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The problem of controlling a robot during a non-contact to contact transition
has been a historically challenging problem that is practically motivated by
applications that require a robotic system to interact with the environment. If the
contact dynamics are not properly modeled and controlled, the contact forces could
result in poor system performance and instabilities. One difficulty in controlling
systems subject to non-contact to contact transition is that the dynamics are
different when the system status changes suddenly from the non-contact state to a
contact state. Another difficulty is measuring the contact force, which can depend
on the geometry of the robot, the geometry of the environment, and the type of
contact. The appeal of systems with contact conditions is that short-duration
effects such as high stresses, rapid dissipation of energy, and fast acceleration and
deceleration may be achieved from low-energy sources.

Over the last two decades, many researchers have investigated the modeling
and control of contact systems. Two trends are apparent after a comprehensive
survey of contact systems in control literature. Most controllers target contacts

with a static environment for a fully actuated system. Many researchers also
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exploit switching or discontinuous controllers to accommodate for the contact
conditions. Motivation exists to explore alternative control strategies because
impacts between the robot and the static environment cannot represent all the
impact system applications such as the capture of disabled satellites, spaceport
docking, manipulation of non-rigid bodies, and so on, and discontinuous controllers
require infinite control frequency (i.e., exhibit chattering) or yield degraded
stability results (i.e., uniformly ultimately bounded). As stated previously, it is
necessary to consider the impact control between two dynamic systems.

This research considers a class of fully actuated dynamic systems that undergo
an impact collision with another dynamic system that is unactuated. This research
is specifically focused on a planar robot colliding with a mass-spring system as
an academic example of a broader class of such systems. The control objective is
defined as the desire to command a planar robot to collide with an unactuated
system and regulate the resulting coupled mass-spring robot (MSR) system to
a desired compressed state. The collision is modeled as a differentiable impact.
Lyapunov-based methods are used to develop a continuous adaptive controller
that yields asymptotic regulation of the mass and robot links. A desired time-
varying robot link trajectory is designed that accounts for the impact dynamics
and the resulting coupled dynamics of the MSR system. The desired link trajectory
converges to a setpoint that equals the desired mass position plus an additional
constant that is due to the deformation of the mass. A force controller is then
designed to ensure that the robot link position tracking error is regulated. Unlike
some other results in literature, the continuous force controller does not depend on
measuring the impact force or the measurement of other acceleration terms: only
the position and velocity terms of the spring-mass system and the joint angles and
the angular velocity terms of the planar robotic arm are needed for the proposed

controller.



Chapter 2 provides a first step at controlling the proposed impact system.
The control development in Chapter 2 is based on the assumption of exact model
knowledge of the system dynamics. The controller is proven to regulate the
states of a planar robot colliding with the unactuated mass-spring system and
yields a global asymptotic regulation result. In Chapter 3, the dynamic model
for the systems is assumed to have uncertain parameters. The control objective
is defined as the desire to regulate the system to a desired compressed state
while compensating for the constant, unknown system parameters. Two linear
parameterizations are designed to adapt for the unknown robot and mass-spring
parameters. The controller is proven to regulate the states of the systems and
yields a global asymptotic regulation result. Another main theme of the impact
control is the desire to prescribe, reduce, or control the interaction forces during or
after the robot impact with the environment because large interaction forces can
damage both the robot and/or the environment or lead to degraded performance
or instabilities. In Chapter 4 the feedback elements for the controller of Chapter 3
are contained inside of hyperbolic tangent functions as a means to limit the impact
forces resulting from large initial conditions as the robot transitions from non-
contact to contact states. The controller yields semi-global asymptotic regulation
of the system. Experimental results are provided to illustrate the successful

performance of the controller in each chapter.
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CHAPTER 1
INTRODUCTION

1.1 Introduction

The problem of controlling a robot during a non-contact to contact transition
has been a historically challenging problem that is practically motivated by
applications that require a robotic system to interact with the environment. If the
contact dynamics are not properly modeled and controlled, the contact forces could
result in poor system performance and instabilities. One difficulty in controlling
systems subject to non-contact to contact transition is that the dynamics are
different when the system status changes suddenly from the non-contact state to a
contact state. Another difficulty is measuring the contact force, which can depend
on the geometry of the robot, the geometry of the environment, and the type of
contact. As stated by Tornambe [10], the appeal of systems with contact conditions
is that short-duration effects such as high stresses, rapid dissipation of energy, and
fast acceleration and deceleration may be achieved from low-energy sources.

Over the last two decades, many researchers have investigated the modeling
and control of contact systems including: [2]-[40]. Two trends are apparent after
a comprehensive survey of contact systems in control literature. Most controllers
target contacts with a static environment for a fully actuated system. Many
researchers also exploit switching or discontinuous controllers to accommodate for
the contact conditions. A class of switching controllers were examined by Brogliato
et al. in [3] for mechanical systems with differentiable dynamics subject to an
algebraic inequality condition and an impact rule relating the interaction impulse
and the velocity. The analysis in [3] utilized a discrete Lyapunov function that

required the use of the Dini derivative to examine the stability of the system. A



simple mechanical system subject to nonsmooth impacts is considered by Menini
and Tornambe [8], where the desired time-varying planar motion of a mass is
controlled within a closed region defined by an infinitely massive and rigid circular
barrier. In [9], Sekhavat et al. utilized LaSalle’s Invariant Set Theorem to prove
the stability of a discontinuous controller that is designed to regulate the impact
of a hydraulic actuator with a static environment where no knowledge of the
impact dynamics is required. The regulation of a one-link robot that undergoes
smooth or non-smooth impact dynamics was examined by Tornambe [10]. Volpe
and Khosla developed a nonlinear impact control strategy for a robot manipulator
experiencing an impact with a static environment [11]. The controller in [11] was
based on the concept that negative proportional force gains, or impedance mass
ratios less than unity, can provide impact response without bouncing. Tornambe
[23] also proposed a switching controller to globally asymptotically regulated a
two degree-of-freedom (DOF) planar manipulator to contact an infinitely rigid and
massive surface. Pagilla and Yu [24] proposed a discontinuous stable transition
controller to deal with the transition from a non-contact to a contact state where
explicit knowledge of the impact model is not required. A discontinuous model-
based adaptive controller was proposed by Akella et al. [26] to asymptotically
stabilize the contact transition between a robot and static environment. Tarn et
al. [27] proposed a sensor-referenced control method using positive acceleration
feedback with a switching control strategy for impact control for a robot and a
constrained surface. A switching controller was also proposed by Wu et al. in

[28] to eliminate the bouncing phenomena associated with a robot impacting a
static surface. The structure of the switching controller in [28] was dependent on
impact feedback from a force sensor. Lee et al. developed a hybrid bang-bang
impedance/time-delay controller that establishes a stable interaction between a

robot with nonlinear joint friction and a stiff environment in [29] and [30]. Nelson



et al. [31]-[33] proposed a nonlinear control strategy that considers force and vision
feedback simultaneously and then switches to pure force control when it is unable
to accurately resolve the location of the robot’s end-effector relative to the surface
to be contact. Motivation exists to explore alternative control strategy for the
impact systems because impacts between the robot and the static environment
cannot represent all the impact system applications such as the capture of disabled
satellites, spaceport docking, manipulation of non-rigid bodies, and so on, and
discontinuous controllers require infinite control frequency (i.e., exhibit chattering)
or yield degraded stability results (i.e., uniformly ultimately bounded). As stated
previously, it is necessary to consider the impact control between two dynamic
systems.

Several controllers have been developed for under-actuated dynamic systems
that have an impact collision. For example, a family of dead-beat feedback control
laws were proposed by Brogliato and Rio [4] to control a class of juggling-like sys-
tems. One of the contributions in [4] is a study of the intermediate controllability
properties of the object’s impact Poincaré mapping. A proportional-derivative (PD)
controller was developed by Indri and Tornambe [6] to address global asymptotic
stabilization of under-actuated mechanical systems subject to smooth impacts with
a static object. In our previous work in [16], a nonlinear energy-based controller is
developed to globally asymptotically stabilize a dynamic system subject to impact
with a deformable static mass. The contribution in [16] is that the under-actuated
states are coupled through the energy of the system as a means to mitigate the
transient response of the unactuated states.

This research considers a class of fully actuated dynamic systems that undergo
an impact collision with another dynamic system that is unactuated. This research
is specifically focused on a planar robot colliding with a mass-spring system as

an academic example of a broader class of such systems. The control objective is



defined as the desire to command a planar robot to collide with an unactuated
system and regulate the resulting coupled mass-spring robot (MSR) system to
a desired compressed state. The collision is modeled as a differentiable impact
as in recent work in [6], [10], and our previous efforts in [13]-[16]. Lyapunov-
based methods are used to develop a continuous adaptive controller that yields
asymptotic regulation of the mass and robot links. A desired time-varying robot
link trajectory is designed that accounts for the impact dynamics and the resulting
coupled dynamics of the MSR system. The desired link trajectory converges to a
setpoint that equals the desired mass position plus an additional constant that is
due to the deformation of the mass. A force controller is then designed to ensure
that the robot link position tracking error is regulated. Unlike some other results
in literature, the continuous force controller does not depend on measuring the
impact force or the measurement of other acceleration terms: only the position
and velocity terms of the spring-mass system and the joint angles and the angular
velocities terms of the planar robotic arm are needed for the proposed controller.

Chapter 2 and our preliminary efforts in [13] provide a first step at controlling
the proposed impact system. The control development in Chapter 2 is based on the
assumption of exact model knowledge of the system dynamics. The nonlinear con-
tinuous Lyapunov-based controller is proven to regulate the states of a planar robot
colliding with the unactuated mass-spring system and yields global asymptotic
result.

In Chapter 3 and our preliminary results in [14], the dynamic model for
the system is assumed to have uncertain parameters. The control objective is
defined as the desire to command the planar robot to collide with the mass-spring
system and regulate the resulting coupled mass-spring robot (MSR) system to a
desired compressed state while compensating for the constant, unknown system

parameters. Two linear parameterizations are designed to adapt for the unknown



robot and mass-spring parameters. An adaptive nonlinear continuous Lyapunov-
based controller is proven to regulate the states of the systems and yields global
asymptotic regulation result.

When the controllers in Chapter 2 and Chapter 3 were implemented in the
presence of large initial conditions, violent impacts between the robot and the
mass-spring system resulted. In fact, the controller was artificially saturated (the
saturation effects were not considered in the stability analysis) to reduce the
impact forces so that the mass deflection would not destroy a capacitance probe.
Various researchers have investigated methods that prescribe, reduce, or control
the interaction forces during or after the robot impact with the environment such
as [17]-[40] because large interaction forces can damage both the robot and/or the
environment or lead to degraded performance or instabilities. Walker and Gertz
et al. exploited kinematic redundancy of the manipulator to reduce the impact
force in [19]-[21]. By modeling the impact dynamics as a state dependent jump
linear system, Chiu and Lee were able to apply a modified stochastic maximum
principle for state dependent jump linear systems to optimize the approach
velocity, the force transient during impact and the steady state force error after
contact is established [22]. A two degree-of-freedom (DOF) planar manipulator
was globally asymptotically regulated to contact an infinitely rigid and massive
surface by Tornambe [23] where the impact force was estimated using a reduced-
order observer. Pagilla and Yu [24] proposed a stable transition controller to
deal with the transition from a non-contact to a contact state which can improve
transition performance and force regulation. Hyde and Cutkosky [25] proposed
an approach, based on input command shaping, to suppress vibration during the
contact transition of switching controllers by modifying feedforward information.
A discontinuous model-based adaptive controller was proposed by Akella et al.

