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Abstract—Herding is an established class of problems
where a herding agent seeks to influence a target agent
to move to a desired location. Motivated by scenarios
where the herder cannot directly influence a target or the
herder desires to conceal its influence, this letter examines
a new generalization of the herding problem where the
herding agent influences a target agent through a set of
intermediate agents (i.e., multi-hop chain of influence). The
interconnected influences result in challenging coupled
dynamics within the group of agents. Motivated by this
challenge, robust control techniques are used to compen-
sate for the complex chain of influences among the group,
and a Lyapunov-based analysis is used to prove the target
is exponentially regulated to a desired location by the
herding agent.

Index Terms—Indirect robust

nonlinear systems.

regulation, control,

[. INTRODUCTION

ERDING (also called indirect control) is an established

class of control problems where a herding agent seeks
to influence a target agent to a desired location. Inspired by
shepherding in nature, a herding agent exploits an interaction
dynamic to indirectly guide sheep to a goal location. The
herding problem has applications in social network influ-
ence [1], [2] and in wildlife management, where animals
may need to be deterred or guided to prevent harm to
themselves or people [3]. In works such as [4], an uncrewed
aerial vehicle was programmed with a path-planning herding
algorithm to guide flocks of birds away from a protected zone.
Applications of related problems such as pursuit-evasion and
target tracking are prevalent in defense [5], [6], [7], [8] and
environmental conservation [9].

Indirect control evaluates various multi-agent combinations
involving herding and target agents [4], [10], [11], [12],
[13], [14], [15], [16]. Some approaches use an enclosure
method with multiple herding agents to prevent target agents
from escaping while being influenced [11], [14], [15], [17].
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Specific examples of this include StringNet, a sequence of
capture and influence [14], caging [15], [17], and circular
formations that can be open or closed [11], [18]. When
multiple herding agents are not available, other strategies have
been developed [12], [19], [20], [21], [22]. In [12], [20], [21],
a switching strategy was developed based on a dwell time
analysis to provide a minimum time of engagement for the
herding agent to influence a target agent to prevent it from
fleeing. In contrast [22], used a technique of circling around
the group of target agents to eliminate the need of switching;
however, the result is limited to specific initial conditions for
the target agents. A collecting and driving method, uses a
herding agent to drive target agents toward a goal and then
switch to perpendicular collecting movements for containment
[19]. The herding problem increases in difficulty in the
presence of unknown environmental factors or when enclosing
the target agents is not feasible.

None of the aforementioned results analyze a group of
agents that interact through leveraging a sequence of influ-
ences. The closest research that addresses the herding problem
for a model of this form are those in [4], [10], [19], where
agents are studied via their collective center-of-mass, which
incorporates interactions between the non-cooperative agents.
The center-of-mass approach does not directly focus on lever-
aging the inter-agent dynamics to complete the tracking goal,
because it evaluates the entire error of the system based on
all agents. Similarly, in [23] a technique of influencing the
agent furthest from the goal location was formulated, but this
also fails to leverage other existing agents since it focuses on
a single agent. Motivated by scenarios where the herder can
not directly influence a target agent or the herder desires to
conceal its influence, this letter examines a new generalization
of the herding problem where the herding agent influences a
target agent by leveraging a set of intermediate agents. The
chain of influence problem can be viewed as a deceptive
or veiled form of herding where the goal of the directly
controlled herding agent is not known or easily detectable by
the intermediate agent or the target agent. Control laws that
focus on the individual dynamics of agents that are being
leveraged to influence other agents has not been evaluated.
The concatenation of leveraging unknown interaction functions
onto other unknown interaction functions can be evaluated as
levels of influence, or “hops,” that trickle down to the influence
of the target agent.

