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Abstract— Recent connections in the adaptive control literature
to continuous-time analogs of Nesterov’s accelerated gradient
method have led to the development of new real-time adaptation
laws based on accelerated gradient methods. However, previous
results assume that the system’s uncertainties are linear-in-the-
parameters (LIP). To compensate for non-LIP uncertainties, our
preliminary results developed a neural network (NN)-based accel-
erated gradient adaptive controller to achieve trajectory tracking
for nonlinear systems; however, the development and analysis
only considered single-hidden-layer NNs. In this article, a gener-
alized deep NN (DNN) architecture with an arbitrary number of
hidden layers is considered, and a new DNN-based accelerated
gradient adaptation scheme is developed to generate estimates
of all the DNN weights in real-time. A nonsmooth Lyapunov-
based analysis is used to guarantee the developed accelerated
gradient-based DNN adaptation design achieves global asymp-
totic tracking error convergence for general nonlinear control
affine systems subject to unknown (non-LIP) drift dynamics
and exogenous disturbances. A comprehensive set of simulation
studies are conducted on a two-state nonlinear system, a robotic
manipulator, and a complex 20-D nonlinear system to demon-
strate the improved performance of the developed method. Our
simulation studies demonstrate enhanced tracking and function
approximation performance from both DNN architectures and
accelerated gradient adaptation.

Index Terms— Adaptive control, deep neural networks,
Lyapunov methods, nonlinear systems, uncertain systems.

I. INTRODUCTION

ECENT advances in deep learning have led to signifi-

cant impacts across various technological fronts [1]. For
example, deep learning has made significant contributions to
applications such as natural language processing [2], object
detection [3], and reinforcement learning [4], [5], [6]. These
advances are attributed to the capability of deep-learning mod-
els to embed complex representations of functions into a series
of nested parametrized layers of abstraction. Of particular
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interest in this article is the application of deep NN (DNN)
architectures for the control of uncertain nonlinear dynamical
systems. DNNs are universal function approximators that are
capable of approximating continuous functions to a prescribed
accuracy [7], [8], [9]. Typically, numerical optimization-based
methods have been used to train DNNs by generating estimates
of the DNN weights such that a cost function is minimized
over a training dataset [10]. Although DNN training algorithms
provide a method to estimate DNN weights, in the context
of control of dynamical systems, training is typically per-
formed offline and then held constant during implementation.
The resulting controller uses the DNN as a fixed approx-
imate model, with no guarantees on how close the model
approximates the actual model experienced during real-time
implementation nor what effects such a model mismatch
may have on the stability of the controller. Moreover, such
offline training often requires a large dataset, which could be
expensive or not possible to obtain.

Recent results in [11], [12], [13], [14], and [15] develop the
first DNN-based adaptive controllers that enable continuous
learning based on weight adaptation laws that are derived from
a Lyapunov-based stability analysis. In [11], [12], and [13],
Lyapunov-based adaptation laws are developed to adjust the
output layer of a fully connected DNN in real-time, while the
inner layers are updated discretely using data-driven offline
training algorithms. More recent results in [14], [15], and
[16] develop the first Lyapunov-based adaptation laws that
can be used to enable continuous learning by all the weights
of a DNN in real time. In [14], a modular approach is
used to develop constraints on the DNN weight adaptation
laws, but this approach lacks constructive insights for the
adaptive update law. Results in [15] provide the first insights
on Lyapunov-derived weight adaptation design for fully con-
nected DNNs which is then generalized to residual neural
networks (ResNets) in [16]. The adaptation laws in [11], [12],
[13], [14], [15], and [16] use gradient-based adaptation laws
that are designed to cancel cross-terms resulting from a first-
order Taylor’s series approximation. However, as mentioned
in [17] and [18], gradient-based adaptation laws may exhibit
poor transient performance with oscillations and slow conver-
gence in the weight estimates.

Higher-order accelerated gradient-based optimization meth-
ods, such as Nesterov’s method [19] and the Heavy-ball
method [20], have gained significant interest due to the
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improved transient performance and faster convergence rates
compared to first-order methods [21].! Motivated by the
performance capabilities of accelerated gradient-based algo-
rithms, results such as [4], [22], [23], [24], [25], [26], [27],
[28], [29], [30] employ Nesterov’s method, the Heavy-ball
method, or a variant of the acceleration strategy for deep-
learning applications. For example, results in [22] develop
a nonlinear conjugate gradient-based adaptive momentum
algorithm to improve DNN training for image classification.
Results in [23] and [25] develop acceleration-based algorithms
for a distributed optimization setting. Results in [24] and [28]
apply the acceleration strategy for nonsmooth optimization
problems. Results in [4] develop accelerated deep reinforce-
ment learning (DRL) algorithms to train an agent to learn an
optimal policy that is estimated by a DNN. In the context
of DRL, the learned policies dictate how the agent performs
sequential decision-making to achieve a desired task. The
deliberate acceleration-based design developed in the afore-
mentioned results of [4], [22], [23], [24], [25], [26], [27],
[28], [29], and [30] show improved performance and conver-
gence for a variety of deep-learning applications. However,
such results are offline methods in the sense that the DNN
parameters are learned by solving an optimization problem
with a training dataset. As mentioned previously, offline DNN
training approaches are ill-suited for the real-time control
application investigated in this article.

To build intuition on the acceleration phenomena from
higher-order algorithms, results in [31], [32], [33], and [34]
make connections between discrete-time accelerated gradi-
ent methods and continuous-time analogs. Motivated by
the improved convergence properties of accelerated gradient
methods, insights from [31], [32], [33], and [34] led to
the design and analysis of accelerated gradient algorithms
using Lyapunov-based methods [35], [36], [37], [38]. The
results in [35] develop an accelerated gradient-based adap-
tation scheme to estimate a system’s parametric uncertainty
in applications for model-reference adaptive control with
linear dynamics. However, the result in [35] only guaran-
tees asymptotic convergence in the tracking error while the
parameter estimation errors are only guaranteed to remain
bounded. Results in [36] develop a data-driven accelerated
gradient-based method to achieve convergence in the parame-
ter estimates, but this method is only applicable to parameter
estimation in linear regression models where a tracking objec-
tive is not considered. Moreover, the result in [36] requires
measurements of the regression error which is typically not
measurable in the context of adaptive control due to the
need for higher-order state derivatives. The results in [37]
and [38] generalize the accelerated gradient-based adaptation
to uncertain nonlinear systems. Results in [37] apply the varia-
tional framework in [32] to develop accelerated gradient-based
adaptation for general nonlinear systems. Results in [37] also
exploit connections between adaptive control and optimization,
which provides insights into adaptation design, by compar-

I First-order optimization methods are recursive difference equation driven
by a cost function’s gradient. Higher-order accelerated methods alter the
search direction by using a weighted sum from the previous iteration to add
a momentum-based term and accelerate convergence.
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ing gradient- and mirror descent-based adaptation with and
without the accelerated gradient method. However, similar
to [35], the results in [37] only achieve asymptotic tracking
error convergence. The results in [38] develop a data-driven
accelerated gradient-based adaptation design to achieve expo-
nential stability in both the tracking and parameter estimation
objectives. Unlike [36], the results in [38] are developed
for general uncertain Euler-Lagrange systems. Moreover, the
need for direct measurements of the parameter estimation
error is eliminated by employing a torque-filtering method
that exploits algebraic relations in the system dynamics to
reconstruct a measurable form of the parameter estimation
error. Although the results in [35], [36], [37], and [38]
show improved performance from the accelerated-gradient-
based adaptation, the underlying assumption throughout the
aforementioned results require the system’s uncertainty to
satisfy the linear-in-the-parameters (LIP) assumption. Hence,
scenarios in which a system’s dynamics exhibits unstruc-
tured or unknown (non-LIP) uncertainties motivate the use of
NN-based adaptive control techniques.