[26] to asymptotically stabilize the contact transition between a robot and static



environment. The controllers for each contact state were tuned independently to
reduce contact force during the process of making contact with the environment.
Tarn et al. [27] [28] proposed a sensor-referenced control method using positive
acceleration feedback with a switching control strategy for impact control and force
regulation for a robot and a constrained surface where the peak impulsive force
and bouncing caused directly by overshooting and oscillation of the transient force
response can be reduced. Lee et al. developed a hybrid bang-bang impedance/time-
delay controller that establishes a stable contact and achieves the desired dynamics
for contact or non-contact conditions in [29] and [30], where the force overshoots
can be minimized. Nelson et al. [31]-[33] proposed a switching nonlinear controller
that combines force and vision control. When the robot’s end-effector approaches
the target, the controller switches to force control to minimize impact force and to
regulate the contact force. Various other applications also focused on the reduction
of impact force between different systems during the control process such as impact
force reduction of hopping robot considered by Shibata and Natori [34] and Ohnishi
et al. [35] [36], bilateral telerobotic system considered by Dubey et al. [37], human-
robot symbiotic environment considered by Yamada et al. [38] and Li et al. [39],
and space manipulator and free-flying target considered by Huang et al. [40].
Exploring alternative methods is motivated because kinematic redundancy is not
always possible, and again the discontinuous controllers require infinite control
frequency (i.e., exhibit chattering) or yield degraded stability results (i.e., uniformly
ultimately bounded).

These results provide the motivation for the control development in Chapter
4. Specifically, the feedback elements for the continuous controller in Chapter 3
are contained inside of hyperbolic tangent functions as a means to limit the impact
forces resulting from large initial conditions as the robot transitions from non-

contact to contact states. Although saturating the feedback error is an intuitive



solution that has been proposed in previous literature for other types of robotic
systems with limited actuation, several new technical challanges arise due to the
impact condition. The main challange is that the use of saturated feedback does
not allow some coupling terms to be canceled in the stability analysis, resulting in
the need to develop state dependent upper bounds that reduce the stability to a
semi-global result (as compared to the global results in Chapter 2 and Chapter 3).
The semi-global result is problematic in the current applicative context because
certain control terms do not appear in the closed-loop error system during the
non-contact condition, resulting in a uniformly ultimately bounded result until
the robot makes contact. Hence, the result hinges on new development within the
semi-global stability proof for an error system that is only uniformly ultimately
bounded during the non-contact phase. This problem is exacerbated by the fact
that the Lyapunov function contains radially unbounded hyperbolic functions of
some states that only appear inside of saturated hyperbolic terms in the Lyapunov
derivative. New control development, closed-loop error systems, and Lyapunov-
based stability analysis arguements are used to conclude the result. Experimental
results are provided to illustrate the successful performance of the controller in each
chapter.
1.2 Dynamic Model

The subsequent development is motivated by the academic problem illustrated

in Fig. 1-1. The dynamic model for the two-link revolute robot depicted in Fig.

1-1 can be expressed in the joint-space as

M(q)G + C(q,4)q + h(q) =T, (1-1)

where ¢(t), §(t), G(t) € R? represent the angular position, velocity, and acceleration
of the robot links, respectively, M(q) € R?**? represents the uncertain inertia

matrix, C(q, ) € R?*? represents the uncertain centripetal-Coriolis effects, h(q) =
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Figure 1-1: The Mass-Spring Robot (MSR) system is an academic example of an
impact between two dynamic systems.

[h1(q), ha(q)]" € R? represents uncertain conservative forces (e.g., gravity), and
7(t) € R? represents the torque control inputs. The Euclidean position of the end-
point of the second robot link is denoted by z,(t) = [z,1(t), z,2(t)]T € R2, which

can be related to the joint-space through the following kinematic relationship:
iy = J(q)d, (1-2)

where J(q) € R**? denotes the manipulator Jacobian. The unforced dynamics of

the mass-spring system in Fig. 1-1 are
MEy, + ks(xm — x9) =0, (1-3)

where z,,,(t), T (t), Zm(t) € R represent the displacement, velocity and acceleration
of the mass m € R, xy € R represents the initial undisturbed position of the mass,
and ky € R represents the stiffness of the spring.

Assumption 1.1: We assume that z,,(t) and z,,(t) can be bounded as

<3:7« < xrl(t) xm(t) < Ca:m (174)

where (,, € R is a known constant that is determined by the minimum coordinate

of the robot along the X;-axis, and (,,, € R is a known positive constant. The



lower bound assumption for x,1(t) is based on the geometry of the robot, and the

upper bound assumption for z,,(t) is based on the physical fact that the mass is

attached by the spring to some object, and the mass will not be able to move past

that object.

In the following, the contact model is considered as an elastic contact with

finite stiffness. An impact between the second link of the robot and the spring-mass

system occurs when x,1(t) > x,,(t) (see Fig. 1-1). The impact will yield equal and

opposite force reactions between the robot and mass-spring system. Specifically,

the impact force acting on the mass, represented by F,(z,, z,,) € R, is assumed to

have the following form [6], [10]

Fm - KIA<xr1 - Im),

(1-5)

where K € R represents a positive stiffness constant, and A(z,, z,,) € R is defined

as

1 Tr1 Z Tm

A=
0 xm<zp.

The impact force acting on the robot links produces a torque, denoted by

7a(Tr, T, q) € R, as follows:

[ sin + [y sin(gy +
TdZK]A(ZL’Tl—l’m) 1 (Ch) 2 (CI2 Q1) ’

losin(gz + ¢1)

(1-6)

(1-7)

where [y, ls € R denote the robot link lengths. Based on (1-1), (1-3), and (1-5)-(1-

7), the dynamic model for the MSR system can be expressed as

M(q)i +C(q, Q)i+ hla) —7a =7

MEy, + ks(Tm — x0) = Fi.

(1-8)
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After premultiplying the robot dynamics by the inverse of the Jacobian

transpose and utilizing (1-2), the dynamics in (1-8) can be rewritten as [13], [14]

_ _ _ F,,
M (z,) &y + C (xy, &) T + h(x,) + =F (1-9)
0

MEy, + ks(zm — x0) = Fip, (1-10)

where F(t) 2 J 7 (q)7(t) € R? denotes the manipulator force. The dynamic model
in (1-9) and (1-10) exhibits the following properties that will be utilized in the
subsequent analysis.

Property 1.1: The inertia matrix M (z,) is symmetric, positive definite, and

can be lower and upper bounded as
allé]]* < EMME < anl€]]?,  VEER? (1-11)

where a1, a2 € R are positive constants.

Property 1.2: The following skew-symmetric relationship is satisfied

ET(=M(x,) — Clen, i) =0 VE € R, (1-12)



CHAPTER 2
LYAPUNOV-BASED CONTROL OF A ROBOT AND MASS-SPRING SYSTEM
UNDERGOING AN IMPACT COLLISION

This chapter and our preliminary efforts in [13] provide a first step at con-
trolling the proposed impact system in Section 1.2. The academic example of a
planar robot colliding with an unactuated mass-spring system is used to represent
a broader class of such systems. The control development in this chapter is based
on the assumption of exact model knowledge of the system dynamics. The control
objective is to command a robot to collide with an unactuated mass-spring sys-
tem and regulate the spring-mass to a desired compressed state. Lyapunov-based
methods are used to develop a continuous controller that yields global asymp-
totic regulation of the spring-mass and robot links. Unlike some other results in
literature, the developed continuous force controller does not depend on sensing
the impact, measuring the impact force, or the measurement of other acceleration
terms. Experimental results are provided to validate our analysis.

This chapter is organized as follows. Section 2.1 describes the error system and
control development followed by the stability analysis in Section 2.2. Section 2.3
describes the experimental set up and results that indicate the successful perfor-
mance obtained by implementing the proposed controller followed by conclusion in
Section 2.4.

2.1 Error System and Control Development
2.1.1 Control Objective

One goal in this chapter is to regulate the states of a dynamic system (i.e., a

two-link planar robot) that has an impact collision with another dynamic system

(i.e., a mass-spring). A regulation error, denoted by e(t) € R3, is defined to

11
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quantify the control objective as

c2la e, } (21)

where e,(t) £ [e,1,e,2]7 € R? and e,,(t) € R denote the regulation error for the

robot and mass-spring system, respectively, and are defined as
ey = Trg — Ty Cm = Tmd — Ton.- (2-2)

In (2-2), z;ma € R denotes the constant known desired position of the spring-mass.
The desired position of the end-point of the second robot link, denoted by x,4(t)
£ [Trat, (L‘rdQ]T € R?, is selected so that the robot will produce the desired spring-
mass position while accounting for the impact dynamics. Specifically, z,4(t) (i.e.,
the desired horizontal Euclidean coordinate in Fig. 1-1) is a time-varying signal
that is subsequently designed to account for the impact condition and the coupled
dynamic response of the MSR system, and x4 (i.e., the desired vertical Euclidean
coordinate in Fig. 1-1) is selected as a constant. Filtered tracking errors, denoted

by r,.(t) € R? and r,,(t) € R, are defined as
r. 2 ¢, + ae, T 2 €m + e (2-3)

to facilitate the subsequent control design and stability analysis where a € R is a
positive control parameter.
2.1.2 Closed-Loop Error System

By taking the time derivative of mr,,(t) and utilizing (2-2) and (2-3), the

following open-loop error system can be obtained:
Miy = k(T — o) — KA(@01 — T) + améy, (2-4)

where the spring-mass dynamics in (1-10) were substituted for m,,(t). Motivated

to design the desired robot link trajectory to position the spring-mass, (2-2) is used
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to rewrite the open-loop system in (2-4) as
My = k(T — o) + améy, + KAeyy + KAz, — KAx,q;. (2-5)

Based on (2-5), the desired robot link position is designed as

1

+ ? (kl + k‘g) T'm + Tm (2*6)

1
Tpg = g(amém + k(xy, — o))

A
Lrd2 = €

where ¢ € R is an appropriate positive constant (i.e., € is selected so the robot will
impact the mass-spring system), and k; and ko € R are positive constant control
gains. After substituting (2-6) into (2-5), the closed-loop error system for r,,(t)

can be obtained as
mim = (1 —A) (k(xy, — x0) + améy,) + KAeyy — A (k1 + ka) 1. (2-7)

As z,,(t) — xpma, (2-2) and (2-3) can be used to conclude that 7,,(t) — 0,

ém(t) — 0, and e,,(t) — 0. Hence, (2-6) can be used to conclude that

k
'rTCﬂ(t) — E(xm - l’o) + Tmd- (278)

The physical meaning of (2-8) is that the desired robot position varies in time to
account for the impact dynamics and the coupled dynamic system, and the desired
steady-state value is a constant that equals the desired spring-mass position plus
the mass deformation.

