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Adaptive Deep Neural Network-Based Control Barrier Functions

Hannah M. Sweatland

Abstract—Safety constraints of nonlinear control systems are
commonly enforced through the use of control barrier functions
(CBFs). Uncertainties in the dynamic model can disrupt forward
invariance guarantees or cause the state to be restricted to an
overly conservative subset of the safe set. In this article, adap-
tive deep neural networks (DNNs) are combined with CBFs to
produce a family of controllers that ensure safety while learning
the system’s dynamics in real-time without the requirement for
pretraining. By basing the least squares adaptation law on a state
derivative estimator-based identification error, the DNN parameter
estimation error is shown to be uniformly ultimately bounded. The
convergent bound on the parameter estimation error is then used
to formulate CBF-constraints in an optimization-based controller
to guarantee safety despite model uncertainty. Furthermore, the
developed method is extended for use under intermittent loss of
state-feedback. A switched systems analysis for CBFs is provided
with a maximum dwell-time condition during which the feedback
can be unavailable. Comparative simulation results demonstrate
the ability of the developed method to ensure safety when feedback
is lost, unlike the baseline method. Results show improved perfor-
mance compared to baseline methods and demonstrate the ability
of the developed method to ensure safety in feedback-denied envi-
ronments.

Index Terms—Adaptive control, control barrier functions, deep
neural networks.

|. INTRODUCTION

Control barrier functions (CBFs) enforce state constraints necessary
for safe operation of control systems [1], but CBF-based control input
constraints depend on the dynamic model of the system. As a result,
uncertainties in modeling the dynamics can endanger safety. To address
challenges posed by the modeling uncertainty, robust safety methods
can be used, where safety guarantees are provided using the worst-case
bounds on the uncertainty. However, robust methods yield an overly
conservative constraint on the control input that restricts the state to a
subset of the safe set.

Adaptive CBFs have been developed to ensure the forward invari-
ance of a safe set through online parameter adaptation [2], [3], [4].
Because the adaptive CBFs in both [2] and [3] includes the parameter
estimation error, the state is restricted to a subset of the safe set,
dependent on the upper-bound of the estimation error. Methods, such
as set membership identification [3], integral concurrent learning [5],
and parameter-adaptive CBFs [4] reduce the conservativeness with
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sufficient data, but these methods involve a white-box approach where
the uncertainty is required to have a known structure based on traditional
modeling techniques. In contrast, recent results, such as [6] and [7], use
black-box models, such as pretrained deep neural networks (DNNs)
and Gaussian processes, to identify uncertain dynamics using training
datasets and therefore reduce conservativeness; however, since these
methods are not adaptive, they result in static models that may become
obsolete over time. Moreover, the offline methods often require large
datasets that may not be available prior to execution in completely
unknown environments.

Other recent works reduce conservativeness of the CBF-based con-
straints by combining CBFs with disturbance observers [7], [8], [9],
[10]. Disturbance observers are used to produce an estimate of the
uncertainty which is then used in the CBF constraint, expanding the
state’s operating region when compared to a robust approach. Adap-
tive safety is achieved in [7] through a modular approach that can
combine a pretrained DNN model with a robust integral sign of the
error (RISE)-based disturbance observer, eliminating conservativeness
of the safe set over time. Although disturbance observers can esti-
mate general nonlinear and time-varying uncertainties, the estimates
are only instantaneous and do not involve a model that can be used
for subsequent predictions. In contrast, models, such as DNNs, can
extrapolate through unexplored regions and can be employed to ensure
safety under intermittent loss of feedback. Therefore, instead of using
disturbance observers or pretrained DNNs as in [8], [9], [7], and [10]
it is desirable to construct adaptive CBFs using DNNs, such as those
in [11], [12], [13], and [14] with analytic real-time adaptation laws
without the need for pretraining. Previous Lyapunov-based (Lb-) DNN
adaptive controllers address the trajectory tracking problem; however,
the tracking error-based adaptation laws in such results are not suitable
for the adaptive safety problem since safety does not typically require
tracking error convergence. Thus, in the developed work, a novel weight
adaptation law is formulated to instead yield function approximation
error convergence.

In this article, adaptive DNN CBFs (aDCBFs) are developed to en-
sure safety while learning the system’s uncertain dynamics in real-time.
This article provides the first result combining CBFs with an adaptive
DNN that updates in real-time, eliminating the need for pretraining.
The DNN adaptation law is not based on the tracking error as in all
previous Lb-DNN literature. Instead, a least squares adaptation law
is designed by constructing an identification error. Since computing
an identification error requires state-derivative information, an inter-
laced approach is used where a secondary state-derivative estimator
is combined with the adaptive DNN to generate the adaptation laws.
A combined Lyapunov-based analysis yields guarantees on the DNN
function approximation. The convergent upper-bound of the parameter
estimation error is then used to formulate candidate CBF-based con-
straints in an optimization-based control law to guarantee the forward
invariance of the safe set, while reducing the conservative behavior
often seen in robust approaches. As a result, during intermittent loss of
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feedback, the DNN can be used to make open-loop predictions that
are used to reformulate CBF-based constraints to guarantee safety.
Thus, the developed method can be used for safe operation of uncertain
systems in environments with feedback occlusion zones, where inter-
mittent loss of feedback typically occurs. A switched systems analysis
for CBFs is provided with a maximum dwell-time condition during
which the feedback can be unavailable. Comparative simulation results
are presented to demonstrate the performance of the developed method
with baseline results in [7].