In the conference version of this article in [39], the
accelerated gradient strategy is used to develop a neu-
ral network (NN)-based adaptive controller to compensate
for non-LIP model uncertainties. Specifically, an accelerated
gradient-based adaptation law is developed to estimate NN
weights in real time. However, the NN model considered
in [39] is limited to NNs with only a single hidden layer.
Building on our preliminary results, this article generalizes the
NN model to deep architectures with an arbitrary number of
hidden layers. In comparison to our preliminary results in [39],
this article generalizes the mathematical development, control
design, and stability analysis to account for DNN architec-
tures and unknown exogenous disturbances in the system
dynamics. Additionally, the literature review is broadened and
comprehensive simulation studies are conducted. In addition
to the two-state nonlinear system in [39], simulations were
performed on a robotic manipulator and a more complex 20-D
system. The simulation studies compare the developed method
into both baseline DNN and single hidden-layer NN adaptation
schemes.

In this article, a new DNN-based accelerated gradient adap-
tive controller is developed for trajectory tracking for general
nonlinear control-affine systems subject to non-LIP uncertain-
ties and exogenous disturbances. The constructive variational
framework in [32] is used to design higher-order accelerated
gradient-based adaptation laws for real-time estimation of all
the weights of the DNN. The higher-order adaptation scheme
is structured as two coupled first-order differential equations;
the first adaptation law is used to generate auxiliary estimates
of the DNN weights and these estimates are coupled to the
second adaptation law which alters the search direction of the
auxiliary estimates and adds acceleration to generate the true
DNN weight estimates. Despite the potential improvements
from the accelerated gradient strategy, the inherent coupled
structure poses mathematical challenges with Lyapunov-based
analysis. However, the perturbing effects resulting from the
cross-terms injected into the analysis by the accelerated
gradient-based adaptation strategy is compensated for by the
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developed control input design. Additionally, Lyapunov-based
analyses of the DNN-based adaptation poses challenges due
to the nested nonlinear parametrization of DNN architectures.
However, a recursive relation of the DNN architecture, similar
to [15], is developed to facilitate the analysis and derivation
of a general expression for the adaptation design that accounts
for general fully connected DNNs with an arbitrary number of
hidden layers. In comparison to [15], this article restructures
the analysis and control development to facilitate the derivation
of a general expression to compute the DNN adaptation law.
An example is also provided to show the utility of the general-
ized adaptation law. The switching analysis in [38] is adopted
in this article to allow for activation functions with discon-
tinuous gradients, for example, rectified linear unit (ReLU)
activation functions. A nonsmooth Lyapunov-based analysis
is used to analyze the new accelerated gradient-based DNN
adaptive control design. The tracking errors are guaranteed to
achieve global asymptotic tracking error convergence despite
the presence of non-LIP system uncertainties and exogenous
disturbances.

The remainder of this article is organized as follows.
Section II introduces the problem formulation and control
objective. Specifically, an uncertain control-affine nonlinear
system is considered and the control objective is to track
a user-defined trajectory subject to the system uncertainty.
Moreover, Section II introduces the DNN architecture used
in the developed DNN-based accelerated gradient adaptation
control scheme. Sections III-IV contain the new contributions
of this article. Specifically, Section III includes the designs for
the DNN-based adaptive controller and accelerated gradient
DNN weight adaptation laws. A nonsmooth Lyapunov-based
stability analysis is performed in Section IV to guarantee
the tracking objective is achieved. Comparative numerical
simulations are provided in Section V to demonstrate the
improved performance of the developed DNN-based accel-
erated gradient-based adaptation design. First, to show the
improved performance of the developed method, comparative
simulations are conducted on a two-state nonlinear system
and a practical robotic manipulator system with the same
DNN configuration (i.e., the same number of layers, neurons,
activation function, and initial weights). Then, a compre-
hensive simulation study is conducted on a more complex
20-D nonlinear system that compares various NN architectures
(varying hidden-layers and neurons) and adaptation schemes.
Additionally, an extension of the developed method to Euler—
Lagrange systems are provided in the Appendix.

II. PROBLEM FORMULATION
A. Mathematical Preliminaries

Let R and Z denote the set of real numbers and integers,
respectively. Let R>g = [0, 00) and R~ £ (0, 0o) denote the
set of positive and strictly positive real numbers, respectively.
Similarly, let Z>o and Z.o denote the set of positive and
strictly positive integers, respectively. The Euclidean norm of a
vector x € R" is denoted by ||x|| £ +/x7 x. The vector space of
essentially bounded Lebesgue measurable functions is denoted
by Loo. For n,m € Zq, let R"*™ and I, denote the space
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of n x m dimensional matrices and the n x n dimensional
identity matrix, respectively. The right-to-left matrix product
)

operator is denoted by [], that is, given suitable matrices
m

N\
A; forall i = 1,...,m, [[;;Ai £ Am,...,A2A; and

—m
[1,—,Ai = I if a > m. Given matrices A € R”*? and B €
R"*S the Kronecker product is denoted by A ® B € RP" <45,
Let vec(-) denote the vectorization operator that transforms a
matrix into a column vector, that is, for a matrix A = [a; ;] €
R vec(A) 2 [A1 1y r ALy -+ -G ls sG]l € R,
Given matrices A € R, B ¢ RI*™ and C € R™>",
the vectorization operator satisfies the following property [40,
Proposition 7.1.9]:

vec (ABC) = (CT ® A) vec (B) . (1)

B. Dynamic Model and Control Objective

Consider a control-affine nonlinear system modeled as
X=f)+g@u+d) 2

where x R>p — R" denotes the system state, f
R"™ — R" denotes an unknown differentiable drift vector
field, g : R" — R™ ™ denotes a known control effectiveness,
d : R>g — R”" denotes an unknown exogenous disturbance,
and u : R>g — R™ denotes a control input. To facilitate the
subsequent stability analysis, the following assumptions are
made.

Assumption 1: The exogenous disturbance d(-) can be
bounded as [|d(1)|| < d for all ¢ € Rs¢, where d € R.y
denotes a known constant.

Assumption 2: The control effectiveness matrix g(x) is full
row rank for all x € R".

The control objective is to use an accelerated gradient
approach to design a DNN-based adaptive controller to track
a user-defined desired trajectory x; : R>9 — R”" despite
uncertainty of the drift vector field in (2). Let the tracking
error e : R>o — R" be defined as

eE2x—xy. 3

The desired trajectory and its time derivative are assumed to
be continuous and bounded, that is, x4 (¢) € €2, for all € Rxy,
and x4 € Loo, Where 2 C R” denotes a known compact set.

C. DNN Architecture and Function Approximation

NN function approximation methods are well-suited for
systems with unknown or unstructured uncertainties, that is,
the uncertainty does not satisfy the typical LIP assumption
in adaptive control (see [41], [42], [43]). To compensate
for the unknown drift vector field in (2), a fully connected
DNN-based feedforward estimate of the drift vector field is
introduced in this section. Let the DNN architecture &
R x REizo@Li+DLisi _5 RL+1 be defined as

®(s,0) 2 (VkTok o o VITGI) (VOTE) &)
where 5 2 [s7, 117 € RLotH! denotes a concatenated state
input that is augmented by 1 to facilitate the inclusion of bias
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terms, 0 2 [vec(V)T, ..., vec(Vo)T]T € R —o(Li+DLix
denotes a concatenated vector of the DNN hidden-layer
weights V; € REi+DxLivi for all i e {0,...,k}, where

k € Z-¢ denotes the number of hidden layers in the DNN,
L;i € Z-o for all i € {0,...,k 4+ 1} denotes the number of
neurons in each hidden layer, and o; : RLi — RLi+! for all
i € {l,...,k} denotes a vector of activation functions. The
vector of activation functions can be composed of various
activation functions and hence may be represented as o; =
[6L;s---» 61, 117 forall i € {1,...,k}, where ¢; : R —> R
for all j € {1,...,L;} denotes a piecewise continuously
differentiable activation function.” Note that for the subsequent
function approximation of the unknown drift vector field, the
input and output dimensions are defined as Lo £ Liy £ n.