After taking the time derivative of r,.(¢) and premultiplying by the robot

inertia matrix, the following open-loop error system is obtained:

_ _ _ _ KAz, — ) _
My, = Miyg—F +Cx, +h+ + ableé,, (2-9)
0
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where (1-10) and (2-2) were utilized. Based on (2-9) and the subsequent stability

analysis, the robot force control input is designed as

- _ _ KA(xp — ) _ _
F & Miyq+ Cipg+ h+ + kst + o (Mé, + Ce,) + e, (2-10)
0

where k3 € R is a positive constant control gain. Based on the use of the backstep-
ping method, the robot force control input in (2-10) requires the first and second
derivative of z,4(t). As described in the Appendix A, the first and second derivative
of z,4(t) exists (i.e., z,4(t) is continuously differentiable) and do not depend on
acceleration terms. The closed-loop error system for r,(¢) can be obtained after

substituting (2-10) into (2-9) as
My, = —ksr, — Cr, — e,. (2-11)

2.2 Stability Analysis
Theorem: The controller given by (2-10) ensures global asymptotic stability of

the robot and spring-mass regulation errors in the sense that
lem()] — 0  |le.(t)]] = 0 as t— o0 (2-12)

provided the following gain condition is satisfied:

K2

In the following proof, a Lyapunov function and its derivative are provided.
The analysis is then separated into two cases: contact and non-contact. For the
non-contact case, the stability analysis indicates the controller and error signals are
bounded and converge to an arbitrarily small region. Additional analysis indicates

that within this region, contact must occur. When contact occurs, a Lyapunov
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analysis is provided that illustrates the MSR system asymptotically converges to
the desired setpoint.
Proof: Let V(r,,,r.,e.) € R denote the following continuously differentiable,

nonnegative, radially unbounded function (i.e. a Lyapunov function candidate)

1 1 5= 1
= §m7“,2n + Erer,, + §€Z€r. (2-14)

The Lyapunov function candidate in (2-14) can be lower and upper bounded as
nl2l* <V <l (2-15)
where 71,72 € R are positive constants, and z(t) € R® is defined as
T
Z(t)élrm 7‘? GZ] .

The time derivative of (2-14) can be determined as

V =1L (1= A) (k(zpm — z0) + améy,)) + rL K Aey (2-16)

— A (ky + ko) v — ksrlr, — aele,

where (1-12), (2-3), (2-7), and (2-11) were utilized. The remainder of the analysis
is divided into two cases: Case 1-the robot and mass-spring systems are not in
contact (i.e., z,1 < z,,, and A = 0), and Case 2-the robot and mass-spring systems
are in contact (i.e., x,; > x,, and A = 1).

Case la: Before the initial contact, the mass-spring system is at rest and the

spring is not compressed; hence,
k(g —20) =0 ém = 0. (2-17)
Based on (2-17), (2-16) can be expressed as

V = —ksrlr, — aele,. (2-18)



16

The expressions in (2-14) and (2-18) can be used to prove that e, (t), (1),
rm(t) € Lo and that e,(t), r.(t) € Ly. Based on the fact that e,(t), r.(¢),
rm(t) € Lo, standard signal chasing arguments can be used to prove that é,(¢),
7 (t), 2,4(t), F(t) € Lo along with all of the other closed-loop signals. Since e, (t),
rr(t) € Lo N Lo and are uniformly continuous, Barbalat’s Lemma can be applied to

conclude that

lr-()| — 0 e (1)) =0 as t— oc. (2-19)

The result in (2-19) can be used along with (2-6) to conclude that

1
Tra1(t) — E(lﬁ + ko)ae,, + o

leading to an impact with the mass-spring system.
Case 1b: After an impact, the robot may loose contact with the spring-mass.

In this case

K(@m — 20) 0 ém = —im. (2-20)
Based on (2-20), (2-16) can be expressed as

V=18 (k(xm — 20) + amép, + 1) — kv e — € €0 — 1 7. (2-21)

For this case, the initial velocity of the spring-mass is denoted by ¢ € R and the
initial position is denoted by Z,, € R. Given the aforementioned initial conditions,

the solution for z,,(t) can be obtained from (1-10) as

Tm(t) = 0 + (T — o) cos(\/z t)+¢ T SlIl(\/gt). (2-22)

The time derivative of (2-22) can be expressed as

Fm(t) = — (T — o) \/% sin(\/gt) + 5cos(\/%t). (2-23)
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Based on (2-22) and (2-23), ,,(t) can be expressed as follows:

P = (Fm — o) \/g sin(\/gt) = fcos(\/gt) + AT g — O (1), (2-24)

The expressions in (2-22)-(2-24) can be upper bounded as

m
’xm’ S |:E0| + |jm - :E0| + |€’ \I ? S Cl (2725)
. _ [k
|xm| < |xm - ZL’0| —|+ |£| < (2 (2726)
m
k
7| < | @ — 20 Vo + ¢+ (@pa+G) <G (2-27)

where (1, (2, (3 € R denote positive constants. After utilizing (2-25)-(2-27), an

upper bound for (2-21) can be developed as
V<—BV+6 (2-28)

where 6 € R is a positive constant, and § € R is defined as

g2 min(ks, a, 1)
V2

Standard techniques can be used to solve (2-28) for V(¢) as

V(t) < (V(O) - %) exp(—pt) + (2-29)

J
ik
Based on (2-29), it is clear that during the transient case (Case 1b) that e,.(t),
(1), T (t) € Loo. Based on the fact that e,.(t), 7.(t), 7, (t) € Lo, standard signal
chasing arguments can be used to prove that é,.(t), 7.(t), z,.q4(t), F(t) € L along
with all of the other closed-loop signals.

As V(t) — 0, eventually 5V < 6. The previous development can be used to

conclude that for the non-contact case

V- % and hence, ||r-(t)], |le-()], |rm(t)] — % as t — 0o. (2-30)
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Further analysis is required to prove that the manipulator makes contact with
the mass-spring system and to achieve the control objective. Contact between the
manipulator and the mass-spring system occurs when x,1(t) > z,,(t). Based on

(2-30), a sufficient condition for contact can be developed as

5
T 2 @+ - (2-31)

After using (2-6), the sufficient condition in (2-31) can be expressed as

1 1
— (amép, + k(xm — xo)) + T (k1 + ko) rp >

= (2-32)

w| >

By using (1-4), (2-3), and (2-30), the inequality in (2-32) can be expressed as

1 o (5 )
_<am<_ (xmd C:cm» + k(me - Io)) K (]{71 + /{32) E B

(2-33)
Based on (2-33), the control parameter k; and ks can be selected according to the
following sufficient condition to ensure the robot and mass-spring system make

contact

a?Bm aﬂkm

kl —I— k‘2 Z K — am + 5 (:Z:md - CJIm)

—(Cer, — T0)- (2-34)

Case 2: When the robot and mass-spring systems are in contact, (2-16) can

be upper bounded as
: 2 2 2 2
V< =k lrmll” = ks lIrell” = acllen |” + (K ([rm| x| = k2 [lrml[7]- (2-35)

After completing the squares on the bracketed terms, the following expression is

obtained:
VS%N%W—%%$—<W"—>HH (236)

Provided the gain condition given in (2-13) is satisfied, (2-15) can be used to
upper bound (2-36) as
V < sV (2-37)
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where 3 € R is a positive constant. The expression in (2-37) indicates that while
in contact, the robot and spring-mass position errors are exponentially regulated,
and e,.(t), 7(t), rn(t) € L. Based on the fact that e.(t), r.(t), rm(t) € Lo,
standard signal chasing arguments can be used to prove that é,.(t), 7.(t), z,q(t),
F(t) € L along with all of the other closed-loop signals.
2.3 Experimental Results

The testbed depicted in Fig. 2-1 and Fig. 2-2 was developed for experimental
demonstration of the proposed controller. The testbed is composed of a mass-
spring system and a two-link robot. The body of the mass-spring system includes
a U-shaped aluminum plate (item (8) in Fig. 2-1) mounted on an undercarriage
with porous carbon air bearings which enables the undercarriage to glide on an
air cushion over a glass covered aluminum rail. A steel core spring (item (1) in
Fig. 2-1) connects the undercarriage to an aluminum frame, and a linear variable
displacement transducer (LVDT) (item (2) in Fig. 2-1) is used to measure the
position of the undercarriage assembly. The impact surface consists of an aluminum
plate connected to the undercarriage assembly through a stiff spring mechanism
(item (7) in Fig. 2-1). A capacitance probe (item (3) in Fig. 2-1) is used to
measure the deflection of the stiff spring mechanism. The two-link robot (items
(4-6) in Fig. 2-1) is made of two aluminum links, mounted on 240.0 Nm (base
link) and 20.0 Nm (second link) direct-drive switched reluctance motors. The
motors are controlled through power electronics operating in torque control mode.
The motor resolvers provide rotor position measurements with a resolution of
614400 pulses/revolution, and a standard backwards difference algorithm is used
to numerically determine velocity from the encoder readings. A Pentium 2.8 GHz
PC operating under QNX hosts the control algorithm, which was implemented
via Qmotor 3.0, a graphical user-interface, to facilitate real-time graphing, data

logging, and the ability to adjust control gains without recompiling the program
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Figure 2-1: Top view of experimental testbed including: (1) mass-spring, (2)
LVDT, (3) capacitance probe, (4) link 1, (5) motor 1, (6) link 2, (7) stiff spring
mechanism, (8) mass.

Figure 2-2: Side view of experimental testbed

(for further information on Qmotor 3.0, the reader is referred to [44]). Data
acquisition and control implementation were performed at a frequency of 2.0 kHz

using the ServoToGo I/O board.
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The parameters for the dynamic model in (1-9) and (1-10) have the following

values:

my = 7.10 [kg] mg = 1.11 [kg]
m =13.6 [kg] ms=10.0 [kg]
I =037 [m] Iy =0.17 [m]

k = 2000 [N/m] K =1.8x10° [N/m] ,

where m1, ms € R represent the mass of the first and second link, m € R

is the mass of the cart, and m,; € R is the mass of the motor that drives the
second link. The control gains o and ks, defined as scalars in (2-3) and (2-10),
were implemented (with nonconsequential implications to the stability result) as
diagonal gain matrices to provide more flexibility in the experiment. Specifically,

the control gains were selected as

ki =1 ky=10000 k3= diag{250,12} « = diag{95,100,90} .

The initial conditions for the robot coordinates and the spring-mass position were
(in [m])
21(0) x2(0) 2,(0) ] = [ 0.016 0.487 0.203 | -

The initial velocity of the robot and spring-mass were zero, and the desired spring-
mass position was (in [mm)])

Tmd = 233.

