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Recent advances in image processing, computational technology and control

theory are enabling visual servo control to become more prevalent in robotics

and autonomous systems applications. In this dissertation, visual servo control

algorithms and architectures are developed that exploit the visual feedback from a

camera system to achieve a tracking or regulation control objective for a rigid-body

object (e.g., the end-effector of a robot manipulator, a satellite, an autonomous

vehicle) identified by a patch of feature points.

The first two chapters present the introduction and background information for

this dissertation. In the third chapter, a new visual servo tracking control method

for a rigid-body object is developed by exploiting a combination of homography

techniques, a quaternion parameterization, adaptive control techniques, and

nonlinear Lyapunov-based control methods. The desired trajectory to be tracked

is represented by a sequence of images (e.g., a video), which can be taken online

or offline by a camera. This controller is singularity-free by using the homography

techniques and the quaternion parameterization. In the fourth chapter, a new

collaborative visual servo control method is developed to enable a rigid-body

xiii



object to track a desired trajectory. In contrast to typical camera-to-hand and

camera-in-hand visual servo control configurations, the proposed controller is

developed using a moving on-board camera viewing a moving object to obtain

feedback signals. This collaborative method weakens the field-of-view restriction

and enables the control object to perform large area motion. In the fifth chapter,

a visual servo controller is developed that yields an asymptotic tracking result for

the completely nonlinear camera-in-hand central catadioptric camera system. A

panoramic field-of-view is obtained by using the central catadioptric camera. In

the sixth chapter, a robust visual servo control method is developed to achieve a

regulation control objective in presence of intrinsic camera calibration uncertainties.

A quaternion-based estimate for the rotation error signal is developed and used

in the controller development. The similarity relationship between the estimated

and actual rotation matrices is used to construct the relationship between the

estimated and actual quaternions. A Lyapunov-based stability analysis is provided

that indicates a unique controller can be developed to achieve the regulation result

despite a sign ambiguity in the developed quaternion estimate. In the seventh

chapter, a new combined robust and adaptive visual servo control method is

developed to asymptotically regulate the feature points in an image to the desired

locations while also regulating the pose of the control object without calibrating

the camera. These dual objectives are achieved by using a homography-based

approach that exploits both image-space and reconstructed Euclidean information

in the feedback loop. The robust rotation controller accommodates for the time-

varying uncertainties in the rotation error system, and the adaptive translation

controller compensates for the unknown calibration parameters in the translation

error system. Chapter 8 serves as the conclusions of this dissertation.
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CHAPTER 1
INTRODUCTION

1.1 Motivation

Control systems that use information acquired from an imaging source in the

feedback loop are defined as visual servo control systems. Visual servo control has

developed into a large subset of robotics literature (see [1—4] for a review) because

of the enabling capabilities it can provide for autonomy. Recent advances in image

processing, computational technology and control theory are enabling visual servo

control to become more prevalent in autonomous systems applications (e.g., the

autonomous ground vehicles grand challenge and urban challenge sponsored by the

U.S. Defense Advanced Research Projects Agency (DARPA)). Instead of relying

solely on a global positioning system (GPS) or inertial measurement units (IMU)

for navigation and control, image-based methods are a promising approach to

provide autonomous vehicles with position and orientation (i.e., pose) information.

Specifically, rather than obtain an inertial measurement of an autonomous system,

vision systems can be used to recast the navigation and control problem in terms

of the image space. In addition to providing feedback relating the local pose of

the camera with respect to some target, an image sensor can also be used to relate

local sensor information to an inertial reference frame for global control tasks.

Visual servoing requires multidisciplinary expertise to integrate a vision system

with the controller for tasks including: selecting the proper imaging hardware;

extracting and processing images at rates amenable to closed-loop control; image

analysis and feature point extraction/tracking; and recovering/estimating necessary

state information from an image, etc. While each of the aforementioned tasks

are active topics of research interest in computer vision and image processing

1
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societies, they will not be the focus of this dissertation. The development in this

dissertation is based on the assumption that images can be acquired, analyzed, and

the resulting data can be provided to the controller without restricting the control

rates.

The use of image-based feedback adds complexity and new challenges for

the control system design. The scope of this dissertation is focused on issues

associated with using reconstructed and estimated state information from a

sequence of images to develop a stable closed-loop error system. Particularly, this

dissertation focuses on the following problems: 1) how to design a visual servo

tracking controller that achieves asymptotic tracking via a quaternion formulation?

2) how to design a collaborative visual servo control scheme when both the camera

and the control object are moving? 3) how to design a visual servo controller using

a central catadioptric camera? 4) and how to design a visual servo controller that is

robust to camera calibration uncertainty?

1.2 Problem Statement

In this dissertation, visual servo control algorithms and architectures are

developed that exploit the visual feedback from a camera system to achieve a

tracking or regulation control objective for a six degrees of freedom (DOF) rigid-

body control object (e.g., the end-effector of a robot manipulator, a satellite, an

autonomous vehicle) identified by a patch of feature points. The tracking control

objective is for the control object to track a desired trajectory that is encoded by

a video obtained from a camera in either the camera-in-hand or camera-to-hand

configuration. This video can be taken online or offline by a camera. For example,

the motion of a control object can be prerecorded by a camera (for the camera-

to-hand configuration) beforehand and used as a desired trajectory, or, a video of

the reference object can be prerecorded as a desired trajectory while the camera

moves (for the camera-in-hand configuration). The regulation control objective is



3

for the object to go to a desired pose that is encoded by a prerecorded image. The

regulation problem can be considered as a particular case of the tracking problem.

For example, when all the images in the sequence of desired images are identical,

the tracking problem becomes a regulation problem. The dissertation will address

the following problems of interest: 1) visual servo tracking control via a quaternion

formulation; 2) collaborative visual servo tracking control using a daisy-chaining

approach; 3) visual servo tracking control using a central catadioptric camera; 4)

robust visual servo control in presence of camera calibration uncertainty; and 5)

combined robust and adaptive visual servo control via an uncalibrated camera. The

control development in the dissertation is proven by using nonlinear Lyapunov-

based methods and is demonstrated by Matlab simulation and/or experimental

results.

1) Visual servo tracking control via a quaternion formulation.

Much of the previous visual servo controllers have only been designed to

address the regulation problem. Motivated by the need for new advancements to

meet visual servo tracking applications, previous research has concentrated on

developing different types of path planning techniques [5—9]. Recently, Chen et al.

[10] provided a new formulation of the tracking control problem. A homography-

based adaptive visual servo controller is developed to enable a robot end-effector

to track a prerecorded time-varying reference trajectory determined by a sequence

of images. The Euler angle-axis representation is used to represent the rotation

error system. Due to the computational singularity limitation of the angle axis

extraction algorithm (see Spong and Vidyasagar [11]), rotation angles of ±π

were not considered. Motivated by the desire to avoid the rotation singularity

completely, an error system and visual servo tracking controller is developed in

Chapter 3 based on the quaternion formulation. A homography is constructed

from image pairs and decomposed via textbook methods (e.g., Faugeras [12] and
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Hartley and Zisserman [13]) to determine the rotation matrix. Once the rotation

matrix has been determined, the corresponding unit quaternion can be obtained by

numerically robust algorithms (see Hu et al. [14] and Shuster [15]). Then an error

system is constructed in terms of the unit quaternion, which is void of singularities.

An adaptive controller is then developed and proven to make a camera track a

desired trajectory that is determined from a sequence of images. The controller

contains an adaptive feedforward term to compensate for the unknown distance

from the camera to the observed planar patch. A quaternion-based Lyapunov

function is developed to facilitate the control design and the stability analysis.

2) Collaborative visual servo tracking control using a daisy-chaining approach.

Unlike typical visual servo controllers in camera-in-hand and camera-to-hand

configurations, a unique aspect of the development for this problem is that a

moving camera (e.g., a camera mounted on an unmanned air vehicle) is used to

provide visual feedback to a moving autonomous vehicle. The control objective

is for the autonomous vehicle (identified by a planar patch of feature points) to

track the pose of a desired vehicle trajectory that is encoded by a prerecorded

video obtained from a fixed camera (e.g., a camera mounted on a satellite, a

camera mounted on a building). Several challenges must be resolved to achieve

this unexplored control objective. The relative velocity between the moving feature

point patch and the moving camera presents a significant challenge. By using

a daisy-chaining approach (e.g., [16—19]), Euclidean homography relationships

between different camera coordinate frames and feature point patch coordinate

frames are developed. These homographies are used to relate coordinate frames

attached to the moving camera, the reference object, the control object, and the

object used to record the desired trajectory. Another challenge is that for general

six DOF motion by both the camera and the planar patch, the normal to planar

patch is unknown. By decomposing the homography relationships, the normal to



5

the moving feature point patch can be obtained. Likewise, the distance between the

moving camera, the moving planar patch, and a reference patch are unknown. By

using the depth ratios obtained from the homography decomposition, the unknown

distance is related to an unknown constant parameter. A Lyapunov-based adaptive

estimation law is designed to compensate for the unknown constant parameter.

Since the moving camera could be attached to a remotely piloted vehicle with

arbitrary rotations, another challenge is to eliminate potential singularities in

the rotation parameterization obtained from the homography decomposition.

To address this issue, homography-based visual servo control techniques (e.g.,

[10, 20—22]) are combined with quaternion-based control methods (e.g., [14, 23,24]),

to eliminate singularities associated with the image Jacobian and the rotation

error system. By using the quaternion parameterization, the resulting closed-

loop rotation error system can be stabilized by a proportional rotation controller

combined with a feedforward term that is a function of the desired trajectory.

3) Visual servo tracking control using a central catadioptric camera.

Visual servo controllers require the image-space coordinates of some set of

Euclidean feature points in the control development; hence, the feature points

must remain in the camera’s field-of-view (FOV). Since the FOV of conventional

perspective cameras (e.g., pinhole cameras) is restricted, keeping the feature points

in the FOV is a fundamental challenge for visual servo control algorithms. The fun-

damental nature of the FOV problem has resulted in a variety of control and path

planning methods (e.g., [6,7,25—31]). An alternative solution to the aforementioned

algorithmic approaches to resolve the FOV issue is to use advanced optics such

as omnidirectional cameras. Catadioptric cameras (one type of omnidirectional

camera) are devices which use both mirrors (reflective or catadioptric elements) and

lenses (refractive or dioptric elements) to form images [32]. Catadioptric cameras

with a single effective viewpoint are classified as central catadioptric cameras,
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which are desirable because they yield pure perspective images [33]. In Chapter 5,

a visual servo control scheme is presented that yields a tracking result for a camera-

in-hand central catadioptric camera system. The tracking controller is developed

based on the relative relationships of a central catadioptric camera between the

current, reference, and desired camera poses. To find the relative camera pose rela-

tionships, homographies are computed based on the projection model of the central

catadioptric camera [33—36]. Geyer and Daniilidis [36] proposed a unifying theory

to show that all central catadioptric systems are isomorphic to projective mappings

from the sphere to a plane with a projection center on the perpendicular axis to the

plane. By constructing links between the projected coordinates on the sphere, the

homographies up to scalar multiples can be obtained. Various methods can then

be applied to decompose the Euclidean homographies to find the corresponding

rotation matrices, and depth ratios. The rotation error system is based on the

quaternion formulation which has a full-rank interaction matrix. Lyapunov-based

methods are utilized to develop the controller and to prove asymptotic tracking.

4) Robust visual servo control.

In vision-based control, exact calibration is often required so that the image-

space sensor measurements can be related to the Euclidean or joint space for

control implementation. Specifically, a camera model (e.g., the pinhole model)

is often required to relate pixel coordinates from an image to the (normalized)

Euclidean coordinates. The camera model is typically assumed to be exactly known

(i.e., the intrinsic calibration parameters are assumed to be known); however,

despite the availability of several popular calibration methods (cf. [37—43]),

camera calibration can be time consuming, requires some level of expertise,

and has inherent inaccuracies. If the calibration parameters are not exactly known,

performance degradation and potential unpredictable response from the visual

servo controller may occur. The goal of this research is to develop a visual servo
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controller which is robust to the intrinsic calibration parameters. As in the previous

three problems, the quaternion parameterization will be used to represent the

rotation error system. Since the quaternion error cannot be measured precisely

due to the uncertain calibration, an estimated quaternion is required to develop

the controller. One of the challenges to develop a quaternion estimate is that the

estimated rotation matrix is not a true rotation matrix in general. To address this

challenge, the similarity relationship between the estimated and actual rotation

matrices is used to construct the relationship between the estimated and actual

quaternions. A Lyapunov-based stability analysis is provided that indicates a

unique controller can be developed to achieve the regulation result.

5) Combined robust and adaptive visual servo control.

This research is also motivated by the desire to compensate for uncertain cam-

era calibration. This controller has adaptive updated terms which can compensate

for the unknown calibration parameters. The open-loop error system is composed

of a rotation error system and a translation error system. One challenge is that the

rotation quaternion error is not measurable. To address this problem, an estimated

quaternion is obtained based on the image-space information and is used to develop

the controller. The transformation between the actual and estimated quaternions

is an upper triangular matrix determined by the calibration parameters and the

diagonal elements are positive. This fact is exploited to design a robust high-gain

controller. Another challenge is that the unknown calibration matrix is coupled in

the translation error system. To address this problem, the translation error system

is linearly parameterized in terms of the calibration parameters. An adaptive up-

date law is used to estimate the unknown calibration parameters, and a translation

controller containing the adaptive compensation terms is used to asymptotically

regulate the translation error.
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1.3 Literature Review

1.3.1 Basic Visual Servo Control Approaches

Different visual servo control methods can be divided into three main cate-

gories including: image-based, position-based, and approaches that make use of a

blend of image and position-based approaches. Image-based visual servo control

(e.g., [1, 44—47]) consists of a feedback signal that is composed of pure image-space

information (i.e., the control objective is defined in terms of an image pixel er-

ror). This approach is considered to be more robust to camera calibration and

robot kinematic errors and is more likely to keep the relevant image features in

the FOV than position-based methods because the feedback is directly obtained

from the image without the need to transfer the image-space measurement to

another space. A drawback of image-based visual servo control is that since the

controller is implemented in the robot joint space, an image-Jacobian is required

to relate the derivative of the image-space measurements to the camera’s linear

and angular velocities. However, the image-Jacobian typically contains singularities

and local minima (see Chaumette [48]), and the controller stability analysis is

difficult to obtain in the presence of calibration uncertainty (see Espiau et al. [49]).

Another drawback of image-based methods are that since the controller is based

on image-feedback, the robot could be commanded along a trajectory that is not

physically possible. This issue is described as Chaumette’s conundrum. Further

discussion of the Chaumette’s conundrum is provided in Chaumette [48] and Corke

and Hutchinson [25].

Position-based visual servo control (e.g., [1, 44, 50—52]) uses reconstructed

Euclidean information in the feedback loop. For this approach, the image-Jacobian

singularity and local minima problems are avoided, and physically realizable

trajectories are generated. However, the approach is susceptible to inaccuracies

in the task-space reconstruction if the transformation is corrupted (e.g., uncertain
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camera calibration). Also, since the controller does not directly use the image

features in the feedback, the commanded robot trajectory may cause the feature

points to leave the FOV. A review of these two approaches is provided in [1,2,53].

The third class of visual servo controllers use some image-space informa-

tion combined with some reconstructed information as a means to combine

the advantages of these two approaches while avoiding their disadvantages

(e.g., [10, 20—22, 24, 25, 54—58]). One particular approach was coined 2.5D visual

servo control in [20, 21, 55, 56] because this class of controllers exploits two dimen-

sional image feedback and reconstructed three-dimensional feedback. This class of

controllers is also called homography-based visual servo control in [10, 22, 24, 57]

because of the underlying reliance of the construction and decomposition of a

homography.

1.3.2 Visual Servo Control Approaches to Enlarge the FOV

Visual servo controllers often require the image-space coordinates of some set

of Euclidean feature points in the control development; hence, the feature points

must remain in the camera’s FOV. Since the FOV of conventional perspective

cameras (e.g., pinhole cameras) is restricted, keeping the feature points in the FOV

is a fundamental challenge for visual servo control algorithms. The fundamental

nature of the FOV problem has resulted in a variety of control and path planning

methods (e.g., [6, 7, 25—31]). Corke and Hutchinson [25] and Chesi et al. [26]

used partitioned or switching visual servoing methods to keep the object in

the FOV. In [6, 7, 27—29], potential fields (or navigation functions) are used to

ensure the visibility of all features during the control task. In Benhimane and

Malis [30], the focal length of the camera was automatically adjusted (i.e., zoom

control) to keep all features in the FOV during the control task by using an

intrinsic-free visual servoing approach developed by Malis [59]. In Garcka-Aracil et

al. [31], a continuous controller is obtained by using a new smooth task function
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with weighted features that allows visibility changes in the image features (i.e.,

some features can come in and out of the FOV) during the control task. Some

researchers have also investigated methods to enlarge the FOV [60—64]. In [60—63],

image mosaicing is used to capture multiple images of the scene as a camera moves

and the images are stitched together to obtain a larger image. In Swaminathan and

Nayar [64], multiple images are fused from multiple cameras mounted in order to

have minimally overlapping FOV.

An alternative solution to the aforementioned algorithmic approaches to

resolve the FOV issue is to use advanced optics such as omnidirectional cameras.

Catadioptric cameras (one type of omnidirectional camera) are devices which

use both mirrors (reflective or catadioptric elements) and lenses (refractive or

dioptric elements) to form images [32]. Catadioptric systems with a single effective

viewpoint are classified as central catadioptric systems, which are desirable because

they yield pure perspective images [33]. In Baker and Nayar [34], the complete

class of single-lens single-mirror catadioptric systems is derived that satisfy the

single viewpoint constraint. Recently, catadioptric systems have been investigated

to enlarge the FOV for visual servo control tasks (e.g., [35, 65—72]). Burschka

and Hager [65] addressed the visual servoing problem of mobile robots equipped

with central catadioptric cameras, in which an estimation of the feature height

to the plane of motion is required. Barreto et al. [73] developed a model-based

tracking approach of a rigid object using a central catadioptric camera. Mezouar

et al. [66] controlled a robotic system using the projection of 3D lines in the image

plane of a central catadioptric system. In [35, 65, 66], the inverse of the image

Jacobian is required in the controller development which may lead to a singularity

problem for certain configurations. Hadj-Abdelkader et al. [67] presented the 2 1/2

D visual servoing approach using omnidirectional cameras, in which the inverse

of an estimated image-Jacobian (containing potential singularities) is required in
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the controller. Mariottini et al. [68, 69] developed an image-based visual servoing

strategy using epipolar geometry for a three DOF mobile robot equipped with a

central catadioptric camera. Particularly, the singularity problem in the image

Jacobian was addressed by Mariottini et al. [69] using epipolar geometry. In

Benhimane and Malis [70], a new approach to visual servo regulation for omni-

directional cameras was developed that uses the feedback of a homography directly

(without requiring a decomposition) that also does not require any measure of the

3D information on the observed scene. However, the result in [70] is restricted to be

local since the controller is developed based on a linearized open-loop error system

at the origin, and the task function is only isomorphic to a restricted region within

the omnidirectional view. In Tatsambon and Chaumette [71, 72], a new optimal

combination of visual features is proposed for visual servoing from spheres using

central catadioptric systems.

1.3.3 Robust and Adaptive Visual Servo Control

Motivated by the desire to incorporate robustness to camera calibration,

different control approaches that do not depend on exact camera calibration have

been proposed (cf. [9, 21, 74—88]). Efforts such as [74—78] have investigated the

development of methods to estimate the image and robot manipulator Jacobians.

These methods are composed of some form of recursive Jacobian estimation law

and a control law. Specifically, Hosoda and Asada [74] developed a visual servo

controller based on a weighted recursive least-squares update law to estimate

the image Jacobian. In Jagersand et al. [75], a Broyden Jacobian estimator is

applied and a nonlinear least-square optimization method is used for the visual

servo control development. Shahamiri and Jagersand [76] used a nullspace-biased

Newton-step visual servo strategy with a Broyden Jacobian estimation for online

singularity detection and avoidance in an uncalibrated visual servo control problem.

In Piepmeier and Lipkin [77] and Piepmeier et al. [78], a recursive least-squares
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algorithm is implemented for Jacobian estimation, and a dynamic Gauss-Newton

method is used to minimize the squared error in the image plane.

Robust control approaches based on static best-guess estimation of the

calibration matrix have been developed to solve the uncalibrated visual servo

regulation problem (cf. [21, 82, 87, 88]). Specifically, under a set of assumptions

on the rotation and calibration matrix, a kinematic controller was developed by

Taylor and Ostrowski [82] that utilizes a constant, best-guess estimate of the

calibration parameters to achieve local set-point regulation for the six DOF visual

servo control problem. Homography-based visual servoing methods using best-guess

estimation are used by Malis and Chaumette [21] and Fang et al. [87] to achieve

asymptotic or exponential regulation with respect to both camera and hand-eye

calibration errors for the six DOF problem.

The development of traditional adaptive control methods to compensate for

uncertainty in the camera calibration matrix is inhibited because of the time-

varying uncertainty injected in the transformation from the normalization of the

Euclidean coordinates. As a result, initial adaptive control results such as [79—85]

were limited to scenarios where the optic axis of the camera was assumed to be

perpendicular with the plane formed by the feature points (i.e., the time-varying

uncertainty is reduced to a constant uncertainty) or assumed an additional sensor

(e.g., ultrasonic sensors, laser-based sensors, additional cameras) could be used to

measure the depth information.

More recent approaches exploit geometric relationships between multiple

spatiotemporal views of an object to transform the time-varying uncertainty into

known time-varying terms multiplied by an unknown constant [9, 21, 86—89]. In

Ruf et al. [9], an on-line calibration algorithm was developed for position-based

visual servoing. In Liu et al. [86], an adaptive image-based visual servo controller

was developed that regulated the feature points in an image to desired locations.
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One problem with methods based on the image-Jacobian is that the estimated

image-Jacobian may contain singularities. The development in [86] exploits an

additional potential force function to drive the estimated parameters away from the

values that result in a singular Jacobian matrix. In Chen et al. [89], an adaptive

homography-based controller was proposed to address problems of uncertainty

in the intrinsic camera calibration parameters and lack of depth measurements.

Specifically, an adaptive control strategy was developed from a Lyapunov-based

approach that exploits the triangular structure of the calibration matrix. To the

best of our knowledge, the result in [89] was the first result that regulates the

robot end-effector to a desired position/orientation through visual servoing by

actively compensating for the lack of depth measurements and uncertainty in

the camera intrinsic calibration matrix with regard to the six DOF regulation

problem. However, the relationship between the estimated rotation axis and the

actual rotation axis is not correctly developed. A time-varying scaling factor was

omitted which is required to relate the estimated rotation matrix and the actual

rotation matrix. Specifically, the estimated rotation matrix and the actual rotation

matrix were incorrectly related through eigenvectors that are associated with the

eigenvalue of 1. An unknown time-varying scalar is required to relate these vectors,

and the methods developed in [89] do not appear to be suitable to accommodate

for this uncertainty.

1.4 Contributions

The main contribution of this dissertation is the development of visual servo

control algorithms and architectures that exploit the visual feedback from a camera

system to achieve a tracking or regulation control objective for a rigid-body control

object (e.g., the end-effector of a robot manipulator, a satellite, an autonomous

vehicle) identified by a patch of feature points. In the process of achieving the main

contribution, the following contributions were made:
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• A new adaptive homography-based visual servo control method via a quater-

nion formulation is developed that achieves asymptotic tracking control. This

control scheme is singularity-free by exploiting the homography techniques

and a quaternion parameterization. The adaptive estimation term in the pro-

posed controller compensates for the unknown depth information dynamically

while the controller achieves the asymptotic tracking results.

• A new collaborative visual servo control method is developed to enable a

rigid-body object to track a desired trajectory via a daisy-chaining multi-view

geometry. In contrast to typical camera-to-hand and camera-in-hand visual

servo control configurations, the proposed controller is developed using a

moving on-board camera viewing a moving object to obtain feedback signals.

This collaborative method weakens the FOV restriction and enables the

control object to perform large area motion.

• A visual servo controller is developed that yields an asymptotic tracking

result for the complete nonlinear six DOF camera-in-hand central cata-

dioptric camera system. A panoramic FOV is obtained by using the central

catadioptric camera.

