Tanh (e)T Tanh (e) — asTanh (ef)T Tanh (er) (4-25)
+n"Tanh (e) — n" sk M (q)n+n" [X + Y/]

— kyTanh (ef)" Cosh®(es)n + 0" u,.
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After using Equation 4-11, Equation 4-12, Equation 4-18, and Equation 4-19 the

expression in Equation 4-25 can be written as

V, < —aqTanh (e)T Tanh (e) — asTanh (ef)T Tanh (ef) —n'n (4-26)

=[R2 G+ G+ D7 0l = G+ G+ 1) Il ] -

After completing the squares on the bracketed term, the expression in Equation 4-26 can

be written as
. T T T [Edls
Vo < —aiTanh (e)" Tanh(e) —n'n— asTanh (ef)” Tanh (ef) + TR (4-27)
2
The expression in Equation 4-27 can be reduced to
Vo< — A — — | z]? (4-28)
0w < — —— |lz||”. —
b4k,

If ko is selected according to Equation 4-20, the inequality in Equation 4-28 can be

reduced to

Vo < =dellz]”, (4-29)

where Ay € R is a positive constant.

The expressions in Equation 4-21, Equation 4-22, and Equation 4-29 can be used
to show that V,(e,7,0,t) € La; hence, e(t), es (t), n(t), and §(t) € Lo. Given that
n(t) € Lo, Equation 4-3 can be used to prove that é(t) € L., (and hence, e(t) is uniformly
continuous). Since e(t) and é(t), € L, the property that g,(t) and ¢q(t) exist and are
bounded can be used along with Equation 4-2 and Equation 4-3 to conclude that ¢(t) and
§(t) € Loo. Since O(t) € Lo, the expression in Equation 4-17 can be used to conclude that
0(t) € Lo. Since, by the property that, qa(t), ¢a(t), and Ga(t) € Loo, Property 3.1 can be
used to conclude that Yy (g4, a, §a) € Loo- Since Yy (qa, da, Ga) and é(t) € L., Equation
4-13 can be used to concluded that uy (t) € L. Since ef (t), and 7(t), € L, Equation

4-18 can be used to conclude that u, (t) € L. Since uy (t) and u, (t) € L, the expression
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Equation 4-14 can be used to concluded that u (t) € L. Since ¢(t), ¢(t), e(t), ef(t),
n(t), Ya (qa,das Ga) » O(t), uo (t) € Lo, Property 3.1 and Equation 416 can be used to
conclude that 7 (t) € Lo, (and hence 7(t) is uniformly continuous). Since e (t), ey (¢), and
n(t) € Lo, Equation 4-4 can be used to conclude that é; (t) € Lo, (and hence ey (t) is
uniformly continuous). From this it can be concluded that = (t), @ (t) € L (and hence
x (t) is uniformly continuous). The expression in Equation 4-29 can be used to concluded
that z (t) € Ly. Barbalat’s Lemma can be used to conclude that [|z(t)|| — 0 as t — oc.
Therefore ||e(t)|| and ||n(t)|| — 0 as t — oc.
4.4 Cost Functional Minimization
The ability of the controller to minimize a meaningful cost can be examined through

the following theorem.

Theorem 4.2: The feedback law given by
u, = R™'"Tanh(ey), (4-30)

and the adaptive update law given in Equation 4-15, minimizes the meaningful cost

functional

J = lim {é(t)T =19 (t) +/Otz da}, (4-31)

t—o0

where [ (x, é) € R is determined to be

l=-2 [Tcmh (e)" ¢+ Tanh (es)” éf] — 2T [—ozgk:lM (@)n+x+ f/} (4-32)

—2[é 4+ ayTanh(e)]” R Tanh(e;) — 2asTanh(es)" R Tanh(ey),

for the system given in Equation 4-16.

