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Controllers are often designed based on the assumption that a control actuation can
be directly applied to the system. This assumption may not be valid, however, for systems
containing parametric input uncertainty or unmodeled actuator dynamics.

In this dissertation, a tracking control methodology is proposed for aircaft and
aerospace systems for which the corresponding dynamic models contain uncertainty
in the control actuation. The dissertation will focus on five problems of interest: 1)
adaptive CMG-actuated satellite attitude control in the presence of inertia uncertainty
and uncertain CMG gimbal friction; 2) adaptive neural network (NN)-based satellite
attitude control for CMG-actuated small-sats in the presence of uncertain satellite
inertia, nonlinear disturbance torques, uncertain CMG gimbal friction, and nonlinear
electromechanical CMG actuator disturbances; 3) dynamic inversion (DI) control for
aircraft systems containing parametric input uncertainty and additive, nonlinearly
parameterizable (non-LP) disturbances; 4) adaptive dynamic inversion (ADI) control for
aircraft systems as described in 3); and 5) adaptive output feedback control for aircraft

systems as described in 3) and 4).
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CHAPTER 1
INTRODUCTION AND MOTIVATION

1.1 Satellite Attitude Control

Through ventures such as NASA’s New Millennium Program and DoD’s Operational
Responsive Space [1], the space industry is moving toward smaller satellites and the
buses that support them. Some proposed uses of these small satellites (small-sats)
include astrophysics research, surveillance, and autonomous servicing, all of which
require precision attitude motion. However, due to their smaller sizes, the attitude
motion of these small-sats is more susceptible to external disturbances than their larger
counterparts. Furthermore, the smaller sizes of these new small-sats limit the mass, power
and size budgets allocated to their attitude control systems (ACS). These contradictory
requirements necessitate novel solutions for the ACS.

Controllers that are based on the assumption that a torque can be directly applied
about the body-fixed satellite axes (e.g., [2-5]) may not be well suited for applications
that require high-precision attitude control, because the satellite torques are generated
by actuators with additional dynamics. For example, (especially in small rigid-body
satellites), the desired torques are typically generated by a cluster (e.g., [6, 7]) of single
gimbal control moment gyroscopes (CMGs) due to their low mass and low power
consumption properties. Unfortunately, the torque producing capacity of CMGs can
deteriorate over time due to changes in the dynamics such as bearing degradation and
increased friction in the gimbals. The ramifications of CMG friction build-up include
increased power consumption due to energy dissipation. Examples of actual satellite
failures resulting from CMG problems are the Hipparcos satellite and Magellan satellite
[8]. Hipparcos failed and “spun down” due to numerous gyroscope failures. One of
these failures was due to high and variable drag torque in gyro number 4, which led to
premature degradation. The Magellan satellite was in transit to Venus for five months

before it began exhibiting erratic motor current shifts in one of its gyros [8]. The cause of
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this failure was found to be friction buildup due to a manufacturing process error in which
the bearing lubricant was contaminated by a solvent.

The design of ACS for satellites is complicated due to parametric uncertainties,
disturbances, and nonlinearities, which usually exist in the corresponding plant dynamics.
To cope with these challenges, attitude controllers based on NNs are often utilized [9-17].
In [14], an attitude control approach based on the radial basis function neural network
(RBFNN) is developed. The satellite dynamic model utilized in [14] includes no fiction
effects or disturbances in the reaction wheel actuators. Another NN attitude controller
is presented in [17], which utilizes NNs to approximate the parametric uncertainties and
nonlinearities present in the system dynamics. An online NN is used in [17] to re-optimize
a Single Network Adaptive Critic, or SNAC-based optimal controller, which has been
designed a priori for the nominal system. In [9], a NN attitude controller is developed
based on a simplified nonlinear model of the Space Station Freedom. The dynamic model
for the space station considered in [9] is simplified by assuming small roll/yaw attitude
errors and small products of inertia. The attitude controller in [9] demonstrates the
capability of the NN to adaptively compensate for varying inertia characteristics. The
NN controllers presented in [9] and [17] are tested in attitude control problems under the
assumption that a control torque can be directly applied about the spacecraft body-fixed
axes.

Adaptive satellite attitude control is often utilized to cope with systems containing
constant parametric uncertainty. In [18], an output feedback structured model reference
adaptive controller (MRAC) is developed for spacecraft rendezvous and docking problems.
The adaptive controller in [18] accommodates inertia uncertainty in the momentum
wheel actuator dynamics; however, no frictional effects were assumed to be present in the
actuator model. A quaternion-based, full-state feedback attitude tracking controller was
designed in [2] for a rigid satellite in the presence of an unknown satellite inertia matrix.

A model-error control synthesis (MECS) approach was used in [3] to cancel the effects
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of modelling errors and external disturbances on the system. The control law proposed

in [3] requires a model-error term to cancel the effects of a time delay, which is inherent

to the MECS design. An adaptive control law is designed in [19], which incorporates a
velocity-generating filter from attitude measurements. The controller in [19] is shown to
achieve asymptotic convergence of the attitude and angular velocity tracking errors despite
uncertainty in the satellite inertia, but it assumes no dynamic uncertainty in the control
torque. While the aforementioned controllers perform well for applications involving large
satellites, they may not be well suited for attitude control of CMG-actuated small-sats. In
Chapter 2, a more suitable control design for such small-sats is developed.

A nonlinear adaptive controller is developed in Chapter 2 that compensates for inertia
uncertainties and uncertain CMG gimbal friction. Instead of developing a control torque
to solve the attitude tracking problem, the attitude tracking controller in Chapter 2 is
developed in terms of the CMG gimbal angular velocity. The development is complicated
by the fact that the control input is multiplied by a time-varying, nonlinear uncertain
matrix. Additional complications arise because the gimbal velocity control term is
embedded inside of a discontinous nonlinearity (i.e., the standard signum function)
resulting from the CMG static friction effects. A robust control method is used to mitigate
the disturbance resulting from the static friction. In addition, potential singularities
may exist in the Jacobian that transforms the torque produced by each CMG to desired
torques about the satellite coordinate frame [20]. The singularity problem is circumvented
by the use of a particular Jacobian pseudoinverse, coined the singularity robust steering
law, which was introduced in [21], and has been implemented in several aerospace vehicles
(e.g., see [20] and [22]). A uniformly ultimately bounded (UUB) stability result is proven
via Lyapunov analysis for the case in which both static and dynamic friction effects
are included in the CMG dynamic model. An asymptotic tracking extension is then

formulated for the case where static friction effects are ignored.
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An adaptive NN attitude tracking controller is developed in Chapter 3 for CMG-actuated
small-sats, which compensates for uncertain satellite inertia, nonlinear disturbance
torques, uncertain CMG gimbal friction, and CMG actuator disturbances. The NN
weights and thresholds are adjusted on-line, with no off-line learning phase required.

In addition to the unknown CMG gimbal friction assumed present in the CMG torque
model (e.g., see [23]), unknown electromechanical disturbances are assumed to be
present in the CMG actuators. Some of the challenges encountered in the control
design are that the control input (i.e., CMG gimbal angular rate) is: premultiplied by
a non-square, time-varying, nonlinear uncertain matrix due to dynamic gimbal friction
and electromechanical disturbances; and is embedded in a hard nonlinearity due to
static gimbal friction. Furthermore, due to the small size of the satellite considered
in this development, the motion of the CMGs causes significant time-variation in the
satellite inertia characteristics. The time-variation of the satellite inertia manifests itself
as a nonlinear disturbance torque in the satellite dynamic model, which is handled via
online NN approximation. Simulation results are provided to illustrate the efficacy of the
proposed control design.

1.2 Aircraft Control

Feedback linearization is a general control method where the nonlinear dynamics
of a system are canceled by state feedback yielding a residual linear system. Dynamic
inversion is a similar concept as feedback linearization that is commonly used within the
aerospace community to replace linear aircraft dynamics with a reference model [24-34].
For example, a general dynamic inversion approach is presented in [27] for a reference
tracking problem for a minimum-phase and left-invertible linear system. A dynamic
inversion controller is designed for a nonminimum-phase hypersonic aircraft system in
[25], which utilizes an additional controller to stabilize the zero dynamics. A finite-time
stabilization design is proposed in [26], which utilizes dynamic inversion. The technique in

[26] required the input matrix to be full rank. Typically, dynamic inversion methods (e.g.,
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[24, 25]) assume the corresponding plant models are exactly known. However, parametric
uncertainty, additive disturbances, and unmodeled plant dynamics are always present in
practical systems. Additional difficulties exist in designing ADI controllers for systems
containing uncertainty in the input matrix. While robust control methods are often
utilized to compensate for the inversion error in such cases [35-38], the required control
effort can be large due to the high gain or high frequency feedback typically required in
the robust control design. There remains a need for an ADI controller, which is capable of
achieving asymptotic tracking for systems containing parametric uncertainty and unknown
nonlinear disturbances while minimizing the required control effort.

Robust design methods are often utilized in DI controllers to compensate for
parametric uncertainty and inversion error (e.g., see [35-38]). In Chapter 4 [35], a
best-guess feedforward estimate for the parameteric uncertainty is used in conjunction
with a robust control term to compensate for the corresponding inversion error. In
[36], a stochastic robust dynamic inversion technique is applied to a nonlinear aircraft
model at high angle of attack. The controller in [36] is designed to compensate for
uncertainties in the aerodynamic parameters, and is applicable to systems for which
the nominal model is feedback linearizeable. In [37], a robust trajectory tracking
controller is designed for an unmanned aerial vehicle (UAV) using a two-time-scaled
dynamic inversion method. The controllers in [36] and [37] are based on the assumption
that one subset of the state components evolves much faster than the other subset.

A sliding-mode controller is designed in [39] for an agile missile model containing
aerodynamic uncertainty. The scalar input uncertainty in [39] was bounded and damped
out through a discontinuous sliding-mode control element. A discontinuous sliding mode
controller was also developed in [38] for attitude tracking of an unpowered flying vehicle
with an uncertain column deficient non-symmetric input matrix. In our previous work in
[35], a continuous robust controller was used to achieve semi-global asymptotic tracking of

an aircraft reference model where the aircraft dynamics contained column deficient input
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uncertainty. Robust control methods can be utilized to compensate for both structured
and unstructured bounded uncertainty; however, robust control methods are based on
worst-case uncertainty and disturbances and typically exploit high gain or high frequency
components to achieve stability. Moreover, for a broad class of disturbances (e.g., an
additive bounded nonvanishing disturbance) the steady state error is only proven to
converge to a neighborhood, rather than an asymptotic stabiliy result.

Motivated by the desire to improve the robustness to uncertainty over traditional
methods, adaptive dynamic inversion (ADI) was developed as a method to compensate for
parametric uncertainty (cf. [27, 29, 30, 33]). Typically, ADI methods MRAC techniques
where the desired input-output behavior of the closed-loop system is given via the
corresponding dynamics of a reference model [28, 30, 40]. Therefore, the basic task is to
design a controller which will ensure the minimal error between the reference model and
the plant outputs despite uncertainties in the plant parameters and working conditions.
In [41], a full-state feedback adaptive control design was presented for a general class
of fully-actuated nonlinear systems containing state-varying input uncertainty and a
nonlinear disturbance that is linear in the uncertainty. The ADI design in [41] utilizes
a matrix decomposition technique [42, 43] to yield a global asymptotic tracking result
when the input uncertainty is assumed to be square and positive definite. A semi-global
MIMO extension is also provided in [41] using a robust controller for the case when the
input matrix uncertainty is square, positive definite, and symmetric. A full-state feedback
adaptive controller is developed in [44], which compensates for parametric uncertainty in
a linearly parametrizeable nonlinearity and a square input gain matrix. The approach in
[44] applies a matrix decomposition technique to avoid singularities in the control law.
The technique in [44] is extended to an adaptive output feedback controller in [45] via the
use of state estimators. An adaptive tracking controller is developed in [46] for nonlinear
robot systems with kinematic, dynamic and actuator uncertainties where the input

uncertainty is a constant diagonal matrix. In our previous work in [47], an ADI controller
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is developed to achieve semi-global asymptotic tracking of an aircraft reference model
where the aircraft dynamics contain column deficient non-symmetric input uncertainty.
However, the controller in [47] depends on the output states and the respective time
derivatives. Several efforts (e.g., [31-33, 48-51]) have been developed for the more general
problem where the uncertain parameters or the inversion mismatch terms do not satisfy
the linear-in-the-parameters assumption (i.e., non-LP). One method to compensate for
non-LP uncertainty is to exploit a neural network as an on-line function approximation
method as in [48-50]; however, all of these results yield uniformly ultimately bounded
stability due to the inherent function reconstruction error.

In contrast to neural network-based methods to compensate for the non-LP
uncertainty, a robust control approach was recently developed in [52] that exploits a
unique integral of the sign of the error (coined RISE control in [53]) to yield an asymptotic
stability result. The RISE-based control structure has been used for a variety of fully
actuated systems in [52-60]. The contribution in Chapter 4 is the use of the RISE control
structure to achieve asymptotic tracking control of a model reference system, where the
plant dynamics contain a bounded additive disturbance (e.g., potential disturbances
include: gravity, inertial coupling, nonlinear gust modeling, etc.). This result represents
the first ever application of the RISE method where the controller is multiplied by
a non-square matrix containing parametric uncertainty. To achieve the result, the
typical RISE control structure is modified by adding a robust control term, which is
designed to compensate for the uncertainty in the input matrix. The result is proven via
Lyapunov-based stability analysis and demonstrated through numerical simulation.

Motivated by the desire to develop an adaptive method, neural network (NN)-based
controllers have been typically used to compensate for unstructured uncertainty (e.g., see
[61]). One drawback of NN-based control is that asymptotic stability is difficult to prove
due to the inherent functional reconstruction error. A contribution in Chapter 5 is that

a new robust control technique is used along with an adaptive control law to achieve an
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asymptotic tracking result in the presence of parametric uncertainty in the input and state
matrices and an additive nonvanishing nonlinear disturbance. An asymptotic tracking
result is proven via a Lyapunov stability analysis, and a high fidelity numerical simulation
is provided to show the performance of the proposed control design.

The contribution in Chapter 6 is the development of a continuous output feedback
controller that achieves global asymptotic tracking of the outputs of a reference model,
where the plant model contains a non-square, column deficient, uncertain input matrix
and a non-vanishing disturbance that cannot be linearly parameterized. In comparison
with the results presented in Chapters 4 and 5, the current development exploits the
matrix decomposition technique in [42, 43] so that the controller depends only on the
output states, and not the respective time derivatives. Global asymptotic tracking is
proven via a Lyapunov stability analysis, and a high fidelity numerical simulation is
provided to show the performance of the developed controller.

1.3 Research Plan

1.3.1 Contributions of Completed Research

e A singularity-robust attitude tracking controller for a rigid body satellite is
developed, which adapts for parametric uncertainty in the satellite inertia matrix
in addition to uncertainties in the input torque caused by static and dynamic CMG
gimbal friction.

e A NN-based adaptive attitude tracking controller for a rigid body satellite is
designed, which achieves UUB attitude tracking for a rigid-body satellite in the
presence of general (i.e., non-LP) exogenous disturbances, parametric uncertainty in
the satellite inertia matrix, and uncertainties in the input torque caused by static
and dynamic CMG gimbal friction and electromechanical disturbances in the gimbal
servo loops.

e The attitude controllers presented here are suitable for small-sats, for which
significant disturbances resulting from the motion of the CMGs exist.

e An aircraft controller is presented, which achieves asymptotic tracking control of a
model reference system where the plant dynamics contain input uncertainty and a
non-LP disturbance. This result represents the first ever application of a continuous
control strategy in a DI and MRAC framework to a nonlinear system with additive,
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non-LP disturbances, where the control input is multiplied by a non-square matrix
containing parametric uncertainty.

e An aircraft controller is developed, which achieves asymptotic tracking control
of a model reference system where the plant dynamics contain input uncertainty
and a non-LP disturbance. This result represents application of a continuous
control strategy in an ADI framework to a nonlinear system with additive,
non-LP disturbances, where the control input is multiplied by a non-square matrix
containing parametric uncertainty.

e A robust adaptive output feedback (OFB) dynamic inversion control strategy
is presented that achieves global asymptotic tracking of a reference model. The
considered system contains linearly parameterizable uncertainty in the state
and input matrices in addition to a non-LP disturbance. This result represents
application of a continuous output feedback control strategy in an ADI framework
to a nonlinear system with additive, non-LP disturbances, where the control input is
multiplied by a non-square matrix containing parametric uncertainty.

1.3.2 Limitations of Completed Research

e Attitude controller designs developed in Chapters 2 and 3 are only able to achieve
uniformly ultimately bounded tracking result (i.e., not asymptotic).

e  All controllers proposed are designed to handle systems which are affine in the
control input.

1.3.3 Future Research Plans

e Improve the CMG attitude control design to achieve an asymptotic tracking result
(e.g., using RISE or a single network adaptive critic (SNAC) neural network).

e Design a controller capable of achieving asymptotic tracking for nonaffine-in-control
dynamic systems (e.g., building on research.by N. Hovakimyan).

e Experimentally validate the NN-based adaptive attitude controller using the UF
Space Systems Group CMG test bed.

