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 a b s t r a c t

Deep neural networks (DNNs) are well-established tools for function approximation. However, DNNs 
are known to suffer from issues such as overfitting and co-adaptation, which affect the generalization 
and overall performance of the DNN. One powerful regularization technique to mitigate the overfitting 
and co-adaptation issues is dropout. In the dropout technique, randomly selected neurons are ignored 
or ‘‘dropped out’’, meaning that their contributions to the downstream neurons are temporarily 
removed, which helps mitigate overfitting and co-adaptation of those neurons. In this paper, a 
Lyapunov-based dropout DNN (Lb-DDNN) regularization method is developed to deactivate the weights 
associated with stochastically selected neurons at each layer of the DNN. The Lb-DDNN is modeled 
using a switched mechanism involving an ensemble of DNN-based controllers that each approximate 
the unknown nonlinear dynamics individually. Switching between each individual DNN is conducted 
through a general state- and time-dependent switching signal. Simultaneously, an analytical Lyapunov 
stability-driven weight adaptation law is developed that adapts the weights of the DDNN online. 
Asymptotic convergence of the tracking error is ensured through a Lyapunov-based switched stability 
analysis. An extensive ablation study is provided based on simulations of a five-dimensional nonlinear 
system to investigate the effects of the various dropout training parameters on the performance of the 
Lb-DDNN controller. Simulation results indicate a 34.56% improvement in the tracking error, a 43.69% 
improvement in the function approximation error, and 33.88% lower control effort when compared to 
a baseline Lyapunov-based DNN (Lb-DNN) adaptive controller without dropout regularization.

© 2026 Elsevier Ltd. All rights are reserved, including those for text and data mining, AI training, and 
similar technologies.
1. Introduction

Deep neural networks (DNNs) serve as universal function 
approximators (Anderson, 1995), and they have become a pop-
ular means for identification and control of nonlinear systems
with unknown dynamics with unstructured uncertainties
(Abbeel et al., 2010; Bansal et al., 2016; Li et al., 2017; OConnell 
et al., 2022; Punjani & Abbeel, 2015; Shi et al., 2019; Zhou et al., 
2017). Typically, DNN models in DNN-based control methods are 
trained offline using numerical optimization methods applied to 
prior collected datasets to identify the unknown nonlinearities 
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in the model dynamics (Brunton & Kutz, 2019, Section 6.6). 
The trained DNN is then incorporated as a feedforward term 
with static weight estimates in the controller to compensate for 
unstructured uncertainties in the dynamics. The DNN weights are 
not updated online regardless of system performance and lacks 
robustness to changes in the dynamics. In contrast, Lyapunov-
based DNN control methods employ a weight update law derived 
through a Lyapunov-based analysis (Griffis et al., 2023; Hart 
et al., 2023; Joshi & Chowdhary, 2018, 2019; Le et al., 2022; O. 
Patil et al., 2022; O.S. Patil et al., 2022). Developments in Joshi 
and Chowdhary (2018, 2019) involve real-time updates of the 
outer-layer weights while training the inner-layer weights offline 
using pre-existing data. More recent developments in Griffis et al. 
(2023), Hart et al. (2023), O.S. Patil et al. (2022) and O. Patil 
et al. (2022) use Lyapunov-based methods to develop adaptation 
laws for all layer weights of the DNN (i.e., Lyapunov-based deep 
neural networks (Lb-DNNs)). In O. Patil et al. (2022), an Lb-DNN is 
compared to an offline DNN and the Lyapunov-based iterative ad-
justment DNN method of Sun et al. (2022), highlighting improved 
performance in both tracking and function approximation. Fur-
thermore, the result in Lamb et al. (2023) shows that the method 
developed in Sun et al. (2022) outperforms traditional controllers 
data mining, AI training, and similar technologies.
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such as PID, model reference adaptive control (MRAC), and Deep 
MRAC (DMRAC) in terms of trajectory tracking capabilities.

Both offline and online training can lead to degraded perfor-
mance due to data overfitting in fully-connected DNNs. Another 
challenge that decreases generalization and performance of the 
trained DNN is co-adaptation, where multiple neurons, or even 
entire layers, become overly reliant on each other during the 
training process (Charu, 2018). One effective approach to ad-
dress these issues is through dropout regularization. Dropout was 
originally introduced by G. Hinton in Hinton et al. (2012) to 
prevent co-adaptation of feature detectors and improve the gen-
eralization performance of DNNs. Dropout regularization involves 
stochastically dropping out neurons during training, which helps 
prevent overfitting, enhances the overall function approximation 
performance, and efficiently allocates computational resources 
while updating the network’s weights (Le et al., 2022) and Srivas-
tava et al. (2014). By setting the activation of certain individual 
weights to zero, dropout induces sparse representation in the 
network which reduces co-dependency in neurons. Dropouts can 
be viewed as training an ensemble of multiple DNNs with smaller 
width that are trained independently. Independence in the train-
ing has a regularizing effect and provides better generalization 
to new information. This intuitive reasoning is also applicable 
for using dropout in DNN-based adaptive control, since dropouts 
mitigate co-adaptation by reducing the number of weights in-
fluencing an adaptation law. In Wei et al. (2020), the dropout 
is shown to have an implicit regularizing effect in the sense 
that the randomness of dropouts essentially introduces a small 
exploratory perturbation in the training process.

Although dropout regularization has been used for offline 
training of DNNs in results such as Ba and Frey (2013) and Dahl 
et al. (2013), its application has been limited in real-time adaptive 
control settings. The Lb-DNN control architecture developed in O. 
Patil et al. (2022) and O.S. Patil et al. (2022) improved the tracking 
and function approximation performance of the controller com-
pared to its predecessor in Sun et al. (2022). The result in O.S. Patil 
et al. (2022) uses a residual neural network (ResNet), which is 
different from the DNN architecture because it involves shortcut 
connections. These connections address the vanishing gradient 
problem by allowing gradients to bypass some layers during 
backpropagation. Instead of learning a direct mapping, the layers 
learn a residual mapping, and the shortcut adds the input to 
this output, ensuring that even if gradients through the learned 
layers are small, a signal can still reach earlier layers. Although 
ResNet architectures address the vanishing gradient issue, similar 
to DNNs, ResNets are still subject to overfitting and co-adaptation. 
This paper aims to advance the dropout technique for Lb-DNNs, 
initially introduced in O.S. Patil et al. (2022), by using time- and 
state-dependent randomization matrices to address these chal-
lenges. However, applying dropout regularization on real-time 
adaptive control methods are accompanied with hurdles such as 
problem formulation and design in such a way that enables use of 
the universal function approximation property in a tractable form 
for dropouts and designing an appropriate dropout strategy that 
is amenable for the adaptation law design and Lyapunov-based 
stability analysis. The idea of using dropouts in Lb-DNNs intro-
duces various open questions pertaining to a real-time learning 
setting such as when or how often to perform dropouts, when to 
deactivate them, how many neurons to dropout, etc.

This paper introduces a dropout training algorithm for a DNN-
based adaptive controller that updates analytical DNN weights 
in real-time using a constructed Lyapunov-based adaptation law 
(i.e., a Lyapunov-based Dropout Deep Neural Network (Lb-DDNN) 
architecture). The proposed technique involves the selective in-
activation, or dropout, of weights associated with randomly se-
lected neurons within each DNN layer. To incorporate dropout 
2

into the adaptive DNN architecture and facilitate the design of 
the stability-driven weight adaptation laws, a recursive represen-
tation of the Lb-DDNN model is developed using randomization 
matrices. The designed Lb-DDNN architecture is modeled as a 
collection of smaller DNNs that switches between sets of the 
selected nodes. The switching between smaller DNNs is incor-
porated into the stability analysis and stability-driven weight 
adaptation laws through a switched systems approach. Through 
a non-smooth Lyapunov-based stability analysis, the designed 
controller and weight adaptation law are guaranteed to ensure 
asymptotic tracking error convergence to zero.