• A robust visual servo controller is developed to achieve a regulation con-

trol objective in presence of intrinsic camera calibration uncertainties. A

quaternion-based estimate for the rotation error signal is developed and

used in the controller development. The similarity relationship between the

estimated and actual rotation matrices is used to construct the relationship

between the estimated and actual quaternions. A Lyapunov-based stability

analysis is provided that indicates a unique controller can be developed

to achieve the regulation result despite a sign ambiguity in the developed

quaternion estimate.
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• A new combined robust and adaptive visual servo control method is de-

veloped to asymptotically regulate the feature points in an image to the

desired locations while also regulating the six DOF pose of the control object

without calibrating the camera. These dual objectives are achieved by using

a homography-based approach that exploits both image-space and recon-

structed Euclidean information in the feedback loop. The robust rotation

controller that accommodates for the time-varying uncertain scaling factor

is developed by exploiting the upper triangular form of the rotation error

system and the fact that the diagonal elements of the camera calibration

matrix are positive. The adaptive translation controller that compensates for

the constant unknown parameters in the translation error system is developed

by a certainty-equivalence-based adaptive control method and a nonlinear

Lyapunov-based design approach.



CHAPTER 2
BACKGROUND AND PRELIMINARY DEVELOPMENT

The purpose of this chapter is to provide some background information

pertaining to the camera geometric model, Euclidean reconstruction, and unit

quaternion parameterization approach. Sections 2.1 and 2.2 develop the notation

and framework for the camera geometric model and Euclidean reconstruction used

in Chapters 3, 6 and 7. Their extensions are also used in Chapters 4 and 5. Section

2.3 reviews the unit quaternion, a rotation representation approach that is used

throughout this dissertation.

2.1 Geometric Model

Image processing techniques can often be used to select coplanar and non-

collinear feature points within an image. However, if four coplanar feature points

are not available then the subsequent development can also exploit the classic

eight-points algorithm with no four of the eight feature points being coplanar

(see Hartley and Zisserman [13]) or the virtual parallax method (see Boufama

and Mohr [90] and Malis [55]) where the non-coplanar points are projected onto

a virtual plane. Without loss of generality, the subsequent development is based

on the assumption that an object (e.g., the end-effector of a robot manipulator,

an aircraft, a tumbling satellite, an autonomous vehicle, etc.) has four coplanar

and non-collinear feature points denoted by Oi ∀i = 1, 2, 3, 4, and the feature

points can be determined from a feature point tracking algorithm (e.g., Kanade-

Lucas-Tomasi (KLT) algorithm discussed by Shi and Tomasi [91] and Tomasi

and Kanade [92]). The plane defined by the four feature points is denoted by

π as depicted in Figure 2—1. The coordinate frame F in Figure 2—1 is affixed

to a camera viewing the object, the stationary coordinate frame F∗ denotes a

16
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Figure 2—1: Coordinate frame relationships between a camera viewing a planar
patch at different spatiotemporal instances. The coordinate frames F , F∗ and Fd

are attached to the current, reference and desired locations, respectively.

reference location for the camera, and the coordinate frame Fd that is attached

to the desired location of the camera. When the desired location of the camera

is a constant, Fd can be chosen the same as F∗ as shown in Figure 2—2. That

is, the tracking problem becomes a more particular regulation problem for the

configuration in Figure 2—2.

The vectors m̄i(t), m̄
∗
i , m̄di(t) ∈ R3 in Figure 2—1 are defined as

m̄i ,
∙
xi(t) yi(t) zi(t)

¸T
(2—1)

m̄∗
i ,

∙
x∗i y∗i z∗i

¸T
m̄di ,

∙
xdi(t) ydi(t) zdi(t)

¸T
,

where xi(t), yi(t), zi(t) ∈ R, x∗i , y∗i , z∗i ∈ R and xdi(t), ydi(t), zdi(t) ∈ R denote the

Euclidean coordinates of the feature points Oi expressed in the frames F , F∗ and

Fd, respectively. From standard Euclidean geometry, relationships between m̄i(t),



18

n *

O i

d*

xf , R

mi

m* π

n *n *

O iO i

dd

xf

mimi

mm i

F∗

F

n *

O i

d*

xf , R

mi

m* π

n *n *

O iO i

dd

xf

mimi

mm i

F∗

F

Figure 2—2: Coordinate frame relationships between a camera viewing a planar
patch at different spatiotemporal instances. The coordinate frames F and F∗are
attached to the current and reference locations, respectively.

m̄∗
i and m̄di(t) can be determined as

m̄i = xf +Rm̄∗
i m̄di = xfd +Rdm̄

∗
i , (2—2)

where R (t) , Rd (t) ∈ SO(3) denote the orientations of F∗ with respect to F and

Fd, respectively, and xf (t) , xfd (t) ∈ R3 denote translation vectors from F to

F∗ and Fd to F∗ expressed in the coordinates of F and Fd, respectively. As also

illustrated in Figure 2—1, n∗ ∈ R3 denotes the constant unit normal to the plane

π, and the constant distance from the origin of F∗ to π along the unit normal is

denoted by d∗ , n∗T m̄∗
i ∈ R. The normalized Euclidean coordinates, denoted by
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mi (t) ,m
∗
i , mdi (t) ∈ R3 are defined as

mi ,
m̄i

zi
=

∙
xi
zi

yi
zi

1

¸T
(2—3)

m∗
i ,

m̄∗
i

z∗i
=

∙
x∗i
z∗i

y∗i
z∗i

1

¸T
mdi ,

m̄di

zdi
=

∙
xdi
zdi

ydi
zdi

1

¸T
with the standard assumption that zi (t) , z∗i , zdi (t) > ε where ε is an arbitrarily

small positive constant. From (2—3), the relationships in (2—2) can be expressed as

mi =
z∗i
zi|{z}

³
R+

xf
d∗
n∗T
´

| {z }m∗
i

αi H

(2—4)

mdi =
z∗i
zdi|{z}

³
Rd +

xfd
d∗

n∗T
´

| {z }m∗
i

αdi Hd

,

where αi(t), αdi(t) ∈ R are scaling terms, and H(t), Hd(t) ∈ R3×3 denote the

Euclidean homographies.

2.2 Euclidean Reconstruction

Each feature point on π has a projected pixel coordinate pi (t) ∈ R3, p∗i ∈ R3

and pdi (t) ∈ R3 in F , F∗ and Fd respectively, denoted by

pi ,
∙
ui vi 1

¸T
(2—5)

p∗i ,
∙
u∗i v∗i 1

¸T
pdi ,

∙
udi vdi 1

¸T
,

where ui(t), vi(t), u∗i , v
∗
i , udi(t), vdi(t) ∈ R. The projected pixel coordinates pi (t),

p∗i and pdi (t) are related to the normalized task-space coordinates mi (t), m∗
i and

mdi (t) by the following global invertible transformation (i.e., the pinhole camera
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model)

pi = Ami p∗i = Am∗
i pdi = Amdi, (2—6)

where A ∈ R3×3 is a constant, upper triangular, and invertible intrinsic camera

calibration matrix that is explicitly defined as [13]

A ,

⎡⎢⎢⎢⎢⎣
α −α cotφ u0

0
β

sinφ
v0

0 0 1

⎤⎥⎥⎥⎥⎦ . (2—7)

In (2—7), u0, v0 ∈ R denote the pixel coordinates of the principal point (i.e., the

image center that is defined as the frame buffer coordinates of the intersection

of the optical axis with the image plane), α, β ∈ R represent the product of the

camera scaling factors and the focal length, and φ ∈ R is the skew angle between

the camera axes.

Based on (2—6), the Euclidean relationship in (2—4) can be expressed in terms

of the image coordinates as

pi = αi

¡
AHA−1

¢| {z } p∗i
G

pdi = αdi

¡
AHdA

−1¢| {z } p∗i
Gd

. (2—8)

By using the feature point pairs (p∗i , pi (t)) and (p
∗
i , pdi (t)), the projective homog-

raphy up to a scalar multiple (i.e., G and Gd) can be determined (see Chen et

al. [10]). Various methods can then be applied (e.g., see Faugeras and Lustman [93]

and Zhang and Hanson [94]) to decompose the Euclidean homographies to obtain

the rotation matrices R(t), Rd(t) and the depth ratios αi (t) , αdi (t).
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2.3 Unit Quaternion Representation of the Rotation Matrix

For a given rotation matrix, several different representations (e.g., Euler angle-

axis, direction cosines matrix, Euler angles, unit quaternion (or Euler parameters),

etc.) can be utilized to develop the error system. In previous homography-based

visual servo control literature, the Euler angle-axis representation has been used

to describe the rotation matrix. In the angle-axis parameters (ϕ, k), ϕ(t) ∈ R

represents a rotation angle about a suitable unit vector k(t) ∈ R3. The parameters

(ϕ, k) can be easily calculated (e.g., using the algorithm shown in Spong and

Vidyasagar [11]).

Given unit vector k(t) and angle ϕ(t), the rotation matrix R(t) = ek
×ϕ can be

calculated using the Rodrigues formula

R = ek
×ϕ = I3 + k× sin(ϕ) + (k×)2(1− cos(ϕ)), (2—9)

where I3 is the 3 × 3 identity matrix, and the notation k×(t) denotes the following

skew-symmetric form of the vector k(t):

k× =

⎡⎢⎢⎢⎢⎣
0 −k3 k2

k3 0 −k1

−k2 k1 0

⎤⎥⎥⎥⎥⎦ ∀k =
∙
k1 k2 k3

¸T
. (2—10)

The unit quaternion is a four dimensional vector which can be defined as [23]

q ,
∙
q0 qTv

¸T
. (2—11)

In (2—11), qv(t) ,
∙
qv1(t) qv2(t) qv3(t)

¸T
, q0(t), qvi(t) ∈ R ∀i = 1, 2, 3. The unit

quaternion must also satisfy the following nonlinear constraint

qT q = 1. (2—12)
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This parameterization facilitates the subsequent problem formulation, control

development, and stability analysis since the unit quaternion provides a globally

nonsingular parameterization of the rotation matrix.

Given (ϕ, k), the unit quaternion vector q (t) can be constructed as⎡⎢⎣ q0(t)

qv(t)

⎤⎥⎦ =
⎡⎢⎢⎣ cos

µ
ϕ(t)

2

¶
k(t) sin

µ
ϕ(t)

2

¶
⎤⎥⎥⎦ . (2—13)

Based on (2—13), the rotation matrix in (2—9) can be expressed as

R (q) = I3 + 2q0q
×
v + 2(q

×
v )
2 =

¡
q20 − qTv qv

¢
I3 + 2qvq

T
v + 2q0q

×
v . (2—14)

The rotation matrix in (2—14) is typical in robotics literature where the moving

coordinate system is expressed in terms of a fixed coordinate system (typically the

coordinate system attached to the base frame). However, the typical representation

of the rotation matrix in aerospace literature (e.g., [15]) is

R (q) =
¡
q20 − qTv qv

¢
I3 + 2qvq

T
v − 2q0q×v . (2—15)

The difference is due to the fact that the rotation matrix in (2—15) (which is used

in the current dissertation) relates the moving coordinate frame F to the fixed

coordinate frame F∗ with the corresponding states expressed in F . The rotation

matrix in (2—15) can be expanded as

R (q) =

⎡⎢⎢⎢⎢⎣
q20 + q2v1 − q2v2 − q2v3 2(qv1qv2 + qv3q0)

2(qv1qv2 − qv3q0) q20 − q2v1 + q2v2 − q2v3

2(qv1qv3 + qv2q0) 2(qv2qv3 − qv1q0)

2(qv1qv3 − qv2q0)

2(qv2qv3 + qv1q0)

q20 − q2v1 − q2v2 + q2v3

⎤⎥⎥⎥⎥⎦ . (2—16)
From (2—16) various approaches could be used to determine q0(t) and qv(t);

however, numerical significance of the resulting computations can be lost if q0(t)

is close to zero [15]. Shuster [15] developed a method to determine q0(t) and

qv(t) that provides robustness against such computational issues. Specifically, the



23

diagonal terms of R (q) can be obtained from (2—12) and (2—16) as

R11 = 1− 2
¡
q2v2 + q2v3

¢
(2—17)

R22 = 1− 2
¡
q2v1 + q2v3

¢
(2—18)

R33 = 1− 2
¡
q2v1 + q2v2

¢
. (2—19)

By utilizing (2—12) and (2—17)-(2—19), the following expressions can be developed:

q20 =
R11 +R22 +R33 + 1

4
(2—20)

q2v1 =
R11 −R22 −R33 + 1

4

q2v2 =
R22 −R11 −R33 + 1

4

q2v3 =
R33 −R11 −R22 + 1

4
,

where q0(t) is restricted to be non-negative without loss of generality (this restric-

tion enables the minimum rotation to be obtained). As stated in [15], the greatest

numerical accuracy for computing q0(t) and qv(t) is obtained by using the element

in (2—20) with the largest value and then computing the remaining terms respec-

tively. For example, if q20(t) has the maximum value in (2—20) then the greatest

numerical accuracy can be obtained by computing q0(t) and qv(t) as

q0 =

r
R11 +R22 +R33 + 1

4

qv1 =
R23 −R32
4q0

qv2 =
R31 −R13
4q0

qv3 =
R12 −R21
4q0

.

(2—21)
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Likewise, if q2v1(t) has the maximum value in (2—20) then the greatest numerical

accuracy can be obtained by computing q0(t) and qv(t) as

q0 =
R23 −R32
4qv1

qv1 = ±
r

R11 −R22 −R33 + 1

4

qv2 =
R12 +R21
4qv1

qv3 =
R13 +R31
4qv1

,

(2—22)

where the sign of qv1(t) is selected so that q0(t) ≥ 0. If q2v2(t) is the maximum, then

q0 =
R31 −R13
4qv2

qv1 =
R12 +R21
4qv2

qv2 = ±
r

R22 −R11 −R33 + 1

4

qv3 =
R23 +R32
4qv2

,

(2—23)

or if q2v3(t) is the maximum, then

q0 =
R12 −R21
4qv3

qv1 =
R13 +R31
4qv3

qv2 =
R23 +R32
4qv3

qv3 = ±
r

R33 −R11 −R22 + 1

4
,

(2—24)

where the sign of qv2(t) or qv3(t) is selected so that q0(t) ≥ 0.

The expressions in (2—21)-(2—24) indicate that given the rotation matrix R(t)

from the homography decomposition, the unit quaternion vector can be determined

that represents the rotation without introducing a singularity. The expressions in

(2—21)-(2—24) will be utilized in the subsequent control development and stability

analysis.



CHAPTER 3
LYAPUNOV-BASED VISUAL SERVO TRACKING CONTROL VIA A

QUATERNION FORMULATION

3.1 Introduction

Previous visual servo controllers typically only address the regulation problem.

Motivated by the need for new advancements to meet visual servo tracking appli-

cations, previous research has concentrated on developing different types of path

planning techniques [5—9]. Recently, Chen et al. [10] developed a new formulation

of the tracking control problem. The homography-based adaptive visual servo

controller in [10] is developed to enable an actuated object to track a prerecorded

time-varying desired trajectory determined by a sequence of images, where the

Euler angle-axis representation is used to represent the rotation error system. Due

to the computational singularity limitation of the angle axis extraction algorithm

(see Spong and Vidyasagar [11]), rotation angles of ±π were not considered.

This chapter considers the previously unexamined problem of six DOF visual

servo tracking control with a nonsingular rotation parameterization. A homography

is constructed from image pairs and decomposed via textbook methods (e.g.,

Faugeras [12] and Hartley and Zisserman [13]) to obtain the rotation matrix. Once

the rotation matrix has been determined, the corresponding unit quaternion can

be determined from globally nonsingular and numerically robust algorithms (e.g.,

Hu et al. [14] and Shuster [15]). An error system is constructed in terms of the

unit quaternion. An adaptive controller is then developed and proven to enable

a camera (attached to a rigid-body object) to track a desired trajectory that is

determined from a sequence of images. These images can be taken online or offline

by a camera. For example, a sequence of images of the reference object can be

25
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prerecorded as the camera moves (a camera-in-hand configuration), and these

images can be used as a desired trajectory in a later real-time tracking control.

The camera is attached to a rigid-body object (e.g., the end-effector of a robot

manipulator, a satellite, an autonomous vehicle, etc.) that can be identified by a

planar patch of feature points. The controller contains an adaptive feedforward

term to compensate for the unknown distance from the camera to the observed

features. A quaternion-based Lyapunov function is developed to facilitate the

control design and the stability analysis.

The remainder of this chapter is organized as follows. In Section 3.2, the

control objective is formulated in terms of unit quaternion representation. In

Section 3.3, the controller is developed, and closed-loop stability analysis is given

based on Lyapunov-based methods. In Section 3.4, the control development is

extended to the camera-to-hand configuration. In Sections 3.5 and 3.6, Matlab

simulations and tracking experiments that were performed in a virtual-reality

test-bed for unmanned systems at the University of Florida are used to show the

performance of the proposed visual servo tracking controller.

3.2 Control Objective

The control objective is for a camera to track a desired trajectory that is

determined by a sequence of images. This objective is based on the assumption

that the linear and angular velocities of the camera are control inputs that can be

independently controlled (i.e., unconstrained motion) and that the camera is cali-

brated (i.e., A is known). The signals in (2—5) are the only required measurements

to develop the controller.

One of the outcomes of the homography decomposition is the rotation matrices

R(t) and Rd(t). From these rotation matrices, several different representations can

be utilized to develop the error system. In previous homography-based visual servo

control literature, the Euler angle-axis representation has been used to describe the
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rotation matrix. In this chapter, the unit quaternion parameterization will be used

to describe the rotation matrix. This parameterization facilitates the subsequent

problem formulation, control development, and stability analysis since the unit

quaternion provides a global nonsingular parameterization of the corresponding

rotation matrices. Section 2.3 provides background, definitions and development

related to the unit quaternion.

Given the rotation matrices R (t) and Rd (t), the corresponding unit quater-

nions q (t) and qd (t) can be calculated by using the numerically robust method

(see [14] and [15]) based on the corresponding relationships

R (q) =
¡
q20 − qTv qv

¢
I3 + 2qvq

T
v − 2q0q×v (3—1)

Rd (qd) =
¡
q20d − qTvdqvd

¢
I3 + 2qvdq

T
vd − 2q0dq×vd, (3—2)

where I3 is the 3 × 3 identity matrix, and the notation q×v (t) denotes the skew-

symmetric form of the vector qv(t) as in (2—12).

To quantify the error between the actual and desired camera orientations, the

mismatch between rotation matrices R (t) and Rd (t) is defined as

R̃ = RRT
d . (3—3)

Based on (3—1)-(3—3),

R̃ =
¡
q̃20 − q̃Tv q̃v

¢
I3 + 2q̃vq̃

T
v − 2q̃0q̃×v , (3—4)

where the error quaternion (q̃0(t), q̃Tv (t))
T is defined as

q̃0 = q0q0d + qTv qvd (3—5)

q̃v = q0dqv − q0qvd + q×v qvd.
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The definition of q̃0(t) and q̃v(t) in (3—5) makes (q̃0(t), q̃Tv (t))
T a unit quater-

nion based on the fact that q(t) and qd(t) are two unit quaternions (see Appendix

A).

The translation error, denoted by e(t) ∈ R3, is defined as

e = pe − ped, (3—6)

where pe (t), ped(t) ∈ R3 are defined as

pe =

∙
ui vi − ln (αi)

¸T
ped =

∙
udi vdi − ln (αdi)

¸T
, (3—7)

where i ∈ {1, · · · , 4} .

In the Euclidean-space (see Figure 2—1), the tracking objective can be quanti-

fied as

R̃(t)→ I3 as t→∞ (3—8)

and

ke(t)k→ 0 as t→∞. (3—9)

Since q̃(t) is a unit quaternion, (3—4), (3—5) and (3—8) can be used to quantify the

rotation tracking objective as the desire to regulate q̃v(t) as

kq̃v(t)k→ 0 as t→∞. (3—10)

The subsequent section will target the control development based on the objectives

in (3—9) and (3—10).

3.3 Control Development

3.3.1 Open-Loop Error System

The actual angular velocity of the camera expressed in F is defined as ωc(t) ∈

R3, the desired angular velocity of the camera expressed in Fd is defined as

ωcd (t) ∈ R3, and the relative angular velocity of the camera with respect to Fd
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expressed in F is defined as ω̃c(t) ∈ R3 where

ω̃c = ωc − R̃ωcd. (3—11)

The camera angular velocities can be related to the time derivatives of q (t) and

qd (t) as [23] ⎡⎢⎣ q̇0

q̇v

⎤⎥⎦ = 1

2

⎡⎢⎣ −qTv
q0I3 + q×v

⎤⎥⎦ωc (3—12)

and ⎡⎢⎣ q̇0d

q̇vd

⎤⎥⎦ = 1

2

⎡⎢⎣ −qTvd
q0dI3 + q×vd

⎤⎥⎦ωcd, (3—13)

respectively.

As stated in Remark 3 in Chen et al. [10], a sufficiently smooth function can

be used to fit the sequence of feature points to generate the desired trajectory

pdi(t); hence, it is assumed that ped(t) and ṗed(t) are bounded functions of time.

In practice, the a priori developed smooth functions αdi(t), Rd(t), and
xfd(t)

d∗
can

be constructed as bounded functions with bounded time derivatives. Based on

the assumption that Rd(t) is a bounded first order differentiable function with a

bounded derivative, the algorithm for computing quaternions in [14] can be used to

conclude that
¡
q0d(t), q

T
vd(t)

¢T
are bounded first order differentiable functions with

a bounded derivative; hence,
¡
q0d(t), q

T
vd(t)

¢T
and

¡
q̇0d(t), q̇

T
vd(t)

¢T
are bounded. In

the subsequent tracking control development, the desired signals ṗed(t) and q̇vd(t)

will be used as feedforward control terms. To avoid the computational singularity

in θd(t), the desired trajectory in [10] was generated by carefully choosing the

smooth function such that the workspace is limited to (−π, π). Unlike [10], the use

of the quaternion alleviates the restriction on the desired trajectory pd(t).

From (3—13), the signal ωcd (t) can be calculated as

ωcd = 2(q0dq̇vd − qvdq̇0d)− 2q×vdq̇vd, (3—14)
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where
¡
q0d(t), q

T
vd(t)

¢T
,
¡
q̇0d(t), q̇

T
vd(t)

¢T
are bounded, so ωcd(t) is also bounded.

Based on (3—4), (3—5), (3—12) and (3—13), the open-loop rotation error system can

be developed as

·
q̃ =

1

2

⎡⎢⎣ −q̃Tv
q̃0I3 + q̃×v

⎤⎥⎦³ωc − R̃ωcd
´
, (3—15)

where q̃(t) = (q̃0(t), q̃Tv (t))
T .

By using (2—5), (2—6), (3—6), (3—11), and the fact that [95]

·
m̄i = −vc + m̄×

i ωc, (3—16)

where vc(t) ∈ R3 denotes the actual linear velocity of the camera expressed in F ,

the open-loop translation error system can be derived as [10]

z∗i ė = −αiLvvc + (Lvm
×
i ωc − ṗed)z

∗
i , (3—17)

where Lv(t) ∈ R3×3 are defined as

Lv =

⎛⎜⎜⎜⎜⎝A−

⎡⎢⎢⎢⎢⎣
0 0 u0

0 0 v0

0 0 0

⎤⎥⎥⎥⎥⎦
⎞⎟⎟⎟⎟⎠
⎡⎢⎢⎢⎢⎢⎣
1 0 −xi

zi

0 1 −yi
zi

0 0 1

⎤⎥⎥⎥⎥⎥⎦ . (3—18)

The auxiliary term Lv (t) is an invertible upper triangular matrix.

3.3.2 Closed-Loop Error System

Based on the open-loop rotation error system in (3—15) and the subsequent

Lyapunov-based stability analysis, the angular velocity controller is designed as

ωc = −Kω(I3 + q̃×v )
−1q̃v + R̃ωcd = −Kωq̃v + R̃ωcd, (3—19)

where Kω ∈ R3×3 denotes a diagonal matrix of positive constant control gains. See

Appendix B for the proof that (I3 + q̃×v )
−1q̃v = q̃v. Based on (3—11), (3—15) and
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(3—19), the rotation closed-loop error system can be determined as

·
q̃0 =

1

2
q̃Tv Kωq̃v (3—20)

·
q̃v = −

1

2

¡
q̃0I3 + q̃×v

¢
Kωq̃v.

The contribution of this chapter is the development of the quaternion-based

rotation tracking controller. Several other homography-based translation controllers

could be combined with the developed rotation controller. For completeness, the

following development illustrates how the translation controller and adaptive

update law in [10] can be used to complete the six DOF tracking result.