1.3.4 Research Schedule

The research schedule is illustrated in Figure 1-1
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CHAPTER 2
ADAPTIVE SATELLITE ATTITUDE CONTROL IN THE PRESENCE OF INERTTA
AND CMG GIMBAL FRICTION UNCERTAINTIES

2.1 Introduction

A nonlinear adaptive controller is developed in this dissertation that compensates for
inertia uncertainties and uncertain CMG gimbal friction. Instead of developing a control
torque to solve the attitude tracking problem, the attitude tracking controller in this
dissertation is developed in terms of the CMG gimbal angular velocity. The development
is complicated by the fact that the control input is multiplied by a time-varying, nonlinear
uncertain matrix. Additional complications arise because the gimbal velocity control term
is embedded inside of a discontinous nonlinearity (i.e., the standard signum function)
resulting from the CMG static friction effects. A robust control method is used to mitigate
the disturbance resulting from the static friction. In addition, potential singularities
may exist in the Jacobian that transforms the torque produced by each CMG to desired
torques about the satellite coordinate frame [20]. The singularity problem is circumvented
by the use of a particular Jacobian pseudoinverse, coined the singularity robust steering
law, which was introduced in [21], and has been implemented in several aerospace vehicles
(e.g., see [20] and [22]). A uniformly ultimately bounded (UUB) stability result is proven
via Lyapunov analysis for the case in which both static and dynamic friction effects
are included in the CMG dynamic model. An asymptotic tracking extension is then
formulated for the case where static friction effects are ignored.

2.2 Dynamic Model

The dynamic model for a rigid body CMG actuated satellite can be expressed as

(62, 63]

Jo = = Jw + Temg — Jw. (2-1)

In (2-1), J(§) € R®*3 represents the positive definite, symmetric satellite inertia matrix
that is a function of the CMG gimbal angular position vector §(¢) € R*, w(t) € R?® denotes

the angular velocity of the satellite body-fixed frame F with respect to Z expressed in
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F, Temg(t) € R? denotes the torque generated via a CMG cluster consisting of four single
gimbal CMGs, the term J(t)w(t) represents the time variation of the satellite inertia
matrix due to the motion of the CMGs, and the notation (* V( = [(1, (s, (g]T denotes the

following skew-symmetric matrix:

0 -G ¢
CX = (3 0 —(1 | - (2_2)
-G G 0

The satellite inertia matrix in (2-1) can be lower and upper bounded as follows:
1 2 T 1 2 n
D (V€7 < €776 € Ern V€I e € R (29

where Apin {J}, Amax {J} € R are the minimum and maximum eigenvalues of J(¢),

respectively. The torque generated from the CMG cluster can be modeled as!
Temg = — (ﬁcmg + wxhcmg) — AF5 — AFssgnS, (2-4)

where Fy;, F, € R** are diagonal matrices whose elements are the unknown constant
dynamic and static friction coefficients, respectively, of the four CMG gimbals, hen,(t) €

R3 represents the angular momentum of the CMG cluster, and Agn,(t) is modeled as [7]
Pemg = hA(6)0, (2-5)

where h € R represents the constant angular momentum of each CMG expressed in the

gimbal-fixed frame (i.e., h is the same for all four CMGs). In (2-4) and (2-5), §(t) € R?

' The CMG torque expression does not explicitly include gimbal acceleration terms,
but these effects are assumed to be included with the other bounded uncertainties, which
contribute to the ultimate bound on the tracking error.
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denotes the CMG gimbal angular velocity control input, which is defined as

. T

b2 [51 by 45 54} , (2-6)
where 52(75) € R denotes the angular velocity of the individual CMG gimbals Vi = 1,2, 3,4,

sgn (5 (t)) € R* denotes a vector form of the standard sgn () function where the sgn (-)

is applied to each element of §(t), and A(8) € R*** denotes a measurable Jacobian matrix

defined as .
— COS Y €OS 01 sin d; sin 7y cos 01
sin 0 — COS7YCOS 0y Sin-ycosdy
A= , (2-7)
COS 7y oS 03 sin 03 sin 7y cos 03
—sindy COS7yCoSdy  Sin-ycosdy

where v € R is the constant angle (54.74 deg) of each wall of the pyramid-shaped CMG

cluster as depicted in Figure 2.2. Since the elements of A(J) in (2-7) are combinations of

Figure 2-1. The University of Florida control moment gyroscope experimental test bed.

bounded trigonometric terms, the following inequality can be developed:

[A(0)]]i00 < o, (2-8)

where (; € R is a positive bounding constant, and ||-||, . denotes the induced infinity norm

of a matrix.
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2.3 Kinematic Model

The rotational kinematics of the rigid-body satellite can be determined as [2]

. 1

G =3 (4w + qow) (2-9)
) 1 »
Go = —Eqvw. (2-10)

In (2-9) and (2-10), ¢(t) £ {q0(t),¢,(t)} € R x R3 represents the unit quaternion [62]
describing the orientation of the body-fixed frame F with respect to Z, subject to the
constraint

Gy +a5=1 (2-11)

Rotation matrices that bring Z onto F and Z onto F; (desired body-fixed orientation),

denoted by R(q,,q0) € SO(3) and Ry(qua, goa) € SO(3), respectively, can be defined as

R2 (g5 — ¢y a0) Is + 2000, — 2000, (2-12)

Ry = (@3 — 4tyqua) Is + 2¢uaqly — 29049, (2-13)

where I3 denotes the 3 x 3 identity matrix, and ¢4(t) = {qoa(t), ua(t)} € R x R® represents
the desired unit quaternion that describes the orientation of the body-fixed frame F; with

respect to Z. Using (2-9) and (2-10), w(t) can be expressed in terms of the quaternion as
w=2 (QOQU - qUCJo) - QQ;Q’U (2—14)

The desired angular velocity body-fixed frame F; with respect to Z expressed in F; can
also be determined as

wa = 2 (qoaGvd — Gvadod) — 2q,yquvd- (2-15)
The subsequent analysis is based on the assumption that qoq(t), gua(t), and their first three

time derivatives are bounded for all time. This assumption ensures that wy(t) of (2-15)

and its first two time derivatives are bounded for all time.
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2.4 Control Objective
The objective in this chapter is to develop a gimbal velocity controller to enable the
attitude of F to track the attitude of F;. To quantify the objective, an attitude tracking

error denoted by R(ev, eg) € R3*3 is defined that brings F,; onto F as
R4 RRT = (5 — erey) I3 + 2epe, — 2eey), (2-16)

where R(qy,q0) and Rg(qud, Goa) were defined in (2-12) and (2-13), respectively, and the

quaternion tracking error e(t) £ {eg(t), e,(t)} € R x R? is defined as
€0 = qoGod + Gy Gud (2-17)

€u 2 Goady — Qv + 4, Gua- (2-18)
Based on (2-16), the attitude control objective can be stated as

R(e,(t),e0(t)) — I3 as t — oo. (2-19)

Based on the tracking error formulation, the angular velocity of F with respect to Fy

expressed in F, denoted by @(t) € R3, is defined as
2 w— Ruw,. (2-20)

From the definitions of the quaternion tracking error variables, the following constraint can

be developed [2]:

ele, +ep =1, (2-21)
where
O<[lex(l <1 0<leo®)] <1, (2-22)
where ||-|| represents the standard Euclidean norm. From (2-21),
leo (Bl = 0= leo(t)] — 1, (2-23)

26



and hence, (2-16) can be used to conclude that if (2-23) is satisfied, then the control
objective in (2-19) will be achieved.
2.5 Adaptive Control Development
To facilitate the controller design, an auxiliary signal, denoted by 7(t) € R3, is defined
as

rew— Rwd + ae, (2-24)

where o € R3*3 is a constant, positive definite, diagonal control gain matrix. After

substituting (2-24) into (2-20), the angular velocity tracking error can be expressed as

=1r — ae,. (2-25)

&

Motivation for the design of r(t) is obtained from the subsequent Lyapunov-based
stability analysis and the fact that (2-14) - (2-18) can be used to determine the open-loop

quaternion tracking error as

sz

(ef +ed)o  ég=— (2-26)

€y =

N | —
N | —

2.5.1 Tracking Error Dynamics
The open-loop dynamics for r(t) can be determined by taking the time derivative of

(2-24) and premultiplying the resulting expression by J(d) as
Jr = Jw + Jw* Rug — JRwg + Jaé,, (2-27)

where the fact that

R=—-w*R
was utilized. After using (2-1), (2-4), (2-5), (2-24), and (2-26), the expression in (2-27)

can be written as

Ji = —w hemg — §J7’ + Y160, — Q10 — hAd — AF sgnd. (2-28)
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In (2-28), Yi(ey, €0, w,d,t) € R3*P1 is a known and measurable regression matrix, and

6, € RP! is a vector of p; unknown constants (i.e., satellite inertia parameters) where?

~ - 1
Y0, = —w*Jw + Jw* Rwg — JRd)d+§Ja (ef —|—€0]) w. (2—29)

Also in (2-28), Q1(r, ey, €0,t) € R3** denotes an auxiliary matrix containing parametric

uncertainty defined as
. . 1 . .
00 = <%6> (51” + Rw, + aev> + AF;0 (2-30)

that can be linearly parameterized in terms of a known regression matrix Ys(e,, g, 7, w, 6, 5, t) €

R3*P2 and a vector of p, unknown constants (i.e., inertia parameters and friction

coefficients) 6, € RP? as®
Q16 £ Yob,. (2-31)

Some of the control design challenges for the open-loop system in (2-28) are that the
control input & (t) is premultiplied by a nonsquare known time-varying matrix plus a
nonsquare unknown time-varying matrix, and o (t) is embedded inside of a discontinuous
nonlinearity (i.e., the signum function). To address the fact that 4(t) is premultiplied by a

nonsquare unknown time-varying matrix, an estimate of the uncertainty in (2-31), denoted

by Q1(r, €y, €0, 1) € R34 is defined as
(2-32)

2 The constant p; is defined based on the number of uncertain parameters in the
parameterization in (2-29). In this case, p; = 6, corresponding to the 6 uncertain inertia

parameters.
3 The constant p, is defined based on the number of uncertain elements in (2-30).
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where éQ(t) € R?? is a subsequently designed estimate for the parametric uncertainty in

Q4 (r, ey, €0,t). Based on (2-31) and (2-32), (2-28) can be rewritten as
Jr = —w hepmg — %JT + Y10, — Yo0y — Bé — AFssgn5, (2-33)
where B(r, e,, ey, d,t) € R3*? is defined as
B=hA+ (2-34)
and the parameter estimate mismatch ég(t) € RP? is defined as
Oy = 6y — 0. (2-35)

Based on the open-loop dynamics in (2-33) and the subsequent stability analysis, the

control input is designed as
5= BT |6, — W hemg + k1 + kpr — ev] , (2-36)

where k, k, € R denote positive control gains, and B (r, e,, ep,d,t) € R3*3 denotes a

pseudoinverse of B(J, e,, €, 0, t) defined as [20-22]
Bt = B” (BB” + elss) . (2-37)

In (2-37), €(t) € R denotes a singularity avoidance parameter. For example, Nakamura et
al. [21] designed €(t) as

€ = ¢pexp [— det (BBT)} , (2-38)
so that €(t) is negligible when B(r, e,, ey, d,t) BT (r, e,, eg, 0, t) is nonsingular but increases
to the constant parameter ¢y € R as the singularity is approached. After substituting

(2-36) into (2-33), the closed-loop error system for r(¢) can be obtained as

1. ~ ~ .
Jr = —§JT + Y160, — Yo0y — kr — k,r + e, — AFsgnd, (2-39)
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where the parameter estimate mismatch 6, (t) € R?" is defined as
él = 61 - él. (2—40)

Based on (2-39) and the subsequent stability analysis, the parameter estimates 6y () and

0,(t) are designed as*
01 = proj(T1Y,"r) 0y = proj(—LyY)r), (2-41)

where I'y € RP**P1 and 'y € RP2*P2 denote constant, positive-definite, diagonal adaptation
gain matrices, and proj(-) denotes a projection algorithm utilized to guarantee that the

i — th element of 0;(t) and 65(t) can be bounded as
Oy, <01 <01 0y < 0 < O, (2-42)

where 0,;, 61; € R and 0,,, f5; € R denote known, constant lower and upper bounds for
cach element of 6;(t) and 6,(t), respectively.®

While robust or linear control methods (i.e., LQR, Hy,, LQG) can be applied to
linearized versions of satellite systems, such controllers are designed based on worst-case
scenarios for the uncertainty in the system. Although high gain and/or high frequency
feedback are often needed to compensate for such worst-case scenarios, adaptive control
has advantages over linear or robust control approaches in that high gain and/or high

frequency feedback is not necessary.

4 The adaptive laws given here are designed based on the subsequent Lyapunov-based
stability analysis, not to identify the actual values of the uncertain parameters.

5 The adaptive control law given in (2-36) and (2-41) requires measurements of angular
position and velocity, not acceleration.
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2.5.2 Stability Analysis
Theorem 2-1: Given the closed-loop dynamics given in (2-24) and (2-33), the

adaptive controller of (2-36) and (2-41) ensures global uniformly ultimately bounded

(GUUB) attitude tracking in the sense that
lew ()| — €0 exp (—e1t) + &2, (2-43)

where €y, 1,9 € R denote positive bounding constants.

Proof: Let V(eg,e,,r,t) € R be defined as the nonnegative function
AT 2 1T 1~T -1p 1~T -1p
VEee,+(1—e) + 5" Jr+ 501 ry6, + 592 5 6,. (2-44)

The expression in (2-44) can be rewritten as

ey Lapoyx Llap =
V2 { eI T ] +(1—e)+ 591TF1‘1«91 + EGQTF;%, (2-45)

b Jr

N | —

and it follows directly from the bounds given in (2-3), (2-22), and (2-42) that V(eq, €,,7,t)

can be upper and lower bound as follows:
Mzl e <V (@) < A2+ e, (2-46)

where A1, \g, ¢, ¢; € R are known positive bounding constants, and z(t) € RS is defined

as

v

z 2 { el T r. (2-47)

After using (2-26), (2-35), (2-39), and (2-40), the time derivative of V(eq, e,,7,t) can be

expressed as

V=el (ef +eol) o+ (1—ep)el+r" <Y19~1 — Yoy — kr — kyr + e, — AFssgn5>

—0TT7'0, — 617510, (2-48)
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By using (2-8), (2-25), (2-41), and exploiting the fact that

the expression in (2-48) can be written as

V< =2 l2” = K 71+ 1l Go 1 Foll oo (2-49)
where A3 = Apin {a, k} € R. After completing the squares, (2-49) can be written as
: Fll.)?
V() < =Xs |zl + M. (2-50)
4k,
Since the inequality in (2-46) can be utilized to lower bound ||z||* as
el 2 v (1) - 2 (2-51)
Z — —_—— i
= )\2 )\27
the inequality in (2-50) can be expressed as
. A3
V(t) < —)\—V (t) +e, (2-52)
2
where ¢ € R is a positive constant that is defined as
(G0 1Fulling)”  Aaca
- = . 2-
€ 1k, + N (2-53)
The linear differential inequality in (2-52) can be solved as
A A A
V() <V(0)exp (-2 )t +eZ2 {1 —exp (-2 | (2-54)
A2 A3 A2

The expressions in (2-44) and (2-54) can be used to conclude that r(¢) € L. Thus, from
(2-22), (2-25), and (2-47), ©(t), 2(t) € Lo, and (2-24) can be used to conclude that
w(t) € Lo. Equation (2-26) then shows that é,(t), éy(t) € L. Hence, (2-29), (2-32),
(2-34), and (2-42) can be used to prove that the control input §(f) € Lo. Standard
signal chasing arguments can then be utilized to prove that all remaining signals remain

bounded during closed-loop operation. The inequalities in (2-46) can now be used along
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with (2-53) and (2-54) to conclude that

Ao [|2(0)|” + s A3 A (GolFllin)® o —ca
e 2 ioe . 255
|2]]” < N exXp Ty + T + x (2-55)

The result in (2-43) can now be directly obtained from (2-55).

2.6 Asymptotic Tracking Extension
In this section, a control design is developed for the case when static friction Fj is
ignored. The following analysis illustrates that the controller developed in the previous
section can be used to achieve asymptotic attitude tracking for this case.
2.6.1 Closed-Loop Error System
In the absence of static friction, letting k,, = 0 in (2-36) results in the following

expression for the closed-loop tracking error system:
‘ 1. 8 .
Jr = —§JT+Y191 — Y505 — kr +e,. (2-56)

2.6.2 Stability Analysis Ignoring Static Friction
Theorem 2-2: Given the closed-loop dynamics given in (2-56), the adaptive con-

troller of (2-36) and (2—41) ensures asymptotic attitude tracking in the sense that
leo(@lf =0 and flo®)| — 0 (2-57)
provided the initial conditions are selected such that
lea(0)]| # 0, (2-58)

and the inertia matriz J satisfies the sufficient condition defined in (2-3).
Proof: To prove Theorem 2-2, the same procedure as in the previous section can be

used to calculate the time derivative of the function V' (¢) defined in (2-44) as

V(t) < —Xs||2]%, (2-59)
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where z was defined in (2-47), and A3 was defined in (2-49). From (2-59), V (¢) is negative
semi-definite, and V'(¢) is bounded as shown in (2-46). Furthermore, (2-22), (2-24),
(2-41), (2-42), and (2-56) can be used to conclude that e(t), é(t), 7(t) € L. Thus,

2(t) € Lo, and z(t) € L2 N L. Barbalat’s Lemma can now be used to conclude that
lz®)]| =0 ast— cc.