To address the aforementioned open questions on implement-
ing dropouts in practice, an extensive ablation study is provided 
based on simulations on a five-dimensional nonlinear system to 
investigate the effects of the various dropout training parameters 
on the performance of the Lb-DDNN controller. Specifically, the 
simulation experiments study the influence of the deactivation 
time of dropout, the frequency of changing dropout configuration, 
and the number of neurons dropping out. Additional simulations 
are performed to compare the Lb-DDNN adaptive controller with 
the baseline adaptive DNN controller developed in O.S. Patil et al. 
(2022) and to compare the function approximation performance 
of these two controllers on an off-trajectory dataset. Moreover, 
the performance of the Lb-DDNN adaptive controller with a nar-
row NN adaptive controller and sparse Lb-DNN architecture are 
studied. Additional simulations are included to compare the per-
formance of the developed Lb-DDNN with a pruning method. 
Although pruning methods have been extensively investigated for 
offline learning problems, these methods do not apply for online 
learning. Therefore, an online pruning algorithm is introduced for 
comparison to the developed Lb-DDNN. The simulation results 
show a 34.56% improvement in the tracking error, a 43.69% im-
provement in the function approximation error, and 33.88% lower 
control effort in the proposed controller when compared to the 
baseline controller in O.S. Patil et al. (2022). The effects of the rest 
of the ablation study parameters are provided in Section 5.2.

2. Problem formulation

2.1. Notation

Given the sets A, B, C and functions f1 : A → B and f2 : B →

C, f2 ◦ f1 denotes the composition of the functions f1 and f2. 
The composition of f1 and f2 is a new function, f : A → C, 
defined as f ≜ f2 ◦ f1 = f2 (f1 (a)), for all a ∈ A. A zero 
matrix with dimension of p × q is denoted as 0p×q. An identity 
matrix with the dimension of p is represented as Ip. Let A+

∈

Rn×m denote the right pseudo inverse of the matrix A, where 
A+ (·) ≜ A⊤ (·)

(
A (·) A⊤ (·)

)−1. For x ∈ R, let the element-wise 
sign function be defined as sgn(x) ≜ 1 for x > 0, sgn(x) ≜ 0
for x = 0, and sgn(x) ≜ −1 for x < 0. For functions f1 and 
f2, f1 (x) = Ok (f2 (x)) means that there exists some constants 
K ∈ R>0 and x0 ∈ R such that ∥f1(x)∥ ≤ K ∥f2(x)∥k for all x ≥ x0. 
The right-to-left matrix product operator is represented by 

↶∏
, 

i.e., 
∏↶

m
p=1 Ap = Am . . . A2A1, and 

∏↶
m
p=a Ap = 1 if a > m. For a 

matrix A ≜
[
ai,j

]
∈ Rn×m, where ai,j is the element in the ith 

row and jth column of the matrix A, the vectorization operator is 
defined as vec (A) ≜

[
a1,1, . . . , an,1, . . . , a1,m, . . . , an,m

]⊤
∈ Rnm. 

The Kronecker product for matrices A ∈ Rm×n and B ∈ Rp×q is 
represented as A⊗B. From Bernstein (2009, Proposition 7.1.9) and 
given matrices A ∈ Rp×a, B ∈ Ra×r , and C ∈ Rr×s, the vectoriza-
tion operator satisfies the property vec (ABC) =

(
C⊤

⊗ A
)
vec (B). 

Differentiating vec (ABC) on both sides with respect to vec (B)
yields the property ∂

∂vec(B)vec (ABC) = C⊤
⊗ A. Given some sets A

and B, a set-valued map F  from A to subsets of B is denoted by 
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F : A ⇒ B. The notation coA denotes the closed convex hull of the 
set A. The notation B(x, δ), for x ∈ Rn and δ > 0, is used to denote 
the set {y ∈ Rn

: ∥x − y∥ < δ}. Consider a Lebesgue measurable 
and locally essentially bounded function h : Rn

×R≥0 → Rn. The 
Filippov regularization of h at (y, t) ∈ Rn

× R≥0 is defined as the 
intersection of convex closures of values attained by h in every 
neighborhood of y omitting sets of measure zero, i.e.,

K [h] (y, t) ≜
⋂
δ>0

⋂
mSm=0

co h (B (y, δ) \S, t) ,

where 
⋂

mS=0 denotes the intersection over all sets S ⊂ Rn

of Lebesgue measure zero (Paden & Sastry, 1987, Eq. 1.2b). The 
notation 

a.a.t.
(·)  means that the relation (·) holds for almost all time. 

The space of essentially bounded Lebesgue measurable functions 
is represented as L∞. Consider a Lebesgue measurable and locally 
essentially bounded function f : Rn

× R≥0 → Rn. The function 
x : I → Rn is called a Filippov solution of ẋ = f (x, t) on 
the interval I ⊆ R≥0 if x is absolutely continuous on I and 
ẋ

a.a.t.
∈ K [f ] (x, t).

Definition 1. (Generalized Time Derivative (Kamalapurkar et al., 
2019, Def. 3)) Let F : Rn

× R≥t0 ⇒ Rn have nonempty and 
compact values. The generalized time derivative of a Locally 
Lipschitz-continuous function ̇V F : Rn

× R≥t0 → R defined as
̇V F (x, t) ≜ max

p∈∂V (x,t)
max

q∈F(x,t)
p⊤ [q; 1] ,

where ∂V  denotes the Clarke gradient of V .

2.2. Dynamic model and control objective

Consider a control-affine nonlinear dynamic system modeled 
as1

ẋ (t) = f (x (t))+ g (x (t)) u (t) , (1)

where t ∈ R≥0 denotes the time, and the state, the unknown 
locally Lipschitz drift vector field, the known full row rank con-
tinuous control effectiveness matrix,2 and the control input are 
denoted as x : R≥0 → Rn, f : Rn

→ Rn, g : Rn
→

Rn×m, and u : R≥0 → Rm, respectively. A trajectory tracking 
control objective is considered where the goal is for the state 
to converge to a continuously differentiable desired trajectory 
xd : R≥0 → Rn. To fulfill the tracking objective, an adaptive 
Lb-DNN architecture is designed to estimate the unknown drift 
vector field f . The adaptive Lb-DNN controller and adaptation law 
are subsequently designed based on the Lyapunov-based stability 
analysis to ensure asymptotic tracking error convergence. The 
control objective is quantified by the tracking error e : R≥0 → Rn

defined as 
e (t) ≜ x (t)− xd (t) . (2)

The following assumption facilitates the subsequent analysis. 

Assumption 1. The desired trajectory is designed to be suffi-
ciently smooth such that it can be bounded as ∥xd (t)∥ ≤ xd and 
ẋd ∈ L∞, for all t ∈ R≥0, where xd ∈ R>0 is a known constant.