Let C(£2) denote the space of continuous functions on the
set Q2. By the universal function approximation theorem in [44,
Th. 3.2], the function space of DNNs is dense in C(£2). Then,
for any drift vector field f € C(2) and prescribed function
reconstruction error bound ¢ € R., there exist ideal DNN
weights 0* £ [vec(V)T, ..., vec(V)T]T € RZizoi+DLit1
and activation functions o; for all i € {1,...,k} such that
sup,,eqll f (xa) — @ (xq, 0%)|| < €. Then, the DNN architecture
in (4) models the unknown drift vector field in (2) as

fxa) =@ (xg,0") +&(xa) VYrg€Q (5)

where ¢ : R” — R”" denotes an unknown bounded func-
tion approximation error. The function approximation error is
bounded such that sup, cqlle(xq)|| < €. Since the ideal DNN
weights 0* are unknown, real-time adaptive weight estimates
6 - R>o — RZi=o(Li+DList gre generated to develop a
DNN-based adaptive feedforward component (x4, é), where

6 2 [vec(V)T, ..., vec(Vp)T17. For brevity, the following
short-hand notations are introduced:
O* LD (x.0%), DL (xd, é) . (6)

The DNN weight estimation error § : R=g — RZi-o(Li+DLi+1
is defined as

6()20"—0@). (7

To facilitate the subsequent stability analysis, the following
assumption is made.

Assumption 3 [45, Assumption 1]: The ideal DNN weights
can be bounded as [|0*| < 6, where 6 € R. denotes a known
constant.

III. CONTROL DEVELOPMENT

This section introduces the DNN-based adaptive control
design. Section III-A introduces the closed-loop error sys-
tem resulting from the DNN-based adaptive controller. The
DNN @ in (6) is used to develop an adaptive feedforward
term that compensates for the system uncertainty. Then, in
Section III-B, an accelerated gradient approach is used to
design an adaptation law for 6 in (6) that generates real-time
weight estimates for fully connected DNNs with an arbitrary
number of hidden layers.

2Some common choices in activation functions include the sigmoid, hyper-
bolic tangent, and ReLu activation functions.
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A. Closed-Loop Error System

Based on the subsequent stability analysis, the control input
is designed as’

w2 g* () i = e = fsen(e) — b
—p(lelye+28 (6-0)] ®

where Be,B8s € R.g denote user-defined parameters, D
Rso — RZi=o(Li+DLi+1 denotes an auxiliary weight esti-
mate that is subsequently defined, sgn(-) denotes the signum
function, gT(x) £ g7 (x)(g(x)g(x)T)~! denotes the right
pseudo-inverse of g(x),*and p : R>0 — Rx>¢ denotes a known
strictly increasing function that satisfies || f(x) — f(xg)|| <
o(leDllell for all x,x; € R" [49, Lemma 5]. Taking the
time derivative of (3), adding and subtracting f(x4), and
substituting in (2) and (5), the open-loop error system can
be expressed as

e=0 +e(xg)+ f(x)— f(xg)+d () —%xg+ g (x)u.
)

Substituting (8) into (9) yields the closed-loop error system
¢ = —kpe — kysgn (e) + 28 (é - 0) Lo —
+e(xa)+f )= fxa)+d @) —p(lel)e.

The first-order Taylor’s series approximation of ®* yields [45,
eq. (22)]

(10)

o* - b =47+0%(|d]) (11)
where (2(-) denotes higher-order terms resulting from
the Taylor’s series approximation.”> Then, substituting (11)
into (10), the closed-loop error system can be expressed as

é = —pee — Bysgn (e) + &6 +28 (0 - 0) — p (el e + x
(12)

where x : R" x R" x REi=o(Li+DLisi x R>o — R" denotes an
auxiliary function defined as x £ O%(||0])) + e(xq) + f(x) —
fxq) +d(@).

B. Accelerated Gradient-Based Adaptation

This section applies the variational framework in [32] to
develop an accelerated gradient-based adaptation law that
generates real-time weight estimates for the DNN in (8). The
variational approach in [32] defines a Bregman-Lagrangian
function and uses principles from the calculus of variations
to generate a class of accelerated gradient update laws that
minimizes a cost functional. Similar to the approach in [32],

3The subsequent development is based on the use of the discontinuous
signum function, which could lead to a high-frequency response. Results such
as [46], [47], [48] could be used as a continuous alternative.

4By Assumption 2, the right pseudo-inverse x +— g7 (x) exists for all
x € R,

5Given suitable functions f and g, the notation f(x) = Ok (g(x)) means
that there exist constants ¢, xg € R. such that || f(x)] < c||g(x)|\k for all
X = XQ.
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k
the Bregman-Lagrangian function .Z : RZi=oLitDLitt
k
RZi=oLitDList » R>o — R is defined as

2(0,0,1) = 5070 (D, (047708, 0) — PV E (4))
(13)
where @, 8,7 : Rsg — R denote arbltrary continuously

differentiable scaling functions, E REoLi+DLivi
R denotes a user-defined loss function, and Dy

REi—oLi+DList 5 REZoLi+DLivi _, R~ denotes the Breg-
man divergence defined as Dj(p,q) = (1/2)||q — p||26
The scaling functlons in (13) are selected as @ = 0, /3

In(y1y2), and y(t) £ yt, where y;,y, € R.g are user-
defined parameters [3 ] [37] (see [32]) Then (13) can
be expressed as Z@0,0,1) = e”’((l/2)9Tc9 — ylygE(G))
Let a cost functlonal J RZ —oLitDLiti 5 Ry be
defined as J (9) f A (9 9 t)dt. Then, by the calculus
of variations, the trajectories ¢ +> 9(t) that minimize the
cost functional J are the solutions of the Euler-Lagrange

equation (d/dt)((9.£/90)(6.0,1)) — (0.£/00)(0.0.1) = 0
[32, eq. (3)]. Then, computing the terms (8.,2”/8@), (83/8@),
and (d/dt)(0Z /8@) in the Euler-Lagrange equation yields
the adaptation law

N X 0 ~
6+ 720 =—yn—E (6).
V. 2y Y
Based on the subsequent stability analysis, the loss function
is defined as E(0) £ (d/dr)((1/2)e’e). Using (12) yields

(VE/30) = &Te, where & 2 (3d/8) € RM*ZizoLit+DList,
To facilitate the subsequent analysis, let y; = y, and y, £
YvYs, where y,, 9 € R, are user-defined parameters. Then,

(14)

by defining an auxiliary weight estimate as £ 6+ (1 / yz)é,
(14) can be expressed by two first-order differential equations
as

b 2 proj (y,, &D’Te)

6 £ —proj (Vuye (é -~ v))

where the operator proj(-) denotes the projection algorithm
defined in [41, eq. (E.2)] and is used in (15) and (16) to
ensure the weight estimates remain bounded in the subsequent
stability analysis, that is, 5(1),0(1) € © for all 1 € R>o,
where © £ {9 € RZLO(L"H)L"“ . ]10]l < 6} denotes a known
convex set and # is known by Assumption 3.

The term &' in (15) can be computed as follows. To facil-
itate the subsequent development, let 6; : Rl — RLi+! be
defined recursively as

5)

(16)

o1 (vond) s i=1
6 & . (17)
o; (‘Gilﬁi_l), i=2,...,k.
Using (6) and the recursive relatlon in (17), the DNN

estimate ® can be expressed as P = V 0x. Then, recalling

0The formulation in [32] considers a non-Euclidean setting and defines the
Bregman divergence as Dy (p, q) = h(p) —h(q) — Vh(q)T(p —q), where h :

k . .
RZi=oLitDLlivt _, R~ denotes a distance-generating function. To obtain
the Bregman divergence function defined in this article, & (x) s (1/2)||x\|2.
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6 = [vec(Vk)T, ...,vec(Vo)T]T, ®’ can be expressed as
. 3 3D
S = — ., — . (18)
avec (Vk) avec (Vo)

Using the chain rule, the vectorization property in (1),
and the facts that (361/(dvec(Vp))) = 6/, ® fd) and
(06;4+1/(0vec(Vy))) = z+1(1Lz+1 ®0T) foralli =1, Lk —
1, the terms in (18) can be computed as

2
k
VJTA]/ (IL1®xd), i=0

3D j=1

N A
avec(Vi) k

vl (IL,H@&,.), i=1,....k
Jj=i+1

19)

where 6] £ (361/3V]x,) and 6] £ (36;/9V] 6;_1) for
i =2,...,k. The adaptation law in (15), (18), and (19) are
expressed for fully connected DNNs with an arbitrary number
of hidden layers. To provide more insights, the following
example is provided.