Hence, the adaptive control law given by (2-36) and (2-41) achieves the asymptotic
tracking claim given in (2-57) for the case in which static friction is ignored in the
dynamics. Verification of the boundedness of the remaining signals during closed-loop
operation is similar to that in the previous section.
2.7 Simulation Results
The attitude controller developed in this chapter was simulated based on the
University of Florida control moment gyroscope (CMG) test bed (see 2.2). Using (2-1),

the dynamic equation of motion in terms of the CMG test bed can be expressed as
Jemg = = Jangs = Jomg? = (hemg + & hemg ) = AFab = AF,sqnd, (2-60)

where the CMG test bed inertia matrix Jem, (6) € R**3 is defined using the parallel axis

theorem as

4
Jcmg £ JO + Z [BJQZ‘ + Memg (’f’;r?“ilg — ’f’i’f’;r)] . (2*61)
=1

In (2-61), Jy € R**3 is defined as

Jo & Jemg (0) = dmg{ 0.0610 0.0610 0.0764 } kg - m?, (2-62)

Memg = 0.1565 kg, and r; € R3 Vi = 1,2, 3,4 are defined as

A

T T
r = [0.1591 0 0.1000} m 7“2:[—0.1591 0 0.1000} m (2-63)

A A

T T
T3 {0 0.1591 0.1000} mooTy {0 —0.1591 0.1000} m. (2-64)
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Also in (2-61), BJ,; (0) € R¥*3 Vi = 1,2,3,4 denotes the inertia matrix of the i"" gimbal as

expressed in the CMG test bed body-fixed frame, and is defined as
B Joi 2 [Crgil [7J0i] [Crgl ", (2-65)

where the coordinate transformation matrix Cp, € SO (3) Vi = 1,2, 3,4 relates

the i gimbal-fixed frame to the CMG cluster body-fixed frame, and 9'.J,; =

diag{ 4.89 x 107° 2.49 x 107* 2.79 x 1074 } kg - m? Vi = 1,2, 3,4 represents the

inertia matrix of the i'" gimbal as expressed in the i'" gimbal-fixed frame. Also in (2-60),

hemg € R? is defined using (2-5), where h = 0.078.

The objective is to regulate a satellite’s attitude to the desired quaternion defined by
T
a = { 0.920 —0.002 0.271 0.284 } : (2-66)
with the initial quaternion orientation of the satellite given by
T
q(O)le 00 0} ,

and the adaptive estimates initialized as®

~

91(0)2{0 0000 or
92(0)2{0 0000 O]T-

The friction matrices F; and Fy for the simulated CMG test bed are (e.g., see [64])

Fy =021, F, =041, (2-67)

6 In a realistic scenario, the initial conditions of the adaptive estimates would be
initialized to the best guess of the parameter value. The estimates were initialized to a
vector of zeros in the simulation for the case when no knowledge is available. This shows
that the adaptive control law presented here will work even in a worst-case scenario, when
no information of the system parameters is known.
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where [,, denotes the n x n identity matrix. To test the scenario when a sudden increase
in the friction occurs, an instantaneous jump (i.e., step function) of 0.3 in the F; and

F, parameters is programmed to occur 4 seconds into the simulation” . Figures 2-2 and
2-3 show the simulation results of the closed-loop system for this case with control gains

selected as (e.g., see (2-36), (2-37), (2-38), and (2-41)):
k=0.3 k’n =0.85 €) — 0.2 a =2 Pl == 02]6 PQ == 2]4

Figure 2-4 illustrates the variation in the inertia parameters during closed loop operation.
This effect is only significant for a brief transient period before the adaptation law for 0y

in (2-41) compensates for the disturbance.

Quaternion Tracking Error
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Figure 2-2. Quaternion tracking error.

7 In a realistic situation, the gimbal friction would most likely increase gradually over
time (e.g., due to bearing degradation, corrosion, etc.), so the sudden spike of friction
tested in the simulation tests a worst case scenario.
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Figure 2-3. Control input gimbal angular rate response.

2.8 Conclusions and Future Work

In this chapter, a uniformly ultimately bounded attitude tracking controller for a
rigid body satellite is presented. The controller adapts for parametric uncertainty in
the satellite inertia matrix in addition to the uncertainties in the input torque caused
by unknown CMG gimbal friction. The gimbal rate input controller achieves uniformly
ultimately bounded attitude tracking in the presence of static and dynamic CMG gimbal
friction. In the presence of static friction, the control design is complicated due to the
control input being embedded in a hard nonlinearity. This difficulty is overcome with the
use of a robust tracking control law. In addition, since a singularity robust steering law is
incorporated in the control design, the proposed approach avoids singular torque directions

inherent to the dynamics of the four single gimbal CMG cluster. Numerical simulation
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Figure 2-4. .J (§) vs. time.

results are provided to show the efficacy of the proposed controller. An asymptotic
tracking extension is also presented in the absence of static friction in the dynamic model.
Future work will address the issues of explicit gimbal acceleration dependence in the CMG

torque model, variations in CMG wheel speed, and hard stops in the CMG gimbals.
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CHAPTER 3
ADAPTIVE NEURAL NETWORK SATELLITE ATTITUDE CONTROL IN THE
PRESENCE OF INERTIA AND CMG ACTUATOR UNCERTAINTIES

3.1 Introduction

An adaptive NN attitude tracking controller is developed in this chapter for
CMG-actuated small-sats, which compensates for uncertain satellite inertia, nonlinear
disturbance torques, uncertain CMG gimbal friction, and CMG actuator disturbances.
The NN weights and thresholds are adjusted on-line, with no off-line learning phase
required. In addition to the unknown CMG gimbal friction assumed present in the CMG
torque model (e.g., see [23]), unknown electromechanical disturbances are assumed to
be present in the CMG actuators. Some of the challenges encountered in the control
design are that the control input (i.e., CMG gimbal angular rate) is: premultiplied by
a non-square, time-varying, nonlinear uncertain matrix due to dynamic gimbal friction
and electromechanical disturbances; and is embedded in a hard nonlinearity due to
static gimbal friction. Furthermore, due to the small size of the satellite considered
in this development, the motion of the CMGs causes significant time-variation in the
satellite inertia characteristics. The time-variation of the satellite inertia manifests itself
as a nonlinear disturbance torque in the satellite dynamic model, which is handled via
online NN approximation. Simulation results are provided to illustrate the efficacy of the
proposed control design.

3.2 Dynamic Model and Properties

The dynamic model for a rigid body CMG-actuated satellite can be expressed as

(62, 63]

Jw = —wJw + Temg — Jw + 4. (3-1)

In (3-1), J(6) € R3*3 represents the positive definite, symmetric satellite inertia matrix
that is a function of the CMG gimbal angular position vector §(¢) € R*, w(t) € R? denotes
the angular velocity of the satellite body-fixed frame F with respect to Z expressed in

F, Temg(t) € R? denotes the torque generated via a CMG cluster consisting of four single
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gimbal CMGCs, the term .J(t)w(t) represents the torque produced by the time variation of
the satellite inertia matrix due to the motion of the CMGs, 74 (t) € R?® denotes a general
nonlinear disturbance (e.g., unmodeled effects), and the notation ¢* V¢ = [¢1, G, Gs]"

denotes the following skew-symmetric matrix:

0 -G ¢
CX = (3 0 —(1 | - (3_2)
-G G 0

The torque generated from the CMG cluster can be modeled as
Temg = — <hcmg + wxhcmg> — AF;6 — AFssgnS + ATy, (3-3)

where F;, F, € R** are diagonal matrices whose elements are the unknown constant
dynamic and static friction coefficients, respectively, of the four CMG gimbals, hen,(t) €

R? represents the angular momentum of the CMG cluster, and hcmg(t) is modeled as [7]

homg = hA (8, (3-4)

where h € R represents the constant angular momentum of each CMG expressed in the

gimbal-fixed frame (i.e., h is the same for all four CMGs). In (3-3) and (3-4), 6(t) € R*

denotes the CMG gimbal angular velocity control input, which is defined as

. T

SEReEIR (3-5)
where §; (t) € R Vi = 1,2,3,4 denotes the angular velocity of the " CMG gimbal,

sgn (5 (t)) € R* denotes a vector form of the standard sgn (-) function where the sgn (-) is

applied to each element of 6 (¢), and A (§) € R3** denotes a measurable Jacobian matrix
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defined as

_ 4T
— COS 7y oS 01 —sin d; sin 7y cos 0y
sin 0y — COS7yCoS 0y sin-ycosdy

A= , (3-6)
COS 7y oS 03 sin 03 sin 7y cos 03
—sin dy COS7yCosdy  Sinycosdy

where v € R is the constant angle (54.74 deg) of each wall of the pyramid-shaped CMG
cluster as depicted in Figure 2-1. Also in (3-3), Ty (5, (5) € R* represents torques in the

gimbal axes due to tachometer disturbances, defined explicitly as [65]
T, =S KgEdS, (377)

where Kg € R*** denotes a diagonal matrix of uncertain, constant forward loop gains for

the four CMG gimbal loops, and Ey (§) € R*** is defined as

Ed (5) = d@'ag { Edl ((51) Edg ((52) Edg ((53) Ed4 ((54) } ) (378>

where the disturbance voltages Eg; (6;) Vi = 1,2, 3,4 are functions of the i** gimbal angle

defined as

10
1 . 1

n=1

Property 3-1: The satellite inertia matrix in (3—1) can be lower and upper bounded
as

1 1
5)\min {J} H€H2 S ijf S §>\max {‘]} H£H2 vg € Rna (3_10)

where Apin {/}, Amax {J} € R are the minimum and maximum eigenvalues of J(J),
respectively.
Property 3-2: Since the elements of A (4) in (3-6) are combinations of bounded

trigonometric terms, the following inequality can be developed:

1A (O)line < Cos (3-11)
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where ¢y € R is a positive bounding constant, and ||-||,, denotes the induced infinity norm
of a matrix.

Property 3-3: The static friction matrix F; can be bounded as || F||,., < Far, where
Fy is a known constant.

Property 3-4: The term 7,4 (t) € R? is a disturbance acting on the system due to the

gravity-gradient. Similar to [66], 74 (¢) is assumed to be of the form

p(q)
Td = R% )

(3-12)

where p(q) € R3?is an unknown nonlinear function of the quaternion ¢ (t) =
{q0(t),q,(t)} € R x R3 and Ry € R is the distance from the center of mass of the
aircraft to the center of the Earth.

3.3 Kinematic Model

The rotational kinematics of the rigid-body satellite can be determined as [2]

. 1

G =5 (gfw + qow) (3-13)
i 1 5
Go = —§qvw. (3-14)

In (3-13) and (3-14), ¢(t) represents the unit quaternion [62] describing the orientation of

the body-fixed frame F with respect to Z, subject to the constraint
G+ @ =1, (3-15)

and qq(t) = {qoa(t), qua(t)} € R x R3 represents the desired unit quaternion that describes
the orientation of the body-fixed frame F; with respect to Z. Rotation matrices that
bring Z onto F and Z onto Fy, denoted by R(qy,q0) € SO(3) and Ry(qva, qoa) € SO(3),

respectively, can be defined as

R2 (g6 —qr ) Is + 2000, — 200} (3-16)

Ra = (Gg — Geaua) Is + 20uadeg — 290495, (3-17)
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where I3 denotes the 3 x 3 identity matrix. Based on (3-13) and (3-14), w(t) can be

expressed in terms of the quaternion as

w =2 (QOQU - qq;(?o) - 2‘]5‘]1} (3*18)

The desired angular velocity body-fixed frame F; with respect to Z expressed in F; can
also be determined as
wa = 2 (qodGvd — Guadod) — 2d,qdva- (3-19)
The subsequent analysis is based on the assumption that qoq(t), qua(t), and their first three
time derivatives are bounded for all time. This assumption ensures that wy(t) of (3-19)
and its first two time derivatives are bounded for all time.
3.4 Control Objective
The objective in this chapter is to develop a gimbal velocity controller to enable the

attitude of F to track the attitude of F;. To quantify the objective, an attitude tracking

error denoted by R(e,, eq) € R¥*? is defined that brings F,; onto F as
R4 RRY = (e5 — erey) I3 + 2epe, — 2eey), (3-20)

where R(qy,q0) and R4(qud, qoa) were defined in (3-16) and (3-17), respectively, and the

quaternion tracking error e(t) = {eg(t), e,(t)} € R x R? is defined as
€0 = Qoo + G Gud (3-21)

€v = Goady — Qodud + 4, Gua- (3-22)
Based on (3-20), the attitude control objective can be stated as

R(e,(t),e0(t)) — I3 as t — oo. (3-23)
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Based on the tracking error formulation, the angular velocity of F with respect to Fy

expressed in F, denoted by @(t) € R3, is defined as
2 w— Ruwg. (3-24)

To facilitate the subsequent controller design, an auxiliary control signal, denoted by
r(t) € R3, is defined as [67]

r 2w — Rug + ae,, (3-25)

where @ € R3*3 is a constant, positive definite, diagonal control gain matrix. After

substituting (3-25) into (3-24), the angular velocity tracking error can be expressed as
O=71— e, (3-26)

Motivation for the design of r(t) is obtained from the subsequent Lyapunov-based
stability analysis and that fact that (3-18)-(3-22) can be used to determine the open-loop

quaternion tracking error as

by = el . (3-27)

DO | —

(6:4—60[)@ é():—

DO | —

From the definitions of the quaternion tracking error variables, the following constraint can

be developed [2]:

ele, +ep =1, (3-28)
where
O<flex® <1 0<leo(t)] <1, (3-29)
where ||-|| represents the standard Euclidean norm. From (3-28),
lew(®)]] = 0= [eo(®)] — 1, (3-30)

and hence, (3-20) can be used to conclude that if (3-30) is satisfied, then the control

objective in (3-23) will be achieved.
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3.5 Feedforward NN Estimation

NN-based estimation methods are well suited for dynamic models containing
unstructured uncertainties and disturbances as in (3-1). The main feature that empowers
NN-based controllers is the universal approximation property. Let S be a compact
simply connected set of RM T Let C" (S) be defined as the space where f : S — R”
is continuous. The universal approximation property states that there exist weights and
thresholds such that some function f (z) € C™(S) can be represented by a three-layer NN
as [68, 69]

fx)=WTo (V'z) +e(x) (3-31)

for some given input x (t) € RM*1 In (3-31), V € RWMHDXNe and I € RWV2HDX are
bounded constant ideal weight matrices for the first-to-second and second-to-third layers,
respectively, where N; is the number of neurons in the input layer, N, is the number

of neurons in the hidden layer, and n is the number of neurons in the third layer. The
activation function in (3-31) is denoted by o (-) : RM*1 — RNMF1 and ¢ (x) : RV — R®
is the functional reconstruction error. Based on (3-31), the typical three-layer NN

approximation for f (x) is given as [68, 69]
fx)y=W'o (VTx> , (3-32)

where V (1) € RVFTDxNo and W () € RA2+Dx7 are subsequently designed estimates of the
ideal weight matrices. The estimate mismatch for the ideal weight matrices, denoted by

V (t) € RMHDXNz and T (1) € RN2HDx7 are defined as

~ A

VEV -V

~ A

WEW-—-W, (3-33)

and the mismatch for the hidden layer output error for a given x (¢), denoted by & (z) €
RN2+1is defined as

G20-=0(V2)-o(V'2). (3-34)
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The neural network estimate has several properties that facilitate the subsequent
development. These properties are described as follows.
Property 3-5: (Taylor Series Approximation) The Taylor series expansion for

o (VTz) for a given x may be written as [68, 69]
oc(Viz)=0 (VT35> + 0’ (VTQ:> Viz 4+ 0 (VTx>2 : (3-35)

where o’ (VTx) =do (V'z) /d (VT2) |yr,_iry, and O (‘N/Tl‘)2 denotes the higher order

terms. After substituting (3-35) into (3-34), the following expression can be obtained:
. o \2
G=6Vie+0 (v x) , (3-36)

where 6’ £ o’ <VT9:> :
Property 3-6: (Boundedness of the Ideal Weights) The ideal weights are assumed to

exist and be bounded by known positive values so that
VG =tr (VIV) < Vg (3-37)

W[5 = tr (W'W) < W, (3-38)

where ||| is the Frobenius norm of a matrix, and ¢r (-) is the trace of a matrix.
For notational convenience, let the matrix containing all NN weights be defined as

follows:

AW 0
Z = . (3-39)
0o Vv
3.6 Control Development
The contribution of this chapter is control development that shows how the
aforementioned standard NN feedforward estimation strategy can be combined with robust
control methods as a means to achieve tracking control for satellite systems described

by (3-1) and (3-3), which contain nonlinear disturbances and parametric uncertainty in

addition to uncertainty caused by actuator dynamics.
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3.6.1 Open-Loop Error System
The open-loop dynamics for r(¢) can be determined by taking the time derivative of

(3-25) and premultiplying the resulting expression by J(d) as
Jr = Jw + Jw* Rug — JRog + Jaé,, (3-40)

where the fact that

R=—-w*R

was utilized. After using (3-1), (3-3), (3-4), (3-7), (3-25), and (3-27), the expression in

(3-40) can be expressed as
Jr = f— 00 — hAd — W hemg — AFssgnS — %jr. (3-41)
In (3-41), the uncertain function f (7, gy, qo, €, €0, w, wq, W, 0,t) € R? is defined as
e —wXJw+JwXEwd—JRwd+%Ja (ef +60[)¢D+Td, (3-42)

where Q (7, Gy, Qo, €v, €0, W, Wa, 0, 1) € R34 denotes an uncertain auxiliary matrix, which is

defined via the parameterization

915 = [%5} (%T‘ + Ru)d - ozev) + AFd(S -+ AK(;Ed5 (3*43)

The expression in (3-43) can be linearly parameterized in terms of a known regression
matrix Y1 (r, g, qo, €v, €0, W, Wa, Wa, 0, 5, t) € R¥P1 and a vector of p; unknown constants
0, € RP! as

Q10 £ Y16, (3-44)