1 A first-order control-affine system is considered only for the sake of ease 
in illustration. The extension to higher-order systems can be easily performed 
by transforming the system to a first-order system using the auxiliary error 
formulation in Xian et al. (2004, Eq. (8)).
2 For notational simplicity, the control effectiveness matrix is assumed to 

be known. The technique in Sun et al. (2022) can be used alongside the 
developed method to approximate an uncertain linearly parameterizable control 
effectiveness matrix online.
3

Fig. 1.  (Top) The structure of a fully connected DNN with three hidden layers, 
and (Bottom) the structure of a Lb-DDNN where the dashed lines represent the 
randomly dropped out weights and the solid lines represent the weights that are 
selected for adaptation. The structure of Lb-DDNN depicts the dropped weights 
at a specific switching instant. The dropped neurons change with each switch, 
and thus, the structure of Lb-DDNN also changes with every switch.

3. Control design

3.1. Lyapunov-based dropout deep neural network architecture

In this section, a Lb-DDNN architecture is developed to com-
pensate for the unknown drift vector field in (1). To design 
a dropout method for the DNN architecture, weights at each 
layer of the DNN are randomly selected and zeroed, and the 
remaining weights are updated according to the stability-driven 
adaptation law. Omitting randomly selected weights in training 
attenuate issues such as overfitting and co-adaptation because 
it mitigates the over-reliance on specific neurons and weights. 
The reduced overfitting and co-adaptation can yield improved 
performance and function approximation (Hinton et al., 2012; 
Srivastava et al., 2014). The developed Lb-DDNN is designed such 
that randomization matrices are used to incorporate dropout 
techniques into the online, stability-driven weight adaptation. 
Different randomization matrices are incorporated in each layer 
of the architecture, and they are designed such that at each layer, 
a batch of weights are randomly selected and dropped out, and 
the rest of the weights are updated based on a Lyapunov-based 
analysis.3

As shown in Fig.  1, let the compositional dropout DNN archi-
tecture Φ : Rn

× {0, 1}
∑k

m=0Lm×
∑k

m=0Lm × R
∑k

j=0LjLj+1 → RLk+1 , be 
defined as 
Φ

(
x, Rρ(x,t), θ

)
=(

Rρ(x,t),kVk
)⊤
φk ◦ · · · ◦

(
Rρ(x,t),1V1

)⊤
φ1 ◦

(
Rρ(x,t),0V0

)⊤ x, (3)

where k ∈ Z denotes the number of the layers in Φ
(
x, Rρ, θ

)
, 

and φj : RLj → RLj  is the vector of smooth activation functions 
in the jth layer, for all j ∈ {1, . . . , k}.4 The number of nodes in 

3 The dropped out neurons can be user-selected instead of randomly selected.
4 For DNNs that include different activation functions at each layer, φj can be 

modeled as φj ≜
[
ςj,1, ςj,2, . . . , ςj,Lj

]⊤ , where ςj,i : R → R denotes the activation 
function at the ith node of the jth layer, for all j ∈ {1, . . . , k} and i ∈

{
1, . . . , L

}
.
j
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the jth layer of Φ is denoted by Lj ∈ Z>0, and Vj ∈ RLj×Lj+1  is the 
weight matrix of the jth layer of DDNN, for all j ∈ {0, . . . , k}. The 
weights can be represented as a vector θ ∈ R

∑k
j=0LjLj+1  defined 

as θ ≜
[
vec (V0)

⊤ , vec (V1)
⊤ , . . . , vec (Vk)

⊤
]⊤. Let ρ : Rn

×

R≥0 → I represent a locally bounded time- and state-dependent 
switching signal, where I ≜ {1, . . . , J} is the set of all possible 
switching indices and J is the total number of switches. For each 
i ∈ I, Ri ∈ {0, 1}

∑k
m=0Lm×

∑k
m=0Lm  represents the ith randomization 

matrix defined as

Ri ≜

⎡⎢⎢⎢⎣
Ri,0 0L0×L1 · · · 0L0×Lk

0L1×L0 Ri,1 · · · 0L1×Lk
.
.
.

.

.

.
. . .

.

.

.

0Lk×L0 0Lk×L1 · · · Ri,k

⎤⎥⎥⎥⎦ , ∀i ∈ I,

where Ri,j ∈ {0, 1}Lj×Lj  is a diagonal matrix, for i ∈ I and j ∈

{1, . . . , k}.
The randomization matrix associated with the input layer Ri,0

is designed to be an identity matrix for all i ∈ I to avoid dropping 
out any of the inputs. Each of the randomization matrices, Ri,j for 
each i ∈ I, has a user-selected constant number of ones on the 
diagonal which is denoted by nj ∈ Z>0. The value of nj and the 
placement of ones on the diagonal respectively determine how 
many and which of the nodes are not dropped out and are up-
dated at each of the layers. These selected weights influence the 
adaptation law for the duration of the time before another batch 
of weights are selected. The randomization matrices are functions 
of time, and therefore, the placement of non-zero elements on the 
diagonal of the matrix Ri,j randomly changes after every switch. 
The dropout can be deactivated once the system reaches the 
steady state by setting the randomization matrices equal to the 
identity matrix. Additionally, dropout can be stopped after the 
transient phase by preserving the last values of the randomization 
matrices for the rest of time which leads to having a sparse 
DNN (Greene et al., 2020). These two cases can be considered as 
the final permutation of Ri for all i ∈ I.

To illustrate the design of the randomization matrix Rρ(x,t),j
and the effect of dropout on the DNN architecture, the following 
example is provided. 

Example 1. Consider Ri,2 ∈ {0, 1}3×3, the weight matrix V2 ∈

R3×2, and let n2 = 1. Let the switching signal be only time-
dependent. Therefore, n2 = 1 of the elements on the diagonal 
of Ri,2 are randomly set to 1 and the others are zeroed. Let the 
switching between each randomization matrix occur every δt s. 
The considered permutations of Ri,2 for i ∈ {1, 2, 3} are 

R1,2 =

[ 1 0 0
0 0 0
0 0 0

]
, R2,2 =

[ 0 0 0
0 1 0
0 0 0

]
,

R3,2 =

[ 0 0 0
0 0 0
0 0 1

]
.

Let vp×q ∈ R denote to the weight on the pth row and the 
qth column of V2, for p ∈ {1, 2, 3} and q ∈ {1, 2}. For p ∈

{1, 2, 3}, let φ2,p : RL2 → RL2  denote the output of the activation 
functions of the second layer such that the activation vector is 
φ2 =

[
φ2,1, φ2,2, φ2,3

]⊤. Therefore, in the presence and absence 
of dropout matrix, the outputs are respectively obtained as

(
R3,2V2

)⊤
φ2 =

⎡⎣ v1,1 v1,2
v2,1 v2,2
v3,1 v3,2

⎤⎦⊤ ⎡⎣ 0 0 0
0 0 0
0 0 1

⎤⎦⊤ ⎡⎣ φ2,1
φ2,2
φ2,3

⎤⎦
=

[
v3,1φ2,3
v3,2φ2,3

]
. (4)

V⊤

2 φ2 =

⎡⎣ v1,1 v1,2
v2,1 v2,2

⎤⎦⊤ ⎡⎣ φ2,1
φ2,2

⎤⎦

v3,1 v3,2 φ2,3

4

=

[
v1,1φ2,1 + v2,1φ2,2 + v3,1φ2,3
v1,2φ2,1 + v2,2φ2,2 + v3,2φ2,3

]
. (5)

Comparing (4) and (5) shows how the dropout method deacti-
vates the activation functions associated with the zeros on the 
diagonal of the randomization matrix. Since the dropout matrix 
is randomly generated, a new batch of weights are selected every 
δt s.