The contribution of this letter is the first development where
a herding agent indirectly influences a non-cooperative target
agent to a goal location indirectly by influencing a series of
non-cooperative intermediate agents, i.e., a multi-hop herding
problem. An example is demonstrated with a group of four
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Fig. 1. Here, H denotes the herding agent, M denotes the mediator

agents, T denotes the target agent, and the green circle denotes the
goal location. The dashed circles of different radii around each agent
represents influencing heterogeneity among agents, and the arrows
represent the general idea of how a chain of inter-agent interactions can
be constructed to influence the target agent to a goal location.

agents: one herding agent, two intermediate agents, and a
target agent. As depicted in Figure 1, the group of agents
operate through a sequence of influences, where each agent
is influenced by its predecessor and influences the next agent
along the chain. The first agent in the chain, the herder, is
the only agent that can be directly controlled, and is the only
agent that knows the desired end goal location of the target
agent. Consequently, the herding agent must leverage the entire
sequence of influences to indirectly guide the target agent,
the last agent in the chain. The sequential structure of the
interaction functions motivates the use of integrator backstep-
ping; however, since the influence that each agent can exert
on the next agent is unknown, a multiplicative uncertainty
appears in each subsequent virtual control input. To address the
challenge imposed by the multiplicative uncertainty, a robust
control method is derived from a Lyapunov-based stability
analysis to guarantee exponential target agent regulation to a
goal location.

Il. PROBLEM FORMULATION
A. System Dynamics

A group of N agents is indexed by i, where Z = {1, ..., N}
denotes the set of influenced agents, 7 = {N} denotes the
singleton set of the target agent, and M £ {1,...,N — 1}
denotes the set of mediator agents such that Z = 7 U M.
Additionally, H £ {0} denotes the singleton set of the herding
agent and C = ‘H U M represents the set of influence agents.
The dynamics for agents i € 7 are

X = fi(xi, xi—1) (xi — xi—1), ()

where x; € R” denotes the known state of the ith agent, and
fi : R" x R" — R.( denotes the unknown locally Lipschitz
interaction function between agents x; and x;_1, respectively.
The dynamics for the herding agent are

X0 =d(xg, 1) + u, )

where xo € R" denotes the position of the herding agent,
d : R" x R>o — R”" denotes the unknown locally Lipschitz
drift dynamics affecting the herding agent, and u € R" denotes
the control input of the herding agent.! A visualization of the
problem is shown in Figure 1. Only the herding agent has
access to the position information of all agents and knows the
goal location.

'More complex and uncertain herder dynamics can be considered; however
the dynamics in (2) are considered for ease of exposition. The challenge in
this problem results from the uncertainty in the influence functions in (1).

Assumption 1: There exist known constants f;, f; € R for
the interaction function such that f; < fi(x;, xi—1) < f, Vi e
7 [12]. -

B. Control Objective

The objective is to regulate the target agent to a goal location
Xg € R", known only to the herding agent xp, despite the
chain of unknown interaction dynamics in (1). To quantify the
control objective, the regulation error ¢; € R" for all i € HUZ
is defined as

L

e xfl — X;. 3)

where xld € R”" represents a subsequently designed virtual
desired trajectory for agent x; to track. In (3), xld = xg for
i € T. Given that only the herding agent has an implementable
control input, we design virtual desired trajectories xld for the
mediator agents to track to leverage a chain of inter-agent

interactions. The virtual desired trajectories for i € C are
designed as

d A
x; = xit1 — Kiyieiy, 4

where K;;1 € R.o is a user-defined gain and x;;; is the

desired subsequent agent in the chain of influence to be
tracked. The subsequent controller will have the form
N
u 2 Koeo+ Y Biei + v, &)

i=1

where ¢p € R” is the herding agent’s trajectory error, Ko €
R.o is a user-defined positive control gain, 8; € R are
bounding constants, and v, € R” represents a compensatory
term to mitigate the unknown drift dynamics.?

[1l. CONTROL DESIGN
A. Virtual Trajectory Design

Consider N = 3 agents.? To facilitate the control design, let
ki = [x]x] 1T for all i € 7. Adding and subtracting f; (k;)x{_,
to the right-hand side of (1), using (3), and simplifying yields

i = filk)xi — fikc)x |+ filkiein. (6)

For i € T, substituting (6) into the time-derivative of (3) and
using (3) yields

&3 = —f3(k3)%3 + f3(k3)%5 — f3(kc3)en. (7

For i € M, substituting (6) into the time-derivative of (3)
yields

& = & — filkcwi + fiGe)xl_y = filkeio. ®)
For i € H, substituting (2) into the time-derivative of (3) yields
éo = i3 — d(xo, 1) — u. 9)

The virtual trajectory for the mediator agent i = 2 is designed
as

d A
Xy = x3 — kzes, (10)
2The term v, can be designed using numerous robust or adaptive methods.