Some of the control design challenges for the open-loop system in (3—41) are that the
control input ) (t) is premultiplied by a nonsquare, uncertain time-varying matrix, and is
embedded inside of a discontinuous nonlinearity (i.e., the signum function). To address
the fact that & (t) is premultiplied by a nonsquare unknown time-varying matrix, an

estimate of the uncertainty in (3-44), denoted by Q4 (r, qu, go, €w, €0, wa, @a, 6, ) € R34 is
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defined as
Q10 £ Y10, (3-45)

where 6, (t) € RP' is a subsequently designed estimate for the parametric uncertainty in

Q4(7, Gu, G0, €0, €0, Wa, Wa, 0, t). Based on (3-44) and (3-45), (3-41) can be rewritten as
Jr=f— B — W hemg — %Jr — Y16, — AF,sqgné, (3-46)
where B(r, ¢, qo, €y, €0, Wd, Wa, 0, t) € R¥** is defined as
B =hA+)y, (3-47)
and the parameter estimate mismatch 6, (t) € RP* is defined as
0,20, — 6. (3-48)
The auxiliary function in (3-42) can be represented by a three-layer NN as
f=W'e (Viz) +¢e(x). (3-49)

In (3-49), the input z (¢) € R? is defined as

T

sWENT () qt) @) en(t) eolt) w(t) walt) walt) 6(t) | »  (350)

so that Ny = 24, where N; was introduced in (3-31). Based on the assumption that the

actual and desired trajectories are bounded, the following inequality holds:
e (@) < en, (3-51)

where €,; € R is a known positive constant.
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3.6.2 Closed-Loop Error System
Based on the open-loop dynamics in (3-46) and the subsequent stability analysis, the

control input is designed as
§=B* [f—wxhcmg—l—KvT—U-i-%} , (3-52)

where K, € R denotes a positive control gain, and v (t) € R? denotes a robustifying term,
defined as [70]
VA K, (HZH —i—ZM)r—knr, (3-53)
F

~

where k, € R denotes a positive control gain (i.e., nonlinear damping term), Z €

RNi+N242)x(Natn) g 5 subsequently designed estimate of Z, Z); € R satisfies the inequality
1Z]|p < Zu, (3-54)

and K7 € R is a control gain designed to satisfy the inequality
Kz > ¢, (3-55)

where ¢y is defined in (3-69). Also in (3-52), B (7, ¢y, o, €4, €0, Wa, g, 6, ) € R**3 denotes
the generalized inverse of B (r, ¢y, qo, €, €0, Wa, Wa, 9, t), which could be defined using the
Moore-Penrose definition or the singularity robust pseudoinverse definition coined by

Nakamura et al. as (e.g., see [20-22])
B* = BT (BBT + el33) . (3-56)

In (3-56), €(t) € R denotes a singularity avoidance parameter. For example, in [21]

Nakamura et al. designed €(t) as
€ = egexp {—det (BBT)}, (3-57)

so that €(t) is negligible when BB is nonsingular but increases to the constant parameter

€0 € R as the singularity is approached. Also in (3-52), the feedforward NN component,
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denoted as f (t) € R3, is given by
FAWT, <VT1’> , (3-58)

where the state vector x (t) € R* was defined in (3-49). The estimates of the NN weights

in (3-58) are generated on-line (there is no off-line learning phase) as [70]

W 2T (6r" —6'VTarT — k|r| W) (3-59)

- ~N\T ~
V2 TyprT <6’TW) — Dy |||V, (3-60)

where I'; € RWi+Dx(M+1) 1) ¢ RWV2+Dx(N2+1) gre constant, positive definite, symmetric
control gain matrices, and k € R™ is a constant control gain.

Remark 3-1: The adaptive update laws given in (3-59) and (3-60) ensure that W (t)
and V (t) remain bounded provided x (t) remains bounded. This fact will be exploited in
the subsequent stability analysis.

The closed-loop tracking error system can be developed by substituting (3-52) into
(3-46) as

Jr = —%Jr—l—f—Ylél — Kyr+v—e, — AF,sgnd, (3-61)

where f () € R® represents a function estimation error vector defined as

fEf-1. (3-62)
Based on (3-61) and the subsequent stability analysis, the parameter estimate 6, (t) is
designed as

0, = proj(—T3Y{r), (3-63)

where I'3 € RP1*P1 denotes a constant, positive-definite, diagonal adaptation gain matrix,
and proj(-) denotes a projection algorithm utilized to guarantee that the i*" element of

01(t) can be bounded as

0,; < 0y < 0y, (3-64)
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where 0;,01; € R denote known, constant lower and upper bounds for each element of
01(t).

Remark 3-2: To determine 0y, the adaptation law in (53-63) assumes the availablility
of angular position and velocity measurements only.

Using (3-49), (3-58) and (3-62), the closed-loop error system in (3-61) can be

expressed as

1. . . _ .
Jr = _§Jr LWty (VTg;-) —W'lo (VTa:) +v—Y10; — K,r+¢(x) —e, — AFgsgnd. (3-65)

After adding and subtracting the terms W76 and W75 to (3-65), the following expression

is obtained:
1. B . B ~ .
Jr = —EJT +WTe 4+ W' + WG +e(x) — Y16, — Kyr +v — e, — AF,sgnd  (3-66)

where the notations ¢ and & were introduced in (3-34). The Taylor series approximation

described in (3-35) and (3-36) can now be used to rewrite (3-66) as
Ji = —%jr bw— Ko+ v— ey — Y10 + WT (& - &’f/%) FWTE VT, (3-67)
where w(t) € R? is defined as
w=WT's'Vz + W0 <1~/T.CE>2 — AF,sgnd + ¢ (z). (3-68)

The NN reconstruction error € (x), the higher order terms in the Taylor series
expansion of f (z), and the static friction term AF,sgnd () can be treated as disturbances

in the error system. Moreover, these disturbances can be upper bounded as [70]

lw (] < co + e

ZH +CQ
F

ZH rl 3-69
el (3-69)
where ¢; € R Vi =0, 1,2 are known positive constants, and c¢q is explicitly defined as

co = [|All ;oo Far + €01 + 321, (3-70)
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and c3 € R is a known positive constant.
3.6.3 Stability Analysis

Theorem 3-1: Given the closed-loop dynamics in (3-67), the adaptive controller of
(5-52), (53-59), (53-60), and (3-63) ensures global uniformly ultimately bounded (GUUB)

attitude tracking in the sense that
leo(t)]| — €0 exp {—e1t} + &2, (3-71)

where €y, 1,62 € R denote positive bounding constants.

Proof: Let V(eg,e,,7,t) € R be defined as the nonnegative function

1 1y oN 1 e N T s
V(1) 2 ele,+ (1= o) + 5T+ 5tr (WTF;1W) + 5t (VTF;1V> + 50T 0 (3-72)

Based on (3-10), (3-29), (3-48), (3-59), (3-60), and (3-64), (3-72) can be upper and
lower bounded as

Ml + e V() < ellyll® + e, (3-73)

where i, Ay, ¢4, c5 € R are known positive bounding constants, and y(t) € RC is defined as

v

y = {eT rT r. (3-74)

After using (3-26), (3-27), (3-67), and exploiting the fact that

the time derivative of V(¢) can be expressed as

V(t) = —aele, + T (w —K,r+v— Y10~1> —trw” (Fl_lwl —ort + 6'VT9UTT)

v

—trvV7 (r;ffl - erWT&/) —0TT5'0,. (3-75)
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After substituting for the tuning rules given in (3-59), (3-60), and (3-63), (3-75) can be

expressed as

V =—aele, + T (w— Ky +v)+ k|| trZT (Z - Z) : (3-76)
~ 5 y 112
After substituting (3-53) and using the fact that trZ7 (Z - Z) =(Z,2)r — || Z - <
. 112
HZH | Z|| — HZ‘ , (3-76) can be upper bounded as follows [70]:
F F
V(1) < —alleoll’ = Kominllrl? = ki Il + Il ) = K7 (|2]] -+ Zar) 11
+rlr|2)| (2 -2 ) (3-77)
F P

After substituting the upper bound for ||w|| given in (3-69) and utilizing inequality (3-55),
V(t) can be bounded as

V(t) < =Xsllyll” = kallrl® + 171 (3-78)
where A3 = min {o, Kymin}, and v 2 ¢y + ¢ ZHF + K HZ B (ZM — HZHF> Completing
the squares in (3-78) yields

2
V(1) < syl + (3-79)
4k,
Based on (3-73), (3-79) can be expressed as
. A3
V(t) < _)\_V (t) + ¢, (3-80)
2
where ¢ € R is a positive constant that is defined as
2\
=L 4 8% (3-81)

4k, Ay

The linear differential inequality in (3-80) can be solved as

v con{ Bdvor 2 (e ). e

The expressions in (3-72), (3-73), and (3-82) can be used to conclude that r(t) € L.

Thus, from (3-26), (3-29), and (3-74), ©(¢), y(t) € L, and (3-25) can be used to
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conclude that w(t) € L. Equation (3-27) then shows that é,(¢), éy(t) € L. Hence,
(3-47), (3-52), (3-53), and (3-58)-(3-60) can be used to prove that the control input

) (t) € L. Standard signal chasing arguments can then be utilized to prove that all
remaining signals remain bounded during closed-loop operation. The inequalities in (3-73)

can now be used along with (3-81) and (3-82) to conclude that

A Hy(O)H2 + Cy )\3 )\2")/2 C; — C4
2 < 2 3 ‘ B
”yH o ( )\1 eXP )\gt 4kn>\3)\1 )\1 (3 83)

The result in (3-71) can now be directly obtained from (3-83).

3.7 Simulation Results
The NN attitude controller developed in this chapter was simulated based on the
University of Florida control moment gyroscope (CMG) testbed (see 2.2). Using (3-1), the

dynamic equation of motion in terms of the CMG testbed can be expressed as
Jemgw = —w™ Jomgw — Jcmgw — (hcmg + wxhcmg) — AF,6 — AF,sgnd + 14 + ATy, (3-84)

where hcmg € R? is defined using (3-4), where h = 0.078 kg - m?/s, and hep, € R? was
defined in (3-3), and the CMG testbed inertia matrix Jum, (6) € R¥*? is defined using the

parallel axis theorem as
4
i=1
In (3-85), Jp is defined as

Jo = Jemg (0) = diag{ 0.0610 0.0610 0.0764 } kg -m?, (3-86)

Memg = 0.1565 kg, and r; € R Vi = 1,2, 3,4 are defined as

>

T T
r = {0.1591 0 0.1000 } m r2 = [ —0.15391 0 0.1000} m (3-87)

A

T T
ry £ {0 0.1591 0.1000} moTy [0 —0.1591 0.1000} m. (3-88)
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Also in (3-85), BJ,; (0) € R¥3 Vi = 1,2, 3,4 denotes the inertia matrix of the i’ gimbal

expressed in the CMG testbed body-fixed frame, defined as
51, £ [Cpyil [gijgi] [CBgi]T- (3-89)

In (3-89), the coordinate transformation matrix Cp, € SO (3) Vi = 1,2,3,4
relates the i gimbal-fixed frame to the CMG cluster body-fixed frame, and
I Jgi = diag{ 489 x 107° 249 x 107* 2.79 x 104 } kg -m? Vi = 1,2,3,4 represents
the inertia matrix of the i gimbal expressed in the i'" gimbal-fixed frame. In (3-84), the
friction matrices Fy € R¥* and F, € R*** for the simulated CMG testbed are (e.g., see
64))

F;=0.21, F, =0.314, (3-90)

where I,, denotes the n x n identity matrix, and the Jacobian matrix A(5) € R3*4

was defined in (3-6). The nonlinear disturbance terms 7, (¢) and T} ((5, 5) =
T

Tyn Ty Tus Tas | are given by

sin 10t + cos 20t
Ta = 0.1 | sin 20t + cos 30t (3-91)

sin 40t + cos 50t

10
1
Tdi = KGi Z {— sin (nél) +

n n+1

cos (nd;) } o, (3-92)

n=1
where the CMG torquer control loop gain for the the i** gimbal K¢ = 1.6 Vi = 1,2, 3, 4.

The objective is to regulate a satellite’s attitude to the desired quaternion defined by

T
qa = {0.292 0.577 0.303 —0.7001 : (3-93)

with the initial quaternion orientation of the satellite given by

q(O)Z{l 0 0 or,
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and the NN weight estimates initialized as®

A

W (0) = O21x3 1% (0) = 02520, (3-94)

where the notation 0,,x, denotes an m x n matrix of zeros.

To test the scenario when a sudden increase in the friction occurs, instantaneous
jumps (i.e., step functions) of 0.6 and 0.3 in the F,; and F; parameters, respectively,
are programmed to occur 4 seconds into the simulation? . Figures 3-1 and 3-2 show the
simulation results of the closed-loop system with control gains selected as follows (e.g., see

(3-52), (3-53), (3-56), (3-57), (3-59), (3-60), and (3-63)):

K,=0.2 kn, = 0.7 Kz =0.05 Kk =2.5 oa=2 ep = 0.2

Fl - 102[21 FQ - 5[21 Fg == 01[6

Figure 3-3 illustrates the variation in the inertia parameters during closed loop operation.
Remark 3-3: The gimbal rate control inputs remained bounded during closed-loop
operation for the case when saturation limiting was not included in the simulation.
However, the above simulation results were achieved using a gimbal rate saturation limait
of 7.5 °/sec to test the tracking capability of the controller in the presence of actuator
limitations (see [6] for a more detailed discussion of CMG gimbal rate ranges). The largest

angular excursion (i.e., dmax) during the simulation interval is approximately 1.6°.

8 In practice the initial conditions of the NN weight estimates would be initialized to
the best guess of the ideal values. The estimates were initialized to matrices of zeros in the
simulation for the case when no knowledge is available.

9 In a realistic situation, the gimbal friction would most likely increase gradually over
time (e.g., due to bearing degradation, corrosion, etc.), so the sudden spike of friction
tested in the simulation tests a worst case scenario.
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Figure 3-1. Quaternion tracking error of closed-loop system.

3.8 Conclusion

In this chapter, a uniformly ultimately bounded NN attitude tracking controller for a
rigid body satellite is presented. The controller adapts for parametric uncertainty in the
satellite inertia matrix and time varying satellite inertia parameters. In addition, the NN
controller compensates for uncertainties in the input torque caused by unknown CMG
gimbal friction and electromechanical disturbances in the gimbal loops. The gimbal rate
input controller achieves uniformly ultimately bounded attitude tracking in the presence
of static and dynamic CMG gimbal friction. In the presence of static friction, the control
design is complicated due to the control input being embedded in a hard nonlinearity.
This difficulty is overcome with the use of a robust tracking control law. In addition,
since a singularity robust steering law is incorporated in the control design, the proposed
approach avoids singular torque directions inherent to the dynamics of the four single
gimbal CMG cluster. Numerical simulation results are provided to show the efficacy of the

proposed NN controller.
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CHAPTER 4
ASYMPTOTIC TRACKING FOR AIRCRAFT VIA AN UNCERTAIN DYNAMIC
INVERSION METHOD

4.1 Introduction

The contribution in this chapter is the use of a robust control approach (coined RISE
control in [53]) to achieve asymptotic tracking control of a model reference system, where
the plant dynamics contain a bounded additive disturbance (e.g., potential disturbances
include: gravity, inertial coupling, nonlinear gust modeling, etc.). The RISE-based control
structure has been used for a variety of fully actuated systems in [52-60]. The result in
this chapter represents the first ever application of the RISE method where the controller
is multiplied by a non-square matrix containing parametric uncertainty. To achieve the
result, the typical RISE control structure is modified by adding a robust control term,
which is designed to compensate for the uncertainty in the input matrix. The result
is proven via Lyapunov-based stability analysis and demonstrated through numerical
simulation.

4.2 Aircraft Model and Properties
The aircraft system under consideration in this chapter can be modeled via the

following state space representation [25, 29, 34, 71, 72]:

&t =Ar+ Bu+ f (x) (4-1)

y = Cux, (4-2)

where A € R™ " denotes the state matrix, B € R™ ™ for m < n represents the input
matrix, C' € R™*" is the known output matrix, u € R™ is a vector of control inputs, and
f(z) € R™ represents an unknown, nonlinear disturbance.

Assumption 4-1: The A and B matrices given in (4—1) contain parametric uncer-

tainty.
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Property 4-1: The nonlinear disturbance term f (z) and its time derivative can be

expressed as:
f(z) = f1(t) + folx) (4-3)
f(l'7x) :fl (t)+f2(x7$>’ (474)
where the auxiliary functions f; (t), fi (t) € R™ and the second derivative fi (t) € R* can
be upper bounded as
IFol<a |lho)<e (45)
|5 @ < (4-6)

where (; Vi = 1,2,3 are known positive bounding constants, f (x) € R" is an unknown
second-order differentiable function, and ||-|| denotes the standard Euclidean norm.