Let C (X ) denote the space of continuous functions over the 
compact set X ⊆ Rn, where x ∈ X . According to the univer-
sal function approximation property, the function space of (3) 
is dense in C (X ) (Kidger & Lyons, 2020, Theorem 1.1). Thus, 
there exists a vector of ideal weights θ∗

∈ R
∑k

j=0LjLj+1  such that 
supx∈X ∥f (x)−Φ (x, Ri, θ

∗)∥ ≤ ε, for all i ∈ I, where ε ∈ R is the 
function approximation bound across all dropout configurations. 
Therefore, the drift vector field, f (x), can be modeled as 

f (x) = Φ
(
x, Rρ(x,t), θ∗

)
+ ερ(x,t) (x) , (6)

where ερ(x,t) : Rn
→ Rn denotes the unknown function recon-

struction error associated with the switching signal ρ (x, t). For all 
i ∈ I, the ith function reconstruction error, i.e., εi, can be bounded 
as supx∈X ∥εi (x)∥ ≤ ε. 

Remark 1.  Since using dropout reduces the total number of 
active neurons in the network, the minimum function recon-
struction error that could theoretically be achieved is potentially 
larger compared to the DNN architecture without dropout. How-
ever, this theoretically minimum function reconstruction error 
is challenging to achieve in practice due to factors related to 
the training process such as co-adaptation, overfitting, and lack 
of sufficient training information (Srivastava et al., 2014). By 
randomly deactivating neurons every few seconds, the effect of 
dropout is essentially equivalent to introducing an exploratory 
perturbation in the control and adaptation laws relative to the 
DNN architecture (Wei et al., 2020). As evident in the subsequent 
ablation study in Section 5, the effects of dropout mitigate is-
sues such as overfitting and co-adaptation that exist in Lb-DNN 
adaptive control methods.

Taking the time-derivative of (2) and substituting (1) and (6) 
yields the open-loop error system 

ė (t) = Φ
(
x, Rρ(x,t), θ∗

)
+ ερ(x,t) (x)+ g (x) u − ẋd. (7)

Remark 2.  The developed Lb-DDNN architecture can be repre-
sented as an ensemble of J smaller DNNs. Each of these smaller 
DNNs can approximate the drift dynamic vector of f (x) with a 
bounded reconstruction error εi. The developed method allows 
switching between each of the smaller DNNs every δt s, and this 
switching behavior is accounted for in the baseline subsequent 
stability analysis.

The following assumption facilitates the subsequent control 
development. 

Assumption 2. The vector of ideal weights can be bounded by 
a known constant θ ∈ R>0 as ∥θ∗∥ ≤ θ , Lewis et al. (1996, 
Assumption 1).5

5 If θ is unknown, a robust adaptive approach similar to Stepanyan and 
Kurdila (2009) can be used.
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3.2. Adaptation law

The tracking objective is to design a controller that allows the 
states x to track the desired state xd.6 To compensate for uncer-
tainties in (1), estimates of the ideal weights in (6) are introduced 
and updated in real-time based on a Lyapunov stability-driven 
adaptation law. The vectorized estimate of the weight matrices 
θ̂ : R≥0 → Rϕ is defined as θ̂ (t) ≜

[
vec

(
V̂0

)⊤
, vec

(
V̂1

)⊤
, . . . ,

vec
(
V̂k

)⊤
]⊤

, where ϕ ≜
∑k

j=0LjLj+1 and ̂Vj : RLj×Lj+1  represents 
the estimates of weight matrix, for all j ∈ {0, . . . , k}. Let the 
weight estimation error θ̃ : R≥0 → Rϕ be defined as 

θ̃ (t) ≜ θ∗
− θ̂ (t) . (8)

To capture the nested nonlinearities resulting from the compo-
sition of layers, the DDNN estimate be formulized in a recursive 
manner (inspired by O.S. Patil et al. (2022)) as 

Φ̂i,j =

{(
Ri,jV̂j

)⊤
φj

(
Φ̂i,j−1

)
, j = {1, . . . , k} ,(

Ri,0V̂0
)⊤

x, j = 0,
(9)

for all i ∈ I, where Φ̂i,j is a shorthand notation for Φ̂i,j ≜

Φj

(
x, Ri, θ̂

)
 such that Φ̂i = Φ̂i,k, where Φ̂i ≜ Φ

(
x, Ri, θ̂

)
.

Based on the stability analysis provided in Section 4, the 
Lb-DDNN weight estimate θ̂ is updated according to 
̇̂
θ ≜ Γθ Φ̂

′⊤

ρ(x,t)e, (10)

where Γθ ∈ Rϕ×ϕ denotes a positive-definite adaptation gain 
matrix, and Φ̂ ′

i  denotes the Jacobian of Φ̂i, defined as Φ̂ ′

i ≜
∂Φ

(
x,Ri,θ̂

)
∂θ̂

. For all j ∈ {0, . . . , k} and i ∈ I, the Jacobian Φ̂ ′

i  can 

be represented as Φ̂ ′

i ≜
[
Φ̂ ′

i,0, . . . , Φ̂
′

i,k

]
, where Φ̂ ′

i,j ≜
∂Φj

(
x,Ri,θ̂

)
∂θ̂

.7 
Taking the partial derivative of (9), applying the chain rule, and 
incorporating the properties of the vectorization operator, the 
Jacobians Φ̂ ′

i,0 and Φ̂ ′

i,j can be evaluated for all i ∈ I as

Φ̂ ′
i,0 ≜

⎛⎜⎝
↶
k∏

l=1

(
Ri,lV̂l

)⊤
φ̂′
l

⎞⎟⎠((
x⊤Ri,0

)
⊗ IL1

)
,

Φ̂ ′
i,j ≜

⎛⎜⎝
↶
k∏

l=j+1

(
Ri,lV̂l

)⊤
φ̂′
l

⎞⎟⎠((
φ̂⊤
j Ri,j

)
⊗ ILj+1

)
, (11)

for all j = {1, . . . , k}, where φ̂j is defined as φ̂j ≜ φj
(
Φ̂i,j−1

)
 and 

φ̂′

j  is defined as φ̂′

j ≜ φ
′

j

(
Φ̂i,j−1

)
, for all i ∈ I. 

Remark 3.  As shown in Example  1, dropout allows selection 
and updates of a batch of weights which influence the adap-
tation law for the duration of the time before the next batch 
of weights are selected. Due to the randomization matrices in 
the Jacobians in (11), the adaptation law in (10) is not overly 
reliant on specific weights and neurons which means reduced 
interdependence and thus mitigated co-adaptation. For the Lb-
DDNN described in Example  1, applying (11) yields Φ ′

3,2 =

6 Various robust and adaptive strategies can be applied to achieve this 
objective, including the use of a shallow neural network. However, DNNs have 
consistently demonstrated improved theoretical and empirical outcomes when 
compared to such methods, including shallow neural networks (Lamb et al., 
2023; Le et al., 2025; Rolnick & Tegmark, 2018).
7 When a weight is dropped out, the corresponding weight update law also 

becomes zero as a result of the multiplication with the randomization matrices 
in (10). When the weight is not dropped out, the weight update law is no longer 
zero. Thus, the weight update resumes from the previous value.
5

[
0 0 φ2,3 0 0 0
0 0 0 0 0 φ2,3

]
, whereas it is Φ ′

3,2 =[
φ2,1 φ2,2 φ2,3 0 0 0
0 0 0 φ2,1 φ2,2 φ2,3

]
 without the dropout. 