That is, the tip of the second link of the robot was initially 217 mm from the
desired setpoint and 187 mm from impact along the X;-axis (see Fig. 2-1).
Therefore, once the initial impact occurs, the robot is required to depress the

spring (item (1) in Fig. 2-1) to move the mass 30 mm along the X;-axis.
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The mass-spring and robot errors (i.e., e(t)) are shown in Fig. 2-3. The peak
steady-state position error of the robot tip along the Xj-axis (i.e., |e,1|) and along
the Xy-axis (i.e., |e,2|) are 9.6 pm and 92 pm, respectively. The peak steady-state
position error of the spring-mass (i.e., |e,,|) is 7.7 um. The 92 um is due to the lack
of the ability of the model to capture friction and slipping effects on the contact
surface. In this experiment, a significant friction effect is present along the Xs-axis
between the robot tip and the contact surface due to a large normal spring force
that is applied along the X;-axis.

The input control torques (i.e., J7(q)F(t)) are shown in Fig. 2-4 and Fig.
2-5. To constrain the impact force to a level that ensured the aluminum plate did
not flex to the point of contact with the capacitance probe, the computed torques
are artificially saturated. Fig. 2—4 depicts the computed torques, and Fig. 2-5
depicts the actual torques (solid line) along with the computed torques (dashed
line). The resulting desired trajectory along the Xj-axis (i.e., z.q41()) is depicted
in Fig. 2-6, and the desired trajectory along the X,-axis was chosen as x40 = 368
mm. Fig. 2-7 depicts the value of A(z,,z,,) that indicates contact (A = 1) and
non-contact (A = 0) conditions for the robot and mass-spring system. A video of

the experiment is provided in [45].
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Figure 2-3: The spring-mass and robot errors e(t). Plot (a) indicates the position
error of the robot tip along the X;-axis (i.e., e,1(t)), (b) indicates the position error
of the robot tip along the Xy-axis (i.e., e,o(t)), and (¢) indicates the position error
of the spring-mass (i.e., e,(t)).
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Figure 2-4: Computed control torques J7(q)F(t) for the (a) base motor and (b)
second link motor.
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Figure 2-5: Applied control torques J7 (q)F(t) (solid line) versus computed control
torques (dashed line) for the (a) base motor and (b) second link motor.
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Figure 2-6: Computed desired robot trajectory, x,q1(t).
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Figure 2-7: Contact (A = 1) and non-contact (A = 0) conditions for the robot and
mass-spring system.
2.4 Concluding Remarks

A nonlinear Lyapunov-based controller is proven to regulate the states of a
planar robot colliding with an unactuated mass-spring system. The continuous
controller yields global asymptotic regulation of the spring-mass and robot links.
Unlike some other results in literature, the developed continuous force controller
does not depend on sensing the impact, measuring the impact force, or the mea-
surement of other acceleration terms. Innovative analysis methods are used to
prove the stability of the system during contact and during different noncontact
states. Experimental results are provided to illustrate the successful controller

performance.



CHAPTER 3
GLOBAL ADAPTIVE LYAPUNOV-BASED CONTROL OF A ROBOT AND
MASS-SPRING SYSTEM UNDERGOING AN IMPACT COLLISION

Similar to Chapter 2, this chapter and our preliminary results in [14] consider
a fully actuated planar robot colliding with an unactuated mass-spring system,
but unlike Chapter 2 the dynamic model for both the mass-spring and robot
systems and the impact force are assumed to have uncertain parameters. The
control objective is also defined as the desire to command the robot to collide
with an unactuated system and regulate the resulting coupled MSR system to a
desired compressed state while compensating for the constant, unknown system
parameters. Specifically, in the dynamic model of Section 1.2, M(q) € R?*2
represents the uncertain inertia matrix, C(q,¢) € R?*? represents the uncertain
centripetal-Coriolis effects, and h(q) £ [h1(q), h2(q)]" € R? represents uncertain
conservative forces (e.g., gravity), m € R represents the unknown mass and ks € R
represents the unknown stiffness of the spring, and K; € R represents the unknown
positive stiffness constant.

To compensate for the uncertainty, adaptive Lyapunov-based methods are used
to develop a continuous adaptive controller that yields global asymptotic regulation
of the mass and robot links. Two linear parameterizations are designed to adapt
for the unknown robot and mass parameters. A desired time-varying robot link
trajectory is designed that accounts for the impact dynamics and the resulting
coupled dynamics of the MSR system. The desired link trajectory converges to a
setpoint that equals the desired mass position plus an additional constant that is
due to the deformation of the mass. A force controller is then designed to ensure

that the robot link position tracking error is regulated.

26
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This chapter is organized as follows. The associated properties and assump-
tions are provided in Section 3.1. Section 3.2 describes the error system and control
development followed by the stability analysis in Section 3.3. Section 3.4 describes
the experimental results that indicate the successful performance of the proposed
controller followed by conclusion in Section 3.5.

3.1 Properties and Assumptions
Property 3.1: The robot dynamics given in (1-9) can be linearly parameter-

ized as

_ _ _ F,,
Y(zp, &, 3.)0 = M (z,) & + C (2, &) & + h(x,) + ,
0

where § € RP contains the constant unknown system parameters, and Y (z,, .,
i) € R**P denotes the known regression matrix.
Assumption 3.1: We assume that the mass of the mass-spring system can be

upper and lower bounded as

mp < m < My,

where m;, m, € R denote known positive bounding constants. The unknown

stiffness constants K; and k, are also assumed to be bounded as

Cpo <Kr <l G <hs <G (3-1)

where ¢ o Cres ¢ ks’zks € R denote known positive bounding constants.
Assumption 3.2: During the subsequent control development, we assume

that the minimum singular value of J(q) is greater than a known, small positive

constant § > 0, such that max {||J~*(¢)||} is known a priori, and hence, all

kinematic singularities are always avoided.
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3.2 Error System and Control Development

The subsequent control design is based on integrator backstepping methods. A
desired trajectory is designed for the robot (i.e., a virtual control input) to ensure
the robot converges to and impacts with the mass, and to ensure that the robot
regulates the mass to the desired position. Since we can not directly control the
robot trajectory, a force controller is developed to ensure that the robot tracks the
desired trajectory despite the transition from free motion to an impact collision and
despite uncertainties throughout the MSR system. As is typical of the backstepping
design method, the derivative of the desired robot trajectory is required to develop
the force controller. Taking the derivative of the desired trajectory could lead to
unmeasurable higher order terms (i.e., acceleration). The subsequent development
exploits the hyperbolic filter structure developed in [42] to overcome the problem of
injecting higher order terms in the controller and to facilitate the development of
sufficient gain conditions used in the subsequent stability analysis.
3.2.1 Control Objective

The control objective is to regulate the states of an uncertain dynamic system
(i.e., a two-link planar robot) that has an impact collision with another uncertain
dynamic system (i.e., a mass-spring). A regulation error, denoted by e(t) € R3, is

defined to quantify this objective as

T
A
€:lem ef} )

where e,(t) = [e,1,e2]7 € R? and e,,(t) € R denote the regulation error for the
end-point of the second link of the robot and mass-spring system (see Fig. 1-1),

respectively, and are defined as

A A
€r = Tpg — Ty Cm = Tmd — Tm- (3-2)
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In (3-2), zna € R denotes the constant known desired position of the mass, and
Trq(t) 2 [Trar(t), Trao)” € R? denotes the desired position of the end-point of the
second link of the robot. The subsequent development is based on the assumption
that q(t), ¢(t), z,(t), and i,,(t) are measurable, and that x,.(t) and ,.(t) can

be obtained from ¢() and ¢(t). To facilitate the subsequent control design and
stability analysis, filtered tracking errors, denoted by 7,,(t) € R and r,(t) € R?, are
defined as [42]

N = ém + @y tanh(e,,) + ag tanh(ey) (3-3)

A .
T, = €p + Qe

where o, a1, @z € R are positive, constant gains, and e;(t) € R is an auxiliary filter

variable designed as [42]

é; = —agtanh(ef) + ay tanh(e,,) — ky cosh®(ef)nm, (3-4)

where k; € R is a positive constant control gain, and a3 € R is a positive constant
filter gain.
3.2.2 Closed-Loop Error System

By taking the time derivative of mn,,(t) and utilizing (1-5), (1-10), (3-2), and

(3-3), the following open-loop error system can be obtained:
My = Yabg — KiA (20 — ) + aom COSh_2(€f)éf +aymcosh 2(ep)ém.  (3-5)

In (3-5), Ya(2m) 2 (2m — 2,) and 0 = k,. To facilitate the subsequent analysis, the
following notation is introduced [42]:
Yabs = YaK 1 K; ' 04 = YapOap, (3-6)

= Kr (Tm — To) {;—ﬂ .
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After using (3-3) and (3-4), the expression in (3-5) can be rewritten as
mnm = }/;led + KI (xrdl - Axrl) + KIAxm - Kl'xrdl + X — a2mk1nm7 (3_7)
where X (€, €f, Nm, t) € R is an auxiliary term defined as

X = aymcosh™2(ey,) (N, — a1 tanh(e,,)) — ayagm cosh™?(e,,) tanh(e;) (3-8)

+ agmcosh ?(es) (—agtanh(es)) + agmcosh ?(ef) (ag tanh(e,,)) .
The auxiliary expression x(em, €f, 7m, t) defined in (3-8) can be upper bounded as

IXI < Gzl (3-9)

where (; € R is a positive bounding constant, and z(t) € R? is defined as

Z=| ny, tanh(e,) tanh(es) |- (3-10)

Based on (3-7) and the subsequent stability analysis, the desired robot link

position is designed as

Tpgl = Ydédk + x, + ko tanh(e,,) — kiks coshz(ef) tanh(ey) (3-11)

A
Trd2 = €.