In this research, the equations of motion given in 4-1 will be utilized, where the
state and input matrices are based on the dynamic parameters of the Osprey fixed
wing aerial vehicle (see Figure 4-1). The Osprey is a commercially available, low-cost

experimental flight testbed for investigating novel control approaches. Based on the

Figure 4-1. Photograph of the Osprey aircraft testbed.

standard assumption that the longitudinal and lateral modes of the aircraft are decoupled,

the state space model for the Osprey aircraft testbed can be represented using (4-1) and
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(4-2), where the state matrix A € R®*® and input matrix B € R%** are given as

A= Alon O4><4 B— Blon O4><2 , (4_7>

04><4 Alat 04><2 Blat

and the output matrix C' € R**?® is designed as

Clon 02 x4
02 x4 Clat

where Ajon, Aigt € RY4, Bion, Bit € R**2, and Cipp, Crer € R*** denote the state
matrices, input matrices, and output matrices, respectively, for the longitudinal and lateral
subsystems, and the notation 0;,; denotes an ¢ x j matrix of zeros. The state vector

x(t) € R® is given as

T
e AN (19

where o, (t) , 214¢ (t) € R? denote the longitudinal and lateral state vectors defined as
T
Lion = |: V « q 9:| (4710)

T
xlaté|:ﬁ p T gb] ) (4-11)

where the state variables are defined as

V = velocity a = angle of attack
q = pitch rate 0 = pitch angle
B = sideslip angle p = roll rate
r = yaw rate ¢ = bank angle

and the control input vector is defined as

T T
A
U= |: ulj;n ulT(;t :| = |: 5elev 6th'rust 5ail 5rud : (4_12)

In (4-12), deier € R denotes the elevator deflection angle, dypus¢ € R is the control thrust,

0qi1 € R is the aileron deflection angle, and d,,4 € R is the rudder deflection angle.
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The disturbance f (z) introduced in (4-1) can represent several bounded
nonlinearities. The more promising example of disturbances that can be represented
by f(z) is the nonlinear form of a selectively extracted portion of the state space matrix
Aon € R¥™4 that would normally be linearized. This nonlinearity would then be added
to the new state space plant by superposition, resulting in the following quasi-linear plant
model:
Tton = AlonTion + Biontion + f (Tion) » (4-13)

/

where A,

€ R4 is the state space matrix A;,, with the linearized portion removed, and
f (z10n) € R* denotes the nonlinear disturbances present in the longitudinal dynamics.
Some physical examples of this would be the selective nonlinearities that cannot be
ignored, such as when dealing with supermaneuvering vehicles, where post-stall angles

of attack and inertia coupling, for example, are encountered. Given that the Osprey is
essentially a very benign maneuvering vehicle, f(x) in this dissertation will represent

less rigorous nonlinearities for illustrative purposes. A similar technique can be followed

with the lateral direction state space representation, where the nonlinear part of A, is

extracted, and a new quasi-linear model for the lateral dynamics is developed as
j:lat = A;atxlat + Blatulat + f (xlat) y (4714>

where A;,, € R™* is the new lateral state matrix with the linearized components removed,
and f (114:) € R* denotes the nonlinear disturbances present in the lateral dynamics.
Another example of bounded nonlinear disturbances, which can be represented by f (z)

in (4-1), is a discrete vertical gust. The formula given in [73], for example, defines such a
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bounded nonlinearity in the longitudinal axis as

| —11.1 ]
7.2 )
f (Tion) = . %0 {U; [1 — cos (W—;)] } , (4-15)
0

where H denotes the distance (between 35 feet and 350 feet) along the airplane’s flight
path for the gust to reach its peak velocity, V; is the forward velocity of the aircraft
when it enters the gust, s € [0,2H] represents the distance penetrated into the gust
(e.g.,s = fttf V (t)dt), and Uy is the design gust velocity as specified in [73]. This
regulation is intended to be used to evaluate both vertical and lateral gust loads, so
a similar representation can be developed for the lateral dynamics. Another source of
bounded nonlinear disturbances that could be represented by f () is transport delay from
communication with a ground station.

4.3 Control Development

To facilitate the subsequent control design, a reference model can be developed as:

G = A + B (4-16)

Ym = me; (4*17)

with A,, € R"™" and B,, € R"™ designed as

Alonm 04 4 Blonm 04 2
A, = : By = < (4-18)
O4><4 Alatm O4><2 Blatm
T
where A, is Hurwitz, 6 (£) € R™ is the reference input, r,, = [ ab o oal ] e R”

represents the reference states, y,, € R™ are the reference outputs, and C was defined in
(4-2). The lateral and longitudinal reference models were chosen with the specific purpose

of decoupling the longitudinal mode velocity and pitch rate as well as decoupling the
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lateral mode roll rate and yaw rate. In addition to this criterion, the design is intended to
exhibit favorable transient response characteristics and to achieve zero steady-state error.
Simultaneous and uncorrelated commands are input into each of the longitudinal and
lateral model simulations to illustrate that each model indeed behaves as two completely
decoupled second order systems.

The control objective is to ensure that the system tracks a desired reference trajectory
despite unknown, nonlinear, non-LP disturbances in the dynamic model. To quantify this

objective, a tracking error, denoted by e (t) € R™, is defined as
e=Y—Yn=C(x—1x,). (4-19)

To facilitate the subsequent analysis, a filtered tracking error [74], denoted by 7 (t) € R™,
is defined as:

r2é+ae, (4-20)

where a € R™*™ denotes a matrix of positive, constant control gains.
4.3.1 Open-loop Error System

The open-loop tracking error dynamics can be developed by taking the time derivative
of (4-20) and utilizing the expressions in (4-1), (4-2), (4-16), and (4-17) to obtain the

following expression:
i =N+ Ng+ CA(é 4 ae) + CB (i + au) + CB (i + au) — e, (4-21)
where the auxiliary function N (z,,e,¢) € R™ is defined as
N2 Cde+C ( o (2) — fo (mm)> +aCAe +aC (fo (z) — fo (zm)) + €, (4-22)
the auxiliary function Ny <.7cm, T, 0, (5> is defined as

Ny, = —CA,,i,, — CB,,6 +CAi,, —aCA,,z,, —aCB,,d + aCAz,,

+ Cfy +aCfy + Cfy (20) + aCfy () (4-23)
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A € R and B € R™™ are subsequently designed adaptive estimates for the matrices
A and B, and the estimate mismatch terms, denoted by A e R and B € R™™, are
defined as

A2A—-A B2B-B. (4-24)

To simplify the notation in the subsequent development, the constant, unknown matrix
Q) € R™*™ is defined as
Q2 CB, (4-25)

and the estimate and estimate mismatch for €2 are defined as

~ ~ ~

Q20CB Q20CB, (4-26)

respectively. The quantities N (x,2,e,¢é) and Ny (mm, T, 0, 6> and the derivative

N, (xm, Ty Fms 0,0, 5> can be upper bounded as follows:

N DY B (4-27)
INall < Cw, HAQH < Cxys (4-28)
where z € R?™ is defined as
T
Zé{ﬁ ﬂ}, (4-29)

(s Cx, € R are known positive bounding constants, and the function p ([|z[) is a positive,
globally invertible, nondecreasing function. Based on the expression in (4-21) and the

subsequent stability analysis, the control input is designed as

~

U= —a/o u(r)dr — (ks +1) Q7 e (t) + (ks + 1) Qe (0) — /0 kyQ sgn (r (1)) dr

~

_Q{Aum+madﬂ+ﬁwn@u»m@ (4-30)
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where 3, kg, k, € R™*™ are diagonal matrices of positive, constant control gains, o was

defined in (4-20), and the constant feedforward estimate 0 € R™*™ is defined as

~ ~

Q=2 CB. (4-31)

To simplify the notation in the subsequent stability analysis, the constant auxiliary matrix
Q € R™™ is defined as
Q2007 (4-32)

where Q can be separated into diagonal and off-diagonal components as
Q=A+A, (4-33)

where A € R™ ™ contains only the diagonal elements of €, and A € R™ ™ contains the
off-diagonal elements.
4.3.2 Closed-loop Error System

After substituting the time derivative of (4-30) into (4-21), the following closed-loop

error system is obtained:
=N+ Ng— (ks + 1) Qr — k. Qsgn (r) — QBsgn (e (t)) — e. (4-34)

Assumption 4-2: The constant estimate Q0 given in (4-31) is selected such that the

following condition is satisfied:
Amin (A) = vVm Al > ¢, (4-35)

where € € R is a known positive constant, and Ay, () denotes the minimum eignenvalue
of the argument.

Remark 4-1: Preliminary testing results show that Assumption 2 is mild in the sense
that (4-35) is satisfied for a wide range of Q £ Q.

Remark 4-2: A possible deficit of this control design is that the acceleration-

dependent term r appears in the control input given in (4-30). This is undesirable
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from a controls standpoint; however many aircraft controllers are designed based on the
assumption that acceleration measurements are available [75-79]. Further, from (4-30),
the sign of the acceleration is all that is required for measurement in this control design.
4.4 Stability Analysis
Theorem 4-1: The controller given in (4-30) ensures that all system signals are
bounded during closed-loop operation and that the position tracking error is requlated in the

sense that

le(®)|| — 0 as t — o0, (4-36)

provided the control gain kg introduced in (4-30) is selected sufficiently large (see the

subsequent stability proof), and [ and k. are selected according to the following sufficient

conditions:
(CNd + éCNd)
B> T(A) (4-37)
(> Y1) -

where (y, and Cy, were introduced in (4-28), ¢ was defined in (4-35), and A and A were
introduced in (4-33).
Before proving Theorem 4-1, the following lemma will be set forth.

Lemma 4-1: To facilitate the subsequent stability analysis, the auziliary function

P (t) € R is defined as

P (t) £ 5l (0)] Al — e (0)" Nu(0) +\/ﬁ/0 BlA] ||7“(T)HalT—/0 L(r)dr, (4-39)
where the auziliary function L (t) € R is defined as

L(t)2,T (Nd (t) — Fsgn (e)) . (4-40)
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Provided the sufficient condition in (4-37) is satisfied, the following inequality can be

obtained 1° :

/O L(r)dr < Ble (0)[||All = ¢ (0)" Na(0) + \/E/O BIIA[Hr ()] dr. (4-41)

Hence, (4—41) can be used to conclude that P (t) > 0.
Proof: (See Theorem 4-1) Let D C R*"*! be a domain containing y(t) = 0, where
y(t) € R*™*1 is defined as

y(t) = {zT ia0) r‘ (4-42)

Let V (y,t) : D x [0,00) — R be a continuously differentiable, positive definite function

defined as
1 1
Vi §eTe + érTT + P, (4743)
where V (y, t) satisfies the inequality
Urly) <V (y,t) <V (y), (4-44)

provided the sufficient condition introduced in (4-37) is satisfied. In (4-44), the

continuous, positive definite functions U; (y),Us (y) € R are defined as
1
U =5 lyll* U2 2 [lyll*. (4-45)

After taking the derivative of (4-43) and utilizing (4-20), (4-33), (4-34), (4-39), and
(4-40), V (y,t) can be expressed as

174 (y,t) = —aele + 7N — (ks +1) rTAr — (ks +1) rTAr + vVmp Il Al

— kT Asgn (r) — kyr" Asgn (r) . (4-46)

10°See Appendix for the details on the bound of f; L(r)dr.
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By utilizing (4-27), V (y,t) can be upper bounded as
V(y,t) < —aeTe —ellrl* = ke [r]” + o (LD Il 120 + [~kye + VmBIA[] 7]l (4-47)

Clearly, if (4-38) is satisfied, the bracketed term in (4-47) is negative, and V (y,t) can be

upper bounded using the squares of the components of z (¢) as follows:
V(y,t) < —allel® = lrl* + [ (1) Il 1z = ke I717] (4-48)

Completing the squares for the bracketed terms in (4-48) yields

AN E 19)

V(y,t) < —ns |z + the

where 73 £ min {a, e}, and p (||z]|) is introduced in (4-27). The following expression can
be obtained from (4-49):

V(y,t) < -Uly), (4-50)

where U (y) = c||z]|", for some positive constant ¢ € R, is a continuous, positive

semi-definite function that is defined on the following domain:

D2 {ye R fy| < p7t (2vEmsks) |- (4-51)

The inequalities in (4-44) and (4-50) can be used to show that V () € L, in D; hence
e(t),r(t) € Lo in D. Given that e (t),r (t) € L in D, standard linear analysis methods
can be used to prove that é(t) € L in D from (4-20). Since e (t),é(t) € L in D,
(4-19) can be used along with the assumption that y,,, 9, € Lo in D to prove that
y(t),9 () € Loo. Given that r (t) € Lo in D, the assumption that Q! € L, in D can be
used along with time derivative of (4-30) to show that @ (t) € L in D. Further, Equation
2.78 of [80] can be used to show that @ (t) can be upper bounded as @ (t) < —au (1) + M,
Vt > 0, where M € R" is a bounding constant. Theorem 1.1 of [81] can then be utilized
to prove that u () € L in D. Hence, (4-34) can be used to show that 7 () € L in D.

Since é(t),7 (t) € L in D, the definitions for U (y) and z () can be used to prove that
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U (y) is uniformly continuous in D. Let S C D denote a set defined as follows:

52 {y<t>cz> s (y (1)) <

2

Theorem 8.4 of [82] can now be invoked to state that

cllzl* — 0

as

t— o0

Yy (0) € S.

Based on the definition of z, (4-53) can be used to show that

le ()]} =0

as

Yy (0) € S.

4.5 Simulation Results

(¢ (v}

(4-52)

(4-53)

(4-54)

A numerical simulation was created to test the efficacy of the proposed controller.

The simulation is based on the aircraft state space system given in (4-1) and (4-2), where

the state matrix A, input authority matrix B, and nonlinear disturbance function f (z) are

given by the state space model for the Osprey aircraft given in (4-7)-(4-12). The reference

model for the simulation is represented by the state space system given in (4-16)-(4-18),

with state matrices Ajpnm and Ajgp,, input matrices Bjonm and Bigem,, and output matrices

Clon and Cyy; selected as

Alatm =

0.6
2.0
0
0

—4.0
0.1

0
0

—-1.1
—2.2
0
0

0
0
—4.0
0.1

—600.0 0

—10.00 O
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0
0

0.6
2.0

0
0
—600.0
—10

0
0
—-1.1

—2.2

(4-55)
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Blonm -

and

lon

[0 05|
0 0
100

L O O .

0010
1000

Blatm - )

10 0

0100

lat —

0010

(4-57)

(4-58)

The longitudinal and lateral dynamic models for the Osprey aircraft flying at 25 m/s

at an altitude of 60 meters are represented using (4-13) and (4-14), where A

and By, are given as

Blon -

lon —

Alat =

1E—5
0.98

—0.15
—0.03

—0.69
-3.13
17.03

3E=3 0.06

1E~
0

11.08
—7.17
—37.35
0

—0.03
—12.92
—0.10
1.00

Blat -
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-0.99 0

—-097 0
—0.03 0

0.08 0
083 0
—-9.96 0

1.00 0

1.10 0

0 0
1.50 —0.02

-0.09 0.17

0 0

i
lon>

!
Alata Blon7

(4-59)

(4-60)

(4-61)



respectively. The nonlinear disturbance terms f (z;,,) and f (z;4) introduced in (4-13)

and (4-14), respectively, are defined as
T
I (Tion) = { —9.81sinf+g(z) 0 0 O } (4-62)
T
[ (w1at) = [ 0.39sin¢ 0 0 0 } : (4-63)

where g (z) represents a disturbance due to a discrete vertical wind gust as defined in
(4-15), where Uys = 10.12 m/s, H = 15.24 m, and V{) = 25 m/s (cruise velocity). Figure

4-2 shows a plot of the wind gust used in the simulation. The remainder of the additive

Vertical Wind Gust Speed [m/s]

Time [s]

Figure 4-2. Plot of the discrete vertical (upward) wind gust used in the controller
simulation.

disturbances in (4-62) and (4-63) represent nonlinearities not captured in the linearized
state space model (e.g., due to small angle assumptions). All states and control inputs

were initialized to zero for the simulation.
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The feedforward estimates Blon and Blat were selected as

0.01 0.1 0 0
R 0 0 R 1.7 —0.05
Blon = Blat = (4764)
1.4 0 —0.1 0.25
0 0 0 0

Remark 4-3: For the choices for f?lon and Blat given in (4—64), the inequality in
(4-35) is satisfied. Specifically, the choice for By, yields

Amin (A) = 0.6450 > 0.0046 = || A|], (4-65)
and the choice for Blat yields
Amin (A) = 0.6828 > 0.0842 = ||A|| . (4-66)

In order to develop a realistic stepping stone to an actual experimental demonstration
of the proposed aircraft controller, the simulation parameters were selected based on
detailed data analyses and specifications. The sensor noise values are based upon Cloud
Cap Technology’s Piccolo Autopilot and analysis of data logged during straight and level
flight. These values are also corroborated with the specifications given for Cloud Cap
Technology’s Crista Inertial Measurement Unit (IMU). The thrust limit and estimated
rate limit was measured via a static test using a fish scale. The control surface rate
and position limits were determined via the geometry of the control surface linkages in
conjunction with the detailed specifications sheet given with the Futaba S3010 standard
ball bearing servo. The simulation parameters are summarized in the following table:

The objectives for the longitudinal controller simulation are to track pitch rate
and forward velocity commands. Figures 4-3 and 4-4 show the simulation results of the

closed-loop longitudinal system with control gains selected as follows (e.g., see (4-30) and
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Table 4-1. Parameters used in the DI controller simulation.

Sampling Time 0.01 sec
Pitch Rate Sensor Noise +1.7°/ sec
Velocity Sensor Noise +0.4 =
Roll Rate Sensor Noise +1.7°/ sec
Yaw Rate Sensor Noise +1.7°/ sec
Control Thrust Saturation Limit +200 N
Control Thrust Rate Limit +200 %
Elevator Saturation Limit +30°
Elevator Rate Limit +300°/ sec
Aileron Saturation Limit +30°
Aileron Rate Limit +300°/ sec
Rudder Saturation Limit +30°
Rudder Rate Limit +300°/ sec

(4-25))1 -

B = dz‘ag{ 0.1 130 } ks = diag{ 0.2 160 }
a = diag { 0.7 0.1 } ky = 01152,

where the notation I;,; denotes the j x j identity matrix. Figure 4-3 shows the reference
and actual pitch rates during closed-loop operation, and Figure 4-4 shows the reference
and actual forward velocity responses.