Il. NOTATIONS AND PRELIMINARIES

Let Rog £ [0,00), Rug 2 (0, 00), and R™*™ represent the space
of m X m dimensional matrices. The identity matrix of size n is
denoted by I,,. The p-norm is denoted by | - ||,. || - || is the two-
norm, and || - || is the Frobenius norm defined as || - || » £ ||vec(-) ||,
where vec(-) denotes the vectorization operator. Given some matrix
A £ [a;,;] € R™™, where a; ; denotes the element in the ith row and
jth column of A, the vectorization operator is defined as vec(A) =
(@115 s Qntse s Qlmy e ey Gnm] ! € R™™. Let the notation [d] be
defined as [d] = {1,2,...,d} and, for vectors z € R" and y € R™, let
(z,y) 2 [x",y"]". For a set B C R™, the boundary of B is denoted
OB, the interior of B is denoted int(B), and an open neighborhood
about B is denoted N/ (B). A set-valued mapping M : B = R™ asso-
ciates every point € B with a set M (z) C R™.

The following control and adaptation law development can be gener-
alized for anny network architecture ® with corresponding Jacobian ®'.
The reader is referred to [11], [15], and [16] for full descriptions of fully
connected DNNs, deep residual NNs (ResNets), and long short-term
memory neural networks (NNs), respectively.

Ill. PROBLEM FORMULATION
A. Dynamic Model

Consider the nonlinear dynamic system
&= f(x) +g(x)u M

where z € R™ denotes the state, f : R™ — R"™ denotes an unknown
continuously differentiable function, u € ¥ C R™ denotes the control
input, and g : R™ — R™ ™ denotes the known control effectiveness
matrix, where ¥ : R™ = R™ denotes the set of admissible control
inputs. The control objective is to design a controller that ensures the
forward invariance of a safe set S C R™ despite uncertainty in f(x).
Forward invariance is a common safety objective because trajectories
beginning inside a forward invariant safe set will remain in the safe set.

Given a controller x : R™ — R™ with k(z) € ¥(z) forallz € R™,
we refer to the closed-loop dynamics defined by (1) and & as f.;(x) £
f(z) + g(z)k(z). A solution to the closed-loop dynamics ¢ — x(¢) is
complete if domz is unbounded and maximal if there is no solution y
such that z(t) = y(t) for all t € domx, where domz is a proper subset
of domy. The set S is forward preinvariant for the closed-loop dynamics
z = fo(z) if, for each xg € S and each maximal solution z starting
from xo, z(t) € S for all ¢t € domz [17, Def. 2.5]. The set is forward
invariant for the closed-loop dynamics if it is forward preinvariant and
additionally, for each zy € S, every maximal solution x starting from
x¢ is complete [17, Def. 2.6].

B. Control Barrier Functions (CBFs)

CBFs is a method used to encode a system’s safety requirements.
Using the development in [18], multiple scalar-valued CBF candidates
can be used to define the safe set.

Definition 1 (See [18, Def. 1]): A vector-valued function B : R —
R? is a CBF candidate defining a safe set S C R™ if S={z ¢
R™: B(z) <0}, where B(z) £ (By(z), Ba(x), ..., Ba(x)). Also
letS; £ {x € R" : B;(x) <0}and M; £ {x € dS : B;(z) = 0} for
each i € [d].

The state constraints defined by the CBF candidate can then be
translated to constraints on the control input, through the introduction
of a performance functiony : R™ — R<. The design parameter ~y limits
the worst-case growth of B to ensure forward invariance of S based on
conditions derived in [19].

Definition 2: A continuously differentiable CBF candidate B :
R” — R? defining the set S C R™ is a CBF for (1) and S on a set
O C R™ with respect to a function v : R™ — R< if 1) there exists a
neighborhood of the boundary of S such that N'(8S) C O, 2) the func-
tion +y is such that, for each i € [d], v;(x) > 0 for all x € N (M;)\S;,
and 3) the set

Ke(z) £ {ue ¥(2): VB (z) (f(z) + g(2)u) < —y(x)} (@)

is nonempty for every x € O.