3Due to space limitations, 3 agents are considered. All results contained
herein extend without loss of generality to N agents.
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where k3 € R. is a user-defined gain. The virtual trajectory
in (10) is designed such that the mediator agent i = 2,
is positioned to influence the target agent towards the goal
location. Substituting (10) into (7) and simplifying yields

—f3(k3)kse3 — f3(k3)er. (1D
For the next mediator agent i = 1 in the chain to influence the
mediator agent i = 2, a virtual trajectory is designed as

17N

x| =x — Kpep, (12)

where K, £ ’;2 (vi + 1), ko € R.p is a user-defined gain,

f> is defined as in Assumption 1, and v; = f3(k + k3).
Substituting (12) into (8) for the mediator agent i = 2 yields

& =i — Kafr(k2)er — fr(ka)er. (13)
Substituting the time-derivative of (10) into (13) yields
€2 = kaf3(k3) (k3 + Des
+ (3(k3) (k3 + 1) — Kafa(k2))ex — fa(ka)er. (14)

For the herding agent to track a trajectory to influence the
mediator agent i = 1, a virtual trajectory is designed as

xf)l é)q —Kijeq, (15)

where K| £

v 2 Kofy (k2 + k3), and v3 2 Ka(B(Kz + 1) + f(ks + 1)).
Substituting (15) into (8) for i = 1 yields

&1 = i — Kifi(k1)er — fi(k1)eo.
Substituting the time-derivative of (12) into (16) and simpli-
fying yields
= Korksf3(k3) (k3 + 1)es
+ K2 (f2(k2) (K2 + 1) — f3(k3) (k3 + 1))e2
+ (a(k2) (K2 + 1) — Kifi(k1))er — fi(k1)eo.

Substituting the time derivative of (15) into (9) yields

eo = K1Kakaf3(k3) (k3 + 1es
+ Ki1K2(f3(k3) (k3 + 1) — f2(k2) (K2 + 1)) ez
+ (K1 (fi(k1) (K1 + 1) — fa(k2) (K2 + 1)))es
+ /1) (K1 + Deo — d(xo, 1) — u.
To yield the chained influence so that the target agent con-

verges to the goal location, the herder controller with the
structure seen in (5) is designed as

fc—l'(vz +v3+1), ki € Rog is a user-defined gain,

(16)

a7

(18)

u = Bses + Prer + Brer + Koep + vy,

where g3 £ K1K2k3(k3 + 1), B = KiKa(ks —
Ki(K|— Kz) Ko = ko(va+vs+1), kg € R>o is a user-defined
gain, v4 = (5 + £2)(K1K2 + 1), and vs 2 fiK| + (K1 + 1).
Additionally, as indicated in Footnote 2, v, can be defined in
various ways to compensate for different types of disturbances
and uncertainties. Here, we use sliding mode control where
v 2 krsgn(eg) where k, > ||d||. Substituting (19) into (18)
yields

(19)
Ky), pi =

eo = f3(k3)es + ((f3(k3) — f2(k2)) (K1 Kz + 1))er
+ ((fik1) — o(k2)) (K1 + 1))e;
+ (filk1) (K1 + 1) — Ko)ep — d(xp, 1) — V.

Remark 1: In practical applications, agents may be sub-
jected to random time-varying disturbances. For random

(20)

disturbances with bounded magnitude, high-gain control terms
could be used. To fully characterize the impact of such
disturbances, a stochastic analysis can be performed yielding
a convergence result in probability [24].

V. STABILITY ANALYSIS

Define the concatenated state vector ¢ € R¥" where ¢ £
les, ey, el e 1. Using (11), (14), (17), and (20) yields the

closed-loop error system

B (=f3(k3) (kze3 + e2)) 7
kaf3 (k3) (k3 + 1)e3
(+(f3(l<3)(k3 +1) - Kzfz(Kz))ez>
—f(Kk2)eq
Kokaf3(k3) (ks + 1)es
+Ko(f2(k2) (Ko + 1))en
—K>f3(k3) (k3 + 1)e
+(H(2) (K + 1) — Kifi(k1))er
—fi(k1)eo
fHk3)es + (fi (k1) (K + 1) — Kp)eg
_d(XOa 1 — v,
+((f3(k3) — f2(k2)) (K1 K2 + 1))e2
+((fi1(k1) — L2 (k2)) (K1 + 1))ey