Proof: The cost function in Equation 4-31 is considered to be meaningful if it is
a positive function of the control and the states. From Equation 4-31, the cost function
is a positive function if [ (m, é) in Equation 4-32 is positive. To examine the sign of

[ <x, é), the expressions in Equation 4-18, Equation 4-24, and Equation 4-29 are used to
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determine that
—Xo||z|* > Tanh ()" é + Tanh (ef)" é5 + 0" |—oki M (¢)n+ x + Y
+nT R Tanh(e;).
Substituting Equation 4-3 for 7 (¢)" yields
o ||z]|* > Tanh ()" é + Tanh (e;)" é; + 0" | —aski M (¢) n+ x + f/]
+ [é + anTanh(e)]” R™ Tanh(es) + agTanh(es)” R Tanh(ey).
Multiplying both sides by —2 yields
2N ||z < =2 [Tanh (e)" ¢+ Tanh (ef)" éf} — o’ |:—062]€1M (Qn+x+Y (4-33)
— 2[é 4+ ayTanh(e)]” R~ *Tanh(es) — 2a;Tanh(es)” R Tanh(ey).
Based on Equation 4-32, the expression in Equation 4-33 can be simplified as
2 al? < 1 (4-34)

The inequality in Equation 4-34 indicates that [ <a:, é) is positive. Therefore J () is a
meaningful cost; penalizing e (¢), 1 (¢), e (), and hence, the control.
To show that u, () minimizes J (t), Equation 4-32 is substituted into Equation 4-31
yielding
J = lim {éT () D714 (¢) (4-35)

t
- 2/ Tanh (e)" &+ Tanh (ef)" é; +n" | —agks M (q)n + x + Y/} do
0

t
— 2/ [é + ayTanh(e)]” R~ Tanh(es) + asTanh(es)” R Tanh(ey) da} .
0
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After adding and subtracting the integral of 277TYd€~, and substituting for u, (¢), the

expression in Equation 4-35 can be written as

t—o00

t
J = lim {QT AT (t) +2 / Y40 do (4-36)
0
¢
_ 2/ Tanh (e)" é + Tanh (ef)" é; +n" [—agk‘lM (@Qn+x+Y + Ydﬁ} do
0
¢
— 2/ 6 + anTanh(e)]” R Tanh(e;) + asTanh(es) u, da} :
0

Using Equation 4-3 and Equation 4-18, the expression in Equation 4-36 can be simplified

as

t
J = lim {eT Tt (t) +2 / n"Y,0 do (4-37)
0

t—o0

t
- 2/ Tanh (e)" &+ Tanh (ef)" é; +n" [—agklM(q)n+x+§~/~l—Yd€+uo} da}.
0

After using Equation 4-23, the expression in Equation 4-37 can be simplified to

t—o0

t .
J = lim {GT )T (t) — 2 / V,+ 607770 — Ty, da} : (4-38)
0

After using Equation 4-15, the expression in Equation 4-38 can be written as

J = lim {éT (T4 (1) — 2 /0 R +% (%éTr—lé) do}. (4-39)

t—o00

After integrating Equation 4-39, the cost functional can be expressed as
J=07(0)T716(0) 4+ 2V (0) + lim {2V (1)} .

From the analysis in Section 4.3, ||e(t)|| and ||n(t)|| — 0 as ¢ — oo. Therefore, V (t) — 0 as
t — oo, and J (t) is minimized. Therefore, the control law w, (¢) is optimal and minimizes
the cost functional Equation 4-31.
4.5 Output Feedback Form of the Controller
To show that the control law proposed Equation 4-18 only requires position

measurements, it is noted that the control input does not actually require the computation
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of ey (t); rather, only Tanh(e;) and Cosh?(ey). Let y; € R be defined as
y; = tanh (ey,) . (4-40)

From standard hyperbolic identities:

1 1
1 —tanh®(e;,) 1—y?

cosh? (ey,) = (4-41)

If y; can be calculated only from position measurements, then tanh (ey,) and cosh® (ey,)
can be calculated only from position measurements. Rewriting Equation 4-4 in terms of

individual elements yields

és, = —agtanh(ey,) + ay tanh(e;) — ky cosh? (e, )n; (4-42)

€fi (O) =0.