As evident from the provided example, Φ ′

3,2 has less dependen-
cies on the weights with dropouts compared to the architecture 
without dropouts. Since the dropout architecture involves switch-
ing, the structure of Φ ′

i,2 is different for every i ∈ {1, 2, 3}, which 
changes the dependencies after every switch. As a result, after 
multiple switches, all Lb-DDNN weights are updated with less 
interdependence.

3.3. Closed-loop error system and control design

In Section 3.1, a Lb-DDNN is developed to approximate the un-
known field vector. An adaptive Lb-DDNN estimation is designed 
in Section 3.2 such that all weights of the neural network are 
updated in real-time based on the Lyapunov stability analysis. 
In this section, the adaptive Lb-DDNN estimate is incorporated 
in the developed controller to compensate for the effect of the 
unknown field vector in (1). Based on the subsequent stability 
analysis, the controller is design as 
u (t) ≜ g+ (x)

(
ẋd − Φ̂ρ(x,t) − kee − kssgn (e)

)
, (12)

for all i ∈ I, where ke, ks ∈ R>0 are constant control gains. 
Substituting the controller into the open-loop error system in (7) 
yields 
ė (t) = Φ

(
x, Rρ(x,t), θ∗

)
−Φ̂ρ(x,t)+ερ(x,t) (x)−kssgn (e)−kee. (13)

To facilitate the stability analysis, a first-order Taylor series 
approximation is applied to Φ

(
x, Rρ(x,t), θ∗

)
− Φ̂ρ(x,t) as in Lewis 

et al. (1996, Eq. 22) to yield 

Φ
(
x, Rρ(x,t), θ∗

)
−Φ

(
x, Rρ(x,t), θ̂

)
= Φ̂ ′

ρ(x,t)θ̃ + O2
ρ(x,t)

(θ̃)
,

(14)

where O2
ρ(x,t)

(θ̃)
∈ Rn denotes the higher-order terms. Substi-

tuting (14) into (13) yields
ė = Φ̂ ′

ρ(x,t)θ̃ + O2
ρ(x,t)

(θ̃)
+ ερ(x,t) (x)− kssgn (e)− kee. (15)

4. Stability analysis

Let the concatenated vector z : R≥0 → Rψ  be defined as 

z (t) ≜
[
e⊤ (t) , θ̃⊤ (t)

]⊤

, (16)

where ψ ≜ n +
∑k

j=0LjLj+1. Due to the discontinuities in (10) 
and (15), the subsequent stability analysis focuses on general-
ized solutions. The convergence properties of each subsystem is 
subsequently analyzed and used to conclude the properties of 
the overall switched system. The subsequent analysis uses the 
switching analysis technique in Kamalapurkar et al. (2019).

Let Fi : Rψ × R≥0 ⇒ Rψ  be a set-valued map such that the 
differential inclusion of the form ż ∈ Fi (z, t) holds. Using the cal-
culus of K [·] from Paden and Sastry (1987), a set of regularization 
of the closed-loop error systems for each i ∈ I can be computed 
as Fi (z, t) ⊆ F ′

i (z, t), where 

F ′

i (z, t) =

[
Φ̂ ′

i θ̃ + O2
i

(θ̃)
+ εi (x)− kee − ksK [sgn] (e)
−Γθ Φ̂

′⊤

i e

]
.

(17)

To show that the designed controller in (12) and the Lb-DDNN 
update law introduced in (10) fulfills the tracking objective, a 
Lyapunov-based stability analysis is performed using switched 
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systems techniques. Let the Lyapunov function candidate denoted 
as VL : D → R≥0 be defined as 

VL (z) ≜
1
2
e⊤e +

1
2
θ̃⊤Γ −1

θ θ̃ . (18)

The Lyapunov function candidate can be lower- and upper-
bounded as 
α ∥z∥2

≤ VL (z) ≤ α ∥z∥2 , (19)

where α, α ∈ R≥0 are known constants defined as α ≜ 1
2 min(

1, λmin
(
Γ −1
θ

))
 and α ≜ max

(
1, λmax

(
Γ −1
θ

))
. Based on the sub-

sequent stability analysis, define S ≜
{
ς ∈ Rψ : ∥ς∥ ≤ ω

√
α/α

}
as the set of stabilizing initial conditions, where ω ∈ R>0 is a 
positive bounding constant. By the universal function approxima-
tion property, (6) holds only on a compact domain X . Consider 
the set Υ ⊆ X  defined as Υ ≜ {ς ∈ X : ∥ς∥ < xd + ω}. To 
ensure x ∈ X  holds, for all t ∈ R≥0, the stability analysis needs 
to ensure that z (t) is constrained to a closed and bounded set 
D ≜ {ς ∈ Rϕ : ∥ς∥ ≤ ω}, where χ ∈ R>0 is a bounding constant, 
for all t ∈ R≥0. The subsequent analysis establishes, based on the 
growth of VL, that if z is initialized in S (which is a strict subset 
of D), the trajectories of z do not escape D.

Using Definition  1, the generalized time derivative of the Lya-
punov function candidate for each i ∈ I can be computed 
as
̇̄VL (z, t) = max

q∈Fi(z,t)
z⊤q.

Using (17), ̇̄VL (z, t) can be upper-bounded as ̇̄VL (z, t) ≤

maxq∈F ′
i (z,t)

z⊤q, and thus
̇̄VL (z, t) ≤ max

q∈F ′
i (z,t)

z⊤q

= e⊤
{
Φ̂ ′

i θ̃ + O2
i

(θ̃)
+ εi (x)

}
− kee⊤e − kse⊤K [sgn] (e)

− θ̃⊤
{
Γ −1
θ

(
Γθ Φ̂

′⊤

i e
)}
. (20)

Canceling the cross terms yields
̇̄VL (z, t) ≤ e⊤

{
O2

i

(θ̃)
+ εi (x)− kee

}
−kse⊤K [sgn] (e) . (21)

The term O2
i

(θ̃)
 can be upper-bounded similar to O. Patil et al. 

(2022, Eq. 18) as sup
O2

i

(θ̃) ≤ ∆, for all i ∈ I and when 
∥z (t)∥ ∈ D, where ∆ ∈ R>0 denotes a known constant.

Theorem 1. Consider the dynamical system in (1). The con-
troller designed in (12) with the Lb-DDNN update law in (10) 
ensures asymptotic tracking error convergence in the sense that 
limt→∞ ∥e (t)∥ = 0, for all t ∈ R≥0, provided z (0) ∈ S and the 
gain condition ks > ε +∆ is satisfied.

Proof.  Consider the Lyapunov function candidate in (18) and the 
inequalities in (20) and (21). Using the bound on the higher order 
terms, (21) can be further upper-bounded as
̇̄VL (z, t) ≤ −ke⊤e +

⏐⏐e⊤
⏐⏐ (∆+ ε)− kse⊤K [sgn] (e) ,

when z (t) ∈ D. Invoking (Krstic et al., 1995, Lemma E.1.IV), ̇̄VL
can be further upper-bounded as 
̇̄VL (z, t) ≤ −kee⊤e − (ks −∆− ε) ∥e∥ , (22)

when z (t) ∈ D. By selecting ks > ε + ∆, (22) can be further 
upper-bounded as 
̇̄V z, t

a.a.t.
≤ −k ∥e∥2 , (23)
L ( ) e

6

when z (t) ∈ D. From (18), the inequality obtained in (23), Ka-
malapurkar et al. (2019, Theorem 2) can be invoked to conclude 
that limt→∞ ∥e (t)∥ = 0, when z (t) ∈ D. The desired velocity 
is bounded by design, and therefore, xd, ẋd ∈ L∞. From (23), 
e ∈ L∞. Therefore, x ∈ L∞. Since θ̃ ∈ L∞ and using Assumption 
2, θ̂∈ L∞. Since θ̂ ∈ L∞, and Φ̂i is a smooth function, then 
Φ̂i ∈ L∞, for all i ∈ I. Since ẋd, e, Φ̂ ∈ L∞, then u ∈ L∞. Since 
z (t0) ∈ S , then ∥z (t0)∥ ≤ ω

√
α/α. Using (19), ∥e (t)∥ ≤ ω. Thus, 

using (2), ∥x∥ can be bounded as ∥x∥ ≤ xd+ω. Hence, x ∈ Υ ⊆ X , 
and therefore the universal function approximation holds.