Since f(x) is unknown, the inequality defining K. in (2) cannot be
guaranteed to be satisfied without using a conservative bound on the
dynamics that would restrict the state’s operating region to a subset
of the safe set. Thus, there is motivation to develop an estimate of
the uncertain dynamics to expand the operating region. DNNs are a
powerful tool that can be used to produce a real-time approximation of

f(@).

C. DNN Approximation

Based on the universal function approximation theorem, DNNs can
be used to approximate continuous functions that lie on a compact
set [20]. Lyapunov-based methods have been developed to update the
layer weights of anumber of NN architectures including fully connected
DNNs [11], long short-term memory NNs [16], and ResNets [15].

On a compact set 2 C R™, the uncertain dynamics in (1) can be
modeled as

f(@) =@ (2,07) + e(x) 3)

where @ : R™ x R?P — R™ denotes the selected DNN architec-
ture, 0* € R? denotes a vector of ideal weights defined as §* 2
arg ming sup,.o (|| f(z) — ®(z,0)||* + o||0]|?), where 0 € Ropisa
regularizing constant, and ¢ : R™ — R"™ denotes the unknown function
reconstruction error. By the universal function approximation prop-
erty, for any prescribed € € R, there exist ideal DNN weights such
thatsup,.q || f(z) — ®(z, 6*)|| < €. The function approximation error
in (3) satisfies sup,.q, ||e(z)| <& on the compact domain Q. The
subsequent CBF analysis ensures the input to the DNN, x, remains
in the forward invariant safe set S C 2 for all time, so the universal
function approximation property can be applied.

The DNN has a nested nonlinearly parameterized structure, so
traditional adaptive control techniques used for linearly parameterized
systems are not applicable. To help overcome the complexities intro-
duced by the nonlinearities, a first-order Taylor series approximation
can be used to estimate ®(x, %) as [11]

@ (2,07) = (v,0) + ¥6+ A (H@H) )

where 6 € R? denotes a vector composed of the adaptive estimates the
DNN layer weights that are generated using the subsequently designed
adaptation laws, ®' € R™*? denotes the Jacobian of the DNN archi-

tecture defined as &' = %z’é), 0 € RP denotes the weight estimation
error defined as § 2 0 — é, and AQO : RP — R™ denotes higher order
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terms. The following assumption is made to facilitate the subsequent
analysis.

Assumption 1: There exists a known constant § € R+ o such that the
unknown ideal weights can be bounded as ||6*|| < 6 [21, Assumption
1]. In addition, there exists a known constant = € R- ¢ such that
IIf(x) — (m 0)||? + o||0]|? is strictly convex with respect to 6 for
alld e B2 {9 cRP: ||0* — || <=}

Remark 1: In Assumption 1, local convexity of the regularized loss
function || f(x) — ®(x,0)||?> + o||0]|? is assumed to facilitate conver-
gence to a local minimum in the subsequent analysis. A number of
theoretical results in deep learning literature that indicate that for some
DNN architectures, such as deep ResNets, every local minimum is a
global minimum [22], [23]. Furthermore, the regularizing term o||6]|?
assists in convexifying the loss function and mitigating practical issues
in deep learning, such as overfitting [24, Ch. 7]. The strict convexity
assumption on the loss function ensures that 8* is unique.

Substituting the DNN estimate in (3) and Taylor series approxima-
tion in (4) into the left-hand side of the inequality in (2) yields

B(z,u) = VB (z) (q) (:v é) + 00+ A+ g(m)u) (5)

where A € R™isdefinedas A 2 A2 (||0]|) + &(x). Although the DNN
approximation alone is less conservative than bounding the entire
uncertainty, (5) is still composed of the unknown terms 6 and A.
Assumption 1 could be used to bound g in the CBF constraint in 5),
but instead we introduce an adaptive identifier in the following section
to further reduce conservative behavior due to the uncertainty in 0.

D. Adaptive DNN-Based Identifier Design

All previous Lb-DNN-based adaptive control results update the DNN
weights using the tracking error [11], [14], [15], [16]; however, the
objective in those results is to track a desired trajectory. In many
controls applications, such as adaptive safety, trajectory tracking is
not an objective, so there is no notion of a tracking error. To achieve
adaptive safety, the adaptive weight updates need to be performed with
system identification as the objective, rather than trajectory tracking.
Therefore, a least squares weight adaptation law is introduced to adap-
tively identify the system dynamics based on an identification error.
Performing least squares-based real-time identification is challenging
for continuous-time systems because it requires state-derivative infor-
mation which is often unknown or noisy. Therefore, we introduce a
high-gain state-derivative estimator defined as

i=f+g@x)u+ k7, f:kf (Z + koZ) + & (6)

where &, f € R™ denote the observer estimates of z and f, respectively,
ks, ks € Ry are positive constant observer gams and observer errors
Z,f € R" are defined as # £ 2 — & and f 2 f(z) - f respectively.
Since state feedback is available, Z is known, but Z is unknown. An im-
plementable form of f can be found by integrating both sides of f in (6)
to yield f(t) = f(to) + ks (t) — ki (to) + [, (krka + 1)E(7)dr.
Taking the time derivative of the definitions of z and fand substituting
(6) yields

F=f-kif-2 7)

where f(z) £ V7 (x)i. The following lemma is provided to establish
the boundedness of f based on the continuous differentiability of f
under common assumptions in CBF literature.