Taking the time derivative of Equation 4-40, and substituting Equation 4-41 and

Equation 4-42 yields

Ui = COSh_2 <€fi) éfi
= (1 — .%2) (—asy; + aztanh(e;)) — ki [é; + oy tanh(e;) + aayi)

yi (0) = 0.
The auxiliary variable y; () can be generated from the following expression:
Yi = pi — kaes, (4-43)
where p; € R is an auxiliary variable generated from the following differential equation:

pi = (1= (pi = k1e:)”) [~as (pi — kaes) + o tanh(e,)] (4-44)
— ky [aq tanh(e;) + ag (p; — k1e;)]

Di (0) = ]{7161' (0) .
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From Equation 4-44, it is obvious that p; (¢) can be calculated using only position
measurements. Due to the fact that p; (t) can be calculated using only position measurements,
Equation 4-43 can be used to show that y; (t), and therefore tanh (ey,) and cosh? (e,),
can be calculated using only position measurements. Due to the fact that tanh (ey,) and
cosh? (e 7,) can be calculated using only position measurements, the expression in Equation
4-18 can be calculated using only position measurements.

To show that the adaptive update law given by Equation 4-15 only requires position
measurements, Equation 4-3 is substituted into Equation 4-15, which is integrated by

parts to form the following expression:

0 =TY} e+To (4-45)

o =Y, (anTanh (e) + agy) — Y e.

From Equation 4-45, it is obvious that é(t) can be calculated using only position
measurements. Due to the fact that é(t) can be calculated using only position measurements,
the expression in Equation 4-13 can be calculated using only position measurements. Due
to the fact that the expressions in Equation 4-13 and Equation 4-18 can be calculated
using only position measurements, the total control given in Equation 4-14 can be
calculated using only position measurements.
4.6 Experimental Results

4.6.1 Experiment

To test the validity of the controller proposed in Equation 4-14 an experiment was
performed on the two-link robot testbed as described Section 2.9. The modeled dynamics

for the testbed are linear in the following parameters:

0=[p1 p2 ps Fa Fdz]T.

The control objective is to track the desired time-varying trajectory by using the

developed adaptive inverse optimal output feedback control law. To achieve this control
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Table 4-1. Tabulated values for the 10 runs of the output feedback adaptive inverse
optimal controller

Average Max Steady State Error (deg)- Link 1 | 0.0678
Average Max Steady State Error (deg)- Link 2 | 0.0973
Average RMS Error (deg) - Link 1 0.0261
Average RMS Error (deg) - Link 2 0.0323
Average RMS Torque (Nm) - Link 1 9.7256
Average RMS Torque (Nm) - Link 2 1.3959
Error Standard Deviation (deg) - Link 1 0.0001
Error Standard Deviation (deg) - Link 2 0.0030
Torque Standard Deviation (Nm) - Link 1 0.2184
Torque Standard Deviation (Nm) - Link 2 0.0446

objective, the control gains oy, as, as, and kq, defined as scalars in Equation 4-3 and
Equation 4-4, were implemented (with non-consequential implications to the stability

result) as diagonal gain matrices. Specifically, the control gains were selected as

ay = diag {50, 40} ay = diag {0.5, 4}

(4-46)
az = diag {65, 40} k; = diag {200, 150},
and the adaptation gains were selected as
I' = diag ([5,5,5,5,5]).
The desired trajectories for this experiment were chosen as follows:
G4, = qa, = 60sin(2¢) (1 — exp (—0.01¢7)). (4-47)

Each experiment was performed ten times, and data from the experiments is displayed in
Table 4-1.

Figure 4-1 depicts the tracking errors for one experimental trial. The control torques
and adaptive estimates for the same experimental trial are shown in Figures. 4-2 and 4-3,

respectively.
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Figure 4-1. Tracking errors resulting from implementing the output feedback adaptive
inverse optimal controller.
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Figure 4-2. Torques resulting from implementing the output feedback adaptive inverse
optimal controller.
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Figure 4-3. Unknown system parameter estimates for the output feedback adaptive inverse
optimal controller.