For the lateral controller simulation, the objectives are to track roll rate and yaw

rate commands. Figures 4-5 and 4-6 show the simulation results of the closed-loop lateral

' The k, used in the longitudinal controller simulation does not satisfy the sufficient
condition given in (4-38); however, this condition is not necessary for stability, it is
sufficient for the Lyapunov stability proof.
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Figure 4-3. Pitch rate response achieved during closed-loop longitudinal controller
operation.

system with control gains selected as follows:

ﬁzdiag{ 0.2 0.6 } k:szdmg{ 0.2 3 }
a= diag{ 1.0 0.2 } ky = Ioxo.

Figure 4-5 shows the reference and actual roll rates during closed-loop operation, and
Figure 4-6 shows the reference and actual yaw rates. The control actuation (relative to
trim conditions) used during closed-loop operation for the robust controller is shown in
Figure 4-7.
4.6 Conclusion

An aircraft controller is presented, which achieves asymptotic tracking control
of a model reference system where the plant dynamics contain input uncertainty and
a bounded non-LP disturbance. This result represents the first ever application of a

continuous control strategy in a DI and MRAC framework to a nonlinear system with
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T
= = =Model Reference
—— Actual Response

Forward Velocity [m/s]

2 | | | | | | |
0 1 2 3 4 5 6 7 8

Time [s]

Figure 4-4. Forward velocity response achieved during closed-loop longitudinal controller
operation.

additive, non-LP disturbances, where the control input is multiplied by a non-square
matrix containing parametric uncertainty. To achieve the result, a novel robust control
technique is combined with a RISE control structure. A Lyapunov-based stability analysis
is provided to verify the theoretical result, and numerical simulation results are provided

to demonstrate the efficacy of the proposed controller.

76



25 T T

= = =Model Reference
— Actual Response

Roll Rate [deg/s]
[=]

Time [s)

Figure 4-5. Roll rate response achieved during closed-loop lateral controller operation.

15 T
= = =Model Reference
—— Actual Response

Yaw Rate [deg/s]

Figure 4-6. Yaw rate response achieved during closed-loop lateral controller operation.
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Figure 4-7. Control actuation away from trim used during closed-loop robust dynamic
inversion controller operation for the lateral subsystem (top) and the
longitudinal subsystem (bottom)
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CHAPTER 5
ADAPTIVE DYNAMIC INVERSION FOR ASYMPTOTIC TRACKING OF AN
AIRCRAFT REFERENCE MODEL

5.1 Introduction

Adaptive dynamic inversion (ADI) is a promising area of controls research (e.g.,
see [27, 29, 30, 33]). Specific difficulties exist, however, in designing ADI controllers for
systems containing uncertainty in the input matrix. While robust control methods are
often utilized to compensate for the inversion error in such cases [35-38], the required
control effort can be large due to the high gain or high frequency feedback typically
required in the robust control design. Motivated by the desire to develop an adaptive
method as opposed to robust, neural network (NN)-based controllers have been typically
used to compensate for unstructured uncertainty (e.g., see [61]). One drawback of
NN-based control is that asymptotic stability is difficult to prove due to the inherent
functional reconstruction error. A contribution in this chapter is the use of a new robust
control technique in conjunction with an adaptive control law to achieve an asymptotic
tracking result in the presence of parametric uncertainty in the input and state matrices
and an additive, nonvanishing nonlinear disturbance. An asymptotic tracking result is
proven via a Lyapunov stability analysis, and a high fidelity numerical simulation is
provided to show the performance of the proposed control design.

5.2 Aircraft Model
The development in this chapter is based on the following state-space representation

of an aircraft [25, 29, 34, 71, 72

&= Az + Bu+ f (z,t) (5-1)

y = Cu. (5-2)

In (5-1) and (5-2), A € R™" denotes a state matrix composed of unknown constant
elements, B € R™ ™ denotes an input matrix composed of uncertain constant elements

with m < n, C € R™" denotes a known output matrix, z(t) € R"™ denotes the state
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vector, u(t) € R™ denotes a vector of control inputs, and f(z,t) € R" represents a state-
and time-dependent unknown, nonlinear disturbance.

Assumption 5-1: The nonlinear disturbance f (x,t) and its first two time derivatives
are assumed to exist and be bounded. The disturbance f (xz,t) introduced in (5-1) can
represent several bounded nonlinearities (e.g., errors due to linearization, inertial coupling,
discrete vertical gusts, etc.). For a detailed discussion of nonlinearities that can be
represented by f (x,t) see [35].

Assumption 5-2: For some given output matriz, the matriz product C'B is invertible
for all elements of B contained within some bounded region.

While the model in (5-1) and (5-2) is generic to a broad class of aircraft, this
section describes how a specific aircraft can be related to (5-1). Based on the standard
assumption that the longitudinal and lateral modes of the aircraft are decoupled, the
state-space model for the commercially available Osprey fixed wing aerial vehicle (see
Figure 4-1) can be represented using (5-1) and (5-2), where the state matrix A € R8*®

and input matrix B € R¥* are given as

Ao Aion Oaxa B Bion  04x2 | (5-3)

Oaxa  Ajat Osx2  DBiat

and the output matrix C' € R**® is designed as

Cion 0
O ! 2x4 | (5-4)
O2><4 C’lat

In (5-3) and (5-4), Aion, Ajat € R Bion, Bir € R¥? and C,p,, Cior € R?*** denote the
state matrices, input matrices, and output matrices, respectively, for the longitudinal and
lateral subsystems, and the notation 0;,; denotes an ¢ x j matrix of zeros. The Osprey

state-vector x(t) € R® is given as

T
o= o o] (5-5)
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where o, (t) , 214: (t) € R* denote the longitudinal and lateral state vectors defined as
T
A
Lion = |:V o q 81 (5_6)

T
xlaté[ﬁ p T (;5} ) (5-7)

where the components of the state are defined as

V' = velocity a = angle of attack
q = pitch rate 0 = pitch angle
B = sideslip angle p = roll rate
r = yaw rate ¢ = bank angle

and the control input vector is defined as

T

T
u £ |:U/lj;n Ulj;t :| = |: (5@lev 5th7"ust 5(17;1 57‘ud . (5*8)

In (5-8), derer (1) € R denotes the elevator deflection angle, 05t (t) € R is the control
thrust, d4; (t) € R is the aileron deflection angle, and d,,4 (t) € R is the rudder deflection
angle.
5.3 Control Development
To facilitate the subsequent control design, a reference model is developed as
T = AmTm + B0 (5-9)

Ym = Cxpp, (5-10)

with A,, € R"™" and B,, € R"*™ designed as

A, = B,, = : (5-11)
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where A, is Hurwitz, 0 () € R™ is the reference input, x,,(t) € R" is the reference state,
defined as
T
Tm(t) 2| 2l (6) b ) | (5-12)

Ym € R™ are the reference outputs, and C' was defined in (5-2). Also in (5-11),
Aronm, Aratm € RN Bionm, Biagm € R7*P denote the state matrices and input matrices,
respectively, for the longitudinal and lateral subsystems'? . The lateral and longitudinal
reference models were chosen with the specific purpose of decoupling the longitudinal
velocity and pitch rate as well as decoupling the lateral roll rate and yaw rate. In
addition to this criterion, the design is intended to exhibit favorable transient response
characteristics and to achieve zero steady-state error. Simultaneous and uncorrelated
commands are input into each of the longitudinal and lateral model simulations to
illustrate that each model indeed behaves as two completely decoupled second order
systems.

The control objective is to ensure that the aircraft output states track a desired
time-varying reference trajectory despite parametric uncertainty and unknown, nonlinear,
non-LP disturbances in the dynamic model. To quantify this objective, a tracking error,

denoted by e (t) € R™, is defined as
e2y—1yn=C(r—1z,). (5-13)

To facilitate the subsequent analysis, a filtered tracking error [74], denoted by r () € R™,
is defined as

T2 ¢+ ae, (5-14)

12 The dimensions of reference model subsystem matrices Ajonm, Aiatm, Bionm, and Biaim
will match those of the plant model. Thus, if the Osprey model is used as the plant, ¢ = 4,
and p = 2 (see (5-3) and (5-4)).
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where o € R is a positive, constant control gain. The subsequent development is based
on the assumption that y(¢) and y(t) are measurable, and hence, e(t), é(t), and r(t) are
measurable [75-79).

The open-loop tracking error dynamics can be developed by taking the time derivative

of (5-14) and utilizing the expressions in (5-1), (5-2), (5-9), and (5-10) to obtain
i =N+ Ny + Yplp + CB (i + au) — e. (5-15)

In (5-15), the auxiliary functions N (z,3, e, T, Em, t) € R™ and Ny (a:m,:tm, 0, 5,15) e R™
are defined as
N £ C (f ('I'ai'at) - f(xmaxmat)> + aC (f (.’L‘,t) - f (mﬂ%t)) t+e

+ CA (7 + ax) — (T, + axy)), (5-16)

and

Ny 2 —C (A — A) (i + i) — CBy, (5 + a5> rC (f (Loms s 1) + O f (s t)) . (5-17)

Motivation for the selective grouping of the terms in (5-16) and (5-17) is derived from the

fact that the following inequalities can be developed [52, 53]:

N EENE (5-18)
INall < Gve || M| < (5-19)
where z () € R*™ is defined as
T
z2 { el T ] : (5-20)

(ngs Cx, € R are known positive bounding constants, and p(-) € R is a positive, globally
invertible, nondecreasing function. Also in (5-15), Y5 (u, 1) € R™*P1 denotes a measurable

regression matrix, and 5 € RP! is a vector containing the unknown parameters of the B
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matrix, defined as

Yplp = CB (i + au). (5-21)

In (5-15) and the subsequent stability analysis, 05(t) € RP' denotes the parameter
estimation error defined as

0p 2 05 — 0, (5-22)
where 0p (t) € RP* denotes a subsequently designed parameter estimate vector. The
estimate matrix B () € R™*™ is introduced in (5-15) to facilitate the control development,
where the elements of the matrix are composed of the elements of p (t).

Based on the expression in (5-15) and the subsequent stability analysis, the control

input is designed as

U= —/0 law (1) 4+ Q (7)] d, (5-23)

where the auxiliary function €2 (t) € R™ is defined as
. -1
0= (C’B) (ks +1)r+ Bsgn (e)], (5-24)

where (3, ks € R™*™ are constant, positive definite, diagonal control gain matrices, and
o is defined in (5-14). The adaptive estimate B(t) (or O (t) in vector form) in (5-24) is

generated online according to the adaptive update law
05 = proj {TpYjr}. (5-25)

In (5-25), I'p € RP**P1 ig a constant, positive definite, symmetric adaptation gain matrix,
and proj () denotes a projection operator utilized to guarantee that the i’ element of
05(t) is bounded as

QBz‘ S éBz’ S éBi; (5*26)

where 0p;,05, € R denote known, constant upper and lower bounds, respectively, for

each element of 0 (t). After substituting the time derivative of (5-23) into (5-15), the
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closed-loop error system can be determined as
=N+ Ny + Yglp — (ks +1)r — Bsgn (e) — e. (5-27)

Remark 5-1: The projection operator in (5-25) ensures that the matriz estimate
C’Z%(t) is invertible under the standard assumption that C'B is invertible [25, 34, 83] for all
elements of B contained within some bounded region (i.e., 85, < 0p; < 0p;). For example,

the estimate C’B(t) for the Osprey longitudinal dynamics could be selected as

_ -T - -
Lo [QBD éBl] [Q327 éBQ}
(CB) _ 01 [053.083]  [054, 054
fon 00 [QB57 935] [QBG’ 936]
L 00 ] L [QB779B7] [QB&QBS} i
05,0 05,0
_ [_31 _Bl] [_32 _32} 7 (5 28)
053,083] 054, 084]
where [-,-] denotes an interval between a lower and upper bound. Assumption 2 (and
hence, the invertibility of Cé(t)) 18 valid for this particular example provided
051,081 - [054,084) # (052, 052] - (053, 05s] - (5-29)

5.4 Stability Analysis
Theorem 5-1: The controller given in (5-23) ensures that all system signals are
bounded during closed-loop operation and that the position tracking error is requlated in the
sense that

le®)|| — 0 as t — o0, (5-30)

provided the control gain matriz ks introduced in (5-23) is selected sufficiently large (see

the subsequent stability proof), and the control gain matriz [ introduced in (5-24) is
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selected such the following sufficient condition is satisfied:

1
)\min {ﬁ} > CNd + ECNd’ (5_31)

where (y, and Cy were introduced in (5-19).
The following lemma is provided to facilitate the main result in Theorem 5-1.

Lemma 5-1: To facilitate the subsequent stability analysis, the auziliary function

P (t) € R is defined as

P (t) £ 8l lle (0)]] — e (0)" N (0)—/0 L(r)dr, (5-32)

where ||-||,,, denotes the induced infinity norm of a matriz, and the auziliary function
L (t) € R is defined as

L(t) =" (Na(t) — Bsgn (e)) . (5-33)

Provided (3 is selected according to the sufficient condition the following inequality can

be obtained:
| @ < BBl lle )= 07 Na(0). (5-34)

Hence, (5-34) can be used to conclude that P (t) > 0.
Proof: See [52, 53] for proof of Lemma 5-1.
Proof: (See Theorem 5-1) Let D C R*™™P1+! he a domain containing y(t) = 0, where

y(t) € R¥™ i+l g defined as

T
y() = | 2Tty 65(t) P@) | - (5-35)
Let V (y,t) : Dx[0,00) — R be a continuously differentiable, positive definite function
defined as
1

1 1~ -
VA 56% + §TT7‘ + Eegr;% +P (5-36)

that satisfies the following inequalities:

mlyl* <V (y,t) < mellyl” (5-37)
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provided the sufficient condition introduced in (5-31) is satisfied, where 1; =
tmin {1, Apin {T'5'}}, and 72 £ max {4 \nax {T'5'} . 1}. After taking the time derivative of

(5-36) and utilizing (5-14), (5-23), (5-27), (5-32), and (5-33), V (y,t) can be expressed as

V(y,t) = —aeTe+r"N +rTYp0p — (ks + 1) rTr — 6575105 (5-38)

After utilizing (5-18) and (5-25) , V' (y,t) can be upper bounded as
V(y,t) < —aeTe—|[rll* = [k lIrI* = p (U=l 1] 121] - (5-39)

Completing the squares for the bracketed terms in (5-39) yields

(DN E(R

V(y,t) < —nsllzl|” + 1k :

(5-40)

where 73 = min {«, 1}, and p (||]|) is introduced in (5-18). The following expression can
be obtained from (5-40):

Viyt) < =Uly), (5-41)

where U (y) = c||z||", for some positive constant ¢ € R, is a continuous, positive

semi-definite function that is defined on the following domain:

D2 {ye R |y < pt (2v/msks) |- (5-42)

The inequalities in (5-37) and (5-41) can be used to show that V (¢) € L. in D;

hence, e (t),r (t),0p(t), P(t) € Lo in D. Given that e (t),r (t) € Lo in D, standard
linear analysis methods can be used to prove that é (t) € L in D from (5-14). Since
e(t),é(t) € Lo, (5-13) can be used along with the assumption that y,, Jm € Lo to prove
that y (¢),y (t) € L. Given that r(t), (CB (t)>_ € Lo in D, (5-24) can be used to
show that 2 (t) € L in D. Since 2 (t) € L in D, Equation 2.78 of [80] can be used

to show that || (t)|] < M, ¥Vt > 0, where M € R™" is a bounding constant. The time
derivative of (5-23) can then be used to prove that () € Lo, in D. Given that 4 (t) € L

in D and || (t)|| < M, the time derivative of (5-23) can be used to upper bound % (t) as
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U (t) < —au(r) + M. Theorem 1.1 of [81] can then be utilized to prove that u (t) € L
in D. Given that u (t),4(t) € Lo in D, (5-21) can be used to prove that Yz € L, in D.
Hence, (5-27) can be used to show that 7 (t) € L, in D. Since é(t),7 (t) € L in D, the
definitions for U (y) and z (t) can be used to prove that U (y) is uniformly continuous in

D. Let S C D denote a set defined as

sefy@ e iml® < (o (2vR) | (5-43)

Theorem 8.4 of [82] can now be invoked to state that

cllzl]* =0 as t— o0 Yy (0) € S. (5—44)
Based on the definition of z(t), (5-44) can be used to show that

lle ()|l — 0 as t—oo0  Vy(0)esS. (5-45)

5.5 Simulation Results
A numerical simulation was created to test the efficacy of the proposed controller.
The simulation is based on the aircraft state space system given in (5-1) and (5-2), where
the state matrix A, input authority matrix B, and nonlinear disturbance function f (x) are
given by the state space model for the Osprey aircraft given in (5-3)-(5-8). The reference
model for the simulation is represented by the state space system given in (5-9)-(5-11),
with state matrices Ajynm and Ay, input matrices Bjonm and Bigen, and output matrices

Cion and C),; selected as

06 —-1.1 0 0
20 =22 0 0
Alonm = (5-46)
0 0 —4.0 —-600.0

0 0 0.1 —10
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—4.0
0.1
Alatm:
0
0
0 0.5
0 O
Blonm
10 0
0 O
and .
0 01 0
lon —
1 00 0

—600.0 0
—10.00 0
0 0.6
0 2.0

lat —

0
0
—11
2.2 |
(10 0 |
0 0
0 05|
_O 0_
010 0
00 10

(5-47)

(5-48)

(5-49)

The state and input matrices for the longitudinal and lateral dynamic models of the

Osprey aircraft flying at 25 m/s at an altitude of 60 meters are given as

—0.15
—0.03
Alon —
0
0
—0.69
—-3.13
Alat -
17.03
0
3E-3  0.06
1E=5 1E*
Blon —
—0.98 0
0 0

11.08  0.08 O ]
717 083 0
—=37.35 =996 0
0 1.00 0 |
—-0.03 —=0.99 0 |
—1292 1.10 0
—-0.10 -0.97 0
1.00  —0.03 0 |
| 0 0
By — 1.50 —0.02
—-0.09 0.17
I 0 0
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Table 5-1. Parameters used in the ADI controller simulation.