Lemma 1: Consider the function f, a continuous controller x € ¥
and the set S C R™. Based on the continuous differentiability of f, the
continuity «, and the boundedness of x on S, the signals f and x are

= f— ko7,

bounded on S. Therefore, there exists a known constant f € Ry such
that || f(z)|| < f forall z € S.

Proof: The safe set S is compact because it is a closed subset
of the compact set €. Because of the continuity of f and the fact
that S is compact, there exists a known constant f € R such that
||f(z)|| < f for all x € S. The controller x and control effectiveness
g are continuous and therefore bounded for all x € S. Thus, because
z = f(z) + g(z)k(z), it follows that & is bounded for all z € S based
on the boundedness of f, z, and x on S. The function f is continuously
differentiable, so V f is bounded on S. Since f(z) = Vf7 (z)i, there
exists a constant f € R such that || f(z(t))|| < fforallz € S. W

Based on the subsequent analysis, the DNN adaptation law 6 € RP
is designed as

6 = proj (F <fkgé +ad'T (x,é) (f — (x@)))) ®)

where kg, o € R~ denote constant gains and the projection operator
proj(-) is defined as in [25, Appendix E] and ensures that 0(t) € B. The
term [ € RP*P denotes a symmetric positive-definite time-varying least
squares adaptation gain matrix that is a solution to

d %wﬂ+w@@@@@ ©)

-1
@t
with the bounded-gain time-varying forgetting factor 8 : R>g — Rx¢
designed as 3(t) £ Bo(1 — - H) where (g, ko € R~ are user-defined
constants that denote the maxunum forgetting rate and the bound
prescribed on ||T||, respectively. The adaptation gain matrix is initial-
ized to be positive-definite such that ||I'(¢o)|| < ko, and I'(¢) remains
positive-definite for all ¢ € R+ [26]. Because I'(¢) is positive-definite,
there exists a constant k; € Ry such that Ay, (I'(¢)) > k1 for all
t € Roy,. If ®(z, ) satisfies the persistence of excitation (PE) con-
dition, meaning there exist constants ¢, 2 € R such that ¢, 1, <
ST (a(r), 0(7)) @ (w(7), 0(7))dr < pal, forallt; € Rogand
T € R+, itcan be shown that 8; > 0[26, Sect. 4.2], where 8; € Rx¢
is a constant such that 5 > f3;.

IV. STABILITY ANALYSIS

Taking the time derivative of 0, adding and subtracting f, and
substituting (3) and (4) into (8), the parameter estimation error dynamics
are given as

0 = —proj (F (kgé +ad” (w é) (cb’é YA f) - kge*)) .
(10
The subsequent Lyapunov-based stability analysis demonstrates the
convergence properties of (7) and (10). o
To facilitate the stability analysis, let z = [# f7 07]T € R?"+P de-

note the concatenated state vector. Let the Lyapunov function candidate
V : R?"*P — R be defined as

1 1rs 1~ -
V)2 "2+ -fTf+=0'T719 )
2 2 2
which can be bounded as
Mllzl* <V(z) < A2l (12)

where A; £ min{i, ;- Sug b A2 £ max{%, ;1 3.7 ). Taking the time-
derivative of (11), substltutlng (7, (9), and (10) and applylng the
property of projection operators —0 T~ 'proj(p) < —0 T 'u [25,
Lemma E.1.IV], yields

VS—%MW—@WW+Ff

_<47+%) ( %)ﬁ@%@®¢(%®é
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+ad T (x é) (f _ A) T ko070, (13)

Because f and @ are continuously differentiable [|All <¢; and
|®'(z,0)||F <co when z€D={¢eR*™P .|| <x}, where
c1,C2,X € Ryg are known constants [27, Lemmals 1 and 2]. Recall

that by Lemma 1, there exists a known bound f € R- ¢ such that
| f]l < f for all z € S. Using Young’s Inequality and Assumption 1,

0T (2,0)(f — A) < ea|0* + Zf12 + el Fri< Iz +
L and ke0T0" < “2|0||> + %952, so (13) can be further bounded as

V< —aslz|P+C— (a - %) 6'e'" (x,é) ' (x,é) 0 (14)

v~ |

where A3émin{k1, ky— L —<2, B—l—&—%"—@} and C £

2Kk0

= —2
Jreacithol 1o addition, let o2{cermir ¢\ /By - £
which is defined to initialize z in the subsequent analysis. The following
theorem provides conditions under which the adaptation law in (8)
yields parameter estimation error convergence.