4.6.2 Discussion

Compared to the results in Section 3.5 the results are improved. The controller
was able keep the average maximum steady state (defined as the last 10 seconds of the
experiment) errors below 0.07 degrees for the first link and 0.1 degrees for the second link.
The average RMS error was 0.0261 degrees for the first link and 0.0323 degrees for the
second link. The average RMS torque was 9.7256 Nm for the first link and 1.3959 Nm for

the second link.
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CHAPTER 5
CONCLUSION

In this dissertation, optimal controllers are designed for uncertain nonlinear
Buler-Lagrange systems. The optimal control problems in this dissertation are separated
into two main parts: 1) direct optimal control, where the cost functional was chosen a
priori; and 2) inverse optimal control, where a meaningful cost functional was determined
after the control design. These two design methods were approached using different control
techniques.

In Chapter 2, a control scheme is developed for a class of nonlinear Euler-Lagrange
systems that enables the generalized coordinates to asymptotically track a desired
time-varying trajectory despite general uncertainty in the dynamics such as additive
bounded disturbances and parametric uncertainty that do not have to satisfy a LP
assumption. The main contribution of this work is that the RISE feedback method
augmented with an auxiliary control term is shown to minimize a quadratic performance
index based on a HJB optimization scheme. Like the influential work in (6-12; 36; 37) the
result in this effort initially develops an optimal controller based on a partially feedback
linearized state-space model assuming exact knowledge of the dynamics. The optimal
controller is then combined with a feedforward NN and RISE feedback. A Lyapunov
stability analysis is included to show that the NN and RISE identify the uncertainties,
therefore the dynamics asymptotically converge to the state-space system that the HJB
optimization scheme is based on. Numerical simulations and an experiment are included to
support these results.

To circumvent having to solve an HJB equation, an adaptive inverse optimal
controller is developed in Chapter 3 to achieve asymptotic tracking while minimizing
a meaningful cost. In contrast to typical optimal controllers, inverse optimal controllers
do not have an a priori chosen cost; rather the cost is calculated based on the Lyapunov

function. This controller consists of an adaptive feedforward term and an feedback
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term that is shown to minimize a meaningful cost. A Lyapunov stability analysis is

used to show that the controller achieves asymptotic tracking and that the resulting
cost functional is meaningful. A separate analysis is then used to show that the cost
is minimized. Simulation and experimental results are provided to demonstrate the

developed controller.

An output feedback adaptive IOC controller is designed in Chapter 4 due to the fact
that output feedback controllers are more desirable than full-state feedback controllers.
The controller is designed using a new error system and a DCAL feedforward adaptive
term. A Lyapunov stability analysis is used to show that the developed controller not
only stabilizes a system where the unknown matrices are functions of the states, and the
input gain matrix is unknown, but minimizes a meaningful cost. Through an innovative
filter design, the IOC is developed as an output feedback controller; requiring only position
measurements for implementation. Experimental results are included to illustrate the
improved performance of the controller over the full state feedback controller.

There are many possible avenues for future work. One possible direction is to include
disturbances in the control design and to attempt to solve a Hamilton-Jacobi-Issacs
(HJI) equation, rather than an HJB equation. The solution of HJI equations results
in the solution of a differential game problem, that accounts for disturbances in the
optimization. Another possible direction is the use of the RISE in inverse optimal design.
In the controllers in Chapter 3 and Chapter 4, an adaptive feedforward term is used
to compensate for LP uncertainty. The use of the RISE may result in inverse optimal

controllers that can handle a broader class of systems.
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APPENDIX A
SOLUTION OF RICCATI DIFFERENTIAL EQUATION

Lemma: If oy, R, and K, introduced in Equation 2-5, Equation 2-12, and Equation

2-13, satisfy the following algebraic relationships

1
K=K"= -3 (Q12+Q1,) >0
Qu = aijL Koy,

R = Qa,
then P(q), satisfies the following differential equation:
= (PA +ATP - PBR'BTP+ P+ Q) 2 =0, (A-1)

where A (q,q), B(q) and z (t) are introduced in Equation 2-11.