In (3-11), € € R is an appropriate positive constant (i.e., ¢ is selected so the robot
will impact the mass-spring system in the vertical direction), ks € R is a positive

constant control gain, and the control gain k1 € R is defined as

ki = L (3+ kui(?) . (3-12)

my

where k,; € R is a positive constant nonlinear damping gain. The parameter

estimate 04,(t) € R in (3-11) is generated by the adaptive update law

Oar. 2 proj(DYamm).- (3-13)



31

In (3-13), I € R is a positive constant, and proj(-) denotes a sufficiently smooth

projection algorithm [43] utilized to guarantee that 6y,(t) can be bounded as
O < Oare < O, (3-14)

where 0, 04 € R denote known, constant lower and upper bounds for 4, (t),
respectively.
After substituting (3-11) into (3-7), the closed-loop error system for 7,,(t) can

be obtained as

M = Ki (tya1 — A1) + Kr (A, — 2) + Krkiky cosh?(e) tanh(ey)  (3-15)

—+ Y;lkédk — K[kg tanh(em) + X — agmkmm.
In (3-15), the parameter estimation error f4(t) € R is defined as
Oar. = Oar. — O

The open-loop robot error system can be obtained by taking the time deriva-

tive of 7,.(t) and premultiplying by the robot inertia matrix as
M7, =Y,.0, —Cr, — F, (3-16)
where (1-9), (3-2), and (3-3) were utilized, and

. S A . KiA(z01 — 2m) .
Y0, = Mi,q+aMé, +h+ Cipg+ aCx,q+ —aCx,., (3-17)
0
where Y, (T, Ty Tiny Tm, €4, m, t) € R?*F denotes a known regression matrix, and 6,
€ R”denotes an unknown constant parameter vector. See Appendix A for a linearly

parameterizable expression for M (z,) i,q4(t) that does not depend on acceleration

terms. Based on (3-16) and the subsequent stability analysis, the robot force
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control input is designed as
F2Y,0,+e, + ksry, (3-18)

where k3 € R is a positive constant control gain, and ,(t) € RY is an estimate for

0, generated by the following adaptive update law
0, 2 proj(I, Y. r,). (3-19)

In (3-19), I', € RP*F is a positive definite, constant, diagonal, adaptation gain
matrix, and proj(-) denotes a projection algorithm utilized to guarantee that the

i — th element of 0,(t) can be bounded as
Qm‘ S ém’ S 0_7"1'7

where 6 .. 0,; € R denote known, constant lower and upper bounds for each element

of 0,(t), respectively.
The closed-loop error system for r,.(f) can be obtained after substituting (3-18)
into (3-16) as
My = Y,0, — ks, — Cry — e, (3-20)

In (3-20), the parameter estimation error 6,(t) € R” is defined as
0,20, —0,. (3-21)
Remark 3.1: Based on (3-18), the control torque input can be expressed as
T:ﬂ(na+@+@n) (3-22)

where J(gq) denotes the manipulator Jacobian introduced in (1-2).
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3.3 Stability Analysis
Theorem: The controller given by (3-11), (3-13), (3-18), and (3-19) ensures

global asymptotic regulation of the MSR system in the sense that
lem@)] =0 e ()] =0 as t— o0

provided kq, ko, and k,; are selected sufficiently large and the following sufficient

gain condition is satisfied:

1 ¢
Qg > max {5’ (Ce,, + |er|)2} IK (3-23)

where (,,,, Cs,, Cx, and o are defined in (1-4) and (3-1), respectively.

In the following proof, a Lyapunov function and its derivative are provided.
The analysis is then separated into two cases as in Chapter 2. For the non-contact
case, the stability analysis indicates the controller and error signals are bounded
and converge to an arbitrarily small region. Additional analysis indicates that
within this region, contact must occur. When contact occurs, a Lyapunov analysis
is provided that illustrates the MSR system asymptotically converges to the desired
setpoint.

Proof: Let V (r,, e, em, €f, 1, 9~T, édk, t) € R denote the following nonnegative,

radially unbounded function (i.e. a Lyapunov function candidate):

1 .- 1~ ~ 1 ~
= 57“; Mr, + 593 L', + EediKIrfledk (3-24)
1 1
+ koK [In (cosh(e,,)) + In (cosh (ef))] + 56?& + Emnfn.

The time derivative of (3-24) can be determined as
. _ 1 - - ~ - -
V =rI M7, + 57{Mrr + 010, + 05, KT 04, (3-25)

+ ko K7 [tanh(e,, )ém + tanh(ef)és] + €lé, + nnmiy,.
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After using (1-12), (3-3), (3-4), (3-12), (3-13), (3-15), and (3-19)-(3-21), the

expression in (3-25) can be rewritten as

V< —ksrlr, — ko K tanh®(e,,) — 3agn?, — ko Kjas tanhQ(ef) (3-26)

— k1 Gaon?, — aele, + 0y [Kp (vpa1 — Azpy) + K (A, — 2) + X] -

The expression in (3-26) will now be examined under two different scenarios.
Case 1-Non-contact: For this case, the systems are not in contact (A = 0)

and (3-26) can be rewritten as

V< —ksrTr, — arky Ky tanh®(e,,) — ko Ko tanhQ(ef) — 3apn?,

— knmiGagny, — aef e, + 1 [K1a — Krom + ]
Rewriting x,41(¢) and substituting for x (e, ef, Nm, t) yields

V< —karlr, — ayky Ky tanh®(e,,) — ko Ko tanh2(ef) — 2072, (3-27)
= lellenl® = Cic [l Nlewll] = [Fmioaling, — G llz]l 1ml]

B [&27731 - ZK |77m| |xm - Iﬂ” .

After completing the square on the bracketed terms, (3-27) can be expressed as

V< —karlr, — ayky Ky tanh®(e,,) — ko K tanhQ(ef) — aon?, (3-28)
=2 2 =2 2
Ck | 2 2] Cre (Tm — 1)
(042 4o hm + 40égknl + 40[2 ’

Provided k,,; is selected according to the sufficient condition

1
40[2 min{ozlk‘ggK, ]{,’QQKO@, Oég}

k1 >

)

the expression in (3-28) can be further reduced as

40[2

é Cre (@ — 7,1)°
vs—Aluz||2—k3||n||2—@—ﬁ) 0P 4 KT T (3-29)
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where \; € R is defined as

1
4ok .

A1 = min {alk‘ggK, koG 08, Oég} —
Based on (1-4) in Assumption 1.1, for the non-contact case
Cor S Tr1 < Ty < G- (3-30)
Hence, the expression in (3-29) can be upper bounded as
V< Myl + e (3-31)
where A € R is defined as

Z2
)\ = min {)\1, ]Cg, (CVQ — —K) } s
4o

and y(t) € R and ¢, € R are defined as

T v 2
Yy = |: -7 TZ“ ] Ep = CK (QEZOZ ‘Cm') (3732)

where ¢, can be made arbitrarily small by making s large. Based on (3-24)

and (3-31), either A ||y|* < e, or M|yl|* > eo. If A||y||> > e., then Barbalat’s
Lemma can be used to conclude that V(t) — 0 since V (t) is lower bounded, V (¢)

is negative semi-definite, and V(¢) can be shown to be uniformly continuous. As
V(t) — 0, eventually A ||y||* < &,. Provided the sufficient gain condition in (3-23) is
satisfied (i.e., £, < 1), then (3-10), (3-32), and the facts that 6,() and O,(t) € Lo
from the use of a projection algorithm, can be used to conclude that V(-) € L;
hence, [[y(@)[l, 1z, [l (O], llex (O], 1m(t), €f(t), em(t) € Loo. Signal chasing
arguments can be used to prove the remaining closed-loop signals are also bounded

during the non-contact case. The previous development can be used to conclude
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that for the non-contact case
Ex Ex
ly(@®)| — ~ and hence, ||r.(t)| — ~ 3 t — oo. (3-33)

Based on (3-33), linear analysis methods (see Lemma A.19 of [41]) can be applied

to (3-3) to prove that

Jerll = e O expl—a) + £/ Z (1= exp-at) (330

as t — oo for the non-contact case.

Further analysis is required to prove that the manipulator makes contact with
the mass-spring system and to achieve the control objective. Contact between the
manipulator and the mass-spring system occurs when x,1(t) > z,,(t). Based on

(3-34), a sufficient condition for contact can be developed as

1[5,
Trar 2 T+ % (3-35)

After using (3-11), the sufficient condition in (3-35) can be expressed as

R 1 Jey
YaOar + ko tanh(e,,) — k1ky cosh?(ey) tanh(es) > o % (3-36)

By using (3-2) and (3-6) and performing some algebraic manipulation, the

inequality in (3-36) can be expressed as

I /e,
ko tanh(e,,) — kiks coshz(ef) > -~ % — Tmaby. + (€m + To) Ok (3-37)

where 04, (¢) and 0, () are defined in (3-14). From Assumption 1.1, e,,(t) can be
upper bounded as

em < Em (3*38)

where Z,,, € R denotes a known positive constant. If e,,(t) < 0, then the sufficient
condition in (3-37) may not be satisfied. The condition that e,,(t) < 0 will only

occur if an impact collision occurs that causes the mass to overshoot the desired
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position. However, even if an impact occurs and the mass overshoots the desired
position, the dynamics will force the mass position error to return to the initial
condition. That is, e,,(t) — Zmg — xo > g,, where g, € R denotes a known positive
constant. Based on (3-38) and the fact that e, (¢) will eventually be lower bounded

by &, in a noncontact condition, the inequality in (3-37) can be simplified as

1
ko (tanh(gm) —k cosh2(ef)) > o / %I — Tpmabyge + Em + 7o) Oar- (3-39)

To further simplify the inequality in (3-39), an upper bound can be determined
for ef(t). The inequality in (3-33) along with (3-10) and (3-32) can be used to

conclude that as the manipulator approaches the mass, e;(t) will eventually be

1 Jeq
er < tanh™! (E %) <¢gy, (3-40)

where e; € R is a known positive constant. Based on (3-32) and (3-40), the control

upper bounded as

parameter ko can be selected according to the following sufficient condition to

ensure the robot and mass-spring system make contact

L% = tmaly + Em + o) Ou
k2 Z P}
tanh(g,,) — k1 cosh™(ey)

(3-41)

where k; is chosen as
tanh(g,,)
cosh?(ef)’

Case 2-Contact: Provided the sufficient condition in (3-41) is satisfied, the

ki <

robot will eventually make contact with the mass. For the case when the dynamic

systems collide (A = 1), and the two dynamic systems become coupled® , then

! The dynamic systems can separate after impact, however this case can still be
analyzed under the Non-contact section of the stability analysis.
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(3-26) can be rewritten as

V< —ksrlr, — ko K tanh2(em) — 3apn?, — ko Kras tanh2(ef)

— [allenl” = Coc [l llenll] = [kuaGFazni, — Cullz 1l

where (3-9) was substituted for x (e, ef, 7m, t). Completing the square on the two

bracketed terms yields

V < —kgrlr, — koG tanh?(e,,) — azkaC tanh?(e;) (3-42)
Ciclm Il
— 3ayn? m .
2 + 4o + 40(2/{7n1

A final bound can be placed on (3-42) as

—2
: . 2 ”ZH2 Cr \ 2 T
V < —min {Oéll{?géK, azkaC Oég} |zII” + Togh 2009 — el K ksr) T,

Because (3-24) is non-negative and its derivative is negative semi-definite,
7 (1), (1), Oge(t), €x(t), em(t), ef(t), and 7, (t) € Lo. Due to the fact that e, (t),
ef(t), and n,,(t) € Lo, the expression in (3-3) can be used to conclude that
ém(t) € Ly (and hence, e,,(t) is uniformly continuous). Due to the fact that
em(t) € Lo, (3-2) can be used to conclude that x,,(t) € L. Previous facts can
be used to prove that x,4(t) € L, and since e,.(t) € L, then x,.(t) € L. Due
to the fact that ef(t), e, (t), 1m(t) € Lo, (3-4) can be used to conclude that
é¢(t) € L. The expression in (3-5) can be used to conclude that 7,,(t) € Lo
(and hence, 7,,(t) is uniformly continuous). Given that r,(t), e (t), ef(t), and
Nm(t) € Loo, Yr(-) € Lo. Since ér(t) € Lo, (3-21) can be used to prove that
0,(t) € Lo. The expression in (3-18) can then be used to prove that F(t) € L.
The expression in (3-20) can be used to conclude that 7,.(t) € L., (and hence,
r,(t) is uniformly continuous). Due to the fact that e,,(t), r.(t), 7. (t) € Lo and

uniformly continuous, Barbalat’s Lemma can be used to conclude that |e,,(t)],

(D)5 |9m(t)] — 0 ast — oo. Based on the fact that ||r.(¢)|| — 0 ast — oo,
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standard linear analysis methods (see Lemma A.15 of [41]) can then be used to
prove that |le.(t)|| = 0 as t— oo.