Theorem 1: Let t — x(t) be such that x(ty) € int(S)! and there

exists a time interval Z £ [to, t7) such that z(t) € S for all teZ If

Assumption 1 is satisfied, ~ is continuous, and x > then the

A A J
weight update law in (8) ensures that ||6(t)|| < 6y (t) for all ¢ € Z,

where
~ A _i3 rC _3
Ous(t) 2 (3 112 ()l e B 22 (1o
Mg
provided z(to) € Q,0(to) € B, k3 > 0,and o > 1.

Proof: From the Lyapunov function candidate in (11) and the in-
equalities in (12) and (14), V' can be further bounded as V' < — %V +
C, forall z € Dandt € T if the gain conditions are satisfied. Solving
the differential inequality over the time interval Z yields

A
- e’§t> (15)
e

1— e 3t (16)
MAs ¢

for all z € D and t € Z. To ensure z(t) € D for all ¢t € Z, further

i3y AC
V(z(t) <V (z(ty))e = + S (1

3
for all z € D. From (11) and (15), it follows that:

z®)] < \/A Iz (to)|I? et

upper-bounding (16) yields [[2(t)]| < y/$2[[z(t0)[|* + AZC for all
t € Z; hence, z(t) € D always holds if x 21|z(to)|I? + Qfg <X,

which is guaranteed if [|2(o) || < /52 x> — £ i.e., 2(to) € Q. Thus,
trajectories of z do not escape D if z is inltlahzed in Q. In addition,

because ||| < ||z||, (16) implies
,L”t
1—e 7 (17)

23 )\.20
o(t H 22zt Tat
| \/ = (o)l e 7" 4 25

forall t € 7 and z € D if z(ty) € Q. For the initial conditions to be
feasible, Q is required to be nonempty, which is ensured by selecting
waC -

X > peyre

The bound in (17) cannot be implemented without information about
the concatenated initial state z({). Since the state information is avail-
able, & is initialized such that (o) = 0. While f and @ are unknown,

!"The initial conditions z (%) is considered to be in the interior of S to ensure
7 is not measure-zero, thus ruling out solutions that instantly escape S.

each have known bounds. Recall that because of the continuity of f and
the fact that S is a closed subset of the compact set §2 and is therefore
compact, there exists a known constant f € R such that || f(z)| < f
for all z € S. Thus, it follows that f is bounded. The bound on 0 is a
result of the projection operator in (10). If || f(to)|| < f and 0(t,) € B,
then || f(to)|| < 2f and [|0(to)|| < Z. Therefore, there exists a known

constant Z € Ry such that ||z(¢)|| < Z 2 \/E2 + 4?2 and (17) can

be further bounded as

2,43,5 )\.20 1 —;—31&
o] < 2z 0 28 (1o

forall ¢t € Zif z(tg) € Q.
Because the bound in (18) may initially be more conservative than
=, we design a function xp € Ry as

A _i3, aC iy
Xgémin{E,\/)jZZe "2t+xl273 (1—e A2t)} (19)

such that [|0(t)| < xe for all time. When the observer gains k, and
ky are selected to be sufficiently high, A3 = 2671 + %" — ¢o, Which
implies the rate of convergence in (18) depends primarily on ; and
kg. Thus, when the PE condition is satisfied, 5, > 0, resulting in a
larger A3 which implies Xy converges faster and to a smaller value.
When the PE condition is not satisfied, the gain ky helps achieve
the uniform ultimate boundedness of § based on sigma modification;
however, selection of a larger kg yields a larger C', worsening parameter
estimation performance. By substituting the developed upper-bound of
the parameter estimation error in (19) into (5) and recalling || A]| < ¢4,
anew CBF notion composed of only the known signals® can be defined.

Definition 3: A continuously differentiable CBF candidate B :
R™ — R< defining the set S C ) is an adaptive DNN CBF (aDCBF)
for the dynamics in (1) and safe set S on a set © C R™ with respect
to v : R® — R? if 1) there exists a neighborhood of the boundary
of S such that N(0S) C O, 2) for each i € [d], v;(z) > 0 for all
x € N(M;)\S;, and 3) the set

(18)

Ky(z) 2 {u €V :||[VB(2)®| (xo + c1)

+ VBT (z) (<I> (ac,é) + g(x)u) < —fy(:c)}

is nonempty for all z € O.

The set K, represents the set of control inputs that will render
the set S forward invariant. A selection of Ky that minimizes some
cost function can be made at each x € O using an optimization-based
control law.

The controller k* : R™ — W is defined as

k*(z) £ argmin Q(z,u)

uew

st.Cr(z,u) <0 (20)

where Q(x,u) : R™ x ¥ — R is a cost function typically selected
as ||t — Unom||?s Unom € ¥ is a nominal continuous control input,
and Cr : R™ x U — R? are the constraints on the control input. By
choosing Cr(x,u) £ VBT (2)®'||(xs + 1) + VBT (z)(®(z, 0) +
g(x)u) + y(x), the optimization problem yields a controller k*(x) €
K for all z € O assuming K; is nonempty on the set O. To obtain
an implementable form of the controller, we impose the following
conditions on the set of admissible control inputs W.