To facilitate the stability analysis, consider the positive definite
Lyapunov candidate V : R* — R~ defined as

2

Al
V() 2 E;T;. (22)

Based on the definitions of ¢, the sufficient conditions are
defined as

Amin{Z} > 0, (23)

where Z 2 diag(ks — £ (35 4,q+1) kz—(f3(k%+1)+f32 +

o+ 4 k- (fz(K2+1)+f2 2, ko— (K1 + 1) +50)),
a constant p € R.g is defined as p 2 dlag{f_;(% + 4”721 +

fl(K1+

1)+ *%}, and a rate of convergence A, € R is deﬁned as

D, fs(k3+l)+f32 L B+ 1

Ac = )‘-min{z} - (24)

Theorem 1: Consider the dynamical systems described
by (1) and (2). The controller given by (19) ensures that ¢ is
globally exponentially stable as

IZ@1 < l1g (o) lle™ (¢ — to)

Vt € [tg, 00), provided that the control gains kg, k1, k2, and k3
are selected such that Apin{Z} > 0.
Proof: Substituting (21) into the time-derivative of (22)
yields
V = —kafs(k3)e; e3 — Kafa(ka)ey e2 — Kifi(ik1)e] e
— Koeg eo + f3(k3) (ka (ks + 1) — 1)es ea
— Kokaf3(e3) (ks + Def e3 + f3(k3) (k3 + ey ea
+ K2 (o (k2) (K2 + 1) — f3(k3) (k3 + 1))e] e
— Hk2)el ex + (f3(k3) — fo(k2))(K1Ka + 1)e] e
+f3(k3)eg 3 + (Kifi (k1) — fo(k2) (K1 + 1)eg el
+fi(k) (K1 + Deg eo + f(k2) (Kz + Def e
— ey d(xo, 1 —

(25)

e(—)r V. (26)
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Bounding the influencing functions f;(«;) for i € Z, the herding
dynamics d(xg, t), and consolidating the coefficients using
V1, V2, 13, V4, and vs yields

vV < —kgée;—e3 — Kzée;ez - K]fileirel — Koe(—l)—eo
+fT(K1 + l)ege() +E(K2 + l)elTel + vle;ez

+]T3(k3 + l)e;ez + vze;reg, + V3€;|—62 + V4€8—62
+ Vse(—)re] +f€e;rez +fEeIez —|—]§e(—)re3 + e(—)ra — e(—l)—vr. 27

Expanding the definition of the gains Ky, Kj, and K, and
applying the definition of v, in (27) yields
V < (KL + 1) — ko(va + vs + 1))eg o
+ (K2 + 1) —ki(v2 +v3 + D)e/ e
+ (ks + 1) — ka(v1 + 1))e] e2 — kafse] e3
+ vle;e3 + vze—lre3 + v3e;rez + me?{ez
+ V5e(-|)—el +j73€;re2 —l—fzerez +]T3e(-|)—e3

+ ey Td—k e sgn(eo) (28)

Applying Young’s inequality to ]73(2;—62 +]Tze;rez +f_3e(—)re3 yields

lle3]|? +f3 *lleal?

2 2
-2

lle2]|? WP lle1]?

2 2 ’
—2

leslI> 7 lleoll?

=T
freg ez < ) + >

Completing the squares on the remaining sign-indefinite terms
in (28) yields

IA

)

z T
f333 ()

IA

= T
f2e] e

(29)

2 V1 2
villeslllleall — vikzllez || < 4—||e3|| ,

2 2
v lleslllerll — vakillerl]” < 4—||€3||

2 2
vsllezllller]l — vakillerll” < —||62||
4k
— ik 2 _ V4 2
valleollllezll — vakolleoll” < |I€2|| ,
4k()

Vs
vslleollllerll — vskolleol* < —=lle1[|. (30)
4k

Using (29) and (30) and the definition of k., we can upper
bound (28) as

JT2
vV < —(ko —fAK + 1) — %) lleoll

JTZ v
= 2 5 2
N -pE+ D -2 - 2
(1 LKy +1) > 4k0>||€1||
f3 +1 V3 V4 2
ko —FBls+ 1 -2 T2 3
(2 flks + 1) > W kg >||€2||
1 V2 2
—(hafs — L — 2 1 . 31
<37§ % 1k )Ilesll (3D