Proof: Substituting A (q,q), B (¢) and P(q) into Equation A-1 yields

|| -Fa K oTK 0
0=z + (A-2)
0 —V, K~V
0 0 0 0 Qu Q2
- =+ ) + z
0 R 0 M (q) Qly Q2

After applying Equation 2-3 in Property 2, Equation A—2 is satisfied if the following

conditions are true:

~Ka;—aolK K B Qu Q2
K -R! Qly Q@

Therefore, if a;, R, and K are chosen as in Equation 2-14 - Equation 2-16, then P (q)

satisfies Equation A—1.
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APPENDIX B
SOLUTION OF HAMILTON-JACOBI-BELLMAN EQUATION

Lemma: The value function V(z,t) € R

1
V= §zTPz (B-1)

satisfies the HJB equation. Then the optimal control « (¢) that minimizes Equation 2-12

subject to Equation 2-11 is

u(t)=—-R'B" (%)T = —Re,. (B-2)

Proof: The HJB equation is given by

aV (z,t) . IV (z,1)
— 5 —min {H (z,u, P AR (B-3)
where the Hamiltonian is defined as
ovVi(zt) \ . IV (z,t) .
H (z,u, T,t) = min [L (z,u) + 2% | (B-4)

To derive the optimal control law, the partial derivatives of the function V' (z,t) need

to be evaluated. The time derivative of V' (z,¢) can be expressed as

Cii—‘t/ = aa—‘t/ + %—Zé. (B-5)
The gradient of V' (z,t) with respect to the error state z (t) is
%—Z = 7P + 227D, (B-6)
where
D= %z ;eiz 0 - O]Z{Dl o}. (B-7)
In Equation B-7, D € R?2" and 0 € R?"*! is a zero vector and the notation is used

8611'

to represent the 2n x 2n matrix whose elements are partial derivatives of the elements of

P (q) with respect to eq;.
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In order to determine a control that optimizes the Hamiltonian, its partial derivative
with respect to u (¢) must be determined. Since u (¢) is unconstrained, Equation B—4

requires that

0OH oV (z,t) o7 ov
%(Z,U,T,t)—u R‘i‘%B—O,

which gives an optimal control candidate

T
u(t) = —R‘IBT%. (B-8)
Since
0*H
ou?

=R>0,

we know that Equation B—4 is minimized by u (¢). Substituting Equation B-6 and

Equation B-7 into Equation B-8 gives
1
u(t)=—-R'BT <Pz + 5DTz) = R 'BTPT; = —R ey, (B-9)

where the relation

B'D" = 0D, + M0 =0,

is used.
A necessary and sufficient condition for optimality is that the chosen value function

V (z,t) satisfies Equation B-3. Substituting Equation B-4 into Equation B-3 yields

AV (z,t) N oV (z,t)
ot 0z

24+ L(z,u")=0. (B-10)
Substituting Equation B-5 into Equation B-10 yields

it %zTPz 4 L(2u) =0, (B-11)
Inserting Equation 2-11, Equation B-9, and L (z,u) into Equation B-11 yields

1 .
TPAz + 557 <P L Q- PBR*BTPT> 2 =0 (B-12)
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1
Since 2" PAz = §zT (ATP + PA) z, Equation B—12 can be written as

1 .
S (P+ATP+ PA+Q— PBRIBTPT) =0, (B-13)

As shown in Appendix A, P (q) satisfies Equation B-13, therefore V' (z,t) satisfies the

HJB equation Equation B-3 and the optimal is given by Equation B-9.
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APPENDIX C
BOUND ON N(T)

Lemma: The auxiliary error N(t) defined in Equation 2-26 as
~ . 1. - .
N £ —Vm62 — Vmeg — éMT + h + CJ./QMeg + OZQMéQ + e9 + agR_leg, (C*l)

~llezl| & — W75 ||ez]| za

can be upper bounded as follows:

|5 < ol sl

where y(t) € R*" is defined as

y(t) = ey e 1], (C-2)

and the bounding function p(|ly||) € R is a positive globally invertible nondecreasing
function.