Based on (3—17), the translation control input vc(t) is designed as

vc =
1

αi
L−1v

¡
Kve+ ẑ∗i

¡
Lvm

×
i ωc − ṗed

¢¢
, (3—21)

where Kv ∈ R3×3 denotes a diagonal matrix of positive constant control gains. In

(3—21), the parameter estimate ẑ∗i (t) ∈ R for the unknown constant z∗i is defined as

·
ẑ∗i = γeT

¡
Lvm

×
i ωc − ṗed

¢
, (3—22)

where γ ∈ R denotes a positive constant adaptation gain. The controller in (3—21)

does not exhibit a singularity since Lv(t) is invertible and αi(t) > 0. From (3—17)

and (3—21), the translation closed-loop error system can be listed as

z∗i ė = −Kve+ (Lvm
×
i ωc − ṗed)z̃

∗
i , (3—23)

where z̃∗i (t) ∈ R denotes the following parameter estimation error:

z̃∗i = z∗i − ẑ∗i . (3—24)



32

3.3.3 Stability Analysis

Theorem 3.1: The controller given in (3—19) and (3—21), along with the

adaptive update law in (3—22) ensures global asymptotic tracking in the sense that

kq̃v (t)k→ 0, ke(t)k→ 0, as t→∞. (3—25)

Proof : Let V (t) ∈ R denote the following differentiable non-negative function

(i.e., a Lyapunov candidate):

V = q̃Tv q̃v + (1− q̃0)
2 +

z∗i
2
eTe+

1

2γ
z̃∗2i . (3—26)

The time-derivative of V (t) can be determined as

V̇ = 2q̃Tv
·
q̃v + 2(1− q̃0)(−

·
q̃0) + z∗i e

T ė+
1

γ
z̃∗i

·
z̃∗i

= −q̃Tv
¡
q̃0I3 + q̃×v

¢
Kωq̃v − (1− q̃0)q̃

T
v Kωq̃v

+ eT (−Kve+ (Lvm
×
i ωc − ṗed)z̃

∗
i )− z̃∗i e

T
¡
Lvm

×
i ωc − ṗed

¢
= −q̃Tv Kω

¡
q̃0I3 + q̃×v + (1− q̃0)I3

¢
q̃v − eTKve

= −q̃Tv Kωq̃v − eTKve, (3—27)

where (3—20) and (3—22)-(3—24) were utilized. It can be seen from (3—27) that V̇ (t)

is negative semi-definite.

Based on (3—26) and (3—27), e(t), q̃v(t), q̃0(t), z̃∗i (t) ∈ L∞ and e(t), q̃v(t) ∈ L2.

Since z̃∗i (t) ∈ L∞, it is clear from (3—24) that ẑ∗i (t) ∈ L∞. Based on the fact that

e(t) ∈ L∞, (2—3), (2—6), (3—6) and (3—7) can be used to prove that mi(t) ∈ L∞.

Since mi(t) ∈ L∞, (3—18) implies that Lv(t), L
−1
v (t) ∈ L∞. Based on the fact that

q̃v(t), q̃0(t) ∈ L∞, (3—19) can be used to prove that ω̃c(t) ∈ L∞. Since ω̃c(t) ∈ L∞

and ωcd(t) is a bounded function, (3—11) can be used to conclude that ωc(t) ∈ L∞.

Since ẑ∗i (t), e(t), ω̃c(t), mi(t), Lv(t), L
−1
v (t) ∈ L∞ and ṗed(t) is assumed to be
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bounded, (3—11) and (3—21) can be utilized to prove that vc(t) ∈ L∞. From the

previous results, (3—11)-(3—17) can be used to prove that ė(t),
·
q̃v(t) ∈ L∞. Since

e(t), q̃v(t) ∈ L∞ ∩ L2, and ė(t),
·
q̃v(t) ∈ L∞, Barbalat’s Lemma [96] can be used to

conclude the result given in (3—25).

3.4 Camera-To-Hand Extension
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Figure 3—1: Coordinate frame relationships between a fixed camera and the planes
defined by the current, desired, and reference feature points (i.e., π, πd, and π∗).

3.4.1 Model Development

For the fixed camera problem, consider the fixed plane π∗ that is defined by a

reference image of the object. In addition, consider the actual and desired motion

of the planes π and πd (see Figure 3—1). To develop a relationship between the

planes, an inertial coordinate system, denoted by I, is defined where the origin

coincides with the center of a fixed camera. The Euclidean coordinates of the
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feature points on π, π∗ and πd can be expressed in terms of I, respectively, as

m̄i(t) ,
∙
xi(t) yi(t) zi(t)

¸T
m̄∗

i ,
∙
x∗i y∗i z∗i

¸T
(3—28)

m̄di(t) ,
∙
xdi(t) ydi(t) zdi(t)

¸T
under the standard assumption that the distances from the origin of I to the

feature points remains positive (i.e., zi (t) , z∗i , zdi(t) > ε where ε denotes an

arbitrarily small positive constant). Orthogonal coordinate systems F , F∗, and

Fd are attached to the planes π, π∗, and πd, respectively. To relate the coordinate

systems, let R (t) , R∗, Rd (t) ∈ SO(3) denote the orientations of F , F∗ and Fd

with respect to I, respectively, and let xf (t) , x∗f , xfd (t) ∈ R3 denote the respective

translation vectors expressed in I. As also illustrated in Figure 3—1, n∗ ∈ R3

denotes the constant unit normal to the plane π∗ expressed in I, and si ∈ R3

denotes the constant coordinates of the i − th feature point expressed in the

corresponding coordinate frames F , F∗, and Fd.

From the geometry between the coordinate frames depicted in Figure 3—1, the

following relationships can be developed

m̄i = x̄f + R̄m̄∗
i m̄di = x̄fd + R̄dm̄

∗
i , (3—29)

where R̄ (t) , R̄d(t) ∈ SO (3) and x̄f (t) , x̄fd (t) ∈ R3 denote new rotation and

translation variables, respectively, defined as

R̄ = R (R∗)T R̄d = Rd (R
∗)T

x̄f = xf − R̄x∗f x̄fd = xfd − R̄dx
∗
f .

(3—30)

Similar to the camera-in-hand configuration, the relationships in (3—29) can be

expressed as

m̄i =
³
R̄+

x̄f
d∗
n∗T
´
m̄∗

i m̄di =
³
R̄d +

x̄fd
d∗

n∗T
´
m̄∗

i .
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The rotation matrices R̄(t), R̄d(t) and the depth ratios αi (t) and αdi(t) can

be obtained as described in Section 2.2. The constant rotation matrix R∗ can

be obtained a prior using various methods (e.g., a second camera, Euclidean

measurements) [10]. Based on (3—30), R (t) and Rd (t) can be determined.

The orientations of F∗ with respect to F and Fd can be expressed as RT (t)R∗

and RT
d (t)R

∗ respectively. To quantify the error between the actual and desired

plane orientations, the mismatch between rotation matrices RT (t)R∗ and RT
d (t)R

∗

is defined as

R̃ = RTR∗
£
RT
dR

∗¤T = RTRd. (3—31)

Similar to the development for the camera-in-hand configuration, the following

expression can be obtained:

R̃ =
¡
q̃20 − q̃Tv q̃v

¢
I3 + 2q̃vq̃

T
v − 2q̃0q̃×v , (3—32)

where the error quaternion (q̃0(t), q̃Tv (t))
T is defined as

q̃0 = q0q0d + qTv qvd (3—33)

q̃v = q0dqv − q0qvd + q×v qvd,

where (q0(t), qTv (t))
T and (q0d(t), qTvd(t))

T are unit quaternions computed from the

rotation matrices RT (t)R∗ and RT
d (t)R

∗ following the method given in [14].

3.4.2 Control Formulation

By expressing the translation vectors, angular velocity and linear velocity in

the body-fixed coordinate frame F , and by defining rotation matrices RT (t)R∗

and RT
d (t)R

∗, the control objective in this section can be formulated in the same

manner as done for the camera-in-hand configuration problem. So, the rotation

and translation errors can be described the same as those for the camera-in-hand

configuration problem. The actual angular velocity of the object expressed in F is
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defined as ωe(t) ∈ R3, the desired angular velocity of the object expressed in Fd is

defined as ωed (t) ∈ R3, and the relative angular velocity of the object with respect

to Fd expressed in F is defined as ω̃e(t) ∈ R3 where

ω̃e = ωe − R̃ωed, (3—34)

where ωed (t) has the same form as ωcd (t) in (3—14). The open-loop rotation error

system is

·
q̃ =

1

2

⎡⎢⎣ −q̃Tv
q̃0I3 + q̃×v

⎤⎥⎦³ωe − R̃ωed

´
(3—35)

and the translation error system is [10]

z∗i ė = αiLvR
¡
ve + ω×e si

¢
− z∗i ṗed, (3—36)

where ve(t) ∈ R3 denotes the linear velocity of the object expressed in F .

Based on the open-loop error systems (3—35) and (3—36), and the subsequent

stability analysis, the angular and linear camera velocity control inputs for the

object are defined as

ωe = −Kωq̃v + R̃ωed (3—37)

ve = −
1

αi
RTL−1v (Kve− ẑ∗i ṗed)− ω×e ŝi. (3—38)

In (3—37) and (3—38), Kω, Kv ∈ R3×3 denote diagonal matrices of positive constant

control gains, the parameter estimates ẑ∗i (t) ∈ R, ŝi(t) ∈ R3 for the unknown

constants z∗i (t) and si(t) are generated according to the following adaptive update

laws

·
ẑ∗i = −γeT ṗed (3—39)
·
ŝi = −αiΓω

×
e R

TLT
v e, (3—40)

where Γ ∈ R3×3 denotes a positive constant diagonal adaptation gain matrix.
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From (3—35) and (3—37), the rotation closed-loop error system can be deter-

mined as

·
q̃0 =

1

2
q̃Tv Kωq̃v (3—41)

·
q̃v = −

1

2

¡
q̃0I3 + q̃×v

¢
Kωq̃v.

Based on (3—36) and (3—38), the translation closed-loop error system is given as

z∗i ė = −Kve− z̃∗i ṗed + αiLvRω
×
e s̃i, (3—42)

where the parameter estimation error signals z̃∗i (t) ∈ R and s̃i(t) ∈ R3 are defined

as

z̃∗i = z∗i − ẑ∗i s̃i = si − ŝi . (3—43)

Theorem 3.2: The controller given in (3—37) and (3—38), along with the

adaptive update laws in (3—39) and (3—40) ensure global asymptotic tracking in the

sense that

kq̃v (t)k→ 0, ke(t)k→ 0, as t→∞. (3—44)

Proof : Let V (t) ∈ R denote the following differentiable non-negative definite

function (i.e., a Lyapunov candidate):

V = q̃Tv q̃v + (1− q̃0)
2 +

z∗i
2
eTe+

1

2γ
z̃∗2i +

1

2
s̃Ti Γ

−1s̃i. (3—45)



38

The time-derivative of V (t) can be determined as

V̇ = 2q̃Tv
·
q̃v + 2(1− q̃0)(−

·
q̃0) + z∗i e

T ė+
1

γ
z̃∗i

·
z̃∗i + s̃Ti Γ

−1 ·s̃i

= −q̃Tv
¡
q̃0I3 + q̃×v

¢
Kωq̃v − (1− q̃0)q̃

T
v Kωq̃v

+ eT (−Kve− z̃∗i ṗed + αiLvRω
×
e s̃i) + z̃∗i e

T ṗed + αis̃
T
i ω

×
e R

TLT
v e

= −q̃Tv Kω

¡
q̃0I3 + q̃×v + (1− q̃0)I3

¢
q̃v

− eTKve+ αie
TLvRω

×
e s̃i + αis̃

T
i ω

×
e R

TLT
v e

= −q̃Tv Kωq̃v − eTKve+ αi

¡
eTAeLvRω

×
e s̃i
¢T
+ αis̃

T
i ω

×
e R

TLT
vA

T
e e

= −q̃Tv Kωq̃v − eTKve+ αis̃
T
i

¡
ω×e
¢T

RTLT
vA

T
e e+ αis̃

T
i ω

×
e R

TLT
vA

T
e e

= −q̃Tv Kωq̃v − eTKve+ αis̃
T
i

¡
−ω×e

¢
RTLT

vA
T
e e+ αis̃

T
i ω

×
e R

TLT
vA

T
e e

= −q̃Tv Kωq̃v − eTKve, (3—46)

where (3—34)-(3—43) were utilized. From (3—45) and (3—46), signal chasing argu-

ments described in the previous section can be used to conclude that the control

inputs and all the closed-loop signals are bounded. Barbalat’s Lemma [96] can then

be used to prove the result given in (3—44).

3.5 Simulation Results

A numerical simulation was performed to illustrate the performance of the

tracking controller given in (3—19), (3—21), and the adaptive update law in (3—22).

In this simulation, the developed tracking controller aims enable the control object

to track the desired trajectory encoded by a sequence of images and rotate more

than 360◦ (see Fig. 3—5).
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The camera is assumed to view an object with four coplanar feature points

with the following Euclidean coordinates (in [m]):

O1 =

∙
0.15 0.15 0

¸T
O2 =

∙
0.15 −0.15 0

¸T
(3—47)

O3 =

∙
−0.15 0.15 0

¸T
O4 =

∙
−0.15 −0.15 0

¸T
.

The time-varying desired image trajectory was generated by the kinematics of the

feature point plane where the desired linear and angular velocities were selected as

vcd =

∙
0.1 sin (t) 0.1 sin (t) 0

¸
[m/s]

ωcd =

∙
0 0 1.5

¸
[rad/s] .

The initial and desired image-space coordinates were artificially generated. For

this example, consider an orthogonal coordinate frame I with the z-axis opposite

to n∗ (see Figure 2—1) with the x-axis and y-axis on the plane π. The rotation

matrices R1 between F and I, and R2 between F∗ and I were set as

R1 = Rx(120
◦)Ry (−20◦)Rz (−80◦) (3—48)

R2 = Rx(160
◦)Ry (30

◦)Rz (30
◦) , (3—49)

where Rx(·), Ry (·) and Rz(·) ∈ SO(3) denote rotation of angle “ · ” (degrees)

along the x-axis, y-axis and z-axis, respectively. The translation vectors xf1 and

xf2 between F and I (expressed in F) and between F∗ and I (expressed in F∗),

respectively, were selected as

xf1 =

∙
0.5 0.5 4.0

¸T
(3—50)

xf2 =

∙
1.0 1.0 4.5

¸T
. (3—51)
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The initial rotation matrix R3 and translation vector xf3 between Fd and I were

set as

R3 = Rx(240
◦)Ry (−90◦)Rz (−30◦) xf3 =

∙
0.5 1 5.0

¸T
. (3—52)

The initial (i.e., pi(0)) and reference (i.e., p∗i ) image-space coordinates of the four

feature points in (3—47) were computed as (in pixels)

p1(0) =

∙
907.91 716.04 1

¸T
p2(0) =

∙
791.93 728.95 1

¸T
p3(0) =

∙
762.84 694.88 1

¸T
p4(0) =

∙
871.02 683.25 1

¸T
p∗1 =

∙
985.70 792.70 1

¸T
p∗2 =

∙
1043.4 881.20 1

¸T
p∗3 =

∙
980.90 921.90 1

¸T
p∗4 =

∙
922.00 829.00 1

¸T
.

The initial (i.e., pdi(0)) image-space coordinates of the four feature points in

(3—47) for generating the desired trajectory were computed as (in pixels)

pd1(0) =

∙
824.61 853.91 1

¸T
pd2(0) =

∙
770.36 878.49 1

¸T
pd3(0) =

∙
766.59 790.50 1

¸T
pd4(0) =

∙
819.03 762.69 1

¸T
.

The control gains Kω in (3—19) and Kv in (3—21) and adaptation gain γ in (3—22)

were selected as

Kω = diag{3, 3, 3} Kv = diag{15, 15, 15}

γ = 0.0002.

The desired and current image-space trajectories of the feature point plane are

shown in Figure 3—5 and Figure 3—6, respectively. The feature point plane rotates

more than 360◦ degrees as shown in these two figures. The resulting translation
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and rotation errors are plotted in Figure 3—7 and Figure 3—8, respectively. The

errors go to zero asymptotically. The desired image-space trajectory (i.e., pdi(t))

and the current image-space trajectory (i.e., pi(t)) are shown in Figure 3—9 and

Figure 3—10, respectively. The tracking error between the current and desired

image-space trajectory is shown in Figure 3—11. The Figures 3—7-3—11 show that

the current trajectory tracks the desired trajectory asymptotically. The translation

and rotation control inputs are shown in Figure 3—12 and Figure 3—13, respectively.

The parameter estimate for z∗1 is shown in Figure 3—14.

3.6 Experiment Results

Simulations verified the performance of the tracking controller given in (3—19),

(3—21), and the adaptive update law in (3—22). Experiments were then performed

to test robustness and performance in the presence of signal noise, measurement

error, calibration error, etc. The experiments were performed in a test-bed at the

University of Florida for simulation, design and implementation of vision-based

control systems. For the test-bed, a 3D environment can be projected onto large

monitors or screens and viewed by a physical camera. Communication between the

camera and control processing computers and the environment rendering computers

allows closed-loop control of the virtual scene.

3.6.1 Experiment Configurations

A block diagram describing the experimental test-bed is provided in Figure

3—2. The test-bed is based on a virtual environment generated by a virtual reality

simulator, composed of five workstations and a database server running virtual

reality software. This allows multiple instances of the virtual environment to run at

the same time. In this way, camera views can be rigidly connected in a mosaic for

a large FOV. Alternately, multiple, independent camera views can pursue their own

tasks, such as coordinated control of multiple vehicles. The virtual reality simulator
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Figure 3—2: Block diagram of the experiment.

Figure 3—3: The Sony XCD-710CR color firewire camera pointed at the virtual
environment.



43

in the experiment is currently capable of displaying three simultaneous displays. A

picture of the displays can be seen in Figure 3—3.

The virtual reality simulator utilizes MultiGen-Paradigm’s Vega Prime, an

OpenGL-based, commercial software package for Microsoft Windows. The virtual

environment in the experiment is a recreation of the U.S. Army’s urban warfare

training ground at Fort Benning, Georgia. The environment has a dense polygon

count, detailed textures, high frame rate, and the effects of soft shadows, resulting

in very realistic images. A scene from the Fort Benning environment can be seen in

Figure 3—4.

The visual sensor in the experiment is a Sony XCD-710CR color firewire

camera with a resolution of 1280 × 768 pixels and fitted with a 12.5mm lens. The

camera captures the images on the large screens as shown in Figure 3—3. The

images are processed in a vision processing workstation. An application written

in C++ acquires images from the camera and process the images to locate and

track the feature points (the initial feature points were chosen manually, then

the application will identify and track the feature points on its own). The C++

application generates the current and desired pixel coordinates, which can be used

to formulate the control command.

In addition to the image processing application, a control command generation

application programmed in Matlab also runs in this workstation. The Matlab appli-

cation communicates data with the image processing application (written in C++)

via shared memory buffers. The Matlab application reads the current and desired

pixel coordinates from the shared memory buffers, and writes linear and angular

camera velocity input into the shared memory buffers. The C++ application writes

the current and desired pixel coordinates into the shared memory, and reads cam-

era velocity input from the shared memory buffer. The linear and angular camera

velocity control input are sent from the vision processing workstation to the virtual



44

reality simulator via a TCP socket connection. This development makes extensive

use of Intel’s Open Source Computer Vision (OpenCV) Library (see Bradski [97])

and the GNU Scientific Library (GSL) (see Galassi et al. [98]).

Figure 3—4: Virtual reality environment exmaple: a virtual recreation of the US
Army’s urban warfare training ground at Fort Benning.

Algorithms, such as the Homography decomposition, are implemented as if

the virtual environment is a true 3D scene which the physical camera is viewing.

Of course, the camera does not look at the 3D scene directly. The camera views

consist of a 3D scene that are projected onto a 2D plane, then projected onto

the image plane. That is, the projective homography needed for control exists

between the on-screen current image and the on-screen goal image, but what

are given are the camera views of the on-screen images. Thus, there exists an

additional transform action between the points on the screen and the points in the

camera image. A screen-camera calibration matrix Gcs can be used to describe this

transformation relationship.

Every point on the screen corresponds to only one point in the image. Thus,

the constant matrix Gcs is a homography and can be determined through a

calibration procedure, and effectively replaces the standard calibration of the
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physical camera. In the experiment, this matrix is determined to be

Gcs =

⎡⎢⎢⎢⎢⎣
0.9141 0.0039 −90.9065

−0.0375 0.9358 −50.7003

0 0 1

⎤⎥⎥⎥⎥⎦ .
In addition to Gcs, the camera calibration matrix A, corresponding to the virtual

camera within Vega Prime, is still required. This matrix can be determined from

the settings of the virtual reality program. In this experiment, A was determined to

be

A =

⎡⎢⎢⎢⎢⎣
1545.1 0 640

0 1545.1 512

0 0 1

⎤⎥⎥⎥⎥⎦ .

3.6.2 Experiment for Tracking

The desired trajectory is in a format of a prerecorded video (a sequence of

images). As the view point in the Vega Prime moves (which can be implemented

by some chosen velocity functions or manually), the images captured by the

camera changes. The pixel coordinates of the features points on the images will

be recorded as the desired trajectory. The control objective in this tracking

experiment is to send control command to the virtual reality simulator such

that the current pose of the feature points tracks the desired pose. The constant

reference image was taken as the first image in the sequence.

The control gains Kω in (3—19) and Kv in (3—21), and adaptation gain γ in

(3—22) were selected as

Kω = diag{0.1, 0.1, 1.5} Kv = diag{0.5, 0.5, 0.5} γ = 0.005.
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During the experiment, the images from the camera are processed with a frame

rate of approximately 20 frames/second.

The resulting translation and rotation errors are plotted in Figure 3—15 and

Figure 3—16. The desired image-space trajectory (i.e., pdi(t)) is shown in Figure

3—17, and the current image-space trajectory (i.e., pi(t)) is shown in Figure 3—18.

The tracking error between the current and desired image-space trajectories is

shown in Figure 3—19. The translation and rotation control outputs are shown in

Figure 3—20 and Figure 3—21, respectively. The parameter estimate for z∗1 is shown

in Figure 3—22.

In the tracking control, the steady-state tracking error is approximately∙
15[pixel] 10[pixel] 0.01

¸
. This steady-state error is caused by the image

noise and the camera calibration error in the test-bed. To find the tracking

control error, two homographies are computed between the reference image and

the current image and desired image, respectively. Due to the image noise and

camera calibration error, the error is inserted to the two homographies. Then the

tracking error obtained from the mismatch between the two homographies will

have larger error. Also, the image noise and calibration error inserts error into the

derivative of the desired pixel coordinates, which is used as a feedforward term in

the tracking controller. Furthermore, communication between the controller and

virtual reality system occurs via a TCP socket, introducing some amount of latency

into the system. Note that this pixel error represents less than 1.5% of the image

dimensions.

In the following regulation experiment, the derivative of the desired pixel

coordinates is equal to zero, and only one homography is computed between

the current image and desired set image. The influence of the image noise and

calibration error is weakened greatly.
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3.6.3 Experiment for Regulation

When the desired pose is a constant, the tracking problem becomes a regula-

tion problem. The control objective in this regulation experiment is to send control

command to the virtual reality simulator such that the current pose of the features

points is regulated to the desired set pose.

In the experiment, the control gains Kω in (3—19) and Kv in (3—21), and

adaptation gain γ in (3—22) were selected as

Kω = diag{0.4, 0.4, 0.9} Kv = diag{0.5, 0.25, 0.25} γ = 0.005.

The resulting translation and rotation errors are plotted in Figure 3—23 and

Figure 3—24, respectively. The errors go to zero asymptotically. The current

image-space trajectory (i.e., pi(t)) is shown in Figure 3—25. The regulation error

between the current and desired set image-space pose is shown in Figure 3—26. The

translation and rotation control outputs are shown in Figure 3—27 and Figure 3—28,

respectively. The parameter estimate for z∗1 is shown in Figure 3—29.
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Figure 3—5: Desired image-space coordinates of the four feature points (i.e., pd(t))
in the tracking Matlab simulation shown in a 3D graph. In the figure, “O” denotes
the initial image-space positions of the 4 feature points in the desired trajectory,
and “*” denotes the corresponding final positions of the feature points.
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Figure 3—6: Current image-space coordinates of the four feature points (i.e., pd(t))
in the tracking Matlab simulation shown in a 3D graph. In the figure, “O” de-
notes the initial image-space positions of the 4 feature points, and “*” denotes the
corresponding final positions of the feature points.
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Figure 3—7: Translation error e(t) in the tracking Matlab simulation.
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Figure 3—8: Rotation quaternion error q̃(t) in the tracking Matlab simulation.
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Figure 3—9: Pixel coordinate pd(t) of the four feature points in a sequence of de-
sired images in the tracking Matlab simulation. The upper figure is for the ud(t)
component and the bottom figure is for the vd(t) component.
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Figure 3—10: Pixel coordinate p(t) of the current pose of the four feature points in
the tracking Matlab simulation. The upper figure is for the u(t) component and the
bottom figure is for the v(t) component.
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Figure 3—11: Tracking error p(t) − pd(t) (in pixels) of the four feature points in the
tracking Matlab simulation. The upper figure is for the u(t) − ud(t) component and
the bottom figure is for the v(t)− vd(t) component.
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Figure 3—12: Linear camera velocity input vc(t) in the tracking Matlab simulation.
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Figure 3—13: Angular camera velocity input wc(t) in the tracking Matlab simula-
tion.
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Figure 3—14: Adaptive on-line estimate of z∗1 in the tracking Matlab simulation.
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Figure 3—15: Translation error e(t) in the tracking experiment.
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Figure 3—16: Rotation quaternion error q̃(t) in the tracking experiment.
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Figure 3—17: Pixel coordinate pd(t) of the four feature points in a sequence of
desired images in the tracking experiment. The upper figure is for the ud(t) compo-
nent and the bottom figure is for the vd(t) component.