Applying the sufficient conditions (23), and rewriting (31)
with (22) and p yields

(32)

V < —OuminlZ} — p)lIC I

601 —— Herding agent (z)
Mediator agent 1 (1)

/g 401 ==== Target agent (1,)
\c/ O  Goal location
= 209
I ;
> 0 & \\\x

—20-

—60  —40 20 0 20 40
X Position (m)
Fig. 2. Trajectories of the herding agent (blue), the mediator agent

(orange), and the target agent (red). The x’s represent the initial
positions of each agent. The goal location is set at the origin.

20
= 10 50
s 0 o s 25
S s
B Herding agent () Ig
a —10 Mediator agent 1 (z) S o o -
> | e Target agent (15) > .
—20 . 0 Goal location o5
—10 0 10 —60 —40 —20 0 20
X Position (m) X Position (m)
— 50 = 90
E £
s 25 5 25
= S
I 2
€ 0 Ot 0
> o >
—925 —25
—50 -25 0 25 —50 —25 0 25

X Position (m) X Position (m)

Fig. 3. Trajectories of the herding agent, mediator agent, and the target
agent as a series of snapshots in time starting from the upper left and
progressing left to right and top to bottom to the bottom right figure.
The initial positions are depicted by x’s and current positions of the
respective agents are depicted by the o’s.

Applying the definition (24) to (32) yields the negative definite
inequality

V() < —2AV(0). (33)
Solving the differential inequality in (33) yields
V(£ (1) < V(¢(tg))e 2relt=10), (34)

Substituting (22) into (34) yields (25) proving ¢ € Loo. Since
¢ € Lo, then eg, €1, €2, €3 € Loo. Thus, by using (19), u €
Loo. ]

Remark 2: Extending the chain of agents to N will yield
gain conditions that grow due to the cascading nature of the
backstepping design. Specifically, the required gain for an
agent compensates for the gain condition of the immediately
preceding agent (i.e., the agent closer to the target agent).
Consequently, agents further away from the target agent, need
to be more agile to maneuver and influence the subsequent
agent. Future designs are motivated to mitigate the correlation
between gain escalation and the total number of agents in the
chain.

V. SIMULATIONS

To better visualize the herding strategy, an example with
N = 2 agents is shown in Figures 2 and 3. The herding
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Herding agent (z)

Mediator agent 1 ()
Mediator agent 2 (z2)
Target agent (z3)

Goal location

Z Position (m)

0 4 60 80
% 20 _go —40-20 0 20 w0
Y Position (11)

Fig. 4. Trajectories of the herding agent, mediator agents, and target
agent after 14.5 seconds. The goal location is set at the origin. The
initial positions of each agent are randomly selected from a uniform
distribution U( — 50, 50) and represented by an “x”.

—— Herding agent (x)
Mediator agent 1 (1)
~=== Mediator agent 2 ()
% ---- Target agent (z3)
*  Goal location

0 50
Y Position (m)

200 = 200

Z Position (m)

—100

- 100

5 100 X
on (M)

=75
X po 90 o5 !
POS/th” (]7‘/')0 2% —50 \((]Poe{\{\O“ m

-

ol
)
(/,Z/ —50 N Posit

Fig. 5. Trajectories of the herding agent, two mediator agents, and the
target agent as a series of snapshots in time starting from the upper
left and progressing left to right and top to bottom to the bottom right
figure. The initial positions are depicted by x’s and current positions of
the respective agents are depicted by the o’s.

agent for this case does not have additional drift dynamics
resulting in the gain &, being omitted. The unknown interaction
function, f;, for the agents within the chain of influence were

defined in simulation as f(x;, x;_1) = exp(—w) + v,
where « € R, is a constant affecting the radius of influence
and W is the lower bound of the influencing function of
the i agent. The influencing functions for the agents in

Y
Figures 2 and 3 were set as f>(xp,x1) = exp(—%) +

0.25 and fi(x1, x0) = exp(—%) +0.45. Snapshots of the
simulation for this case at different points in time are displayed
in Figure 3. The selected gains were kp = 1.5, k; = 3.25, and
ko = 6.