Sampling Time 0.01 sec
Pitch Rate Sensor Noise | £1.7°/sec
Velocity Sensor Noise +04 =

sec

Roll Rate Sensor Noise | £1.2°/sec
Yaw Rate Sensor Noise | +1.2°/sec

respectively. The nonlinear disturbance terms, denoted f (z;,,) and f (z;4), are defined as
T
[ (T1on) = { —9.81sinf+g(x) 0 0 0O } (5-53)
T
[ (T1at) = { 0.39sing 0 0 0 } : (5-54)

where g (x) represents a disturbance due to a discrete vertical wind gust as defined in [73],
where Uys = 10.12 m/s, H = 15.24 m, and V = 25 m/s (cruise velocity). Figure 3-2 shows
a plot of the wind gust used in the simulation. The remainder of the additive disturbances
in (5-53) and (5-54) represent nonlinearities not captured in the linearized state space
model (e.g., due to small angle assumptions). All states and control inputs were initialized
to zero for the simulation.

In order to develop a realistic stepping stone to an actual experimental demonstration
of the proposed aircraft controller, the simulation parameters were selected based on
detailed data analyses and specifications. The sensor noise values are based upon Cloud
Cap Technology’s Piccolo Autopilot and analysis of data logged during straight and level
flight. These values are also corroborated with the specifications given for Cloud Cap
Technology’s Crista Inertial Measurement Unit (IMU). The simulation parameters are
summarized in the following table:

The objectives for the longitudinal controller simulation are to track pitch rate
and forward velocity commands. Figures 5-1 and 5-2 show the simulation results of

the closed-loop longitudinal system with control gains selected as follows (e.g., see
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(5-23)-(5-25)):
Bzdiag{zo 50} k3=dmg{70 60}
a=0.02lbs T'p=1E"I,

where the notation I;.; denotes the j x j identity matrix. Figure 5-1 shows the reference
and actual pitch rates during closed-loop operation, and Figure 5-2 shows the reference

and actual forward velocity responses.  For the lateral controller simulation, the

25 T T T
- - ~Model Reference
— Actual Response
I\
k|

20+ \W‘ﬁviw-\f ENAEA Wzﬁf\f WA\ A oo M O e s

——

Pitch Rate [Deg/sec]

Time [sec]

Figure 5-1. Pitch rate response achieved during closed-loop longitudinal controller
operation.

objectives are to track roll rate and yaw rate commands. Figures 5-3 and 5-4 show the

simulation results of the closed-loop lateral system with control gains selected as follows:
ﬁ = 4OIQX2 k?s = 60.[2><2 o = 0.02]2><2 FB = 0.01]4><4
Figure 5-3 shows the reference and actual roll rates during closed-loop operation, and

Figure 5-4 shows the reference and actual yaw rates.
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Figure 5-2. Forward velocity response achieved during closed-loop longitudinal controller
operation.

The control actuation (relative to trim conditions) used during closed-loop operation
for the adaptive controller is shown in Figure 5-5.

To further test the performance of the proposed control design, an additional
simulation was created to test the adaptive longitudinal controller’s ability to track
simultaneous angle of attack (provided an angle of attack sensor is available (e.g., a
pitot tube)) and forward velocity commands. The angle of attack and forward velocity
responses of the closed-loop adaptive longitudinal system are shown in Figure 5-6, and the
control actuation used during closed loop operation is shown in Figure 5-7. The control
actuation values shown in Figure 5-7 are measured with respect to trim. The simulation
parameters summarized in Table 1 were used for the angle of attack simulation. The
motivation for including the angle of attack tracking results in Figure 5-6 is to illustrate
that angle of attack control can be achieved using the developed adaptive control design

(similar results can also be obtained for the robust controller), so the sudden, individual
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Figure 5-3. Roll rate response achieved during closed-loop lateral controller operation.

gust was not included in the angle of attack simulation. For the angle of attack simulation,

the output matrix is

0100
Cion = , (5-55)
1 000

and the model reference and plant input matrices are

0.003  0.065 0 0.5
—0.010 0.0001 0 0
By, = Bionm = : (5756)
—0.98 0 115 0
0 0 0 0
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Figure 5-4. Yaw rate response achieved during closed-loop lateral controller operation.

The constant feedforward estimate Blon was selected as

0.001 0.05
. 0 0
Blon = (5757)
-1 0
0 0
Note that for the choice of By, given in (5-57), the inequality in (4-35) is satisfied.
Specifically, the choice for Bion yields
Amin (A) = 1.2907 > 0.2620 = ||A|,_. . (5-58)

5.6 Conclusion
An aircraft controller is presented, which achieves asymptotic tracking control of
a model reference system where the plant dynamics contain input uncertainty and a

bounded non-LP disturbance. This result represents application of a continuous control

94



2 30
— [P moreton —
o 1 g 20
3 k)
[}
% 0 S 10
< 1t 2 0
o =
=z 2 & 10
o 5 10 % 5 10
150 ; 6
=
[}
S
= 100} o
= 2
3 <
F 50 g
>
2
L
O i i
0 5 10 0 5 10
Time [sec] Time [sec]
Figure 5-5. Control actuation away from trim used during closed-loop adaptive dynamic

inversion controller operation for the lateral subsystem (top) and the
longitudinal subsystem (bottom).

strategy in an ADI framework to a nonlinear system with additive, non-LP disturbances,

where the control input is multiplied by a non-square matrix containing parametric

uncertainty.

A Lyapunov-based stability analysis is provided to verify the theoretical

result, and numerical simulation results are provided to demonstrate the efficacy of the

proposed controller.
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for the closed-loop adaptive longitudinal system.
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Figure 5-7. Control actuation away from trim used during closed-loop adaptive controller
operation for the angle of attack tracking objective. Elevator deflection angle
(top) and thrust (bottom).
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CHAPTER 6
GLOBAL ADAPTIVE OUTPUT FEEDBACK MRAC

6.1 Introduction
The contribution in this chapter is the development of a continuous output feedback

controller that achieves global asymptotic tracking of the outputs of a reference model,
where the plant model contains a non-square, column deficient, uncertain input matrix
and a non-vanishing disturbance that cannot be linearly parameterized. The developed
controller combines a continuous robust feedback structure to compensate for the
additive nonlinear disturbance with an adaptive feedforward structure to compensate
for uncertainty in the state and input matrices. In comparison with the results in [41],
the unknown nonlinearity in the current result does not satisfy the linear-in-the-paramters
assumption. In comparison with our previous results in [35, 47|, the current development
exploits the matrix decomposition technique in [42, 43] so that the controller depends only
on the output states, and not the respective time derivatives. Global asymptotic tracking
is proven via a Lyapunov stability analysis, and a high fidelity numerical simulation is
provided to show the performance of the developed controller.

6.2 System Model

The subsequent development is based on the following state-space system:

&= Az + Bu+ f (z,t) (6-1)

y = Cu. (6-2)

In (6-1) and (6-2), A € R™" denotes a state matrix composed of unknown constant
elements, B € R™™ denotes a column deficient input matrix composed of uncertain
constant elements with m < n, C € R™*" denotes a known output matrix, z(t) € R"
denotes the state vector, u(t) € R™ denotes a vector of control inputs, and f(z,t) € R”

represents a state- and time-dependent unknown, nonlinear disturbance. Based on (6-1)
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and (6-2), a reference model is defined as

G = A + B0 (6-3)

Ym = Cx,p, (6-4)

where A, € R™" is Hurwitz, B,, € R"*™ is the reference input matrix, ¢ (t) € R™ is the
reference input, x,,(t) € R™ represents the reference states, y,, (t) € R™ are the reference
outputs, and C'is introduced in (6-2).

Assumption 6-1: The nonlinear disturbance f (z,t) and its first two time derivatives
are assumed to exist and be bounded by known constants. A discussion of nonlinearities
that can be represented by f (x,t) for an aircraft is provided in [35].

6.3 Control Development
6.3.1 Control Objective
The control objective is to ensure that the outputs y(¢) track the time-varying

outputs generated from the reference model outputs in (6-4). To quantify the control

T
objective, an output tracking error, denoted by e (t) = | e (t) ey (t) --- em (1) €
R™, is defined as

eEy—Yn=C(r—1z,). (6-5)
To facilitate the subsequent analysis, a filtered tracking error [74], denoted by 7 (t) =

T
ri(t) ro(t) - rn(t) | €R™, is defined as
rEé+ ae, (6-6)

where o € R is a positive, constant control gain. The subsequent development is based

on the assumption that only the output measurements y(¢) (and therefore e(t) in (6-5))
are available. Hence, é(t) and r(t) are defined to simplify the stability analysis. The
unmeasurable signal r (¢) is contained inside an integral in the subsequent adaptive update

law, but is not required for the control implementation due to integration by parts.
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To facilitate the subsequent robust output feedback control development and
stability analysis, the state vector x(t) will be segregated in terms of its measurable
and unmeasurable components. This step enables the segregation of terms that can be
bounded as functions of the error states from those that are bounded by constants. To this

end, the state vector x(t) can be expressed as
x (t) =Z (t) + Ty (t) ) (677)

where z (t) € R™ contains the m output states, and x,, € R" contains the n — m remaining
states. Likewise, the reference states z,,(t) can also be separated as in (6-7).
Assumption 6-2: The states z,(t) in (6-7) and the corresponding time derivatives

can be further separated as

Ty (8) = Tpu (1) + T¢u (1) (6-8)
£ () = (1) + e (1)
where ,, (1), Ty (), Ty (1), Tcy (1) € R™ are assumed to be upper bounded as
20w (DI < crllzl - Nz O < Gou
120w (DI < callzll - Ndcu DN < Gou
where z(t) € R?*™ is defined as
T
z é |: eT rT :| y (6*9)
and c¢1, ¢, Cuuy Giw € R are known non-negative bounding constants (i.e., the constants
could be zero for different classes of systems).
6.3.2 Open-Loop Error System

The open-loop tracking error dynamics can be developed by taking the time derivative

of (6-6) and utilizing the expressions in (6-1)-(6-4) to obtain

i = Ny + Ny + CA (&, + azx,,) + CB (i + au) (6-10)
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where z,,(t) € R" contains the reference states that correspond to the output states

in z (t), and &,,(t) denotes the respective time derivative. The auxiliary functions

No (x, 2, Ty, T, t) € R™ and Ny <a:,:vm,:tm,5, 5, t) € R™ in (6-10) are defined as

+ CA (&py + apy)

Nao 2 C (f (0,0) + af (@,8)) + CA (i + azca)

— C Ay (G + ) — C By (5 + a(5> . (6-12)

Motivation for the selective grouping of the terms in (6-11) and (6-12) is derived from the

fact that the following inequalities can be developed [52, 84]:
|8 < polll INaol < v [V < G (6-13)

where po, C(ng,s (), € R are known positive bounding constants.
6.3.3 Closed-Loop Error System
Based on the expression in (6-10) and the subsequent stability analysis, the control

input is designed as
t .\ 1
u= —/ au (7)dr + <C’B> (o — 1), (6-14)
0

where 19 (t), 111 (t) € R™ denote subsequently defined feedback control terms, and B €
R™ ™ is a constant feedforward estimate of the uncertain matrix B. After substituting the

time derivative of (6-14) into (6-10), the error dynamics can be expressed as
N -1
7= No+ Ny + CA(i,, +az, )+ CB (CB) (1o — fu1) - (6-15)

Assumption 6-3: Upper and lower bounds of the uncertain input matrix B

are known such that the constant feedforward estimate B can be selected such that
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-1
CB (CB) can be decomposed as follows [41-43, 56]:
!
OB (CB) — ST, (6-16)

where S € R™*™ is symmetric and positive definite, and T" € R™*™ is a unity upper
triangular matrix, which is diagonally dominant in the sense that

e<|Tul— ) 1Twl<@Q Vi=1,..m-1 (6-17)

k=i+1

In (6-17), e € (0,1) and @ € RT are known bounding constants, and T} € R denotes
the (1, k)th element of the matrix 7". Preliminary results indicate that this assumption is
mild in the sense that the decomposition in (6-16) results in a diagonally dominant 7" for
a wide range of B # B.

Based on (6-16), the error dynamics in (6-15) are
S7Y =Ny + Ny + ST'CA(&,, + ax,,) + T (10 — f11) — e, (6-18)

where

Nl éS_lNo—i—e Ndl éS_lj\fdo.

Since S is positive definite, the following inequalities can be developed:

HM < Cirs (6-19)

<pllzl  IINall < ¢y HM

where p1, (N, (), € R are positive bounding constants. The error dynamics in (6-18) can

now be rewritten as
S7Y = Ny + Nagi + Yalu + Thio + f10 — Thu — e, (6-20)

where T £ T — IL,um is & strictly upper triangular matrix, I,,,«,, is an m x m identity
matrix, Ya (¢, T,) € R™P1 denotes a measurable regression matrix, and 04 € R™

is a vector containing the unknown elements of the A and S matrices, defined via the
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parametrization

Yi04 = STICA (L, +ax,,). (6-21)

Based on the open-loop error dynamics in (6-20), the auxiliary control term g (¢) is

designed as

Ho £ - (ks + Imxm) € (t) + (ks + Lmxm) € (0) (6-22)

t
— / [YAQA + « (ks + ]mxm) € (7—)] dT?
0

and the auxiliary control term p; () is designed as

[ = /0 t Bsgn (e (1)) dr, (6-23)

Rme

where # € R is a constant, positive control gain, ks € is a constant, positive

definite, diagonal control gain matrix, and « is introduced in (6-6). The adaptive estimate

~

04 (t) € RP in (6-22) is generated according to the adaptive update law
04 = proj (Z;), (6-24)

where Z; (., @, ) denotes the it component of = (z,,, @, 7) Vi = 1,..., p1, where the

auxiliary term = (2, T, 7) € RP* is defined as
E (T &) £ LAY (@, o) 7 (6-25)

For the adaptation law in (6-24) and (6-25), I'y € RP**P1 is a constant, positive definite,
symmetric adaptation gain matrix. Since the measurable regression matrix Y4 (-) contains
only the reference trajectories x,, and Z,,, the expression in (6-24) can be integrated by
parts to prove that the adaptive estimate 04 (t) can be generated using only measurements

of e(t) (i.e., no r () measurements, and hence, no #(t) measurements are required).
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Property 6-2: The projection algorithm in (6-24) ensures that the following

inequality is satisfied (for further details, see [85, 86]):
04 < 0ai < 0. (6-26)

After substituting the time derivative of (6-22) into (6-20), the closed-loop error

system can be determined as

S7Y = Ny + Tfio + Nay = (ki + Tcm) 7 (6-27)

+ YAQNA — T,u1 — €,
where 6,(t) € RP' denotes the parameter estimation error defined as
020, —0, (6-28)

Using the time derivative of (6-22), the vector T'fiy can be expressed as

> T 15405
7j=2
> Tijfo
_ Jj=3 Ap AC
Tho = : = + , (6-29)
' 0 0
T(mfl)m/lOm
0
T
where the auxiliary signals A, £ { Apg Mg o Apny } € R™ ! and A, L
T
Aa Aoy o Mg } € R™! and the individual elements are defined as

Ay 2 — Z (kg + 1) (6-30)

Z Qi (6-31)

Jj=i+1
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Vi =1,...,m—1, where the subscript j denotes the j"* element of the corresponding vector,
and €, € R™ is defined as
p1 R
ij =S Z YAjkgAk; \V/] = 1, M. (6*32)
k=1

Based on (6-30)-(6-32), the following inequalities can be developed [41, 56]:
Aol <parllizll M < G, (6-33)

where z (t) is defined in (6-9), and pa1, (1 € R are known positive bounding constants.
Note that pa; only depends on the diagonal elements i + 1 to m of kg due to the strictly
upper triangular nature of T'. After using (6-31) and (6-32), the time derivative of A; can

be expressed as

A¢ = Npy + Npo, (6-34)
where
m 3 p1 ) R
Npi 2= Ty > Yaula (6-35)
j=i+1 k=1
m B p1 -
Np2 2= > Ty > Vajbar (6-36)
j=i+1 k=1

After utilizing Property 1, (6-24), and (6-26), the following inequalities can be developed:
INgill <G [Nl < G irll, (6-37)

where (5, (3 € R are known positive bounding constants.

Based on (6-29), the closed-loop error system can be expressed as

ST = Ny + Nuo + Yl — (ks + Lpsm) 7 (6-38)

_T;ul — €
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where

o A, A
Ny = N, + Ng» = Ny + . (6-39)
0 0

Based on (6-19), (6-33), and (6-39), the following inequalities can be developed:

|| <pallell 1Nl < Cr. (6-40)

| e

< Qi + GGl

where p2,(n,, € R are known positive bounding constants, and Cy ., (2, and (3 are
introduced in (6-19) and (6-37).
6.4 Stability Analysis
Theorem 6-1: The adaptive controller given in (6-14), (6-22)-(6-24) ensures that

the output tracking error is requlated in the sense that
lle(®)|| — 0 as  t— 00, (6-41)

provided the control gain matriz ks introduced in (6-22) is selected sufficiently large (see

the subesquent proof), « is selected to satisfy the sufficient condition
1
[0 Z §ﬁ0, (6*42)
and the control gains B and By are selected to satisfy the following sufficient conditions:
1 1 1 1
g > - (Cz\/d2 + aCNdl + ECQ) Bo > 5(37 (6-43)

where Amin (+) denotes the minimum eigenvalue of the argument, (3 is introduced in (6-23),
Bo € R is introduced in (6-45), pa, Nyy» Cxryys C2o and (3 are introduced in (6-19), (6-57),
and (6-39), and ¢ is introduced in (6-17).