As is typical in literature, the controller developed in (3-11), (3-13), (3-18),
and (3-19) is based on the underlying assumption that an arbitrarily large (but
finite) control authority is available. A potential disadvantage of the controller
is that the gain conditions developed above and in (3-23) indicate that k1, k2,
and ay, respectively, should be selected sufficiently large. As demonstrated by the
subsequent experimental results, the gains may be selected much lower in practice
(i.e., the gains conditions are the result of a conservative Lyapunov analysis).
However, the subsequent experimental section also illustrates that even when the
gain conditions are violated, large initial conditions and a high stiffness coefficient
result in a high gain controller that initially saturates the actuators. The control
torque in the experiment was artificially saturated to reduce the magnitude of the
impact to protect a capacitance probe from contact by excessive bending of the
aluminum rod/spring assembly. Research that can limit the required control torque
for systems that undergo an impact collision will be discussed in Chapter 4.

3.4 Experimental Results

With the testbed in Section 2.3, the control gains o and k3, defined as scalars
in (3-3) and (3-18), were implemented (with nonconsequential implications to
the stability result) as diagonal gain matrices to provide more flexibility in the

experiment. Specifically, the control gains were selected as

k1 =018 ky=0.9 k3= diag{185,170} (3-43)

a; =45 a; =8 a3=0.01 a=diag{60,90}.

The control gains in (3-43) were obtained from a trial and error process and may
not satisfy the sufficient gain conditions developed in the theorem proof. The

sufficient gain conditions are the result of a conservative stability analysis and were
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used as a guide in the tuning process. The subsequent results indicate that the
developed controller can be applied despite the fact that some gain conditions are
not satisfied.

The adaptation gains were selected as

=90
', = diag{4.01 x 10'%,1.2 x 107,0.2,3.3 x 10'2, (3-44)

6 x 10°,0.1,2.4 x 10", 7 x 10°,0.1,2.35 x 10"}

The adaptation gains I, in (3-44) are used to enable the adaptive estimate to
sufficiently change relative to the large values of the uncertain parameters in 0,.
Smaller adaptation gains could be used to obtain different results. The initial

conditions for the robot coordinates and the mass-spring position were (in [m)])

2,1(0)  2,2(0) mm(O)lz [0.008 0.481 0.202 |-

The initial velocity of the robot and mass-spring were zero, and the desired mass-
spring position was (in [mm])

Tmd = 232.

That is, the tip of the second link of the robot was initially 224 [mm] from the
desired setpoint, and 194 [mm] from z, along the X;-axis (see Fig. 2-1). Once the
initial impact occurs, the robot is required to depress the spring (item (1) in Fig.
2-1) to move the mass 30 [mm] along the X;-axis.

The mass-spring and robot errors (i.e., e(t)) are shown in Fig. 4-1 and Fig.
3—2. The peak steady-state position error of the end-point of the second link of the
robot along the Xj-axis (i.e., |e,1(t)|) and along the Xs-axis (i.e., |e,2(t)]) are 0.212
[mm| and 5.77 [pum], respectively. The peak steady-state position error of the mass

(i.e., len(t)]) is 2.72 [um]. The 0.212 [mm] maximum steady state error in |e,.;(t)]
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(@)

[mm]

(b)

[mm]
o

[sec]

Figure 3-1: The mass-spring and robot errors e(t). Plot (a) indicates the position
error of the robot tip along the X;-axis (i.e., e,1(t)), (b) indicates the position error
of the robot tip along the Xy-axis (i.e., e,o(t)), and (¢) indicates the position error
of the mass-spring (i.e., e,(t)).

is due to the Yy, (t) term of ,4(t) in (3-11) where Yy(x,,) is approximately 0.03
[m], and 04 (t) has a maximum steady state value of 0.007 [%], yielding 0.21
[mm] error. All of the other terms in e,;(t) are negligible at steady state.

The input control torques in (3-22) are shown in Fig. 3-3 and Fig. 3-4. To
constrain the impact force to a level that ensured the aluminum plate did not
flex to the point of contact with the capacitance probe, the computed torques are
artificially saturated. Fig. 3—3 depicts the computed torques, and Fig. 3—4 depicts
the actual torques (solid line) along with the computed torques (dashed line). The
resulting desired trajectory along the Xj-axis (i.e., z,q41(t)) is depicted in Fig. 3-5,
and the desired trajectory along the Xs-axis was chosen as x4 = 370 [mm]. Fig.
3-6 depicts the value of édk(t) € R, and Fig. 3-7 - Fig. 3-9 depict the values of
éT(t) € R!%. The order of the curves in the plots is based on the relative scale

of the parameter estimates rather than numerical order in 6,(¢). A video of the

experiment is provided in [46].
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Figure 3-2: The mass-spring and robot errors e(¢) during the initial two seconds.
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Figure 3-3: Computed control torques J7(q)F(t) for the (a) base motor and (b)
second link motor.
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Figure 3-4: Applied control torques J7 (q)F(t) (solid line) versus computed control
torques (dashed line) for the (a) base motor and (b) second link motor.
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Figure 3-5: Computed desired robot trajectory, z,q1(t).
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Figure 3-6: Unitless parameter estimate g (t) introduced in (3-13).
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Figure 3-7: Estimate for the unknown constant parameter vector 0.(t). (a)

A~ A~ A~

0r10(t) = Kp, (b) 0,4(t) = £2 () 0,4(t) = £ and (d) 0,7(t) = L2, where
my, me € R denote the mass of the first and second link of the robot, m, € R
denotes the mass of the motor connected to the second link of the robot, and m

€ R denotes the mass of the mass-spring system.
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Figure 3-8: Estimate for the unknown constant parameter vector 6,(t). (a)
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3.5 Concluding Remarks

An adaptive nonlinear Lyapunov-based controller is proven to regulate the
states of a planar robot colliding with an unactuated mass-spring system. The
continuous controller yields global asymptotic regulation of the spring-mass and
robot links. New control design, error system development and stability analysis
techniques were required to compensate for the fact that the dynamics changed
from an uncoupled state to a coupled state. Experimental results are provided
to illustrate the successful performance of the controller. Sufficient conditions
developed in the stability analysis indicate that the control gains should be selected
large enough to minimize the closed-loop steady state error, but high gains could
result in large torques for large initial errors. The high gain problem is exacerbated
in the developed result because of the presence of the estimated impact stiffness
coefficient. The experimental results were obtained by artificially saturating the
torque to prevent damage to the capacitance probe. These issues point to a need
to develop controllers that account for limited actuation which we will discuss in

Chapter 4.



CHAPTER 4
AN IMPACT FORCE LIMITING ADAPTIVE CONTROLLER FOR A ROBOTIC
SYSTEM UNDERGOING A NON-CONTACT TO CONTACT TRANSITION

Similar to Chapter 2 and 3, the objective of this chapter is also to control
a robot from a non-contact initial condition to a desired (in-contact) position so
that the mass-spring system is regulated to a desired compressed state. When
the controllers in Chapter 2 and Chapter 3 were implemented in the presence of
large initial conditions, violent impacts between the robot and the mass-spring
system resulted. In fact, the controller was artificially saturated (the saturation
effects were not considered in the stability analysis) to reduce the impact forces
so that the mass deflection would not destroy a capacitance probe. These results
provide the motivation for the control development in this chapter. Specifically, the
feedback elements for the continuous controller in Chapter 3 are contained inside
of hyperbolic tangent functions as a means to limit the impact forces resulting
from large initial conditions as the robot transitions from non-contact to contact
states. The main challange of this work is that the use of saturated feedback does
not allow some coupling terms to be canceled in the stability analysis, resulting
in the need to develop state dependent upper bounds that reduce the stability
to a semi-global result. New control development, closed-loop error systems, and
Lyapunov-based stability analysis arguements are used to conclude the result.
Experimental results are provided that successfully demonstrate the control
objective.

This chapter is organized as follows. The associated properties are provided

in Section 4.1. Section 4.2 describes the error system and control development

47
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followed by the stability analysis in Section 4.3. Section 4.4 describes the experi-
mental results that indicate the successful performance of the proposed controller
followed by conclusion in Section 4.5.
4.1 Properties
Remark 4.1: To aid the subsequent control design and analysis, we define the

vector Tanh(-) € R"™ as follows
Tanh(8) £ [tanh(6,), ..., tanh(6,)]" (4-1)

where 6§ £ [0y, ..., 6,]7 € R™.

Property 4.1: The following inequalities are valid for all £ = [&1,...,&,]T € R®

[1]
][ = [|Tanh(S)]
H§H+12% (4-2)
1€11* > Zln(cosh(&-)) > In(cosh(][¢]])) (4-3)
" Tanh(€) > Tanh" (§)Tanh(€) = ||Tanh(§)]* (4-4)
> tanh*(][¢]]).

4.2 Error System and Control Development
The subsequent control design is based on integrator backstepping methods. A
desired trajectory is designed for the robot (i.e., a virtual control input) to ensure
the robot converges to and impacts with the mass, and to ensure that the robot
regulates the mass to the desired position. Since the robot trajectory can not be
controlled directly, a force controller is developed to ensure that the robot tracks
the desired trajectory despite the transition from free motion to an impact collision

and despite uncertainties throughout the MSR system.
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4.2.1 Control Objective

As in Chapter 2 and 3, the control objective is to regulate the states of the
mass-sping system via a two-link planar robot that transitions from non-contact to
contact with the mass-spring through an impact collision. An additional objective
in this chapter is to limit the impact force to prevent damage to the robot or
the environment (i.e., the mass-spring system). A regulation error, denoted by

e(t) € R3, is defined to quantify this objective as

T
A
e:[em ef} ;

where e,.(t) £ [e,1(t), ex2(t)]T € R? and e,,(t) € R denote the regulation error for the
end-point of the second link of the robot and mass-spring system (see Fig. 1-1),

respectively, and are defined as
R em 2 Tmd — Ton- (4-5)

In (4-5), £;na € R denotes the constant known desired position of the mass, and
Tpa(t) = [Tra1(t), Trao)” € R? denotes the desired position of the end-point of the
second link of the robot. The subsequent development is based on the assumption
that q(t), ¢(t), z,(t), and i,,(t) are measurable, and that x,.(t) and . (f) can

be obtained from ¢(¢) and ¢(t). To facilitate the subsequent control design and
stability analysis, filtered tracking errors, denoted by 7,,(t) € R and 7,.(t) € R?, are
defined as [42]

Nm = €, + ag tanh(e,,) + az tanh(ey) (4-6)

A .
T, = €p + Qe,,
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where «a, a;, as € R are positive, constant gains, and ey(t) € R is an auxiliary filter

variable designed as [42]