5. Simulation

5.1. Methods

To demonstrate the performance and efficacy of the Lb-DDNN 
adaptive controller, an ablation study is provided based on sim-
ulations performed on a five-dimensional nonlinear system (i.e.,
Dynamical Model 1). Using the model in (1), the drift vector field 
f  is

f =

⎡⎢⎢⎢⎢⎣
x1x22 tanh (x2)+ sin (x1)2

cos (x1 + x2 + x3)3 − exp (x2)2 + x1x2
x23 log (1 + abs (x1 − x2))

sin
(
x1 + x22

)2
− exp (x3)

1/2
+ (x1 + x3) x2

tanh (x2)+ cos (x1)2

⎤⎥⎥⎥⎥⎦ ,
where x ≜ [x1, x2, x3, x4, x5]⊤ : R≥0 → R5 denotes the sys-
tem state. Simulation experiments are performed for 10 s each 
with the initial condition x (0) = [5, 1,−5, 1, 3]⊤. The desired 
trajectory is selected as

xd (t) =

⎡⎢⎢⎢⎣
1 + sin (2t)+ cos (0.5t)2

1 − cos (t)
1 + sin (3t)+ cos (−2t)

1 + sin (t)2

1 − sin (2t)2 cos (t)

⎤⎥⎥⎥⎦ ,
and the control effectiveness matrix is selected as g = I5×5. The 
DNN used in the simulations has k = 25 inner layers with Lj = 10
neurons each and hyperbolic tangent activation functions. The 
switching signal is selected to be only time-dependent for the 
simulations such that every δt s the matrix Ri switches to Ri+1.

The ablation study consists of ten sets of simulations. The 
first set of simulations are performed to compare the baseline 
adaptive DNN-based architecture in O.S. Patil et al. (2022) (Lb-
DNN 1) and the Lb-DDNN adaptive controller in (10) and (12) 
(Lb-DDNN 1). The second set of simulations are performed to 
examine the effect of different values of δt on the performance of 
the developed method (Lb-DDNN 2, 3). Additionally, for the third 
set of simulations, a figure is included to show the performance 
of the Lb-DDNN adaptive controller as δt changes (Lb-DDNN 
4). The fourth set of simulations are performed to compare the 
performance in the absence and presence of dropout deactiva-
tion after the transient period (Lb-DDNN 5, 6). The fifth set of 
simulations are performed to examine the tracking and function 
approximation performance of the Lb-DDNN in two cases; in 
the first case (Lb-DDNN 7), the dropout is deactivated after the 
transient period, in the second (Lb-DDNN 8), the last Lb-DDNN 
architecture that is used before entering the steady-state is kept 
for the rest of the simulation. Hence, instead of using the baseline 
DNN-based adaptive architecture in the steady state, the sparse 
representation of the whole architecture is utilized. The sixth 
set of simulations are performed to compare the tracking and 
function approximation performance of a Lb-DDNN (Lb-DDNN 9) 
and a narrow DNN (Lb-DNN 2) with width equal to the num-
ber of active neurons in the dropout architecture. The seventh 



S. Akbari, E.J. Griffis, O.S. Patil et al. Automatica 189 (2026) 113037
Table 1
Ablation study parameters.
 DNN architecture ke ks Dropout deactivation/freeze time (s) δt (s) Γ  (transient phase) Γ  (steady state phase) 
 Lb-DNN 1 15 0.001 NA NA 100 100  
 Lb-DDNN 1 15 0.001 2 0.2 100 20  
 Lb-DDNN 2 15 0.001 2 0.2 100 20  
 Lb-DDNN 3 15 0.001 2 0.05 100 20  
 Lb-DDNN 4 15 0.001 2 0.1–2 100 20  
 Lb-DDNN 5 15 0.001 NA 0.2 100 20  
 Lb-DDNN 6 15 0.001 1 0.2 100 20  
 Lb-DDNN 7 15 0.001 2 0.2 100 20  
 Lb-DDNN 8 15 0.001 2 0.2 100 20  
 Lb-DNN 2 5 0.001 NA NA 40 40  
 Lb-DDNN 9 5 0.001 NA 0.1 40 20  
 Lb-DNN 3 15 0.001 NA NA 100 100  
 Lb-DDNN 10 15 0.001 2 0.2 100 20  
 Lb-DDNN 11 15 0.001 2 0.2 100 20  
 Lb-DNN 4 15 0.001 NA NA 100 100  
 Lb-DDNN 12 15 0.001 2 0.2 100 20  
 Lb-DDNN 13 15 0.001 NA 0.2 100 20  
 Pruning DNN 15 0.001 NA 0.2 100 20  
Table 2
Performance comparison results.
 DNN architecture RMS ∥e∥ RMS f − Φ̂

 RMS ∥u∥ 
 Lb-DNN 1 1.36 43.51 736.60  
 Lb-DDNN 1 0.89 24.50 487.06  
 Lb-DDNN 2 0.93 27.59 520.22  
 Lb-DDNN 3 1.15 25.80 482.81  
 Lb-DDNN 5 0.99 27.19 411.13  
 Lb-DDNN 6 0.90 26.391 513.51  
 Lb-DDNN 7 0.94 25.18 492.83  
 Lb-DDNN 8 0.98 30.52 466.35  
 Lb-DNN 2 1.94 83.51 91.33  
 Lb-DDNN 9 1.85 82.32 90.15  
 Lb-DNN 3 1.35 50.50 (off-trajectory) 735.51  
 Lb-DDNN 10 0.97 22.63 (off-trajectory) 363.38  
 Lb-DNN 4 0.68 21.68 426.11  
 Lb-DDNN 12 0.63 17.12 333.66  
 Pruning DNN 1.48 50.43 821.50  
 Lb-DDNN 13 1.00 31.76 480.28  

set of simulations are performed to compare the generalization 
performance (quantified by the root mean square (RMS) func-
tion approximation error 

f (x)− Φ̂
) of the adaptive Lb-DDNN 

controller (Lb-DDNN 10) compared to the baseline DNN-based 
adaptive architecture in O.S. Patil et al. (2022) (Lb-DNN 3). For 
the eighth set of simulations, Fig.  9 indicates the performance of 
the Lb-DDNN adaptive controller with respect to the number of 
neurons that are kept in each of the layers (Lb-DDNN 11). The 
ninth set of simulations are performed to verify the efficacy of 
the first set of simulation on a different dynamical system (Lb-
DDNN 12 and Lb-DNN 4), referred to as Dynamical Model 2. 
Finally, simulations are performed to compare the performance 
of the proposed Lb-DDNN adaptive control (Lb-DDNN 13) with a 
pruning DNN algorithm.

In all simulations, the DNN weight estimates are initialized 
randomly from the normal distribution N (0, 10). The tuning pa-
rameters for each of the simulations are empirically selected ac-
cording to Table  1, and the performance results of the simulations 
are presented in Table  2.