Example 1: Consider  the  single-hidden-layer = NN
P(xg,0) = Vlew(V]xy) (e, k = 1), where
Vo € ROFDxL oy ¢ REFDn [ e 7.y, and

0 £ [vec(V)T, vec(Vo)T1T € RZL"FL4n. Then, using (18)
and (19), ®’ can be computed as

& =[(nesl). Vs (new)] (20)
Using (20), the update law in (15) yields
A . (I" ® 81T)T
v =proj | vv el. (21)

N T
(375 (1 050)
Defining ¥ £ [vec(d1)T, vec(Do)T 17, using (1), and applying
some algebraic manipulation, (21) can be expressed as

b1 = proj (nére”) (22)

b0 = proj (yv)_cdeT Vch?{) ) (23)
Remark 1: The DNN configuration in Example 1 is a spe-
cial case where there is only one hidden layer. For the special
case, the adaptation laws in (22) and (23) are equivalent to
the output- and inner-layer weight adaptation laws developed
n [45] for single-hidden-layer NNs. Hence, the adaptation
law developed in (15) can be interpreted as a gradient-based
adaptation law that has been generalized to fully connected
DNNs. However, the fundamental difference in the developed
method is that the adaptation law in (15) generates auxiliary
weight estimates. The auxiliary estimates are coupled to the
adaptation law in (16) which alters the search direction of the
auxiliary estimates to generate the true DNN weight estimates.
Remark 2: The adaptation law developed in (14) is depen-
dent on the selection of the loss function. The loss function
= (1/2)(d/dt)(eTe), defined below (14), was selected
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based on the subsequent stability analysis and yields the adap-
tation laws in (15) and (16). It is well known that including
the weight estimation error 6 in the adaptation law design
can improve performance, and hence, including a term such
as (1 /2)§T§ in the loss function can be beneficial. However,
including the weight estimation error in the adaptation design
poses challenges in the implementation because the weight
estimation error is unknown; therefore, selections in loss
functions that incorporate a measurable/computable form of
the weight estimation error may be a potential avenue for
future works.

IV. STABILITY ANALYSIS

The closed-loop control design introduced in Section III
employs a discontinuous robust sliding mode term and may
also have potential discontinuities in @’ depending on the
choice of activation functions (e.g., ReLU activation func-
tions). As a result, the closed-loop system is nonsmooth
and does not admit classical solutions. Hence, a nons-
mooth Lyapunov-based analysis is used to analyze generalized
solutions of the resulting closed-loop system and ensure
the tracking objective is achieved [50] ([41, Th. A.8] for
LaSalle-Yoshizawa invariance principles for smooth nonau-
tonomous systems). Specifically, the switching analysis in [15]
for DNN-based adaptive control is adopted to model the
closed-loop system as a state-dependent switched system com-
posed of a finite collection of smooth functions.

To facilitate the subsequent analysis, let o € P denote a
switching index, where P C Z denotes a finite set of possible
switching indices. Then, the DNN function approximation
in (5) can be represented as f(xy) = dDZ + &o(xq), where
xg —> @ is smooth for each ¢ € P with the corresponding
function reconstruction error &, (x4). Similarly, the function x
defined below (12) can be represented by the switched function

x0 2 O ([6]) + e cor+ 0 - Fp+d 0 @4

which is continuous for each o € P. By the use of the
projection algorithm in (16), the DNN weight estimates can
be upper bounded as ||é(t)|| <@ forallr e R>o. Hence,
by Assumption 3 and using (7), the DNN weight estimation
error can be bounded as [|6(7)]| < 20 for all ¢ € R>o.
Moreover, since 6 € Lo and (’)f] is continuous in each g € P,
it follows that (’)é can be upper bounded by a known constant
for all o € P. The exogenous disturbance ¢ > d(t) is upper
bounded by a known constant by Assumption 1. The terms
f(0)— f (xq) can be bounded as || f(x)— f (xa)ll < p(llel) el
for all x, x; € R" [49, Lemma 5], where p(-) was previously
defined below (8). Then, x, can be upper bounded as

Ixol < c+pdlelel VoeP 25)

where ¢ € R. o denotes a known constant and p (-) was defined
below (8).

Based on the development introduced above, the adaptation
law in (15) and the closed-loop error system in (12) can be
represented as

5 = proj (yv&ge) VoeP (26)
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é = —PBe.e — Bysgn (e) + C%(;

+28), (é - a) —p(lehe+x YoeP. (@7
For notational brevity, let ¥ € Z.( be defined as W L4
23K G(Li+ D Ligr. Letz 2 [T, 0—D)T, 0*=0)T]T e RY
denote a concatenated state, and let z = h,(z, t) for all o € P
denote a collection of subsystems, where &, : RY x Rsg —
RY. Then, the corresponding switched system is represented
as

7= hp(z) (z,1) (28)

where z : R>o — RY denotes a Filippov solution to (28),
p : RY — P denotes a state-dependent switching signal, and
ho(z, t) is defined as

Sz,
ho (z,1) = —proj (J/VJ/Q (é - \3)) — proj (yvdA);)Te) (29)
—proj (yv CfD’QTe)

for all ¢ € P, where f¢' : RY x Rsg — R” is defined as

5@ 1) 2 —pee— Bysgn(e) + P8 +28, (6 — D) — p(llel)e +
Xo- In the following theorem, nonsmooth Lyapunov-based
analysis techniques developed in [50] are used to establish
invariance properties of (28) to ensure the tracking objective
is achieved.

Theorem 1: Consider a system modeled as in (2) and
let Assumptions 1-3 hold. Then, the control input in (8)
and accelerated gradient-based DNN weight adaptation laws
in (15) and (16) ensure global asymptotic tracking in the

sense that lim;—, |le(?)|| = 0 and lim,_>oo||é(t) — ()| =0,
provided the following sufficient gain condition is satisfied
Bs > ¢ (30)

where ¢ is a known constant defined in (25).
Proof: Consider a candidate common Lyapunov function
VL : RY — R defined as

~ T /4

VLz) 2 %ETHi (6-0) (6-9)
I T /s o~
+ o (9 v) (9 v)
which satisfies the inequality «(|jz])) < Vr(z) < a(llzID,
where o, @ : R>9 — R0 are continuous positive definite
functions. Let F, : RY = RY denote the Filippov regulariza-
tion of (28) and be defined as F, 4 K[h,](z, t), where the
calculus of K[-] is defined in [51] and the notation = denotes
a set-valued mapping. Then, the generalized time derivative
of (31) can be computed as V £ maxpeaVL(z)maxqepé(z)qu
[50, Definition 3], where Fé(z, 1) D Fy(z,t) denotes a
bound on the regularization of (28), and 9V denotes Clarke’s
generalized gradient of Vi, [52, pp. 39]. Since z — V1.(z) for
all z € RY is continuously differentiable, 3V (z) = {V VL (2)},
where {-} denotes a singleton set and V denotes the gradient.
Additionally, the time derivative of Vj exists for almost all

. a.e. — a.e.
time, that is, Vi (z(¢)) € V1 (z(t)), where the notation (-)
denotes that the relation holds for almost all time.