Proof: N(q,q,{a, 44, €1,e2,7) € R” in Equation C-1 can be expressed as follows:

W= _% M (q)r + M(q) [ (e3 — arer) + ases] + M(q)ia + M(q) 44

+ M(q) [on (r — azez — ay (eg — auer)) + g (r — aaez)] — M(qa)a

+ Vin(q, 4) [Ga — 7 + cses + ares — aijer] — Vi (qas 4a)da — Vin (s 4a)dia

— M(q2)Ca+ Vin(a, 9)d + G (@) — G (qa) + F (4) — F (da) + €2 + 2R "¢y
where the following were used:

€1 = ey — aqeq,
61 =1 — qges — ay (€3 — aqey),
€y =T — Qp€g,

. . 2
q =qq — 7+ ey + 1eg — ajey.
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Let N (q, ¢, Ga, 4,61, 62, r) € R" be defined as

N & —% 1(q)r 4+ M(q) [on (e3 — aqer) + azes] + G (q)
+ M(q) [aq (r — anes — g (e2 — age1)) + ao (1 — ases)]
+ M(q)ia+ M(@)Ta+ Viu(q,)d + F (§) + €2 + R e

+ Vin(q, ) [ijd — T+ Qgey + 16y — a%el} .

The auxiliary error N(t) can be written as the sum of errors pertaining to each of its

arguments as follows:

N(t) = N (q,4,Ga, 4a,e1,e2,7) = N (qa, 4a, 4a> 44, 0,0,0)
= N (¢,4d Ga» 44,0,0,0) — N (qa, 44, Ga, 44, 0,0,0)
+ N (¢, 4, Ga, 44,0,0,0) — N (g, 44, Ga, 4 4,0,0,0)
+ N (4,4, da, 44,0,0,0) = N (¢, 4, Ga, 74, 0,0,0)
+ N (4,4, da, 44,0,0,0) = N (¢, 4, Ga, ¢4, 0,0,0)
+ N (4,4 da, 4a,€1,0,0) = N (¢,4,Ga, 74, 0,0,0)
+ N (4,4, Ga a1, €2,0) = N (¢, 4, Ga, 4 a,€1,0,0)

+ N (Q7 (L (jd7 ‘q‘da €1, €2, T) - N (Q7 Q7 de, ‘q‘da €1, €2, 0) .
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Applying the Mean Value Theorem to N(t) results in the following expression:

x aN(U 7Qd7qd7 .q.d707070)
N(t) = - Ao =01 (@ = qa)

8N(Q70-2a(jd7 .q.d7070a0) . .
+ B ’G2=U2 (q - qd)
op]

aN(Qaan—& 'q'd707070)| ( o )
803 o3=v3 \4d — qd

ON(q,q,qq,04,0,0,0
( 8044 )\a4=v4(qd— q4)

aN(qa q.a q.da '(j’d7 05, 0, O)
dos |os=vs (€1 — 0)

aN(q7Qaq-da‘q.daelvo-6aO)| (6 —O>
80'6 o6=g 2

aN(Q7 Q7 q.dy .q.d7 €1, €2, 07)
607

+

+

+

_|_

_|_

|U7=v7 (T - O) ’

where

v1 € (4qa,9)
vz € (4a, 9)
3 € (Ga, Ga)
va € (0, )
vs € (0,€7)
ve € (0, e3)

vy € (0,7).
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From equation Equation C-3, N (t) can be upper bounded as follows:

H < H@N 01,%;%, 4,0,0, 0)‘01:1“ e (C-4)
+ <q"’2’g‘j;2qd’0 OOl ez = areal
n aN(QaC]aijcgUZda%aOaO) looos || lex
n 8N(‘]aqafjdé:6d,€1,06a0) loocus || lleal]
N 8N(q,q,cjd,&qrj,61,ez,a7) looor || 171 -

By noting that

v1=¢q—ci(q— qa)
vy =4 — c2 (4 — Ga)
vs =e1 (1 —c5)
ve = e (1 — cg)

vr=r(1—c7).

where ¢; € (0,1) € R, ¢ = 1,2,5,6,7 are unknown constants, the following upper bounded

can be developed:

H@N 01,Qdag;,1q(170 0, O)|01:v1 < pule)
HaN q,ag,gi;;zd,o 0, 0)|02:U2 < prlen.e)
H@N 4,9, chgqcz,ag),() O)|a5:U5 < peler.cs)
HaN 4,9, qdé;l:,ehaﬁ, )|66:U6 < poler.ca)
H g qd,@jj’ EHEEL |or=ur || < pr(er, e2,7).
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The bound on N () can be further reduced to:

| ¥ )| < prten) lerll + palerse2) flea = e (C5)
+ ps(e1s €2) [[ex]| + po(er, e2) [|ez]]
+ pr(er, ea, ) ||| .
Using the inequality
|[le2 — arer| [ < [leaf| + o [lea]

the expression in Equation C-5 can be further upper bounded as follows:

HN(t)H < [pi(e1) + arpaler, ea) + psler, ea)] [len |

+ [p2(e1, €2) + psler, e2)] [lea|| + prer, ea, ) [I7]] .

Using the definition of y(t) € R* in Equation C-2, N(t) can be expressed in terms of y(t)

as follows:
HN(t)H < [p1(e1) + aipz(er, e2) + ps(er, e2)] |ly(t)|
+ [p2(e1, e2) + ps(er, e2)] |y (t)]]
-+ ,07(617 €2, T) Hy(t>H .
Therefore,

|5 < ool sl

where p (|ly||) is some positive globally invertible nondecreasing function. The inclusion of
the additional terms in Equation 2-67 is trivial due to the fact that proj (-) < ||lez||, and

all other terms are bounded by assumption or design.
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APPENDIX D
BOUND ON L (T) - PART 1

Lemma: Define the auxiliary function L () as Equation 2-36. If the following

sufficient conditions in Equation 2-33 then

/O L(r)dr < B1 [le2(0)]] — e2(0)" Np(0). (D-1)

Proof: Integrating both sides of Equation 2-36 yields

t t
/ L(r)dr = / r(1)T (Np(r) — Brsgn(es)) dr. (D 2)
0 0
Substituting Equation 2-6 into Equation D-2,
t td T t d T
JRs| )" N (r)dr - / 592" s D 3)
0 o dr 0 dr

+ / asea(T)T (Np(7) — usgn(es)) dr.

After integrating the first integral in Equation D-3 by parts, the expression in Equation

D-3 can be written as

[ 2ryar = [ asealr)” o() = srsgnteadr — [ ear 2 a0

=B le2()[l + By lle2(0)| + e2(t)" Np(t) — e2(0)" Np(0).

After rearranging the terms in Equation D—4 as

/0 L(r)dr < By [le2(0)]| = e2(0)" Np(0) + [lea(t)]| (G — ) (D-5)
+/0 s |lea(T) || (<1 =+ O%Cz — ﬁl) dr,

the inequality in Equation D-5 can be obtained if (3, satisfies Equation 2-33.
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APPENDIX E
BOUND ON L (T) - PART 2

Lemma: Let the function L (t) as Equation 2-82. If the following sufficient

conditions in Equation 2-79 then

/0 L(r)dr < By [lea(0)]] - e2(0)" N5 0). E1)

Proof: Integrating both sides of Equation 2-82 yields

[ rmar = [allear + 25 e, () (6-2)

+7(1)T(Ng, (1) + Np(7) — Bisgn(es)))dr.

Substituting Equation 2-6 into Equation E-2,

AlmmzlwﬁwﬁmM—fm%@:m@m- (E-3)

+/0 azes(1)" (N, (t) + Np(t) — Bisgn(es)) dr

- / By llea(t) |2 d.