5.2. Results

5.2.1. Comparison with Lb-DNN adaptive controller
As shown in the first subplot of Fig.  2, the tracking error 

for Lb-DDNN 1 converges significantly faster than Lb-DNN 1. 
Specifically, Lb-DDNN 1 results in convergence to the final error 
after approximately 1 s, roughly two times faster than Lb-DNN 1. 
Once dropout is deactivated, all weights are reactivated, causing 
7

Fig. 2. Performance of the tracking error (top) and function approximation error 
(bottom) over time comparing the Lb-DDNN controller (Lb-DDNN 1) and the 
adaptive DNN controller (Lb-DNN 1) developed in O.S. Patil et al. (2022). For 
Lb-DDNN 1, the dropout deactivated after 2 s.

a sudden error overshoot for the previously dropped weights 
because they are now updated based on the feedback. As indi-
cated in Table  2, despite the jump in the tracking error after 
the deactivation of the dropout8 of the DNN weights, the Lb-
DDNN 1 still yields the norm of the RMS tracking error of 0.89, 
a 34.56% improvement when compared to Lb-DNN 1. Moreover, 
Lb-DNN 1 presents more oscillatory behavior within the tran-
sient period than Lb-DDNN 1. Lb-DDNN 1 mitigates co-adaptation 
yielding less oscillatory behavior. However, since the adaptation 
gain is reduced in the steady-state for Lb-DDNN 1, some residual 
error is observed, resulting in a longer time for the error to 
converge to zero. As shown in the second subplot of Fig.  2, the 
function approximation error for Lb-DDNN 1 rapidly converges 
after less than 1 s but takes approximately 2 s for Lb-DNN 1 to 
converge. Although there is a jump in the function approximation 
error after the deactivation of the dropout method, Lb-DDNN 1 
demonstrated a 43.69% improvement in function approximation 
performance as indicated in Table  2. Thus, Lb-DDNN 1 resulted 

8 The stability analysis holds for both cases deactivating dropout method or 
keeping dropout throughout the simulation.
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Fig. 3. Performance of the tracking error (top) and function approximation error 
(bottom) over time for Lb-DDNN with two different δt values (Lb-DDNN 2, 3).

in better transient behavior and improved tracking and function 
approximation performance with a 33.88% lower control effort 
when compared to Lb-DNN 1. Additionally, the computaton time 
for the Jacobians of Lb-DNN 1 and Lb-DDNN 1 is reported as 
0.0026 s and 0.0025 s, respectively. This demonstrates compara-
ble computational performance between the proposed Lb-DDNN 
and the baseline Lb-DNN.

5.2.2. Effect of dropout frequency
Simulations (Lb-DDNN 2, 3, and 4) also provide insight into the 

performance of the Lb-DDNN adaptive controller as the dropout 
frequency varies. The dropout method is deactivated after 2 s Fig. 
4 illustrates the RMS of the norm of tracking error, the function 
approximation error, and control effort for Lb-DDNN 4 as δt
increases from 0.1 s to 2 s The results suggest that the increase 
of δt generally yields decreased performance. Therefore, choosing 
δt ≲ 0.2 s leads to smaller tracking and function approximation 
errors with less control input. Moreover, choosing δt ≳ 1.2 s 
yields larger tracking and function approximation errors even 
with more control effort. A sudden decrease in performance is 
observed when δt = 0.24 s.

To examine the effect of selecting different δt on the transient 
performance, simulations are performed with δt = 0.2 s (Lb-
DDNN 2) and δt = 0.05 s (Lb-DDNN 3) using the Lb-DDNN 
controller. As shown in Fig.  3, reducing δt causes more spikes 
in the tracking and function approximation performances. The 
increased amount of spikes are due to the switching Lb-DDNN ar-
chitecture. Reducing δt is found to cause more spikes but slightly 
lowers the RMS of the norm of the control effort, as shown in 
Fig.  3 and Table  2. As shown in Section 5.2.1, the introduction 
of dropout improves tracking and function approximation error 
performance despite causing discontinuities. However, a suffi-
ciently small dropout frequency can lead to chattering behavior 
as observed in Fig.  3.

5.2.3. Effect of dropout deactivation time
Traditionally, dropout is only utilized for offline training tech-

niques and not during implementation. The third set of sim-
ulations examine the performance of the developed Lb-DDNN 
controller under two cases; dropping out the neurons for the 
entire duration of the simulation (Lb-DDNN 5), and deactivating 
8

Fig. 4. The RMS of the norm of tracking error (top), RMS of the norm of function 
approximation error (middle), and RMS of the norm of control effort (bottom) 
with respect to changes in the value of δt (Lb-DDNN 4).

Fig. 5. Performance of the tracking error (top) and function approximation error 
(bottom) over time in the presence (Lb-DDNN 6) and absence (Lb-DDNN 5) of 
dropout deactivation in the steady state (after 1 s).

dropout method after 1 s (Lb-DDNN 6). As shown in Fig.  5, for 
both cases, the difference between the tracking and function 
approximation performances are insignificant during the first 
second, as expected. For Lb-DDNN 6, there is an overshoot in 
both tracking and function approximation errors which does not 
occur for Lb-DDNN 5. However, not deactivating the dropout 
in the steady state leads to more spikes in both tracking and 
function approximation error in steady state. Although dropout 
is deactivated during steady state, the weights are still updating. 
Since weights in both architectures are updated with the same 
adaptive update law, the impact of dropout remains from the 
transient phase. Therefore, strategically switching to a Lb-DNN 
in the steady state benefits the Lb-DDNN and eliminates spikes 
in the steady state. Despite the increase in the control input, 
Lb-DDNN 6 leads to slightly lower control input and function 
approximation error as shown in Table  2.
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Fig. 6. Performance of the tracking error (top) and function approximation error 
(bottom) over time with dropout deactivation (Lb-DDNN 7) or preserving the 
last sparse DNN architecture (Lb-DDNN 8) in the steady state (after 2 s).

5.2.4. Comparison with sparse Lb-DNN adaptive controller
The fifth set of simulations are performed to compare the 

performance of the designed Lb-DDNN controller in two differ-
ent scenarios. In the first scenario, the dropout is completely 
deactivated after the transient phase (2 sec, Lb-DDNN 7) which 
means that all the neurons and weights are activated and updated 
at all times similar to the baseline Lb-DNN architecture in O.S. 
Patil et al. (2022). Due to the sudden deactivation of dropout, 
an overshoot is observed in both the tracking and function ap-
proximation errors at 2 s as shown in Fig.  6. For the second 
scenario (Lb-DDNN 8), instead of deactivating the dropout alto-
gether, the last dropout architecture before entering the steady 
state (i.e., sparse architecture) is used for the rest of the simula-
tion. Therefore, for the rest of the simulations, only the weights 
that were not dropped in the sparse architecture are updated. 
Using the sparse network, Fig.  6 indicates that overshoot en-
tering steady state is avoided. Despite the overshoot, both ar-
chitectures represent approximately similar RMS tracking error 
performance, function approximation performance, and control 
effort throughout the steady state.