0 10 20 30 40 50 60
200

400

600

800

1000

1200

u 
[p

ix
el

]

0 10 20 30 40 50 60
200

400

600

800

1000

1200

Time [sec]

v 
[p

ix
el

]

Figure 3—18: Pixel coordinate p(t) of the current pose of the four feature points
in the tracking experiment. The upper figure is for the u(t) component and the
bottom figure is for the v(t) component.



55

0 10 20 30 40 50 60

−200

0

200

400

Time [sec]

u−
u d [p

ix
el

]

0 10 20 30 40 50 60

−200

0

200

400

Time [sec]

v−
v d [p

ix
el

]

Figure 3—19: Tracking error p(t) − pd(t) (in pixels) of the four feature points in the
tracking experiment. The upper figure is for the u(t) − ud(t) component and the
bottom figure is for the v(t)− vd(t) component.
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Figure 3—20: Linear camera velocity input vc(t) in the tracking experiment.
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Figure 3—21: Angular camera velocity input wc(t) in the tracking experiment.

0 10 20 30 40 50 60
−1.5

−1

−0.5

0

0.5

Time [sec]

^ z 1*[
m

]

Figure 3—22: Adaptive on-line estimate of z∗1 in the tracking experiment.
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Figure 3—23: Translation error e(t) in the regulation experiment.
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Figure 3—24: Rotation quaternion error q(t) in the regulation experiment.
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Figure 3—25: Pixel coordinate p(t) (in pixels) of the current pose of the four feature
points in the regulation experiment. The upper figure is for the u(t) component
and the bottom figure is for the v(t) component.
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Figure 3—26: Regulation error p(t) − p∗(in pixels) of the four feature points in the
regulation experiment. The upper figure is for the u(t) − u∗(t) component and the
bottom figure is for the v(t)− v∗(t) component.
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Figure 3—27: Linear camera velocity input vc(t) in the regulation experiment.
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Figure 3—28: Angular camera velocity input wc(t) in the regulation experiment.
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Figure 3—29: Adaptive on-line estimate of z∗1 in the regulation experiment.



CHAPTER 4
COLLABORATIVE VISUAL SERVO TRACKING CONTROL VIA A

DAISY-CHAINING APPROACH

4.1 Introduction

In this chapter, a collaborative trajectory tracking problem is considered for

a six DOF rigid-body object (e.g., an autonomous vehicle) identified by a planar

patch of feature points. Unlike typical visual servo controllers that require either

the camera or the target to remain stationary, a unique aspect of the development

in this chapter is that a moving monocular camera (e.g., a camera mounted on

an unmanned air vehicle (UAV)) is used to provide feedback to a moving control

object. The control objective is for the object to track a desired trajectory that

is encoded by a prerecorded video obtained from a fixed camera (e.g., a camera

mounted on a satellite, a camera mounted on a building).

Several challenges must be resolved to achieve this unexplored control ob-

jective. The relative velocity between the moving planar patch of feature points

and the moving camera presents a significant challenge. By using a daisy-chaining

approach (e.g., [16—19]), Euclidean homography relationships between different

camera coordinate frames and feature point patch coordinate frames are developed.

These homographies are used to relate coordinate frames attached to the moving

camera, the reference object, the control object, and the object used to record

the desired trajectory. Another challenge is that for general six DOF motion by

both the camera and the control object, the normal to the planar patch associated

with the object is unknown. By decomposing the homography relationships, the

normal to the planar patch can be obtained. Likewise, the distance between the

moving camera, the moving control object, and the reference object are unknown.

61
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By using the depth ratios obtained from the homography decomposition, the

unknown time-varying distance is related to an unknown constant parameter. A

Lyapunov-based adaptive estimation law is designed to compensate for the un-

known constant parameter. The moving camera could be attached to a remotely

piloted vehicle with arbitrary rotations, this requires a parameterization that is

valid over a large (possibly unbounded) domain. Additionally, since this work is

motivated by problems in the aerospace community, homography-based visual servo

control techniques (e.g., [10, 20, 22]) are combined with quaternion-based control

methods (e.g., [14, 23, 24]) to facilitate large rotations. By using the quaternion

parameterization, the resulting closed-loop rotation error system can be stabilized

by a proportional rotation controller combined with a feedforward term that is a

function of the desired trajectory.

4.2 Problem Scenario

Over the past decade, a variety of visual servo controllers have been addressed

for both camera-to-hand and camera-in-hand configurations (e.g., see [1, 99—

101]). For visual servo control applications that exploit either of these camera

configurations, either the object or the camera is required to remain stationary.

In contrast to typical camera-to-hand or camera-in-hand visual servo control

configurations, a moving airborne monocular camera (e.g., a camera attached to

a remote controlled aircraft, a camera mounted on a satellite) is used by Mehta

et al. [18, 19] to provide pose measurements of a moving sensorless unmanned

ground vehicle (UGV) relative to a goal configuration. The results in [18, 19]

are restricted to three DOF, and the rotation error system is encoded by Euler

angle-axis parameterization.

Consider a stationary coordinate frame IR that is attached to a camera and

a time-varying coordinate frame Fd that is attached to some object (e.g., an

autonomous vehicle) as depicted in Figure 4—1. The object is identified in an image
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Figure 4—1: Geometric model.

by a collection of feature points that are assumed (without loss of generality) to

be coplanar and non-collinear (i.e., a planar patch of feature points). The camera

attached to IR a priori records a series of snapshots (i.e., a video) of the motion

of the object attached to Fd until it comes to rest (or the video stops recording).

A stationary coordinate frame F∗ is attached to a reference object identified by

another planar patch of feature points that are assumed to be visible in every frame

of the video recorded by the camera. For example, the camera attached to IR is on-

board a “stationary” satellite that takes a series of snapshots of the relative motion

of Fd with respect to F∗. Therefore, the desired motion of Fd can be encoded as

a series of relative translations and rotations with respect to the stationary frame

F∗ a priori. Spline functions or filter algorithms can be used to generate a smooth

desired feature point trajectory [10].

Consider a time-varying coordinate frame I that is attached to a camera (e.g.,

a camera attached to a remote controlled aircraft) and a time-varying coordinate
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frame F that is attached to the control object as depicted in Figure 4—1. The

camera attached to I captures snapshots of the planar patches associated with F

and F∗, respectively. The a priori motion of Fd represents the desired trajectory

of the coordinate system F , where F and Fd are attached to the same object

but at different points in time. The camera attached to IR is a different camera

(with different calibration parameters) as the camera attached to I. The problem

considered in this chapter is to develop a kinematic controller for the object

attached to F so that the time-varying rotation and translation of F converges to

the desired time-varying rotation and translation of Fd, where the motion of F is

determined from the time-varying overhead camera attached to I.

4.3 Geometric Model

The relationships between the coordinate systems are as follows (also see Table

I): R (t), R∗(t), Rr(t), R
0
(t), Rrd (t), R∗r ∈ SO(3) denote the rotation from F to I,

F∗ to I, I to IR, F to IR, Fd to IR, and F∗ to IR, respectively, xf (t), x∗f(t) ∈ R3

denote the respective time-varying translation from F to I and from F∗ to I

with coordinates expressed in I, and xfr(t), x0fr(t), xfrd (t), x
∗
fr ∈ R3 denote the

respective constant translation from I to IR, F to IR, Fd to IR, and from F∗ to

IR with coordinates expressed in IR. From Figure 4—1, the translation x0fr(t) and

the rotation R
0
(t) can be expressed as

x0fr = x∗fr +R∗rR
∗T (xf − x∗f) R

0
= R∗rR

∗TR. (4—1)

As illustrated in Figure 4—1, π, πd and π∗ denote the planar patches of

feature points associated with F , Fd, and F∗, respectively. s1i ∈ R3 ∀i =

1, 2, · · · , n (n ≥ 4) denotes the constant Euclidean coordinates of the i-th fea-

ture point in F (and also Fd), and s2i ∈ R3 ∀i = 1, 2, · · · , n denotes the constant

Euclidean coordinates of the i-th feature point in F∗. From the geometry between
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Motion Frames
R (t), xf (t) F to I in I
R∗(t), x∗f(t) F∗ to I in I
Rr(t), xfr(t) I to IR
R
0
(t), x

0
fr (t) F to IR in IR

R∗r , x
∗
fr F∗ to IR in IR

Rrd(t), xfrd(t) Fd to IR in IR

Table 4—1: Coordinate frames relationships

the coordinate frames depicted in Figure 4—1, the following relationships can be

developed

m̄i = xf +Rs1i m̄rdi = xfrd +Rrds1i (4—2)

m̄∗
ri = x∗fr +R∗rs2i m̄

0
i = x0fr +R

0
s1i (4—3)

m̄∗
i = x∗f +R∗s2i. (4—4)

In (4—2)-(4—4), m̄i(t), m̄∗
i (t) ∈ R3 denote the Euclidean coordinates of the feature

points on π and π∗, respectively, expressed in I as

m̄i(t) ,
∙
xi(t) yi(t) zi(t)

¸T
(4—5)

m̄∗
i (t) ,

∙
x∗i (t) y∗i (t) z∗i (t)

¸T
, (4—6)

m̄
0
i(t), m̄rdi (t) ∈ R3 denote the actual and desired time-varying Euclidean coordi-

nates, respectively, of the feature points on π expressed in IR as

m̄
0
i(t) ,

∙
x
0
i(t) y

0
i(t) z

0
i(t)

¸T
(4—7)

m̄rdi(t) ,
∙
xrdi(t) yrdi(t) zrdi(t)

¸T
, (4—8)
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and m̄∗
ri ∈ R3 denotes the constant Euclidean coordinates of the feature points on

the planar patch π∗ expressed in IR as

m̄∗
ri ,

∙
x∗ri y∗ri z∗ri

¸T
. (4—9)

After some algebraic manipulation, the expressions in (4—2)-(4—4) can be rewritten

as

m̄∗
i = x̄n +Rnm̄i (4—10)

m̄i = x̄f + R̄m̄∗
i m̄rdi = x̄frd + R̄rdm̄

∗
ri (4—11)

m̄∗
ri = xfr +Rrm̄

∗
i m̄

0
i = xfr +Rrm̄i, (4—12)

where Rn (t), R̄ (t), R̄rd(t), Rr(t) ∈ SO (3) and x̄n(t), x̄f (t), x̄frd(t), xfr(t) ∈ R3 are

new rotational and translational variables, respectively, defined as

Rn = R∗RT R̄ = RR∗T (4—13)

R̄rd = RrdR
∗T
r Rr = R∗rR

∗T

and

x̄n = x∗f −Rn (xf −R (s2i − s1i)) (4—14)

x̄f = xf − R̄
¡
x∗f +R∗ (s2i − s1i)

¢
(4—15)

x̄frd = xfrd − R̄rd

¡
x∗fr +R∗r (s2i − s1i)

¢
(4—16)

xfr = x∗fr −Rrx
∗
f = x0fr −Rrxf . (4—17)

Note that Rn (t), R̄(t) and R̄rd (t) in (4—13) are the rotation matrices between F

and F∗, F∗ and F , and F∗ and Fd, respectively, but x̄n(t), x̄f(t) and x̄frd(t) in

(4—14)-(4—16) are not the translation vectors between the corresponding coordinate
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frames. However, this will not affect the following controller design because only

the rotation matrices will be used in the controller development.

To facilitate the development of a relationship between the actual Euclidean

translation of F to the Euclidean translation that is reconstructed from the image

information, the following projective relationships are developed:

d(t) = nT m̄i d∗(t) = n∗T m̄∗
i d∗r = n∗Tr m̄∗

ri, (4—18)

where d(t) ∈ R represents the distance from the origin of I to π along the unit

normal (expressed in I) to π denoted as n(t) ∈ R3, d∗(t) ∈ R represents the

distance from the origin of I to π∗ along the unit normal (expressed in I) to π∗

denoted as n∗(t) ∈ R3, and d∗r ∈ R represents the distance from the origin of IR

to π∗ along the unit normal (expressed in IR) to π∗ denoted as n∗r ∈ R3 where

n∗(t) = RT
r (t)n

∗
r. In (4—18), d(t), d

∗(t), d∗r > ε for some positive constant ε ∈ R.

Based on (4—18), the relationships in (4—10)-(4—12) can be expressed as

m̄∗
i =

³
Rn +

x̄n
d
nT
´
m̄i (4—19)

m̄i =
³
R̄+

x̄f
d∗
n∗T
´
m̄∗

i (4—20)

m̄rdi =

µ
R̄rd +

x̄frd
d∗r

n∗Tr

¶
m̄∗

ri (4—21)

m̄∗
ri =

µ
Rr +

xfrn
∗T

d∗

¶
m̄∗

i (4—22)

m̄
0
i =

µ
Rr +

xfrn
T

d

¶
m̄i. (4—23)

As in Chen et al. [10], the subsequent development requires that the constant

rotation matrix R∗r be known. The constant rotation matrix R
∗
r can be obtained a

priori using various methods (e.g., a second camera, Euclidean measurements). The

subsequent development also assumes that the difference between the Euclidean

distances (s2i − s1i) is a constant ∀i = 1, ..., n. While there are many practical

applications that satisfy this assumption (e.g., a simple scenario is that the objects
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attached to F and F ∗ are the same object), the assumption is generally restrictive

and is the focus of future research. As described by Hu et al. [17], this assumption

can be avoided by using the geometric reconstruction approach [102] under an

alternative assumption that the distance between two feature points is precisely

known.

4.4 Euclidean Reconstruction

The relationships given by (4—19)-(4—23) provide a means to quantify a

translation and rotation error between the different coordinate systems. Since the

pose of π, πd, and π∗ cannot be directly measured, a Euclidean reconstruction is

developed to obtain the pose error by comparing multiple images acquired from

the hovering monocular vision system. To facilitate the subsequent development,

the normalized Euclidean coordinates of the feature points in π and π∗ can be

expressed in terms of I as mi (t) ∈ R3 and m∗
i (t) ∈ R3, respectively, as

mi ,
m̄i

zi
m∗

i ,
m̄∗

i

z∗i
. (4—24)

Similarly, the normalized Euclidean coordinates of the feature points for the

current, desired, and reference image can be expressed in terms of IR as m
0
i(t),

mrdi (t), m∗
ri ∈ R3, respectively, as

m
0
i(t) ,

m̄
0
i(t)

z
0
i(t)

mrdi (t) ,
m̄rdi (t)

zrdi (t)
m∗

ri ,
m̄∗

ri

z∗ri
. (4—25)

From the expressions given in (4—20) and (4—24), the rotation and translation

between the coordinate systems F and F∗, between F∗ and Fd, and between I and
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IR can now be related in terms of the normalized Euclidean coordinates as follows:

mi = αi

¡
R̄+ xhn

∗T¢m∗
i (4—26)

m∗
i =

1

αi

¡
Rn + xnhn

T
¢
mi (4—27)

mrdi = αrdi

¡
R̄rd + xhrdn

∗T
r

¢
m∗

ri (4—28)

m∗
ri = αri

¡
Rr + xhrn

∗T¢m∗
i , (4—29)

where αi (t), αrdi(t), αri(t) ∈ R denote depth ratios defined as

αi =
z∗i
zi

αrdi =
z∗ri
zrdi

αri =
z∗i
z∗ri

,

and xh (t), xnh (t), xhrd(t), xhr(t) ∈ R3 denote scaled translation vectors that are

defined as

xh =
x̄f
d∗

xnh =
x̄n
d

(4—30)

xhrd =
x̄frd
d∗r

xhr =
xfr
d∗

.

Since the normalized Euclidean coordinates in (4—26)-(4—29) can not be

directly measured, the following relationships (i.e., the pin-hole camera model) are

used to determine the normalized Euclidean coordinates from pixel information

pi = A1mi p∗i = A1m
∗
i (4—31)

prdi = A2mrdi p∗ri = A2m
∗
ri, (4—32)

where A1, A2 ∈ R3×3 are known, constant, and invertible intrinsic camera cali-

bration matrices of the current camera and the reference camera, respectively. In

(4—31) and (4—32), pi (t) and p∗i (t) ∈ R3 represent the image-space coordinates of

the Euclidean feature points on π and π∗ expressed in terms of I as

pi ,
∙
ui vi 1

¸T
p∗i ,

∙
u∗i v∗i 1

¸T
, (4—33)
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respectively, where ui (t), vi (t) , u∗i (t), v
∗
i (t) ∈ R. Similarly, prdi(t) and p∗ri ∈ R3

represent the image-space coordinates of the Euclidean features on πd and π∗

expressed in terms of IR as

prdi ,
∙
urdi vrdi 1

¸T
p∗ri ,

∙
u∗ri v∗ri 1

¸T
(4—34)

respectively, where urdi(t), vrdi(t), u∗ri, v
∗
ri ∈ R. By using (4—26)-(4—29) and

(4—31)-(4—34), the following relationships can be developed:

pi = αi

¡
A1
¡
R̄+ xhn

∗T¢A−11 ¢| {z } p∗i
G

(4—35)

p∗i =
1

αi

¡
A1
¡
Rn + xnhn

T
¢
A−11

¢| {z } pi
Gn

(4—36)

prdi = αrdi

¡
A2
¡
R̄rd + xhrdn

∗T
r

¢
A−12

¢| {z } p∗ri
Grd

(4—37)

p∗ri = αri

¡
A2
¡
Rr + xhrn

∗T¢A−11 ¢| {z } p∗i
Gr

, (4—38)

where G (t), Gn(t), Grd (t), Gr (t) ∈ R3×3 denote projective homographies. Sets of

linear equations can be developed from (4—35)-(4—38) to determine the projective

homographies up to a scalar multiple. Various techniques can be used (e.g.,

see Faugeras and Lustman [93] and Zhang and Hanson [94]) to decompose the

Euclidean homographies, to obtain αi (t) , αrdi(t), αri(t), xh (t), xnh (t), xhrd(t),

xhr(t), R̄ (t), Rn(t), R̄rd(t), Rr(t), n∗(t), n∗r, n (t). Given that the constant rotation

matrix R∗r is assumed to be known, the expressions for R̄rd(t) and Rr(t) in (4—

13) can be used to determine Rrd(t) and R∗(t). Once R∗(t) is determined, the

expression for R̄(t) in (4—13) can be used to determine R(t). Also, once R∗r , R
∗T (t),

and R (t) have been determined, (4—1) can be used to determine R0(t). Since Rr(t),
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xhr(t), αi(t), n∗(t), n∗r, n (t), m
∗
i (t), and mi(t) can be determined, the following

relationship can be used to determine m
0
i(t):

m
0
i =

zi
z0i

µ
Rr + xhrαi

n∗Tm∗
i

nTmi
nT
¶
mi, (4—39)

where the inverse of the ratio
zi(t)

z
0
i(t)

can be determined as

z
0
i

zi
=

∙
0 0 1

¸µ
Rr + xhrαi

n∗Tm∗
i

nTmi
nT
¶
mi. (4—40)

4.5 Control Objective

The control objective is for a six DOF rigid-body object (e.g., an autonomous

vehicle) identified by a planar patch of feature points to track a desired trajectory

that is determined by a sequence of images taken by a fixed reference camera. This

objective is based on the assumption that the linear and angular velocities of the

camera are control inputs that can be independently controlled (i.e., unconstrained

motion) and that the reference and desired cameras are calibrated (i.e., A1 and

A2 are known). The control objective can be stated as m̄
0
i (t) → m̄rdi (t) (i.e.,

the Euclidean feature points on π track the corresponding feature points on πd).

Equivalently, the control objective can also be stated in terms of the rotation

and translation of the object as x
0
fr(t) → xfrd(t) and R0(t) → Rrd (t). As stated

previously, R0(t) and Rrd (t) can be computed by decomposing the projective

homographies in (4—35)-(4—38) and using (4—1). Once these rotation matrices

have been determined, the unit quaternion parameterization is used to describe

the rotation matrix. This parameterization facilitates the subsequent problem

formulation, control development, and stability analysis since the unit quaternion

provides a global nonsingular parameterization of the corresponding rotation

matrices. See Section 2.3 for some background about the unit quaternion.
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Given the rotation matrices R0 (t) and Rrd (t), the corresponding unit quater-

nions q (t) and qd (t) can be calculated by using the numerically robust method

(e.g., see [14] and [15]) based on the corresponding relationships

R0 =
¡
q20 − qTv qv

¢
I3 + 2qvq

T
v + 2q0q

×
v (4—41)

Rrd =
¡
q20d − qTvdqvd

¢
I3 + 2qvdq

T
vd + 2q0dq

×
vd, (4—42)

where I3 is the 3 × 3 identity matrix, and the notation q×v (t) denotes the following

skew-symmetric form of the vector qv(t) as in (2—10).

To quantify the rotation error between the feature points on π and πd, the

error between rotation matrices R0 (t) and Rrd (t) is defined as

R̃ = R0TRrd =
¡
q̃20 − q̃Tv q̃v

¢
I3 + 2q̃vq̃

T
v − 2q̃0q̃×v , (4—43)

where the error quaternion q̃(t) = (q̃0(t), q̃
T
v (t))

T is defined as

q̃ =

⎡⎢⎣ q̃0

q̃v

⎤⎥⎦ =
⎡⎢⎣ q0q0d + qTv qvd

q0dqv − q0qvd + q×v qvd

⎤⎥⎦ . (4—44)

Since q̃(t) is a unit quaternion, (4—43) can be used to quantify the rotation tracking

objective as

kq̃v(t)k→ 0 =⇒ R̃(t)→ I3 as t→∞. (4—45)

The translation error, denoted by e(t) ∈ R3, is defined as [10,20]

e = me −med, (4—46)

where me (t), med(t) ∈ R3 are defined as

me =

∙
x
0
i

z
0
i

y
0
i

z
0
i

ln(
z
0
i

z∗ri
)

¸T
med =

∙
xrdi
zrdi

yrdi
zrdi

ln(
zrdi
z∗ri
)

¸T
. (4—47)

In (3—7),
z
0
i(t)

z∗ri(t)
and

zrdi(t)

z∗ri(t)
can be computed as below
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z
0
i

z∗ri
=

z
0
i

zi

zi
z∗i

z∗i
z∗ri
=

z
0
i

zi

1

αi
αri

zrdi
z∗ri

=
1

αrdi
.

Based on (4—45) and (4—46), the subsequent control development targets the

following objectives:

kq̃v(t)k→ 0 and ke(t)k→ 0 as t→∞. (4—48)

4.6 Control Development

4.6.1 Open-Loop Error System

From (4—43) and (4—44), the open-loop rotation error system can be developed

as

·
q̃ =

1

2

⎡⎢⎣ −q̃Tv
q̃0I3 + q̃×v

⎤⎥⎦³ωc − R̃ωcd
´
, (4—49)

where ωcd (t) denotes the angular velocity of πd expressed in Fd that can be

calculated as [23]

ωcd = 2(q0dq̇vd − qvdq̇0d)− 2q×vdq̇vd, (4—50)

where
¡
q0d(t), q

T
vd(t)

¢T
,
¡
q̇0d(t), q̇

T
vd(t)

¢T
are assumed to be bounded; hence, ωcd(t)

is also bounded. The open-loop translation error system can be derived as (see

Appendix C)

z∗riė =
z∗ri
z
0
i

L
0
vR

0 ¡
vc + ω×c si

¢
− z∗riṁed, (4—51)

where vc(t), ωc(t) ∈ R3 denote the linear and angular velocity vectors of π expressed

in F , respectively, and the auxiliary measurable term L
0
v(t) ∈ R3×3 is defined as

L
0
v =

⎡⎢⎢⎢⎢⎢⎢⎣
1 0 −x

0
i

z
0
i

0 1 −y
0
i

z
0
i

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦ .
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4.6.2 Closed-Loop Error System

Based on the open-loop rotation error system in (4—49) and the subsequent

Lyapunov-based stability analysis, the angular velocity controller is designed as

ωc = −Kωq̃v + R̃ωcd, (4—52)

where Kω ∈ R3×3 denotes a diagonal matrix of positive constant control gains.