2If the bounds on any of the terms are unknown, an adaptive bounding
technique such as the one in [28] can be used.
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Assumption 2: There exists a function 1 : R™ x R™ — R?® such
that U(z) = {u € R™ : ¢(x,u) < 0} for all z € R™. In addition, for
eachr € [s], the function u — 1,.(x, u) is convex on Ky and (x, u)
1 (z,w) is continuous on O x R™.

The following lemma of [18, Thm. 4] provides conditions that result
in a continuous K*.

Lemma 2 (See [18, Theorem 4]): Let C : R x R™ — R" be con-
tinuous on O x R™, and, for each g € [h], let u — C4(x,u) be con-
vex on the set K (z) £ {u € R™ : Cy(z,u) < 0,Vg € [h]}. Suppose
Q : R™ x R™ — R is continuous and for each z € O, u — Q(z,u)
is strictly convex and inf-compact® on K(z). If the set K°(z) =
{u e R™ : Cy(z,u) < 0,Vg € [h]}isnonempty forevery x € O, then
k*(x) = arg min ., Q(z,u) is continuous.

The continuity of x* established in Lemma 2 allows Lemma 1 and
Theorem 1 to be used in the proof of the following theorem, which
presents the main result of this article. The implication of the theorem
is that the developed DNN-based optimization problem in (20) ensures
system trajectories beginning in the user-selected safe set S will remain
in S for all time.

Theorem2: Suppose B : R™ x RP — RisanaDCBF for the system
defined by (1) and (20) defining a safe set S C (2. Let 2, f ,and § update
according to (6) and (8), respectively. Let the system be initialized
such that Z(to) = z(to), ||f(to)|| < f. 2(to) € Q. and O(ty) € B. If
Assumptions 1 and 2 hold, @ is selected to be continuous, and u
Q(x,u) is strictly convex and inf-compact on K4(z), then the safe
set S is forward invariant for the closed-loop dynamics defined by (1),
the controller x* in (20), and the adaptive weight update law in (8),
provided A3 > 0.

Proof: Let t — x(t) be a solution to the closed-loop dynamics
fe defined by (1) and (20). Because B is an aDCBF in the sense of
Definition 3, the set K4(x) is nonempty on O D N(S). Thus, the
optimization-based control law in (20) yields a controller k* € K.
Because @) is continuous and w > Q(z,u) is strictly convex and
inf-compact on Kg4(z) by assumption, Assumption 2 holds, Cr
is continuous on O x R™, and u — Cp(z,u) is convex on K.
Therefore, the conditions of Lemma 2 hold, thus implying <* is
single-valued and continuous on O. By Lemma 1, there exists

a constant f such that ||f|| < f for all 2 €S, so Theorem 1
can be used to show that the weight update law in (8) ensures
[6]| is uniformly ultimately bounded by (17) for all ¢ e Z.
Since || f(to)|| < . 2(to) € D, O(to) € B, and f is continuously
differentiable, it follows that |[0(to)]| < Z. |f(to)]| < 2f, and
[A]l < ci. Therefore, for every ue ¥ and t€Z, VB'(z)i <
IVBT (2(6)@||(xo + 1) + VBT (2(6)) (@(x(t), 6) + g(x(t))u).
implying x*(z(t)) € Kq(z(t)) C K (x(t)) for all ¢ € Z. Since K4
is nonempty for all z € O, K. is nonempty on O and B is a CBF
defining the set S in the sense of Definition 2. By [18, Thm. 1], S
is forward preinvariant for the closed-loop dynamics defined by (1)
and (20). Maximal solutions to f.; are either complete or escape in
finite-time by flowing [19, Prop. 3]. The safe set S is compact by
definition, eliminating the possibility of finite-time escape from the
safe set [29, Thm. 10.1.4], which implies all maximal solutions to the
closed-loop system are complete, i.e., the maximal Z = [to, c0). Thus,
it follows that the safe set S is forward invariant. ]
The implication of Theorems 1 and 2 is that forward invariance
of the safe set S is guaranteed despite model uncertainty. Theorem 1
demonstrates that the developed weight adaptation law ensures the
modeling error is bounded by a decreasing function, while Theorem 2

3A function f : X — R is inf-compact if for every A € R, the sublevel set
Ly(x) & {z € X : f(z) <1} is compact.

uses the bound from Theorem 1 in the CBF constraint to ensure that
the system never reaches an unsafe state.