é; = —agtanh(ef) + ay tanh(e,,) — ky cosh®(ef)nm, (4-7)

where k1 € R is a positive constant control gain, and a3 € R is a positive constant
filter gain.
4.2.2 Closed-Loop Error System

In this section, the closed-loop error system for 7, is exactly the same as in
(3-5)-(3-15) in Chapter 3. The open-loop robot error system can be obtained by
taking the time derivative of r,.(t) and premultiplying by the robot inertia matrix

as

M, = Y0, — Cr, — F, (4-8)
where (1-9), (4-5), and (4-6) were utilized, and

_ _ _ _ KiANxq —2m _
Y,0, & Mg+ abMé, + h+ Cipg+ aCrpg + An ) —aCx,,

0
where Y (T, Zry Tiny Tm, €4, m, t) € R**F denotes a known regression matrix, and
6, € R”denotes an unknown constant parameter vector. By making substitutions
from the dynamic model and the previous error systems, #,.4(t) can be expressed
without a dependance on acceleration terms. Based on (4-8) and the subsequent

stability analysis, the robot force control input is designed as
F 2Y,0, + Tanh(e,) + ksTanh(r,), (4-9)

where k3 € R is a positive constant control gain, and ér(t) € R” is an estimate for

0, generated by the following adaptive update law

0, 2 proj(T, Y. r,). (4-10)
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In (4-10), T, € RP*P is a positive definite, constant, diagonal, adaptation gain
matrix, and proj(-) denotes a projection algorithm utilized to guarantee that the

i — th element of ér(t) can be bounded as
(4-11)

where 6 ., 6,; € R denote known, constant lower and upper bounds for each element

of 0,(t), respectively.
The closed-loop error system for r,.(t) can be obtained after substituting (4-9)
into (4-8) as

M, =Y,0, — Cr, — Tanh(e,) — ksTanh(r,). (4-12)
In (4-12), the parameter estimation error ,(t) € R” is defined as
6,26, —9,. (4-13)

4.3 Stability Analysis
Theorem: The controller given by (3-11), (3-13), (4-9), and (4-10) ensures

semi-global asymptotic regulation of the MSR system in the sense that
lem(t)] — 0 lle-(t)]| = 0 as t— o0

provided the following sufficient gain conditions are satisfied:

1
knl > (4*14)
40{2 min {a1k2§K, Oégk’géK, CYQ}
1 G )=
(rp > max {E’ CS’)”\’" } Ci( (4-15)

2
2
. (,/ﬂﬂ) (4.16)
a1
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where V,, € R is defined as

V., £ max {)\1 12(0)])* + ¢, 5)\1(tanh1(\/%))2 + Ce} ;

A € R is a known positive constant, and ay, o, a1, as, as, ki, k2, ks, A1, Gy Cans
¢, and (g are defined in (1-4), (1-11), (3-1), (3-11), (3-12), (4-6), (4-7), and
(4-9).

As in the previous chapters, the subsequent analysis is separated into two
cases: contact and non-contact. For the non-contact case, the stability analysis
indicates the controller and error signals are bounded and converge to an arbitrarily
small region where contact must occur. When contact occurs, a Lyapunov analysis
is provided that illustrates the MSR system asymptotically converges to the desired
setpoint.

Proof: Let V(t) € R denote the following non-negative, radially unbounded
function (i.e. a Lyapunov function candidate):

= %TTTMTT + %é?f‘rlér - %éngIFlédk +ele, + %mnfn (4-17)
+ koK [In (cosh(e,,)) + In (cosh (ef))] + In(cosh(e,1)) + In(cosh(e,2))

where (1-11) and (4-3) can be utilized to bound V' (¢) as
a
§1||7“r||2 <V <Azl + ¢ (4-18)

where A,y € R and zZ € R are defined as

)\1 é maX{%? 37 %7 kQZK}

1= 1
G 2 50k, L™+ S Ama{ T HIG, )1 (4-19)

T

5 A T T
Z = [TT'?er?nm?em?ef]

where Apax{-} € R denotes the maximum eigenvalue of a matrix, and (p,, ,|/Cp, ||

are the known upper bounds of 04 (t) and ||6,.(t)||, respectively. After using (1-12),
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(3-12), (3-13), (3-15), (4-4), (4-6), (4-7), (4-10), and (4-12), the time derivative
of (4-17) can be determined as
V < —kstanh?(||r,||) — arke K tanh?(e,,) — asky K tanh?(ef) (4-20)
+2elr, — 2aele, — 3asn?, — kniCagn?, — atanh®(|le,||)
+ Nm [KI (xrdl - Axrl) + KI (A:Em - xm) + X] .
The expression in (4-20) will now be examined under two different scenarios.
Case 1-Non-contact: For this case, the systems are not in contact (A = 0)
and (4-20) can be rewritten as
V< —ks tanh?(||r,||) — arko K7 tanh?(e,,) — asko K7 tanhQ(ef) (4-21)
+2elr, — 20el e, — 3a9n?, — kniCagn?, — atanh?(|le,||)

+ 1 [ K121 — Krvm + X] -
Based on (3-1), (3-9), and (4-5), the expression in (4-21) can be rewritten as

V < —kgtanh?(||r.|) — ke, tanh?(e,,) — azkaC . tanh?(e ) (4-22)
— 202, — atanh®(|e,||)

— [allenll” = Coc Il llexll] — [Kur¢Fazn, — Cull2ll 7]

= 2
— [aam, = Cic 1l 2 — 20al] = [ [lexl” = 2 e ] [l 1.

After completing the square in the bracketed terms, (4-22) can be expressed as

—2
I (I 2
— 2
gK(xm_Irl)Q ||T7“|| 2
N B S L
Aoy T atant®([n ) ) Clr-11)

where [ € R is defined as

>0

£ = min {041/€2§Ka a3k2§K’ 042} B 4ok
nl
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provided k,; is selected according to (4-14). Provided ay is selected according to

the sufficient condition in (4-15), then (1-4), (4-2), (4-18), and the fact that
Cor S Tr1 < T < Gy (4-24)
for the non-contact case, can be used to rewrite (4-23) as
V< =B z)” — atanh®(le,|) + <. (4-25)

2
- k’g—l <Ui+1> tanh?(||r.||).
(6] aq

In (4-25), e, € R is a known positive arbitrarily small constant that is defined as

é CK gl'm

6%)]

T

Provided the following sufficient condition is satisfied

2
2
. ( /_VH) | (4.26)
a1

the expression in (4-25) can be expressed as
V< Myl + e (4-27)

where ) is a known constant and y € R? is defined as

T
y= | 2" tanh(e,]) tanh(|r) | - (4-28)
In (4-27), e, can be made arbitrarily small by making as large. Based on (4—
17) and (4-27), if A ||y(t)||* > €., then Barbalat’s Lemma can be used to conclude
that V() — 0 since V(¢) is lower bounded, V(t) is negative semi-definite, and V/(t)
can be shown to be uniformly continuous. As V(t) — 0, eventually A ||y(t)||* < &,.

While M |[y(t)||* > &a, (4-17), (4-18), and (4-27) can be used to conclude that
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V(t) € L, and the sufficient condition given in (4-26) can be expressed as

ksor > \/2 MO + ) +1 . (4-29)

ai

Provided ay > Zi{—f\’%’" then eventually A [|y(¢)||> < e, < . Based on (3-10) and
(4-28), the fact that A ||y(t)||> < e, < A can be used to conclude that e, (t), es(t),
er(t), r(t), Nm(t) € Log. Since 0,(t) and 04,(t) € Lo from the use of a projection
algorithm, the previous facts can be used to conclude that V(t) € L. Signal
chasing arguments can be used to prove the remaining closed-loop signals are also
bounded during the non-contact case provided (4-26) is satisfied.

If the initial conditions for V/(0) are large enough that X ||y(t)||* > &,, then
the condition in (4-29) is sufficient. However, if the initial conditions for V'(0) are
inside the region defined by e, then V (t) can grow larger until X [|y(t)||* < e..
Therefore, further development is required to determine how large V' (t) can grow

so that the sufficient condition in (4-26) can be satisfied. When V/(0) is inside the

VOIERES (4-30)

The expression in (4-30) can be used along with (3-10), (4-19), and (4-28) to

region defined by €, then

conclude that
|2(t)]| < V5 tanh ™! ( /%m). (4-31)

The inequality in (4-31) can be used along with (4-18) and (4-19) to rewrite the

sufficient condition in (4-26) as

. \/2 (5As(tanh ™ (/%)% + &) . (4-32)

+1
a1

Hence, the final sufficient condition for (4-26) is given by (4-16). That is, provided

kn1, @, o, and k3 are selected larger than known constants (that depends on the
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initial conditions of the states) according to (4-14)-(4-16) then the all the states
converge to an arbitrarily small neighborhood. Development has been provided (see
Section 3.3) to prove that contact with the mass-spring system is ensured within
this neighborhood.

Case 2-Contact: For the case when the dynamic systems collide (A = 1) and

the two dynamic systems become coupled! , then (4-20) can be rewritten as

V < —kgtanh?(||r.|) — ko, tanh?(e,,) — azkaC tanh?(e;)
— 3y, — atanh? (e ) — [aller|” = Cre |l ller ]

— [knGGaoy, — Cullzl 1mml] — e llecl” =2 flex ]| 1]

where (3-1) was substituted for K; and (3-9) was substituted for x (e, €f, Mm, t).

Completing the square on the three bracketed terms yields

=2
V < =82l = o tanh(Je, ) - <a2 - %) " (4-33)

Ir. | :
— | ks = ———=——=| tanh”(||r,||).
(3 v ()

Because (4-17) is non-negative, as long as (4-14)-(4-16) are satisfied, (4-33) is
negative semi-definite, and r,(t), 0,(t), Oa(t), ex(t), em(t), es(t), and 7, (t) € Loo.
Due to the fact that e,,(t), ef(t), and 7,,(t) € L, the expression in (4-6) can
be used to conclude that é,,(t) € L (and hence, e,,(t) is uniformly continuous
(UC)). Due to the fact that é,,(t) € Loo, Tm(t) € Loo. Based on (1-4), ,,(t) € Loo.
Previous facts can be used to prove that x,.4(t) € L, and since e, (t) € L, then
z,;(t) € L. Due to the fact that ef(t), e, (t), nm(t) € Lo, (4-7) can be used to

conclude that é;(t) € L. The expression in (3-5) can then be used to conclude

! The dynamic systems can separate after impact, however this case can still be
analyzed under the Non-Impact section of the stability analysis.
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that 7,,(t) € L (and hence, 1,,(t) is UC). Based on (4-6) and the fact that r,(t)
and e,(t) € Lo, é-(t) € L. Also, based on (3-14) and the fact that z,,(t), e, (%),
ef(t), nm(t), and &, (t) € Lo, the expression in (3-11) can be used to prove that
Tr4(t) € Lo. Based on the fact that é,.(t) and i,4(t) € Lo, the expression in
(4-5) can be used to prove that &,(t) € L. Given that x,.(t), &.(t), xm(t), Tm(t),
ef(t), and 7, (t) € Loo, Yi(-) € Loo. The expression in (4-9), (4-11) can then be
used to prove that F'(t) € L. The expression in (4-12) can be used to conclude
that 7,.(t) € Lo (and hence, r,.(t) is UC). Since e,,(t) and r,.(t) are UC which
implies tanh(e,,(t)) and tanh(||r.(¢)||) are also UC, and the fact that tanh(e,,(t)),
tanh(||r.(t)]|), and n,,(t) are square integrable, Barbalat’s Lemma can be used to
conclude that tanh(e,,(t)), tanh(||r.(¢)||), |7m(t)| — 0 as t — oo, which also implies
lem ()], ||rr(t)]] — 0 ast — oo. Based on the fact that ||7,.(t)|| — 0 ast — oo,
standard linear analysis methods (see Lemma A.15 of [41]) can then be used to
prove that |le.(t)|| = 0 as t— oc.
4.4 Experimental Results

With the testbed in Section 2.3, the control gains o and k3, defined as scalars
in (4-6) and (4-9), were implemented (with nonconsequential implications to
the stability result) as diagonal gain matrices to provide more flexibility in the

experiment. Specifically, the control gains were selected as

ki =0.28 ko =0.855 k3= diag {110, 10}
a; =60 a; =28 a3=0.06 o=diag{40,8}.