From (4—49) and (4—52), the rotation closed-loop error system can be determined as

·
q̃0 =

1

2
q̃Tv Kωq̃v (4—53)

·
q̃v = −

1

2

¡
q̃0I3 + q̃×v

¢
Kωq̃v = −

1

2
Kωq̃0q̃v.

From (4—51), the translation control input vc(t) is designed as

vc = −
z
0
i

z∗ri
R

0TL
0−1
v (Kve− ẑ∗riṁed)− ω×c si, (4—54)

where Kv ∈ R3×3 denotes a diagonal matrix of positive constant control gains. In

(4—54), the parameter estimate ẑ∗ri(t) ∈ R for the unknown constant z∗ri is designed

as
·
ẑ∗ri = −γeT ṁed, (4—55)

where γ ∈ R denotes a positive constant adaptation gain. By using (4—51) and

(4—54), the translation closed-loop error system is

z∗riė = −Kve− z̃∗riṁed, (4—56)

where z̃∗ri(t) ∈ R denotes the following parameter estimation error:

z̃∗ri = z∗ri − ẑ∗ri. (4—57)
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4.6.3 Stability Analysis

Theorem 4.1: The controller given in (4—52) and (4—54), along with the

adaptive update law in (4—55) ensures asymptotic tracking in the sense that

kq̃v (t)k→ 0, ke(t)k→ 0, as t→∞. (4—58)

Proof : Let V (t) ∈ R denote the following differentiable non-negative function

(i.e., a Lyapunov candidate):

V = q̃Tv q̃v + (1− q̃0)
2 +

z∗ri
2
eTe+

1

2γ
z̃∗2ri . (4—59)

The time-derivative of V (t) can be determined as

V̇ = −q̃Tv Kωq̃0q̃v − (1− q̃0)q̃
T
v Kωq̃v − eTKve

+ eT (−Kve− z̃∗riṁed) + z̃∗rie
T ṁed

= −q̃Tv (q̃0I3 + (1− q̃0)I3)Kωq̃v − eTKve

= −q̃Tv Kωq̃v − eTKve, (4—60)

where (4—53) and (4—55)-(4—57) were utilized. Based on (4—59) and (4—60),

e(t), q̃v(t), q̃0(t), z̃
∗
ri(t) ∈ L∞ and e(t), q̃v(t) ∈ L2. Since z̃∗ri(t) ∈ L∞, it is

clear from (4—57) that ẑ∗ri(t) ∈ L∞. Based on the fact that e(t) ∈ L∞, (4—46)

and (4—47) can be used to prove that m
0
i(t) ∈ L∞, and then L

0
v(t), L

0−1
v (t) ∈ L∞.

Based on the fact that q̃v(t) ∈ L∞ and ωcd(t) is a bounded function, (4—52) can be

used to conclude that ωc(t) ∈ L∞. Since ẑ∗ri(t), e(t), m
0
i(t), L

0
v(t), L

0−1
v (t) ∈ L∞

and ṁed (t) is bounded, (4—54) can be utilized to prove that vc(t) ∈ L∞. From the

previous results, (4—49)-(4—51) can be used to prove that ė(t),
·
q̃v(t) ∈ L∞. Since

e(t), q̃v(t) ∈ L∞ ∩ L2, and ė(t),
·
q̃v(t) ∈ L∞, Barbalat’s Lemma [96] can be used to

conclude the result given in (4—58).
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4.7 Simulation Results

A numerical simulation was performed to illustrate the performance of the

tracking controller given in (4—52), (4—54), and the adaptive update law in (4—55).

The camera calibration parameters were chosen as

A1 = A2 =

⎡⎢⎢⎢⎢⎣
1545.1 0 640

0 1545.1 512

0 0 1

⎤⎥⎥⎥⎥⎦ .
The origins of coordinate frames F , F∗ and Fd, and the four coplanar feature

points on the planes π, π∗ and πd are chosen such that the feature points have the

same Euclidean coordinates (in [m]) in F , F∗ and Fd, as

s11 = s12 =

∙
0 0.15 0

¸T
s21 = s22 =

∙
0.15 0.15 0

¸T
s31 = s32 =

∙
0.15 0 0

¸T
s41 = s42 =

∙
−0.15 0 0

¸T
.

The time-varying desired image trajectory was generated by the kinematics of the

feature point plane where the desired linear and angular velocities were selected as

vcd =

∙
0.1 sin (t) 0.1 sin (t) 0.1 sin (t)

¸T
[m/s]

ωcd =

∙
0.1 sin (t) 0.1 sin (t) 0.5

¸T
[rad/s] .

The moving camera attached to I is assumed to have a linear velocity vector of∙
0.1 sin (3t) 0.1 sin (2t) 0.1 sin (t)

¸T
[m/s].

The initial rotation matrices R (0) between F and I, R∗ (0) between F∗ and I,

and Rrd (0) between Fd and IR, and the constant rotation matrix R∗r between F∗
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and IR, were set as

R (0) = Rx(180
◦)Ry (0

◦)Rz (40
◦)

R∗ (0) = Rx(180
◦)Ry (0

◦)Rz (−20◦)

Rrd (0) = Rx(180
◦)Ry (0

◦)Rz (20
◦)

R∗r = Rx(180
◦)Ry (0

◦)Rz (80
◦) .

The initial translation vectors xf (0) between F and I (expressed in I), x∗f (0)

between F∗ and I (expressed in I), and xfrd (0) between Fd and IR (expressed in

IR), and the constant translation vector x∗fr (0) between F∗ and IR (expressed in

IR), were selected as

xf (0) =

∙
−0.5 0.5 4.0

¸T
x∗f (0) =

∙
1.0 1.5 3.5

¸T
xfrd (0) =

∙
0.5 1.5 6.0

¸T
x∗fr (0) =

∙
−1.0 1.5 4.0

¸T
.

The initial Euclidean relationship between the cameras, the reference object, the

control object, and the object that was used to generate the desired trajectory is

shown in Figure 4—2.

The initial image-space coordinates (i.e., pi(0)) of the four feature points

attached to the plane π, expressed in I, were computed as (in pixels)

p1(0) =

∙
411.9 662.6 1

¸T
p2(0) =

∙
453.4 623.3 1

¸T
p3(0) =

∙
487.5 665.7 1

¸T
p4(0) =

∙
405.1 745.7 1

¸T
.



78

The initial reference image-space coordinates (i.e., p∗i (0) and p∗ri) of the four

feature points attached to the plane π∗, expressed in I and IR, respectively, were

computed as (in pixels)

p∗1(0) =

∙
1104.1 1112.0 1

¸T
p∗2(0) =

∙
1166.3 1134.6 1

¸T
p∗3(0) =

∙
1143.7 1196.8 1

¸T
p∗4(0) =

∙
1019.2 1151.5 1

¸T
p∗r1 =

∙
196.7 1081.4 1

¸T
p∗r2 =

∙
206.7 1024.3 1

¸T
p∗r3 =

∙
263.8 1034.4 1

¸T
p∗r4 =

∙
243.7 1148.5 1

¸T
.

The initial image-space coordinates (i.e., prdi(0)) of the four feature points attached

to the plane πd, expressed in IR, were computed as (in pixels)

prd1(0) =

∙
755.5 862.0 1

¸T
prd2(0) =

∙
791.8 848.8 1

¸T
prd3(0) =

∙
805.1 885.1 1

¸T
prd4(0) =

∙
732.5 911.5 1

¸T
.

The control gains Kω in (4—57) and Kv in (4—54) and adaptation gain γ in

(4—55) were selected as

Kω = diag {1, 1, 1} Kv = diag {5, 5, 5}

γ = 20.

The desired image-space trajectory of the feature point plane πd, taken by the

camera attached to IR, is shown in Figure 4—3. The current image-space trajectory

of the feature point plane π, taken by the camera attached to I, is shown in Figure

4—5. The reference image-space trajectory of the reference plane π∗, taken by

the camera attached to I, is shown in Figure 4—4. The resulting translation and
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Figure 4—2: This figure shows the initial positions of the cameras and the feature
point planes. The initial positions of the cameras attached to I and IR are denoted
by “O”. The feature points on the planes π, π∗ and πd are denoted by “·”. The
origins of the coordinate frames F , F∗and Fd are denoted by “∗”.

rotation tracking errors are plotted in Figure 4—6 and Figure 4—7, respectively. The

errors go to zero asymptotically. The translation and rotation control inputs are

shown in Figure 4—8 and Figure 4—9, respectively.
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Figure 4—3: Pixel coordinate prd(t) of the four feature points on the plane πd in a
sequence of desired images taken by the camera attached to IR. The upper figure is
for the urd(t) component and the bottom figure is for the vrd(t) component.
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Figure 4—4: Pixel coordinate p∗(t) of the four feature points on the plane π∗ in a
sequence of reference images taken by the moving camera attached to I. The upper
figure is for the u∗(t) component and the bottom figure is for the v∗(t) component.
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Figure 4—5: Pixel coordinate p(t) of the four feature points on the plane π in a se-
quence of images taken by the moving camera attached to I. The upper figure is
for the u(t) component and the bottom figure is for the v(t) component.
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Figure 4—6: Translation error e(t).
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Figure 4—7: Rotation quaternion error q̃(t).
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Figure 4—8: Linear velocity input vc(t) for the planar patch π.
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Figure 4—9: Angular velocity input wc(t) for the planar patch π.



CHAPTER 5
ADAPTIVE VISUAL SERVO TRACKING CONTROL USING A CENTRAL

CATADIOPTRIC CAMERA

5.1 Introduction

In this chapter, an adaptive homography based visual servo tracking control

scheme is presented for a camera-in-hand central catadioptric camera system. By

using the central catadioptric camera, a full panoramic FOV is obtained. The

literature review for visual servo control using central catadioptric cameras are

presented in Section 1.3.2. In this chapter, the tracking controller is developed

based on the relative relationships of a central catadioptric camera between the

current, reference, and desired camera poses. To find the relative camera pose

relationships, homographies are computed based on the projection model of the

central catadioptric camera [33—36]. As stated by Geyer and Daniilidis [36], a

unifying theory was proposed to show that all central catadioptric systems are

isomorphic to projective mappings from the sphere to a plane with a projection

center on the perpendicular to the plane. By constructing links between the

projected coordinates on the sphere, the homographies up to scalar multiples can

be obtained. Various methods can then be applied to decompose the Euclidean

homographies to find the corresponding rotation matrices, and depth ratios. The

rotation error system in this chapter is based on the quaternion formulation which

has a full-rank 4×3 interaction matrix. Lyapunov-based methods are utilized to

develop the controller and to prove asymptotic tracking.

84
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Figure 5—1: Central catadioptric projection relationship.

5.2 Geometric Model

A central catadioptric camera is composed of two elements: a camera and a

mirror which are calibrated to yield a single effective viewpoint. Geyer and Dani-

ilidis [36] developed a unifying theory that explains how all central catadioptric

systems are isomorphic to projective mappings from the sphere to a plane with a

projection center on the optical axis perpendicular to the plane. For the central

catadioptric camera depicted in Figure 5—1, the coordinate frames Fc and Fm are

attached to the foci of the camera and mirror, respectively. Light rays incident to

the focal point of the mirror (i.e., the origin of Fm) are reflected into rays incident

with the focal point of the camera (i.e., the origin of Fc).

Without loss of generality, the subsequent development is based on the

assumption that the reflection of four coplanar and non-collinear Euclidean feature

points denoted by Oi of some stationary object is represented in the camera image

plane by image space coordinates ui(t), vi(t) ∈ R ∀i = 1, 2, 3, 4. The plane defined

by the four feature points is denoted by π as depicted in Figure 5—1. The vector
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Figure 5—2: Projection model of the central catadioptric camera.

m̄i(t) ∈ R3 in Figure 5—2 is defined as

m̄i ,
∙
xi yi zi

¸T
,

where xi(t), yi(t), zi(t) ∈ R denote the Euclidean coordinate of the feature points

Oi expressed in the frame F which is affixed to the single effective viewpoint. The

projected coordinate of m̄i(t) can be expressed as

m̄si =
m̄i

Li
=

∙
xi
Li

yi
Li

zi
Li

¸T
, (5—1)

where m̄si(t) ∈ R3 denotes the Euclidean coordinates of Oi projected onto a unit

spherical surface expressed in F , and Li(t) ∈ R is defined as

Li =
q
x2i + y2i + z2i . (5—2)
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Based on the development in [36], m̄si(t) can be expressed in the coordinate frame

Oc, which is attached to the reprojection center, as

m̄pi =

∙
xi
Li

yi
Li

zi
Li
+ ξ

¸T
, (5—3)

where ξ ∈ R is a known intrinsic parameter of the central catadioptric camera that

represents the distance between the single effective viewpoint and the reprojection

center (see Figure 5—2). The normalized coordinates of m̄pi(t) in (5—3), denoted by

mpi (t) ∈ R3, can be expressed as

mpi =

⎡⎢⎣
xi
Li

zi
Li
+ ξ

yi
Li

zi
Li
+ ξ

1

⎤⎥⎦
T

=

∙
xi

zi + Liξ

yi
zi + Liξ

1

¸T
. (5—4)

By using (5—4) and the following relationship:

1 =

µ
xi
Li

¶2
+

µ
yi
Li

¶2
+

µ
zi
Li

¶2
(5—5)

the coordinates of the feature points on the unit spherical surface m̄si(t) can be

determined as

m̄si =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ξ +
q¡

m2
pix +m2

piy

¢
(1− ξ2) + 1

m2
pix +m2

piy + 1
mpix

ξ +
q¡

m2
pix +m2

piy

¢
(1− ξ2) + 1

m2
pix +m2

piy + 1
mpiy

−ξ +
ξ +

q¡
m2

pix +m2
piy

¢
(1− ξ2) + 1

m2
pix +m2

piy + 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

, (5—6)

where mpix (t) and mpiy (t) ∈ R are the first two elements of mpi (t). The bijective

mapping in (5—6) is unique (i.e., there is no sign ambiguity) because 0 < ξ ≤ 1 [36],

and the geometry of the central catadioptric camera given in Figure 5—2 guarantees

that the third element of m̄pi(t) is positive; otherwise, the feature point Oi can not

be projected onto the image plane.
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Figure 5—3: Camera relationships represented in homography.

As shown in Figure 5—3, the stationary coordinate frame F∗ denotes a con-

stant reference camera pose that is defined by a reference image, and the coordi-

nate frame Fd represents the desired time-varying camera pose trajectory defined

by a series of images (e.g., a video). The vectors m̄∗
i , m̄di(t) ∈ R3 in Figure 5—3 are

defined as

m̄∗
i ,

∙
x∗i y∗i z∗i

¸T
m̄di ,

∙
xdi(t) ydi(t) zdi(t)

¸T
, (5—7)

where x∗i , y
∗
i , z

∗
i ∈ R and xdi(t), ydi(t), zdi(t) ∈ R denote the Euclidean coordinates

of the feature points Oi expressed in the frames F∗ and Fd, respectively.



89

The constant coordinates of m̄∗
i can be projected onto a unit spherical surface

expressed in F∗ and O∗c , respectively, as

m̄∗
si =

m̄∗
i

L∗i
=

∙
x∗i
L∗i

y∗i
L∗i

z∗i
L∗i

¸T
(5—8)

m̄∗
pi =

m̄∗
i

L∗i
=

∙
x∗i
L∗i

y∗i
L∗i

z∗i
L∗i
+ ξ

¸T
,

and the time-varying coordinates m̄di(t) can be projected onto a unit spherical

surface expressed in Fd and Odc, respectively, as

m̄dsi =
m̄di

Ldi
=

∙
xdi
Ldi

ydi
Ldi

zdi
Ldi

¸T
m̄dpi =

∙
xdi
Ldi

ydi
Ldi

zdi
Ldi

+ ξ

¸T
,

where m̄∗
si, m̄

∗
pi, m̄dsi (t) , m̄dpi (t) ∈ R3, and L∗i , Ldi (t) ∈ R are defined as

L∗i =
q
x∗2i + y∗2i + z∗2i Ldi =

q
x2di + y2di + z2di. (5—9)

The normalized coordinates of m̄dsi(t) denoted as mdsi(t) ∈ R3 is defined as

mdsi ,
∙
xdi (t)

zdi (t)

ydi (t)

zdi (t)
1

¸T
, (5—10)

which will be used in the controller development. The signal mdsi(t) in (5—10) is

measurable because m̄dsi (t) can be computed from the measurable and bounded

pixel coordinates pdi(t) using similar projective relationships as in (5—6) and (5—

17). The normalized coordinates of m̄∗
pi, m̄dpi (t) denoted as m∗

pi, mdpi (t) ∈ R3,

respectively, are defined as

m∗
pi =

∙
x∗i

z∗i + L∗i ξ

y∗i
z∗i + L∗i ξ

1

¸T
(5—11)

mdpi =

∙
xdi

zdi + Ldiξ

ydi
zdi + Ldiξ

1

¸T
.
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From standard Euclidean geometry, the relationships between m̄i(t), m̄di(t)

and m̄∗
i can be determined as

m̄i = xf +Rm̄∗
i m̄di = xfd +Rdm̄

∗
i , (5—12)

where xf (t) , xfd (t) ∈ R3 denote the translation vectors expressed in F and Fd,

respectively, and R (t) , Rd(t) ∈ SO(3) denote the orientation of F∗ with respect

to F and Fd, respectively. As also illustrated in Figure 5—3, n∗ ∈ R3 denotes the

constant unit normal to the plane π, and the constant distance from the origin of

F∗ to π along the unit normal n∗ is denoted by d∗ ∈ R is defined as

d∗ , n∗T m̄∗
i . (5—13)

By using (5—13), the relationships in (5—12) can be expressed as

m̄i = Hm̄∗
i m̄di = Hdm̄

∗
i , (5—14)

where H(t), Hd(t) ∈ R3×3 are the Euclidean homographies defined as

H = R+
xf
d∗
n∗T Hd = Rd +

xfd
d∗

n∗T . (5—15)

Based on (5—1) and (5—8), the relationship between the Euclidean coordinates in

(5—14) can be expressed in terms of the unit spherical surface coordinates as

m̄si = αiHm̄∗
si m̄dsi = αdiHdm̄

∗
si, (5—16)

where αi(t) ,
L∗i

Li (t)
∈ R and αdi(t) ,

L∗i
Ldi (t)

are scaling terms.

5.3 Euclidean Reconstruction

The homogenous pixel coordinates of the features points with respect to the

camera frames F , F∗ and Fd are denoted as pi (t), p∗i and pdi (t) ∈ R3, respectively.

They can be related to the normalized coordinates mpi (t), m∗
pi and mdpi (t) via the
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following linear relationship as

pi = Ampi p∗i = Am∗
pi pdi = Amdpi, (5—17)

where A ∈ R3×3 contains the calibrated intrinsic parameters of the camera and the

mirror (see Barreto and Araujo [35]). Since the camera and mirror are calibrated

(i.e., A is known), mpi (t), m∗
pi and mdpi (t) can be computed from the measurable

pixel coordinates pi (t), p∗i and pdi (t) based on (5—17). The expression given in

(5—6) can then be used to compute m̄si (t) from mpi (t). Similarly, m̄∗
si and m̄dsi (t)

can be computed from m∗
pi and mdpi (t), respectively. Then based on (5—16), a set

of 12 linearly independent equations given by the 4 feature point pairs (p∗i , pi (t))

with 3 independent equations per feature point can be developed to determine

the homography up to a scalar multiple. Various methods can then be applied

(e.g., see Faugeras and Lustman [93] and Zhang and Hanson [94]) to decompose

the Euclidean homography to obtain αi(t), H(t), R(t),
xf(t)

d∗
, and n∗. Similarly,

αdi(t), Hd(t), Rd(t),
xfd(t)

d∗
can be obtained from (5—16) using (p∗i , pdi (t)). The

rotation matrices R(t), Rd(t) and the depth ratios αi (t), αdi (t) will be used in the

subsequent control design.

5.4 Control Objective

The control objective is for a camera attaching to an object (i.e., camera-in-

hand configuration) which can be identified by a planar patch of feature points to

track a desired trajectory that is determined from a sequence of desired images

taken during the a priori camera motion. This objective is based on the assumption

that the linear and angular velocities of the camera are control inputs that can

be independently controlled (i.e., unconstrained motion) and that the camera is

calibrated (i.e., A is known). The control objective can be stated as m̄i (t) →

m̄di (t) (i.e., Euclidean feature points on π track the corresponding feature points

on πd). Equivalently, the control objective can also be stated in terms of the
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rotation and translation of the object as xf(t) → xfd(t) and R(t) → Rd (t). As

stated previously, R(t) and Rd (t) can be computed by decomposing the projective

homographies in (5—16). Once these rotation matrices have been determined,

the unit quaternion parameterization is used to describe the rotation matrix.

This parameterization facilitates the subsequent problem formulation, control

development, and stability analysis since the unit quaternion provides a global

nonsingular parameterization of the corresponding rotation matrices.

To quantify the error between the actual and desired camera orientations, the

mismatch between the rotation matrices R (t) and Rd (t), denoted by R̃(t) ∈ R3, is

defined as

R̃ = RRT
d . (5—18)

Given the rotation matrices R (t) and Rd (t) from the homography decomposition,

the corresponding unit quaternions q (t) and qd (t) can be computed by using the

numerically robust method (e.g., see [14] and [15]) as

R (q) =
¡
q20 − qTv qv

¢
I3 + 2qvq

T
v − 2q0q×v (5—19)

Rd (qd) =
¡
q20d − qTvdqvd

¢
I3 + 2qvdq

T
vd − 2q0dq×vd, (5—20)

where I3 is the 3 × 3 identity matrix, and the notation q×v (t) denotes the skew-

symmetric form of the vector qv(t) as in (2—10). Based on (5—18)-(5—20), the

rotation mismatch can be expressed as

R̃ =
¡
q̃20 − q̃Tv q̃v

¢
I3 + 2q̃vq̃

T
v − 2q̃0q̃×v , (5—21)

where the error quaternion (q̃0(t), q̃Tv (t))
T is defined as [23]

q̃0 = q0q0d + qTv qvd (5—22)

q̃v = q0dqv − q0qvd + q×v qvd.
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Based on (5—18) and (5—21), the rotation tracking control objective R(t) → Rd (t)

can be formulated as

kq̃v(t)k→ 0 =⇒ R̃(t)→ I3 as t→∞. (5—23)

To quantify the position mismatch between the actual and desired camera, the

translation tracking error e(t) ∈ R3 is defined as

e = me −med =

∙
xi
zi
− xdi

zdi

yi
zi
− ydi

zdi
ln

µ
zi
zdi

¶ ¸T
, (5—24)

where me(t), med(t) ∈ R3 are defined as

me ,
∙
me1 me2 me3

¸T
=

∙
xi
zi

yi
zi

ln zi

¸T
(5—25)

med ,
∙
med1 med2 med3

¸T
=

∙
xdi
zdi

ydi
zdi

ln zdi

¸T
. (5—26)

Based on (5—23) and (5—24), the subsequent control development targets the

following objectives:

kq̃v(t)k→ 0 and ke(t)k→ 0 as t→∞. (5—27)

The error signal q̃v(t) is measurable since it can be computed from the R (t)

and Rd (t) as in [24]. The first two elements of the translation error e (t) are

measurable because

me1 −med1 =
xi/Li

zi/Li
− xdi/Ldi

zdi/Ldi
me2 −med2 =

yi/Li

zi/Li
− ydi/Ldi

zdi/Ldi
,

where
xi (t)

Li (t)
,
yi (t)

Li (t)
,
zi (t)

Li (t)
can be computed from (5—6) and (5—17), and

xdi (t)

Ldi (t)
,

ydi (t)

Ldi (t)
,
zdi (t)

Ldi (t)
can be computed from similar relationships. The third element of

the translation error is also measurable since

zi
zdi
=
(L∗i /Ldi)

zdi/Ldi

zi/Li

(L∗i /Li)
=

αdi

αi

zi/Li

zdi/Ldi
,
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where
zi (t)

Li (t)
can be computed from (5—6) and (5—17),

zdi(t)

Ldi(t)
can be computed from

similar relationships, and the depth ratios αi (t) , αdi (t) can be obtained from the

homography decompositions in (5—16).

5.5 Control Development

5.5.1 Open-Loop Error System

The open-loop rotation error system can be developed as [23]

·
q̃ =

1

2

⎡⎢⎣ −q̃Tv
q̃0I3 + q̃×v

⎤⎥⎦³ωc − R̃ωcd

´
, (5—28)

where q̃(t) = (q̃0(t), q̃Tv (t))
T , ωc(t) ∈ R3 denotes the camera angular velocity control

input, and ωcd (t) ∈ R3 denotes the desired angular velocity of the camera that is

assumed to be a priori generated as a bounded and continuous function (see [10] for

a discussion regarding the development of a smooth desired trajectory from a series

of images).