To further illustrate the presented results, a simulation was
performed for the case N = 3 with results presented in
Figures 4-6. The influencing chain consists of a herding agent,

3165
Target agent: e3
800 —— Mediator agent 2: ¢
3 Mediator agent 1: ¢;
g 600 Herding agent: ¢
Zo R
g, .
=4 \
£
S 200 - T
= \
0 i i !
0 2 4 6 8 10 12 14
Time (s)

Fig. 6.  The simulated tracking errors for each agent are shown to
converge to zero. The tracking error of the herding agent (blue), mediator
agent 1 (orange), mediator agent 2 (magenta), and the target agent (red)
are displayed.

Herding agent ()
Mediator agent 1 ()
Mediator agent 2 (z2)

Target agent ()
®  Goal location

(ut) uoryisod 7

- 100
> 0 . 0 50

§ position (1)

Fig. 7. Trajectories of the herding agent, mediator agents, and target
agent after 30 seconds with initial positions of each agent represented
by an “x”.

two mediator agents, and a target agent. The tracking errors for
the herding agent, first mediator agent, second mediator agent,
and target agent are denoted by e, e1, €2, and e3, respectively.
The influencing functions for the agents in the simulation

were set as f3(x3, xp) = exp(—%) +0.25, fo(x2,x1) =

exp(—L2201%) 10 5 and f; (xy, x0) = exp(— L5200 ) 4 1. The
herding agent dynamics include a bounded disturbance defined
as d(xg, t) = [1.5cos(x) — 2sin(y), 1.5cos(z), 2sin(y), cos(z) +
sin()]". A progression of the simulation is depicted in
Figure 4, where the position of each agent at t = 0 sec, t =
1.5 sec, t = 3.5 sec, and t = 7.5 sec are shown in Figure 5.
The selected gains for this simulation case were k3 = 1.3,
ky =27,k =4.8, ky =7, and k, = 7. The desired trajectory
of agents i € Z cascade through the closed-loop errors for
every succeeding agent in the chain. In Figure 6, the cascading
nature of the desired trajectories can be seen in the agent’s
tracking errors. The tracking error ep has the largest initial
error throughout the simulation, and the subsequent errors e;
in the chain decrease as i approaches N = 3.

For a noisy representation of the mediator agents and target
agent dynamics an additional simulation was performed with
results presented in 7 and 8. Specifically, the dynamics for
the agents i € Z were disturbed by random noise sampled
from a normal distribution A/(0, 1). The initial conditions, goal
location, and gain parameters matched those of the noise-free
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Target agent: e3 Zoom (Time > 21.68 s)
800 —— Mediator agent 2: e,
3 Mediator agent 1: ¢; I
€ 600 Herding agent: ¢, g
= |
5 2 i
2 400 ‘
] [
@ AN f ;
= A N 20,
S 200 - N R : —
= \ 2 2%.0 | 275
i
0 \
T T
0 5 10 15 20 25 30

Time (s)

Fig. 8. The tracking error of the herding agent (blue), mediator agent
1 (orange), mediator agent 2 (magenta), and the target agent (red) are
shown over the 30 second simulation. A magnified plot highlights the
steady-state effects of the added white Gaussian noise.

N = 3 case, while the herding agent dynamics and influencing
functions remained unchanged.

VI. CONCLUSION

This letter addresses an indirect herding control problem
with a chain of influencing agents, where a herding agent is
tasked with indirectly influencing a series of mediator agents
to regulate a target agent towards a goal location. Due to the
structure of the multi-agent interaction chain, which prevents
direct control of all agents, robust control methods are used to
compensate for uncertainty in the influence function that dic-
tates how each agent influences subsequent agents, including
the target agent to a desired goal location. A Lyapunov-based
stability analysis is used to prove the developed controller
yields exponential regulation of the target agent to its goal
location. Simulations demonstrate the efficacy of the result,
even with the inclusion of added noise. Future work could
explore the integration of learning-based methods to compen-
sate for the uncertainty in the chain of influence. Additional
efforts could also explore other topological considerations for
exerting influence where multiple agents within a graphical
architecture can provide distributed and partial influence.
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