The adaptation gains were selected as
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I =0.06
I, = diag{1.8 x 10',1.5 x 10°,0.2,7 x 10'°,

7 x 10%,0.1,1 x 10'°,1 x 10%,0.01,2.8 x 10%}.

The initial conditions for the robot coordinates and the mass-spring position were
(in [m])
2r1(0) 2,2(0) 2,,(0) } = [ 0.070 0.285 0.206 | -

The initial velocity of the robot and mass-spring were zero, and the desired mass-
spring position was (in [mm])

Tma = 236.

That is, the tip of the second link of the robot was initially 166 mm from the
desired setpoint and 136 mm from the initial impact point along the X;-axis
(see Fig. 2-1). Therefore, once the initial impact occurs, the robot is required
to depress the spring (item (1) in Fig. 2-1) to move the mass 30 mm along the
X;-axis.

The mass-spring and robot errors (i.e., e(t)) are shown in Fig. 4-1. The peak
steady-state position error of the robot tip along the Xj-axis (i.e., |e,1(¢)|) and
along the Xy-axis (i.e., |e,2(t)|) are 0.855 mm and 0.179 mm, respectively. The
peak steady-state position error of the mass-spring (i.e., |e,,(t)|) is 0.184 mm.

The input control torques (i.e., J7(q)F(t)) are shown in Fig. 4-2 and Fig. 4-3.
The resulting desired trajectory along the Xi-axis (i.e., x,41(t)) is depicted in Fig.
4-4, and the desired trajectory along the X,-axis was chosen as .45 = 357.5 mm.
Fig. 4-5 depicts the value of 04 (t) € R and Fig. 4-6 - Fig. 4-8 depict the values
of 6,(t) € R, The order of the curves in the plots comes from their scales rather

than their numerical order in 6, (¢).
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Figure 4-1: The mass-spring and robot errors e(t). Plot (a) indicates the position
error of the robot tip along the X;-axis (i.e., e,1(t)), (b) indicates the position error

of the robot tip along the Xy-axis (i.e., e,o(t)), and (¢) indicates the position error
of the mass-spring (i.e., €,,(t)).
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Figure 4-2: Applied control torques J7 (q)F(t) for the (a) base motor and (b) sec-
ond link motor.
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Figure 4-3: Applied control torques J7 (q)F(¢) for the (a) base motor and (b) sec-
ond link motor during the first 0.8 second.
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Figure 4-4: Computed desired robot trajectory, x,q1(t).
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Figure 4-6: Estimate for the unknown constant parameter vector 0,(t). (a)

~ A~ A~

010(t) = K, (b) 0,4(t) = %, (c) 0,1(t) = %, and (d) 0,7(t) = Kﬁffz, where
my, me € R denote the mass of the first and second link of the robot, m, € R
denotes the mass of the motor connected to the second link of the robot, and m

€ R denotes the mass of the mass-spring system.
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Figure 4-7: Estimate for the unknown constant parameter vector 0,(t). (a)
ks (D) 0,5(t) = 22 and (c) b,g(t) = L2,
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4.5 Concluding Remarks

In this chapter, we consider a two link planar robotic arm that transitions
from free motion to contact with an unactuated mass-spring system. An adaptive
nonlinear Lyapunov-based controller with bounded torque input amplitudes
is proven to regulate the states of the system. The feedback elements for the
controller in this chapter are contained inside of hyperbolic tangent functions as
a means to limit the impact forces resulting from large initial conditions as the
robot transitions from non-contact to contact. The continuous controller yields
semi-global asymptotic regulation of the spring-mass and robot links. Experimental

results are provided to illustrate the successful performance of the controller.



CHAPTER 5
CONCLUSION AND RECOMMENDATIONS

Motivated by the fact that impacts between the robot and the static environ-
ment cannot represent all the impact system applications, and discontinuous con-
trollers require infinite control frequency (i.e., exhibit chattering) or yield degraded
stability results (i.e., uniformly ultimately bounded), continuous Lyapunov-based
controllers for a fully actuated dynamic systems undergoing an impact collision
with another unactuated dynamic system are developed. Lyapunov-based methods
are used to prove the asymptotic regulations of the mass and robot links. Unlike
some other results in literature, the continuous force controller does not depend on
measuring the impact force or the measurement of other acceleration terms: only
the position and velocity terms of the spring-mass system and the joint angles and
the angular velocities terms of the planar robotic arm are needed for the proposed
controller.

Chapter 2 provides a first step at controlling the proposed impact system.
The control development in Chapter 2 is based on the assumption of exact model
knowledge of the system dynamics. The controller is proven to regulate the states
of the system and yields global asymptotic result. In Chapter 3, the dynamic model
for the system is assumed to have uncertain parameters. The control objective
is defined as the desire to both regulate the system to a desired compressed
state and compensate for the constant, unknown system parameters. Two linear
parameterizations are designed to adapt for the unknown robot and mass-spring
parameters. The controller is proven to yield global asymptotic regulation result.
An extension of the developed regulation controller of Chapter 3 is presented

in Chapter 4 where the feedback elements for the controller in this chpater are

64



65

contained inside of hyperbolic tanget functions as a means to limit the impact
forces resulting from large initial conditions as the robot transitions from non-
contact to contact states. The controller yields semi-global asymptotic regulation
of the system. Experimental results are provided to illustrate the successful
performance of the controller in each chapter.

Future efforts can focus on utilizing non-model based control methods such as
neural networks, fuzzy logic, or robust control methods to compensate the more
complex uncertainties of the system. The developed model can also be modified
to control the impact between an actuated dynamic system and an unactuated
dynamic system with nonlinear flexibilities. Future work could also focus on the
specific application of the developed methods for applications such as docking space
vehicles, walking robots, etc. Efforts could also focus on obtaining a global result of

the feedback saturated case in Chapter 4.



APPENDIX A
THE EXPRESSION OF #,4 IN SECTION 2.1

Due to the fact that taking the time derivative of any expression with A except
for KA(z,1 — x,,) is undefined, some care has to be taken in taking the time
derivative of 41 (¢). This is done by first taking the time derivative of (2-6) and

utilizing (2-3) and (2-7), to obtain the following expression:

Trgl = 1% [(1—=A) (k(zy — z0) + améy,)] + EA [Ken — (ky + k) ) (A-1)

k . 1
- %(rm - Oéem) + (E + 1) T + ﬁ (kl + kg) (1 — A) k(l‘m — 1‘0)
1 )
+ W (]{71 + kg) (1 — A) amey, + W (kl + ]{32)/\ [Kerl — (kl + kg) ’I“m] .

In order to derive &4 (t), the second time derivative of (2-6) is taken rather than

the first time derivative of (A-1) to obtain
Tpgl = E(am Em + kZp + (k1 + k2)Tm) + Zn. (A-2)
The expression for é,,(t) can be obtained by rewriting (2-3) as
Em = T — Qe (A-3)
Differentiating (A—3) yields the following expressions for é,,(t) and €, (t):

Em = T — (A-4)

E o = on — O (A-5)

By using (2-7), the expression for r,,(t) can be written as

'm = — (1 = A) (k(xp, — x0) + améy,)] + % [KAe.y — A(ky + ko) - (A-6)

1
m
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The time derivative of (2-4) is given by
P = — (ki — KA(Zp1 — Tn) + amé,y,). (A-T)
m
The dynamics for the mass-spring system ,,(¢) can be written as

L (KA — 2) — K — 70)). (A-8)

By using (A-2) and (A-5), the following expression can be obtained:

Frar = %(fm — ém) + (2 + 1im + (b ko) ;;kz)fm. (A-9)
Substituting (A—4) and (A-7)-(A-9) yields
gt = 2 (i — KA (g — ) + ami) — S 4 O (A-10)
K K K
O 1) (KA (a1 — ) — b — 20)
+ <k1;mk2) [kt — KA (@1 — d) + mép) .

After using (A-4) and (A—6), a simplified expression for &,4 (¢) can be obtained as

follows:

«

Trg1 = I (ki — KA (Zr1 — ) (A-11)
+ (% + 1)%(@\(%1 = Tm) = k(¥m — 20))
+ kl%ﬁf“?) i — KA (301 — )]
IR0 ) (b~ 20)
+ MAerl — iA(lﬁ + k2)*T.

m Km



APPENDIX B
THE EXPRESSION OF #,4 IN SECTION 3.2

Since x,42 is a constant, the subsequent development is only focused on
determining #,4(t). After using (3-2), (3-4), (3-11), and (3-13), the first time

derivative of z,4(t) can be determined as

Frat = Ya (proj (TYamm)) + (édk F 1k cosh_2(em)> i (B-1)

— kiks (sinh®(es) + cosh®(ef)) (—as tanh(ey) + o tanh(e,,) — ki cosh?(ef)mm).

Based on the fact that the projection algorithm for édk(t) is designed to be suffi-
ciently smooth [43], the expressions in (3-13) and (B—1) can be used to determine

the second time derivative of z,4(t) as

= v, 2% <FYC”7m>)7-7m n (Yd 9 (proj(CYatim))

— 2ky cosh (e, ) sinh (e, )22, + (édk +1—ky cosh*Q(em)> T

+ 2proj (Fdem)> T (B-2)

— 4k, ks (sinh(ey) cosh(ey)) €3
— kyks (sinh?(ey) + cosh®(ey)) (—as cosh™(ey) — 2k1 cosh(ey) sinh(ef)ny,) €y

+ ki ko (sinh?(ey) + cosh®(ey)) (—az cosh™(em)énm + k1 cosh?(ef)in) -

After substituting (3-4) and (3-5) into (B-2) for é(¢) and 7,,(t), respectively, and
substituting (1-5) and (1-8) into (B-2) for #,,(t), the expression for M (z,) i,4(t)
in the linear parameterization in (3-17) can be determined without requiring

acceleration measurements.
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