&1V
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Taking the generahzed time derivative of (31), using (7),
adding and subtracting 671 / yU)K[v] and performing some
algebraic manipulation yields

1 X
Sk 7]
Yv

- (§+2é—29)

. N T
V, = TK[] + (9 - ﬁ)

(32)

T 1 .
—K [u] .
14

Substituting (16), (26), and (27) into (32) yields
Vi = el (=Bee — BK [sen] () — p (llel) e + K [xo])

+el (K&, ]+ 2k [&,] (8 -))
~ AT

- (9 — v) K[prQ]] ( (9 - v))

- (é 20— 29) K [proj] (ége) . 33)

Since x, and dA>Q are continuous functions for each o € P,

Klxo]l = {xo}. and K[®,] = {®,} for all ¢ € P. To bind

the terms that involve proj(-) in (33), [41, Lemma E.1.IV] is

invoked which states —r! I'proj(t) < —rI't for all r € R C

R™, T € R™™ and T € R™, where I" denotes a positive

definite matrix and R denotes a convex set. The use of the

projegtion algorithm in (15) and (16), the trajectories of »(z)
and 6(t), for all r € R>¢, remain in the convex set © defined
below (16). By Assumption 3, the ideal DNN weights can
be bounded as [|6*|| < 6. Moreover, note that K[proj](z)

computes the set of convex combinations of proj(r) and t

at the points of discontinuity. Therefore, —r! I'K[proj](t) <

—rTT'z, and hence, the terms with the proj(-) operator in (33)

can be upper bounded as

(6wl (0 )

<—w (é _ v) (é a) (34)
—(6+20- 2o)T K [proj] (&)

< - (é +20 — 29)T e

= T (&gé +2d), (é - v)) . (35)

Then using (25), (34), (35), and the facts that e’ K[sgn](e) =
{llelli} and —pBsllelli < —Bsllell, (33) can be upper bounded
as

A 2
(B =) lel =y |0 = 9

Provided the sufficient gain condltlon in (30) is satisfied, (36)
can be upper bounded as VL < —Bellell® — y9||0 - )%
From (31) and the fact that V < 0, it follows that V;, € Lo,
which implies z € Lo, and hence e, v,@ € L. Using
(3), the fact that e, xq € Loo implies x € L. Using (7),
the fact that 0*,0 € Lo implies 6 € L. The fact that
x4,0 € Lo implies b, P € Lo . Using (8), the fact that

- ae. 2
Vi = —Bellel” -

(36)

X, 54,6, D, 90,0 € Lo 1mp11es u € L. Using (15), the
fact that &', ¢ € Eoo implies U € L. Using (16), the fact that

0,9 € Loo implies 6 € Loo. Invoking the LaSalle—Yoshizawa
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theorem extension for nonsmooth systems in [50, Th. 2] yields
lim,, oo [le(®)]| = 0 and lim;, o [10(1) — D(1)|| = 0. u

V. SIMULATIONS

In this section, comprehensive simulation studies were
conducted on various nonlinear systems to demonstrate the
performance of the developed accelerated DNN adaptive con-
trol scheme. In Section V-A, comparative simulations were
performed on a two-state nonlinear system. The simulation
results compare the baseline DNN adaptive scheme from
[15] to the developed method. Similarly, comparative sim-
ulations were performed on a two-link robotic manipulator
in Section V-B to demonstrate the application of the devel-
oped method on a practical system. Then, to provide a
comprehensive simulation study on a more complex 20-D
nonlinear system, comparative simulations were conducted
in Section V-C. The simulation study in Section V-C pro-
vides comparative simulations between the standard gradient
adaptive controller for single hidden-layer NNs developed
in [45], the baseline DNN adaptive scheme from [15], and
the developed method.

A. Two-State Nonlinear System

Two comparative simulations were conducted on a two-
state nonlinear system to demonstrate the performance of the
developed method. The unknown drift vector field in (2) was
modeled as [39]

—Xx1 + x2
= 1 1 37
fo=1_1 10 (1 —(cos(2x1)+2)2) 37
2 2
where x £ [x1,x2]7 € R? denotes the system state. The

control effectiveness was modeled as g = I>. The exogenous
disturbance in (2) was modeled as random noise drawn from
the distribution A/(0, 1). Each simulation was conducted for
30 s with initial condition x(0) = [5.0,7.0]7. The desired
trajectory xq = [x4.1,x4.2]" was selected as x4(t) = ng:((’t))

for all ¢+ € R>o. The DNN used in both simulations was
configured with L = 10 neurons in each of the k = 5 hidden
layers. The hyperbolic tangent activation function was used
across all layers. The first simulation was performed with
a baseline DNN adaptive controller which used a typical

gradient-based scheme given by [15]
®—p(lelhe (38

(39)

utig— Bee — Bssgn (e) —
6 £ proj ()/9 CiD/Te)

where e £ [eg, e2]”, o 2 [vec(\75)T,...,Vec(Vo)T]T, and
' was computed using (18) and (19). The second simula-
tion was performed with the developed method in (8), (15),
and (16). The bound for the projection operator was selected
as O = 1000. The robust state feedback term p(|le||) in (8)
was designed as 0.1(|le|| + [le]|*) in both simulations were
omitted to better focus on the performance resulting from the
DNN-based adaptive terms. The DNN weight estimates 6(0)
(and also 1(0) in the second simulation) were initialized ran-
domly from the normal distribution A/(0, 1). The controllers in
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TABLE I
CONTROLLER CONFIGURATION

Parameters DNN Adaptive [15]  Developed Method
Hidden layers, k& 5 5
Neurons, L 10 10
Activation function  Hyperbolic tangent ~ Hyperbolic tangent
Yv - 40
Yo 40 0.6
Bs 0.1 0.1
Be 5 5

TABLE I

RMS TRACKING ERROR, CONTROL EFFORT, AND FUNCTION
APPROXIMATION ERROR

RMS DNN Adaptive  Developed Method
e 0.0851 0.0277
u 4.2761 2.6033
f 2.9878 0.6029
8 T
— — — -DNN Adaptive
7t Developed Method | |
Sef ]
5
£
= 5 |
o i
£ 40
200
| |
R
=,
Z =i,

Fig. 1. Evolution of the normalized tracking errors |e| for the two-state
system. The simulation with the gradient-based DNN adaptation scheme
in (38) and (39) is shown as a red dashed line, and the simulation using
the developed accelerated gradient-based DNN adaptation scheme in (15)
and (16) is shown as a blue solid line. The tracking errors are shown over
a 10-s window rather than the entirety of the simulation to better exhibit the
transient performance. Additionally, an inset of the simulation from O to 5 s
is provided. Note the y-axis on the inset is on a logarithmic scale.

each simulation were configured similarly and are summarized
in Table L.
Table II summarizes the performance in each simula-

tion. In the leftmost column, e, u, and f denote the root
mean square (rms) tracking error, control effort, and func-
tion approximation error, respectively. As shown in Fig. 1,
the tracking errors converge toward the origin. The tracking
errors using the baseline DNN adaptive controller in the
first simulation converged to a neighborhood of the origin
after approximately 5.4 s, whereas the tracking errors using
the developed method converged after approximately 0.7 s.
The rms tracking error for the baseline DNN and developed
methods were 0.0851 and 0.0277, respectively. The developed
method had a 67.41% decrease in the rms tracking error with
a 39.12% decrease in the rms control effort in comparison to
the baseline DNN adaptive method.
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— — — - DNN Adaptive
Developed Method

120

Normalized Function Approximation Error
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Time [s]
Fig. 2. Evolution of the normalized function approximation errors
I f(xq) — f (xg)|l for each simulation of the two-state system. Additionally,
an inset of the simulation from 0 to 5 s is provided. Note the y-axis on the
inset is on a logarithmic scale.

DNN Weight Estimates

— — — - DNN Adaptive
Developed Method

Time [s]

Fig. 3. Evolution of the DNN weight estimates in each simulation of
the two-state system. Each of the corresponding weights was initialized at
the same initial condition. To better exhibit the performance in the weight
estimates, for both simulations, only 15 of the DNN weight estimates are
shown over a 10-s window rather than the entirety of the simulation.

Fig. 2 illustrates the normalized function approximation
error for each simulation. The simulation with the devel-
oped method showed a 78.82% decrease in the rms function
approximation error in comparison to the simulation with
the baseline DNN adaptive controller. To better illustrate the
improved transient performance from the developed acceler-
ated gradient-based adaptation design, Fig. 3 illustrates the
evolution of the DNN weight estimates. The weight estimates
from the baseline DNN adaptation exhibited oscillatory behav-
ior which degraded the tracking and function approximation
performance. As seen at approximately 3.9 s, and many other
instances throughout the simulation, many of the weights in
the baseline simulation had oscillations which resulted in
increases to the tracking and function approximation errors
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shown in Figs. 1 and 2, respectively. In comparison, the
weight estimates from the developed method had improved
transient performance as seen by the rapid convergence in
the weight estimates and function approximation error after
approximately 1.1 s.