Based on (5—7) and (5—10), the derivative of m̄di(t) is obtained as

·
m̄di = z∗i

d

dt

µ
1

βdi
mdsi

¶
, (5—29)

where βdi(t) ∈ R is defined as

βdi ,
z∗i
zdi
= αdi

z∗i /L
∗
i

zdi/Ldi
.

Based on (5—29) and the fact that [22]

·
m̄di = −vcd + m̄×

diωcd, (5—30)

where vcd (t) ∈ R3 denotes the desired linear velocity of the camera expressed in Fd,

it can be obtained that

vcd =
z∗i
βdi

m×
dsiωcd − z∗i

d

dt

µ
1

βdi
mdsi

¶
. (5—31)
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After differentiating both sides of (5—24) and using the equations (5—30), (5—31)

and
·
m̄i = −vc + m̄×

i ωc,

the open-loop translation error system can be derived as

z∗i ė = −βiLvvc + z∗iLvωωc − z∗i βdiLvd
d

dt

µ
1

βdi
mdsi

¶
, (5—32)

where vc(t) ∈ R3 denotes the linear velocity input of the camera with respect to F∗

expressed in F , the Jacobian-like matrices Lv(t), Lvd(t), Lvω (t) ∈ R3×3 are defined

as

Lv =

⎡⎢⎢⎢⎢⎣
1 0 −me1

0 1 −me2

0 0 1

⎤⎥⎥⎥⎥⎦ Lvd =

⎡⎢⎢⎢⎢⎣
1 0 −med1

0 1 −med2

0 0 1

⎤⎥⎥⎥⎥⎦ (5—33)

Lvω =

⎡⎢⎢⎢⎢⎣
me1me2 −1−m2

e1 me2

1 +m2
e2 −me1me2 −me1

−me2 me1 0

⎤⎥⎥⎥⎥⎦ , (5—34)

and βi(t) ∈ R is defined as

βi ,
z∗i
zi
= αi

z∗i /L
∗
i

zi/Li
.

5.5.2 Closed-Loop Error System

Based on the open-loop rotation error system in (5—28) and the subsequent

Lyapunov-based stability analysis, the angular velocity controller is designed as

ωc = −Kωq̃v + R̃ωcd, (5—35)
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where Kω ∈ R3×3 denotes a diagonal matrix of positive constant control gains.

From (5—28) and (5—35), the rotation closed-loop error system can be determined as

·
q̃0 =

1

2
q̃Tv Kωq̃v (5—36)

·
q̃v = −

1

2

¡
q̃0I3 + q̃×v

¢
Kωq̃v.

Based on (5—32), the translation control input vc(t) is designed as

vc = βiL
−1
v

∙
Kve+ ẑ∗i

µ
Lvωωc − βdiLvd

d

dt

µ
1

βdi
mdsi

¶¶¸
, (5—37)

where Kv ∈ R3×3 denotes a diagonal matrix of positive constant control gains. In

(5—37), the parameter estimate ẑ∗i (t) ∈ R for the unknown constant z∗i is defined as

·
ẑ∗i = γeT

µ
Lvωωc − βdiLvd

d

dt

µ
1

βdi
mdsi

¶¶
, (5—38)

where γ ∈ R denotes a positive constant adaptation gain. By using (5—32) and

(5—37), the translation closed-loop error system is

z∗i ė = −Kve+

µ
Lvωωc − βdiLvd

d

dt

µ
1

βdi
mdsi

¶¶
z̃∗i , (5—39)

where z̃∗i (t) ∈ R denotes the following parameter estimation error:

z̃∗i = z∗i − ẑ∗i . (5—40)

5.5.3 Stability Analysis

Theorem 5.1: The controller given in (5—35) and (5—37), along with the

adaptive update law in (5—38) ensures asymptotic tracking in the sense that

kq̃v (t)k→ 0, ke(t)k→ 0, as t→∞. (5—41)
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Proof : Let V (t) ∈ R denote the following differentiable non-negative function

(i.e., a Lyapunov candidate):

V = q̃Tv q̃v + (1− q̃0)
2 +

z∗i
2
eTe+

1

2γ
z̃∗2i . (5—42)

The time-derivative of V (t) can be determined as

V̇ = −q̃Tv
¡
q̃0I3 + q̃×v

¢
Kωq̃v − (1− q̃0)q̃

T
v Kωq̃v − eTKve

+ eT
µ
Lvωωc − βdiLvd

d

dt

µ
1

βdi
mdsi

¶¶
z̃∗i

− z̃∗i e
T

µ
Lvωωc − βdiLvd

d

dt

µ
1

βdi
mdsi

¶¶
= −q̃Tv

¡
q̃0I3 + q̃×v + (1− q̃0)I3

¢
Kωq̃v − eTKve

= −q̃Tv Kωq̃v − eTKve, (5—43)

where (5—36) and (5—38)-(5—40) were utilized. Based on (5—42) and (5—43),

e(t), q̃v(t), q̃0(t), z̃
∗
i (t) ∈ L∞ and e(t), q̃v(t) ∈ L2. Since z̃∗i (t) ∈ L∞, it is clear

from (5—40) that ẑ∗i (t) ∈ L∞. Based on the fact that e(t) ∈ L∞, (5—24) and (5—25)

can be used to prove that me(t) ∈ L∞, and Lv(t), L
−1
v (t) , Lvω (t) ∈ L∞. Since

q̃v(t) ∈ L∞ and ωcd(t) is a bounded function, (5—35) can be used to conclude that

ωc(t) ∈ L∞. From ẑ∗i (t), e(t), me(t), Lv(t), L
−1
v (t) , Lvω (t) ∈ L∞ and Lvd(t),

d

dt

µ
1

βdi
mdsi

¶
are bounded, (5—37) can be utilized to prove that vc(t) ∈ L∞. From

the previous results, (5—28)-(5—32) can be used to prove that ė(t),
·
q̃v(t) ∈ L∞.

Since e(t), q̃v(t) ∈ L∞ ∩ L2, and ė(t),
·
q̃v(t) ∈ L∞, Barbalat’s Lemma [96] can be

used to conclude the result given in (5—41).



CHAPTER 6
VISUAL SERVO CONTROL IN THE PRESENCE OF CAMERA CALIBRATION

ERROR

6.1 Introduction

Hu et al. [14] introduced a new quaternion-based visual servo controller for

the rotation error system, provided the camera calibration parameters are exactly

known. Since the results by Malis and Chaumette [21] and Fang et al. [87] rely

heavily on properties of the rotation parameterization to formulate state estimates

and a measurable closed-loop error system, the research in this chapter is motivated

by the question: Can state estimates and a measurable closed-loop error system be

crafted in terms of the quaternion parameterization when the camera calibration

parameters are unknown? To answer this question, a contribution of this chapter is

the development of a quaternion-based estimate for the rotation error system that

is related to the actual rotation error, the development of a new closed-loop error

system, and a new Lyapunov-based analysis that demonstrates the stability of the

quaternion error system. One of the challenges is to develop a quaternion estimate

from an estimated rotation matrix that is not a true rotation matrix in general.

To address this challenge, the similarity relationship between the estimated and

actual rotation matrices is used (as in [21] and [87]) to construct the relationship

between the estimated and actual quaternions. A Lyapunov-based stability analysis

is provided that indicates a unique controller can be developed to achieve the

regulation result despite a sign ambiguity in the developed quaternion estimate.

Simulation results are provided in Section 6.7 that illustrate the performance of the

developed controller.

98
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6.2 Feedback Control Measurements

The objective in this chapter is to develop a kinematic controller (i.e., the

control inputs are considered the linear and angular camera velocities) to ensure

the position/orientation of the camera coordinate frame F is regulated to the

desired position/orientation F∗. The camera geometry is shown in Figure 2—2

and the corresponding Euclidean and image-space relationships are developed

in Sections 2.1 and 2.2. The only required sensor measurements for the control

development are the image coordinates of the determined feature points (i.e.,

measurement of the signals in (2—5)), where the static feature point coordinates

in the desired image are given a priori. By measuring the current image feature

points and given the desired feature points, the relationship in (2—6) can be used

to determine the normalized Euclidean coordinates of Oi provided the intrinsic

camera calibration matrix is perfectly known. Unfortunately, any uncertainty in A

will lead to a corrupted measurement of mi(t) and m∗
i . The computed normalized

coordinates are actually estimates, denoted by m̂i (t) , m̂
∗
i ∈ R3, of the true values

since only a best-guess estimate of A, denoted by Â ∈ R3×3, is available in practice.

The normalized coordinate estimates can be expressed as [21]

m̂i = Â−1pi = Ãmi (6—1)

m̂∗
i = Â−1p∗i = Ãm∗

i , (6—2)

where the calibration error matrix Ã ∈ R3×3 is defined as

Ã = Â−1A =

⎡⎢⎢⎢⎢⎣
Ã11 Ã12 Ã13

0 Ã22 Ã23

0 0 1

⎤⎥⎥⎥⎥⎦ , (6—3)

where Ã11, Ã12, Ã13, Ã22, Ã23 ∈ R denote unknown intrinsic calibration mismatch

constants. Since mi(t) and m∗
i can not be exactly determined, the estimates in
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(6—1) and (6—2) can be substituted into (2—4) to obtain the following relationship

m̂i = αiĤm̂∗
i , (6—4)

where Ĥ (t) ∈ R3×3 denotes the estimated Euclidean homography defined as

Ĥ = ÃHÃ−1. (6—5)

Since m̂i(t) and m̂∗
i can be determined from (6—1) and (6—2), a set of twelve linear

equations can be developed from the four image point pairs, and (6—4) can be used

to solve for Ĥ (t).

As stated in [21], provided additional information is available (e.g., at least

4 vanishing points), various techniques (e.g., see Faugeras and Lustman [93] and

Zhang and Hanson [94]) can be used to decompose Ĥ(t) to obtain the estimated

rotation and translation components as

Ĥ = ÃRÃ−1 + Ãxhn
∗T Ã−1 = R̂+ x̂hn̂

∗T , (6—6)

where R̂ (t) ∈ R3×3 is defined as

R̂ = ÃRÃ−1, (6—7)

and x̂h (t) ∈ R3, n̂∗ ∈ R3 denote the estimate of xh (t) and n∗, respectively, defined

as

x̂h = σÃxh n̂∗ =
1

σ
Ã−Tn∗,

where σ ∈ R denotes the following positive constant σ =
°°°Ã−Tn∗°°° .

For the four vanishing points (see Almansa et al. [103] for a description of how

to determine vanishing points in an image), d∗ =∞, so that

H = R+
xf
d∗
n∗T = R (6—8)
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and therefore

Ĥ = ÃRÃ−1 = R̂. (6—9)

Twelve linear equations can be obtained based on (6—4) for the four vanishing

points. Assume the 3rd row 3rd column element of Ĥ(t), denoted as Ĥ33(t) ∈ R, is

not equal to zero (w.l.o.g.). The normalized matrix Ĥn(t) ∈ R3×3, defined as

Ĥn =
Ĥ

Ĥ33

, (6—10)

can be computed based on these twelve linear equations. Based on (6—9)

det
³
Ĥ
´
= det(Ã) det(R) det(Ã−1) = 1. (6—11)

From (6—10) and (6—11),

Ĥ3
33 det

³
Ĥn

´
= 1, (6—12)

and hence,

Ĥ =
Ĥn

3

q
det(Ĥn)

, (6—13)

which is equal to R̂(t).

6.3 Control Objective

As stated previously, the objective in this chapter is to develop a kinematic

controller to ensure the pose of the camera coordinate frame F is regulated to the

desired pose F∗ despite uncertainty in the intrinsic camera calibration matrix. This

objective is based on the assumption that the linear and angular velocities of the

camera are control inputs that can be independently controlled (i.e., unconstrained

motion). For example, the linear and angular camera velocities could be controlled

by the end-effector of a robotic manipulator. In addition to uncertainty in the

intrinsic camera calibration, uncertainty could also exist in the extrinsic camera

calibration (e.g., the uncertainty in the rotation and translation of the camera

with respect to the robot end-effector). The development in this chapter could
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be directly modified as described in [21] and [87] to compensate for the extrinsic

calibration. Therefore, the effects of a mismatch in the extrinsic calibration are not

considered in the subsequent development for simplicity.

In the Euclidean space, the rotation control objective can be quantified as

R(t)→ I3 as t→∞. (6—14)

The subsequent development is formulated in terms of the four dimensional unit

quaternion q(t). Given the rotation matrix R (t), the corresponding unit quaternion

q (t) can be computed by using the numerically robust method presented in Section

2.3. From (2—12) and (2—15), the rotation regulation objective in (6—14) can also be

quantified as the desire to regulate qv(t) as

kqv(t)k→ 0 as t→∞. (6—15)

The focus and contribution of this chapter lies in the ability to develop and

prove the stability of a quaternion-based rotation controller in the presence of

uncertainty in the camera calibration. The translation controller developed by Fang

et al. [87] is also presented and incorporated in the stability analysis to provide an

example of how the new class of quaternion-based rotation controllers can be used

in conjunction with translation controllers that are robust to camera calibration

uncertainty including (for example): the asymptotic translation controllers in [21],

and the exponential translation controllers in [87]. The translation error, denoted

by e(t) ∈ R3, is defined as

e =
zi
z∗i
mi −m∗

i , (6—16)

where i can be chosen as any number within {1, · · · , 4}. The translation objective

can be stated as

ke(t)k→ 0 as t→∞. (6—17)
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The subsequent section will target the control development based on the objectives

in (6—15) and (6—17).

6.4 Quaternion Estimation

A method is presented in this section to develop a quaternion-based rotation

estimate that can be related to the actual rotation mismatch to facilitate the

control development.

6.4.1 Estimate Development

The unit quaternion is related to the angle-axis representation as

q0 = cos

µ
θ

2

¶
qv = u sin

µ
θ

2

¶
, (6—18)

where θ(t) and u(t) are the corresponding rotation angle and unit axis. By using

(2—12) and (2—15), the first element of the quaternion can also be expressed in

terms of the rotation matrix R(t) as

q20 =
tr(R) + 1

4
,

where q0(t) is restricted to be non-negative as

q0 =
1

2

p
1 + tr(R) (6—19)

without loss of generality (this restriction enables the minimum rotation to be

obtained), and tr(R) denotes the trace of R (t). Based on (6—18) and (6—19), qv (t)

can be determined as

qv = ±u
s
1− cos2

µ
θ

2

¶
= ±1

2
u
p
3− tr(R), (6—20)

where the rotation axis u (t) is the unit eigenvector with respect to the eigenvalue

1 of R (t). For the quaternion vector in (6—20), the sign ambiguity can be resolved.

Specifically, (2—15) can be used to develop the following expression:

RT −R = 4q0q
×
v . (6—21)
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Since the sign of q0(t) is restricted (i.e., assumed to be) positive, then a unique

solution for qv(t) can be determined from (6—20) and (6—21).

Based on the similarity between R̂ (t) and R (t) as stated in (6—7), the expres-

sions in (6—19) and (6—20) provide motivation to develop the quaternion estimate

as

q̂0 =
1

2

q
1 + tr(R̂) (6—22)

q̂v = ±û sin
Ã
θ̂

2

!
= ±1

2
û

q
3− tr(R̂). (6—23)

In (6—22) and (6—23), R̂(t) is the estimated rotation matrix introduced in (6—6)

that is computed from the homography decomposition. Since R̂ (t) is similar to

R (t) (see (6—7)), R̂(t) is guaranteed to have an eigenvalue of 1, where û (t) is the

unit eigenvector that can be computed from the eigenvalue of 1. Since R̂(t) is

not guaranteed to be a true rotation matrix (and it will not be in general), the

relationships in (2—15) and (6—21) can not be developed and used to eliminate the

sign ambiguity of the eigenvector û (t). However, the subsequent stability analysis

and simulation results indicate that the same stability result is obtained invariant

of the sign of û(t). Once the initial sign of û(t) is chosen, the same sign can be used

for subsequent computations.

6.4.2 Estimate Relationships

Based on the fact that R̂ (t) is similar to R (t) (see (6—7)), the properties that

similar matrices have the same trace and eigenvalues can be used to relate the

quaternion estimate and the actual quaternion. Since similar matrices have the

same trace, (6—19) and (6—22) can be used to conclude that

q̂0 = q0. (6—24)

As stated earlier, since similar matrices have the same eigenvalues, R̂(t) is guaran-

teed to have an eigenvalue of 1 with the associated eigenvector û (t). The following
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relationships can be developed based on (6—7)

û = R̂û = ÃRÃ−1û. (6—25)

Premultiplying Ã−1 on both sides of (6—25) yields

Ã−1û = RÃ−1û. (6—26)

Hence, Ã−1û(t) is an eigenvector with respect to the eigenvalue 1 of R (t) that can

be expressed as

Ã−1û = ±γu, (6—27)

where γ ∈ R is defined as

γ =
1°°°Ãu°°° . (6—28)

Based on (6—20), (6—23), and (6—27), the estimated quaternion vector can now be

related to the actual quaternion vector as

q̂v = ±γÃqv. (6—29)

By using (2—12), (6—24), (6—28) and (6—29),

q̂20 + kq̂vk
2 = q20 +

1°°°Ãu°°°2
°°°Ãqv°°°2 . (6—30)

Based on (6—28) and the fact that u(t) is a unit vector,

γ =

kuk
°°°°sinµθ2

¶°°°°°°°Ãu°°°°°°°sinµθ2
¶°°°° =

kqvk°°°Ãqv°°° . (6—31)

From (6—28) and (6—31),

q̂20 + kq̂vk
2 = q20 +

kqvk2°°°Ãqv°°°2
°°°Ãqv°°°2 = 1.
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6.5 Control Development

6.5.1 Rotation Control

The rotation open-loop error system can be developed by taking the time

derivative of q(t) as ⎡⎢⎣ q̇0

q̇v

⎤⎥⎦ = 1

2

⎡⎢⎣ −qTv
q0I3 + q×v

⎤⎥⎦ωc, (6—32)

where ωc(t) ∈ R3 denotes the angular velocity of the camera with respect to F∗

expressed in F . Based on the open-loop error system in (6—32) and the subsequent

stability analysis, the angular velocity controller is designed as

ωc = −Kωq̂v, (6—33)

where Kω ∈ R denotes a positive control gain. Substituting (6—33) into (6—32), the

rotation closed-loop error system can be developed as

q̇0 =
1

2
Kωq

T
v q̂v (6—34)

q̇v = −
1

2
Kω

¡
q0I3 + q×v

¢
q̂v. (6—35)

6.5.2 Translation Control

The contribution of this chapter is the rotation estimate and associated control

development. The translation controller developed in this section is provided

for completeness. As stated previously, translation controllers such as the class

developed by Malis and Chaumette [21] and Fang et al. [87] can be combined with

the developed quaternion-based rotation controller. To facilitate the subsequent

stability analysis for the six DOF problem, a translation controller proposed in [87]

is provided in this section, which is given by

vc = Kvê, (6—36)
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where Kv ∈ R denotes a positive control gain, and ê (t) ∈ R3 is defined as

ê =
zi
z∗i
m̂i − m̂∗

i , (6—37)

where m̂i(t) and m̂∗
i can be computed from (6—1) and (6—2), respectively, and the

ratio
zi
z∗i
can be computed from the decomposition of the estimated Euclidean

homography in (6—4). The open-loop translation error system can be determined as

ė = − 1
z∗i
vc − ω×c e+ [m

∗
i ]
× ωc. (6—38)

After substituting (6—33) and (6—36) into (6—38), the resulting closed-loop transla-

tion error system can be determined as

ė =

µ
−Kv

1

z∗i
Ã+ [Kωq̂v]

×
¶
e−Kω [m

∗
i ]
× q̂v. (6—39)

6.6 Stability Analysis

As stated previously, the quaternion estimate q̂v (t) has a sign ambiguity, but

either choice of the sign will yield the same stability result. The following analysis

is developed for the case where

q̂v = γÃqv. (6—40)

A discussion is provided at the end of the analysis, that describes how the stability

can be proven for the case when

q̂v = −γÃqv.

Theorem 6.1: The controller given in (6—33) and (6—36) ensures asymptotic

regulation in the sense that

kqv(t)k→ 0, ke(t)k→ 0 as t→∞ (6—41)
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provided Kv is selected sufficiently large (see the subsequent proof), and the

following inequalities are satisfied

λmin

½
1

2

³
Ã+ ÃT

´¾
≥ λ0 (6—42)

λmax

½
1

2

³
Ã+ ÃT

´¾
≤ λ1, (6—43)

where λ0, λ1 ∈ R are positive constants, and λmin {·} and λmax {·} denote the

minimal and maximal eigenvalues of
1

2

³
Ã+ ÃT

´
, respectively.

Proof : Let V (t) ∈ R denote the following differentiable non-negative function

(i.e., a Lyapunov candidate):

V = qTv qv + (1− q0)
2 + eTe. (6—44)

After cancelling common terms, V̇ (t) can be expressed as

V̇1 = 2q
T
v q̇v − 2(1− q0)q̇0 + eT ė

= −γKωq
T
v

¡
q0I3 + q×v

¢
Ãqv − γKω(1− q0)q

T
v Ãqv

+ eT
µ
−Kv

1

z∗i
Ã+ γ

h
KωÃqv

i×¶
e− γKωe

T [m∗
i ]
× Ãqv

= γKωq
T
v

£
−
¡
q0I3 + q×v

¢
− (1− q0)I3

¤
Ãqv

+ eT
µ
−Kv

1

z∗i
Ã+ γ

h
KωÃqv

i×¶
e− γKωe

T [m∗
i ]
× Ãqv

= −γKωq
T
v Ãqv −Kv

1

z∗i
eT Ãe+ γeT

µh
KωÃqv

i×¶
e− γKωe

T [m∗
i ]
× Ãqv. (6—45)

By using the inequality (6—42), the term γKωq
T
v Ãqv satisfies

γKωq
T
v Ãqv =

1

2
γKωq

T
v

³
Ã+ ÃT

´
qv

≥ γKωλmin

½
1

2

³
Ã+ ÃT

´¾
kqvk2 ≥ γKωλ0 kqvk2 . (6—46)
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Since

eT Ãe =
1

2
eT
³
Ã+ ÃT

´
e ≥ λ0 kek2 ,

the term −Kv
1

z∗i
eT Ãe satisfies

−Kv
1

z∗i
eT Ãe ≤ −Kv

1

z∗i
λ0 kek2 . (6—47)

Based on the property that
°°[ξ]×°°

2
= kξk ∀ξ ∈ R3 (see Appendix D) and kq̂vk ≤ 1,

the term γeT
µh

KωÃqv
i×¶

e satisfies

γeT
µh

KωÃqv
i×¶

e = γeT
¡
[Kωq̂v]

×¢ e
≤ γ kKωq̂vk2 kek

2 ≤ γKω kq̂vk kek2 ≤ γKω kek2 . (6—48)

From (6—31), the term −γKωe
T [m∗

i ]
× Ãqv satisfies

−γKωe
T [m∗

i ]
× Ãqv = −

kqvk°°°Ãqv°°°Kωe
T [m∗

i ]
× Ãqv

≤ kqvk°°°Ãqv°°°Kω

°°[m∗
i ]
×°°

2
kek

°°°Ãqv°°°
= Kω km∗

i k kqvk kek . (6—49)

By using (6—46)-(6—49), the expression in (6—45) can be upper bounded as

V̇ ≤ −γKωλ0 kqvk2−
1

z∗i
(Kv1 +Kv2)λ0 kek2+γKω kek2+Kω km∗

i k kqvk kek , (6—50)

where the control gain Kv is separated into two different control gains as Kv =

Kv1 +Kv2. The following inequality can be obtained after completing the squares:

Kω km∗
i k kqvk kek ≤

z∗iK
2
ω km∗

i k
2

4Kv1λ0
kqvk2 +

1

z∗i
Kv1λ0 kek2 . (6—51)

From (6—51), the inequality (6—50) can be rewritten as

V̇ ≤ −Kωλ0γ

Kv1

Ã
Kv1 −

z∗iKω km∗
i k
2

4λ20γ

!
kqvk2 −

λ0
z∗i

µ
Kv2 −

z∗i γKω

λ0

¶
kek2 .
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Based on the definition of γ(t) in (6—28), the inequalities (6—42) and (6—43), and

the assumption that m∗
i and z∗i are bounded, there exist two positive bounding

constant c1 and c2 ∈ R satisfying the following inequalities:

z∗iKω km∗
i k
2

4λ20γ
< c1 and

z∗i γKω

λ0
< c2

the control parameter Kv can be selected large enough to ensure that V̇ (t) is

negative semi-definite as

V̇ ≤ −Kωλ0γ

Kv1
kqvk2 −

λ0
z∗i
kek2 . (6—52)

Based on (6—44) and (6—52), standard signal chasing arguments can be used to

conclude that the control inputs and all the closed-loop signals are bounded. The

expression in (6—52) can also be used to conclude that qv(t) and e(t) ∈ L2. Since

qv(t), q̇v(t), e(t), ė(t) ∈ L∞ and qv(t), e(t) ∈ L2, Barbalat’s Lemma [96] can be used

to prove the result given in (6—41).¥

By modifying the Lyapunov function in (6—44) as

V = qTv qv + (1 + q0)
2 + eT e,

the same stability analysis arguments can be used to prove Theorem 6.1 for the

case when

q̂v = −γÃqv.