V. SAFETY UNDER INTERMITTENT STATE FEEDBACK

During intermittent loss of feedback, the state measurements are
not available, so it is impossible to use any feedback mechanisms;
however, because the developed DNN yields parameter estimation error
guarantees, it can be used to make state predictions at times when
feedback is lost. Let k € Z( denote the time index such that feedback
is unavailable in the time interval [tagy1, tar+2). When feedback is
not available, an open-loop estimation of the current state X eR"

can be updated according to X = ®(X, 0(tar11)) + g(X)u, where
the initial condition for the state estimate is X (tar+1) = x(tog+1)-
When feedback becomes available, X (¢) is reset as X (£) = z(t) for all
(t, k) € [tar, tar+1) X Z>o. In disturbance observer-based methods,
such as [7], the CBF-based constraint is reliant on the observer estimate
of the dynamics and therefore on state measurements, so safety cannot
be ensured when feedback is lost. In the developed approach, the
constraint in (20) can be modified to ensure safety until feedback is
restored.

A. Modified CBF Constraint Development

The open-loop estimator error X € R™ is defined as X £ z — X;
thus, X (tar+1) = 0. Exclusively for the purpose of this section, it is
assumed that there exists a known constant @ € R™ such that ||u| < @,
for all w € W, the drift f is globally bounded and Lipschitz, and g is
globally Lipschitz. Such an assumption on the boundedness of f is mild
since finite-time escape is not inherent to the uncontrolled dynamics for
most physical systems of practical interest. Based the assumptions on
the boundedness of u and f and the continuous differentiability of ®,
there exists a Lipschitz constant Ly € R~ ¢ such that

e~ (520) (o0 -0 () ] <20 5]
and, additionally, there exists a constant Ay € R+ ¢ such that

H@ (f(,e*) — 9 (X,é(t%ﬂ)) + 5(:1:)“ <Ay (2
Let the Lyapunov function candidate during loss of feedback Vi :

R27+P 5 R be defined as Vi £ %X T X. Taking the time-derivative
of Vi, adding and subtracting ® (X, 6*), substituting in (21) and (22),
and using Young’s Inequality, it can be shown that Vi; < Ay Vy +
Ay

= when feedback is unavailable, where Ay 2 9Ly + Ay. Solv-

ing for Vi yields Vi (t) < (V(tagy1) + 6pr)e*v Et2nr1) — & for all
(t,k) € [t2k+‘1,t2.k+2) X Z>0, Where Sy & 2L3JA7+{?AU' Tberefore, the
open-loop estimation error dynamics can be shown to satisfy the form
| X|| < Ly || X|| + Ay, which is exponentially unstable (cf., [30]) such

that

HX(t)H <X(t)2 \/5U (ero(rms) —1) 23)

for all (t,k) € [tog+1,tornt2) X Zso. The system dynamics
can be bounded as |[Z] < X+ |X]| < LuX + Ay +
[®(X,0(tor+1)) + g(z)ull, and if VB is locally Lipschitz, then
[VBT(z) — VBT(X)|| < pX(t), where p€Rso is a positive
constant. Thus, the controller in (20) in absences of state feedback

becomes
K" (X) £ argmin Q (X,u)

uew

s.t. Cy (Xu) <0 24)
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where

Cu (XW) = X(t)P(LUE(t) +Ay + H‘I’ (X7 0 (t2k+1))
o5 5 () (s )

4987 (£) (2 (£000) + 9 (X) ) +4 (£). @9
The development in Sections III and IV rely on the continuity of the
control input u. When feedback is lost, the controller switches, intro-
ducing discontinuities. The constraintin (25) developed for intermittent
loss of feedback is empirically tested in one of the following simula-
tions. To account for the effects of switching, the following subsection

introduces a switched systems analysis for CBFs with a dwell-time
condition.

B. Maximum Loss of Feedback Dwell-Time Condition

As the time without feedback increases, the worst-case bound on
X grows exponentially, causing the constraint in (25) to shrink the
system’s operating region. To ensure the feasibility of the controller with
the modified constraint in (25), a maximum loss of feedback dwell-time
condition At € R+ can be developed using (23). In this section, it
is additionally assumed that B is globally Lipschitz,* implying that
|VB(z)|| < B, where B € R+ is a known positive constant. To
ensure the existence of a safety-ensuring control input, the time without
feedback must be such that the inequality

Cu (X u) —C(z,u) < C (26)
is satisfied, where C*(z,u) £ VB (z)% and C € R is the user-
selected maximum offset between the boundary of the safe set and the
boundary of the operating region enforced by Cy;. Recall that, for the
purpose of this section, the control input is assumed to be bounded such
that ||u|| < a, for all w € W. Substituting (25) into (26) and solving for
Aty & tokt+1 — Lok42 yields a maximum loss of feedback dwell-time

condition of
1 1 C—6BAy — Ky \°
1 _— - =Y 2 1 27
Py n(éU (( 6Ly B ) + @D

4B (X, 0(tr))|| + 4B g(X)| .