B. Two-Link Robotic Manipulator

Similar to Section V-A, two comparative simulations were
performed on a two-link planar revolute robot. The robot was
modeled by the uncertain Euler—Lagrange dynamics’

M@)G+Vn(g.¢9)g+Fg=rt

where ¢ £ [q1,¢2]" € R%, ¢ € R?, and § € R? denote
the angular position, velocity, and acceleration of each joint,
respectively, M(q) € R2*? represents the inertia matrix,
Vin(q, q) € R2x2 represents the centripetal-Coriolis matrix,
F € R?x2 represents friction effects, and 7 € R? denotes the
torque inputs. In (40), the dynamics were modeled as [53]

(40)

[ p1+2p3ca, p2+ p3c2
M = 41
@ | P2+ p3ca, D2 } @1
. -_ S . , _ S . + .
V(g gy = | P o ‘”)} (42)
[ fi, 0
F = 43
| 0, f2 )

where ¢; denotes cos(gz), s2 denotes sin(gz), and the nominal
parameters of the two-link robot model in (41)—(43) were p; =
3.473, p» = 0.196, p3 =0.242, fi =5.3, and f> = 1.1. The
desired trajectory g4(t) £ [qd,l,qd,z]T € R? was selected as

N (507 /180) sin((7r /2)t) 2
da 2 (1= exp(=0.10) [ /I (/D0 | € B2 [rad] for

all + € R>p. Each simulation was performed for 45 s with
the initial conditions ¢g(0) = [1.2217, —0.5236]7 [rad] and
q(0) = [0, 017 [rad/s]. The DNN used in both simulations
was configured similarly as in Section V-A (see hidden layers,
neurons, and activation function in Table I). The DNN weight
estimates é(O) (and also V(0) in the second simulation) were
initialized randomly from the normal distribution N(0, 10).
The first simulation was performed with the baseline DNN
adaptive scheme given by [15]®

T2 Br+e+d+ Besgn(r) +p (IylD) Iyl sgn (r)
s proj ()/9 dAD'Tr)

where e,r € R? denote the tracking and filtered tracking
errors defined in (47) and (48), respectively, y N P L=
R* denotes a concatenated state vector, p(||lyl) = 0.1 +
0.1yl + 0.1]y||%, and B, € R.q denotes a user-defined
control parameter. The parameters in the first simulation were
selected as B, = 40, Bs = 3, yp = 15, and o = 15. The second
simulation was performed with the accelerated DNN adaptive
scheme in (51)—(53). The parameters in the second simulation
were selected as 8, = 40, s = 3, y»p = 10, y, = 0.2 and
o = 15.

(44)
(45)

7See Appendix for an extension of the developed method to Euler—Lagrange
systems.

8The DNN adaptive control scheme in [15] applies to nonlinear sys-
tems described by (2). The development and analysis on the extension to
Euler-Lagrange systems in the Appendix can be used to derive (44) and (45).
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TABLE III

RMS TRACKING ERROR, CONTROL EFFORT, AND FUNCTION
APPROXIMATION ERROR

RMS DNN Adaptive  Developed Method
€ [deg] 0.0118 0.0079
T [Nm] 14.4857 12.3728
f 10.4543 8.5989
80 T T T
Developed Method
70 — — — - DNN Adaptive

50 |1

30 [

Normalized Tracking Error [deg]
N
o
I

Time [s]

Fig. 4.  Evolution of the normalized tracking errors |le| for the robotic
manipulator. The simulation with the gradient-based DNN adaptation scheme
in (44) and (45) is shown as a red dashed line, and the simulation using the
developed accelerated gradient-based DNN adaptation scheme in (51)—(53)
is shown as a blue solid line. The tracking errors are shown over a 10-s
window rather than the entirety of the simulation to better exhibit the transient
performance. Additionally, an inset of the simulation from 0 to 3 s is provided.

Table III summarizes the results in each simulation with the

robotic manipulator. In the leftmost column, e, 7, and f denote
the rms tracking error, control effort, and function approx-
imation error, respectively. The developed method showed
improvements in the tracking objective, control effort, and
function approximation in comparison to the baseline DNN
adaptive scheme. Fig. 4 illustrates the normalized function
approximation error for each simulation. The tracking errors
using the developed method converge to a neighborhood of
the origin in approximately 1.2 s, whereas the baseline DNN
controller converges in approximately 1.8 s. In comparison
to the baseline DNN controller, the rms tracking error using
the developed method decreased by 33.31% with 14.59% less
control effort. Additionally, the developed method showed a
17.75% improvement in terms of the function approximation
errors. The improved function approximation by the developed
method is attributed to the weight adaptation which is illus-
trated in Fig. 5. As seen in the top of Fig. 5, many of the
weight estimates using the baseline DNN controller exhibited
large oscillations during the transient period approximately
from O to 1.8 s. In comparison, the weight estimates using
the developed method at the bottom of Fig. 5 exhibited
better transient performance with milder oscillations. From
approximately 0.2-0.4 s, many of the weights in the top of
Fig. 5 oscillate from magnitudes of approximately 30-74.
The effects of the weight estimate oscillations on the tracking
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Fig. 5. Evolution of the DNN weight estimates in each simulation of the

robot manipulator. Each of the corresponding weights was initialized at the
same initial condition. To better exhibit the transient performance in the weight
estimates, for both simulations, the estimates are shown over a 5-s window
rather than the entirety of the simulation.

error are evident as the tracking errors during the transient
period are higher using the baseline DNN adaptive scheme.
Corresponding to one of the peak oscillations, in Fig. 4, at
approximately 0.4 s, the normalized tracking error using the
baseline DNN scheme is 34.87°, whereas the error using the
developed method was 21.79°.

C. Comprehensive Case Studies on 20-D Nonlinear System

In this section, a comprehensive simulation study was
conducted on a more complex 20-D nonlinear system. The
unknown drift vector field in (2) with n = 20 dimensions
was modeled as f(x) = A¢(x), where A € R was a
random matrix, and the nonlinear function ¢ : R” — R
was defined as’ ¢(x) 2 [1I 2T, o0, x0ox0
)T, tanh(cix), sin(cax)]T. The entries a; j of the random
matrix A were drawn from the normal distribution A/ (0, 1) and
the constants ¢; and ¢, were drawn from A (0, 1). The desired
trajectory was selected as x4(¢) = [sin(¢), ..., sin()]? € R.

1) Configurations: The simulation studies in this section
were performed on two cases. In the first case (Case 1),
to demonstrate the performance of both the acceleration strat-
egy and DNN architectures, comparative simulations were
conducted between three different NN-based adaptive con-
trollers: the standard gradient adaptive controller for single
hidden-layer NNs developed in [45], the baseline DNN adap-
tive scheme from [15], and the developed method in this
article. The single hidden-layer NN-based adaptive controller
is a special case of the baseline DNN controller in (38)
and (39), where the NN architecture ® has k = 1 hidden
layers. Two sets of simulations with different NN configura-
tions were performed with the single hidden-layer NN adaptive
controller: one set of simulations was configured with a single
neuron (will be referred to as SHL NN 1), and the other had
5 neurons (SHL NN 2). Similar to Section V-A, the baseline

9The operator © denotes the element-wise product operator. For example,
given vectors u = [ul,...,un]T e R" and u = [vl,...,vn]T e R", the
element-wise product u © v = [uyvy, ..., upvnl’ .
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Fig. 6. Evolution of the normalized tracking error |e| for the 20-D system
in Case 1. The lines labeled “SHL NN 1” and “SHL NN 2” represent the
simulations with an SHL NN adaptive controller, the line labeled “DNN 17
represents the baseline gradient-based adaptation scheme in (38) and (39), and
the line labeled “A-DNN 1” represents the accelerated gradient-based DNN
adaptation scheme in (15) and (16). To better illustrate the results visually,
the tracking errors are shown over a 20-s window rather than the entirety
(45 s) of the simulation, only 3 out of 25 simulations for each simulation
configuration are shown, and the data points were downsampled.