Integrating the first integral in Equation E-3 by parts, and by using the fact that

dN(T) _ dNp(7) N dNp(T)

dr dr dr
_dNu(r) | ONu(r)diy | _oNp(r) Wee (W) o) dee (V)
=— Oy di vec <W> dt Svec <f/> dt .
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The expression in Equation E-3 can be written as

/0 L(r)dr = / asea(T)T (Np, () + Np(t) — Bisgn(es)) dt

0
t 1 t ON (7') d.’L’d dND(T)
- t)|° dr — — L d
[ el ar - - [ ot (R0 S 4y
t

_/0 sl ( ONg(T) dvec (W) ONg(T) dvec (V)) .

dvec (W) dt i ovec (V) dt
=B [le2(@)][ + Br lle2(0)]| + e2(t)N (¢) — e2(0) N (0).

After rearranging the terms in Equation E—4 as

[ L)r < a1l - ex0)N(0)
0
+ [l (G @+ Gt G- ) dr

+AHMﬂW@—@%ﬂ@@MQ+@—&Mﬂ

the inequality in Equation E-5 can be obtained if 3; and s satisfy Equation 2-79.
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APPENDIX F
REVIEW OF ADAPTIVE INVERSE OPTIMAL CONTROL:

Given a system of the form

i=f(2)+g()u. (F 1)

where z (t) € R" denotes the state vector, u (t) € R™, denotes the control vector,
f(x) € R™is a smooth vector valued function and g (x) € R™™ is a smooth matrix
valued function, the optimal control problem is to determine the control u* (t) € R™ which

minimizes a cost
o0
J(u) £ / L (z,u)dt, (F-2)
0
subject to the dynamic constraints in Equation F-1, where L (z,u) € R is the Lagrangian.
A necessary and sufficient condition for an optimal solution to exist, is the existence of a

function V' (x,t) € R, called the value function, which satisfies the Hamilton-Jacobi-Bellman

(HJB) equation
_ OV (a,1)

oV (z,t)
ot v

0
ox

+min | L (z,u) +

In general the HJB equation, a nonlinear partial differential equation, can not be solved
analytically. In an effort to circumvent the need to solve the HJB equation, inverse
optimal control was developed. Furthermore, adaptive inverse optimal control was
developed to allow the design of inverse optimal controllers for systems with unknown

parameters. Consider a system of the form
t=f(x)+ F(z)0+g(z)u, (F-3)

where f (z) € R™ denotes a known smooth vector function and F (z) € R**?, g (z) € R**™
are known, smooth matrix valued functions, 6 € RP? is a vector of unknown constants, and
u(t) € R™ denotes the control vector. A positive definite, radially unbounded function

Vo (z,0) € R is called an adaptive control Lyapunov function for Equation F-3 if it is a
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control Lyapunov function for the modified system

t=f(x)+ F(x) (9%—1“(88‘3”) >+g(w)u, (F-4)

where I' € RP*P is positive definite. The function V, (x,0) is a control Lyapunov function
for Equation F—4 if there exists a smooth control law u (6, x), with u (6,0) = 0, which

satisfies
ov
ox

f(z)+ F(z) <9+F (%?) ) —l—g(m)u] <0. (F-5)

If there exists a control Lyapunov function for Equation F—4 (which means an adaptive

control Lyapunov function for Equation F-3), and a feedback control law of the form

w=—R(x,0)" (aa‘;“g)T, (F-6)

where R (z,0) € R™*™ is a positive definite and symmetric matrix that stabilizes Equation

F—4, then the feedback control law

u* = —f0R (x,é>_1 (%?g)T BeR>2,

where 0 € RP is an estimate for 0, with the parameter update law

" ov, \*
Q_F(ax F) , (F-7)
minimizes the cost functional
im |lo—d h 0 T 0
7= Jim |6 - HF1+/O (1 (2.0) +u" R (x.0)u) . (F-8)

where [ (x,é) € R is defined as
v, N Vo ooy (Ve \'
=2 G (1o m (0405 ) )|+ 00 -n Gran (Gha)

The cost functional J (¢) is considered meaningful in the sense that it imposes a positive

penalty on the state and actuation. The adaptive inverse optimal control problem can be
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summarized as follows: if an adaptive control Lyapunov function and a stabilizing control
law of the form in Equation F—6 can be found for the system in Equation F-3, then that

control law minimizes the cost functional in Equation F-8.
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