5.2.5. Comparison with narrow Lb-DNN adaptive controller
The sixth simulation is performed to compare the tracking and 

function approximation of a Lb-DDNN controller (Lb-DDNN 9) 
and a narrow DNN which has the same width as the dropout ar-
chitecture (Lb-DNN 2) with the initial condition x (0) =

[12, 1, 15,−15, 12]⊤. As shown in Fig.  7, the tracking error of Lb-
DDNN 9 converges after 0.15 s while the tracking error of Lb-DNN 
2 converges after 1 s. Additionally, the function approximation 
error for Lb-DDNN 9 converges almost 10 times faster than Lb-
DNN 2. Based on Table  2, Lb-DDNN 9 yields lower RMS tracking 
and function approximation error with approximately the same 
control effort.

5.2.6. Off-trajectory function approximation comparison with Lb-
DNN adaptive controller

The seventh simulation examines the RMS function approxi-
mation error performance of Lb-DNN 3 and Lb-DDNN 10 on a test 
dataset involving 100 random off-trajectory points selected from 
the uniform distribution U (−0.25, 0.25) to evaluate the function 
approximation capability of the architecture beyond the explored 
points (i.e., generalization ability). For Lb-DDNN 10, the dropout 
9

Fig. 7. Performance of the tracking error (top) and function approximation error 
(bottom) over time for a narrow DNN (Lb-DNN 2) and a dropout DNN (Lb-DDNN 
9).

Fig. 8. Comparative plots of the RMS function approximation error norm f (x)− Φ̂
 on off trajectory points the Lb-DDNN controller (Lb-DDNN 10), 

dropout deactivation in the steady state (after 2 s) and the adaptive DNN 
controller (Lb-DNN 3) developed in O.S. Patil et al. (2022).

is deactivated after the transient phase (2 sec). As the results in 
Fig.  8 suggest, Lb-DDNN 10 has a noticeably faster convergence 
during the transient phase compared to Lb-DNN 3 due to the 
elimination of co-adaptation in the learning phase. Based on 
the 43.69% improvement in function approximation performance 
of Lb-DDNN 1 over Lb-DNN 1 and the 55.19% improvement in 
function approximation performance of Lb-DDNN 9 over Lb-DNN 
3, it can be concluded that using dropout method can mitigate 
the effect of overfitting.

5.2.7. Effect of number of dropout neurons
The eighth simulation (Lb-DDNN 11) examines the effect of 

the number of neurons that are remained on the overall perfor-
mance of the system. As shown in Fig.  9, as the number of active 
neurons in each layer of the DDNN architecture increases, the 
overall performance of the system decreases. As observed in Fig. 
9, the RMS of the tracking error is at its lowest when only one 
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Fig. 9. The RMS of the norm of tracking error (top), RMS of the norm of function 
approximation error (middle), and RMS of the norm of control effort (bottom) 
with respect to the number of neurons that are kept in each layer of the DDNN 
architecture (Lb-DDNN 11).

neuron remains. Essentially, as the DDNN architecture gets closer 
to the baseline DNN architecture in O.S. Patil et al. (2022) (where 
all the weights are actively updating), the RMS of the norm of the 
tracking error, function approximation error, and control input 
increases.

5.2.8. Lb-DDNN on dynamical model 2
To further demonstrate the efficacy of the developed method, 

the same architecture, with similar gains and parameters as Lb-
DDNN 1, is applied to a different drift dynamic with the initial 
condition x (0) = [5, 1,−1]⊤ and with a different desired trajec-
tory and dimension. The drift vector and the desired trajectory 
are selected as

f =

⎡⎣ x2 sin (x2)+ x1
exp (−x3)
x1x2 + x23

⎤⎦ , xd =

⎡⎣ 1 + cos (0.5t)2

1 + sin (2t)
1 − cos (t) sin (t)2

⎤⎦ ,
respectively. For Lb-DDNN 12, dropout is deactivated after 2 s. 
Based on Table  2, the developed Lb-DDNN 12 continues to exhibit 
improved performance compared to Lb-DNN 4. The tracking error 
performances are approximately the same, the function approxi-
mation improves by 21.01%, and the control effort is reduced by 
21.70%.

5.2.9. Lb-DDNN vs. pruning DNN
Pruning of DNNs has recently emerged as a method for en-

hancing the energy efficiency of DNN-based applications. This 
approach involves eliminating redundant or less significant con-
nections, which can potentially boost performance and reduce 
energy consumption while maintaining approximately equal ac-
curacy (cf., Blalock et al., 2020). Although pruning methods have 
been extensively investigated for offline learning problems, these 
methods do not apply for online learning. To construct a pruning 
method for an online learning-based control setting, Algorithm 
1 is introduced. While pruning focuses on investigating the ef-
fect of each neuron and reducing the size of the architecture, 
dropout focuses on temporarily freezing neurons randomly to de-
crease co-adaptation. Simulation results are provided to compare 
the tracking and function approximation performances of the
10
Fig. 10. Performance of the tracking error (top) and function approximation 
error (bottom) over time comparing the Lb-DDNN 13 and the Pruning DNN in 
Algorithm 1.

Algorithm 1 Pruning DNN
(1) Every δt seconds:

(a) Select one element of the pruning matrix Pi , where 
Pi is an identity matrix of the same size as the 
randomization matrix Ri.

(b) Set the selected element to zero.

(2) Keep the selected element unchanged for δt seconds.
(3) After δt seconds,

(a) Compute the error change as δe =

∥e (t − δt)− e (t)∥.
(b) Compute the momentum as M (t) = βM (t − δt) +

(1 − β) δe, where M ∈ R denotes the momentum 
initialized at zero, and β denotes a user-selected 
constant.

(c) Is M < Pruning threshold?

(i) Yes: set the selected element to zero, perma-
nently.

(ii) No: set the selected element to one, perma-
nently.

(4) Repeat for the next element in Pi.

developed Lb-DDNN and a momentum-based pruning algorithm 
described in Algorithm 1.

In this simulation, the pruning threshold is set to 0.1 and the 
constant β is set to 0.5. Based on Table  2, the tracking error shows 
a 32.43% improvement, the function approximation improves by 
37.02%, and the control effort of the Lb-DDNN is reduced by 
41.54% over the Pruning DNN. Based on Fig.  10, the tracking error 
and function approximation of Lb-DDNN 13 converges to steady 
state after approximately 0.4 s and 0.25 s, respectively. However, 
the tracking error and function approximation of the Pruning 
DNN converges to steady state after approximately 1.7 s and 1.8 
s, respectively. The tracking and function approximation perfor-
mance for both Lb-DDNN 13 and the Pruning DNN in Algorithm 
1 are similar in the steady state.
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6. Conclusion and future work

This work developed the first Lb-DDNN to compensate for 
the unknown drift vector field in a general control-affine non-
linear dynamic system for the trajectory tracking objective while 
mitigating co-adaptation and overfitting. The dropout technique 
randomly selects a batch of neurons at each layer of the DNN 
and equate the associated weights to zero while updating the 
remaining weights according to a Lyapunov-based update law. 
Every δt s, a new batch of neurons are randomly selected, and at 
each δt , the remaining weights are actively updated. Through a 
rigorous switching Lyapunov-based stability analysis, asymptotic 
convergence of the tracking error is guaranteed in addition to 
the estimation error of Lb-DDNN weights remaining bounded. 
Mitigation of co-adaptation is shown theoretically (i.e., (11) and 
Remark  3), and the mitigation of overfitting is shown in the abla-
tion study (i.e., Section 5.2.6). Simulation results show 34.56% and 
43.69% improvement in the tracking error and function approx-
imation error, respectively, with a 33.88% reduced control effort 
when compared to the baseline adaptive DNN controller in O.S. 
Patil et al. (2022). Additional simulations showed the effect of 
dropout during both transient and steady state periods and how 
modifying dropout parameters can affect system performance.
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