DNN adaptive scheme used is shown in (38) and (39), and
the developed method is in (8), (15), and (16). For both the
baseline DNN adaptation scheme and the developed method,
a set of simulations was conducted with DNNs configured
with 5 layers and 1 neuron in each layer (i.e., kK = 5 and
L; =1fori =1,...,k), and each of these sets of simulations
will be referred to as DNN 1 and A-DNN 1, respectively. For
each set of simulations (SHL NN 1, SHL NN 2, DNN 1, and
A-DNN 1), 25 simulations were conducted for 45 s where each
simulation had varying random initial conditions, that is, in
every simulation, the NN weights and states were randomized
from the normal distribution A (0, 1). Note that between all
simulation configurations (i.e., between SHL NN 1, SHL
NN 2, DNN 1, and A-DNN 1), the initial states were ini-
tialized at the same random initial conditions. The simulation
configurations (NN architectures and controller parameters)
are summarized in Table IV. Similarly, in the second case
(Case 2), comparative simulations between the baseline DNN
adaptive controller and the developed method was conducted
for various DNN configurations, that is, the number of layers
and neurons. The methodology of the simulation studies in
Case 2 are similar to Case 1, and the configurations of each
set of simulations is summarized in Table IV.

2) Results and Discussion: Table V summarizes the results
of Case 1 with the 20-D nonlinear system. Fig. 6 illustrates
the normalized tracking errors for a representative subset
of simulations from each of the configurations. Addition-
ally, Fig. 7 illustrates the normalized function approximation
error for each configuration. Case 1 demonstrates the perfor-
mance benefits of leveraging the DNN architectures and the
accelerated gradient adaptation developed in this article. The
simulations in SHL 2 demonstrate adding more neurons in
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TABLE IV
CONTROLLER CONFIGURATIONS '
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Parameters Case 1 Case 2
SHLNNT [ SHLNN2 DNNT A-DNNI [DNN2 A-DNN2 DNN3 A-DNN3
Hidden layers, k& 1 1 5 5 5 5 20 20

Neurons, L 5 20 1 1 5 5 5 5
Yo - - - 0.09 - 0.09 - 0.018
Yo 2 5 5 10 5 10 2 5
Bs 5.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0
Be 1.5 1.5 1.5 1.5 1.5 1.5 1.5 1.5

1 SHL NN (#) represents the single hidden-layer NN adaptation scheme developed in [45], DNN (#) represents the baseline DNN adaptation scheme developed

in [15], and A-DNN (#) represents the developed method of this paper. In all simulations, the hyperbolic tangent activation function was used.

TABLE V

CASE 1 RESULTS: AVERAGE TRACKING ERROR, CONTROL EFFORT, AND
FUNCTION APPROXIMATION ERRORT

Config. e u f A€t Ag Af
SHL NN 1 02191 6.6425 3.2990 - - -
SHL NN 2 0.1984 7.1740  4.0018 -9.48 8.00 21.30

DNN 0.1937 63838 1.7866 -11.54 -390 -45.84

A-DNN 0.1815 6.5749  1.5310 -17.20 -1.02 -55.35

1 For each configuration, 25 simulations were conducted at different random
initial conditions (state and initial weights). The averages are calculated across
all simulations for each configuration.

1 The symbol A (-) represents the relative percent change of (-). The relative
percent change for the average tracking error, control input, and function
approximation error are relative to SHL NN 1.

102,

SHL NN 1
SHL NN 2
DNN 1
A-DNN 1

-
o_n

p—y
(=]
=}

Normalized Function Approximation Error

10°1 s s s s s s s s |
0 5 10 15 20 25 30 35 40 45

Time [s]
Fig. 7. Evolution of the normalized function approximation errors

I f(xq) — f (xq)| for the 20-D system in Case 1. To better illustrate the
results visually, only 3 out of 25 simulations for each simulation configuration
is shown.

a hidden layer degraded the function approximation perfor-
mance. The function approximation performance was 21.30%
higher compared to SHL 1. Although the tracking perfor-
mance in SHL 2 improved by 9.78%, the improvement is not
indicative of better overall performance. As seen in Fig. 6, the
tracking error exhibited high oscillatory behavior with larger
amplitude errors throughout the simulations. For example,
approximately from 1 to 3 s, the tracking errors resided
at approximately 0.05 and then drastically increased to 0.9,
which occurred throughout the simulations in correspondence
to the poor function approximation. Alternatively, with the
DNN architectures, both the DNN 1 and A-DNN 1 simulation

(a) (b)

Norm. Tracking Error ||el|

20

Norm. Function Approx. Error

0 10 20 30 40
Time s]

Fig. 8. (a) and (c) Evolutions of the normalized tracking and function
approximation errors for the 20-D system in Case 2 for the DNN 2 and
A-DNN 2 configurations. Similarly, (b) and (d) illustrate the normalized
tracking and function approximation errors for DNN 3 and A-DNN 3.
To better illustrate the results visually, the tracking errors are shown over
a 20-s window rather than the entirety (45 s) of the simulation and only 3 out
of 25 simulations for each simulation configuration are shown.

sets outperformed SHL NN 1 and SHL NN 2. The tracking
performance in DNN 1 improved by 11.54% and 2.28%
in comparison to SHL NN 1 and SHL NN 2, respectively.
Similarly, in terms of the function approximation performance,
DNN 1 improved by 45.84% and 55.35%, respectively. These
results demonstrate the benefits of DNN architectures and
their improved function approximation capabilities. In the final
simulation set of Case 1, A-DNN 1 demonstrates the benefits
of leveraging both DNN architectures along with accelerated
gradient adaptation. In comparison to DNN 1, the tracking
and function approximation errors improved by 6.40% and
14.31%.

The simulation study results for Case 2 are summarized in
Table VI. The normalized tracking and function approximation
errors are shown in Fig. 8(a) and (c), respectively, for both for
simulations with DNN 2 and A-DNN 2. Similarly, DNN 3 and
A-DNN 3 are shown in Fig. 8(b) and (d). In both the simula-
tion sets with A-DNN 2 and A-DNN 3, tracking and function
approximation performance improved in comparison to DNN
2 and DNN 3, respectively. In comparison to DNN 2, the
tracking and function approximation performance improved by
0.47% and 15.75%, respectively. A-DNN 3 performed the best
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TABLE VI

CASE 2 RESULTS: AVERAGE TRACKING ERROR, CONTROL EFFORT, AND
FUNCTION APPROXIMATION ERROR

Config. e u f Al AT Af

DNN 2 0.1714 62782 2.1694 N - -

DNN 3 0.1808  6.1184 17637 548 254 -18.70
A-DNN2 0.17059 69319 1.8277 -047 1041 -15.75
A-DNN 3  0.1674 63711 14863 -233 148 -31.49

1 The relative percent change for the average tracking error, control input,
and function approximation error are relative to DNN 2.

overall. In terms of tracking performance, A-DNN 3 improved
by 2.33%, 7.81%, and 1.86% compared to DNN2, DNN3,
and A-DNN 2, respectively. Moreover, in terms of function
approximation performance, A-DNN 3 improved by 31.49%,
12.79%, and 15.74%.

Overall, the case studies conducted in this section demon-
strate the performance improvements from DNN architectures
and the developed accelerated gradient adaptation strategy. The
study in Case 1 had a single hidden-layer NN scheme as the
baseline and examined the effects of altering the NN architec-
ture by adding more neurons in a hidden-layer and also adding
more hidden layers. DNN architectures improved performance
in comparison to shallow NNs. Leveraging the accelerated
gradient strategy in tandem with DNN architectures showed
the best overall performance. Similarly, the developed method
improved performance in corresponding sets of experiments in
Case 2 where different DNN architectures were compared with
the baseline DNN adaptation against the developed method.
Despite the improvement in the corresponding simulation sets,
when cross-comparing A-DNN 2 to DNN 3, DNN 3 out-
performed A-DNN 2 by 2.95% in function approximation.
The primary difference between the simulations is the DNN
configurations, where DNN 3 had more hidden layers. Hence,
the DNN architecture and adaptation designs are independent
attributing factors to performance. The developed method in
this article focuses on adaptation for arbitrary fully-connected
DNNs. Constructive methods for other DNN architectures in
adaptive control may be an avenue for future research efforts.