Since the sign ambiguity in (6—29) does not affect the control development and

stability analysis, only the positive sign in (6—29) needs to be considered in the

future control development for convenience.

6.7 Simulation Results

Numerical simulations were performed to illustrate the performance of the

controller given in (6—33) and (6—36). The intrinsic camera calibration matrix is
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given by

A =

⎡⎢⎢⎢⎢⎣
122.5 −3.77 100

0 122.56 100

0 0 1

⎤⎥⎥⎥⎥⎦ .
The best-guess estimation for A was selected as

Â =

⎡⎢⎢⎢⎢⎣
100 −4 80

0 100 110

0 0 1

⎤⎥⎥⎥⎥⎦ .
The camera is assumed to view an object with four coplanar feature points with

the following Euclidean coordinates (in [m]):

O1 =

∙
0.05 0.05 0

¸T
O2 =

∙
0.05 −0.05 0

¸T
(6—53)

O3 =

∙
−0.05 0.05 0

¸T
O4 =

∙
−0.05 −0.05 0

¸T
.

The normalized coordinates of the vanishing points were selected as∙
0.02 0.02 1

¸T ∙
0.02 −0.02 1

¸T
∙
−0.02 0.02 1

¸T ∙
−0.02 −0.02 1

¸T
.

Consider an orthogonal coordinate frame I with the z-axis opposite to n∗ (see

Figure 2—2) with the x-axis and y-axis on the plane π. The rotation matrices R1

between F and I, and R2 between F∗ and I were set as

R1 = Rx(160
◦)Ry (30

◦)Rz (−30◦) R2 = Rx(120
◦)Ry (−20◦)Rz (80

◦) ,

where Rx(·), Ry (·) and Rz(·) ∈ SO(3) denote rotation of angle “ · ” (degrees)

along the x-axis, y-axis and z-axis, respectively. The translation vectors xf1(t) and

xf2(t) between F and I (expressed in F) and between F∗ and I (expressed in F∗),
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respectively, were selected as

xf1 =

∙
0.5 0.5 2.5

¸T
xf2 =

∙
1.0 1.0 3.5

¸T
.

The initial (i.e., pi(0)) and desired (i.e., p∗i ) image-space coordinates of the four

feature points in (6—53) were computed as (in pixels)

p1(0) =

∙
126.50 123.64 1

¸T
p2(0) =

∙
124.24 127.91 1

¸T
p3(0) =

∙
120.92 125.40 1

¸T
p4(0) =

∙
123.25 121.11 1

¸T
p∗1 =

∙
132.17 133.17 1

¸T
p∗2 =

∙
135.72 133.61 1

¸T
p∗3 =

∙
135.71 136.91 1

¸T
p∗4 =

∙
132.10 136.44 1

¸T
.

The initial (i.e., pvi(0)) and desired (i.e., p∗vi) image-space coordinates of the four

vanishing points in (6—53) were computed as (in pixels)

pv1(0) =

∙
124.02 139.34 1

¸T
pv2(0) =

∙
129.02 141.61 1

¸T
pv3(0) =

∙
131.02 136.54 1

¸T
pv4(0) =

∙
126.03 134.35 1

¸T
p∗v1 =

∙
102.37 102.45 1

¸T
p∗v2 =

∙
102.53 97.55 1

¸T
p∗v3 =

∙
97.63 97.55 1

¸T
p∗v4 =

∙
97.47 102.45 1

¸T
.

The control gains Kω in (6—33) and Kv in (6—36) were selected as

Kω = 5 Kv = 5.

The resulting translation and rotation errors are plotted in Figure 6—1 and

Figure 6—2, respectively. The image-space pixel error (i.e., pi(t) − p∗i ) is shown in

Figure 6—4, and is also depicted in Figure 6—5 in a 3D format. The translation and

rotation control outputs are shown in Figure 6—6 and Figure 6—7, respectively. For
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different choice of sign of the quaternion estimate, the asymptotic result can still

be achieved. In contrast to the quaternion estimate in Figure 6—2, a quaternion

estimate with different sign is shown in Figure 6—3.
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Figure 6—1: Unitless translation error between m1(t) and m∗
1.
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Figure 6—2: Quaternion rotation error.
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Figure 6—3: Quaternion rotation error for comparison with different sign.
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Figure 6—4: Image-space error in pixles between pi(t) and p∗i . In the figure, “O”
denotes the initial positions of the 4 feature points in the image, and “*” denotes
the corresponding final positions of the feature points.
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In the figure, “O” denotes the initial positions of the 4 feature points in the image,
and “*” denotes the corresponding final positions of the feature points.
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Figure 6—6: Linear camera velocity control input.
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Figure 6—7: Angular camera velocity control input.



CHAPTER 7
COMBINED ROBUST AND ADAPTIVE HOMOGRAPHY-BASED VISUAL

SERVO CONTROL VIA AN UNCALIBRATED CAMERA

7.1 Introduction

In this chapter, a new combined robust and adaptive visual servo controller

is developed to asymptotically regulate the feature points of a rigid-body object

(identified a planar patch of feature points) in an image to the desired feature

point locations while also regulating the six DOF pose of the camera (which is

affixed to the object). These dual objectives are achieved by using a homography-

based approach that exploits both image-space and reconstructed Euclidean

information in the feedback loop. In comparison to pure image-based feedback

approaches, some advantages of using a homography-based method include:

realizable Euclidean camera trajectories (see Chaumette [48] and Corke and

Hutchinson [25] for a discussion of Chaumette’s Conundrum); a nonsingular image-

Jacobian; and both the camera position and orientation and the feature point

coordinates are included in the error system. Since some image-space information is

used in the feedback-loop of the developed homography-based controller, the image

features are less likely to leave the FOV in comparison with pure position-based

approaches. The developed controller is composed of the same adaptive translation

controller as in the preliminary results in Chen et al. [89] and a new robust rotation

controller. The contribution of the result is the development of the robust angular

velocity controller that accommodates for the time-varying uncertain scaling factor

by exploiting the upper triangular form of the rotation error system and the fact

that the diagonal elements of the camera calibration matrix are positive.

117
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7.2 Camera Geometry and Assumptions

The camera geometry for this chapter is shown in Figure 2—2 and the corre-

sponding Euclidean and image-space relationships are developed in Sections 2.1 and

2.2. For convenience in the following development, the camera calibration matrix A

is rewritten as

A ,

⎡⎢⎢⎢⎢⎣
α −α cotφ u0

0
β

sinφ
v0

0 0 1

⎤⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎣

a11 a12 a13

0 a22 a23

0 0 1

⎤⎥⎥⎥⎥⎦ . (7—1)

Based on the physical meaning of the elements of A, the diagonal calibration

elements are positive (i.e., a11, a22 > 0).

The following two assumptions are made for the convenience of the controller

development. They are so reasonable such that they can be considered properties of

the considered vision system.

Assumption 1: The bounds of a11 and a22 are assumed to be known as

ζ
a11

< a11 < ζa11 ζ
a22

< a22 < ζa22. (7—2)

The absolute values of a12, a13, a23 are upper bounded as

|a12| < ζa12 |a13| < ζa13 |a23| < ζa23 . (7—3)

In (7—2) and (7—3), ζ
a11

, ζa11, ζa22
, ζa22, ζa12, ζa13 and ζa23 are known positive

constants.

Assumption 2: The reference plane is within the camera’s FOV and not at

infinity. That is, there exist positive constants ζ
zi
and ζzi such that

ζ
zi
< zi(t) < ζzi . (7—4)
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Based on (2—4)-(2—6), the homography relationship based on measurable pixel

coordinates is:

pi = αiAHA−1p∗i . (7—5)

Since A is unknown, standard homography computation and decomposition

algorithms can’t be applied to extract the rotation and translation from the

homography.

As stated in Malis and Chaumette [21], if some additional information is

known, such as four vanishing points, the rotation matrix can be obtained. For the

vanishing points (see Almansa et al. [103] for a description of how to determine

vanishing points in an image), d∗ =∞, so that

H = R+
xf
d∗
n∗T = R. (7—6)

Based on (7—6), the relationship in (7—5) can be expressed as

pi = αiR̄p
∗
i , (7—7)

where R̄ (t) ∈ R3×3 is defined as

R̄ = ARA−1. (7—8)

For the four vanishing points, twelve linear equations can be obtained based on

(7—7). After normalizing R̄(t) by one nonzero element (e.g., R̄33(t) ∈ R which

is assumed to be the third row third column element of R̄(t) without loss of

generality) twelve equations can be used to solve for twelve unknowns. The twelve

unknowns are given by the eight unknown elements of the normalized R̄(t), denoted

by R̄n(t) ∈ R3×3 defined as

R̄n ,
R̄

R̄33
(7—9)
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and the four unknowns are given by R̄33(t)αi(t). From the definition of R̄n(t) in

(7—9), the fact that

det
¡
R̄
¢
= det(A) det(R) det(A−1) = 1 (7—10)

can be used to conclude that

R̄333 det
¡
R̄n

¢
= 1, (7—11)

and hence based on (7—9) and (7—11),

R̄ =
R̄n

3
p
det(R̄n)

. (7—12)

After R̄ (t) is obtained, the original four feature points on the reference plane can

be used to determine the depth ratio αi (t) as shown in Appendix E.

7.3 Open-Loop Error System

7.3.1 Rotation Error System

If the rotation matrix R (t) introduced in (2—4) were known, then the corre-

sponding unit quaternion q (t) ,
∙
q0 (t) qTv (t)

¸T
can be calculated using the

numerically robust method presented presented in Section 2.3. Given R(t), the

quaternion q(t) can also be written as

q0 =
1

2

p
1 + tr(R) (7—13)

qv =
1

2
u
p
3− tr(R), (7—14)

where u(t) ∈ R3 is a unit eigenvector of R(t) with respect to the eigenvalue 1. The

open-loop rotation error system for q(t) can be obtained as (see Dixon et al. [23])⎡⎢⎣ q̇0

q̇v

⎤⎥⎦ = 1

2

⎡⎢⎣ −qTv
q0I3 + q×v

⎤⎥⎦ωc, (7—15)

where ωc(t) ∈ R3 defines the angular velocity of the camera expressed in F .
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The quaternion q (t) given in (7—13)-(7—15) is not measurable since R(t) is

unknown. However, since R̄(t) can be determined as described in (7—12), the same

algorithm as shown in equations (7—13) and (7—14) can be used to determine a

corresponding measurable quaternion
¡
q̄0(t), q̄

T
v (t)

¢T
as

q̄0 =
1

2

q
1 + tr(R̄) (7—16)

q̄v =
1

2
ū
q
3− tr(R̄), (7—17)

where ū(t) ∈ R3 is a unit eigenvector of R̄(t) with respect to the eigenvalue 1.

Based on (7—8), tr
¡
R̄
¢
= tr (ARA−1) = tr(R), where tr (·) denotes the trace

of a matrix. Since R(t) and R̄(t) are similar matrices, the relationship between¡
q0(t), q

T
v (t)

¢T
and

¡
q̄0(t), q̄

T
v (t)

¢T
can be determined as

q̄0 = q0 q̄v =
kqvk
kAqvk

Aqv , γAqv, (7—18)

where γ(t) ∈ R is a positive, unknown, time-varying scalar that satisfies the

following inequalities (see Appendix F)

ζ
γ
< γ(t) < ζγ, (7—19)

where ζ
γ
, ζγ ∈ R are positive bounding constants. The inverse of the relationship

between q̄v(t) and qv(t) in (7—18) can be developed as

qv =
1

γ
A−1q̄v =

1

γ

⎡⎢⎢⎢⎢⎢⎣
1

a11
q̄v1 −

a12
a11a22

q̄v2 −
µ
a13
a11
− a12a23

a11a22

¶
q̄v3

1

a22
q̄v2 −

a23
a22

q̄v3

q̄v3

⎤⎥⎥⎥⎥⎥⎦ . (7—20)

7.3.2 Translation Error System

The translation error, denoted by e(t) ∈ R3, is defined as

e(t) = pe(t)− p∗e, (7—21)
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where pe (t), p∗e ∈ R3 are defined as

pe =

∙
ui vi − ln (αi)

¸T
p∗e =

∙
u∗i v∗i 0

¸T
, (7—22)

where i ∈ {1, · · · , 4}. The translation error e(t) is measurable since the first

two elements are image coordinates, and αi(t) is obtained from the homography

decomposition as described in Appendix A. The open-loop translation error system

can be obtained by taking the time derivative of e(t) and multiplying the resulting

expression by z∗i as [89]

z∗i ė = −αiAevc + z∗iAe

¡
A−1pi

¢×
ωc, (7—23)

where vc(t) ∈ R3 defines the linear velocity of the camera expressed in F , and

Ae(t) ∈ R3×3 is defined as

Ae =

⎡⎢⎢⎢⎢⎣
a11 a12 a13 − ui

0 a22 a23 − vi

0 0 1

⎤⎥⎥⎥⎥⎦ .
To facilitate the control development, the translation error system can be linearly

parameterized as

z∗i

⎡⎢⎢⎢⎢⎣
ė1

ė2

ė3

⎤⎥⎥⎥⎥⎦ = −αi

⎡⎢⎢⎢⎢⎣
a11vc1 + a12vc2 + vc3 (a13 − ui)

a22vc2 + vc3 (a23 − vi)

vc3

⎤⎥⎥⎥⎥⎦+ z∗i

⎡⎢⎢⎢⎢⎣
Ȳ1 (ui, vi, ωc)

_

φ

Ȳ2 (ui, vi, ωc)
_

φ

Ȳ3 (ui, vi, ωc)
_

φ

⎤⎥⎥⎥⎥⎦ ,
(7—24)

where Ȳi (·) ∈ R1×m, i = 1, 2, 3, are known regressor vectors that do not depend

on the calibration parameters, and φ̄ ∈ Rm is a vector of constant unknown

parameters.
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7.4 Control Development

7.4.1 Rotation Control Development and Stability Analysis

Based on the relationship in (7—18), the open-loop error system in (7—15), and

the subsequent stability analysis, the rotation controller is designed as

ωc1 = −kω1q̄v1 = − (kω11 + 2) q̄v1 (7—25)

ωc2 = −kω2q̄v2 = − (kω21 + kω22 + 1) q̄v2

ωc3 = −kω3q̄v3 = − (kω31 + kω32 + kω33) q̄v3,

where kωi ∈ R, i = 1, 2, 3 and kωij ∈ R, i, j = 1, 2, 3, j ≤ i, are positive

constants. The expressed form of the controller in (7—25) is motivated by the use of

completing the squares in the subsequent stability analysis. In (7—25), the damping

control gains kω21, kω31, kω32 are selected according to the following sufficient

conditions to facilitate the subsequent stability analysis

kω21 >
1

4
k2ω1

ζ
2

a12

ζ
a11

ζ
a22

(7—26)

kω31 >
1

4
k2ω1

1

ζ
a11

Ã
ζa12ζa23
ζ
a22

+ ζa13

!2

kω32 >
1

4
k2ω2

ζ
2

a23

ζ
a22

,

where ζ
a11

, ζa11 , ζa22
, ζa22 , ζa12 , ζa13 and ζa23 are defined in (7—2) and (7—3), and

kω11, kω22, kω33 are feedback gains that can be selected to adjust the performance of

the rotation control system.

Proposition 7.1: Provided the sufficient gain conditions given in (7—26) are

satisfied, the controller in (7—25) ensures asymptotic regulation of the rotation error

in the sense that

kqv (t)k→ 0, as t→∞. (7—27)
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Proof : Let V1(qv, q0) ∈ R denote the following non-negative function:

V1 , qTv qv + (1− q0)
2. (7—28)

Based on the open-loop error system in (7—15), the time-derivative of V1(t) can be

determined as

V̇1 = 2q
T
v q̇v − 2(1− q0)q̇0 = qTv ωc = qv1ωc1 + qv2ωc2 + qv3ωc3. (7—29)

After substituting (7—20) for qv(t) and substituting (7—25) for ωc(t), the expression

in (7—29) can be simplified as

γV̇1 = −
µ
kω11

1

a11
q̄2v1 + kω22

1

a22
q̄2v2 + kω33q̄

2
v3

¶
− 1

a11

∙
q̄2v1 − kω1

a12
a22

q̄v1q̄v2 + kω21
a11
a22

q̄2v2

¸
(7—30)

− 1

a11

∙
q̄2v1 + kω1

µ
a12a23
a22

− a13

¶
q̄v1q̄v3 + kω31a11q̄

2
v3

¸
− 1

a22

£
q̄2v2 − kω2a23q̄v2q̄v3 + kω32a22q̄

2
v3

¤
.

After completing the squares on each of the bracketed terms in (7—30), the expres-

sion in (7—30) can be written as

γV̇1 = −
µ
kω11

1

a11
q̄2v1 + kω22

1

a22
q̄2v2 + kω33q̄

2
v3

¶
− 1

a11

"µ
q̄v1 − kω1

a12
2a22

q̄v2

¶2
+

a11
a22

µ
kω21 −

1

4
k2ω1

a212
a11a22

¶
q̄2v2

#

− 1

a11

"µ
q̄v1 +

1

2
kω1

µ
a12a23
a22

− a13

¶
q̄v3

¶2
+a11

Ã
kω31 −

1

4
k2ω1

1

a11

µ
a12a23
a22

− a13

¶2!
q̄2v3

#

− 1

a22

"µ
q̄v2 −

1

2
kω2a23q̄v3

¶2
+ a22

µ
kω32 −

1

4
k2ω2

a223
a22

¶
q̄2v3

#
. (7—31)
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Provided the sufficient gain conditions given in (7—26) are satisfied, then (7—31) can

be upper bounded as

γV̇1 < −
µ
kω11

1

a11
q̄2v1 + kω22

1

a22
q̄2v2 + kω33q̄

2
v3

¶
. (7—32)

Based on (7—19), the inequality in (7—32) can be further upper bounded as

V̇1 < −
1

ζγ

µ
kω11

1

a11
q̄2v1 + kω22

1

a22
q̄2v2 + kω33q̄

2
v3

¶
. (7—33)

The Lyapunov function given in (7—28) and its time derivative in (7—33) can be

used to conclude that qv(t), q0(t) ∈ L∞ and q̄v(t) ∈ L2 (of course, qv(t), q0(t) ∈ L∞

by definition also). The expressions in (7—18) and (7—20), and the fact that

q̄v(t) ∈ L2, can be used to conclude that qv(t) ∈ L2. Since qv(t), q0(t) ∈ L∞,

then R(t), R̄(t), q̄v(t) and q̄0(t) ∈ L∞. Hence, (7—25) can be used to conclude that

ωc(t) ∈ L∞. Based on the rotation error system in (7—15), q̇v(t), q̇0(t) ∈ L∞; hence,

qv(t), q0(t) are uniformly continuous. Barbalat’s lemma [96] can now be used to

conclude that kqv(t)k→ 0 as t→∞.

7.4.2 Translation Control Development and Stability Analysis

For completeness of the result, the same translation controller as in Chen et

al. [89] is provided. After some algebraic manipulation, the translation error system

in (7—24) can be rewritten as

z∗i
a11

ė1 = −αivc1 + Y1 (αi, ui, vi, ωc, vc2, vc3)φ1 (7—34)

z∗i
a22

ė2 = −αivc2 + Y2 (αi, ui, vi, ωc, vc3)φ2

z∗i ė3 = −αivc3 + Y3 (αi, ui, vi, ωc)φ3,

where φ1 ∈ Rn1, φ2 ∈ Rn2 , and φ3 ∈ Rn3 are vectors of constant unknown

parameters, and the known regressor vectors Y1 (·) ∈ R1×n1, Y2 (·) ∈ R1×n2, and
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Y3 (·) ∈ R1×n3 satisfy the following equations (see Appendix G):

Y1φ1 = −αi
a12
a11

vc2 − αi
(a13 − ui)

a11
vc3 + z∗i Ȳ1 (ui, vi, ωc)

φ̄

a11

Y2φ2 = −αi
a23 − vi
a22

vc3 + z∗i Ȳ2 (ui, vi, ωc)
φ̄

a22

Y3φ3 = z∗i Ȳ3 (ui, vi, ωc) φ̄.

The control strategy is to design vc3(t) to stabilize e3(t), and then design vc2(t) to

stabilize e2(t) given vc3(t), and then design vc1(t) to stabilize e1(t) given vc3(t) and

vc2(t). Following this design strategy, the translation controller vc(t) is designed

as [89]

vc3 =
1

αi

³
kv3e3 + Y3 (αi, ui, vi, ωc) φ̂3

´
(7—35)

vc2 =
1

αi

³
kv2e2 + Y2 (αi, ui, vi, ωc, vc3) φ̂2

´
vc1 =

1

αi

³
kv1e1 + Y1 (αi, ui, vi, ωc, vc2, vc3) φ̂1

´
,

where the depth ratio αi(t) > 0 ∀t. In (7—35), φ̂1 (t) ∈ Rn1, φ̂2 (t) ∈ Rn2 , φ̂3 (t) ∈ Rn3

denote adaptive estimates that are designed according to the following adaptive

update laws to cancel the respective terms in the subsequent stability analysis

·
φ̂1 = Γ1Y

T
1 e1

·
φ̂2 = Γ2Y

T
2 e2

·
φ̂3 = Γ3Y

T
3 e3, (7—36)

where Γ1 ∈ Rn1×n1,Γ2 ∈ Rn2×n2 ,Γ3 ∈ Rn3×n3 are diagonal matrices of positive

constant adaptation gains. Based on (7—34) and (7—35), the closed-loop translation

error system is

z∗i
a11

ė1 = −kv1e1 + Y1 (αi, ui, vi, ωc, vc2, vc3) φ̃1 (7—37)

z∗i
a22

ė2 = −kv2e2 + Y2 (αi, ui, vi, ωc, vc3) φ̃2

z∗i ė3 = −kv3e3 + Y3 (αi, ui, vi, ωc) φ̃3,
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where φ̃1 (t) ∈ Rn1 , φ̃2 (t) ∈ Rn2 , φ̃3 (t) ∈ Rn3 denote the intrinsic calibration

parameter mismatch defined as

φ̃1 (t) = φ1 − φ̂1 (t) φ̃2 (t) = φ2 − φ̂2 (t) φ̃3 (t) = φ3 − φ̂3 (t) .

Proposition 7.2: The controller given in (7—35) along with the adaptive

update law in (7—36) ensures asymptotic regulation of the translation error system

in the sense that

ke(t)k→ 0 as t→∞.

Proof : Let V2(e, φ̃1, φ̃2, φ̃3) ∈ R denote the following non-negative function:

V2 =
1

2

z∗i
a11

e21 +
1

2

z∗i
a22

e22 +
1

2
z∗i e

2
3 +

1

2
φ̃T1 Γ

−1
1 φ̃1 +

1

2
φ̃T2 Γ

−1
2 φ̃2 +

1

2
φ̃T3 Γ

−1
3 φ̃3. (7—38)

After taking the time derivative of (7—38) and substituting for the closed-loop error

system developed in (7—37), the following simplified expression can be obtained:

V̇2 = −kv1e21 − kv2e
2
2 − kv3e

2
3. (7—39)

Based on (7—38) and (7—39), e1(t), e2(t), e3(t) ∈ L∞ ∩ L2, and φ̃i (t) , φ̂i (t) , i =

1, 2, 3 ∈ L∞. Based on the assumption that ζzi < zi(t) < ζzi, the expression

in (7—35) can be used to conclude that vc(t) ∈ L∞. Based on the previous

stability analysis for the rotation controller, ωc(t) ∈ L∞; hence, (7—37) can be

used to conclude that ė1(t), ė2(t), ė3(t) ∈ L∞ (i.e., e1(t), e2(t), e3(t) are uniformly

continuous). Barbalat’s lemma [96] can now be used to show that e1(t), e2(t), e3(t)

→ 0 as t→∞.¥

Based on Propositions 7.1 and 7.2, the main result can be stated as follows.

Theorem 7.1: The controller given in (7—25) and (7—35) along with the adap-

tive update law in (7—36) ensures asymptotic translation and rotation regulation in

the sense that

kqv(t)k→ 0 and ke(t)k→ 0 as t→∞,
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provided the control gains satisfy the sufficient conditions given in (7—26).