Before proving Theorem 6-1, the following lemma will be set forth.
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Lemma 6-1: To facilitate the subsequent stability analysis, the auziliary function

P (t) € R is defined as

P (1) £ 8Q e (0)] — e (0)" Nuy (0) — / L(r)dr. (6-44)

where || denotes the 1-norm of a vector, @Q is defined in (6-17), and the auxiliary function

L (t) € R is defined as
L(t) £ " (Naa (t) = Tinr) = Bo lle]l 7 (6-45)

Provided the sufficient conditions in (6-43) are satisfied, the following inequality can be

obtained 13 :
/0 L(r)dr < BQ e (0)] — ¢ (0)” Ny (0) (6-46)

Hence, (6-46) can be used to conclude that P (t) > 0.

Proof: (See Theorem 6-1) Let D C R*™™P1*! he a domain containing w(t) = 0, where
w(t) € R*™*P1H1 ig defined as

T
w(t) = [ @) 05 @) JP@) | - (6-47)
Let V (w,t) : D x [0,00) — R be a continuously differentiable, radially unbounded function
defined as
1

1 1~ ~
vV E EeTe + §TT5’_1T + 50511?9,4 + P, (6-48)

which is positive definite provided the sufficient condition in (6-43) is satisfied (see the

appendix). After taking the time derivative of (6-48) and utilizing (6-6), (6-38), (6-44),

13 See Appendix for the details on the bound of [ L (7) dr.
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and (6-45), V (w,t) can be expressed as
1% (w,t) = —aele + rT Ny — T (ks + Lyxm) T
+ el I = FAT 304 + 1Yl (6-19)
After utilizing (6-24) and (6-40), and using the fact that

1 1
lell Il < 5 llell® + 5 lirl’ (6-50)
2 2

V' (w,t) can be upper bounded as

V(w.6) < 2] (651)
= | (R (6 = 380 ) 11 = e 21

where A\; £ min {a — %ﬂo, 1}. Completing the squares for the bracketed terms in (6-51)

yields

2

: P2 2

Vi(wt) < —[A\— Iz||” - (6-52)
( 4 (Amin (ks) - %ﬁ0)>

The inequality in (6-52) can be used to show that V (w,t) € L; hence,

e(t),r(t),04(t), P(t) € Loo. Given that e (t),r (t) € Lo, standard linear analysis methods
can be used to prove that é(t) € L from (6-6). Since e (t),é(t) € Lo, (6-5) can be used
along with the assumption that v, (t),9m (f) € L to prove that y (t),y () € L. Since
04 € L, the assumption that x.,, (t), 4, (t) € Lo can be used along with (6-21) to prove
that Y (t) € L. Given that r (¢),04(t), Y4 (t) € Lo, the assumption that (C’B) B € Lo
can be used along with the time derivative of (6-22) to show that (Cl%’) B Lo () € L.
Since (C’B>_l fio (t) € Lo and the time derivative of (6-23) can be used to show that

-1
[ (t) € Lo, Equation 2.78 of [80] can be used to show that <CB> (10 (t) — f11 (t)) can

(c8) (i)~ ia )

N\ -1
(C’B) (o (t) — fnn (t))H < R, the time derivative of (6-14) can

be upper bounded as < R, Vt > 0, where R € R" is a bounding

constant. Given that

be used to upper bound the elements u; (t) Vi = 1,...,m of u (t) as u; (t) < —aw; (t) + R.
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Theorem 1.1 of [81] can then be utilized to prove that u (t) € L. Hence, (6-38) can be
used to show that 7 (t) € L. Since é(t),7 () € L, (6-9) can be used to show that z (t)
is uniformly continuous. Since z (¢) is uniformly continuous, V' (w, t) is radially unbounded,
and (6-48) and (6-52) can be used to show that z (t) € L, N Lo, Barbalat’s Lemma [82]

can be invoked to state that

|z (&)]] — 0 as t — 00 Yw (0) € R¥mHpitt, (6-53)
Based on the definition of z(t), (6-53) can be used to show that

lle ()| — O as t— o0 vw (0) € R¥Hpitt, (6-54)

6.5 Simulation Results

A numerical simulation was created, which illustrates the applicability and
performance of the developed control law for an unmanned air vehicle (UAV). The
simulation is based on the state-space system given in (6-1) and (6-2), where the state
matrix A, input authority matrix B, and nonlinear disturbance function f (x,t) are
defined as in (6-1).

The reference model for the simulation is represented by the state space system
given in (6-3)-(6-4), where the state matrix A,, and input matrix B, are designed with
the specific purpose of decoupling the longitudinal velocity and pitch rate as well as
decoupling the lateral roll rate and yaw rate. In addition to this criterion, the design
is intended to exhibit favorable transient response characteristics and to achieve zero
steady-state error [35, 47]. Simultaneous and uncorrelated commands are input into each
of the longitudinal and lateral model simulations to illustrate that each model behaves as
two completely decoupled second order systems.

The output matrices C,,, and C),; are selected as

0010 0100
Clon = Crat = : (6-55)
1000 0010
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Based on the standard assumption that the longitudinal and lateral modes of the aircraft
are decoupled, the state-space model can be represented using (6-1) and (6-2), where the

state matrix A € R®*® and input matrix B € R®* are given as

A: Alon O4><4 B— Blon O4><2 7 (6756)

Osxa A Osx2  Biat

and the output matrix C' € R**?® is designed as

Clon 0
c=| " (6-57)
02><4 Olat

In (6-56) and (6-57), Ajon, Alar € R4, Biop, Bar € R, and Cop, Crar € R?** denote the
state matrices, input matrices, and output matrices, respectively, for the longitudinal and
lateral subsystems, and the notation 0;,; denotes an ¢ x j matrix of zeros. The state-vector
z(t) € R® is given as

T
e (6-59)

where o, (t) , 214: (t) € R* denote the longitudinal and lateral state vectors defined as
T
Lion = |: V « q Q:| (6759)

T
xlaté[g - ﬂ , (6-60)

where the components of the state are defined as

V' = wvelocity a = angle of attack
q = pitch rate 0 = pitch angle
G = sideslip angle p = roll rate
r = yaw rate ¢ = bank angle
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and the control input vector is defined as

T
A
= T T
u |: Uion  Uiat :|

T
= |:5elev 5thrust 5ail 5rud:| .

(6-61)

In (6-61), derer (t) € R denotes the elevator deflection angle, dypruse (£) € R is the control
thrust, dq; (t) € R is the aileron deflection angle, and 6,4 (t) € R is the rudder deflection
angle. The state and input matrices for the longitudinal and lateral dynamic models of the

Osprey fixed-wing aircraft flying at 25 m/s at an altitude of 60 meters are given as [35, 47

0.08 0

—0.15 11.08
—0.03 —-717 083 O
A = (6-62)
0 —37.35 —9.96 0
0 0 1.00 O
—-0.69 —-0.03 -0.99 0
-3.13 —-1292 1.10 O
At = (6-63)
17.03 —-0.10 —-0.97 0
0 1.00 —-0.03 0
3E73  0.06 0 0
1E—5 1E™ 1.50 —-0.02
Blon = Blat = (6764>
—0.98 0 —0.09 —-0.17
0 0 0 0

respectively. The nonlinear disturbance terms, denoted f (z;,,) and f (z;4), are defined as

T
f(Tion) = { —9.81sinf+g(x) 0 0 O }

T
fmwz{gwmm()oo],
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where g (z) represents a disturbance due to a discrete vertical wind gust as defined in [73],

and the trigonometric terms in f (x;,,) and f (x;4;) represent nonlinear dependence on

gravity. All states, control inputs, and adaptive estimates were initialized to zero for the

simulation.

The feedforward estimates élon and Blat were selected as

0 0.2

R 0.1 0
Blon =

—15 0

0 0

—0.5
0

—0.25
0

(6-67)

Remark 1. For the choices for élon and Blat given in (6-67), Assumption 3 is satisfied.

Specifically, the choice for Bion yields the following:

' T — T
jeg}rlnn_l){‘ Jil Z T

k=j+1

and the choice for Blat yields

i T..| —
jegﬁgal){\ il k

> Tl

=j+1

}:0.997>5>0,

}:0.890>5>0.

(6-68)

(6-69)

In order to develop a realistic stepping stone to an actual experimental demonstration

of the proposed controller, the simulation parameters were selected based on detailed data

analyses and specifications. The sensor noise values are based on Cloud Cap Technology’s

Piccolo Autopilot and analysis of data logged during straight and level flight. These values

are also corroborated with the specifications given for Cloud Cap Technology’s Crista

Inertial Measurement Unit (IMU). The simulation parameters are summarized in Table I.

The objectives for the longitudinal controller simulation are to track pitch rate and

forward velocity commands. For the lateral controller simulation, the objectives are to

track roll rate and yaw rate commands. Fig. 6-1 shows the simulation results of the

closed-loop longitudinal system with control gains selected as follows (e.g., see (6-14),
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Table 6-1. Parameters Used in the Controller Simulations.

Pitch Rate Sensor Noise +1.7°/ sec
Velocity Sensor Noise +0.4 m/ sec
Roll Rate Sensor Noise +1.7°/ sec
Yaw Rate Sensor Noise +1.7°/ sec
Control Thrust Saturation Limit +£200 N
Control Thrust Rate Limit +200 N/ sec
Elevator Saturation Limit +30°
Elevator Rate Limit +300°/ sec
Aileron Saturation Limit +30°
Aileron Rate Limit +300°/ sec
Rudder Saturation Limit +30°
Rudder Rate Limit +300°/ sec

(6-22), and (6-24)):

ﬁzﬂw{03m} &:Mw{o1w}

a=1.2 Ly = 10Ty

where the notation /;,; denotes the j x j identity matrix. Fig. 6-1 also shows the

simulation results of the closed-loop lateral system with control gains selected as

ﬁ—mw{o307} m—m@{o12¢}

a=27 Tu=10"CI4

Fig. 6-2 shows the control effort used during closed-loop operation. Specifically, Fig.
6-2 shows the elevator deflection angle and thrust used during closed-loop longitudinal
controller operation and the aileron and rudder deflection angle used during closed-loop

lateral controller operation.
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Figure 6-1. Reference and actual forward velocity (top left), pitch rate (top right), roll rate
(bottom left), and yaw rate (bottom right) responses during closed-loop
longitudinal and lateral controller operation.

6.6 Conclusion

A controller is presented, which achieves global asymptotic tracking of a model
reference system, where the plant dynamics contain an uncertain input matrix and an
unknown additive disturbance. This result represents application of a continuous control
strategy in a robust ADI framework to a dynamic system with nonlinear, non-vanishing,
non-LP disturbances, where the control input is multiplied by a non-square, column
deficient matrix containing parametric uncertainty. By exploiting partial knowledge
of the dynamic model, we are able to prove a global asymptotic tracking result while
weakening some common restrictive assumptions concerning the system uncertainty.
A Lyapunov-based stability analysis is provided to verify the theoretical result, and
numerical simulation results are provided to demonstrate the performance of the proposed

controller.
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Figure 6-2. Control input elevator deflection (top left), thrust (top right), aileron
deflection (bottom left), and rudder deflection (bottom right) used during
closed-loop longitudinal and lateral controller operation.
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CHAPTER 7
CONTRIBUTIONS AND FUTURE RESEARCH PLANS

7.1 Contributions of Previous Research

The contributions of the research in this dissertation up to this point are as follows:

An singularity-robust attitude tracking controller for a rigid body satellite was
developed, which adapts for parametric uncertainty in the satellite inertia matrix
in addition to uncertainties in the input torque caused by static and dynamic CMG
gimbal friction.

A NN-based adaptive attitude tracking controller for a rigid body satellite was
designed, which achieves UUB attitude tracking for a rigid-body satellite in the
presence of general (i.e., non-LP) exogenous disturbances, parametric uncertainty in
the satellite inertia matrix, and uncertainties in the input torque caused by static
and dynamic CMG gimbal friction and electromechanical disturbances in the gimbal
servo loops.

The attitude controllers presented here are suitable for small-sats, for which
significant disturbances resulting from the motion of the CMGs exist.

An aircraft controller was developed, which achieves asymptotic tracking control of
a model reference system where the plant dynamics contain input uncertainty and a
non-LP disturbance. This result represents the first ever application of a continuous
control strategy in a DI and MRAC framework to a nonlinear system with additive,
non-LP disturbances, where the control input is multiplied by a non-square matrix
containing parametric uncertainty.

An aircraft controller was developed, which achieves asymptotic tracking control
of a model reference system where the plant dynamics contain input uncertainty
and a non-LP disturbance. This result represents application of a continuous
control strategy in an ADI framework to a nonlinear system with additive,

non-LP disturbances, where the control input is multiplied by a non-square matrix
containing parametric uncertainty.

7.2 Limitations of Previous Research

Attitude controller designs presented in Chapters 2 and 3 have only been able to
achieve uniformly ultimately bounded tracking result (i.e., not asymptotic).

All controllers proposed thus far have been designed to handle systems which are
affine in the control input.
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7.3 Proposed Research Plans

Improve the CMG attitude control design to achieve an asymptotic tracking result
(e.g., using RISE or a single network adaptive critic (SNAC) neural network).

Design a controller capable of achieving asymptotic tracking for nonaffine-in-control
dynamic systems (building on research.by N. Hovakimyan, for example).

Experimentally validate the NN-based adaptive attitude controller presented in
Chapter 3.

117



APPENDIX: PROOF OF LEMMAS 4-1 AND 6-1

Lemma 4-1: Provided the sufficient condition in (4-37) is satisfied, the following

inequality can be obtained :
/0 L(r)dr < 3 le (0)] Al = e (0)" Na(0) (A-1)
wvim [ 81l I ()
0

Hence, (A-1) can be used to conclude that P (t) > 0.

Proof: Integrating both sides of (4-40) yields
t t B
/ L(r)dr = / r ()7 (N () — B2sgn (e () ) . (A-2)
0 0
Substituting (4-20) into (A-2), utilizing (4-33), and rearranging yields

/OtL(T) dr = /Ot (a‘;(:)>TNd (r)dr

(%D s e

t

ae (1) (Ny (1) — BAsgn (e (1)) dr

t

r(r)" BAsgn (e (1)). (A-3)

+
— . —

Integrating the first integral in (A-3) using integration by parts,

/OtL(T)dT = e(T)TNd(T);_/Ote(T)Té‘J\gT(T)dT
- /0 (aea(:) ) ' BAsgn (e (1)) dr
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From (A-4), the following bound can be obtained:

/0 Lirydr < / o [le (P (1Na (7)]

aNd (T)
o 7 — BA\min (A)) dr

+lle @I ([Na (O = BAmin (A))
+B AL lle (0)]] — e (0)" Na (0)

o / Bl |Ir (7)) dr, (A-5)

where m was defined in (4-1). Thus, it is clear from (A-5) that if 3 satisfies (4-37), then
(A-1) holds.

Lemma 6-1: Provided the control gains # and [y introduced in (6-23) and (6-45),
respectively, are selected according to the sufficient conditions in (6-43), the following

inequality can be obtained:

/0 L(r)dr < BQ e (0)] — ¢ (0) N (0) (A-6)

Hence, (A-6) can be used to conclude that P (t) > 0, where P (t) is defined in (6-44).
Proof: Integrating both sides of (6-45) yields

/0 L(r)dr = / (Z 7 ( (— ZTij/llj (1) (A-7)
ng ﬁoZ]el ‘7"1 ) dT,

where e; (t),7; (t), Nao, (), 11, (t) € R denote the i elements of r (t), Ny (t), and g (¢),

respectively, and Tj; is introduced in (6-17). Substituting (6-6) into (A7), rearranging,
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and performing integration by parts, (A-7) can be expressed as

+ 2 Tasgn (e <T>>>> dr
- [ B>l 0l dr

In (A-8), the fact that ) Tj;/uy, (f) is given by

Jj=t

> Tijin, (t) =8 <Sgn (er () + > Tyysgn (e (ﬂ)) (A-9)

=i j=it1
Vi = 1,...,m — 1 was utilized (note that T,,,, = 0 since T is strictly upper triangular).
Based on Assumption 3, the following equation holds Vi = 1,...,m — 1:

sgn (ei (1) + Y Tysgn (e; (1)) = ¢sgn (e (t)), (A-10)
j=i+1

where ¢ € RY is a parameter satisfying ¢ < ¢ < @, with € and @ defined as in (6-17). By

using (A-10) along with the fact that

ang (7’) B 8Nd1 (7’)

87’ = 87’ +NB1 (T)+NBQ (T), (A*ll)
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the expression in (A-8) can be expressed as
¢ m .
[ L =3 ) N, (0
0

| tiei (7) (aNg; @) 4 Ny (T)) dr

/0

— /0 Zei (1) Npa (1) dT
- [ s e ) ar
" / " ae, (7) (Nas, (7) — Bosgn (e; (7)) dr

- / B0 les (7)] |1 (7)) d.

i=1

After exploiting the fact that

/0 e )5¢sgn(€z( ))dr = Bole: (t)] — Bee: (0)

and using (6-19), (6-37), and (6-40), (A-12) can be upper bounded as
[ i< [y ake @l
0 0 =1
+£CNd1 + lCQ - €ﬁ) dr
wf chez s ()] dr
+ Z |€1 CNdZ )
+Z ﬁQ‘ez |_€z( )Nd2i (O))

- [ @@l

Thus, it is clear from (A-14) that if § and [, satisfy (6-43), then (A-6) holds.
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