VI. CONCLUSION

Recent connections in adaptive control to continuous-time
analogs of accelerated gradient methods have led to the devel-
opment of new real-time adaptation laws based on accelerated
gradient methods. Motivated by the potential improvements in
transient performance, an accelerated gradient approach was
used to design an accelerated gradient-based DNN adaptive
control scheme for trajectory tracking of uncertain nonlinear
systems. A nonsmooth Lyapunov-based analysis was per-
formed to show the developed methods yield global asymptotic
tracking. Comprehensive simulation studies were conducted on
a two-state nonlinear system, a two-link robotic manipulator,
and a complex 20-D nonlinear system to demonstrate the
improved performance from accelerated gradient-based DNN
weight adaptation laws. The simulations of the two-state
system showed the developed accelerated gradient-based adap-
tation outperformed the baseline gradient-based DNN adaptive
scheme from [15] and had a 67.41% and 78.82% decrease in
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the rms tracking and function approximation errors, respec-
tively. Similarly, the simulations on the robotic manipulator
showed a 33.31% and 17.75% improvement. In the simulation
with the 20-D system, comparative studies were conducted to
investigate the effects of various NN architectures (varying
number of hidden layers and neurons) and adaptation laws.
In all cases, the DNN-based accelerated gradient method
demonstrated improved tracking and function approximation
performance.

Future work may involve analyzing new adaptation designs
from the selection of the loss function in (14). As discussed
in Remark 2, selecting a loss function that incorporates
computable versions of the function approximation error in
the adaptation design may improve performance. However,
there are challenges in the analysis and implementation of
such adaptation laws due to the unknown nature of the ideal
DNN weights. Additionally, our findings in the case study in
Section V-C indicate the selection of the DNN architecture
is a contributing factor to performance. The developments in
this article focus on adaptation laws given a class of fully
connected DNNs with an arbitrary width and depth. Therefore,
future research avenues may consider constructive methods
(e.g., neural architecture search [54]) to generate an effi-
cient DNN architecture for the adaptive controller. However,
challenges will arise in developing stability-driven adaptation
laws that are agnostic to varying DNN architectures (e.g.,
ResNets, convolutional NNs, and recurrent NNs) as the DNN
architecture—along with the type of adaptation strategy—is
embedded within the stability analysis.

APPENDIX

Consider a general uncertain Euler-Lagrange system mod-
eled as [55, Ch. 2]

M@ G+Vn(@q+F(@+G@)=rt (46)

where ¢, ¢,¢ : R>o — R" denotes the generalized position,
velocity, and acceleration, respectively, M : R" — R™"
denotes a generalized inertia matrix, V, : R* x R" — R"*"
denotes a generalized centripetal-Coriolis matrix, G : R" —
R”" represents a generalized vector of potential forces, F :
R" — R™" represents generalized dissipation effects, and
T : R59 — R” denotes the control input. The subsequent
development is based on the assumption that ¢ and ¢ are mea-
surable. The model in (46) satisfies the following properties
and assumption.

Property 1: The inertia matrix M(q) for all ¢ € R" is
positive-definite and satisfies m €112 < eTM(¢)E < mo| &2
for all £ € R", where m, my € R.( denote known constants.

Property 2: The inertia and centripetal-Coriolis matrices
satisfy the following skew-symmetric relation &7 (M(q) —
2Vimn(q, q))é =0 for all ¢, g, & € R".

Assumption 4 [56], [57]: The matrices M(q), Vi (q, q),
G(q), and F(q) are bounded for all ¢, ¢ € L.

To quantify the tracking objective, the tracking error e :
R>¢p — R" and auxiliary tracking error r : R>o — R” are
defined as

e=qi—q (47)
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reé+ae (48)

respectively, where o € R>¢ denotes a user-defined parameter.

To facilitate the subsequent analysis, taking the time
derivative of r, pre-multiplying by M(g), using (46)
and (48), and adding and subtracting the terms
M(qa)ga, Vin(qa, Ga)qa, and F(qq) yields the open-loop
error system

M(@)F=gQad)—7—Vulg.9)r +N(q.q4,94,9a, 4a)

(49)
where ¢; £ [da,da,c'de]T € R denotes a concatenated
state vector, the function g R3" — R" denotes the
unknown system dynamics defined as g(&y) 2 M (ga)da +
Vin(qa, qa)qa + F(qaq), and the auxiliary function N : RS —
R”" is defined as N(q, 4, qa, 4, Ga) = aM(q)é + (M(q) —
M(@a)ga + V(g q) — Vin(qa:Ga))ga + F(G — Ga) +
Vin(q, ¢)ae. By the universal function approximation property,
the DNN architecture in (4) is used to approximate the system
uncertainties in (49) as

8 Ca) =P (4.0%) + & (L)

where @, 6%, ¢, and Q were previously defined in Section II-C.
Based on the subsequent stability analysis and following the
development in Section III, the control input and adaptation
laws are designed as

Ve € Q (50)

T2 Br+e+d+ Besen(r) + p (lylD) Iyl sgn (r)

— 29/ (é — f;) (51)
$ 2 proj (y,, &J/Tr) (52)
4 2 —proj (m/a (é — V)) (53)

where y : R>¢g — R denotes a concatenated state vector
defined as y = [eT, rT]7. Substituting (50) and (51) into (49)
and using (11) yields the closed-loop error system

M (@) i =d0—Br—e—Bssgn(r) — p (lyl) llyll sgn (r)
120 (é — 9) — V@, r+ N (54)

where N & N +¢e(8a) + O*(16 ). By Assumption 4, it can
be shown that N can be bounded as

[#] < a0+ o iy (55)

where ap € R.o denotes a known constant, and p : R5¢g —
R>o denotes a known positive definite and nondecreasing
function. The following theorem analyzes the closed-loop error
system in (54).10

Theorem 2: Consider a system modeled as in (46) that
satisfies Properties 1 and 2. Let Assumption 3 and 4 hold.
Then, the control input in (51) and accelerated gradient-based
DNN weight adaptation laws in (52) and (53) ensure global
asymptotic tracking in the sense that lim,_ |le(®)| = O,
lim;, o ||r(®)|| = 0, and 1im,_>oo||é(t) — ()| = 0, provided

10The switched system development in (24)—(28) trivially extends to the
extension to Euler-Lagrange systems. For brevity of exposition, the switched
system development is excluded in the extension.
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the sufficient gain condition 8 > ag is satisfied, where ag is
a known constant defined in (55).
Proof: Consider the candidate Lyapunov function Vg :

R21+2 3o (Li+DLivi _y R>( defined as

V() £ %rTMr + %eTe + i (é - G)T (é — f))
I T iox o~
+ o (9 v) (9 v)
which satisfies the inequality a(||€]]) < VL&) < (&),
where o, @ : R>9 — R are continuous positive definite
functions, and & : Roq — R22XioLi+DLis1 denotes a con-
catenated state vector defined as & £ [rT, el (é — f))T, 0* —
W7 e R2+2XioLi+Dlivt, Taking the generalized time
derivative of (56),'! performing some algebraic manipulation,
using (7), (48), (52)—(55) and Property 2 yields

(56)

2

- ae. ) ) P
VS < Irl2 = alel? =y |6 - (57

provided the sufficient gain condition S; > ag is satisfied.
Then, invoking the LaSalle—Yoshizawa theorem extension for
nonsmooth systems in [50, Th. 2] yields lim;_ |7 (#)|| = 0,
limy oo lle(@)]| = 0, and lim; oo [|6(7) — D(1)|| = 0. Addition-
ally, all closed-loop signals can be shown to be bounded by
following the analysis in the proof of Theorem 1. [ ]
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