Aty

IN

[I>

where Ky

VI. SIMULATION STUDY

A simulation is provided to demonstrate the effectiveness of the
developed aDCBFs. The optimization problem in (20) is used to define
the control law with a cost function of Q(x,u) = ||u — Unem()||%,
where uyom € W is the nominal control input that tracks the desired
trajectory.

A. Nonpolynomial Dynamics

Consider the nonlinear dynamical system in (1) with f(z) =
[x5 sin(z) tanh? (z5), £125 cos(xs)sech(z,)] T, and g(z) = [1, 1]7,
where z = [x1, 2] . White Gaussian noise was added to the position
state measurement with a signal to noise ratio of 50 dB. The position
state is initialized from the uniform distribution U(—0.2,0.2) with
#(to) = [0, 0]7, and the desired trajectory is defined as z4(t) =

4While a global Lipschitzness requirement may appear restrictive, many safe
sets of practical interest, such as polytopes (i.e., sets described by the intersection
of hyperplanes) can be described using globally Lipschitz CBF candidates.
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Fig. 1.  State trajectory of the closed-loop system in Section VI-A using
the developed aDCBF approach (black line) compared to the same con-
trol scheme without the ResNet approximation of the dynamics (green
line).

0.1¢[sin(t), cos(t)]". We define a vector-valued CBF as B(z) £ [z, +
Ty — 2,0 — Ty — 2, —T + Ty — 2, —x1 — T2 — 2], which defines
adiamond safe setS = {z € R? : B(x) < 0} with height and width of
4. The deep ResNet has three hidden layers, a shortcut connection across
each hidden layer, and with five neurons in each layer, thus involving
174 total weights. The ResNet weights are initialized from the normal
distribution N(0,0.5) and the DNN gains are selected as I'(tg) =
51174, = 50, kg = 0.001, By = 2, and ko = 10. The state-derivative
estimator is used to produce the secondary estimate of f using gains
of k; = 10 and ks = 5. The nominal controller is defined as upom =
iq — ®(x,0) — k.(z — z4), where k. = 10. The function v is selected
as y(xz) = 10B(z). Fig. | shows the safe set and the desired and actual
state trajectories. The simulation was run for 20 s with a step size of
0.005 s. To simulate performance under intermittent state feedback, the
state measurement is made unavailable for 1 s intervals beginning at
10 and 15 s, denoted by the orange X markers in Fig. 1. During loss of
feedback, the procedure in Section V is followed, where the identified
DNN is used to make a prediction of the state and the modified robust
CBF constraint in (25) is used to ensure safety. The method developed in
Section V prevents the state from escaping the safe set until the feedback
is restored at 11 and 16 s, respectively, indicated by the purple o
markers.

For the baseline method in [7], the nominal controller is o, =
dg—d— ke(x — x4), where d e R? represents the RISE-based distur-
bance observer estimate of f definedin [7, eq. 6], and the CBF constraint
in the optimization-based controller is Cr(z,u) = |VB' (z)|/f +
VBT (x)g(x)u + v(z). Though trajectory tracking performance is
comparable to the developed approach at times when feedback is
available, the state-derivative observer alone only provides an in-
stantaneous estimate of the dynamics and fails to ensure safety in
both instances of feedback loss, unlike the developed method. The
basline method’s violation of safety constraints is likely because the
observer-based estimate of the dynamics, unlike the DNN model,
does not have the capacity to generalize beyond the explored trajec-
tory points and is therefore inaccurate under the loss of feedback.
Because the developed method uses a DNN model that learns the
dynamics online, the learned DNN is able to generalize on unseen
trajectory points encountered during the loss of feedback. As a result,
the optimization-based controllers in (20) and (24) ensure the safety
constraints are satisfied with minimal modification of the nominal
controller.
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VII. CONCLUSION

This article provides a method to ensure safety while learning the
system’s uncertain dynamics in real-time. The developed method
is the first result that combines CBFs with an adaptive DNN that
updates in real-time, eliminating the need for pretraining. Unlike
previous Lb-DNN literature where the DNN adaptation laws are
based on a tracking error, the developed DNN adaptation law is
based on an identification error, which yields function approximation
error convergence that is then used in an optimization-based control
law that enforces forward invariance of the safe set. A combined
Lyapunov-based analysis is proven to achieve guarantees on the DNN
function approximation under the PE condition. Furthermore, to ensure
safety under intermittent loss of feedback, the developed aDCBF is
extended by leveraging the learned DNN’s capacity to extrapolate
beyond the explored trajectory points. A switched systems analysis for
CBFs is provided with a maximum dwell-time condition during which
the feedback can be unavailable. Simulation results are provided for an
intermittent feedback examples with a comparison to observer-based
CBFs as a baseline. The developed aDCBF method ensured safety even
during instances of intermittent feedback, unlike the developed method.
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