Proof : See proofs in Propositions 7.1 and 7.2.

7.5 Simulation Results

Numerical simulations were performed to illustrate the performance of the

controller given in (7—25) and (7—35) and the adaptive law given in (7—36). The

intrinsic camera calibration matrix is given by

A =

⎡⎢⎢⎢⎢⎣
122.5 −3.77 100

0 122.56 100

0 0 1

⎤⎥⎥⎥⎥⎦ .
The camera is assumed to view an object with four coplanar feature points with

the following Euclidean coordinates (in [m]):

O1 =

∙
0.1 0.1 0

¸T
O2 =

∙
0.1 −0.1 0

¸T
(7—40)

O3 =

∙
−0.1 0.1 0

¸T
O4 =

∙
−0.1 −0.1 0

¸T
.

The normalized coordinates of the vanishing points were selected as∙
0.01 0.01 1

¸T ∙
0.01 −0.01 1

¸T
∙
−0.01 0.01 1

¸T ∙
−0.01 −0.01 1

¸T
.



129

The initial (i.e., pi(0)) and desired (i.e., p∗i ) image-space coordinates of the four

feature points in (7—40) were computed as (in pixels)

p1(0) =

∙
128.49 129.41 1

¸T
p2(0) =

∙
128.80 119.61 1

¸T
p3(0) =

∙
119.00 119.61 1

¸T
p4(0) =

∙
118.70 129.41 1

¸T
p∗1 =

∙
136.86 138.68 1

¸T
p∗2 =

∙
138.07 132.17 1

¸T
p∗3 =

∙
130.97 131.33 1

¸T
p∗4 =

∙
129.84 137.82 1

¸T
.

The initial (i.e., pvi(0)) and desired (i.e., p∗vi) image-space coordinates of the four

vanishing points in (7—40) were computed as (in pixels)

pv1(0) =

∙
91.84 123.68 1

¸T
pv2(0) =

∙
91.70 121.16 1

¸T
pv3(0) =

∙
89.20 121.41 1

¸T
pv4(0) =

∙
89.34 123.94 1

¸T
p∗v1 =

∙
101.19 101.23 1

¸T
p∗v2 =

∙
101.26 98.77 1

¸T
p∗v3 =

∙
98.81 98.77 1

¸T
p∗v4 =

∙
98.74 101.23 1

¸T
.

The actual value of the unknown parameter vectors φ1, φ2, and φ3 are given by

φ1 =

∙
0.0082 −0.0308 0.8163 3.5110 −0.1082 2.3386 0.0234

0.0234 0.0002 2.8648 0.0286 0.0002 0 −0.0241

0.0234 −0.0007 −2.4117 −0.0009 0 0.0910

¸T
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φ2 =

∙
0.0082 0.8159 3.5110 2.3375 0.0234 0.0002 0.0002 0 −0.0241

0.0287 −0.0009 −2.9544 0.0234 −0.0007 −2.4106
¸T

φ3 =

∙
2.8648 0.0286 0.0287 −0.0009 −2.9544

¸T
.

In the simulation, the initial value of the estimated parameter vectors φ̂1 (0), φ̂2 (0),

and φ̂3 (0) were selected as half of the actual value.

The diagonal control gain matrices Kω in (7—25) and Kv in (7—35) were

selected as

Kω = diag {4, 2, 85} Kv = diag {5, 5, 5} .

The diagonal gain matrices Γ1, Γ2, and Γ3 in the adaptive law (7—36) were selected

as

Γ1 = 0.03× diag {0.01, 1, 1, 1, 1, 1, 0.01, 0.01, 0.0001, 1,

0.01, 0.0001, 0.0001, 0.01, 0.01, 0.01, 1, 0.01, 0.01, 1}

Γ2 = 0.03× diag {0.01, 1, 1, 1, 0.01, 0.0001, 0.01, 0.01, 1, 0.0001,

0.0001, 0.01, 0.01, 0.01, 1}

Γ3 = 0.5× diag {0.1, 0.1, 10, 0.1, 10} .

The resulting asymptotic translation and rotation errors are plotted in Figure

7—1 and Figure 7—2, respectively. The pixel coordinate of the four feature points

is shown in Figure 7—3. The image-space pixel error (i.e., pi(t) − p∗i ) is shown in

Figure 7—4. The image-space trajectory of the feature points is shown in Figure

7—5, and also in Figure 7—6 in a three-dimensional format, where the vertical axis

is time. The translation and rotation control outputs are shown in Figure 7—7 and

Figure 7—8, respectively.
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Figure 7—1: Unitless translation error e(t).
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Figure 7—2: Quaternion rotation error q(t).
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Figure 7—3: Pixel coordinate p(t) (in pixels) of the current pose of the four fea-
ture points in the simulation. The upper figure is for the u(t) component and the
bottom figure is for the v(t) component.
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Figure 7—4: Regulation error p(t) − p∗(in pixels) of the four feature points in the
simulation. The upper figure is for the u(t) − u∗(t) component and the bottom
figure is for the v(t)− v∗(t) component.
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Figure 7—5: Image-space error in pixles between p(t) and p∗. In the figure, “O” de-
notes the initial positions of the 4 feature points in the image, and “*” denotes the
corresponding final positions of the feature points.
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Figure 7—6: Image-space error in pixles between p(t) and p∗ shown in a 3D graph.
In the figure, “O” denotes the initial positions of the 4 feature points in the image,
and “*” denotes the corresponding final positions of the feature points.
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Figure 7—7: Linear camera velocity control input vc(t).
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Figure 7—8: Angular camera velocity control input ωc(t).



CHAPTER 8
CONCLUSIONS

In this dissertation, visual servo control algorithms and architectures are

developed that exploit the visual feedback from a camera system to achieve a

tracking or regulation control objective for a rigid-body object (e.g., the end-

effector of a robot manipulator, a satellite, an autonomous vehicle) identified by a

patch of feature points. These algorithms and architectures can be used widely in

the navigation and control applications in robotics and autonomous systems. The

visual servo control problem in this dissertation were separated into five parts: 1)

visual servo tracking control via a quaternion formulation; 2) collaborative visual

servo tracking control using a daisy-chaining approach; 3) visual servo tracking

control using a central catadioptric camera; 4) robust visual servo control in

presence of camera calibration uncertainty; and 5) combined robust and adaptive

visual servo control via an uncalibrated camera.

An adaptive visual servo tracking control method via a quaternion formulation

is first developed that achieves asymptotic tracking of a rigid-body object to a

desired trajectory determined by a sequence of images. By developing the error

systems and controllers based on a homography decomposition, the singularity

associated with the typical image-Jacobian is eliminated. By utilizing the quater-

nion formulation, a singularity-free error system is obtained. A homography-based

rotation and translation controller is proven to yield the tracking result through

a Lyapunov-based stability analysis. Based on the result for the camera-in-hand

configuration problem, a camera-to-hand extension is given to enable a rigid-

body object to track a desired trajectory. Simulation and experiments results are

provided to show the performance of the proposed visual servo controllers.

135
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In order to enable large area motion and weaken the FOV restriction, a

collaborative visual servo method is then developed to enable the control object to

track a desired trajectory. In contrast to typical camera-to-hand and camera-in-

hand visual servo control configurations, the proposed controller is developed using

a moving on-board camera viewing a moving object to obtain feedback signals.

A daisy-chaining method is used to develop homography relationship between

different camera coordinate frames and feature point patch coordinate frames to

facilitate collaboration between different agents (e.g., cameras, reference objects,

and control object). Lyapunov-based methods are used to prove the asymptotic

tracking result. Simulation results are provided to show the performance of

the proposed visual servo controller. To enlarge the FOV, an alternative visual

servo controller is developed that yields an asymptotic tracking result using a

central catadioptric camera. A panoramic FOV is obtained by using the central

catadioptric camera.

To study the robust visual servo control problem, a visual servo controller

is developed to regulate a camera (attached to a rigid-body object) to a desired

pose in presence of intrinsic camera calibration uncertainties. A quaternion-based

estimate for the rotation error system is developed that is related to the actual

rotation error. The similarity relationship between the estimated and actual

rotation matrices is used to construct the relationship between the estimated and

actual quaternions. A Lyapunov-based stability analysis is provided that indicates

a unique controller can be developed to achieve the regulation result despite a sign

ambiguity in the developed quaternion estimate. Simulation results are provided to

illustrate the performance of the developed controller.

A new combined robust and adaptive visual servo controller is then developed

to asymptotically regulate the feature points in an image to the desired feature

point locations while also regulating the six DOF pose of the camera. These dual
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objectives are achieved by using a homography-based approach that exploits both

image-space and reconstructed Euclidean information in the feedback loop. In

comparison to pure image-based feedback approaches, some advantages of using

a homography-based method include: realizable Euclidean camera trajectories;

a nonsingular image-Jacobian; and both the camera pose and the feature point

coordinates are included in the error system. Since some image-space information is

used in the feedback-loop of the developed homography-based controller, the image

features are less likely to leave the FOV in comparison with pure position-based

approaches. The robust rotation controller that accommodates for the time-

varying uncertain scaling factor is developed by exploiting the upper triangular

form of the rotation error system and the fact that the diagonal elements of the

camera calibration matrix are positive. The adaptive translation controller that

compensates for the constant unknown parameters in the translation error system

is developed by a certainty-equivalence-based adaptive control method and a

nonlinear Lyapunov-based design approach. Simulation results are provided to

show the performance of the proposed visual servo controller.



APPENDIX A
UNIT NORM PROPERTY FOR THE QUATERNION ERROR

Property: The quaternion error (q̃0(t), q̃Tv (t))
T defined in (3—5) has a unit

norm given that q(t) and qd(t) are two unit quaternions.

Proof : The quaternion components in (3—5) can be expanded as

q̃0 = q0q0d +

⎡⎢⎢⎢⎢⎣
qv1

qv2

qv3

⎤⎥⎥⎥⎥⎦
T ⎡⎢⎢⎢⎢⎣

qvd1

qvd2

qvd3

⎤⎥⎥⎥⎥⎦ = qv1qvd1 + qv2qvd2 + qv3qvd3 + q0q0d (A—1)

and

q̃v = q0

⎡⎢⎢⎢⎢⎣
qvd1

qvd2

qvd3

⎤⎥⎥⎥⎥⎦− q0d

⎡⎢⎢⎢⎢⎣
qv1

qv2

qv3

⎤⎥⎥⎥⎥⎦+
⎡⎢⎢⎢⎢⎣

0 −qv3 qv2

qv3 0 −qv1

−qv2 qv1 0

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣

qvd1

qvd2

qvd3

⎤⎥⎥⎥⎥⎦ (A—2)

=

⎡⎢⎢⎢⎢⎣
q0qvd1 + qv2qvd3 − qv3qvd2 − qv1q0d

q0qvd2 − qv1qvd3 + qv3qvd1 − qv2q0d

q0qvd3 + qv1qvd2 − qv2qvd1 − qv3q0d

⎤⎥⎥⎥⎥⎦ .
Based on (A—1) and (A—2),

q̃20 + q̃Tv q̃v

= (qv1qvd1 + qv2qvd2 + qv3qvd3 + q0q0d)
2

+

⎡⎢⎢⎢⎢⎣
q0qvd1 + qv2qvd3 − qv3qvd2 − qv1q0d

q0qvd2 − qv1qvd3 + qv3qvd1 − qv2q0d

q0qvd3 + qv1qvd2 − qv2qvd1 − qv3q0d

⎤⎥⎥⎥⎥⎦
T ⎡⎢⎢⎢⎢⎣

q0qvd1 + qv2qvd3 − qv3qvd2 − qv1q0d

q0qvd2 − qv1qvd3 + qv3qvd1 − qv2q0d

q0qvd3 + qv1qvd2 − qv2qvd1 − qv3q0d

⎤⎥⎥⎥⎥⎦ .
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Expanding the right side of the above equation gives

q̃20 + q̃Tv q̃v

= (qv1qvd1 + qv2qvd2 + qv3qvd3 + q0q0d)
2 + (q0qvd1 + qv2qvd3 − qv3qvd2 − qv1q0d)

2

+ (q0qvd2 − qv1qvd3 + qv3qvd1 − qv2q0d)
2 + (q0qvd3 + qv1qvd2 − qv2qvd1 − qv3q0d)

2

= q20q
2
vd1 + q20q

2
vd2 + q2v1q

2
vd1 + q20q

2
vd3 + q2v1q

2
vd2 + q2v2q

2
vd1 + q2v1q

2
vd3 + q2v2q

2
vd2

+ q2v3q
2
vd1 + q2v2q

2
vd3 + q2v3q

2
vd2 + q2v3q

2
vd3 + q20q

2
0d + q2v1q

2
0d + q2v2q

2
0d + q2v3q

2
0d

= (q20 + q2v1 + q2v2 + q2v3)(q
2
0d + q2vd1 + q2vd2 + q2vd3).

Based on the fact that q(t) and qd(t) are two unit quaternions (i.e., their norms are

equal to 1),

q̃20 + q̃Tv q̃v = 1.



APPENDIX B
ONE PROPERTY OF UNIT QUATERNIONS

Property: (I3 + q×v )
−1qv = qv.

Proof : The term I3 − q×v can be expanded as

I3 − q×v =

⎡⎢⎢⎢⎢⎣
1 0 0

0 1 0

0 0 1

⎤⎥⎥⎥⎥⎦−
⎡⎢⎢⎢⎢⎣

0 −qv3 qv2

qv3 0 −qv1

−qv2 qv1 0

⎤⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎣

1 qv3 −qv2

−qv3 1 qv1

qv2 −qv1 1

⎤⎥⎥⎥⎥⎦ . (B—1)
Taking the inverse of the expanded matrix in (B—1) gives

¡
I3 − q×v

¢−1
=

⎡⎢⎢⎢⎢⎣
1 qv3 −qv2

−qv3 1 qv1

qv2 −qv1 1

⎤⎥⎥⎥⎥⎦
−1

=
1

q2v1 + q2v2 + q2v3 + 1

⎡⎢⎢⎢⎢⎣
q2v1 + 1 −qv3 + qv1qv2 qv2 + qv1qv3

qv3 + qv1qv2 q2v2 + 1 −qv1 + qv2qv3

−qv2 + qv1qv3 qv1 + qv2qv3 q2v3 + 1

⎤⎥⎥⎥⎥⎦ .
(B—2)

Multiplying qv on both sides of (B—2) gives

¡
I3 − q×v

¢−1
qv =

⎡⎢⎢⎢⎢⎣
qv3 (qv2 + qv1qv3) + qv2 (−qv3 + qv1qv2) + qv1 (q

2
v1 + 1)

qv1 (qv3 + qv1qv2) + qv3 (−qv1 + qv2qv3) + qv2 (q
2
v2 + 1)

qv2 (qv1 + qv2qv3) + qv1 (−qv2 + qv1qv3) + qv3 (q
2
v3 + 1)

⎤⎥⎥⎥⎥⎦
q2v1 + q2v2 + q2v3 + 1

= qv.
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APPENDIX C
OPEN-LOOP TRANSLATION ERROR SYSTEM

The translation error was defined as

e = me −med,

where me(t) and med(t) are the extended normalized coordinates of m̄
0
i (t) and

m̄rdi (t), respectively, and were defined as

me =

∙
x
0
i

z
0
i

y
0
i

z
0
i

ln(
z
0
i

z∗ri
)

¸T
med =

∙
xrdi
zrdi

yrdi
zrdi

ln(
zrdi
z∗ri
)

¸T
.

Differentiating me(t) gives

ṁe =
1

z
0
i

L
0
v

·
m̄

0

i, (C—1)

where

L
0
v =

⎡⎢⎢⎢⎢⎢⎢⎣
1 0 −x

0
i

z
0
i

0 1 −y
0
i

z
0
i

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦ .

The derivative of m̄
0
i (t) is given by

·
m̄

0

i =

⎡⎢⎢⎢⎢⎣
ẋ
0
i

ẏ
0
i

ż
0
i

⎤⎥⎥⎥⎥⎦ = R
0 ¡
vc + ω×c si

¢
, (C—2)

where vc (t) and ωc (t) are the linear and angular velocities of π with respect to IR

expressed in F . Based on (C—1) and (C—2), ṁe(t) can be further written as

ṁe =
1

z
0
i

L
0
vR

0 ¡
vc + ω×c si

¢
. (C—3)
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From (C—3), the translation error system can be obtained as

ė =
1

z
0
i

L
0
vR

0 ¡
vc + ω×c si

¢
− ṁed,

and it can be further written as

z∗riė =
z∗ri
z
0
i

L
0
vR

0 ¡
vc + ω×c si

¢
− z∗riṁed.



APPENDIX D
PROPERTY ON MATRIX NORM

Property:
°°[ξ]×°°

2
= kξk ∀ξ ∈ R3.

Proof : The spectral norm kAk2 of a real matrix is the square root of the

largest eigenvalue of the matrix multiplied by its transpose, i.e.,

kAk2 =
p
λmax {ATA}.

For any given vector ξ ∈ R3,

[ξ]× =

⎡⎢⎢⎢⎢⎣
0 −ξ3 ξ2

ξ3 0 −ξ1

−ξ2 ξ1 0

⎤⎥⎥⎥⎥⎦ .

The Euclidean norm of [ξ]× is given by

°°[ξ]×°°
2
=

r
λmax

n£
[ξ]×

¤T
[ξ]×

o

=

vuuuuuuutλmax

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎣
ξ22 + ξ23 −ξ1ξ2 −ξ1ξ3

−ξ1ξ2 ξ21 + ξ23 −ξ2ξ3

−ξ1ξ3 −ξ2ξ3 ξ21 + ξ22

⎤⎥⎥⎥⎥⎦
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

=
q
ξ21 + ξ22 + ξ23 .

The norm of ξ is given by

kξk =
q
ξ21 + ξ22 + ξ23 .

Hence,
°°[ξ]×°°

2
= kξk.
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APPENDIX E
COMPUTATION OF DEPTH RATIOS

Based on (7—5) and (7—6), the following expression can be obtained:

pi = αi

¡
R̄+ x̄hn̄

∗T¢ p∗i , (E—1)

where R̄(t) is defined in (7—8), and x̄h(t) ∈ R3 and n̄∗(t) ∈ R3 are defined as

x̄h = A
xf
d∗

n̄∗T = n∗TA−1.

Using the four corresponding reference feature points, the expression in (E—1) can

be written as

pi = αiGp
∗
i = αig33Gnp

∗
i , (E—2)

where g33 (t) ∈ R is the (assumed w.l.o.g.) positive third row third column element

of G(t), and Gn(t) ∈ R3×3 is defined as G(t)/g33(t). Based on (E—2), twelve linear

equations can be obtained for the four corresponding reference feature points. A set

of twelve linear equations can then be developed to solve for αi(t)g33(t) and Gn(t).

To determine the scalar g33(t), the following equation can be used:

g33Gn = R̄+ x̄hn̄
∗T , (E—3)

provided that R̄ (t) is obtained using the four vanishing points, where

R̄ =

⎡⎢⎢⎢⎢⎣
r̄11 r̄12 r̄13

r̄21 r̄22 r̄23

r̄31 r̄32 r̄33

⎤⎥⎥⎥⎥⎦ Gn =

⎡⎢⎢⎢⎢⎣
gn11 gn12 gn13

gn21 gn22 gn23

gn31 gn32 1

⎤⎥⎥⎥⎥⎦
x̄h =

∙
x̄h1 x̄h2 x̄h3

¸T
n̄∗T =

∙
n̄∗1 n̄∗2 n̄∗3

¸
.
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To this end, let

x1 = x̄h1n̄
∗
1 x2 = x̄h1n̄

∗
2 x3 = x̄h1n̄

∗
3

x4 = x̄h2n̄
∗
1 x5 = x̄h2n̄

∗
2 x6 = x̄h2n̄

∗
3

x7 = x̄h3n̄
∗
1 x8 = x̄h3n̄

∗
2 x9 = x̄h3n̄

∗
3

μ1 =
n̄∗2
n̄∗1

μ2 =
n̄∗3
n̄∗1

,

then the following relationships can be obtained:

x2 = μ1x1 x5 = μ1x4 x8 = μ1x7

x3 = μ2x1 x6 = μ2x4 x9 = μ2x7.

The elements of the matrix g33(t)Gn(t) in (E—3) can be rewritten as

r̄11 + x1 = g33gn11 r̄12 + μ1x1 = g33gn12 (E—4)

r̄13 + μ2x1 = g33gn13

r̄21 + x4 = g33gn21 r̄22 + μ1x4 = g33gn22 (E—5)

r̄23 + μ2x4 = g33gn23

r̄31 + x7 = g33gn31 r̄32 + μ1x7 = g33gn32 (E—6)

r̄33 + μ2x7 = g33.

The expressions in (E—4) can be combined as

r̄12 + μ1x1 =
gn12
gn11

(r̄11 + x1) (E—7)

r̄13 + μ2x1 =
gn13
gn11

(r̄11 + x1) .
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Similarly, the expressions in (E—5) can be combined as

r̄22 + μ1x4 =
gn22
gn21

(r̄21 + x4) (E—8)

r̄23 + μ2x4 =
gn23
gn21

(r̄21 + x4) .

Since r̄ij(t), gnij(t) ∀i, j ∈ {1, 2} and r̄13(t), r̄23(t), gn13(t) and gn23(t) are

known, (E—7) and (E—8) provide four equations that can be solved to determine the

four unknowns (i.e., μ1, μ2, x1(t), x4(t)). After solving for these four unknowns,

(E—4) and (E—5) can be used to solve for g33 (t), and then G (t) can be obtained.

Given G (t), (E—2) can be used to solve for αi (t).



APPENDIX F
INEQUALITY DEVELOPMENT

Property: There exist two positive constants ζ
γ
and ζγ such that the scaling

factor γ(t) satisfies the inequality

ζ
γ
< γ(t) < ζγ. (F—1)

Proof : Since

γ =
kqvk
kAqvk

,

the square of γ(t) is given by

γ2 =
qTv qv

(Aqv)
T Aqv

=
qTv qv

qTv A
TAqv

. (F—2)

Based on the fact that A is of full rank, the symmetric matrix ATA is positive

definite. Hence, the Rayleigh-Ritz theorem can be used to conclude that

λmin(A
TA)qTv qv ≤ qTv A

TAqv ≤ λmax(A
TA)qTv qv, (F—3)

where λmin(ATA) and λmax(A
TA) denote the minimal and maximal eigenvalues of

ATA, respectively. From (F—2) and (F—3), it can concluded that

1

λmax(ATA)
≤ γ2 =

qTv qv
qTv A

TAqv
≤ 1

λmin(ATA)

s
1

λmax(ATA)
≤ γ ≤

s
1

λmin(ATA)
.
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APPENDIX G
LINEAR PARAMETERIZATION OF TRANSLATION ERROR SYSTEM

The regressor vectors Y1 (·) ∈ R1×20, Y2 (·) ∈ R1×15, Y3 (·) ∈ R1×5 and the

constant unknown parameter vectors φ1 ∈ R20×1, φ2 ∈ R15×1, φ3 ∈ R5×1 are given by

Y1 =

∙
αiuivc3 −αivc2 −αivc3 −ωc2 ωc1 ωc1 −viωc1

−uiωc1 uiviωc1 −ωc3 viωc3 −u2iωc2 uiviωc2 −uiωc2

−ωc3ui ωc3vi −ωc3 ωc2ui −ωc2vi ωc2

¸
φ1 = z∗i

∙
1

a11z∗i

a12
a11z∗i

a13
a11z∗i

1
a12
a11

a13a23
a11a22

a13
a11a22

a23
a11a22

1

a11a22

a23
a22

1

a22

1

a211

a12
a211a22

a12a23 − a13a22
a211a22

a12
a211

a212
a211a22

a212a23 − a12a13a22
a211a22

a13
a211

a12a13
a211a22

a12a13a23 − a213a22
a211a22

¸T
Y2 =

∙
αivivc3 −αivc3 ωc1 ωc1 −2viωc1 v2i ωc1 −ωc3ui ωc3vi −ωc3

−viω2cui v2i ω2c −viω2c ω2cui −ω2cvi ω2c

¸
φ2 = z∗i

∙
1

a22z∗i

a23
a22z∗i

1
a223
a222

a23
a222

1

a222

1

a11

a12
a11a22

a12a23 − a13a22
a11a22

1

a11a22

a12
a11a222

a12a23 − a13a22
a11a222

a23
a11a22

a12a23
a11a222

a12a
2
23 − a13a22a23
a11a222

¸T
Y3 =

∙
ω2cui −ω2cvi ω2c −viωc1 ωc1

¸
φ3 = z∗i

∙
1

a11

a12
a11a22

a12a23 − a13a22
a11a22

1

a22

a23
a22

¸T
.
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